
rnABA 3 

nHHAMHqECKUE DPOUECCM B3AHMOUEACTBH» 
CllHHOBbiX BOIDI 

B 3TOH maae ,o;aHo KpaTKoe onHcaHHe npoueccoa B3aHMo,o;eiicTBIDI CB Me:>K­

,o;y C060H H C ,o;pyrHMH Kone6aHIDIMH H BODHaMH B MarHeTHKax: O,ll;HOpO,D;HOH 

npeueccHeH HaMarHH'IeHHOCTH, BHeliDIHM nepeMeHHbiM MarHHTHbiM noneM, 3BY­

KOM H T.,ll;. 3TH npouecCbl ODHCbmaiOTC.II ,D;HHaMH'I~1<HMH ypaBHeHIDIMH ,ll;BH:>Ke­

HIDI ,IJ;n.ll KOMnneKCHI>IX aMDDHTY,D; BODH, B KOTOpbiX CyiUeCTBeHHbl <t>a30Bble 

_ cooTHOIIIeHIDI. Hx nonoMY ecTecTBeHHo Ha3BaTb ouHaMU'leCKUMU npoueccaMH, 

B OTnH'IHe OT npoueccOB B3aHMO,D;eHCTBH.II IIIHpoKHX B k-npOCTpaHCTBe naKeTOB 

BODH, KOTOpbie ODHCbiBaiOTC.II KHHeTH'IeCKHMH ypaBHeHIDIMH }J,Jl.ll 'IHCeJI 3anon­

HeHIDI H KOTOpbie MO:>KHO Ha3BaTb KUHeTU'leCKUMU npoueccaMH. Hx Mbl 6y,o;eM 

H3yqaTb HH:>Ke, Ha'IHHa.ll c m. 7. 
IJocne,D;OBaTeJlbHO DODb3Y.IICb raMHnbTOHOBbiM MeTO,ll;OM ODHCaHIDI HenHHeH­

HbiX aonH, H3no:>KeHHbiM a npe,o;~:>mymeii maae, Mbi 6y,o;eM Ha nepaoM nane onH­

CbiBaTb ,o;HHaMH'IecKHe npoueccbi (npouecc cnHJntH.II ,D;Byx aonH a o,D;Hy, reHe-
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paUHIO BTOpOH rapMOHHI<H, pacnap; Op;HOH BOJIHbl Ha p;se, p33JIH'IHbiC THTibl 

'ICTblpCXBOJIHOBblX npOUecCOB, BKJIIO'IIUI C3MOcl>OKYCHpOBKY H KOJIJI3TIC) 6e30T· 

HOCHTeiTbHO K THTIY BOJIH H xapaKTepy cpep;bi, B KOTOpDH OHH pacnpOCTpaH.II· 

IOTC.II, 11 TOJibKO TIOTOM, HCTIOJib3Y.II .IIBHbiH BHp; 3aKOHa p;HCnepcHH CB H KOJcl>­

cl>HUHCHTOB raMH!IbTOHHaHa B33HMOP:CHCTBH.II, Mbl H3ytiHM KOHKpCTHbiC OC06CH· 

HOCTH 3THX HeiTHHCHHbiX BOJIHOBbiX npoueccoB B 4>eppo- H 3HTHcl>eppOMarHe­

THK3X. P33yMeCTC.II 1 B orpaHH'IeHHOM omeMe HCB03MO:>KHO cp;erraTb JTO CKOJib· 

KO-HH6yw. nop;po6Ho WI.R scex H3BecTHbiX npoueccos. IlpH oT6ope MaTepHana 

.11 pyKosop;cTBOBaJIC.R HecKOJibKHMH coo6pa)l(eHH.RMH: so-neps&xx, B03MO)I(­

HOCTbiO npoCTOH H o6meii Hp;eaJIH3HpOBaHHOH cl>opMyJIHpOBKH 33p;a'IH, ee 83)1(­

HOCTbiO Wf.ll TIOHHMaHH.II OOJICC CJIO:>KHbiX H peanbHbiX CHTY3UHH. BO-BTOpbiX, 

B03MO:>KHOCTbiO H36JIIOp;CHH.II H CTCTICHbiO JKCTICpHMCHTaJibHOH H3ytiCHHOCTH CO­

OTBeTCTBYIOIUHX HeiTHHCHHblX Jcl>cl>eKTOB B MarHCTHI<ax. B-TpCTbHX, CTCTICHbiO 

BJIH.RHH.R 3THX Jcl>cl>eKTOB Ha HerrHHeiiHoe 3anoporosoe nosep;eHHe napaMeTpH­

tiecKH B036y)l(p;eHH&IX CB. 

Pe3yn&TaT JToro oT6opa ~ocTaTO'IHO nop;po6Ho oTp3)1(eH B ornaBJieHHH. 

HacKon&Ko oH cooTBeTCTByeT nepetiHCJICHHbiM KpHTepH.RM, nycTb cyp;m 'IH­

TaTerr&. 

§ 10. Yp8BHCHH.R ,ZJ;BH)((eHH.R B CIIa6o aeKoacepsanmaoA cpep;e 

10.1. faMHJILTOHOBbi KaHOJDilleCKHe ypasaeHHH WIK BOJIH. B HaH6onee npoo­

TOM CJlyq&C- Korp;a 1) cpep;y, B KOTOpOH pacnpOCTpaH.IIIOTC.II BOJIHbi, MO)I(HO 

C'IHT3Tb HOOrpaHH'ICHHOH H npOCTpaHCTBeHHO<lp;HOpDp;HOH, 2) KOHCCpBaTHBHOH, 

T.e. 33TyX8HHCM BOJIH MO)I(HO npeHe6pe'lb, 3) p;OCT3TO'IHO paCCM3TpHB3Tb BOJI· 

Hbl Op;HOrO THna, a B33HMOP:CHCTBHeM C p;pyrHMH BOJIHaMH MO)I(HO npeHe6pC'Ib, 

- ypaBHeHH.II P:BIDKCHH.II HMCIOT XOpOiliO H3BecTHhlH BHp; (1.6). lix MO)I(HO ne­

penHCaTb CIIep;YJOIUHM 06p330M: 

abk oJCint 
-· -+iw(k)bk=-i--. (10,1) 
at obi 

B npeHe6pe)I(CHHH B33HMOP:CHCTBHCM BOJIH (JClnt = 0) 3TO ypaBHCHHC OTIHCbi­

B3CT BpaiUCHHC cl>a3bl BOJIHbl C '13CTOTOH Wk, f3MH11bTOHH3H B33HMOP:CHCTBH.II 

JClnt cocToHT H3 cnaraeMbiX TpeTbero JC3 H 'ICTBepTOro JC4 nop.R,I:U<oB no CTene­

H.IIM 3MnJIHTyP: bk, bt (eM. cl>opMYJ1bl (5.23), (5.24)). KaK Mbl y&Hp;HM HIOKC, 

OHH OTIHCbiBaiOT 3JICMCHT3pHLIC npouecCbl C yqaCTHCM Tpex H!IH 'ICTbipCX .BOJIH 

CpOTBCTCTBeHHO, 

10.2. YqeT ~HHdlaoro 38T)'X&HHH BOJIH. B pean&Hoii cpep;e scerp;a CYIUecTBy­

IOT npoueccLI, npHBOp;gUUfe K 33TYXaHHIO. ,1ln.11 WIHHHbiX CB B <I>M JTO npC)I(,Iil;C 

BCero HX B33HMOP:CHCTBHC C "TCpMOCT3TOM MarHOHOB" - TCpMHtiecJSH·B036y)l(­

p;eHHbiM pe3epsyapoM ocTanbHbiX CB. B3)1(HYJO pon&, oco6eHHo B A<I>M, MO)I(CT 

HrpaTb B3aHMop;eiicTBHe CB c cl>oHoHaMH (3BYKOM). K 3azyXaaHIO CB npHBOP:HT 

T3K)((C HX B33HMOP:CHCTBHC C npHMec.RMH p33JIH'IHOH npHpOW>I, KpHCTaJIJIH'Iec­

KHMH P:e4>CKT3MH, nopaMH H p;pyrHMH H3pyulCHH.IIMH npoctpaHCTBCHHOH O.u;JIO· 

pDp;HOCTH. 

KaK H3BecTHo, B nop;aBJI.RIOIUCM 6on&IliHHCTBe cnyqaes 33TyXaHHe BOJIH Ma­

noii 3MIIJIHTyP:bl npOHCXOP:HT 110 3KCTIOHCHUHaJibHOMy 33KOHY 

I bk (t) I= I bk (0) I exp ( -n t). (10.2) 
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neKpeMeHT 'Yk 3aBHCHT OT BOJIHOBOrO BeKTOpa BOJIHbl k, TeMrreparypbl cpeAbl T, 
MarHHTHoro rronH H H ApyrHX ycnosHH: JKcrrepHMeHra. B xopomHX o6pa3uax 

MarneroAHJJieKrpHKoB (>KMf, MnC03 , CsMnF 3 H T.A.) 3aTyxaHHe CB HBJIHeT­

Cll MaJibiM B cpaBHeHHH C HX qacTOTOH: OTHOllieHHe "Ykfwk "'=' 10-3 .7 10-4 .. 3TO 

OI!paBAbiBaeT HCIIOJib30BaHHe B HyJieBOM rrpH6JIIDKeHHH raMHJibTOHOBbiX ypaB­

HeHHH (10.1), He }"'HThiBaromHX 3aryxaHHe. B rrepBoM rrpH6JIH)I(eHHH Manoe 

3aTyXaHHe MO)I(HO yqecTb, ll;06aBJIHH K Ka)l(}l;OMy H3 HHX CJiaraeMOe "Yk bk, rrpH­

BOAHIUee K 3KCIIOHeHUHaJibHOMy 3aKOH}' y6biBaHHH aMIIJIHryAbl ( 10.2) : 

obk . &Xint 
-+zwkbk+"'fkbk=--- (10.3) 
at &bi 

3ra <PeHoMeHonor~ecKaH rrpoueAypa yqera Manoro 3aryxaHM sonH KaK MHH­

MOH A06aBKH K HX qacTOTe qacTO HCIIOJib3yeTCH B TOOpeT~ElCKOH <I>H3HKe H 

cqHraeTCH rroqrH oqeBHAHOH. TIOMHMO MaJIOCTeH 3aTyxaHHH H B3aHMOAeHCTBHH, 

(3THYCJIOBHHI1pH6JIH)I(eHHO MO)I(HO 3aiTHCaTb TaK: "Yk~ Wk, Xint ~Jf2 ) AJIH 

crrpaBe}l;JIHBOCTH ypaBHeHHH (10.3) aMITJIHryAbl BOJIH }];011~1 6biTb orpaHH· 

qeHbl CBepxy H CHH3Y. neHCTBHTeJibHO, Mbl cqHTaeM, qro BElCh MHp pa3AeJieH Ha 

ABe qacTH: Ha CHCTeMy BOJIH C aMIIJIHryll;aMH bk (t), raMHJibTOHHaHOM JC, KOTO· 

pyro Mbl C06HpaeMCH OIIHCb!BaTb }l;eTaJibHO, AHHaM~ElCKH C IIOMOIUblO ypaBHe­

HHH (10.3), H Ha ee OKpy)l(eHHe, repMOCTaT, KOTOpb!H Mbl 6yAeM cqHTaTb Ha­

XOAHIUHMCH B TepMOAHHaM~ecKOM paBHOBElCHH C TeMrreparypoH T. Cnarae­

MOe 'Ykbk OIIHCb!Baer "rpeHHe BOJIH 0 repMOCTaT", T.e. yXOA 3HeprHH B repMO· 

crar, H rrpHBOAHT K yMeHbllieHHIO aMITJIHTYA BOJIH bk AO HYJIH. OAHaKo 3TH 

aMIIJIHryAbl AOJI)I(Hbl perraKCHpOBaTb He K HyJIIO, a K TepMO}l;HHaM~ElCKH paBHO· 

secHOMy 3HaqeHHIO, KOTOJ??e JaAaercH pacrrpeAerreHHeM P3Jiell-~HHca 

I bo (k) 1
2 =no (k) = Tfwk, (10.4) 

crrpaBeAJIHBbiM B Knacc~ecKoM rrpeAerre T ~ h wk. TionoMy ( 10.3) crrpaseA­

JIHBorrpHibk I)> lb0 (k)l = (Tfwk) 112
• 

10.3. Yqer Termosoro myMa. EcnH HepaseHCTBO I b I ~ I b0 I He BbillOJIHHer­

CH, K ypaBHeHHIO (10.3) H006XOAHMO A06aBHTb JiaH)I(eBeHOBCKYIO cnyqaHH}'IO 

CHJiy fk (t): 

obk . . &Xint 
- +(zwk +-yk) bk = - 1 -- + fk (t), 
at &bi 

(10.5) 

HMHTHpyiOIUYIO TeiiJIOBOH IDyM - 6ecrropHil;O~ble TOJiqKH CO CTOpOHbl TepMO· 

crara, rrpHBOAHIUHe B cpeAHeM K yBerr~eHHIO JHeprHH BOJIH bk (t). KaK H3BecT­

Ho H3 CTaTHCT~ecKOH <I>H3HKH, CJiyqaJiHaH CHJia fk (t) HBJIHeTCH rayccOBOH 

C KOppeliHTOpOM: 

<it (t) fk' (t)) = 2& (k- k') & (t- t') 'Yk n0 (k). ( 10.6) 

CBOHCTBa TeiiJIOBOro myMa (10.6) AOBOJibHO oqeBHAHbl : OH He CKOpperrHpO­

BaH B pa31I~bie MOMeHTbl BpeMeHH H AJIH BOJIH C pa3HbiMH k. qTO KacaeTCH 

MHO)I(HTeJIH 2-yk nZ, TO OH Bbi6paH TaK, qro6bi qHCJia BOJIH nk peJiaKCHpOBaJIH 

K paBHOBElCHOMy 3HaqeHHIO no (k). neHCTBHTeJibHO, H3 (10.5) H (10.6) rrpH 

Xtnt = 0 AOBOJibHO rrpocro rronyqHTb ypaBHeHHe 

onk 
- = - 'Yk (nk - no (k)), (10.7) 
2ar 
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( 10.8) 

onHChiBaJOmee no .IIBJieHHe. TepMHH "'ll!cno BOnH" ynoTpe6n.lleTc.ll HaMH no 

aHanorHH c KBaHTOBOH MexaHHKOH. Heo6xo.o;HMo, o.o;HaKo, noMHHTb, 'ITO B 

HaiUeM, K1laCCH'IecKOM no.o;xo.o;e BellH'IHHa nk HMeeT pa3MepHOCTb .[J;eHCT­

BH.II (3pr • C), a KBaHTOBOMeXaHH'IeCKHe 'IHC1la 3an01JHeHH.II nKB (k) .IIBJI.IIIOTC.II 

6e3pa3MepHbiMH. flpH nKB (k) ~ 1 Me)f(Ay HHMH HMeeTC.II COOTBeTCTBHe: 

nk = hnKB (k). (10.9) 

10.4. HeJIHHeitHOCTb 33TYxaHHJI B01Dl.llpyroe orpaHH'IeHHe o6nacTH cnpase.o;-

11HBOCTH ypaBHeHHH ( 1 0.3) npOHCTeKaeT H3 npe.[J;IIO]JO)I(eHHJI 0 TOM, 'ITO 'Yk BO· 

o6me He 3aBHCHT OT Bcex ocTa1lbHbiX 'IHcen BOnH n (k '). Boo6me roBop.11, no 
He TaK. O.o;HaKo npH Ma11hiX n (k ') MO)I(HO pa3110)I(HTb 'Yk B p.11.o; no n (k') H orpa­

HH'IHTbC.II nepBbiMH '11JeHaMH: 

'Yk (n (k')) = 'YZ + l:: 11 (kk') n (k'). 
k' 

(10.10) 

Ecna 11 (kk') > 0, TO roBop.IIT o nono)I(HTeJibHOM HeJIHHeHHOM 3azyxaHHH, npa 

T/ (kk') < 0 - 06 OTpi-maTe1lbHOM. flpHpo.o;y HenHHeHHOCTH 3azyXaHH.II Mbl 06-

cy.o;HM n03)1(e, 3.o;ecb OTMeTHM T01lbKO, 'ITO KOJ<l><l>HIIHeHTbl T/ (kk') MOryT 

HMeTb 111060H 3HaK H 6b1Tb KaK CHMMeTpH'IHbiMH OTHOCHTe1lbHO rtepeCTaHOBKH 

k ~ k', TaK H aHTHCHMMeTpH'IHbiMH. 0HH MOryT TaK)I(e He o6na.o;aTh 3TOH CHM­

MeTpHeH BOBCe, Ha nepBOM :nane (B TOM 'IHC1le H BCIOAY B 3TOH maBe) Mbl 6y­

.o;eM C'IHTaTb, 'ITO 'IHC1la n (k 1
) )J;OCTaTO'IHO Ma1lbl .[1;11.11 TOro, 'IT06bl MO)I(HO 6bl110 

npeHe6peraTh He1JHHeHHOCTbiO 3azyxaHH.II B011H. 

