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... a time to gather stones together

Ecclesiastes

Now it is time for our theory to bear fruit and for us to harvest. In this chapter we
shall recollect the results concerning specific physical systems and shall obtain
some new results by specializing general approaches from the previous chapters.
We shall try to describe most hitherto known facts with regard to the spectra of
developed weak turbulence. The general model of wave turbulence adopted in
this book is based on the detailed consideration of the wave-wave interaction.
The interaction with the external environment was described by the function
I'(k) specifiying the decrement of wave attenuation or the growth-rate of wave
instability. Nature is naturally more complex (for example, the interaction of
water waves with wind and currents or wave-particle interactions in plasmas).
Nevertheless, we believe the following fomulas and interpretations to provide a
good basis for the further development of the theory of wave turbulence in various

systems each of which might require a separate monograph for an adequate
detailed description.

Fig. 4.9. Different stages of the evolution are de-
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5.1 Weak Acoustic Turbulence

In this section we shall discuss wave turbulence with a near-sound dispersion
law. Plenty of physical systems belong to this type. In spatially homogeneous
media according to the Goldsone theorem, the wave frequency w(k) should van-
ish together with the wave number k. In most cases the frequency expansion at
small k starts from the first (i.e., linear) term. So the large-scale perturbations
produce acoustic waves in solids, fluids, gases, and plasmas. The dispersion is
supposed to be weak but sufficiently large to justify applicability of the kinetic
equation and to be greater than dissipation. The magnitude of the nonlinear inter-
action coefficient and the sign of the dispersive frequency addition are different
for various media. As repeatedly mentioned above, the properties of acoustic
turbulence strongly depend on the sign of dispersion and the dimension of the
space. Indeed, for positive dispersion three-wave interactions are allowed, while
for negative dispersion one should take four-wave processes into account. Differ-
* ent kinetic equations are to be used in these cases. As far as the space dimension
is concerned, we shall mention here only one fact to demonstrate the large differ-
ence between two- and three-dimensional cases. Considering acoustic turbulence




to be close to scale invariant turbulence and supposing the index of the Ko}-
mogorov spectrum to be close to the general formula so = m + d, we obtain
the correct value for the three-dimensional case on!y (se:e Sect. 3.2): For. the two-
dimensional case it is not possible to use the scale-invariant a;.)pr(?mmatlon of ‘the
dispersion law w(k) = ck!** instead of the physically better justified expression
(1.2.22)

w(k) = ck(1 + a®k?) . (5.1.1)

Even for the index of the Komogorov solution one gets diffcrer}t arzsw.ers. Two-
dimensional sound turbulence may be referred to as “nonanalytical’ Yvnh rega.rd
to the dispersion parameter, i.e., the solution depends on tl:le way v'vhlcl! the C!IS-
persion law tends to a linear one. We shall treat the case “{lth positive d}sperS}on
in Sect.5.1.1 (d = 3) and Sect. 5.1.2 (d = 2) and the one with negative dispersion
in the first part of the Sect.5.1.3. :

It should be noted that the dispersion law can be close tq a linear one not
only for long waves. There exist short acoustic-like waves in some systems.
For example, the dispersion law of spin waves in an antiferromagnet (1.4.18)
coincides with that of relativistic particle and has the form

w?(k) = wd + (ck)? . (5.1.2a)
In the “ultrarelativistic” limit vk >> wo the frequency is approximately equal to
w(k) = ck +wd /(2vk) . (5.1.2b)

The second term on the right-hand-side describes small dispers.ion. Wlth the

help of a figure like Fig. 1.1 it is easy to undcrs.tand that both dispersion laws

(5.1.2a, b) are of the nondecay type. Therefore in Fhe case of short waves, the

positive additional term leads to the four-wave kinetlc. equation as opposed to tl3e

long wave case. Generally speaking, the decay criterion for the almost acoustic
dispersion law

w(k) = ck + 2(k) , 2(k) < ck (5.1.3)
can be formulated as follows
i 2 A& (5.14)
—_— 0
sign [.Q(k) % ok ] >

The dispersion law (5.1.2) is also valid for atmospheric ir.lertio-gravity waves
with lengths (~100-1000 km) shorter than the Rossby radius. Such waves are
two-dimensional. The second part of Sect.5.1.3 deals with short-wave acoustic
turbulence.

' The coefficient of the three-wave interaction can be re
| simple form

1
- 5.1.1 Three-Dimensional Acoustics with Positive Dispersion:
Magnetic Sound and Phonons in Helium

This subsection is devoted to long three-dimensional sound waves with positive
 dispersion thus allowing for three-wave interactions. In magnetized media, a pos-
itive dispersion term proportional to powers of k that are greater than unity is
frequently oberved. The interaction between acoustic and spin-wave subsystems
in crystals gives rise to the both dispersion and nonlinear interaction of sound,
since the spin subsystem is usually strongly dispersive and nonlinear unlike the
acoustic one. This interaction is especially strong in antiferromagnets [5.1]. Mag-
netic sound in plasmas possesses also positive dispersion [5.2]. In the presence
of a magnetic field the dispersion law is usually nonisotropic. For example, in
plasmas, the dispersive addition to the linear term depends on the angle and
 even changes sign at some angles. However, in the case of small dispersion only
| waves with close propagation directions interact with each other. Thus, the angu-

 lar dependence can often be ignored. Considering locally isotropic and slightly

anisotropic distributions seems thus reasonable. Within some interval of the val-
ues of the pressure, phonons in helium provide another example for systems with

| positive dispersion [5.3].

Thus, we consider three-dimensional waves with the dispersion law (5.1.1).
presented in the extremely

[V ki1, k2, k3)|* = bk ky | (5.1.5)

defined by a single dimensional constant b. Indeed, the scaling index m of the
interaction coefficient of long acoustic waves can be obtained from a dimensional
analysis: m = 3/2 (see Sect. 1.1.4). The powers of k; and k2 should be equal

 because of the symmetry properties of the system. The power of k can be obtained
by the following simple argument. Let us consider the case k < ki, k, with

k1 ~ ky. The long k-wave can be regarded as giving rise to density variations
thus varying also the frequency. Therefore, the interaction Hamiltonian

/ V(k, k1, kaa(k)aCk)a* (ky) dledly diy

may be written in the form
/ Swky)|aCky)P iy .

Consequently, V(k, k1, k) varies with k1 like

li R,
kglz; V(k, kl, k]) X k]k (516)
If we add the requirement that the interaction coefficient has to vanish with
every wave number k, ki, or k; (since there should be no interaction with a
homogeneous shift) then we arrive at (5.1.5) with an accuracy of a dimensionless




function of angles, see also (1.1.38). But the angular dependence of the interaction
coefficient can be neglected, because the space-time synchronization condition
w(k) = w(k;) + w(k — k1) allows in the case of weak dispersion for interactions
between waves with almost collinear wave vectors, see (3.2.2).

Thus, we can write the kinetic equation for three-dimensional sound in the
form

3”;;‘; 0. / dkyd6y dipy K3 (k — k) 6(3eakba(k — k) — 62k /2)

x [n(k)n(k — k1) — n(k)n(k:) — n(k)n(k — k1))
— 26(3ca’kky (k1 — k) — 62Kk, /2)

x [n(k)nCkr — &) — nlko)n(k) — n(kontk: — )]}

(5.1.7)

where we retained the small dispersion parameter a only in the arguments _°f the
o-functions. The applicability criterion for this equation will be derived in the
second volume of this book and is given by

bk*N < cln(ak)™2 .

For isotropic distributions, (5.1.7) can be integrated over the angles to arrive at
(3.2.3):

on(k,t)

k
= 201, 2 —k
4ot 0/ ki(k — k)* {n(k)n(k — k)

— (k) [nky) + nk — k)] } dky

_ / k2(ky — k)2 {n(kyn(k; — k)
k

— n(kn) [nk) + ks — )]} dky .

(5.1.8)

Thus, the small dispersion parameter a is eliminated from the isotropic kinetic
equation of the zeroth order. -
There exists only one isotropic Kolmogorov solution (2.4.5)

n(k)= AP2k12 A w (5/b)7M P (4m) ! (5.1.9)

carrying the energy flux P. It was obtained by Zakharov [5.4] as the first
example of a weakly turbulent Kolmogorov-like spectrum. Spcctral}y narrow
pumping should generate at intermediate values of k a stationary dlsmbut{on
in the form of a chain of sharp peaks with the amplitudes dropping down like
n(k;) oc k; '/ with k; = jko (see Fig.3.14) [5.5]. With the growth of k such a
pre-Kolmogorov solution goes over into a Kolmogorov solution. .

According to the general formula (3.4.8), the flux P can be expressed in tcrr_ns
of the pumping characteristics. If an external environment generates waves with

' Wave numbers of the order of ko with the growth-rate I, then the energy flux
 (ie., the energy dissipation rate) can be evaluated by

P o~ (Iped)ky! .

We see that in this case the index h equals @ —'m = 1 — 3/2 = —1/2. So the
long-wave part of the spectrum (5.1.9) is the one containing most of the energy

E=4r / wkn(k)k? dk o kg /2 .

Given a stationary pumping, the spectrum in the short-wave region is formed

according to an “explosive” power law. It can be described in terms of the
self-similar solution (4.3.10)

n(k, ) o (to — )° f (k(to — t)?) .

For small k(#p —¢t)? the distribution is quasi-stationary and almost a Kolmogorov

one. The right tail of the Kolmogorov spectrum evolves according to the explo-
sive power law kj o< (t9 — ¢)~2 and reaches infinity within a finite time. In the
case of a free decay of acoustic turbulence, the Kolmogorov short-wave asymp-
totics (right up to the damping region) also have an explosive evolution. Once
the right boundary of the Kolmogorov asymptotics has reached infinity, the total
energy starts to decrease (see Sect. 4.3 for details). It should be noted that the
distribution also expands to the long-wave region (to k < ko), but this is a self-
decelerating process. The relaxation to the distribution (5.1.9) was first observed
in the numerical simulations by Zakharov and Musher [5.6]. The nonstationary
behavior was studied by Falkovich and Shafarenko [5.7] (see also Sect.4.3.3).

For the Kolmogorov spectrum the applicability parameter (3.1.33) of weak
turbulence has in this case the form

' =Bty < K2

Thus the applicability criterion ¢~! > 1 will be satisfied increasingly better, as
the distributions move towards large k.

Let us discuss the stability of the isotropic spectrum with regard to anisotropic
perturbations. As we shall now see, the stability problem for such systems is non-
trivial because of its closeness to the degenerate case. Indeed, in the limiting case
of a linear dispersion law wy = ck, the conditions of spatio-temporal synchro-
nization w(k; + k3) = w(k;)+w(k,) allow only interactions of waves propagating
along a line. Waves traveling at different angles do not interact. Therefor, besides
the energy integral

E=/knkdk

and components of the momentum




II; = /0080,' knkdk ’

the kinetic equation has (in the limit) wy — ck an infinite set of integrals of
motion

/f(()knk dk ,

where f(() is an arbitrary function of the angular variables: ¢ = (¢, ¢). Expanding
f(¢) in angular harmonics, one can thus obtain an infinite series of integrals

L= / Yi(Okne dk . (5.1.10)

It is interesting to clarify what happens to these integrals under the action
of small dispersion of the wave velocity. To use the stability theory developed
in Sect.4.2, we shall approximate the dispersion law by the scale-invariant ex-
pression wy o k'*¢, & < 1. Due to the dispersion, the interaction of waves with
noncollinear wave vectors becomes possible. However, it is easy to see from the
analysis of the synchronization conditions that waves with wave numbers of the
same order essentially interact only within a narrow cone of angles iy ~ €!/2
[see (5.1.24) below]. One can prove that for angular harmonics changing only a
little bit on the scale of the interaction angle iy (i.e., for I < £~1/2), there exist
integrals of motion of the linearized kinetic equation that are similar to (5.1.10)

L= / Yi(OE P *en, dk . (5.1.11)

Accordingly, there are power corrections to the isotropic Kolmogorov spectrum
that are the stationary solutions of the linearized equation and transfer the con-
stant fluxes of the integrals (5.1.11). These fluxes have the same direction as
the energy flux of the isotropic solution. The latter is thus structurally unsta-
ble with respect to the excitation of angular harmonics with ! < ¢~1/2. In this
section we shall give a rigorous proof of the instability of the isotropic spec-
trum of three-dimensional sound turbulence and we shall analytically derive the
anisotropic Kolmogorov solution supporting two fluxes, namely, of energy and
momentum. Such an analytical derivation is possible due to the presence of the
small parameter e.