B 3aKJIIO'IeHae noro naparpa<Pa OTMeTHM, 'ITO ypaBHeHH.II '( 10.3) H ( 10.5) 
MO)I(HO C ycneXOM HCn01lb30BaTb .[1;11.11 OnHCaHH.II UIHpOKOro Kpyra HeJI.HHeHHblX 

B01lHOBbiX .IIB1leHHH. Heo6XO)J;HMO T011bKO c<PopMJ'11HpOBaTb HCXO)J;Hble ypaBHe­

HH.II cpe.[J;bl B raMHTibTOHOBOM BH)J;e, K CO)I(a11eHHIO, .[J;OCTaTO'IHO 3<P<PeKTHBHbiH H 

o6mHii MeTo.o; noacKa KaHOHH'IeCKHX nepeMeHHbiX HeH3BecreH. O.o;HaKo B ue­

noM p.II.[J;e o6IUHX cnyqaeB KaHOHH'IecKHe nepeMeHHbie y)l(e Haii.o;eHhi. TaK, Ha­

npHMep, B MOHOrpa<PHH [45] npHBe.[J;eHbl .o;aBHO H3BeCTHbie KaHOHH'IecKHe ne­

peMeHHbie Kne6rna, onHCbiBaJOIUHe BHXpeBbie H noTeHUHa11bHbie 6apoTponHbte 

Te'leHH.II H.o;eanbHOH )I(H.[J;KOCTH. B pa6oTe B.E. 3axapoBa H H.H. <l>HTIOHeHKO [91] 
Haii.o;eHbl KaHOHH'IecKHe nepeMeHHbie )J;Jl.ll B011H Ha noBepXHOCTH )I(H.[J;KOCTH, 

B.IT. IToKpoBCKHM H 11.M. XanaTHHKOBbiM BBe.o;eHbi 'leTbtpe napbi KaHOHH'Iec­

KHX nepeMeHHbiX, OnHCbiBaiOIUHX Te'leHHe HOpMa11bHOH H CBepxTeKyqeH KOMllO­

HeHT )I(H)J;Koro renHH B paMKax ABYX)I(H.o;KOCTHOH rH.o;pOLJ;HHaMHKH. B oooope 

B.E. 3axapoBa [106] npHBe.o;eHhi KaHOHH'IeCKHe nepeMeHHhie )J;11H penHTHBHCT· 

CKOH ra.o;po.o;HHaMHKH, .[1;11.11 ra.o;pO.o;HHaMHKH 3apH)I(eHHOH )I(H)J;KOCTH (nna3Mbi), 

B3aHMO)J;eHCTBYJOIUeH C :meKTpOMarHHTHbiM noneM, .[1;11.11 MarHHTHOH rH.o;pO.o;H· 

HaMHKH, )TOT CnHCOK MO)I(HO npO.[J;01l)I(HTb. 

Eme o.o;Ho 3aMe'laHHe. YpaBHeHH.II (10.3), (10.5) .IIB1l.IIIOTCH npR6nH)I(eHHbi· 

MH H B HeKOTOpbiX cneuH<PH'IecKHX CJiyqaHX MOryT OKa3aTbC.II HecnpaBe.[J;11HBbl· 

MH .[J;a)l(e npH Bblll011HeHHH o6cy)f(AeHHbiX BbiUle YC110BHH, )TO OTHOCHTC.II, 

HanpHMep, K 3a.[J;a'le 0 napaMeTpH'IecKOM B036y)f(AeHHH BOJIH npH HX pacce.IIHHH 

Ha CTaTH'IecKHX .o;e<PeKTaX, B TaKHX C11Y'I3HX npH H3YtfeHHH TOHKHX HenHHeHHbiX 

3<P<PeKTOB He06XO)J;HMO n01lb30BaTbCH 6onee noc1le.[J;OBaTe1lbHbiM nO.[J;XO.[J;OM. 

8 HeM Bee B3aHMO.[J;eHCTBH.II, B TOM 'IHC1le H npHBO.[J;.IIIUHe K 3azyXaHHIO HejiHHeH­

HbiX B011H, paCCMaTpHBaiOTC.II .[J;eTa11bHO, MHKpOCKOnH'IeCKH, 'ITO n03B011HeT OT· 
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Ka3aThC.II OT HeCKOnbKO ycnOBHOr'J pa3,neJieHHJI CHCTeMbi Ha HenHHeHHbie BOnHbl 
H repMOCTaT. 3ror MHKpoCKOUH'ieCKHH no,nxo,n, OCHOBaHHbiH Ha AHarpaMMHOH 
rexaHKe YaH:n&na, nouano6HTC.II HaM nHII.Ib Ha cne.u;yiOmeM :nane H3Y'JeHH.II 
HeJIHHeHHbiX CB (HaliHHa.ll c rn. 7) H 6yner onHcau no3nuee. 3nec& :>Ke ,!VI.II H3Y­
lleHH.II HeJIHHeHHbiX .IIBneHHH nepBoro Kpyra BOOJIHe MO:>KHO OrpaHHliHThC.II npoc­
ThiMH <PeHOMeHOJIOrH'ieCKHMH ypaBHeHHJIMH (10.3), (10.5) , 

§ 11. TpexBonuoswe npo~ecc&I 

TioncraBJI.II.II B ypaBaeaHe ( 1 0.3) raMHllbTOHHaH JC 3, onpeneneHHbiH <l>oPMY-
noH: (5.23), nonyqHM 

abk +(n +iwk)bk = -~ i ~ v; 12 b1b2 -
at 1 +2 = k • 

- ; ~ v1 k 2b1bi - ; ~ uk 12 bibi. 
k+2=1 ' l+2+k =O 

( 11.1) 

11.1. Cmuome nsyx Bona B onuy. feae~ sropoa rapMOHHKH H npyrae 
BbiH}')I(D.eiDible npo~ecc&I. Tiycn. B cpene (aanpHMep, B <PeppoMarHerHKe) 
pacnpocrpaH.IIIOTC.II ,nBe MOHOXpOMaTH'iecKHe BOJIHbl (HanpHMep, CllHHOBble): 

bk (t) = b 1o (k - kt) exp [- iw (k1) 't] + b2 o (k - k 2 ) exp [- iw (kz) t]. 
( 11.2) 

B CHlly (11.1) OHH npHBe,nyr K o6pa30BaHHIO AOllOJIHHTeJlbHbiX 'PpeX BOJIH: 

_'bk (t) = b3o (k - k1 - ~~ ) exp [- iw (kt) t - iw (k2 ) t] + 

+b4o (k+k2 -kt)exp [-iw(kt)t +iw(kz)t] + 

+b5o (k+k2 +kt)'exp [iw(kt)t+iw(kz)t] (11.3) 

c aMnnHTynaMH 

b3 = ~ Vi +l, 12 b1 bz [w (kt) + w (kz) - w (k 1 + kz)- i-y (k 1 + kz)r
1

, 

b4 =-vl , (l-2)2b1bi [w (kt) :..._ w (kz) - w (k1 ..:._ kz) - i-y (k1 - kz)r
1

• 
• • . . • . -1 

bs =U_ (l+2) , 12b1bz [w(kt)+w(kz)+w(k1 +kz)+zr(k1 +kz)] . 
(11.4) 

EcnH llacror&I w (k 1), w. (k2 ) y,noBnemop.IIIOT ycnoBHIO 

w (k t) + w (k2 ) = w (k 1 + k2 ), ( 11.5) 

ro aMnnHTyna b3 BeJIHKa B cpaBHeHHH c b4 H b5 • B 3TOM cnyqae roBop.11r ope-
30HaHCHOM npouecce CJIHJIHHJI nsyx BOJIH B onuy. ECJIH :>Ke BMecTO ( 11.5) Bbl­
nonH.IIeTC.II npyroe ycnoBHe: 

w (k 1) - w (kz) = w (k 1 - kz), (11.6) 

ro, uao6opor, I b4 I > I b3 5 1. Ha KBaHTOBOMeXaHHlleCKOM .113biKe KB33H'iaCTHU 
HeCKOJibKO 3arpynuHTeJibH~ CK33aTh, liTO fibl 3TO 3HaliHJIO, OAHaKO Ha KnaCCH­
llecKOM .113biKe, B repMHHax aMnJIHTYA BOJIH, llOH.IITHO, liTO pellb H,iJ,er 0 pe30-
HaHCHOM B036y)I(AeHHH BOJIHbl C BOJIHOBbiM BeKTOpoM k4 = k 1 - kz Ha OnHOH 
H3 KOMfiHHauHOHHbiX llaCTOT W4 = W (k 1) - W (k2 ). 

ECJIK cpe,na, B KOTOpoH pacnpocrpaH.IIIOTC.II BOJIHbl, HaxO,nHTC.II B COCTO.IIHHH 
repMdAHIIaMHllecKoro paBHOBecH.11 1 TO 3TH BOJIHbl HMeiOT llOJIO:>KHTeJibHbie llaC-

so 



TOTbl. ll03TOMY ycJIOBHe 

w(k!)+w(kz)+w(-k1 _:_kz)=O, ( 11.7) 

He06XO,ll;HMOe ,u;11JI TOro, liT06bi aMII1IHTy,u;a b5 B ( 11.4) 6b1Jla BeJIHKa, B p'aBHO­

BecHH He BblnOJIHJieTCJI. 3THMH npou;ecCaMH MO)!(HO npeHe6pellb no rtapaMeTpy 

o6parifOH ,u;o6pOTHOCTH BOJIH 

1/Qk = 'Ykfwk < 1. ( 11.8) 

Pa3o6paHHbie npHMepbi npHBO,ll;JIT Hac K llpe3Bbl'laifHo Ba)I(HOMY yYBep)f(,!l,e­

HHIO 0 TOM, liTO no napaMeTpy ( 11.8), KaK npaBHJIO, MO)I(HO He YlfHTbiBaTb 

Hepe30HaHCHbie npou;ecCbi, Bbi6paCbiBaJI COOTBeTCTByiOr.u;He liJieHbl Ha CaMOM 

nepBOM :nane peweHHJI 3a,ll;aliH - npH <l>OPMYJIHPOBKe raMHJibTOHHaHa B3aHMO­

,u;eHCTBHJI. J1 TOJibKO npH H3YlfeHHH OTHOCHTeJibHO CJia6biX lleTbipeXBOJIHOBbiX 

npou;ecCOB (eM. § 12) He06XO,ll;HMO yqHTbiBaTb BKJia,u; Hepe30HaHCHbiX TpeXBOJI­

HOBbiX npou;eccoB BO BTOpoM nopH,u;Ke TOOpHH B03MYI.D;eHHH. 

PaccMoTpHM HecKOJibKO 6onee no,u;po6Ho npou;ecc (11.5) CJIHJIHHJI ,u;Byx 

BOJIH B O,ll;HY. l·b nepBOrO Bblpa:>KeHHJI B ( 11.4) BH.u;HO, liTO pe30HaHCHaJI KpH­

BaJI HMeeT JiopeHu;eBy <l>OPMY· EcJIH <l>YHKUHJI v3 12 Ber.u;ecTBeHHa, TO B pe30-

HaHCe C.u;BHr <l>a3bl /:!cp = cp 1 + cpz - cp 3 = rr/2. B,u;anH oT pe30HaHca /:!cp = 0 . 
.IlrrH Toro IIT06bl ou;eHHTb J<P<PeKTHBHOCTb npou;ecca npeo6pa30BaHHJI ,u;Byx 

BOJIH B O,ll;HY, H006XO,ll;HMO 3HaTb BeJIHIIHHY MaTpHIIHOrO JJieMeHTa V3 12• 3aKOH 

,u;HcnepcHH BOJIH wk H HX ,u;eKpeMeHT 'Yk· B KallecTBe npHMepa p;ccMoTpHM 

CJIHHHHe . .u;Byx CB B OAHY B H30TponHOM <I>M ,u;JIJI CJIYllaH, Kor,u;a ycnoBHe Tpex­

MarHOHHoro pe3oHaHCa ( 11.5) BblllOJIHeHo. llycTb B <I>M B036y)f(,!l,eHbi .u;Be CB 

k 1 :H k2 • OHH Bbl3biBaiOT npeu;eccHIO MarHHTHoro MOMeHTa 

m+ (r, t) = 2m 1 cos (w 1t- k 1r) +2m2 cos (w2 t- k 2 r). 

CIIHTaJI nonHpH3au;HIO CB KpyroBoif (,u;JIJI :noro, HanpHMep, Heo6xo,u;HMo, 

liT06bi WM < Wex (ka) 2 ) H HCnOJib3YJI, Bo-nepBbiX, CBJI3b (8.8) Me)f(,!l,y "HaTy­

paJibHbiMH" m 1 ,2 H KaHOHH'IeCKHMH b l ,2 aMnJIHTy,ll;aMH BOJIH H, BO-BTOpbiX, 

Bbipa:>KeHHJI (6.22), (6.23) ,u;JIJI V1,23 (noJiaraJI B HeM U = 1, V = 0), nOJIYlfHM 

B pe30HaHCe: 

m3 = _(wMm1mz f k1zk1+ + k2zk2+ ] • ( 11.9) 
M 4r3M 2 kt k~ 

OTHoweHHe (mk/M) JIBJIJieTCJI yrnoM npeu;eccHH H xapaKTepH3yeT ypoBeHb 

HeJIHHeHHOCTH CB. 0THOWeHHe (wMfr) ~ 103 + 104 (.u;nH )l(l.ff npH KOMHaT­

HOH TeMnepacype) onHCbiBaeT pe30HaHCHoe ycHJieHHe npou;ecca npeo6pa3oBa­

HHJI. Hy)I(Ho CKa3aTh, liTO JKcn¢pHMeHTaJibHoe Ha6nro.u;eHHe B MarHeTHKax onH­

CaHHoro 3,ll;ecb HeJIHHeHHOrO npou;ecca ,ll;OBOJlbHO 3aTpy,ll;HHTeJibHO B CBJ13H C 

JPY.u;HOCTJIMH co3,u;aHHH H perHCTpau;HH MOHoxpoMaTHlleCKHX CB H c TeM, liTO 

.u;a:>Ke npH HH3KHX TeMnepacypax OHH HMeiOT He6onbwyiO ,u;nHHY npo6era nopH,u;­

Ka HeCKOJibKHX MHJIJIHMeTpOB, fOpa3,!1;0 npor.u;e Ha6JIIO,ll;aTb npou;ecc CJIHJIHHJI 

.u;Byx yoKepOBCKHX THnOB B TpeTHH. C TOIIHOCTbiO ,!1;0 liHCJIOBOrO KOJ<l>$Hu;HeH­

Ta nopH,u;Ka e,u;HHHD;bl HX aMII1IHTY,ll;bl B pe30HaHCe 6y,u;yY CBJ13aHbl COOTHOWe­

HHeM THna ( 11.9) , 
11.2. Pacna.u;HaJI HeycroA1JHBOCTb. 3,u;ecb Mbi paccMoTpHM HeycTOHIIHBOCTb 

111IOCKOH MOHOXpOMaTH'IeCKOH BOJIHbl bk OTHOCH·TeJibHO pacna,u;a Ha ,u;Be ,u;pyrHe 

BOJIHbl. llpHMepaMH TaKOrO npou;ecca MOryT CJIY:>KHTb pacna,u; O,u;HOpO,ll;HOH 
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npeu;eccHH HaMarHmeiUiocTH (mm :meKTpoManmTHoro CBq H31IY'IeHWI) Ha 
~Be CB, pacn~ <PoHoHa Ha ~e CB H T.~. B 3TOT cnHCOK BXO~HT TaK)f(e Bbmy)f(­
~eiUioe pacce.IIHHe CBeTa: pacn~ <PoToHa Ha <PoTOH H <PoHOH, Ha <PoTOH HCB H 
u;enbrii p.11~ ~pyrHX npou;eccoB. 11TaK, nycTh B cpe~e pacnpocTpaH.IIeTC.II MOHO­
xpoMaTHIIeCKa.ll B011Ha C 'laCTOTOH Wo = W (k) H aMOJIHT)'.!l:OH b: 

bk (t) = bo (k- ko) exp ( -iw0 t). (11.10) 

Tor~a (11.1) ~.II BOJIH MaJIOH aMD1IHTy~bl HMeiOT B~ 

b1 + [r1 +iw(kt)]b1 +iVbb;exp(-iw0 t)=O, 

b; + [r2 -iw(k2 )]b; -iV•b•b1 exp(iw0 t)=O. 
(11.11) 

3~eCb OCTaBJieHO B TO pOe H3 HeJIHHeHHbiX CJiaraeMbiX B ypaBHeHHH ( 11.1) . 
llepBoe H TpeTbe cnaraeMbie AJI.II HHTepecyiOmero Hac npou;ecca pacna~a HBJI.II­
IOTC.II Hepe3oHaHcHbiMH, H no napaMeTpy ~o6poTHOCTH BOJIH (11.8) HX MO)f(HO 
He y'IHTbiBaTb. YlmeM pemeHHe 3THX ypaBHeHHH B BH~e 

b1 (t) = b1 exp(v- iwt) t, b;(t) = b; exp(v + iw2 ) t, (11.12)' 

(11.13) 

flo~qepKHeM, 'ITO HHKpeMeHT HeyCTOH'IHBOCTH V BO BTOpoM H3 Bbipa)f(eHHH 
(11.12) He CODpR:raeTC.II, ~a)f(e eCJIH OH OKa)f(eTC.II KOMD1JeKCHOH BeJIH'IHHOH. ' 
ToJibKO B TaKOM cnyqae H npH BbiDOJIHeHHH yCJIOBHH (11.13) no~CTaHOBKa 
(11.12) DpHBO~T ~$$epeHIJ;HaJibHOe ypaBHeHHe (11.11) K anre6paH'IeCKOMY 
C DOCTOR:HHbiMH KOJ$$HIJ;HeHTaMH. 0HO HMeeT HeHyneBble pemeHH.II, eCJIH 

I 
'Yt +v+i[w(kt)- ~ t] iVb I 

=0 (11.14) 
-iVb• 1 2 +v-i[w(k2 )-w2 ] • 

3~ecb none3HO 3aMeTHTb, 'ITO yCJIOBHe (11.13) $HKcHpyeT TomKo cyMMY 
w 1 + w2 , ocTaBJI.IIH HX pa3HOCTb npoH3B01IbHOH. CMbiCJI JToro npoH3Bona 
DpDCTOH: e(;JIH K W 1 ~o6aBHTb, a OT W 2 OTHR:Tb HeKOTOpyiO 'laCTOTY 0, TO JTO 
B COOTBeTCTBHH C (11.12) DpHBe~eT K 3aMeHe V -+ V - i 0. Mbl MO)f(eM BOCD01Ib-
30BaTbCR: OTMe'leHHbiM ripOH3B01IOM AJIR: TOro, 'IT06bi YflpDCTHTb aHaJIH3 ypaB­
HeHH.II (11.14). YIMeHHO, Bbi6epeM w 1 H w2 TaK, 'IT06bi 

(r 1 +v)[w(k2 )-w2 ] =(r2 +v)(w(kt)-wt]. (11.15) 

Tor~a KOJ$$HIJ;HeHT npH MHHMOH e~HHIIe B (11.14) o6pamaeTc.ll B HYJib, 
H AJIR: V H3 ( 11.14) H ( 11.15) riOJIY'IHM 

2v=-rt -'Y2 + [B+(B2 +2(.:lr.:lw)2)lf2Jlf2, 

2B=41 Vbl 2 +(.:lr)2 - 4(.:lw)2
, (11.16) 

.:lr =r 1 - r 2 , 2.:lw = w(kt) + w(k2 )- w 0 . 

.Ilanee, riO~CTaBHB V H3 (11.16) B (11.15), MO)f(HO HaRTH W 1 H W 2 H3 COBMeCT­
HOfO pemeHHR: ypaBHeHHH (11.15) H (11.13). ilOH.IITHO, 'ITO ripH 3TOM W 1 

6y~eT 6nH3KO K w(k 1 ), a w 2 - K w(k2 ). B npocTOM cnyqae, Kor~a 'Yl = r 2 = r, 

w1 =w(kt)-\-2.:lw, w2 =w(k2 )+\-2.:lw, 

v.= -r + (I Vbl 2 
- (.:lwii'2 . 

(11.17) 

llpH Rev> C aMD1IHTY~bi BOJIH b 1 , b2 pacTyT BO BpeMeHH no JKcnoHeHIIHaJib-
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HOMY 3aKOHy (11.12), B JIOM cnyqae fOBOp.IIT, liTO HCXOAJ{a.ll BOJIHa b HeycTOH· 

IIHBa llO OTHOIIIeHHIO K pacna)l;y Ha )];Be BOJIHbl b I H b2 , V Ha3biBaiOT HHKpeMeH­

TOM pacna)l;HOH Heycroii'IHBOCTH. qacTo (oco6eHHO, ecnH k0 = 0) ny HeycTOH· 

IIHBOCTb Ha3biBaiOT TaK)f(e napaMeTpHIIeCKOH. 11HKpeMeHT HeycTOHIIHBOCTH 

MaKCHMarreH B pe30Ha.Hce t. W = 0: 

2 V max = - ( 'Y 1 + 'Y 2 ) + ( 4 I V b 12 + ( t. 'Y? ) I/ 
2 

. (11.18) 

Pacna)l;Ha.ll HeyciOHIIHBOCTb HMeeT nopor, CB.II3aHHbiH C JaTyxaHHeM BOJIH: 

I Vbcrl 2 =r1'Y2· (11.19) 

3Ha.ll MaTpHIIHhiH :meMeHT V H H3Mep.11.11 her, MO)f(HO onpe)l;eJIHTb JaTyxaHHe 

BOrrH. 3To ocHOBHOH cnoco6 onpeAerreHH.II JaTyxaHH.II CB B <llM. fpaHHI.J;a o6-

nacTH HeycTOHIIHBOCTH onpe)l;err.lleTc.ll H3 (I 1.16) npH v = 0. EcnH r 1 = r 2, 
TO o6naclb HeyCTOHIIHBOCTH 

(t.w)2 < 41 Vbl 2 - r 2. (11.20) 

Ha)l;o cKaJalb, 'ITO ycrroBH.II pe3oHaHca B npouecce pacna)l;a 

wk = w(kd + w(k1 -k2 ) (11.21) 

He BCer)l;a BblllOJIH.IIIOTC.II H B COOTBeTCTBHH C 3THM 3aKOHbl AJ{CllepCHH Wk 
)l;err.IITC.II Ha pacna}J.Hbie H Hepacna)l;Hbie. TaK, cTeneHHbie cneKTpbi wk- kOt 
.IIBJI.IIIOTC.II pacnaAJ{biMH, ecnH 0! ~ I, JBYKOBOH cneKTp w k = kcs .IIBrr.lleTC.II 

rpaHHIIHbiM H ycnoBH.II (11.21) BblllOJIH.IIIOTC.II TOJibKO Ha JIHHHH k 1 II k; AJI.II 

cneK;rpa wk = w 0 + (3 k2 
pacnaAJ{hie ycnosR.II (11.20) BblllOJIH.IIIOTC.II, ecnH 

wk >3w0 . 

B KalleCTBe Ba)f(HOro npHMepa Mhi BbiiiHCJIHM rpaHHUY pacna)l;a AJI.II cneKrpa 

CB (6.5) B Ky6HIIeCKOM <llM, orpaHHIIHBIIIHCh opHeHrauHeH Mil [100) HJIH 

Mil [I 10), KOr)l;a (3 = 0. PaccMoTpHM BHaqarre CHMMerpHIIHhiH cnyqaH:, KOr)l;a 

k 1 = k 2 H cooTBeTcTBeHHO k 0 = 2k1. Tor)l;a H3 pe3oHaHcHoro ycnoBH.II w(k0 ) = 
= 2w(k0 /2) HMeeM Bbipa)f(eHHe AJI.II BOJIHOBOfO BeKTOpa ks: 

Wex (ak8 )
2 = 2(A 2 

- B 2 i12
, {11.22) 

Eorree )l;erarrbHbiH aHarrHJ JaKoHa AHcnepcHH (6.5) noKa3biBaeT, 'ITO JHalleHHe 

(11.22) BOJIHOBOfO BeKTOpa ks .IIBJI.IIeTC.II rpaHHIIHbiM B TOM CMbiCJie, liTO 

npH k < k s npouecchi pacna)l;a AJI.II CB c w ( k s) JanpeiiieHbi, a npH k > k s 
pa3peiiieHbi. 

B § 14, nocB.IIWeHHOM MeTo)l;aM napaMeTpHIIecKoro BOJ6y)f()l;eHH.II CB B 

MarHeTHKax, 6y)l;eT no)l;po6Ho oiiHcaHa pacna)l;Ha.ll HeycTOHIIHBOCTh CB c k = 0, 
r.e. OAHOpOAHOH npeueccHH HaMarHH'IeHHocrH Ha ABe CB, Ha TaK HaJbiBaeMbie 

.ll)l;epHbie CB B A<llM H I.A. 3AeCb )f(e B KalleCTBe npHMepa Mhi KparKo pac­

CMOTpHM HeycTOHIIHBOCTb MOHOXpOMaTH'IeCKOH CB OTHOCHTeJibHO pacna)l;a 

Ha )];Be ApyrHe CB. Ilo)l;cTaBJI.II.II MaTpHIIHbiH JrreMeHT Vt,23 (6.22), (6.23) 
B cpOpMyrry (11.19) H CIIHTa.ll )l;JI.II npoCTOTbl, 'ITO k 1. - BOJIHOBOH BeKTOp 

HCXO)l;HOH BOJIHbl KOHe'IHOH aMnrrHTYAbl b 1 nepneH)l;HKY1I.IIpeH M (sin8 = 1), 
nonyqaeM KpHTH'IeCKOe 3HalleHHe b1 : 

I b1 cr I = (2r/wM )(2M/g)112
, 'Y = C'Y2 'Y3 )1

/
2

, (11.23) 

coorBeTCTBYIDWee nopory pacna)l;a Ha ABe CB, pacnpocTpaH.IIIOWHec.ll noA 
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OIITHMaJibHbiMH yrnaMH 82 ::: 1r - 83 := rr/4, I{Jz ::: I{J 3 • AMIUIHTy,!J;e (11.23) 
COOTBeiCTByeT KpHTH'IeCKOe 3H3'1eHHe yrrra rrpeiJ;eCCHH 

1/Jtcr = mtcr/M= btcr(2g/M)112 = 4r/wM. (11.24) 

TaKHM o6pa3oM, CB c aMIIJIHJY,ll;OH b H yrrroM rrpeueccHH 1/J, rrpeBLIW3IOIUHMH 

KpHTH'IeCKHe 3Ha'leHH.II (11 .23) H (11 .24), HeyCTOH'IHBa OTHOCHTeJlbHO pacrra,[J;a 

Ha ,ll;Be ,ll;pyrHe. 

11.3. B3aHMoneACTBHe TJ>eX BOJIH KOHe'IHoA: aMIDitrry,ll;LI (38,1J;3'18 BnoM6ep­

reHa) [ 44]. PaccMoTpHM B3aHMO,ll;eiicTBHe Ipex crreKTpanLHO-Y3KHX rraKeTOB 

BOJIH, xapaKTepHbie BOJIHOBbie BeKTOpbi k 1 , k 2 , k 3 KOTOpbiX YAOBJieTBOp.IIIOT 

ycnoBHIO pe3oHaHca k 1 = k 2 + k 3 , w 1 = w 2 + w3 . IloJIO)I(HM 

(11.25) 

-+ ' H 6y,ll;eM C'IHTaTL, 'ITO b1 OTJIH'IHO 01 HYJJ.II, ecnH K = k- k1 MaJIO. BHyTpH Ka)f(-

,ll;Oro II~eTa HCKJIIO'IHM 6biCTpyro 33BHCHMOCTb OT f, t 33MeHOH 
-+ -+ 

a1(K) = b1 (k1 + K) exp i[w (kJ) t- kJr] (11.26) 

H yrrpoCIHM ypaBHeHH.II , C'IHT3.11 
-+ -+ 

W(kj + K)::: w(kj) + (K Vj). 

,Ilanee rrepeH,ll;eM B r-rrpe,ll;CT3BJieHHe IIO !f>OpMYJI3M 

a1(r)== (2rr)-312 Ja1(;)exp[iitr] dit. 

Tor,!J;3 ; 

( :t +r1 +v1v)a1(r,t)=-iVa2 (r,t)a3(r,t), 

( aat +rz +vzV)a2 (r,t)=iVa1(r,t)a3(r , t) , 

( aat +r3 +v3 v)a3(r,t)=iVa2(r,t)a1(r,t). 

(11.27) 

(11.28) 

(11.29) 

3,1J;ecL V== (2rr) 312 Vt,23· rrepel\l!eHHbie a1(r, t) HMeroT CMbiCJI KOMIIJieKCHLIX 

OrH63IOIUHX ,ll;JI.II BOJIH exp (i (kjr - Wjt)]. YpaBHeHHe (11.29) IIpH 'Yj ::: 0 
.IIBJI.IIeTC.II raMHJibTOHOBbiM C raMHJibTOHH3HOM 

3 

JC= .~ YzivJf[ajVal-a/Vaj] dr+ VJ[a~a2 a3 +K.c.] dr. 
I= 1 

(11.30) 

KpoMe JC, ypaBHeHHe (11.29) IIpH 'Yj = 0 HMeeT ewe ,[J;Ba He33BHCHMbiX HHTer­

pana ,ll;BH)f(eHH.II (HHTerpaJibi MJHJIH- Poy) : 

N 1 + N 2 = const, N 1 + N 3 = const , 

N1 = J aj (r) a1 (r) dr. 
(11.31) 

BenH'IHHLI ~ HMeroT CMLICJI rronHoro 'IRena 'laCTHU co pTa j . HanH'IHe Tpex 

HHTerpanOB ,ll;BH)f(eHH.II II03BOJI.IIeT 3!f>!f>eKTHBHO HCCJie,ll;OB3Tb 3TH ypaBHeHH.II 

(eM., HaiipHMep, (44]) . nonee TOfO , C IIOMOWbiO MeTO,ll;a o6paiHOH 33,1J;3'1H 
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paeeeHHH.II (eM., HanpHMep, o63op B.E. 3axapoBa, [111]) B .E. 3axapoBbiM 

H C.B. MaHaKOBbiM (104, 109] 6bma noeTpoeHa TeopHH pe30HaHeHoro B3aHMO­

geM:eTBH.II BOJIHOBbiX naKeTOB, TI03BOJ1.1110Ul3.11 ·npoCJie)l;HTb HX 3BOJIIOI.(HIO B 

paMKli.X ypaBHeHHH {11.29) )l;Jl.ll npoH3BOJlbHblX JIOKaJIH30B3HHbiX Ha'!aJlbHbiX 

YCJIOBHH. 3geeb )l(e Mbl paeeMOTpHM npoeTOH, HO HHTepeeHblH npHMep - reHe­

pal.(HIO BTOpOH rapMOHHKH (a 2 = a3 ) B eT3I.(HOHapHOM cnyqae. flyeTb )l;Jl.ll 

npoeTOTbi 'YJ = 0, vi= u H npH z = 0, a 1 = 0, a2 = a3 =A~ H seweel'seHHO. 

IlogeTaBJI.IIHB W,) .29) a 1 =iA 1 ,a2 =a3 =A 2 ,HMeeM 

a _ 
2 

a _ 
u- A 1 - VA 2 , u- A 2 - - VA 1A 2 • {11.32) az az 

PeweHHe JTHX ypaBHeHHH e HyneBbiM yenosHeM )l;JIH A 1 Ha rpaHHI.(e HMeeT BHil: 

A 1 (z) = A~th(V A~ z/u), 

A 2 (z)=A~eh- 1 (VA~z/v). (11.33) 

XapaKTepHa.ll )l;JIHHa L = uf (VA~) H33biBaeTe.ll )l;JIHHOH B33HMO)l;eHeTBHH, 

npH z ~ L se.11 JHeprnH HeXO)l;HOH BOJIHbi A 2 nepexo)l;HT so BTOpyiD rapMo­

HHKY A 1 . 3KenepHMeHT no reHepauHH BTOpoH rapMOHHKH .IIBJI.IIeTe.ll O)l;HHM 

H3 HaH6onee 3peJIHUlHbiX B HeJIHHeHHOM OllTHKe - B KpHeTanJI BXO)l;HT Kpae­

Hb!H JIY'I, a Bb!XO)l;HT 3eJieHbiH. ,llo6HTbe.ll TIOJIHOrO npeo6pa30B3HH.II He ygaeTeH 

H3-3a HeTo'!Horo BbmonHeHH.II ycnoBHH pe3oHaHea H T.n. B ny'IWHX JKenepH­

MeHTax knpeo6 ~ 90 %. 
11.4. Blpb!BHa.R aeycroAtnmoCTb Tpex BOJIH. EenH B epege MoryT eyweeT­

BOBaTb BOJIHbl e OTpHI.(aTeJibHOH JHeprHeH {aKTHBH3.11 epega), TO MOryT Bbl­

TIOJIHHTbe.ll pe30HaHeHbie YCJIOBH.II )l;Jl.ll npoueeea "po)l()l;eHH.II Tpex BOJIH H3 

sai<yyMa": 

(11.34) 

3TOT npol.(eee OTIHebiB3eTe.ll TIOCJie)l;HHM cnaraeMbiM B ypaBHeHHH ( 11.1) . 
Ygep)I(HBa.ll B6JIH3H pe3oHaHea (11.34) TOmKo no enaraeMoe, HweM pewe­

\ 
HHe B BH)l;e Tpex BOJIH: 

3 . 

bk (t) = .~ . a1 (t) o (k - kf) exp [ - iw (kj) t] . 
T•l 

C HaHOOJlbWeH eKopoeTbiO aMnJIHTY)l;bl BOJIH 6y)l;yT paeTH, eeJIH w(kj) H kf 
TO'IHO ygosneTBopHIOT ycnoBHIO {11.34). B JTOM cnyqae H3 {11.1) nonyqaeTeH 

i:z1 +'Y1a1 = - 2iUa2a3. 

a2 +'Y2 a2 = - 2iUata3, 

a3 + 'Y3a3 = - 2iUat a2 . 

IlpH 'Y/ = 'Y JTH ypasHeHH.II HMeiOT peweHHe lai I =a, rge 

a (t) = a0 'Y exp( -'Y t)['Y + 2 Ua0 {exp( - 'Y t) - 1 )] -I . 

(11.35) 

(11.36) 

EcnH Ha'!anbHaH aMnJIHTyga a0 goeTaTO'IHO BeJIHKa : 2 Ua 0 > 'Y, aMnJIHTyga 

a (t) o6pawaeTe.ll B 6eeKOHe'IHOeTb 33 KOHe'IHOe BpeM.II to , npH MaJibiX 'Y 
t 0 = 1/ (2Ua 0 ) . TaKaH HeyeTOH'IHBOeTb H33biBaeTeH B3pbiBHOH . B JTOM npoe­

TeM:weM pemeHHH "B3pbiB" npoHeXO)l;HT O)l;HOBpeMeHHO BO seeM npoeTpaHeTBe . 
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B .o;eiieTBHTeJibHOeTH mo6a.11 Heo.o;Hopo.o;HoeTh Ha'lanbHhiX yenoBHH npHBe,o;eT 

K TOMy, 'ITO "B3pb!Bbl" 6y.o;yT npc>HeXO,ll;HTb B H30JIHpOBaHHbiX TO'IKax. Ilo­

ene,o;oBaTeJibHaH TeOpHH :noro HBJieHHH noeTpoeHa B .E. 3axapoBbiM H C.B. Ma­

HaKOBbiM (109) B paMKaX ypaBHeHHH B qaeTHbiX IIpOH3BO.o;HbiX, aHaJIOfH'IHb!X 

ypaBHeHH.IIM (11.9), a TaK)I(e HHTerpHpyeMbiM MeTO,!J;OM o6paTHOH Ja,o;a'IH 

paeee.HHH.H. 