To apply the criteria obtained in Sect. 4.2 to the analysis of sound turbulence,
we thus model the near-sound dispersion law by the scale-invariant expression

wi = ck!*e . (5.1.12)

The use of this dispersion law instead of (5.1.3) is sensible only in the three-
dimensional case when in the acoustic limit the use of different dispersion laws
leads to the same Kolmogorov solutions.

Let us substitute w; and Vi, specified by (5.1.12) and (5.1.5) into the three-
wave kinetic equation (2.1.12)

ong
w =/[Uk12(n1n2 — nng — nang)

= 2Uik2(nknz — ning — ning)| dkydks,
(5.1.13)

B
Ukiz = —c-(q +c0S O1 + COs B13 + COs O2)?
x §(K™e — ki — k}*6)6(k — ky — k) .

We shall restrict ourselves to the axially
Lf;‘,tlus integrate (5.1.13) over dk; using 6(
6(k™* — k{** — EkJ*®), to obtain

symmetric case when n(k) = n(k, 6).
k — k1 — k) and over dcos 6, using

k

1 On;

B = / (g +c0s 61 + 05 B2 + o5 612)7 (K'+ — f+) @~/ 0+
0

X k%(nlnz —Ngny — nknz) dkl d¢
- (5.1.14)
-2 / (g +cos Bx1 + cos Gz + cos 612)?
k

e e\ (2—e)/(1+¢
X (k}+ = k“ ) = )kf(nznk —ning — nlnp_) dk] d¢ .

Here ¢ = ¢ = #x, and the arguments of n; = n(k1, 61, 4) should be taken, in
accordance with é-functions from (5.1.13), on the surface given by

(kky) =cos by = - k% — (kl+€ - k%ﬁ)z/(lﬂ)
kky 2kk
1
k—k ky k—k (5.1.15a)
~ 1 ' _ — ki
+e 7 [k1lnk +(k—k;)ln— i ]
in the first integral, and
l+e _ 1.1+e)2/(1+e) 12 2
COos 0k1 = (kl k ) k* — kl
2kky
ki —k (5.1.15b)

k1 k1 —k
~1- - — (k1 — ==
€ kkl [kl In & (k] k)ln A ]
in the second integral. For
n2 = n(lkl+€ - kll+e|l/(1+e)a 92, ¢)

one should use

’

ky

sin 9];2 =sin @
k1 |k1+‘ _ k11+5l1/(1+e) i

. Similar expressions with the substitution k1 < k are valid for the second
integral. Due to the smallness of the dispersion (¢ < 1), the angles between




interacting waves are small, except for narrow regions in the k-space which are
close to the integration limits k; = 0, k and k; — oco. However, these regions do
not contribute to the collision integral because of the locality of the interaction,
i.e., because of the convergence of the integrals with all the solutions obtained,
see (5.1.18, 24). Thus, one can approximate all cosines by unity and use € =
0 everywhere except for calculations involving the angular arguments of the
occupation numbers nj, na.

Let us obtain the stationary solutions of the kinetic equation (5.1.5) linearized
with regard to a small deviation from the isotropic Kolmogorov solution. Let

ng = k~2[1 + A(k, )] = k~°/%[1 — k7P f(cos )] .

Making use of the smallness of the interaction angle, we employ the differential
approximation for the angular variables and use in (5.1.14) the expansion

2
f(cos 8;) = f(cos6) — (f' cosf — f" sin? 0 cos? ¢)22ﬂ . (5.1.16)

Thus we obtain from (5.1.14) an equation for f(cos ) = f(z) and the parameter
p. This equation is a factor multiplied by the converging integral (which we met
in Sect. 3.2.1, after the substitution z — 1/z it coincides with I3 ~ 0.2)

1
(Ez% _51 _222%+pf) /zz(l —z)[zlnz +(1 — z)In(1 — 2)]
0

x [+ (1 =) — 2% (1 = 2)*| dz =0 .

In the parenthesis in front of the integral we have the Legendre equation pos-
sessing a regular solution of the form

(1+1)

fi = Pi(cos ), e

(5.1.17)

where the P, are Legendre polynomials. Thus, for not too high harmonics satis-
fying the differential approximation (el? < 1) we obtain a set of neutrally stable
modes of the form

Ak, 8) = kS'¢D/2 p(cos 6) . (5.1.18)

For I = 1 the solution (5.1.18) coincides with the Kats-Kontorovich drift mode.
The formula (5.1.17) has been obtained by L’vov and Falkovich [5.8].

The existence of the set of stationary solutions (5.1.18) implies that in this
approximation the Mellin functions W;(s) have (with an accuracy to terms of
the order of €2I*) zeros in the points s = p;. Does the exact expression (4.2.16a)
for Wi(s, €) have a zero? At small ¢ it does due to the implicit function theorem
[5.9]: if Wi(s,0) has the zero W;(0,0) = 0 and [0W(s,€)/0sloo # O, then
Wi(s, €) also has a zero for sufficiently small €. The derivatives of the Mellin

functions with respect to s may be calculated directly [5.11] to verify that for
| < 71/ we have

(3W1(8,€)> >0,
0s s=e=0

i.e., the implicit function theorem is applicable to answer our question affirmative.
It is also easy to prove that in the zeros s = p; of the Wi(s) functions their
derivatives are also positive. As we already know, this implies that the fluxes
of the integrals of motion (5.1.11) transferred by the modes (5.1.18) are also
positive. Since the initial isotropic solution also transfers a positive energy flux,
the modes (5.1.18) should be formed in the presence of an anisotropic source.
Indeed, one can directly calculate that

w0 =l(l+1)z > 0,

i.e., criterion (4.2.55) is satisfied.

It is also easy to check if the function Wj(s) has a zero rotation interval. It
is convenient to start from the zeroth spherical harmonic for which the Mellin
function can be calculated directly and is expressed via the gamma functions

[5.10, 11]
3, 1
2 _
3 ("= 1jd)a+3/2) . (5.1.19)
I'(-3/2)I'(4 + s) 1 +cos s +sinws
4I'(s+5/2) cos s ’

Wo(s) = —

This function has the analyticity strip I7(—1/2, 1/2) and the zero rotation interval
0% =—1/2, 62 = 0. At e < 1 we have Wi(s) ~ Wo(s) so that the functions
Wi(s) also have zero rotation intervals (o' ,0!) close to (¢2,09%). Thus, the
conditions for structural instability are satisfied. This was first proved by Balk
and Zakharov [5.10].

For p; < 0, the zeros of the Mellin functions are located on the left of s = 0.
Hence, the discussed instability is found in the region of large k, deep in the
inertial interval. For three-dimensional sound, h = a — m = —1/2 < 0, ie., the"
instability is of the hard interval type. Thus, a weakly anisotropic source should
generate in the inertial interval a distribution of the form

L
n(k,0) = AP/2k%1% |1 + E ¢ Py(cos @) k' D/ | (5.1.20)
=1

As seen from (5.1.20), the higher the number of the angular harmonic, the quicker
is the increase (with growing k) of its contribuiton to the stationary spectrum.
Thus, a small anisotropy of a source located in the region of small k, leads to
an essentially anisotropic spectrum in the short-wave region. This phenomenon
was first predicted by L’'vov and Falkovich [5.8].




It is interesting to have a closer look at the form of the stationary spectrum
n the region of large k where the anisotropic part of the solution is no longer
imall and the linear approximation is inapplicable. At I > 1 it is only in the
inear approximation that the quantities (5.1.11) are integrals of motion. One can
‘ome up with the hypothesis that in the inertial interval an essentially anisotropic
;pectrum should be determined by the fluxes of the first two integrals (of energy
I'=0) and momentum (I = 1)) which are also conserved quantities within the
1onlinear kinetic equation (5.1.13). Such a two-flux universal solution general-
zing the Kolmogorov solution has been analytically constructed by L’'vov and
“alkovich [5.12]. According to the dimensional relation Pk o Ruwy, the two-flux
spectrum should have the form (4.1.5)

_ (RE)w(k)
V="
dere P, R are the energy and momentum fluxes, respectively. .
The form of the dimensionless function F(y) may in this case be found using

he smallness of the dispersion and employing the differential approximation in
he variable y. Indeed, for k and k; we obtain from (5.1.14)

o= B o ( % )

ny = P12k F(y), (5.1.21)

2 A * . (5.122)
. k6%, k
A [cosf+ Ok sinfcosp+ (eln— — L ) cosh|( — ) ,
k 2 ka

€., |y1 — y| < y. Now we expand in (5.1.14) the functions F(y;) aqd F(yz)
1p to terms of the order of e. Then, we split the second integral up into two
dentical terms and make in one of them the substitution k; — k2 /k1 and in the
sther, ky — kk; /(k — k1) (Zakharov transformations, see Sects. 3.1,2). RFcalﬁng
hen that nj oc k=°/2 is an exact solution, we obtain to the first order in ¢ the
:quation

aF\* _@F| (k\° .,
sl il § () L=0.
[(By) +Fay2] (ka) sin“0 I

The equation for F'(y) is given by a factor multiplied by the converging integral
I3. The solution is

F( )_ \/i:1y+272 fOI'y>—02/Cl
y)= 0 fory < -C,/C; .

According to (5.1.21) and (5.1.23), the distribution nk should vanish on a surface
in the k-space. As a matter of fact, at y — —C,/C the derivatives of F(y)
increase sharply and in the close vicinity of the surface (at y+C2/C1 S o)
the applicability conditions of the differential approximation are violated. This
ells us that it is not sufficient to consider only the first and second derivatives.
The solution of the initial equation (5.1.14) should lead to a smooth, but (on

(5.1.23)

the scale of the characteristic angle of interaction, i.e., \/&) rapidly decreasing
function F(y). At y — —oo the function F(y) should tend to zero. The integration
constants Cy and C; may be included into the definition of the fluxes Rand P. If
that is intended, then the constant Cy must be considered to be positive, because
the substitution C; — —C; implies a simple rotation of the coordinate system
6 — 7 — 6. The two signs of C; specify two different families of solutions .

1/2

ny = k=92 (—R“"‘kme + P) s : (5.1.24a)
1/2

ng = k=92 (L”‘;"s o_ P) . (5.1.24b)

The first of these, (5.1.24a), corresponds to spectrum narrowing with the
growth of k. In particular, it should describe a stationary distribution which
is generated by a weakly anisotropic source located at k = k, and supports a
small momentum flux [Rw(ky) < Pko]. Expansion of (5.1.24) in Ruw(k)/(Pk)
yields then at small &: in the zeroth order, the isotropic Kolmogorov solution; in
the first order, the Kats-Kontorovich drift correction; in higher orders, the higher
harmonics (5.1.17) whose contributions to the spectrum increase with k. At large
k practically all waves are concentrated in the right hemisphere.

The solution (5.1.24) describes an expanding spectrum. Its width AG(k) in-
creases with k according to the law

cos AG(k) = Rf:_k

k

If on the boundary of the inertial interval (at k£ = ko) Rw(ko) ~ Pk, then
the initial width of the spectrum Ab(ko) may be very small. From below the
quantity Af(kp) is limited only by the interaction angle V€, because at such a
width the differential approximation used to obtain the solution (5.1.24) becomes
invalid. Thus, the solution (3.1.24b) should presumably be generated by narrow
sources with widths \/& < A < 7/2. It is essential that in the limit of large
kand at —7/2 < 0 < /2 the solutions (5.1.24a) and (5.1.24b) coincide. The
spectrum is entirely determined by the momentum flux and presents a wide jet
whose angular form does not depend on the form of the boundary conditions

ng — k=*92(Rcos 9)1/2

As we see, the family of solutions (5.1.24) allows for a wide range of bound-
ary conditions at small k (in the vicinity of a source): from isotropic to extremely
narrow with a width of the order of the interaction angle. If such a solution is
really generated by arbitrary pumping, then the universality hypothesis is still
alive in spite of the structural instability of the isotropic Kolmogorov spectrum.
But the hypothesis should be reformulated in a more sophisticated form: a steady
spectrum in the inertial interval should be defined by the influxes of all motion
integrals whose fluxes are directed from source to sink.




5.1.2 Two-Dimensional Acoustics with Positive Dispersion:
Gravity-Capillary Waves on Shallow Water
and Waves in Flaky Media

This section is devoted to the two-dimensional turbulence of sound with positive

dispersion, see the dispersion law (5.1.1). We met it first in Sect. 1.2.5 when we

studied short waves (k > +/og/o with g,0,g are the density, surface tension
coefficient and gravity acceleration, respectively) on shallow water (kh < 1),
see (1.2.39). Such a dispersion also describes the evolution of sound in flaky
media with a weak interaction between the layers. Since we again consider the
long-wave case, the interaction coefficient is given by (5.1.5). We can obtain the
kinetic equation in the same way as in the case of (5.1.7) and it has also a rather
similar form

on(k,t)

bot

- / dhydBy Rk — k) { 6(3ca® ks (k — k) — 62kky /2)

x [n(k)n(k — k1) — n(k)n(kr) — n(k)n(k — k1]
— 26(3ca’kky(ky — k) — 6} kk1 /2)

x [n(kyn(ky — k) — n(k)nk) — (ko) — 8] } .

(5.1.25)

As usual the applicability criterion for this equation has the form (2.1.25)
bk*N < c(ak)? .

For isotropic distributions we can integrate (5.1.25) over angles to obtain (3.2.3)

dn(k,t) _ 27b
ot V6a

k
X { /‘kl(k — k) {nk)n(k — k1) — n(k) [n(k1) + n(k — k1)) } dka (5.1.26)
0

- / k1 (k1 — B){n(k)n(ky — k) — n(k1) [n(k) + n(ks — k)] } dkl}.
k

Its isotropic Kolmogorov solution (2.4.5)
n(k) = AP2E=3, A= @b)V2Qm7!, (5.1.27)

carries the energy flux P. It was obtained by Falkovich [5.13] and Musher [5.14].
Spectrally narrow pumping at intermediate k& should generate the stationary dis-
tribution (3.4.14-15) consisting of a chain of sharp peaks with the amplitudes
obeying the law n(k;) « kj‘“, kj = jko, see Fig.3.13 [5.6]. With growing k
such a pre-Kolmogorov solution goes over into a Kolmogorov solution.
According to the general formula (3.4.8), the flux P can be expressed in terms
of the pumping characteristics (3.4.8). If an external environment generates waves

with wave numbers of the order ko with the growth-rate I, then the energy flux
(i.e., energy dissipation rate) can be evaluated according to

P~ (Ipe))?

ie., it is indepedendent of ko. This is related to the fact that i = 0 in this case.
Thus the energy is uniformly distributed over all scales of the inertial interval.
The spectrum is formed in a “nonexplosive” process. The free decay takes place
in two stages — see Fig.4.10. The first corresponds to energy conservation and
can be described in terms of the exponential self-similar solution (4.3.14). When
the boundary of the Kolmogorov spectrum has reached the damping region, the
energy starts to decrease like E(t) oc t~'. When going over towards large k, the
applicability criterion for weak turbulence improves since in this case (k) o k¢,
see (3.1.33).

The stability of an isotropic spectrum of two-dimensional acoustic turbulence
deserves special consideration for two reasons. First, in this case h = m+d—sg =
1+2 —3 =0, so that the stability criteria obtained in Sect. 4.2 are inapplicable.
Second, in two dimensions the weak decay dispersion law cannot be modeled by
the scale invariant formula wy, oc k'*¢; the true expression (5.1.1) has to be used.
This gives rise to large mathematical difficulties in the treatment of the stability
problem, because the kinetic equation has a scale-invariant limit at a — 0 only
in the isotropic case, see (5.1.26). In the description of anisotropic perturbations,
the dispersion length a enters the angular dependences of the occupation numbers
and may not be separated out as a factor from the collision integral as in (5.1.26).
Due to this, we shall treat the stability problem of Kolmogorov solutions with
regard to isotropic perturbations analytically, while numerical simulations will
have to be used for the anisotropic case.

Let us follow Falkovich [5.13] in the treatment of the isotropic case. At h =0,
the operator of the linearized collision integral has the scaling index zero. The
eigenfunctions of such an operator are obviously the power functions

dny(k,t) = k=2t

where the Mellin function W(s) is an eigenvalue.

Thus the stability problem reduces to the calculation of W (s) and the study

of the evolution of localized perturbations consisting of a superposition of eigen-
functions

én(k,t) = / g(s)k™2eW @t gg | (5.1.28)
v

where g(s) and the contour «y are such that at k — 0, co we have for the pertur-
bation én(k,t) — 0.

Let us linearize (5.1.26) with regard to small deviations from the Kol-
mogorov solution nj = Nk, Substituting n(k,t) = nl + én(k,t) and using

D =nby/2/3 =7\/2/3B/c we have
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(5.1.29)
x [(k — k)72 + (k+ k)72 — 2677y dkl} :

Equation (5.1.29) has fundamental solutions of the form k—2eW®*, The eigen-
values are determined by the integral

2DN (1 o™ | &7 pi-e 942 ds
Wiy == L et e &

=228 e,
a
which converges in the strip 2 < Res < 4. This implies t..hat among thi per-
turbations having the asymptotics ény o< k~*, only those with Re s € (2,4) are;
local. For them the main wave interaction takes place between wave ve:ctors o
the same order. The evolution of nonlocal perturbation§ sh9uld not Pe dlSCl.ISSCd
in terms of (5.1.29), but rather by implicitly introducing into tl_le mtegrang:;l a
cut-off on the scale of source and sink, taking into account t‘hc d}StO}'h0ns ac1> wc
stationary solution that occur because of ﬁnitengss of the inertial mtc-rv : we
shall restrict ourselves to the study of the evolution of loc.:al perturbations. h e
assume the evolution of nonlocal perturbations to proceed in two steps. The i:s;
first process will — within times determined by the scales qf Fl%c source ko Or sk ;
kq — lead to a rearrangement of the perturbation (_e.g., an initially narrow pack eh
will broaden and the slowly diminishing tails will dax}'lp and start to c'hmuusd
rapidly). Further on it will become local and evolve in the manner discusse
beloXs‘ seen from (5.1.30), we have W(3) =0 which corfes'ponc!s to an mdlffei;cnt
stability of the Kolmogorov solution with regard to yanatmns in the energy :;x
It should be noted that W(s) is complex in the str.1p RF s € (2,4).. This ;srd ue
to the fact that the L operator of the kinetic equation linearized with reg; to
small deviations from the Kolmogorov spectrumsls tfn“gclmeral nonhermitian, in
akly nonequilibrium case, see Sect. 4.1. .
conias;nto:?gﬂ;e‘z;dazneansoluﬁons of the form k"ew.(’)‘ the:r:, are solutions
for which Re W(s) > 0, see (5.1.30). Since the' eiger{ft.lncnons k~* do not satisfy
the boundary conditions, this does not imply mstablhty‘of the Kf)hnogoro'v. s0-
lution. It is more convenient to impose on the perturba.uons phy§1cal conditions
in terms of F(z,t) = 6n(k,t)/n, where = In(k/ko) [in the variable z the rep-
resentation (5.1.28) goes over to the Fourier transformation of the perturbation].
Demanding finiteness of the perturbation energy

(5.1.30)

SE = / ck?6n(k,t)dk < M < © (5.1.31)
0

. . )
leads to the condition F(z) — 0 at z — oo, with F(:c).oc exp( €12)
z — +oo and F(z) « exp(ezz) at z — —o0 with &1, &2 > 0. It is also convenient

to “translate” the analyticity strip by going over from s to z = (s — 3)/2:
a

2DNW(z)=2(l+z)tan7rz . (5.1.32)

As we shall show now, the function W (s) (5.1.30, 32) has such a structure that
any perturbation localized in the k-space is swept over towards large k. Let us first
consider hump-shaped perturbations given locally by F(z,t) = Fpexp[—2zz +
W (2)t] where z is a slow real function of z (|dz/dz| < |z/z|), such that on the
right of the maximum 0 < z < 1/2 and on the left —1/2 < z < 0. As we are
discussing local perturbations (—1/2 < z < 1/2), the evolution of each section
is entirely determined by wave vectors of the same order, i.e., by the quantity
W {z(z)}. From (5.1.20) we see that on the real axis sign W(z) =signz holds
at z € (—1/2,1/2). This implies that a perturbation of the above type develops
in the following way: the right slope increases, the left one decreases and the
maximum value remains constant [W(z = 0) = 0]. This is readily understood
to correspond to a packet traveling to the right. Its top moves according to the
law k(t) = ko exp[W'(0)t] = koexp(2DNt/a). The exponential character of the
motion is readily appreciated if it is borne in mind that the condition h = 0
implies the independence of the characteristic nonlinear interaction time on k.
\Therefore, e.g., in its travel across the spectrum any wave doubles its wave vector

‘during a period of time independent of k.

The arbitrary localized solution of (5.1.29) may be written in the form of
(5.1.28) where the contour +y extends into the analyticity strip ranging from —ico
to +ic0 and g(z) is the Fourier transformation of the initial perturbation F'(z,0).
Having aligned the contour -y with the axis Re s =0, s = io, we see that arbitrary
localized perturbations are damped, since aRe W(z) = —2DNotanho < 0.

Now we discuss this in more detail. First we take the narrow Gaussian wave packet g(z) =
exp[(z — 20)*/A?] with (A < |20| = |ro + icro]). We shall calculate the integral (5.1.28) by the
;saddle point method. The saddle point z, is specified by

OW(z.) Ze — 29
t————+2
8z A2

-2z=0 (5.1.33)

/i.e., z«(x,t) depends on z and t. Let us discuss the behavior of the maximum of the envelope. We
shall designate the coordinate of the maximum coordinate by zo(f). As may be easily seen from
(5.1.32-33), zo(0) = — o/ A? holds and the saddle point z.(zo,t) = zE(t) with z = zg is located at
the imaginary axis

22(0) = icp, aW(iog) = 2DN(2itanh og — 207 tanh o) .
At t € og cosh? o (see below) we have

Ko oW (Zo) 0 3 oo
| t) = ——= +tRe ———* ) = — —‘tAz( )
‘ zo(t) > P z, () iog — 1 tanh o + ~ "

The saddle point z9(¢) moves along the imaginary axis towards zero. Since on the imaginary axis
the velocity is Re W/(ig) = 4DN/acosh? ¢ > 0, the narrow Gaussian packet travels towards large
z, with a decreasing maximum of the envelope [Re W(is) < 0]. As Im W(io) 70, the damping of

the packet is accompanied by oscillations. At o9 < 1, the oscillation period is much smaller than
lthe damping time.




But any perturbation is eventually transferred to large = leaving behind a trail damping out with
time. Indeed, let us consider ¢ — oo and z/t = v = const. For z — +oo, the function g(z) is
analytical at Re z > 0. Shifting the integration contour to the right (to the saddle point which at
v > W/(0) is located on the real axis and is given by W'(x) = v) we get

F(z,t) o exp[t(W(x) — nw'(n))] .