0TMeTHM, 'ITO B MarHeTO,ll;HJJieKTpHKaX HeJib3H B 'IHeTOM BH,ll;e peaJIH30BaTb 

ycnoBHH BOJHHKHOBeHHH B3pbmHoii HeyeTOH'IHBOeTH (11.34). O.o;HaKo B 

<l>M B o6naeTH MaJibiX MafHHTHb!X noneH MO)I(HO BbiiiOJIHHTb YCJIOBHH paerra.o;a 

on Ha TPH CB: 

w 0 =w(kd+w(k2 )+w(k3), k1 +k2 +k3 =0. (11.37) 

3TOT IIpol(eee OllHCbiBaeTe.H 'leTbipeX:MafHOHHb!M raMHJibTOHHaHOM 

X4 = 1/3 ~ (Tot23 bobi bibj + K.e.). 
1+2+3= 0 

(11.38) 

HeHo, 'ITO aMTIJIHTY.O:hi CB bt, b2, b3 npH 6omlllOM bo 6y.o;yT JBOJIIOUHOHHpo­

BaTb no JaKoHy (11.36) (e JaMeHOH U-+ Tbo) .o;o Tex nop, rroKa MO)I(HO npe­

He6pe'lb o6paTHbiM BJIH.IIHHeM CB Ha orr. Dro6o3HaTeJibHb!H 'IHTaTeJib MO)I(eT 

B nop.H,ll;Ke ynpa)I(HeHHH ,!J;OIIHeaTb K TpeM ypaBHeHHHM (11.40) 'leTBepTOe -

.o;JIH aMTIJIHTY.O:bl Oil, HaXO,ll;HllleHeH BO BHellJHeM none h, - H yqeeTb 3TO o6paT-

HOe BJIH.IIHHe. 

§ 12. qeTLipeXBOJIHOBble Dpol(eCeLI 

B enyqae, Kor.o;a TpeXBOJIHOBbie rrpoueeebi JanpellJeHbi JaKoHaMH coxpaue­

HH.H, B ypaBHeHHH .o;BH)I(eHH.H (1 0.1) Heo6xo.o;HMO Y'IHTbiBaTb .o;orronHiiTeJibHbie 

cnaraeMbie, B03HHKaiOilJHe H3 'leTbipeXBOJIHOBOfO raMHJibTOHHaHa B3aHMO­

.o;eHeTBHH (5.24). TpexuonHOBbie cnaraeMbie rronHoeThro He Y'IHThiBaTb HeJibJ.H, 

H60 B eOOTBeTeTBHH e (5.30) BO BTOpoM nop.H,o;Ke TeOpHH B03M}'IlJeHHH OHH 

IIpHBO,ll;HT K pa3peilleHHbiM 'leTbipeXBOJIHOBb!M npoueeeaM. 

11HTepeeHO Bbl.lleHHTb, KaKOH BKJia,o; B 'leTbipeXBOJIHOBbie MaTpH'IHbJe JJieMeH­

Tbl 6oJibille - HeXO,ll;HbiH W HJIH B03HHKalOilJHH IIpH HTepaUHH TpeXBOJIHOBbiX 

npoueeeoB T- V 2 I t:.w . EenH pa3JIO)I(eHHe HeXO,ll;HOfO raMHJihTOHHaHa npo­

HeXO,!J;HT no O,ll;HOMY MaJIOMY rrapaMeTpy, TO wkW-V 2
. B TaKOM enyqae 

paeeMaTpHBaeMbie BKna.o;hi o.o;Horo nop.H.o;Ka BeJIH'IHHhi. TaK o6eTOHT .o;eno, 

HanpHMep, e ,o;HTIOJih-.o;HnOJibHhiM BKna.o;oM B Xint .o;JI.H CB B <I>M. B 6onee 

CJIO)I(HbiX eHTyal(HHX npeo6na,o;aiOilJHM no enel(HaJibHbiM npH'IHHaM MO)I(eT 

6b!Tb JII060H H3 3THX BKJia,ll;OB . 

HanoMHHM o.o;HH HJ peJynhTaToB n . 5.4: e noMOIUhiO eooTBeTeTByromero 

HeJIHHeHHOfO KaHOHH'leeKOfO IIpeo6pa30BaHH.II (THna (5 .29)) MO)I(HO HeKJIIO­

'IHTb Bee cnaraeMbie B raMHJibTOHHaHe B3aHMO,ll;eHeTBHH, OTBe'!aiOilJHe rrpouee­

eaM, KOTOpbie JaiipeiUeHbl JaKoHaMH eoxpaHeHH.II. IlOJTOMY Oeo6eHHb!H HHTe­

pee rrpe.o;eTaBnHeT 'leTbipexuonHoBoii rrpoueee (5 .30) paeeeHHHH BOJIH THTia 

2 -+2: 

(12.1) 

H6o OH pa3peiUeH npH JII06oM JaKOHe ,o;HenepeHH, eeJIH Bee k 6JIH3KH ,o;pyr 

K .o;pyry . Y'IHThiBaH no, B .o;aJibHeiimeM Mhi 6y.o;eM paeeMaTpHBaTh TOJihKO 
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TaKHe ITpouecchi. YpaBHeHH.Il )J,BH)f(eHH.Il (10.1) B JTOM cnyt~ae: 

bk + i wk bk + i ~ Tkl 23 b i b2 b3 cS (k + 1 - 2 - 3) = 0 , 
123 ' 

(12.2) 

r.D.e T = W + T - ITOnHaa aMIUIHTy.D.a ITpoueccoB (5 .30). l1x HJ}"'eHHe Ha'lHeM 

c ITpocTeiirneii 3a)J,a'IH. 

12.1. Mo.D.yJUIUHOHHa.ll aeycroA'IHBOCTb rrnocKoA sonHLI (B.E. 3axapoB, 

(92]). flyCTb bk = bD(k -k0 ) '- BOnHa KOHe'IHOH 3MITnHTY.D.hi , paciTpOCTp3H.IllO­

lll3.11C.Il B cpe.D.e . YpaBHeHH.Il )J,BH)f(eHH.Il (12.2) ,[.l,n.ll b HMelOT BH.D. . 

b+iw(k0 )b=O, 

w(ko) = w(ko) +Tool bl 2, 

(12.3) 

(12.4) 

3.D.eCh w (k0 ) - qacToTa BOnHhi b, 33BHC.Illll3.11 OT ee aMrrnHTY.D.hi. B ITpHCYT­

CTBHH BOnHhl b 33ITHllleM ypaBHeHH.Il )J,BJ.i)f(eHH.Il (12.2) ,[.l,n.ll BOnH M3nOH 3MITnH­

TY.D.bi, BOnHOBbie BeKTOpbi H qacTOThi KOTOpbiX Y.D.OBneTBOparoT pe30H3HCHhiM 

ycnOBH.IIM 

b1 +iw(kdb1 +iT12b2bi =o, 
b2 -iw(k2)bi - iT12b* 2b1 =o. 

3)J,ecb 

w(k!) = w(k!) + 2T10 I bl 2
, 

w(k2) = w (k2) + 2 T20 I b 12
, 

T10 = TIO,IO· T12 = Too,12, Tzo = T2o,2o 

(12.5) 

(12.6) 

(12.7) 

- 33BHCHMOCTb '13CT0Tbl BOnH b 1, b2 OT 3MITnHTY.D.bl .D.pyroif BOnHbl b . 06pa­

maeM BHHM3HHe Ha KOJ<I><I>HUHeHT )J,B3, OTnH'l3lOWHH (12.7) OT (12.4) . Bbi'IHC­

neHHe HHKpeMeHT3 HeycTOH'lHBOCTH ITpOH3BO)J,HTC.Il 3H3nOfH'lHO cnyqaro Tpex­

BOnHOBbiX ITpoueccoB. CpaBHHBaa (12.6) c (11.11) , MO)f(HO ITO aHanorHH 

C (11.17) cpa3y H3ITHC3Tb OTBeT: 

v2 = IT12 b2 12 -~ [w(k!)+w(k2 )-2w(k0 )] 2 . (12.8) 

EcnH k 1 H k 2 CHnbHO OTnH'l3lOTC!{ OT k 0 H ITpH JTOM tow= 0, HHKpeMeHT He­

YCTOH'IHBOCTH v = T 12 I b 12 
H ITO ITop.II.D.KY BenH'IHHhi COBITa,[.l,aeT c HenHHeiiHoii 

)J,063BKOH K '13CTOTe BOnH. B )J,H,CCHIT3THBHOH cpe,[J,e, KOr)J,a BOnHbl k 1,2 33TYX3lOT 

c )J,eKpeMeHTOM 'Y 1, 2 , B03HHKaeT ITopor HeycTOH'IHBOCTH. IToporoBaa aMrrnHTy.D.a 

(ITo aHanorHH c (11.19)) 

I T1zb~r I= C'Yt'Yz)112
. (12 .9) 

B cnyt~ae , KOr.D.a k 1 H k 2 6nH3KH K k 0 , B 3aKoHe coxpaHeHH.Il (12 .5) cne.D.yeT 

Y'IHThiB3Th HenHHeHHhie .D.06aBKH K '13CTOTe 

- -+ a2w 2 
w(ki2)=w(ko)±vK·+ KorKf3+2Toolbl, 

• 2akorakfJ (12.10) 
-+ 

k 1,2 =k0 ±K, v=(aw/ak)k=k.· 
-+ -+ 

3,1J,eCb Mbl pa3nO)f(HnH W1,2 B p.ll,[J, ITO K H ITpeHe6pernH 33BHCHMOCTblO OT K 

57 



B MaTpHtiHbiX JJieMeHTax T. Tenepb 

" " v2 (K) = - LK 2 (LK 2 + 2T0o I bl 2
), (12.11) 

a2 w(k) 
(12.12) 

ECJIH T00 LK 2 >O, To v2 <O H HeycTOH'IHBOCTH HeT. 3THM paccMaTpHBaeMaJI 

CHTyaUHJI OTJIHqaeTCJI OT TpeXBOJIHOBOrO CJiyqaJI, KOrAa AJIJI BOJHHKHOBeHHJI 

HeycTOH'IHBOCTH AOCTaToqHo 6bill0 BblllOITHeHHJI JaKOHOB COXpaHeHHJI, a JHaK 

MaTpHqHoro JJieMeHTa He Hrpan ponH. B .CJiyqae, KOrAa KBaApaTHl!HaJI <}>opMa 

(12.11) He JIBJIJieTCJI 3HaKoonpeAeJieHHOH, KpHTepHH HeycTOH'IHBOCTH 

" 2 T00 LK < 0 (12.13) 
-+ 

MO:>KHO ~blllOJIHHTb npH mo6oM 3HaKe T00 , H3MeHJIJI HanpasneHHe K. ECJIH 

<}>opMa LK 2 
JHaKoonpeAeneHa, TO o6nacTh HeycTOH'IHBOCTH orpaHHqeHa no 

K2 
OT 0 AO LK 2 = -4T00 Ibl 2

. 11HKpeMeHT HeycTOH'IHBOCTb MaKCHMaJieH AJIH 

LK 2 = - 2T00 lbl 2
. B peJymTaTe pa3BHTHJI HeycTOH'IHBOCTH (12 .11) BOJIHbi 

k 0 B03HHKaiOT HOBbie BOJ!Hbl C k, 6JIH3KHMH K k 0 , JTO MO:>KHO HHTepnpeTHpo· 

BaTh KaK B03HHKHOBeHHe MOAYJIJIUHH aMllJIHTYAbl H <}>a3bl HCXOAHOH BOJIHbl. 

lloJTOMY TaKyro HeycTOH'IHBOCTb Ha3biBaroT M00YilR/4UOHHou [92] . 
3Ta HeycTOH'IHBOCTb BcTpeqaeTCJI oqeHb qacTo. TaK, HanpHMep, AJIHJieHrMIO• 

pOBCKHX BOJIH B nnaJMe LK 2 > 0, T00 < 0, H B03HHKaeT MOAYJIJIUHOHHaJI 

HeycTOH'IHBOCTb, npHBO¥,IUaJI K neHrMroposcKOMY Konnancy. HeycTOH'IHBbi 

BOJ!Hbl Ha BOAe, pa3BHTHe JTOH HeycTOH'IHBOCTH npHBOAHT K JIBJieiiHIO "AeBJI· 

TOro sana". B HeJIHHeHHbiX AHJJieKTpHKax, y KOTOpbiX an;al£1 2 
(KOJ<}><}>H­

UHeHT n~enoMJieHHJI pacTeT c HanpH:>KeHHOCTbiO nonJI E) , T00 < 0, H6o w k = 
=kcn-11 H aw/al£1 2 

(/.) - an;al£1 2
• TaK KaK AJIJI JIHHeHHoro 3aKoHa AHC· 

nepcHH w" > 0, TO T00 w" < 0 H B03HHKaeT MOAYJIHUHOHHaJI HeycTOH'IHBOCTb, 

pa3BHTHe l(OTOpoH npHBOAHT K caMo<}>oKyCHpoBKe CBeTa. 

12.2. MOAYJIJDUIOHHaJI HeyCTOA'IHBOCTL CIDDIOBbiX BOJIH ( 93, 95) . 
12.2.1. HaH6onee npocTO OHa HCCJiepYeTCJI B A<l>M Jill, AJIJI KOTOpbiX 3aKOH 

AHCnepcHH CB 6nHJOK K HJOTponHoMy (H coOTBeTCTBeHHO L K 2 > 0), a qeTbrpex· 

MarHOHHbiH MaTpH'IHbrH JJieMeHT Tp OTpHUaTCJieH ( CM. (7 .13)) H JIBJIJieTCJI He· 

npepb!BHOH <}>yHKUHeH. 3TO 03HaqaeT, qTo pa3BHTaJI Bbiille TeOpHH HenocpeACT· 

BeHHO npHMeHHMa K CB B A<I>M Jill H B cooTBeTcTBHH c KpHTepHeM (12.13) 
CB KOHe'IHoH aMnnHTYAhi B A<I>M Jill HeycTOH'IHBbi. 

12.2.2. HeycTOH'IHBbi TaK:>Ke H CB B <I>M, raMHJibTOHHaH KOToporo BKnroqaeT 

TOJibKO 06MeHHOe B3aHMOAeHCTBHe . ,UeHCTBHTCJibHO, H3 (5 .25), (6.25) BHAHO, 

qTQ B JTOM CJiyqae 

" LK 2 = Wex (Ka)2
, Too= -(g/M) Wex (ako)2 (12.14) 

H KpHTepHHHeyCTOH'IHBOCTH (12.13) BblllOJIHeH. J.h (12.11) H (12 .14) CJieAy· 

eT, qTQ HHKpeMeHT HeyCTQHqHBQCTH MaKCHMaJieH npH 

K/ko = -'21 b 12 Too/L = 2gl b 12 /M = 2t:.Mz/M, (12.15) 

rAe D.Mz - H3MeHeHHe CTaTHqecKOH HaMarHHqeHHOCTH, Bbi3BaHHOe CyllleCTBOBa· 

HHeM HCXOAHOH BOJIHbi bk. lloporosaJI aMnnHTYAa CB JaAaeTcll <}>opMynoH: 
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(12.9), H, CJie)J;OBaren&HO, 

(!l.Mz/M)cr = rg/(2../2 MToo) = r/(2../2 Wex (ako)2
). (12.16) 

TaKHM o6pa30M, . "o6MeHHas:" CB B <l>M p;ocraro'IHo 6oJibiiiOH aMIDIHTY)J;bi 
BCerp;a OKa3biBaercH HeycTOH'Ilj:BOH no OTHOUieHHIO K npoueccy (12.5) C MaJibi­
MH (K/ko) 2 ' Jie)l(aUIHMH BOOH3H r/wex (koa)2

• 3ra HeycrOH'IHBOCTb npHBOLUfT 
-+ -+ 

_K noHBJieHHro )J;JIHHHonepHO)J;HbiX npop;onbHbiX " II k H nonepe'IHbiX K 1 k 
Mop;ynHUHH: ar.1nnHryp;bi- 6eryUieH CB . .D.iiH )J;JIHHHbiX CB i <l>M cHryauHH HB­
JIHercH 6onee CJIO)I(HOH H3-3a . p;anbHoneH:crByrowero MarHHrHoro )J;HnOJibHoro 
B3aHMOp;eH:crBHH, Koropoe npHBO)J;HT K HeaHaJIHTH'IeCKOH 3aBHCHMOCTH T12,34 
OT CBOHX apryMeHTOB . B 3TOM cnyqae <I>OPMYJia (12.11) OKa3biBaeTCH HenpH­
MeHHMOH K CB B <l>M H BMecro Hee H3 (12.7), (12 .8) cnep;yer 

/\ 

v=--y±[(LK 2 +2T(K)Ibl 2
) 2 -41F(K)b2 12 ]

112
. (12.17) 

-+ -+ 
3p;ecb npep;noJio)l(eHo, 'ITO " ~ k, H BBep;eHbi o6o3Ha'leHHH T(K) H F (") )J;JIH 

CJie)J;YJOUIHX <I>YHKUHH, 3aBHCHUIHX TOJibKO OT HanpaBJieHHH K: 
-+ -+ -+ 

T~K)= T(k0 + K,k0 ) + T(k0 - K,k0 )- T(k0 ,k0 ), 
-+ -+ -+ (12.18) 

F(K)= T(k0 ,k0 ,k0 + K,k0 - K). 

OT~eTHM, 4,1"0 npH aHaJIHTH'IeCKOH 3aBHCHMOCTH T12,34 or BOJIHOBbiX BeKropoB 
T~K) =F~KJ = T00 npH "-+0 H Bbipa)l(eHHe (12.17) 6naronony'IHo nepexo)J;HT 
B (12.11).J1cnOJib3YH (6.5) H (6.25), MO)I(HO nOJIY'!HTb 

-+ -+ [ /( 3M ( 2 .,.... 2 F~K)=T(K)= g 21T) ) ~Mcos ()'{)(K)-Wex(ak0 )], 

<P(;) = (il- wM sin2())/(il + wMsin2()), il = gH- wMNz, 

L (;) = Wex (ak0)2 + ~WMsin2 0, cos()= Kz/IK 1. 