It is easy to show that for the function (5.1.32) we have at x > 0 the relation W(x) — kW'(x) < 0
which corresponds to a system without a convective instability. With regard to the trail left behind
it has to be noted that at ¢ — oo the saddle point is for finite = (az <« 2D Nt) determined by the
condition W'(z,) = 0 or sin 2wz, = —2n(1 + 2,). This transcendental equation has two roots. They

are located in the left half-plane (approximately z, ~ —1/4 % 2i/5). Since Re W(z,) < 0 we thus
have

F(z,t) < explz /2 + W(z4)t] ,
showing that the trail is indeed decaying or damped as time progresses.

As we have seen above, the drift of the packet is determined by the quantity
W'(0). The same derivative is proportional to the energy flux of the Kolmogorov
spectrum.

Summarizing, we conclude that small isotropic perturbations against the back-
ground of the Kolmogorov spectrum should be driven towards the damping region
without growing in magnitude. If the perturbation have a structure oscillating in
k-space [og # 0, F' o exp(iogIn k)], the drift is accompanied by damping and
oscillations in time.

Now we go over to discuss the stability of the isotropic spectrum of two-
dimensional sound turbulence with regard to anisotropic perturbations. Again,
like in the three-dimensional case, one can try to analytically derive the station-
ary anisotropic solutions of the linearized kinetic equation. The small parameter
characterizing the approximation of the dispersion law to the linear one is in this
case the quantity (ak)? rather than €. As a consequence, the drift solution

wi(Rk)
P2

has already for the first harmonic an index which is located outside the limits
of the locality strip. The same holds for all subsequent harmonics; the linearized
collision integral diverges for such solutions. The authors of Ref.5.8 attempted
an analytical derivation of the stationary anisotropic solutions by introducing a
formal cut-off into the diverging integrals and requiring the most divergent terms
to vanish. This lead to stationary solutions of the form

Ak, 0) = o (ak)?cos 6

Ak, 6) o (akl)?cos(l6) . (5.1.34)

However, these calculations fail to provide a rigorous proof. The structure of a
stationary spectrum in the presence of an anisotropic source may be discussed
with the help of computer simulations. Let us consider the two-dimensional
kinetic equation (5.1.25) with an external source

on(k,t)
o - /[5(’6 — k1 — k3)(ning — ngng — ngny)
X 6(k — ki — ko +a?(K® — k3 — k3)) — 28(ky — k — ky)

X 6(’(:1 —k - k2 +a2(ki5 _ k3 _ kg)) (5135)

X (nany — nyng — nm.z)} kkiky dkydky + Teny, .

As abf)ve, we have neglected the angular dependence in the interaction coefficient
by using cos §; ~ 1. Let us integrate (5.1.35) over dk, using the §-function in
the wave vectors and over dfy using the frequency §-function. To first order in
(ak) we obtain an equation formally coinciding with (5.1.26)

%__ b2

k
ot \/ga [/0 ki(k — k1) (ning — ngny — ngny) dk

- ZA (k1 — k)kl(nknz —nin — ning) dk]} + I'yng .
In this equation we took ng =n(k,0,t) and assumed

m =n(k,0 + V6a(k — k1),t), ny = (k — k1,6 F VBak, 1)
in the first integral and

ny = n(k1,0 + \/aa(kl - k),t), ng = n(/q —k,0+ \/gakl,t)
in the second one.

To remove the constant factor in front of the collision integral, we shall

renormalize the occupation numbers via the substitution
: . n — ngv/6a/b2r. Th
resulting equation for the discrete case (k =1iko, pu = /6aky) VBa/b2r. The

onGi,6,) N
ot =Y i — D{nG, 6 + i F pjyni — 5,60 F pj)
j=1

= n(t,0nG,0 £ pi F pj) +nli — j,0 F pj)l)

L
=23 G — ) {nG,O)nG — i, 6 + uj) (5.1.36)
Jj=i+l
= 0,0 £ pj F p)nG,0) +n(G — 1,6 + 11}
L+¢
*IinG,6) = 2n(,0) } G — )G — 4,0 4 uj)
j=L
was numericall)" solvefi by Falkovich and Shafarenko [5.14] in 6, coordinates on
a rcct_angul'flr grid. Atz > L the occupation numbers were assumed to be zero. As
mentioned in Sect. 3.4, [see (3.4.18)], this assumption gives rise to the last term in
.(5. 1.36) Whl(.th plays the r(?lc of nonlinear damping. Periodic boundary conditions
in the coordinate 6 were Imposed. The dimensions of the coordinate grid were
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chosen to be equal to 100 points in k and 32 points in §. The summations
in (5.1.36) were performed separately for the upper and lower signs before u.
The integration path in the plane 6, j is a line with the slope p; at sufficiently
small y it passes through between the nodes of the grid. Therefore, the values
n(j, 6 £ piF pg) and n(i — j, 0 F uj were calculated using a linear approximation
inbetween the two closest grid nodes taking into account the periodicity in 6.
The evolution of the two-dimensional spectrum was modeled starting from

the isotropic solution. A weak angle modulation was imposed on the source
(e=.01)

I'(3,0) = 100A;1(1 + e cos m#) .

8k
3
4F 2
1 Fig. 5.1. Dependence of the relative angular modulation
€ on k for different angular harmonics I and dispersion
N X \  parameters p: ) I=1, p=n/256,2) 1=2, p=
0 40 80 7/256,and 3) =1, pu=x/128

The results of the numerical simulations are represented in Fig. 5.1 showing
the dependence of the relative depth of the modulation angle of the emerging
spectrum [n,,,, = maxg n(k, )]

_ Nmaz(k) — Nmin(k)
= e+ B OB)

on the modules of the wave vector k. The quadratic dependence ¢ = eq + vk?
characterizes the initial section (for curve 3 up to k ~ 15, " /e" ~ 1071),
then the finiteness of ui = \/6ak starts to show itself. Comparison of curves
2 and 1 shows that under the same conditions the first harmonic increases by
1.02 x 10~ and the second one, by 3.74 x 10~2, This corresponds approximately
to the relationship (5.1.34) A; o 1 [the difference by a factor of 3.7 rather than 4
seems to be due to the fact that for the second harmonic finiteness of u begins to
show itself at smaller i = k/ko and the growth of e(k) slows down]. The fact that
the reduced growth of the (k) is not only associated with influence of the right
end of the inertial interval, but also with the finiteness of wi follows, e.g., from a
comparison of curves 1 and 2. For curve 1, e(k) reaches its maximum at k = 90,
and for 3 (corresponding to y which is twice as high), at k = 78. The dependence
of the occupation numbers on the angle is sinusoidal at all k. It reproduces the

wre 1Yvies dAvVULLY 4 WA UUIVLIVY ks

form of the source to an accuracy not worse than 10~4. This is due to the
smallness of the angular modulation (¢ < 1) and to the fact that the operator of
the kinetic equation linearized against the background of the isotropic solution is
diagonal with regard to the number of the angular harmonics. Increasing ¢, we
g0 over into the nonlinear region where different angular harmonics interact with
each other more strongly. Figure 5.2 corresponding to ¢ = 1/5 shows the relative

contributions of the first three angular harmonics of the emerging spectrum for
different values of k.

ny(k) = / n(k, 0)a*'® do .

Fig. 5.2. Relative contributions of the first three harmonics:
1 2 3 I ek=2,m k=40, A k=90

The contributions from the higher harmonics are seen to increase with k.
However, this does not imply that for large k the spectrum rapidly oscillates
with the angle. Thus we have completed modeling the system at € = 1, i.e., for
a strongly anisotropic source. The dependence of the spectrum on 0 is for all k
smooth, see Fig.5.3. The angular width of the spectrum A@ decreases with the
growth of the wave vector (Fig. 5.3).

It should be noted that up to k = 50, the quantity dAG/dk decreases with
the growth of k. This possibly corresponds to A8 approaching an asymptotically
constant value. The increase of dA8/dk at k > 50 may be attributed to the
influence of the right end of the inertial interval. Also up to k =~ 50, the following
effect is observed: in the direction of maximal values of the quantities I'(6)
and n(6), the spectrum decays slower than the isotropic one and the index
s(k) = Oln[n(k, §)]/01n k decreases from 3(3) = 3.0 to s(50) = 2.4 while in the
direction 6 = £ /2 it increases: s(3) = 3.0 and 8(50)=3.2.

Such a behavior qualitatively corresponds to the properties of the two-flux
solution (5.1.24a) obtained for three-dimensional sound.
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n (0)

+» g Fig.5.3. Dependence of the stationary spectrum on the angle
n 0,1) k=2, 2) k=50

It is of interest to note the nonmonotonic character of the relaxation of the anisotropic spectrum
at large € (¢ = 0.2,1). Thus, for € = 1, the angular width A9 for k < 5 diminishes at the final
relaxation stage, for k > 5, it grows with time. For € = 0.2 the value Af at first grows and is
then reduced down to stationary values. It should be borne in mind that the initial distribution was
isotropic. Now we would like to make a general remark. The effect of an increased anisotropy of
the spectrum for growing k may be more pronounced at the relaxation stage than in the steady state
(in which such an effect may not be observed at all). This is the result of a nonmonotonic evolution
of occupation numbers during the formation stage and of the inversely proportional dependence of
the relaxation time on the amplitude of the source. Indeed, let us consider as a model the limiting
case of nondispersive sound w(k) = ck where only the waves with collinear wave vectors interact
and relaxation occurs along the direction of each beam independently of the other beams. Clearly,
towards the directions of increasing source amplitude, the spectrum is closer to the formed one, i.e.,
with growing k it decays from a certain moment of time onwards slower than in the directions into
which the relative angular modulation of the spectrum e(k) is an increasing function of k. On the
other hand, it is evident that in the stationary state of such a model the quantity e is independent
of k and is equal to the relative modulation of the source. In a system with the dispersion relation
d*w/dk? allowing for the interaction of waves moving at different angles, such an “intermediate”
anisotropy (at intermediate times) may be less pronounced or nonexistent.

Taking into account the terms of the next order ~ (ak)? in the n(k) and
V(k, k1, k2) does not change the conclusions arrived at [5.15].

Thus, the isotropic spectrum of turbulence is structurally unstable for two-and
three-dimensional weak sound turbulence. For large k the spectrum should be
essentially anisotropic.

J.1 weak Acoustic Turbulence 227

$.1.3 Nondecay Acoustic Turbulence: Ion Sound,
Gravity Waves on Shallow Water and Inertio-Gravity Waves

Long-Wave Acoustic Turbulence. This section is devoted to acoustic waves
with a nondecay dispersion law

w(k) = ck(l — a®k?) . (5.1.37)

The principal role in the interaction is played by four-wave scattering processes
with the coefficient (1.1.29b)

qt = U-1-02U_3-434 + Vi12Vauza
F w3twstwiy  wtwr —wi
VihisVau2 Vi 4Vais— (5.138)
wi2twr —ws w31 tw) —ws
V323 Va1a—1 _ Vii—4Van2

Wi_1tw —wy  wigtwy —w3

Here we used the notation (j + 1) = k; =+ ;.

The stationary solutions can be found with the help of Kats-Kontorovich
transformations the definition of which has been given in Sect.3.2.1. In the
three-dimensional case the stationary solutions are determined by (3.2.6):

mk, P)= MPPETE, ok, Q) = 12Q'PkT1OP

Both of these solutions are local [5.16] and correspond to the general formulas
(2.3.10) with the renormalized index m = 1 of the interaction coefficient. Defining
the indices h; = 1/3 and hy = —1 /3 in the usual manner [see (4.3.15)], we see
that both spectra are formed by decelerating waves like (4.3.4) and that the fluxes

may be expressed in terms of the pumping amplitude I and typical wave number
ko:

PxI’k®, QoI5

For weak nonlinearity in the region of large k the applicability parameter for
the solution n; should be evaluated according to (3.1.33b):

E—l(k) x k3+h1 = k10/3 .

Then the criterion for weak nonlinearity ¢ < 1 is obeyed at large k. In the
same way, one can see that for small ¥ weak turbulence goes over into strong
turbulence.

The two-dimensional case corresponds to waves on shallow water. It should
be recalled that to the zeroth order in the small parameter ak (where a is pro-
portional to the fluid depth) the interaction coefficient T(k, k1, k2, k3) vanishes
on the resonance manifold w(k) +w(k1) = w(kz)+w(ks), k+ky = ky+ ks, see the
end of Sect. 3.2.1. Such a remarkable property is connected with the integrability
of the Kadomtsev-Petviashvili equation (1.5.4). So, to first order in the (small)
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water depth, there are neither nonlinear interaction nor an evolution of the spec-

trum to a stationary state. Considering also the subsequent expansion terms we
can obtain the Kolmogorov solutions [5.16]

na(k, P)= PP~ ny(k, Q) = MQPE-3
with h; =2/3 and hy = —1 so that
P Ig/zko, 0 x Ig/zko—3/2

are seen to hold.

The stability problem has not yet been solved. It is natural to expect a long-
wave structural instability of the spectra ny and ng with regard to an additional
perturbation carrying a momentum flux, since for such a perturbation we have

én(k, R)/n(k, P) 1/k .
Spectra carrying an energy flux should be stable, since
on(k, R)/n(k, P) w(k)/k

holds and the phase velocity decreases with k.

Short-Wave Acoustic Turbulence. Concluding this section let us briefly con-
sider short-wave acoustic turbulence. In this case, the linear term in the dispersion
law is supplemented by a positive term inversely proportional to k

w(k) = ck +wd/2ck . (5.1.39)

This dispersion relation is of the nondecay type. Stationary Kolmogorov solutions
can be obtained by the general formulas (3.2.5) with 8 = —1. For d = 3 (which
corresponds to spin waves in antiferromagnets ard to ultrarelativistic particles)

mk, P) o k7%, ny(k, Q) o k143

is obtained. So far neither locality nor stability of this solution has been checked.

The two-dimensional case is of special interest. The dispersion relation
(5.1.39) is encountered in different physical situations. The frequency gap wo
could be connected either with a magnetic field (for plasmas) or with a rotation
(for fluids or gases). The latter case is apparently realized in the Earth’s atmo-
sphere. If the wavelength is larger than the height of the atmosphere (10 km), then
the wave may be treated as being two-dimensional. Such motions (like inertio-
gravity waves in the atmosphere) is described in the framework of the shallow
water equations [5.17]. If, in addition to the above, the wavelength is smaller
than the Rossby radius (~ 3000 km for medium latitudes) then it is reasonable to
neglect the dependence of the Coriolis parameter f =2£cosa (see Sect. 1.3.2)
on the latitude «. In this case we have wo = f. The contribution of rotations to
(5.1.39) is so small that the waves could be referred to as being “gravitational”
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rather than “inertial”, in spite of the fact that rotation gives rise to the dispersive
term supplementing the linear acoustic term.
Proceeding from (3.2.5), we get

ni(k, P) o« k=173, na(k, Q) o« k=13/3

According to Falkovich and Medvedev [5.18], only the second solution is local.
It carries the flux of the wave action towards the large-scale region. In contrast
to the long-wave limit, the interaction coefficient (5.1.38) does not vanish on the
resonant manifold.

5.2 Wave Turbulence on Water Surfaces

From Sect.1.2.5 we see that there are several cases of wave turbulence for
different interrelations both between wave length and water depth and between
surface tension and gravity. Prominent examples of shallow-water waves were
considered in Sect. 5.1 since they belong to acoustic-type waves. Other cases of
capillary waves on shallow water will be considered in Sect. 5.2.3.

5.2.1 Capillary Waves on Deep Water

As mentioned in Sect. 1.1.4, for sufficiently short water waves (with wavelengthes
not exceeding a centimeter) the restoring force should be entirely determined by
surface tension. The dispersion relation and interaction coefficient are

w(k) = \/% B2, (5.2.1)

1 1/4 ke \ 174
Vk,12) = (4193-) [(klkz + k1 k) (—‘k—z)

(5.2.2)

1/4 1/4

+ (k1 k —klk)(%) +(kky — kkz)(kk2> ] ,
2

B

see also (1.2.41). This dispersion relation is of the decay type. There exists only
a single isotropic stationary distribution (3.1.15b) as obtained by Zakharov and
Filonenko [5.19]. 1t supports an energy flux

1/2 3\ 1/4
n(k)=(§) 87r(4i) B (5.2.3)

g

Here a is the dimensionless constant from (3.1.13b) still to be evaluated. De-
termining the asymptotics of the interaction coefficient at k1 < k we obtain
m1 =7/2 to see that the locality conditions (3.1.12) are satisfied. The index h is
equal to a —m =3/2-9/4 = -3 /4, Consequently, the energy flux is expressed
in terms of the pumping characteristics [see (3.4.9)]:
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Here wy is the frequency of the waves generated and I} is the maximum growth-
rate of linear instability. Knowledge of h also allows us to predict the character of
nonstationary evolution. Since h < 0, short-wave Kolmogorov-like asymptotics
(5.2.3) are reached in an “explosive” manner [5.20]

n(k,t) = (to — )V f (ko — )*°) .

Here f is a universal dimensionless function (see Sect.4.3.1) and the dimension-
less quantities k and ¢, respectively, are measured in units of an initial ko and
of the typical nonlinear interaction time at k = ky. At k — 0 such a solution has
quasi-stationary Kolmogorov-like asymptotics f(z) o< z~17/4. Before the front
distribution falls exponentially: f(z) ox exp(—z®) (see Sect.4.3.1).

The dimensionless parameter of the nonlinearity level (3.1.33) has the k-
dependence

£V (k) = wrtnr o< K74

hence, the weak-turbulence approximation is violated for small k.

The isotropic distribution is structurally unstable as shown in Sect.4.2. The
relative contribution of the anisotropic part grows with k like én(k)/n(k) o«
wi [k o« V/k. In the short-wave region the stationary spectrum is thus substantially
anisotropic. For positive angles 6 between the wave vector and momentum flux,

the stationary distribution of short waves should be defined by the momentum
flux:

n(k) = k~*\/Rcos b ,

compare with (5.1.24).

Experiments with capillary waves generated in a wind-wave tunnel are dis-
cussed in Lleonart and Blackman [5.21].

5.2.2 Gravity Waves on Deep Water

This is the kind of wave which is excited by wind blowing over the surfaces
of seas and oceans. The corresponding kinetic equation was first obtained by
Hasselmann [5.22). The dispersion relation of gravity waves w(k) = 1/gk is of
the nondecay type. The interaction coefficients (1.2.43) are

1/ g\ E O\ /4
Uki2=V_riz = P (—93) [(klkZ + ki kz) (m)

" 174 b 14 5.24
+ (kk] + k‘kl) (k_k‘1> + (kkz + kkz) (m) .
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W(k1,23) = (kkykoks)'/2 [R(k123) + R(k123)
YT 64om? (5.2.5)
— R(k213) — R(k312) — R(12k3) — R(13k2)] ,
_ k kl 1/4
R(k123) = <——k2 k3) [2(k + k1) 5.26)

— |k — ka| — |k — k3| — |y — k| — [y — k] .

Eliminating three-wave processes, the resulting coefficient of the four-wave
interaction has the form (1.1.30) and possesses the same homogeneity properties
as W(k1,23), see also (1.1.43). Therefore we have in this case a =1/2, d=2
and m =3.

In the. isotropic case there are two integrals of motion implying that there
are also two isotropic Kolmogorov-like spectra (3.1.27-28). The first one was

obtained by Zakharov and Filonenko [5.23). 1t carries a constant energy flux to
the short-wave region

n(k, P) = ¢*(P/a))'Pk~* . (5.2.7)

Here a, is a dimensionless constant defined by the integral (3.1.13b) not yet eval-
uated for this particular case. The index h; = a —2m/3 = —3/2 [see Sect.3.4.1
and (4.3.15a)] is negative and the spectrum (5.2.7) is thus formed “explosively”

n(k,t) = (to — )/ fi (k(to — )*/*) .

Here f; is a universal dimensionless function (see Sect.4.3.1 for details) of the
dimensionless variables k (measured in the units of an initial ko) and ¢ (measured
in the units of the typical nonlinear interaction time at k = ko). The spectrum
behind the front is (5.2.7) fi(z) — z~* at £ — 0. The right boundary of the
Kolmogorov spectrum evolves according to the explosive law k; o (o — £)~2/3.
The value o}' to is defined by the initial conditions. :

Isotropic spectrum is stable with regard to angular modulations, since the con-
tribution of the momentum-carrying additional term is proportional to the phase
velocity w(k)/k and thus decreases with k. With regard to the applicability con-
dition of the weak turbulence approximation it is of note that the dimensionless
nonlinearity parameter (3.1.33b) £(k) oc k%1 = k grows with k. Thus the
short-wave turbulence is a strong one which manifests itself in the observation
of breakers and whitecaps.

The second stationary spectrum was obtained by Zakharov and Zaslavskii
[5.24]. It carries a constant flux of wave action towards the long-wave region

n(k, Q) = g"/6 **(Q/az)' Pr=216 (5.2.8)

The dimensionless constant a; equals the integral (3.1.22b) and has not yet
been computed. The locality of both spectra (5.2.7-8) could be proved using the
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) _ k2k1 for k < kl ’
T(k, ks k, k1) = {kkf for k > ki1 .

The index hy = (o — 2m)/3 = —11/6 [see Sect.3.4.1 and (4.3.15b)] is
negative and spectrum (5.2.8) is thus formed by a decelarating relaxation wave

n(k,t) = t23/11f2(kt6/”) .

Here f, is a universal dimensionless function. Behind the front there exists the
spectrum (5.2.8) with f(z) — z=2/6 at z — oo. The right boundary of the
Kolmogorov spectrum moves according to k; oc t~/!!, Considering both spectra
(5.2.7-8), one can see that most of the wave energy is contained in the long-wave
region. So the mean frequency of the distribution approximately corresponds to
the left edge of the spectrum (5.2.8) and thus decreases like wy oc t=3/11,

The isotropic spectrum (5.2.8) has been proved to be stable with regard to
angular modulations, see Sect. 4.3.3. With regard to the applicability condition of
the weak-turbulence approximation we would like to not that the dimensionless
nonlinearity parameter (3.1.33c) (k) o« k%2 = k*/ grows with k. So the
waving becomes weaker as the structure moves towards large k.

In what way is the attenuation of waving effected when the wind abates? The
short-wave part of the distribution has the Kolmogorov asymptotics (5.2.7) with
constant energy flux implying that the energy decreases. The evolution of decay-
ing turbulence should approach the self-similar regime n(k,t) = t*/1! f(kt2/11)
which describes the propagation into the long-wave region. Thus, in the isotropic
case, the mean frequency of waving decreases like wg o t=1/11,

Several field and laboratory observations are summarized by Phillips [5.25],
see also Forristall [5.26]. The findings presented therein agree with both versions
(5.2.7-8), but do not allow to distinguish between them.

5.2.3 Capillary Waves on Shallow Fluids

Such waves exist on very shallow fluids with ho < +/o/gg. For intermediate

wave numbers with \/gg/0 < k < hy 1, the dispersion relation and interaction
coefficient have the extremely simple form (1.2.40)

/ho (o \'
By=,/2% 2 ] )
w(k) 2 K, Vi o (497 )

The dispersion law is of the decay type. For our purposes it is sufficient to
consider only three-wave processes which are seen to correspond to a =2, d =
2, m =2 m; = 0. A stationary Kolmogorov-like solution with constant energy
flux was found by Kats and Kontorovich [5.27] to have the form

1/4
n(k) = P'\/28/7 (-‘?) k4. (5.2.9)
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According to criterion (3.1.12) it is local and it has been proved to be stable
with regard to isotropic perturbations [5.28]. In this case, the index h is given
by h = a — m =0 so that the energy is uniformly distributed over the scales in
the inertial range. The spectrum is formed in a “nonexplosive” process. The free
decay takes place in two steps, see Fig. 4.13. The first step conserves energy-and
can be described in terms of the exponential self-similar solution (4.3.14). When
the boundary of the Kolmogorov spectrum has reached the damping region,
the energy starts to decrease E(t) oc ¢~!. The applicability criterion for weak
turbulence is violated when going over to large k, since we have in this case
€(k) x k=2, see (3.1.33).