(12.19) 

IlpH F = T Heo6xo)J;HMbiM ycnoBHeM HeycroH'IHBOCTH, KaK cnep;yer H3 (12.19), 
(12.17), HBJIHercH TL -l < 0 . 3aMeTHM, 'ITO L (itj Bcerp;a noJIO)I(HTeJibHO, a 

T(it) > 0, JIHIIIb ecnH Wex (ak0 ) 
2 < w M• nonoMY BHeUIHee MarHHTHoe none, 

60JibUiee, 'leM 41TM (Nz + 1), CTa6HJIH3HpyeT MO)J;YJIHUHOHHYIO HeycTOH'IHBOCTb . -+ 
6erymeH: BOJIHbi c k II M. EcnH )l(e H < 41T M (Nz + J..) , ro '{) (") 6yp;er orpHua-
TeJibHOH )J;JIH HeKOTOpbiX HanpaBJieHHH H B03HHKaer HeycrOH'IHBOCTb C MaJibi­
MH K, B nepByiO Ollepep;b C TaKHMH, KOTOpbie yp;OBJieTBOpHIOT ypaBHeHHIO 

K/ko = -y/L (it) . (12.20) 

Ilopor 3TOH HeyCTOH'IHBOCTH 3ap;aeTCH Bbipa)l(eHHeM (12.16), B KOTOpOM T 
onpep;eJIHeTcH <l>opMyJIOH ( 12 .19) . · 

12.2.3, CnyqaH: nonepe'IHoro pacnpocTpaHeHHH BOJIHbi k 0 1 M orJIH'IaercH 
o.T npop;OJibHoro k0 II M reM, qro MO)I(er B03HHKaTb HeycroH'IHBOCTb c 6oJib­
IIIHMH ". 3To ·npoHcxop;Hr noroMy, 'ITO npH pacnap;e BOJIHbi c k 1 M ee )J;HllOJib­
)J;HllOJibHaH 3HeprHH yMeHbUiaeTCH H JI,{O~T CKOMneHCHpoBaTb yBeJIH'IeHHe 
o6MeHHOH :meprHH npH HeKOTOpbiX K: Ilopor HeycrOH'IHBOCTH C 60JiblliHMH. K, 
O)J;HaKO, COBnap;aer no nopH)J;Ky BeJIH'IHHbi c noporoM )J;JIH " ~ k0 , H )J;JIH npoc­
TOTbi Mbi, orpaHH'IHMCH 3THM: nOCJie)J;HHM cnyqaeM. AHaJIH3 HeyCTOH'IHBOCTH 
npH npoH3BOJibHbiX WM, Q H k 0 3aHM 6bi CJIHUIKOM MHOrO Mecra, Mbl pac­
CMOTpHM TOnbKO O)J;HH HHTepeCHbiH CJiyqaH W M~ il, Wex (a ko) 2 . npyrHe 
'laCTHbie cny11aH paccMorpeHbi B .E. 3axapoBbiM, B.C. JlbBOBbiM, C.C. Crapo-



6HHu;eM {1969 r) (95). B uaweM CJiyt~ae HJ (6.5) H (6.25) nonyt~aeM 

T(/j = gwM (cos21J - 2N) WM 
(21T)3 M(.Q + Wex (ako)2

) z 8 

WM 

8 , 

[ 
Wex sin

2
1J 2 ] ------2 +cos IJ • 

.Q + Wex (ako) 
~ ~ 

TaK KaK L (K) MO)I(eT HJMeHIITb JHaK , TO CB ueycTOH'IHBbi npu mo6hiX JHa-

Kax F H T. Tioporoaa11 aMnnHTyga paaua 

{lllfz/M)cr = 8-y[.Q + Wex (ako)2]/(w11Nz- cos
21J I). 

OTCIOga BHIJ:HO, 'ITO )];Jill )];JIHHHbiX CB (wex{ak0 )
2 ~ wM) , pacnpocTpaHIIIO­

lllHXCII B 06pa3u;e, B KOTOpoM BHyTpeHHee none MaJIO (.Q ~ W M), nopor He­

YCTOH'IHBOCTH cywecTBeHHo yMeHhwaeTcll. 
12.2.4. Ou;eHHM HHTeHcHBHOCTh CB, npu KOTopoif BOJHHKaeT Mogynllu;HoH­

Hall ueycTOH'IHBOCTb. 113 (1 2.16) CJiegyeT ou;eHKa )];Jill noToKa JHeprHH B CB : 

Pcr=wbcraw, ak~rwexa2 kM/g. (12 .21) 

)lnll MOHOKpHCTaJina )lUff 'Y- 106 C-l , M ~ 102 fc , Wex a 2 ~ 0,1 CM 2 · C- i . 

Bbi6Hpa11 k = 104 CM- 1
, nony'IHM p cr .~ 10-3 BT . CM - 2 . CnegyeT OTMeTHTb, 'ITO 

Bbipa)l(eHHe {12.21) orpaHH'!HBaeT caepxy noToK JHeprHH, KOTOpbiH MO)I(eT 
nepeHOCHTbCII B KpHCTaJin~ cnHHOBOH BOnHOH. 3TOT nOTOK 06bi'IHO 3Ha'!HTen&HO 
MeH&llle, '!eM MaKCHMaJibHbiH noTOK 3HeprHH (0,1 BT · CM-2) )];Jill 3BYKOBOH 

BOnHbl B <l>M (A.f . fypeBH'I , (74)), n03TOMY KpHTH'IeCKHe 3Ha'!eHHII nOTOKa 

{12.21) MoryT gocmraT&CII B npou;ecce npeo6pa3oBaHHII JBYKa B CB B ueoguo­

po~J;HOM MarHHTHOM none (E. IJ.In:eMaHH H gp., (232)) . 
TipH H3ytieHHH HenHHeHHOH CTa)];HH pa3BHTHH MO)J;Ynllu;HOHHOH HeyCTOH'IHBOC­

TH cnegyeT BOCnOnb30BalbCII TeM 06CTOIITenbCTBOM, 'ITO Bee BTOpH'IHbie BOnHhl 
cocpegoTO'IeHbi B yJKOH o6nacm a6nHJH k 0 , r.e . CJiegyeT HJytiaT& pacnpocTpa­
ueuue yJKOfO naKeTa BOnH HJIH, 'ITO TO )l(e caMOe, He06XOIJ;HMO. cne)J;HTb Ja 

Me)];JieHHbiMH HJMeHeHHIIMH KOMnJieKCHOH aMnJIHTYIJ:bl (ozu6a1011.4eU) MOHO­
XpoMaTH'IeCKOH aonHbi. Tiony'IHM ypaaueaue )];Jill oru6aiOwux. 

12.3. YpBBHeHHe MJI am6aminHx. B ypaBHeHHH {12.12) paJnO)I(HM wk 
B PM no it go 'IJieHoB -" 2 u 6ygeM C'IHTaTb 

T12,34 = T(ko , ko;ko , ko)= T/(21T)3
• {12.22) 

3TOT . nepexog cnpaBe)];JIHB, eCJIH B cpege OTCYTCTBYIOT IJ;aJibHO)J;eHCTBYIOWHe 

CHJibl H T12 34 IIBnlleTCII Henpepb!BHOH <l>YHKI.J;HeH CBOHX apryMeHTOB . ,Ilanee , 
TaK )l(e KaK H: B n. 11.3, nepeifgeM K Me)];JieHHhiM nepeMeHHhiM 

a(K)<= b (k +it) exP,(i(kr - w 0 t)J (12.23) 

H JaTeM B r-npegcTaaneuue no <t>opMYnaM (1 i .28) . )ln11 a (r) B peJyn&TaTe nony­
'IHTCII 

{12.24) 
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B H30TpoiD:IOH cpep;e w(k) = w(k) H 

w" a2 v a2 a2 

L = - - - + -.- .:11 .:11 = -- + --
2 az2 2k ' . ax2 ay2 ' (12.25) 

v=aw/ak, 
YpaoHeHHe (12 .24) oiiHc&maeT 3BOJIIOUHIO yJKoro naKeTa BOJIH : 'IJieH v V -
ero ABH>KeHHe KaK uenoro C rpynnOBOH CKOpoCThiO, 'IJieHbl a2 {a z 2 H .:11 -
ll,HcnepCHro H AH<PpaKUHro, nocne]lHee cnaraeMoe - HeJIHHeHHoe caMoAeHCTBHe 
BOJIH B naKeTe. Ha onrnt~ecKOM JD&IKe no cnaraeMoe . oiiHc&maeT JaBHCHMOCTh 
KoJ<l><l>HUHeHTa npeJIOMJieHHJI CpeAbi OT KBaApaTa aMIUIHTYAhl 3JieKTpH'1eCKOrO 
nonn. PaccMaTpHBaH (12.24) KaK YpaBHeHHe Illpe!lHHrepa, HeJIHHeHHhiH 'IJieH 
MO)I(HO TpaKTOBaTb KaK CaMOCOrJiaCOBaHHbiH llOTeHUHaJI npHTJI:lKeHHH (npH 
T < 0) HJIH oTTaJIKHBaHHH (npH T > 0) , nponopUHOHaJihHhiH nnoTHocm 'laC· 
rnu. YpaBHeHHH (12.24)' (12.25) ·JIBJIJIIOTCJI raMHJibTOHOBbiMH c raMHJihTOHHa­
HOM 

JC = * f dr[iv(a"Va - .aVa") + w"(aaja z)2 + 
+ (v/k) IV 1 a 12 + 2 T I a 14

] . 

KpoMe TOro, 3TO ypaBHeHHe HMeeT ewe OJlHH HHTerpan ABH:lKeHHJI 

N=fla l2 dr , 

HMeiOWHH CMhiCJI ''nonHoro 'IHCJia qacTHU " . 

(12 .26) 

(12 .27) 

CymecTByroT ABe nocraHOBKH Ja)J.ll'IH AJIH ypaoHeHHH (12.24): aMIUIHTyAa 
BOJIH 3ap;aHa Ha rpaHHue CpeAbi - HanpHMep, CBeT na)J.lleT Ha HeJIHHeHHhiH 
AH3JieKTpHK . B noM cnyqae 'IJieHOM - w" MO:lKHO npeHe6pe'lh no cpaBHeHHIO 
c va aja z (z - HaJipaBJieHHe v); ecJIH 3a)J.ll'la CTaUHOHapHa, TO ti = 0. Torp;a 

[iv~ +~ .:11 - Tia l2 ]a=O. (12 .28) 
az 2k 

PaccMaTpHBaH T = Z /V KaK HOBOe BpeMH, MO:lKHO TpaKTOBaTb (12.28) KaK ABY· 
MepHoe (r =x,y) ypaoHeHHe IllpeAHHrepa. 

12.4. 3oomoun.ll naKeTa B 6e3J:P&HH'IIIoA cpep;e. ITpH 3TOM MO)I(HO nepeifrn B 
CHCTeMy OTC'IeTa, ABH:lKYlilYIOCJI C rpynnOBOH CKOpoCTbiO, H 'IJieH V V HC'Ie3HeT . 
.1J.HcnepCHOHHbiH 'IJieH- W

11 
He06XOJlHMO COXpliHHTb : 

[ a " a
2 

J . w v 2 
z-+---+-- 81-Tial a=O. at 2 az2 2ko 

(12.29) 

PaccMOTpHM Ka'leCToeHHo perneHHe noif Ja)J.ll'IH B TpeXMepHOM (d = 3), ABY· 
MepHOM (d = 2) H OAHOMepHOM cnyqanx . CnyqaH d = 3 B paMKaX (12.29) 
COOTBeTCTByeT 3BOJIIOUHH TpeXMepHOrO cryCTKa, ABH:lKYllierOCJI C rpynnOBOH 
CKOpoCTbiO, CJiy'laH d = 2 - 3TO 3a)J.ll'la 06 3BOJIIOUHH llJIOCKOrO·llaKeTaa (x,y, t), 
ABH:lKYWerOCJI C rpynnOBOH CKOpoCTbiO, HJIH 3a)J.ll'la 0 CTaUHOHapHOH caMo<t>oKy­
CHpoBKe naKeTa a (x, y, t) B paMKax ypaBHeHHH ( 12 .28) nocne JaMeH&I z /v -:+ t . 
Cnyqaif d = 1 COOTBeTCTByeT, HanpHMep, CTaUHOHapHOH llJIOCKOH caMO<l>OKYCH· 
pooKe a (x. z). )lanee, MH onpep;eneHHoCTH scroey Mhi 6yp;eM C'IHTaTh w"> 0 
H paccMOTpHM cnyqaif ''npHTH:lKeHHH qacrnu" T< 0. ITycTb B HeKoTop&m MO· 
MeHT BpeMeHH naKeT HMeeT xapaKTepHbiH pa3Mep [ H aMnJIHTYAY B UeHTpe a. 
qHCJio 'laCTHu B HeMN=fl a I 2 dr ~1 a I 2 fd, rAe d - pa3MepHoCTh naKeTa . 
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TaK KaK N- HHrerpaii JlBH)f(eHHSI, ro 

a(t) =Ntf21 - df2(t). 

~eHHM C llOMOWbiO {12.26), {12.30) 3HeprH10 naKera 

Jf. ~ w"Nr2 - IT IN 2 1- d. 
BHWIO, 'ITO npH d = 1 cymeCTByer craUHOHapHoe peweHHe c 

1=10 ~w"/(ITIN)~w"/( 1Ta2 110 ), 

{12.30) 

(12.31) 

(12.32) 

MHHHMH3Hpywwee 3Heprnw (12.31). B 3TOM crryqae naarreHHe 'laCTHU, B03HH­
Kawwee H3·3a HX JlBH)f(eHHSI B llOTeHUHaJibHOH SIMe, ypaBHOBeWHBaer CHJIY 
npHT1l)f(eHH11. B rpeXMepHoM crryqae naBrreHHe npH I -+ 0 pacrer MenrreHHee, 
'leM CHJia npHT.!I)f(eHH.!I, H npoHcxomrr Korrrranc - naneHHe qacrHn; Ha n;eHrp 3a 
KOHe'IHOe BpeMSI. II pH 3TOM aMllJIHty)lll B n;eHrpe a (t) H pa3Mep I (t) CB113aHbl 
COOTHOllJeHHeM (12.30), rne N - 'IHC!IO 'laCTHll;, 3aXBa'leHHblX B K0JIJiance, 
3Heprn11 (12.31) KOJIJianCHpYJOWHX 'laCTHll; y6bmaer. IloJIHaSI 3Heprn11, BKJIIO­
qawwa11 KHHeTH'IecKyw 3Heprnw He 3aXBa'leHHbiX B Korrrranc, pa3rrerawwHxc11 
'laCTHU, pa3yMeerc11, coxpaH.!Ierc11. B JlByMepHOM crryqae cyllb6a naKera 'laCTHU 
33BHCHT or Ha'laJibHbtx ycrroBHH: npH w" > TN~ T I a I 2 /1 2 MHHHMYM 

(12.31) noCTHraerc.R npH 1-+. ""• 'I.e.'lacnmbt pa3rrerawrc.H:; npH w"< TN, 
raK )f(e KaK H B rpeXMepHoM crryqae, qacn naKera 3aXBarbmaerc11 B npon;ecc 
Korrrranca. 

lhY'IHM nonpo6Hee CTaUHOHapHbte peweHH.!I {12.29) B OIUIOMepHOM crryqae. 
Ilo ncraBrrM a ( z , t) B BHne 

a.(z, t) = fP(z)exp(iA2 t), 1 (12.33) 

norry'IHM 

w"fPzz = 2{A2 'P - ! T i~P3 ) =- au;afP, 

U = * I T I ~P4 - A 2 ~P2 • {12.34) 

Ilocrre npeo6pa3oBaHH11 z -+ t no ypaBHeHHe MO)f(HO paccMar pHBan KaK ypaa­
HeHHe HbiOTOHa llJI.!I 'laCTHU c Maccofl w" , Koop.rnmarofl 'P, JlBH)f(yntHXCSI B norre 
U ('P). 0HO HMeer HHTerparr JlBH)f(eHHSI, HMeiOWHH CMbiCJI "3HeprHH": 

E=*w"fP~+* ITI~P4 -A2 fP2
• {12.35) 

Ilpocreflwee peweHHe - noKOSIWa1lc11 'laCTHn;a Ha nHe SIMbi, 'P = const, A 2 = 
=I T I !p

2 
- coorBeTCTByer B HCXOWIOM ypaBHeHHH (12.29) nrrocKoH BOJIHe 

c HeJIHHeHHbiM CJlBHfOM 'laCTOTbi - I T I !p 2
• II pH E > E min B03HHKaiOT nepHo­

nH'IecKHe KOJie6aHH11 'laCTHUbl B SIMe, T .e. nepHO)lH'IecKa.!I MOilYJI.!IUH.!l BOJIHbl 
a (z) . EorrbWOH HHrepec npencraBrr.Rer peweHHe c E = 0. 113 (12 .35) npH 
E = 0 MO)f(HO llOJIY'IHTb 

· ( 2 )1/2 Aexp(iA
2

t) 
fP(Z, t) = m ch(.JfAz/...lw") 

(12.36) 

XapaKrepHbiH pa3Mep 10 :noro JIOKaJIH30BaHHOfO peweHHSI - COIZUTOHa -

3anaercn, KaK HerpynHo y6ellHTbCH, Bblpa)f(eHHeM (12.32). KpoMe noKo1lwero­
cn (B CHCTeMe OTC'Iera, JlBH)f(ynteHCSI C rpynnOBOH CKOpoCTb!O) COJIHTOHa 
(12.36) CynteCTBYIOT TaK)f(e peweHHSI C JlBYMSI, tpeMH H T .)l. COJIHTOHaMH. 