With regard to anisotropic perturbations it is found that a locality strip exists
only for even harmonics. Odd harmonics with the numbers ! = 2j + 1 evolve
in a nonlocal manner, perturbations in the inertial range strongly interact with
both left and right edges. The sign of the time derivative of the perturbation
is seen to be proportional to (—1)/. So the spectrum should be unstable with
respect to harmonics with even j. The angular form of the spectrum should be
substantially anisotropic in the inertial interval while index still be the same as
in the isotropic case [5.28]. The transfer of energy is thus local while that of
momentum is nonlocal in k-space,

5.3 Turbulence Spectra in Plasmas, Solids, and the Atmosphere

The media listed in the title are sometimes anisotropic due to electromagnetic
fields (for plasmas and magnetics) or to rotation (for the atmosphere). However,
in some situations it can be regarded as locally isotropic for wave turbulence.
So, both isotropic and anisotropic Kolmogorov spectra may arise. Isotropic tur-
bulence of ion sound waves was considered in Sect. 5.1. So we consider here an
isotropic turbulence of plasmons.

5.3.1 Langmuir Turbulence in Isotropic Plasmas

For weak external fields, plasmas can be regarded as isotropic and we shall use
(1.3.3-5)

w?(k) = wi(1 +3k*r}) (5.3.1)

for the Hamiltonian coefficients. Here w, and rp are, respectively, plasma fre-
quency and the Debye length

wz = 47('90 "'2 _ Tcm
P m2 D

" 4rgee?

The coefficient of the three-wave interactions has the form



234 S. Physical Applications

1/2
1 wlwz)
=Viio = kcos 62
Uri2 k12 3 \/511'390 {( 20r 1

. 1/2 - 1/2
—_— k 6, .
+( ) k2c0s01+< o ) 1 COS 62

However, the dispersion relation (5.3.1) holds only in the long-wave range
krp < 1 and is of the nondecay type. Using the transformation (1.1.28), one can
obtain an efficient Hamiltonian (1.1.29). In the range of krp < 1 the interaction
coefficients U and V become scale-invariant with the scaling index unity and
the efficient four-wave interaction coefficient (1.1.29b) has the scaling index two,
since w(k) = wp

1
Tri3 = o [Vie,k1 Va3 23 — Voi—1,.1 V2-3,8 — Vg k—2Vizs—1 (532)

—Via,k-3Vi22—1 — Viz—kVi31-3 — Viss—kViza—1] -

Such a nonlinear interaction has an electronic origin. Let us briefly explain
the conditions under which this interaction is the main one. Considering plasma
turbulence, the following dimensionless parameters are usually introduced: kr p,
which corresponds to the plasmon dispersion and E /nT which equals the ratio
of the wave energy to the thermal one and is a measure of the nonlineari'ty level.
So the typical time for turbulence evolution due to wave-wave interactions can
be estimated from the kinetic equation to be roughly

2
1 of E
tN—L' 0~ w,,(krD) (TLT) .
Tt should be smaller than the time of induced scattering interactions with ions

1 3 E
t_i ~ wy(krp) T

Thus we obtain

E
— > krp .
nT = Fro

It is necessary to demand the validity of the weak turbulence approximatior_n.
In the case of plasma turbulence that means that there should be no Langmuir
collapse the typical time of which contains another small parameter, the mass
ratio

1 mE
te MnT -~

Requiring ¢y, < t. we obtain as a criterion for the weak turbulence approxi-
mation

JeJ LULUUIVILL DPVLHLG I 1 1GD1UAD, DUAUD, QLU WV MULVOpLIVIY

P up(m 13
T > (krp) (M) "

~oo

Under such conditions, the Kolmogorov spectra of Langmuir turbulence can
be obtained [5.29], see (3.1.29-30). The first one corresponds to a constant energy
flux P towards the short-wave region :

n(k) = (P/a)' Pn?Pk—1B2 . (5.33)

According to (4.3.15a), an “energy-containing” region is a short-wave region,
since we have in that case by =a—2m/3=2-4/3=2/3 > 0. So the spectrum
(5.3.3) is formed by the decelerating wave (4.3.4) and the right boundary of the
spectrum k., evolves according to k,;(t) o« t>/2. The dimensionless parameter
of the nonlinearity is according to (3.1.33b) given by ¢ ~ (winyz)™! o« k~%/3
implying a weak short-wave turbulence.

The second spectrum carries the flux of the wave action @) towards small k

n(k) = (Q/b)wy*(rpn)? Pk~ (5.3.4)

In this case hy = (¢ —2m)/3 = —2/3 and the action-containing region is the same
as the pumping region (i.e., the right edge of the spectrum). The left boundary of
the spectrum (5.3.4) moves with ky, o< t~3/2. According to the estimate (3.1.33c),
the dimensionless nonlinearity parameter behaves as ¢ o k~*/3. The long-wave
turbulence should be strong. According to Zakharov [5.29] both spectra (5.3.3-4)
are local.

If the external pumping generates waves with some ko and a growth rate
equal to I', then the fluxes are estimated to be

P« I®?ky, Qo PPk,

The stability problem for such spectra is not yet solved. Both spectra (5.3.3—
4) have indices which are larger than the one of dispersion a = 2. According
to the criterion (3.1.22), that means that both fluxes have correct directions:
the spectrum (5.3.3) transfers energy towards the short-wave region while the
spectrum (5.3.4) transfers action towards the long-wave end. Therefore, it is
natural to expect that both spectra are stable in the isotropic case. As far as
structural stability is concerned, they can be supposed to be unstable, since the
contributions of the drift corrections (4.1.9,14) with constant momentum flux R

én(k) (REk)wp

nk, Py < Pz & k
on(k) _ (RE)
n(k, Q) Qk?

increase when going over from pumping to the inertial intervals. In this case
further investigations are necessary to clarify all details of interest.

Another case of Langmuir turbulence can be observed in a nonisothermal
plasma (7, > T;) provided the conditions
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are satisfied. Then the plasmons interact via virtual ion sound waves. The coef-
ficient of the four-wave interaction is given by (1.3.14)

wp(cos B cos 023 + cos B3 cos 612)
8m3nT ’
Its scaling index is zero. All features of such a turbulence are the same as for

optical turbulence (which corresponds to Tki23 = const). So we shall treat them
together.

Tri23 = —

5.3.2 Optical Turbulence in Nonlinear Dielectrics
and Turbulence of Envelopes

As stated in Sect. 1.5, the nonlinear Schrédinger equation describes the behavior
of envelopes of quite general high-freguency quasi-monochromatic waves. We
referred to such turbulence of envelopes as optical turbulence. It is characterized
by waves with a quadratic dispersion law like (5.3.1)

w(k) = wo + BK? .

The constant wo may be eliminated by the canonical transformation (1.4.22). The
only remaining memory of it is that three-wave processes are prohibited. The
coefficient of the four-wave interaction is supposed to be a constant. Therefore,
the correspondent kinetic equation has the form

on(k,t) .

= T/é(k2+k%—k§—k§)5(k+k1—kz-ka)

X NENinan3 (n;1 +'n]_1 - n{l - n;l) dkdk,dkydks .

It is worthwhile to consider this equation for both two-dimensional media (which
mainly corresponds to the envelopes of water waves) and three-dimensional ones.
According to the general formula (3.1.9), its Kolmogorov solutions are equal to

ik, P) = q PPk oc k¢

o it P (5.3.50)
nz(k,Q) = /\2Q1/3k—d— m/3+a/ o k= +2 / )

Substituting these solutions into the kinetic equation, one can see that the only
local solution is ny for both d = 2 and d = 3. Since the nonlinearity parameter
behaves in this case like ¢ oc k—8/3, the turbulence becomes strong at the long-
wave region. It corresponds to the collapse of envelopes (or self-focusing) which
provides a sink for Kolmogorov spectra with action flux [5.30].

In the two-dimensional case, the only local solution na(k,@) o k=*/* o
w,:z/ ® has an index 2/3 smaller than unity. The implications are that for this
solution the action flux is directed towards large k. From the Frisch-Fournier
criterion in follows that this spectrum is unstable, even in the isotropic situation.
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Rigorous stability theory demonstrates the presence of instabilities with regard
to both the zero and the first angular harmonics (Sect. 4.2.3). What are the char-
acteristics of the stationary turbulence spectrum in this case? The answer is quite
unexpected [5.32]. An external pump heates the wave system and creates a steady
state which is close to thermodynamical equilibrium with a small nonequilibrium
fraction carrying action flux towards small k. According to Sect. 4.1, such a solu-
tion should have the form (4.1.23). In numerical simulations [5.30] it was found
that the stationary turbulent distribution is close to the more general solution

T
n((-')k) = wtp T asz/T3 (5.3.5b)

with temperature, chemical potential, and action flux. It should be noted that
the collision integral logarithmically diverges in this case. Probably, it hints that
the Kolmogorov-like addition should slightly deviate from a power form (e.g.,
with a logarithmic factor) to ensure convergence. For the small-scale part of the
spectrum the formally defined Kolmogorov index s = d = 2 is just equal to the
equilibrium index s = a = 2. Hence, it is naturally to suppose the long-wave part
of spectrum also to be close to the equilibrium distribution and to be slightly
distorted either by a logarithmic factor (as in Sect.3.2.2 where the coincidence
index for plasmon-sound turbulence was considered) or by a small nonequlibrium
additional contribution as for the long-scale part (5.3.5b).

The stability problem has not been solved for the three-dimensional case.
The spectrum with an action flux carries a negative flux so it should be stable
with regard to isotropic perturbations. In this case, hy = (e —2m)/3 =2/3. In
terms of the pumping characteristics the flux is given by

Q ~ Ik, .

Such a spectrum should be formed in an explosive way with the left boundary
moving according to kg, o (to —t)*/2. Its stability with regard to the first harmon-
ics depends on the sign of the momentum flux carried by the drift Kolmogorov
solution (4.1.14). If the momentum flux is negative, then the isotropic spectrum -
with an action flux is structurally unstable.

As far as a spectrum with energy flux is concerned, the collision integral
diverges logarithmically for d = 3. It may be shown that the short-wave asymp-
totics of the stationary turbulent distribution slightly (e.g., logarithmically) differ
from k3 w;3/ 2, so the index might be close to 3/2. Numerical simulations
[5.31] support such a hypothesis.

5.3.3 Spin Wave Turbulence in Magnetic Dielectrics

Spin waves in ferromagnetics and antiferromagnetics may have the dispersion
law (1.4.9a, 21)

w(k) = wo + Bk?
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hence, a = 2. Spin waves in ferromagnets correspond to an interaction coefficient
with m = 2. The Kolmogorov solutions (3.1.29¢, 30c) coincide (up to a constant)
with (5.3.3-4) for Langmuir waves with a nonlinearity induced by electrons. Thus
everything said above about plasmons, holds also for magnons. For spin waves
in antiferromagnets, such a case corresponds exactly to optical turbulence.