N-corrHTOHHbte peweHHSI HMewr 6orrbwoe 3Ha'leHHe. MeronoM o6parnou 3a­
oa'lu pacce.RHU.R B .E. 3axapoB H A.E . llla6ar [100] npoHHTerpHpoBarrH He-
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mmeiiHoe ypaBHeHHe IIIpe.llHHrepa (12.28) , (12.29) H, B '13CTHOCTH, 110K3-

33JIH, 'ITO 11poH3BOnbHOe (llOCT3TO'IHO rn3)lKOe) Ha'lanbHOe p3C11pelleneHHe 

a{z, 0) 11pH t ~oo paC113)l3eTCJl . B OCHOBHOM H3 N COnHTOHOB, 'IHCIIO, 3MIInH­

TYllbi H cKopocTH KOTOpbiX MO)I(}{O o11penenHTh 110 a (z , 0) . ConHTOHbi '13CTO 

JIBnliiOTCJI yCTOH'IHBbiMH o6pa30B8HHJIMH : 11pH CTOnKHOBeHHH llBYX conHTOHOB 

COXp3HliiOTCJI HX CKOpoCTH H 3MIInHTYJlbi . 

B 3aKniO'IeHHe 3Toro rraparpa<f>3 110llTBep.llHM 11pliMbiM Bbi'IHCIIeHHeM 11ony­

'leHHbiH pa'Hee K3'1eCTBeHHbiH BbmO)l 0 TOM, 'ITO B llBYMepHOM H TpexMepHOM 

CIIY'I3JIX 33 KOHe'IHoe BpeMll 11poHCXO.IlHT pa3pymeHHe H3'1an&Horo 113KeT3 • .il,ri.II 

yrrpomeHH.II p3C'IeTOB 3aiiHUieM (12.29) B 6e3p33MepHOM BH)le. IlpH W 
11 = 0, 

T<O 
i ~+t:..ljl+lljll 2 1jl=o , i~=o'JC/oljl* , 
'JC = 1/2 f ( IV 1jJ 12 -1/2 lljl 14 ) dr. 

(12.37) 

BCIIell 33 8.11. Bn3COBbiM, 8.11. Tan3HOBbiM H B .A. IleTpHUieBbiM [ 64] Bbi'IHCnHM 

02 02 
(r2 >= -- fr 2 lljl l2dr= ot2 ot2 

= -2i ~ fxa(Vl oljl* - ljl* _!!..__) dr. 
ot OXa OXa 

Bocl1on&30B3BIIIHCb ewe pa3 yp3BHeHHeM llBH:lKeHH.II H HHTerpHpy.ll 110 '13CTJIM 

T3K , 'IT06bi He OCT3B3n0Cb Cn3r3eMbiX, 11po110pUHOH3nbHbiX Xa , 110ny'IHM 

02 
- (r2 

) = 4 J IV 1jJ 12 dr - 2df lljl 14 dr = 
oP 

= 8JC + 2(2 - d) f lljl l4 dr , (12.38) 

rne d - p33MepHOCTb 11pOCTp3HCTB3, 'JC- raMHn&TOHHaH (1 2.37) . TaKHM o6p3-

30M, 11pH d;,;;,. 2 
02 

8 'JC ;,;;,. - ( r 2 ) ( 12 .39) ot2 ' 

1103TOMY 

(r2 )~4JC t2 +C1t+C2 (12 .40) 

ECnH B Ha'l3nbHbiH MOMeHT BpeMeHH JC< 0, T.e. 2fl V Vll 2 dr < fl Vll 4 dr , 
TO 33 KOHe'IHoe BpeM.II peUieHHe CT3HOBHTC.II CHHrynllpHbiM, 11poHCXO.IlHT KOn­

narrc, H6o ( r 2 ) ()6pawaeTc.ll B HY.Ji.b • .il,ri11 11p3KTHKH 6omwoii HHTepec 

11pellCT3BnRIIO 6bi CT3JniOH&pHoe llBYMepHOe peUieHHe ypaBHeHHH (12.29) 
(Kpyrnbm BOnHOBOll) , no3Bonlll0mee nepenaBaTb 3Hepmro na3epHoro HJny­

'leHHll Ha OOnbiiiHe p3CCTOJIHH.II 6e3 110Tepb H3-3a .llH<f>paKUHOHHOH p3CXO.JlHMOC­

TH. T3KOe peUieHHe, KaK BH)lHO H3 . (12.31) ,· COOTBeTCTByeT 'JC = 0. K CO:lKane­

HHIO, 3TO pemeHHe HeyCTOH'IHBO. ECIIH B Ha'l3nbHbiH MOMeHT 'JC H3-33 <f>nYKTY3· 

UHii oKa:lKeTC.II 110nO)I(}{Ten&HbiM, TO B CHnY (12.40) (HaiioMHHM, 'ITO 11pH 
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d = 2 B {12.40) CTOHT 3HaK paseHCTBa) { r2 
) 6yp;er paCTH H BOJIHOBOP: "paC· 

Wibmaercn ". B o6parHoM cnyt~ae :K< 0, HanpiDKeHHOCTb nonn B ueHrpe craHer 
o'leHh 6on&llloii. KaK npasHno, B JTOM cnyt~ae npoHcxonHT Heo6parHMoe pa3-
pyllleHHe HenHHeiiHoro nHJJieKrpHKa, conposo)!(narollleec.H norepHMH JHep­
mH HJn}"'eHHH. Ilonpo6Hee o6 JTOM eM. B o63ope C.A. AXMaHosa, A .Il. Cyxo­
pyKosa, P.B. Xoxnosa [52], B pa6ore B .E. 3axaposa, B .C. CbiHaxa [108]. 

§ 13. CaMO~OKyCHpoBKa M8I'HHTOynpymx BOJIH 
B a.HTH~eppoMarHeTHKax 

13.1. CTpyKTfpa Hcxown.Ix ypasHeHHA. 3Ha'!HremHaH HenHHeiiHocr& MarHHT· 
HOH llOP:CHCTeMbl KpHCTanna llpHBOnHT K TOMy, 'ITO CHCTeMa npymx KBa3H'IaC­
THU, B3aHMoneiicTByiOIUHX c CB , TaK)!(e craHOBHTCH HenHHeiiHoii. HanpHMep, 
B 60JiblllHHCTBe IBepn&IX Ten llpH npaKIH'IeCKH P:OCTH)!(HMbiX ne~opMaUHHX 
HeJIHHeHHbie aKYCTH'IeCKHe 31P~eKTbl MaJibl. 3ro CBH3aHO C HanH'IHeM B KpHC· 
ranne ne~eKros, scnencTBHe 'lero o6pa3eu o6bi'IHO pa3pYlllaercn npH OTHOCH· 
renbHbiX ne~opMliUHHX u, MHOro MeHblllHX enHHHUbl (u ~ 10-6 710 -4). B 
A<I>M H3·3a o6MeHHoro yCHneHHH MarHHrocrpHKUHH (eM. § 7) HenHHeiiHOCTb 
H p;HCUepCHH MarHHroynpymx BOJIH Moryr OKa3aTbCH 3Ha'IHTeJibHbiMH. IlpH 

JTOM 3ByKOBOH 3aKOH mrcnepCHH npHo6perer cnenyroruHii BHn:· 

(13 .1) 

3necb yqreHa HeJIHHeHH6CTb (KOiopyro MO)!(HO CBeCTH K nepeHOpMHpOB.Ke CKO· 
poCIH· 3ByKa), nHCllepCHH CKOpoCTH BOJIH, a TaK)!(e nH~paKUHH {Mbl nonaraeM 
ynpyryro BOJIHy cna6o HeOp;HOMepHOH: k2 = k~ + kr ' k 1 ~ k x) . B H30Ipon­
HOH cpene a= V S /2, B KpHcrannax H3·3a aHH30IpOllHH ynpymx CBOHCTB H 
MarHHTOCipHKUHH 3Ha'leHHe a MO)!(eT 6biTb KaK llOJIO)!(HTeJibHO, TaK H OlpH· 
uaremHo (CK. TypHUbiH, r.E. <I>anbKOBH'I, [216]). IlpH He CJIHIII.KOM BbiCOKHX 
ypoBHHX B036y>t<,neHHH 3BOJIIOUHH MarHHroynpymX BOJIH MO)!(eT 6biTb pa3p;ene­
Ha Ha 6biCrpyro H MenrreHHYIO. obiCTpan npencrasnner co6oii nepeHoc HCXOnHO· 
ro B03MYllieHHH CO CKOpoCTblO 3ByKa, a MeWieHHaH 3BOJIIOUHH o6ycnosneHa 
MaJibiMH J<l>~eKraMH HeJIHHeHHOCTH, p;HCllepCHH H nH~paKUHH . )lnH H3y'leHHH 
3THX 31P~eKTOB yno6Ho nepeHIH B CHCTeMy OTC'Iera, p;BH)!(YIUYIOCH CO CKO· 
poClblO 3ByKa, 3aMeHHB B (13.1) w =n -Vskx, n~ Vskx,H coseplllHB 
o6parHoe ~yp&e·npeo6pa3oBaHHe u(r,t) =Ju(k,fl)exp(ikr - int)dkdfl . 
B pe3ynbrare nony'!Hrcn cneeyromee ypasHeHHe : 

X 

Ut+Q,uux+Q2u 2ux+Duxxx+a f L11 udx'=O, 

(13.2) 

Pa3yMeercn, nponenaHHbie nrrn Bbmona Jroro ypasHeHHH MaHHnynHUHH Hocnr 
JIHlllb HnnrocrparHBHbiH xapaKrep. CrporHii Bbison (13.2) H3 ypasHeHHH 
JlaHnay - JlH~lllHua H reopHH ynpyrocrH conep)!(HICH B pa6ore C.K . TypH· 
UHHa H f .E. <l>anbKOBH'Ia [216], llO pe3yJibTaraM KOIOpoH HallHCaH 3TOT 
riaparpa~, H rne npHBeneHbi Bbipa)!(eHHH nrrn KOHcraHr Q, D , a B A <I> 
poM6o3p;pH'IeCKOH crpyKrypbi. 3p;ecb )!(e OTMeTHM, 'ITO B pnp;e cnyqaeB 



Q1 = 0, r.e. nepBOH HeHC'le3aiOWeH HeJIHHeHHOCTbiO mm.!leTC.!I Ky6H'leCKa.!l . 

Ko3¢<1>HUHeHr ;:utcnepCHH D (/) (V} - v?n) nponopUHOH3JieH pa3HOCTH CKO· 

pOCTH 3BYKa H llpell;eJibHOH CKOpOCTH MarHOHOB . CraJIO 6biTh, B A<l>, y KOTOpbiX 

V s > V m (HJIH, HHbiMH crrosaMH, reMrreparypa .Ue6an BbiWe reMneparyp&I 

Heerrn), D > 0, r .e. ;:utcrrepcHn orpHuarerr&Ha - cKopocTb MarHHroynpyrnx 

BOJIH rra)l;aer C pOCTOM BOJIHOBOrO BeKTOpa (BJ1. 0:>KOrHH H ll;p. [191)). · 
8 O)l;HOMepHOM crryqae (Kor)l;a HCXO)l;HOe B03MymeHHe Oll;HOpoll;HO B llJIOC· 

KOCTH, nepneHll:HKYJI.!IpHOH K JIHHHH pacnpocrpaHeHH.!I) (13.2) CBO)l;HTC.!I B 

JaBHCHMocrn or rnna HeJIHHeiiHocrn rrH6o K ypaoHeHHro Kopresera - ll:e BpH· 

Ja - K)l;B 

Ut + Quux + Duxxx = 0, (13.3) 

rrH6o K Mo.rut<I>HUHpoBaHHOI'.fY ypaBHeHHIO Kll:B - MK)l;B 

Ur + Qu
2

u x + Duxxx = 0 . (13.4) 

13.2. C8oACTBa O)l;IIOMepHbiX ypaoaeHHA. O.rutoMepH&Ie ypaoHeHH.!I (13.3), 
(13 .4) o6nall;aror crrell:yroiUHM JaMel!aremHbiM CBoiicrooM: ecrrH paccMarpH· 

BaTh KaKoe-rrH6o peweHHe 3Toro ·ypasHeHH.!I u (x, t) B Ka'lecroe noreHUHarra 

JIHHeiiHoro ypasHeHH.!I lllpe.rutHrepa 

[ ::2 + u(x, t)] 'IJ!(x, t) = E 'IJ!(x, t) , (13.5) 

TO ClleKrp 3Heprnii {£} He 3aBHCHT OT BpeMeHH. I1HbiMH CJIOBa~, 3BOJIIOUH.!I 

u(x,t) B CHJIY ypaoHeHHii Kll:B (13.3) HJIH MKll:B (13 .if) ocywecr8JI.!Ier H30· 

cneKrparr&Hoe npeo6pa3osaHHe noreHUHarra ypa8HeHH.!I lllpe.rutHrepa . 3ror 

<PaKT, 06Hapy:>KeHHbiH C. fapll;HepoM H ll;p. (66), Jie:>KHT 8 OCHOBe MeTO)l;a 06· 

parHoii Jall;ai!H pacce.!IHH.!I H ero ll:aJI&HeiiiUHx o6o6weHHii [42, 1111. C8.!13b 

C ypaBHeHHeM (13.5) ll03BOJI.!IeT M.!l ypaBHeHHH (13.3) , (13.4) OllHcaTb 380· 

JIIOUHIO llp<>H:l80JibHOrO JIOKaJIH30BaHHOrO Ha'laJibHOrO B03MymeHH.!I U (X, 0) . 
,IJ.rrn noro cnell;yer aaiirn crreKrp (13 .5) c noreHUHaJIOM u (x, 0) . KonHI!ecr­

oo ,!:UiCKpeTHbiX ypoBHeii B ClleKrpe paBHO KOJIH'leCT8Y COJIHTOHOB, Ha KOTOpbie 

B acHMilTOTHKe t ~co pacna)l;aercn Hcxoll;Hoe B03MymeHHe. · ConHTOHbi , KaK 

H B Oll;HOMepHOM ypaBJieHHH (12.32), .!IBJI.!IIOTC.!I aCHMilTOTHI!eCKHMH COCTO.!I· 

I HH.!IMH. 11MeHHo H3yl!eHHe ypaBHeHHii (12.32) H (13.3) rrpHserro K ocoJHaHHIO 

<i>YH)l;aMeHTaJibHOH porrH COJIHTOHOB 8 HeJIHHeHHOH BOJIHOBOH ;:utHaMHKe (eM. 

I [42]). <l>opMHpoBaHHe raKHX rroKaJIH30BaHHbiX craUHoHapHbiX HMilYJibCOB 

B03MO:>KHO, Hai!HHa.!l C aMIIJIHryll:, llpH KOTOpbiX cpaBHHBaiOTC.!I J<i><PeKTbl He· 

j JIHHeHHOCTH UUx H ,!:UiCllepCHH Ux xx· llpH TaKHX aMIIJIHTyll;aX llJIOCKHe BOJIHbl 

y:>Ke He .!IBJI.!IIOTC.!I XOpolUO Ollpell;eJieHHbiMH 06beKTaMH, TaK KaK BpeM.!I HX 

B3aHMO)l;eHCTBH.!I CTaHOBHTC.!I llOp.!lll;Ka BpeMeHH pa36eraHH.!I BOJIHOBbiX llaKeTOB 

H3·3a ,l:UiCllepCHH rpyniTOBbiX CKOpocreii . K CO:>KaJieHHIO, Ha)l;e)l()l;bi Ha HCllOJlb30· 

oaHHe corrHroHa B porrH <I>Y"ll:aMeHrarr&Horo o6n eKra orrHcaHH.!I BMecro llJIOCKoii 

BOJIHbl He BllOJIHe OllpaB)l;aJIHCb , TaK KaK COJIHTOHbl 3a'laCTYIO OKa3bffiaiOTC.!I 

Heycroiii!HBbiMH. B pe3yn&rare pa3BHTH.!I Heycroii'lHBOCTH B pnll:e crryqaes pa3-

8HBaercn KOJUiaiTC (Ha ll:pyrOM .!13biKe - caMo<l>oKyCHpOBKa) , KOTOpbiH, raKHM 

o6pa30M, Hrpaer B HeJIHHeHHOH )l;HHaMHKe BOJIH He MeHee <i>YHll;aMeHTaJibHYIO 

Jib , '!eM COJIHTOHbi. 

13.3. Y CTOA'IHBOCTb HeG)l;HOMepHbiX OOJJHTOH08 H TeOpeMa 0 CBMO<I>oKy­

pOBKe. PaccMorpHM crra6o Heo)l;HOMepHoe o6o6meHHe ypasHeHH.!I MOll:H<I>H· 
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u11posaHHoro ypasHeHI1H KuB ( 13.4) : 

a 2 -h (u, + Du'<n: + Qu u" )- auyy + CUzz, 

Uyy = a2 u/ay2
, Uzz = a2u/az2

. 

B A<I>nn, KaK rrpas11rro , pearr11JyeTcH crryt~aii Q > 0 (eM . 

HHeM KOTOpOrO Mbl 11 orpaHH'IHMCH . 0JIOCKHe COJIHTOHbl 

.. (2V/Q)I/2 

uu(x -· Vt)= ch[(x - Vt)(V/D) 112 J 

(13 .6) 

[191]) , o6cy)I(Lle-

6eryT CO CBepx3BYKOBOH CKOpOCTblO (V>O; HaiTOMHHM , 'ITO (13 .4), (13.6) 
JaiTHCaHbl B CHCTeMe OTC'IeTa, LlBH)I(yWeHCH CO CKOpOCTblO JByKa). KaK BH,llHO 

HJ Bbipa)l(eHHH LlJIH u0 , corri1TOHbi cywecTBYlOT JIHWb rrpH D> 0, r.e . LlJIH A<I>M, 
y KOTOpbiX V s > V m (s crryt~ae D< 0), CTaUHoHapHbiM HBJIHeTcH peweHHe 

B BHL.le 6eryweii "LlOMeHHOH CTeHKH" : 

(2 V/Q)I/2 
ul = 

cth [(x - Vt)( V/D) 1 12 ] . 