Now we shall discuss a somewhat detailed example of the Kolmogorov solu-
tion for spin waves whose dispersion is due to the exchange interaction (1.4.9a)
and the interaction coefficient, to the magnetic dipole interaction (1.4.12). Such a
“hybrid” is realized for an intermediate range of wave numbers k, which are (i)
sufficiently large to allow it to neglect the gap wyp in the dispersion law (1.4.9a)
and consider it to be of the decay type

wi o k2

and (ii) sufficiently small to neglect the four-wave exchange interaction (1.4.19b).
The latter requirement, however, can always be satisfied assuming the turbulence
level to be sufficiently small. The three-wave interaction coefficient (1.4.12) is
in this case anisotropic

V12 o sin26; exp(i¢;) + sin 26, exp(i¢z). (5.3.6)

Here 6;, ¢; are, respectively, polar and azimuthal angle of k; (: = 1,2) with
the constant magnetization direction M. The following fact found in [5.32]
seemed a surprise: despite the angular dependence of the interaction coefficient,
the three-wave kinetic equation (2.1.12) has an isotropic stationary solution. This
is associated with the fact that on isotropic distributions n(k) = n(w), the angular
dependence is the same for all terms in the collision integral. Indeed, substituting
(5.3.10) into (2.1.12), going over to the variable w = k? and integrating over
angles, we get

a—"%’—t) o (1 +2cos? 8 — 3cos* o){ / w[n(w')n(w —wh
0

— nW)n(w — w') — n(w)nw"] do' —2 /0 " Inen) (5.3.7)

— n(w + w)nw") — n(w + w"Hnw)] dw'}
= I(w,0) .

As we see, the angular dependence in the collision integral is separated out. Using
Zakharov transformations (2.3.14), we obtain from (3.3.27) the stationary solution
n(w) o w=>/2, in accordance with the general formula n(w) oc w™™*d/* (here
m =0, d =3, a =2). The solution is local as may be verified using (3.1.12) or
(3.3.27). Solving div P = —wI(w, ), we find that the only nonzero component
is the radial component of the flux, which depends only on the angle 6 : P o<
1+2cos?8 — 3cos* 6. The flux is maximal at cos § = +1/+/3.
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This example shows that Kolmogorov distributions in anisotropic media may
also be obtained analytically (when the frequency and the interaction coefficient
are not bihomogeneous). However, it is obvious that the efficiency of an analytical

treatment depends in such a case strongly on the particular forms of dispersion
law and interaction coefficient.

5.3.4 Anisotropic Spectra in Plasmas

Before considering specific examples of spectra in anisotropic media, a general
remark should be made. The theory of such spectra is far from being complete
and well developed. The matching problem is not yet solved. As seen in Sect. 3.3,
there exist families of power-like stationary spectra a good understanding of the
physical meanings of which will require further studies. Hence, we present here
briefly some known theoretical results concerning different anisotropic spectra.
If a plasma is strongly magnetized, then the dispersion laws and interaction
coefficients of ion sound and Langmuir waves are both bihomogeneous functions

of the compoents of the wave vectors, i.e., they satisfy equations (3.3.1) in some
angular intervals.

Ion Sound Turbulence in Magnetized Plasmas. Let us start from the ion sound
which we considered in Sect.5.1.3 for an isotropic plasma. Here we follow
Kuznetsov [5.33] in considering the anisotropic case.

For sound waves w(k., k1) = w(p, q) and Vj;, are according to (1.3.20) given
by

wxpg~?, V x (pp1p2)/*O0)O(p1)O(p2) . (5.3.8)

Thus,a=1, b=1, u =3/2, v = 0. The presence of @-functions in the interaction
coefficient implies that only waves with p > 0 are considered. The Kolmogorov
solution supporting an energy flux is

n(p,q) = \P/?p~3/2¢72 (5.3.90)
and with momentum flux
n(p,q) = \R?p~5/2¢~1 (5.3.95)

Now we should verify locality of the resulting distributions. We shall substitute
(5.3.8) into the kinetic equation (3.3.2). Consider first the convergence of the
integral at zero, ie., at g1 < ¢ and p; < p. Using the §-functions we integrate
now over the variables p,, ¢,. The expression (3.3.3) for A, will simplify to

Aq,p1) = %\/4# - ¢%(p1/p)?,

and the integration will be only be performed for the region in which root in A,
is positive. Let us gather all the terms that become infinite at ¢; — 0, p; — 0:
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2/dp1 /dQIZ%n@l,ql)
X [n(p — p1,q +qp1/2p) + n(p+ p1, 9 — gp1/2p) — 2n(p, 9)] .

This expression takes into account the presence of two identical singularities in
the first term (3.3.2a), namely at (p1,q1) — 0 and (p1,q1) — (p, g). We see that,
like for the isotropic solutions, see Sect. 3.1, the singularities are twice reduced.
Let us expand the expression in square brackets up to the first nonvanishing terms
(quadratic in the small parameters ¢; /q and p; /p). Introducing the dimensionless

variables ¢ = q1/q, 7 = p1/p and setting n(p,q) < p~*q¢~¥, we reduce the
integral to

q3’”p3"LdC C“”"’Adnna“ 1—n2.

Whence, we obtain the convergence conditions ¢ < 4 and = +y < 5. Both
solutions (5.3.9), as well as the equilibrium solutions (3.3.9) (in the given case
n « p~lq~2,p~!) satisfy these conditions. In a similar way we obtain the con-
vergence conditions for the integrals at g; — oo, p1 — oo with

Axq,p1) & %\/ 4¢2 — ¢2(p/m)? .

The most dangerous terms are arranged into the combination

on(p1,q1) On(p1,q1) @
2 dov. | don —21PL [ _ o
P, q)/ PUJ N A, o) | Om on 2m

Going over to the dimensionless variables ¢ = g/q1, n=(~'p/p1 we obtain

1 z—2
_ 2—z 2—y d z+y—3/ d __"Z_ .
(z —y)p" *q /0 ¢¢ 4 yj \/1—:17

The convergence of the integral is ensured for ¢ > 1, z+y > 2. These conditions
are satisfied for both distributions (5.3.9). By the way, in the given case we have
for equilibrium distributions z = -1,y = 0;z = —1, and y = -2, ie., the
ultraviolet convergence conditions are not satisfied. This certainly does not mean
divergence of the collision integral of which every term is identically zero in
equilibrium. It implies simply that for any wave belonging to the Rayleigh-Jeans
distribution, the principal role in the equilibrium state is played by the interaction
with high-frequency waves. Since at w & T'/k the Rayleigh-Jeans decrease n o«
w™! goes over to the Planck decrease n o exp(—hw/T [see (2.2.12)], the main
interaction takes place with thermal waves (for which w ~ T'/h).

Thus, for ion-sound turbulence in a magnetic field, both Kolmogorov distri-
butions are local.

Langmuir Turbulence in Magnetized Plasmas. For the Langmuir waves prop-
agating almost perpendicularly to a magnetic field, the dispersion relation has in
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the limiting cases of strong and weak fields, respectively, a similar dependence
on p and g, see (1.3.22, 24)

w(p,q)oc%-

We consider waves moving in the entire k-space, i.e., p varies from —oo to +oo.
The total momentum vanishes for the power solution n o |p|~%¢~¥ and (3.3.10d)

should not exist. Indeed, the transformations (3.3.7) will cast the stationary kinetic
equation into the form

(o o] (o o]
// dpldpz//o d1dg2 U(p, p1,p2,9,01,92)6(p — p1 — p2)

x 6(p*¢" — piat —p‘z‘qg)[lplpzl”’(qlqz)“” = lpp1| ™ (qqn) ™Y (5.3.10)
» _ PIEra\! | p|E(q)\?
- £ Y1 —=|=| (=) - |=]| (= =0,
Ipp2l~*(ag2) ™| [ |pl (ql) |p2 (qz) ]
see also (3.3.8). If we set # = —1, § = 0 like in (3.3.10b), the left-hand side

of (5.3.10) will not vanish because of the presence of |p/p;| and |p/p>| in the
second square bracket.

First we shall consider strong magnetic fields. In the angular range limited by
the inequality |cos 6| < w,/wHy, the interaction coefficient is given by (1.3.23a)

. sign sign sign
¥ o sl Iplpzlqmgnp[ g p(g_2)+ gnp | sig Pz] .
q1¢2|p| 9 \e a @ @
In this case v =v =1/2 and

n(p, q) o P'/2|p|=3/2g=5/2 (5.3.11)

is the Kolmogorov solution with a constant energy flux. We can direct verify that

it is local [5.34]. For a weak magnetic field, (1.3.24) holds for the interaction
coefficient

Vo . [P1P22 (q,[hq,])

2 . .
q° + qqsign ) + qqi8ign .
p——, [4 + ggzsign (pp2) + qaisign (pp1)]

Its indices u = v = 1/2 and the solution coincide with (5.3.11). Locality is also
verified directly.

The common turbulence of Langmuir and ion-sound waves has been de-
scribed in Sect. 3.2.2 as an example for the interaction of high- and low-frequency
waves.

One also knows the case in which simultaneously the properties of low-
and high-frequency wave interactions (see Sect.3.2.2) and of bihomogeneity
are observed. An example is the interaction of high-frequency Alfven waves
(wk = k,v,4) with low-frequency magnetic sound (£2; = k,c,) in a magnetized




plasma at low pressure (c; < va) [5.35]. The kinetic equations are obtained
from magnetohydrodynamic equations and have the form

on(k,t) _
ot

6Ngtc, 1) _ / Uk, b, k)T Gk, k. ka) — UGy, k, kn)TChy, k. k)] dkdks |

/ Uk, k, k)T ks, k, k) dhrdky |

with
T(k, k1, k2) = N(ki)n(kz) — N(k)n(kz) — N(K)N (k1) ,

n(k), N(k) are the densities of sound and Alfven waves, respectively, and
U = 27| Vii2|?6(k — k1 — k2)

is a bihomogeneous function of the components of the wave vector
Uk, ki) = AU ks, ko) -

The resulting Kolmogorov solution is
n(k) = A1k;2k7%,  N(k) = Bik; 2k 2,

and corresponds to a constant flux of high-frequency waves. The Kolmogorov
spectrum with a constant energy flux has the form

n(k) = Ak752k72, N(k)= Bok;5%k72 .

For both spectra one can obtain the estimate A;c, ~ Bjva, (1 = 1,2).
Therefore, for stationary turbulence, the energies of Alfven and sound waves are
of the same order. .

Checking the locality, we find that the integral over k, converges, while the
integral over k, is just about divergent, i.e., it diverges logarithmu:.ally. To as§ert
that such a turbulence is local, it is necessary to consider also dispersion (i.e.,
the next terms in wyg, £2;) [5.35].

5.3.5 Rossby Waves

Let us now discuss the turbulence of the barotropic Rossby waves introduced
in Sect.1.3.2. Their k-space is two-dimensional, which does not allow to tak.e
over the results of the cases discussed above. Therefore we shall consider this
example in more detail. We shall restrict ourselves to the region of sma]l—scal'e
(k > ko) motions close to zonal ones (for which k; = p < {c,, = ¢). In this
limit the dispersion relation (1.3.31) and the interaction coefficient (1.3.54) are
bihomogeneous functions of the wave vector components [5.36-37]

wo pg?, (5.3.12a)
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V o« (ppip2) (g +957' —¢7h) (5.3.12)

so that we have a=1,b= -2, u =3/2,and v = —1.
The kinetic equation for Rossby waves takes the form

a o0 (o o}
§n=//o dpldpz//_oodqldqz

x [U(k, k1, k2)(ning — nny — nng) (5.3.13)
—2U(k1, k, k2)(nna — nny — niny)]

where

Uk, k1, k2) = [V6(p — p1 — p2)é(g — @1 — 2)6(0q™2 — 1% — prgs?)
n=n(p)q’t)a "i=n(Pi,Qi,t), k=(p,q) .

)

Equation (5.3.13) has three general integrals of motion: the energy
E= / wn dpdg

and the zonal and meridional momentum components

(zonal) / pn dpdg and (meridional) / gndpdq ,

respectively. However, it would be wrong to suppose that this equation must have
three stationary Kolmogorov solutions of the type n o< p~*|q|™¥ corresponding
to the fluxes of the three conserved quantities. Because of its parity with regard to
¢, the meridional component of the total momentum is identically zero on power
distributions so that there should be no corresponding Kolmogorov distribution.

Indeed, let us use the transformations (3.3.7) to reduce the stationary kinetic
equation to

I(;D,q)=//0 dpldpz// dqldqz(ql'1+q{1—q"l)2

X 6@ —p1 —p2)élg—q —qz)13(£2 - &; - &2)
q a9 @
X [(P1p2) ™= (q12) ™ — (pp1)~*(qq1)~¥ — (pP2)"*(gq2)7Y]
Q 2y—2 o) 2z—4 ) 2y-2 o) 2z—-4
o Ut i B ) B I € =0
{ q p q p e
- This equation may have two solutions if the expressions in braces coincide with
the arguments of the first or third é-function. The first solution corresponds to

 the choice 2z —4 = 1, 2y — 2 = 0 and should transfer the constant flux R, of
| the zonal component of momentum:

(5.3.14)

n(p,q) o« R/*p~>2|g| 1 .

| (5.3.15q)




The second solution corresponds to the constant energy flux P

n(p,q) < P/2p=3/2 (5.3.15b)

The second §-function may not be utilized for obtaining an extra stationary

solution, as the choice 2y — 2 = 1, z = 2 reduces only the integral over the
region ¢2/q > 0 to zero, cf. (3.3.20).

It is interesting to mention the existence of an additional integral of motion recently obtained
‘or Rossby waves [5.38]. It has the simple form f W /)n dpdg. The corresponding Kolmogorov
listribution n(p, g) < p~7/2¢? is nonlocal. '

Substituting (5.3.15) into (5.3.13), it is easy to verify that the local distribution
s only (5.3.15b). The energy flux in the k-space has two components proportional
0 the derivatives of the collision term (5.3.14) with respect to the solution indices.
Calculating 8I/8z and OI/dy at z = 5/2,y =0 we see that P, > 0,P, <O,
€., the flux is directed towards larger p and smaller |g|. Considering the form
f the dispersion law (5.3.12a), we conclude that the Kolmogorov distribution
ransfers the energy flux into the high-frequency region [5.39].

The treatment of baroclinic Rossby waves is complicated by the presence of various vertical
\armonics, see (1.3.61). If only the waves corresponding to I = 1 are excited, then (1.3.61) coincides
vith (3.3.22) and the problem reduces to the solved one.

It is worthwhile to point out that anisotropic Kolmogorov spectra are more
iften found to be nonlocal than isotropic ones. In [5.40], a model of nonlocal tur-
nulence of Rossby waves has been proposed. It suggests that the waves from the
nertial interval interact mainly with low-frequency waves. Such an interaction is
Imost elastic and redistributes the high-frequency waves over the surface of the
onstant frequency p — w(p, q) = const. However. fot the w(p, g) of (5.3.12a), the
orresponding surface is not closed. Thus, the local interaction may pump waves
rom the source to the region of sufficiently large g of the damping area. As a
ssult, the evolution of the drift turbulence probably leads to the separation of
1e spectrum into two well-distinquished components; a small-scale component
oncentrated on a certain line in k-space and a large-scale zonal flow with its
:vel determined by the interaction with the short-wave turbulence. Further in-
estigations (possibly involving computer simulations) are necessary to find out
'hether drift turbulence is local or nonlocal.

6. Conclusion

There may be a Moral, though some say not;
I think there’s a moral, though I don’t know what.

A. Milne “Now We Are Six”

Methodological Guide

The reader who has worked his way through the book up to this place should
have found out that the Kolmogorov spectra of wave turbulence are fairly easy
to handle. Indeed, detailed treatment of any new case will not require much fur-
ther efforts. The answers to most questions, including rather subtle ones, may
be obtained from dimensional analysis and from simple asymptotic estimates.
Now, what is the procedure to be followed in such an analysis? Let us formu-

late the program to be carried out. This outline will simultaneously serve as a
methodological guide for this volume:

1. If we don’t even know the dispersion relation of the waves, we have
to determine from a dimehsional analysis the form of the dependence of the
frequency w on the wave vector k; in particular, the index of the dispersion
relation a, see Sect. 1.1.4 (1.1.31). With the parameters of our problem we can
now construct several different expressions having the dimension of a frequency.
If these expressions depend differently on the wave vector, then scale-invariance
and the universal Kolmogorov spectra of turbulence may only be observed in
the region of k-space where one of the contributions to the frequency is by far
larger than all others. The only exception occurs when the frequency consists of
two terms, a constant w(0) and the dispersion éw(k). Then, in the nondecay case,

'the constant term w(0) does not enter the resonance conditions for four-wave

processes
w(kr) +w(kz) = wlks) + w(k; + ky — k3)

and Kolmogorov solutions exist when w(0) and éw are of the same order. How-
ever, such dispersion relations are frequently of the decay type in one region
of k-space and of the nondecay type in another. Consequently they have to be
treated differently. An example is the dispersion law w(k) = w(0) + Bk? which
goes for Bk? > 2w(0) over to the decay type.

2. From the form of the dispersion relation it is seen whether three- or four-
wave interactions, see (1.1.24, 29), are dominant. For different interaction types
there are different numbers of the integrals of motion (see Sect. 2.2.1) and one can




also expect a different number of Kolmogorov spectra (Sect. 3.1) for them. From
a dimensional analysis we can now extract the scaling index m of the respective
interaction coefficient, Sect. 1.1.4 (1.1.32). Knowing a,m and the space dimen-

sion d, we may utilize one of the formulas (3.1.4-6) to obtain the Kolmogorov
spectrum.

3. In the next step we have to verify the locality of the interaction of the
Kolmogorov spectrum (i.e., stationary locality). For example, for three-wave in-
teractions the verification of locality by the aid of (3.1.12) requires the knowledge
of the index m; determining the asymptotics of the interaction coefficient

[Vk,k — K, 6)|? x ™ E2™™ at g k. (6.1)

From this step onwards it is therefore not sufficient to rely on dimensional anal-
ysis. It is necessary to carry out a real calculation. However, this calculation is
a rather simple one since we do not need to obtain the exact expression for the
interaction coefficient but only the index of its asymptotics.

In most cases the asymptotic index m; may also be found from a dimensional analysis. For

example, if the frequency parameter wj depends on the medium parameter that oscillates for the
wave ax with £ — 0, then the interaction Hamiltonian

/V(k, k — k,k)a(k)a(k)a*(k — k) =~ /V(k, k, K)a(x)a(k)a* (k)

may be represented as

/6wkaka; .

As a consequence, the k-dependence of V(k, k, ) should be similar to the one of the frequency,
namely

V(k,k, k) < k*c™~* | 6.2)
Comparing (6.2) and (6.1) we obtain
my=2(m —a)=—-2h. 6.3)

For example, a sound wave with a small wave vector corresponds to a small density variation which
is almost constant in space. Since, the frequency depends on the density we have m; = 2(m — @) =
2(3/2—1) = 1, compare with (5.1.6). It should be noted that for two-dimensional sound in (6.3), one
should substitute the index of the initial interaction coefficient 3/2, rather than the angle-averaged one
1. For shallow-water capillary waves, the waves alter the fluid height which in turn determines the
frequency so that (6.3) is correct, see Sect.3.1.2. But for deep-water capillary waves, the frequency
does not depend on the depth so that (6.3) cannot be used. Indeed, according to (1.2.41b) we have
in this case m; = 7/2 while (6.3) would lead to m; =3/2.

4. Thus we have made sure that the turbulence is local. Consequently the
corresponding Kolmogorov solution exists. Now, (4.2.17) yields the index A.
Knowing h, we can immediately answer two important questions simultaneously.
Namely, with regard to

(i) the type of the dependence of the flux absorbed by the turbulence on the
pumping frequency (3.4.8);

(ii) the character of the nonstationary behavior of the wave system. In par-
ticular, it is in the isotropic case possible to describe the formation process of a
Kolmogorov distribution, see Sect. 4.3.

5. Certainly, we can only speak about the formation of Kolmogorov spectra
after having checked their stability (at least with regard to isotropic perturbations).
For this purpose it is sufficient to compare the index of the Kolmogorov solution
with the index of the respective equilibrium distribution. This allows to determine
the sign of the flux, see (3.1.13b, 22). In line with the Fournier-Frisch criterion
(see Sect.3.1.3 and the end of Sect.4.2), positive-flux spectra are stable in the
short-wave region and negative-flux spectra in the long-wave region.

6. It is only when assessing the problem of structural stability of an isotropic
spectrum that we will need to know the exact expression of the coefficient
V(k, k1, k2) or T(k, k1, k2, k) of the interaction Hamiltonian. This expression
must be substituted into (4.2.16) for the Mellin functions W;(s). It is sufficient
to analyse the first few harmonics.

In general, the dispersion relation is nondegenerate (see the end of Sect. 2.2.1)
and the interaction coefficient does not vanish on the resonance surface. So we
cannot expect any anisotropic integrals of motion except the one for momentum.
Therefore, it is in this case sufficient to consider only the first angular harmonic
(I = 1) which is proportional to the cosine. Now we have to check the sign of the
zero of the Mellin function. Positiveness of W;(0) implies according to (4.2.55)
structural instability of the isotropic solution against perturbations of the form of
the I-th harmonic. In this case determination of the growth rate of the anisotropic
perturbation contribution with k makes it necessary to find that zero of the Wi(s)
function which is closest to the point s = 0. For the first harmonic it can be found
from a dimensional analysis, in line with (4.1.9, 14). If Wi(p) = 0, the relative
perturbation term behaves like A;(k) = én(k)/n(k) x k2.

Let us take W;(0) < 0 to hold, a condition which does not ensure stability.
We have to calculate the rotation «;(0) of the Mellin function Wi(io) around the
imaginary axis (as o moves from —oo to +o0). According to the Balk-Zakharov -
criterion (see Sect. 4.2.2) the isotropic spectrum is stable with regard to the given
harmonic, provided x,;(0) = 0 holds.

In the general case, when we are concerned with the first harmonic only, we
can proceed in a much simpler way. The zero of the W;(s) function (i.e., the
index of the indifferently stable mode) may be found from a dimensional analysis
following (4.1.9, 14). Whether this mode may be excited (leading to structural
instability of the isotropic solution) is according to the Falkovich criterion (see
Sect. 4.2) determined by the sign of the momentum flux Wi{(p) it carries.

7. Finally, we have to determine the applicability conditions for the obtained
results. For this purpose, we have to determine scale and amplitude ranges to
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which the weak turbulence approximation is applicable. This may be done fol-
lowing a dimensional analysis according to (1.1.34, 35) and (2.1.14, 15, 21, 25,
217, 30).

With the recipe laid out in items 1. to 7. and the material provided in the pre-
ceding chapters of this volume the reader should have all tools at his disposition
to investigate in details turbulence and Kolmogorov spectra.

A. Appendix

A.1 Variational Derivatives

Without giving a strict justification, we shall explain several simple rules for
calculating variational derivatives. They follow from the fact that §/6 f(r) gener-
alizes the notion of the partial derivative 8/0f(r,) with discrete r,, to continuous
variables.

1. The variational derivatives of a linear functional of the form I =
J ¢(r")f(r") dr' are calculated by

4 NI ' N
i ) B = : 1.1
Sf(r) / o(r") 310 dr / d(r"6(r — ') dr' = ¢(r) (AL1)

To obtain this formula, one can mentally substitute §/6 f(r) by 8/3f(r,), simul-

taneously replacing the integration by a summation to return after differentiation
to the continuous version

6 ! ! ! a =
57 [ HOFOE = s S ) = ) = 60

Symbollically this result may be represented by

§f(r') _ '
576 == (A12)

2. If the function f in the functional is affected by differential operators, then
application of the rule (A1.2) requires first to bring them to the left-hand-side
and to integrate by parts. For example,

6 6 Vo
W/d)Vfdr = —6f(r)/fV¢dr V¢ . (A1.3)

Here we assumed that the product f(r')¢(r') vanishes on the boundary of the
integration region.

The variational derivative of nonlinear functionals is calculated following a
procedure similar to the one for the partial differentiation of a complex function:

6 n i [_SF 8fG" ., 6F
) / FLfedr = | o 5io0 & = 550 -