YcTOH'IHBOCTb O,llHOMepHb!X COJIHTOHOB OTHOCHTeJibHO I10I1epe'1Hb!X BOJMyWe­

HHH 6b!Jia rrepBbie HJy'leHa E .E. KauoMueBbiM H 8.11 . neTBHaWBHJIH [114] . 
0HH I10Ka3aJIH, 'ITO COJIHTOHbl YCTOH'IHBbl JIHWb I1pH a< 0, C < 0 ; ecJIH )l(e 

JHaK XOTll 6bi OLlHOH (11JIH o6eHX) H3 BeJIH'IHH a, C I10JIO)I(HTerreH , I1IIOCKHe 

COJIHTOHbl HeycTOH'IHBbl OTHOCHTeJibHO ro¢pHpoBKH. Ka'leCTBeHHaH I1pH'IHHa 

3TOH HeycTOH'IHBOCTH :laKJilO'IaeTCH B TOM, 'ITO JIOKaJibHOe B03pacTaHHe aMI1-

JIHTYLlbl COJIHTOHa I1pHBO,llHT K yMeHbWeHHlO ero CKOpoCTH B 3TOM MeCTe, 

3TOT yt~aCTOK Ha'IHHaeT OTCTaBaTb, ¢poHT HCKpHBJIHTbCH, 'ITO B CBOIO O'lepeLlb 

I1pHBOLlHT K KOHUeHTpaUHH JHeprnH H LlaJibHeHWeMy HapacTaHHlO aMI1JIHTYLlbl 

s MecTe rrepsoHa'laJibHOH ¢rryKTyauHH H r.u . OpH a> 0 , c > 0 BOJMO)I(Ha caMo­

<PoKycHpoBKa yrrpyroii BOJIHbi. .ilJIH Toro 'IT06bi rroKaJaTb JTO, rrpeucTaBHM 

ypaBHeHHe (13.6) B BHL.le 

a 8X 
u =-

t ax 8 u 

X= ih f(Du~ +aw~ +cw; - 2u4 )dr, (13 .7) 

rue wx=u. TaK )l(e, KaK H (12.37), (11.29), ypasHeHHH (13.7) HBJIHIO~H 
raMHJibTOHOBbiMH H coxpaHHlOT raMHJibTOHHaH X. 

OocTyrraH aHaJIOfH'IHO § 12, Bbi'IHCJIHM BTOpylO I1pOH3BO.llHY10 ITO BpeM~HH 
OT I10JIO)I(HTeJibHOH BeJIH'IHHbl, I1pOI10pUHOHaJibHOH KBaUpaTy xapaKTepHOf.O 

rrorrepet~Horo paJMepa rry'!Ka: 

a2 
-

2 
fr!u 2 dr=!6aX - 8Dafu;,dr. (13.8) 

ar 
BHUHO, 'ITO rrpH D> 0, a= c > 0 rr106oe pacrrpeJlerreHHe c OTpHUaTeJibHbiM ra­

MHJibTOHHaHoM X 11CI1biTbmaeT caMo<PoKyCHpoBKy. 

B crryt~aHx, Korna JHaK xorH 6hi O,llHOH 113 serrH'IHH D , a OTpHuaTerreH , (13.8) 
I103BOJIHeT ycTaHOBHTb ¢aKT ue<t>oKyCHpoBKH ITY'!Ka . lleHCTBHTeJibHO, eCJIH 

D > 0 , a> 0, JlOCTaTO'IHOe ycrrosHe pacrrrrhmaHHH rrorrepet~HbiX HeOJlHOpoLl-
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HOCTeH JC< 0. JlpH a< 0 

a
2

2 Jr1 u'dr= 16a (2. fa(t;JJ. w)2 dr- fu 4 dr]>o ar _ 2 · . 
(13.9) 

H, cnenoBa:ren&Ho, ino6oe Ha'lliJII>Hoe pacnpeneneHHe pacnnbiBaeTcJI. 

13.4. 3BOJIIOQIUI Mai'HIITOynpyrHX BOJIH B OTcyTCTBHe JIHHeAIIOA CB.II3H 

Me>K.Izy M81"HOIIBMH H clloHOIIBMH. CHCTeMa ypaBHeHHH, OnHCbmaiOUIHX COBMeCT· 

HYIO JBOJIIOUHIO TeH3opa ne<flopMaUHH u H yrna noBopoTa BeKTopa aHTn<flep­

poMarneTHaMa I{J, B 6e3pa3MepHbiX nepeMeHHbiX HMeeT BH)l; (a= V mfVs) 

(13.10) 

JlaJibHeHUIHe penyKUHH (13.10) 3aBHCJIT OT cnoco6a B036}')KneHHJI MarHHTHOH 

HJIH ynpyroii noncucTeMbi KpHCTanna. Ilpu napaMeTpHlleCKOH reHepaii.HH CB 

BbiCOKO'IllCTOTHbiM 3JieKTpoMarHHTHbiM noJieM MO)I(HO nepeHTH OT '{J (X, t) K 

MenrreHHoii orn6a10meii 1/1 (x, t) : 

'{J= 1/1 exp [ikx- i(l +a2 k 2 i1 2 t] + K.c., 

nocne 'lero· llpH,ll;eM K CHCTeMe, BnepBbie llOJI}"'eHHOH B.E. 3axapOBbiM [101) 
,ll;11JI B3aHMO,ll;eHCTBHJI JieHrMIOp0BCKHX H HOHH03BYKOBbiX BOJIH B nna3Me: 

Utt - Uxx = I 1/1 l.~x , 

(13.11) 

B paMKax 3TOH CHCTeMbi cymecmyiOT ycroH'IHBbie O,ll;HoMepHbie conHTOHbi, 

a HeO,ll;HOMepHbie o6o6me}fHJI (13.1 1) OnHCbmaiOT HeyCTOii'IHBOCTb COJIHTOHOB 

OTHOCHTeJibHO nonepe'IHOH ro<flpHpoBKH H (B TpeXMepHOM cnyqae) KOJIJianC 

BOJIH. B03MO)I(Ha H npyraJI llOCTaHOBKa 3KCUepHMeHTa, npH KOTOpoH B036y)I(­

,11;310TCJI (HanpHMep, nbe30npeo6pa3oBaTeneM) MenneHHbie 3BYKOBbie ,ll;BH)I(e­

HHJI u. CHCTeMa (13.10) HMeeT COJIHTOHHbie pemeHHJI. B HCXOllHbiX nepeMeHHbiX 

u0 = -2ch-2 
[ :- v: 112 ]. 

(a - V) 

lfJ =[(2(1-V2)]1/2ch-t[ x-Vt J 
0 ( a2 - v2 ) 1/2 

(13.12) 

(B OTJIH'IHe OT COIIUTOH08 OZU60/0U4UX B (I 3.11)). 3TH COJIHTOHbl, O,IlHaKo, 

HeyCTOH'IHBbi y)l(e B OllHOMepHoii reoMeTpHH. B noM cnyqae TaK)I(e MO)I(HO 

,ll;OKa3aTb B03MO)I(HOCTb KOJIJianca, KOTOpbiH B CHJIY O)l;HOMepHOCTH HMeeT 

CMbiCJI He C3MO<floKyCHpoBKH, a onpoKH,ll;biBaHHJI BOJIHbl 3a KOHe'IHOe BpeMJI. 

Pa3yMeeTCJI, HeorpaHH'IeHHoe B03pacrnHHe aMnJIHTY,ll;bi (H1IH ee npoH3Bon­

HbiX) He MO)I(eT HMeTb <flH3H'IeCKOrO CMbiCJia, TaK KaK npH 3TOM Mbl BbiH,ll;eM 

3a paMKH npHMeHHMOCTH HC1101Ib3yeMbiX ypaBHeHHH (12.29), (13.6) H1IH 

(13.10). CymeCTBeHHOH 3,ll;eCb JIBJIJieTCJI caMa B03MO)I(HOCTb HapacTaHHJI aMnJIH· 

ryn BOJIH ,11;0 raKOH CTeneHH, Korna HeJIHHeHHOCTb nepecTaer 6biTh MaJIOH. 
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§ 14. MeTOAJ>I napaMerpH'IecKoro B036)')K.neHHJI 
CIIHHOBbiX B011H B Mai'Het'HK8X 

14.1. llonepe'IHllJI HaKaqKa CB B ~eppoMaraeraKax - cy1111oscKu aeycroA­

qasoCJ'b nepsoro nopS~,nKa. TaK npHH11TO Ha3&maTL pacna.n o.naopo.naoH: npe­
~ecCHH HaMarRHtJeHHOCTH (Oil) c tJacToToH: w 0 aa napy CB c B011HOBhiMH BeK­

TopaMH k H -k H tJaCTOT8MH w(k) = w(- k) = Wp/2 . JTOT npo~ecc OnHChi­
BaeTC11 cne.nyJOWHMH cnaraeMLIMH raMH11hTOHHaHa JC 3 : 

AJC3 = * ~ rvo k -k bo bk b_k + KoCo] 
k ' ' 

(1401) 

C MaTpH'IHbiM :meMeHTOM (6 o22) : 

Vo,k,-k=2Vkui+2ukvk Vi= 

= * wM(g/2M) 1 12 sin 2(Jt exp [(2i~Pk) (Ak + Wk- !Bk !)fwk] o (1402) 

3.nec& Mhi npeJlllono>KHIIH, 'ITO HaMarRH'IeHHOCTh M aanpaBrreaa no oCH Bpawe­
HH11 3JIJIHIICOH)J;aJihHOrO o6pa3~a TaK, 'ITO nOII11pH3a~11 Oil 11BJI11eTC11 KpyroBOH 

H COOTBeTCTBeHHO Vo = 00 B COOTBeTCTBHH C (I 1.18) noporoBa11 aMniiHTyna Oil 
bth oTHOCHTeJI&Ho ee pacnana aa napy CB ± k onpenerrHeTCJI ~opMyrroH: 

I Vo ,k, -k I bth (k) = 'Yko (14.3) 

Ilo3TOMY nepB&IMH (no Mepe y&e11HtJeHHJI b0 ) B036y)I(LU1IDTCJI Te nap&I CB, .niiJI 

KOTOpbiX OTHOWeHHe 'Yk/Vo,k,-k MHHHMaJihHOo ECJIH 'Yk He 38BHCHT OT YrJIOB 
(J k H 1P k Ha pe30HaHCHOH noBepXHOCTH Wk = Wp/2 (a BXO.nHTh B ,neTaJIH JTOH 
3aBHCHMOCTH CCH'IaC npe~eBpeMeHHO), TO BHatJane B036y)I(LU110TC11 nap&I, .nJIJI 

KOTop&IX I V0 k -k I MaKCHMaJihHOo 11x BOJIHOB&Ie BeKTophi Jie)l(aT aa .nsyx 

0Kpy)I(HOCT11X (~epH.nH8Hax) DOBepXHOCTH 2Wk = Wp H HMCIOT 0 "IPk "21TH 
(J k = (J m, 1T ~ (J m, r.ne (J m HCCKOJihKO MeHee 1T/4o 3TO BH.nHO, eCJIH TO~CCTBeH­

HODepenHcaTLI Vo,k,-k I H3 (1402) BBH.ne 

I V(O, k, -k) I= Vt (6) = 

( 
g ) 112 wp+wMsin2 8+(w~+w~~in2 8) 1 12 

0 

= wM -- -- sm 280 
2M 2wP 

TaKHM o6pa30M (npH wP > WM), 

bth = min bth (k) """('Y/WM )(2M/g) 1 12 
0 

(Jk 

(1404) 

(14.5) 

l<aHOHHIJeCKOH aMnJIHTyne Oil bt h COOTBCTCTByeT KpHTH'IeCKHH yroii npe~ec­

CHH 1/lth: 

1/lth =mth,L/M=(2g/M)112 bth r::::.2'Y/WMo (14°6) 

.llrrJI)I{J1f (npH WM = 1700 fc,'Yr::::-0,5 fc) 1/lth r::::-2,5 o }0-3 o 

OcTanoc& noHCHHTh, notJeMy TaKoH: MeTo.n napaMeTpH'IecKoro B036y~eHH11 
CB B <I>M Ha3&maeTCJI nonepetJHoij HaKa'IKOHo llerro B TOM, 'ITO o6h!'IHO on B03-

6y)I(LU110T CBq MarHHTHbiM llOJieM C llOIIJipH3a~eH h1. , opHCHTHpOBaHHOH 00-
nepeK nOCTOJIHHOro MarHHTHOro nOJIJI H (H COOTBCTCTBeHHO CTa~HOHapHOH 
aaMarHHtJeHHocrn M ) o faMHJihTOHHaH 3Toro B3aHMoneiicTBHJI o6JI3aH '18CTH 
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JeeMaHOBCKOH :mepmH - hM (r, t) = - h 1 m 1 H HMeeT BH,l:l 

x<l) =U(h+(t)bo +K.c.], 
p 

U= -(gM o/2)1 
/

2
, h+ = hx + ihy . 

(14.7) 

3ror raMHJibTOHHaH ollHcbmaer xopowo HJBecrHoe mmeHHe <I>eppoMarHHT· 
Horo pe30HaHca (<DMP) 

abo . oJC< 1 > 
-- + iw0 bo + 'Yobo = - i __ P_ = .,..uh+(t). 
at obo 

ECJIH csq none HMeer npaByiO KpyroByro norrnpH3arniro, TO 

h+(t) = h+ exp( -iwt), 

(gM0 /2)1 12 h+ exp( - iwt) 
b0 (t) = 

Wo - w - i 'Yo 

npH JIHHeHHOH noJI.IipH3au.HH 

hy=O, h+=hx=2hcoswt, 

b0 (t) = b0 (w) exp(- iwt) + b0 (-w) exp(iwt), 

bo(w) = h(gMo/2) 1 12 (w- w 0 + i-y0 )-1 • 

(14.8) 

(14.9) 

(14.10) 

B6JIH3H or <DMP, Korna I w - w 0 I ~ w 0 , crraraeMoe - b0 ( w) OllHChmarowee 
npaBOnOJIHpH30BaHHyiO l!llCTb b0 , HBJIHeTCH rnaBHbiM, H Bbipa)KeHHe WIH KpHTH· 
'leCKOH aMIUJHTYJlbl ht h , COOTBeTCTBYIOWee nopory HeyCTOH'IHBOCTH On {14.3), 
HBJIHeTCH O]lHHaKOBbiM ]lJlH npaBOH KpyrOBOH H JIHHeHHOH nOJIHpH3aUHH h : 

hth = ((w - Wo)2 + 'Y~] 1 /2 bthfU ~ ((w- Wo)2 + 'Y~ Jl 12 -yk/KWM· (14.11) 

B TO'lHOM pe3oHaHce ( w = Wo) ht h O'leHb MaJid. B3HB JlJljf oueHKH 'Yo /g ~ 1 rc, 
HMeeM ht h ~ 0,002 rc. B 3KcnepHMeHTax Ha tiaCToTe 1010 c - 1 aMUJIHty]la csq 
noJIH h JlOCTHrarra 3Ha'leHHH JlO 10 fc. no3TOMY aMIUJHTyn,a On bt h JlOCTHraeT 
KpHTH'leCKHX 3HatieHHH He TOJihKO B YCJIOBHHX <DMP, HO H B]laJIH OT Hero. B 
3TOM crryqae ecTeCTBeHHO paccMaTpHBaTb ny HeyCTOH'lHBOCTb KaK napaMeTpH· 
'lecKyro Hecra6HJihHOCTh BHewHero norrn no oTHoweHHIO K pacnany Ha ]lBe CB 
c BOJIHOBhiMH BeKropaMH k H - k. CoorBercrBeHHo ypaBHeHHn (11 .11) yno6Ho 
nepellHcaTb B BH]le, B KOTOpoM aMIUJHTyna b0 Bbtpa)l(eHa tiepe3 aMIUJHTY1lY norrn 
HaKa'lKH h : 

abk _ 
-- + 'Ykbk+iwkbk+ihexp(iwpt)Vkb ~k =0, at 
ab· _ a: +-yk b._k- iwk b•-k - ih exp(- iwp t) Vt bk = 0. 

(14.12) 

3nech Mhi BBeJIH BeJIH'lHHY V k - J<l><l>eKTHBHhm Ko:l<f><l>HUHeHT CBH3H CB c ·Ha­
KatiKoii:, tiepe3 Koropbm npocro Bbtpa)Kaercn noporoBaH aMnrrHryna ht h : 

hth I Vk I= 'Yk· (14.13) 

.Illtn paccMorpeHHoro BhiWe CJiytian KpyroBoii norrnpH3aUHH 

__ ( gM )
1 
1

2 
Vk ( Ak - !Bk ! ) 

Vk--- 1+ . 
2 Wp - Wo Wk 

{14.14) 
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113 (14013), (14.14) MO>KHO nonytrnTb BbipiDKeHHe (14.11) }J)IH htho B cnyqae 
nHHeHHOH nonHpH3aii,HH B,IJ,anH OT Cl>MP Heo6XO,IJ,HMO B HCXO,IJ,Hb!X ypaBHeHHHX 
(11.11), noMHMO cnaraeMoro V(O, k, -k)b 0 (KoTo{ioe Tenepb CTano Hepe3o­
HaHCHbiM), yqecTb Apyroe Hepe3oHaHCHoe cnaraeMoeU(O, k, -k)b~( -w)o B pe­
JynhTaTe ypaBHeHHe (14012) OCTaeTCH cnpaBe,IJ,nHBbiM, HO Bbipa)!(eHHe }J)IH 

Vk H3MeHHTCH: 

- _ ( gM0 )
1
'
2

( V(k, -k, 0) U(k, -k, 0) ) _ vk- -- - -
2 Wp - Wo Wp + Wo 

( 
gM0 

) 

1
/
2 

vk [ ( 1 
2 Wp - Wo 

+ exp(2i~Pk) ) + 
wp +wo 

+ Ak -iBk I ( 1 

Wp • Wp - Wo 

+ exp(2i'Pk) ) ] 0 
Wp +w0 

(14015) 

CymecTBeHHo, 'ITO nepsoe H BTopoe cnaraeMbie B 3TOM BbipiDKeHHH, onHcbmaro­
IUHe COOTBeTCTBeHHO BKna,IJ,bl npaBOH H neBOH nonHpH3aii,HH B nHHeHHOH HaKa'I­
Ke, HMeiOT pa3Hbie JaBHCHMOCTH oT aJHMyTanbHoro yrna CB 'Pko llo3ToMy MaK­
CHMYM MO,IJ,ynH Bcero BblpiDKeHHH ,IJ,OCTHraeTCH He Ha BCeM MepH,[J,HaHe C lf>HKCH­
poBaHHbiM (Jk H nro6b!M 'Pk, KaK B cny'lae KpyrOBOH nonHpH3aii,HH, a B ABYX 

oTO'IKax 'Pk = 0, tr, cooTBeTCTBYIOIUHX Bo36y)!(,IJ,eHHIO AByx nap CB, c k H -k, 
ne)!(amHx B nnocKOCTH HaKa'IKH h H M0 0 l1MeHHo JTO o6cTOHTenhcTBo - MaK­
CHManhHaH CBH3b C HaKa'lf<OH He uenoH rpynnbi nap C pa3nH'IHbiMH 'Pk• a TOnbKO 
HX KOHe'IHOfO '!Hcna (B naHHOM cnyqae ABYX) - ,[l,enaeT nonepe'IHylO HaKa'IKy 
O'leHb HHTepeCHOH }J)IH 6y,IJ,y!UHX 3KCnepHMeHTanbHbiX HCCne,IJ,OBaHHH Janoporo­
BOfO noBe,[l,eHHH CBo 

B JaKniO'IeHHe JToro nYHKTa npHBe,IJ,eM Bbipa)!(eHHH }J)IH MHHHManhHoro no­
pora BOJ6y)!(,IJ,eHHH CB nonepe'IHOH HaKa'IKOH c (J k = 1r /4, 'Pk = 0, 1r B cnyqae 
'Yk = 'Yk H WM ~ wp: 

hth = 2'Yk(Wp - Wo)f(gwM) o (14.16) 

llrrH MOHOKpHCTannOB )1{11f C 'Yk =go 0,1 3 Ha 'laCTOTe Wp = 2tr 0 101° C- 1 

nonyqaeM hth ~ 0,3 reo ::ha senH'IHHa nerKo AOCTHraeTcH B 3KcnepHMeHTeo 
l4o2o llapaJUieJJhmui HaKaqxa CB B !f>eppoMarHeniKax. llpoAomHaH 'laCTb 

JeeMaHOBCKOH 3HeprHH - hzmz npHBO,IJ,HT K raMHnbTOHHaHy 

'Jfp2 =Xpl +Xp, 

Xp = ~~ [h(t) Vkb~kbk + Koco], 
k 

'Jfp1 = ~ukbkbk[h.(t)+h(t)], 
k 

( 14o17) 

h(t) = hexp(- iwpt) , ( 14o18) 

hz =h(t) +h•(t) ~ hf-o.llt- ~"-"o~{ 14 o 19) 
-:. 2 R..(k e_-· .. 1).2 1.-C.:,.wt 

Tiepsoe cnaraeMoe B Xp 2 onHcbmaeT npoueccbl, He HJMeHHIOIUHe o6mee '!Hcno 
MafHOHOB o 11.3-Ja ycnoBHH BpeMeHHOfO CHHXpOHH3Ma 3TO cnaraeMOe MO)!(eT 
OKaJaTbCH cymeCTBeHHbiM nHWb npH HH3KHX 'laCTOTax h(t) nopH,[J,Ka 'laCTOT 
penaKcaUHH CB 'Yk · c TO'IHOCTbiO AO KO·TOpbiX onpeAeneHa 'lacToTa Kone6aHHii 
HaMarHH'IeHHOCTH B CB O llpoHcXo)!(,IJ,eHHe raMHnhTOHHaHa Xp, onHcbmaromero 
napaMeTpH'IecKoe BOJ6y)!(,IJ,eHHe napbi CB npoAonhHbiM noneM, MO)!(HO nOHHTb 
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H3 npOCTbJX reoMeTpH'IeCKHX C006plPKeHHH. J-b-3a MarHHTHOfO rotnonbHOfO 
B3aHMoneHCmHH H KpHCTannorpa<f>H'IeCKOH aHH30TpoiiHH HaMarHH'IeHHOCTb 
B Ka)l(,!l;OH TO'IKe npeuecCHpyeT no 3nnHnTH'IeCKOMY KOHYCY (<f>opManbHO 
3TO npommHeTCH B TOM, 'ITO KpyrOBbie nepeMeHHbie ak - mx + imy He HBnHJOT­
CH HOpMaiibHbiMH, H gJIH nHarOHanH3aUHH KBanpaTH'IHOH qacTH raMHnbTOHHaHa 
aeo6xorotMo nenaTb u-u-npeo6pa30BaHHe. ITocKonhKY MHHa BeKTopa M 
OCTaeTCH noCTOHHHOH, OCHOBaHHe KOayca He HBnHeTCH IInOCKHM H B03HHKaeT 
nepeMeHHaH npononbHaH cocnonHwruaH (z-KoMIIoHeHTa) BeKmpa M, H3Me­
HHJOIUaHcH c ynsoeHHoii 'laCTOTOH npeueccHH 2wk . Rcao, 'ITo 3TH oonHbi MO)f(}{O 
B036yrotTb C nOMOIUbiO MarHHTHOfO nonH 'laCTOTbi 2wk H nonHpH30BaHHOfO 
ononb z. 

1:13 Bbrpa)f(eHHH (14.12) H (14.18) nerKo HaHTH nopor napaMeTpH'IecKoH 
HaKa'IKH CB: 

hth I Vk I = 'Yk . 

3necb Vk - K03<f><f>HUHeHT CBH3H napbl ±k C HaKa'IKOH : 

Vk = 2gukvk = gBkfwk = Vsin2 8exp(2i~Pk), 

V=gwM/2wk. 

(14.20) 

(14.21) 

BHrotO, 'ITO I vk I MaKCHMaiibHO gJIH nap CB c BOnHOBbiMH BeKTOpaMH Ha 3KBa­

TOpe pe30HaHCHOH noBepXHOCTH : 0 ~ 'Pk ~ 21T , 8k = 1T/2. EcJIH 'Yk MegJieHHO 
3aBHCHT OT ek, HMeHHO 3TH napbl CB HMeJOT MHHHMaiibHbrH nopor B036y)I(JJ;e-

HHH: h oz /.. = ';!Y (] t1 !(_ 

ghth = "fWp/WM· =:. ~.o.IA" Wp ~ I ~A~ _ ~2h (14.22) <4.-
;_ WM H = :z:: <.J,.... K. - ~ 

ITo nopHnKy oenH'IHHbi noporoooe none napannenbHOH aaKa'IKH (14.22) coB­
nanaeT c· noporoBbiM non eM nonepe'IHOH HaKa'IKH (14.13) - (14.15) onanH oT 
<l>MP. 

14.3. "KOCIUI" HaKaqKa CB o $eppoMarHemKax. TaK Ha3biBaeTcH MeTon 
napaMeTpHII~cKoro B036y)I(JJ;eHHH CB B <l>M, npoMe~TO'IHbrH Me)f(ny nonepe'I­
HOH H napannenbHOH HaKa'IKOH , Korna HaiipaBneHHe nHHeilHO nonHpH30BaHHO­
ro CBq nonH h(t) cbcTaBnJleT HeKoTopbiH yron 80 c HaMarHH'IeHHOCThJO, H 
Heo6xorotMo OIJ.I;IOBpeMeHHO y'IHTbiBaTb KaK npononbayJO, TaK H nonepeqayw 
'laCTH HaKa'IKH. B pe3ynbTare 3<f><f>eKTHBHbrH K03<f><f>HUHeHT CBH3H C KOCOH 
aaKa'IKOH V.\- (8 0 ) npHMeT BHn 

Vk-(8 0 ) = Vt(O, 1,0)sin8 0 + Vk cos8 0 , (14:23) 

rne vk H vk 3anaJOTCH <f>opMynaM (14.15) H (14.21) coomeTcmeHHO. KaK 
BHnHo H3 JTHX Bbrpa)f(eHHH, nopor napaMeTpH'IecKoro Bo36y)f(neHHH CB MH­
HHManeH MH e,[(HHCTBeHHOH napbl CB c 'Pk = 0 H HeKOTOpbiM ek , 3aBHCHIUHM 
OT Oo. 

14.4. llonepl"!H8Jl H8KaqKa C.B B $eppoMarHe'DIK8X - cyJJJIOBCKaH HeycroA­
qHBOCTI> oroporo nopHJl;Ka. EcnH yMeHblllaTb qacToTy HaKa'IKH wP HnH yoe­
nH'IHBaTb nocToHHHoe MarHHTHoe none H0 H coorneTcrneHHo ruenb B cneKTpe 
CB, TO nerKo no6HTbCH Toro, 'IT06bi 'laCTOTa HaKa'IKH cTana MeHbllle, 'leM 
ynsoeHHaH MHHHMaiibHaH (no 'Pk H ek) Jllem B cneKTpe CB. IlpH 3TOM ycnoBHe 
napaMeTpH'IecKoro pe3oaaaca 

(14.24) 
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He 6y,!J;eT BbiiTOJIH.IITbC.II IDf ,!I;Jl.ll KaKHX k, H, CJie,!I;OBaTeJibHO, IpeXBpJIHOBbie npo­
ueCCbi pacna,~J;a (14.24) BHeuiHero non.11 Ha ,~J;Be CB 6y,!J;yr JanpemeHbi. B noM 
CJI)"'ae nerKo coJ,!I;aTb ycnoBH.II Ha6nro,!J;eHH..II Apyroro napaMeipH'IecKoro npo­
uecca - raK HaJbmaeMOH cylllloecKou Heycmu'lueocru Oil eropozo nopJU)Ka, 
ycnosHe napaMerpH'IecKoro peJoHaHca WI.II KoropoH HMeer BHA 

2wp = w(k) + w( -k). (14.25) 

IIocKOJibKY raMHJibTOHHaH BJaHMO,!I;eHCTBH.II CB c BHeWHHM noneM (14.18) 
nponopUHoHaneH nepsoH creneHH h, np.IIMOH npouecc (14.25) pacna,~J;a ABYX 
KBaHTOB HaKa'IKH Ha ,~J;Be CB s <I>M He H,!l;er. BoJMO)I(eH, OAHaKo, KocseHHbrn 
npouecc c )"'acrHeM O,!J;Hopo,!I;HOH npeueccHH (OTI): sHeiiiHee none h pacKp)"'H· 
saeT B pe30HaHce OJI Wp ~ Wo H JaTeM npOHCXO,!I;HT 'leTbipeXMarHOHHbiH napa­
MeipH'IeCKHH npouecc: 

2w0 =w(k)+w(- k). (14.26) 

JlerKO nOH.IITb, 'ITO noporOBaH aMnJIHTy,!l;a 0JI (bo hh Onpe,!l;eJI.IIeTC.II YCJIOBHeM 

I Sodbo)fh I = "fk, (14.27) 

B KOIOpOM b0 CB.IIJaHa C h ypaBHeHHeM (14.9) HJIH (14.10). IIO,!I;CTaBJI.II.II B 
{14.27) Sok HJ (6.26), HMeeM IJ)l.ll Ky6H'IeCKHX <I>M: 

(ghthfwm) 2 ='Yk/wk . (14.28) 

EcnH IJ)l.ll napaMeipH'IeCKHX npoueccoB nepsoro nop.II,!I;Ka ghth!wM ~ n!wM, 
ro WI.II npoueccos sroporp nop.II,!I;Ka ghth!wM ~ (n/wM )112 H noporosa.11 aM-

'· IIJIHTYAa hth B,!l;aJIH OT pe30HaHca orr OKaJbmaeTC.II cymecTBeHHO 6onbwe. O,!J;~a-
KO npH BbiiTOJIHeHHH pe30HaHCH0[0 YCJIOBH.II IJ)l.ll OJI: Wp = Wo H3 (14.28) 
cne,~J;yer, 'ITO ghth ~ ("!o'Yk)112, r.e. aMnnHry,!l;a hth oocy)l(,!l;aeMoro npouecca 
(14.26) OKa3biBaeTC.II O,!I;HO[O nop.II,!I;Ka C TaKOBOH ,!I;Jl.ll napanneJibHOH HaKa'IKH. 
CymecrseHHbtM MoMeHroM WI.II napaMerpH'IecKoro npouecca (14.26) .IIBJI.IIerc.ll 
ro, 'ITO nopor HeycroH'IHBOCTH (14.28) MH.HHManeH WI.II CB Ha nonwcax peJo· 
HaHCHOH nosepXHOCTH (()k = 0, 7r), I.e. B e,!I;HHCTBeHHOH nape TO'IeK. 

14.5. IlapaMerpH'IecKoe Bo36}')K,~J;eHHe CB B ACI>M JIII- aJITH<IJeppoMarnem­
Kax C aHH301pOIDfeA: 1Hil3 "nerK8JI JUJOCKOCTb". KaK y)l(e OTMe'laJIOCb BO BTO· 
poH maBe, HMeHHO A<l>M JII1 npeACiaBJI.IIIOT HaH60JiblllHH HHiepec npH HJy'le­
HHH HeJIHHeHHbiX CBOHCTB CB c A<I>M, H6o OHH HMeror HHJKOJie)l(aJUHe seTBH 
CB, nona,!l;aiOIIIHe B YA06HbiH ,!I;HanaJOH HH)I(e 50 rru. MexaHHJM napaMt!IpH'Iec­
KOro BoJ6y)I(AeHH.II CB MeroAoM napannenbHOH HaKa'IKH J,~J;ecb noxo)l( Ha Me­
xaHHJM nonepe'IHOH HaKa'IKH JIHHeHHO non.11pH30BaHHblM llOJieM HJIH KOCOH 
HaKa'IKH CB B <I>M: Heo6xo,!I;HMO y'IHTbffiaTb KaK Henocpe,!l;cTBeHHoe BoJ6y)l(,!l;e­
HHe llOJieM h CB B HH)I(HeH BeTBH: h -+ Ok + a_k, TaK H KOCBeHHoe BOJ6y)l(,!l;e­
HHe: pacnaA CB c k = 0 (OAHOpo,!I;Ha.ll npeueccH.II (Oil)) B sepxHeH seTBH 
bo -+ Ok +a - k• npH'IeM OJI bo JIHHeHHO B036y)l(,!l;aerc.ll Hepe30HaHCHbiM non eM: 
h • -+ b0 , h-+ b~ . B cooTBercTBHH c JTHM nonHbrn raMHJibTOHHaH cHcTeMbi, 
BKJIIO'Ia!OIIIHH BJaHMO,!I;eHCTBH.II C HaKa'IKOH, HMeeT BH,!I; 
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X= L (wkakak + f'/.tbk:bk) + 2hU(b 0 + b~) cos wpt + 
k 

HlhL [Vkak:a~kexp(-iwpt) +K.c.] +X 3 , 
k 

(14.29) 



+~ L [U123 bia;a;+K.c.]. 
1+2+3=0 ' 

3necb Wk H Qk - qactOTbl KBa3H<lJeppoMafHHTHOH H KBa3HaHtH<lJeppoMafHHT­
HOH BetBeH cneKtpa (eM. <PopMyny (75)), K03<lJ<lJHu;HeHTbl UH vk 3a]laiOT JIH­
HeHHYIO H napaMetp~eCKYIO CBH3b llOJIH h C aHtH<lJeppo- H <lJeppoMafHOHaMH H, 
HaKOHeu;, K03<lJ<lJHil;HeHTbl vp i3, ~213 H U1 23 OnHCbffiaiOT HHtepecyiOWHe HaC 

tpexMarHOHHbie npou;eccbl (~M. /lJI~ HHX <t>bpMyribi (7.1 0)) . Bbi~CJIHH bo H3 
ypaBHeHHH ]lBH)I(eHHH (14.8), norryqaeM Bbipa)l(eHHe /l1IH 3<lJ<lJeKTHBHOfO K03<lJ­
<lJHUHeHta CBH3H CB HH)I(HeH BetBH c HaKaqKoH: 

- U0
1

> - U(], g
2 

( 2Hn2 
) · vk = vk - n o,k,k O,k,k- = -- HD + 2 ~·o 2 ' (14.30) 

o- wp !20 +wp 2wk !20 -wp 

n:~;e H - BHeWHee nocTOHHHoe norre, HD - norre ll3HJIOWHHCKoro. Pe3yrrbTaT 
(14.30) BnepBbie 6bm norryqeH BJ1. O)I(OrHHbiM [189] . CywecrneHHbiM ero 

OTJIHqHeM OT crryqan <J>M HBJIHeTCH c<lJepHqecKaH CHMMetpHH : Vk He 3aBHCHT 
OT HanpaBrreHHn k, H nonoMy npH c<PepHqecKoH CHMMetpHH 3aTyxaHHn CB B 
3anopOfOBOM COCTOHHHH /lOJI)I(Hbl B036y)l(]laTbCH napbl CO BCeMH HanpaBrre­
HHHMH k, I.e . "B036y)l(]laeTCH BCH pe30HaHcHaH noBepXHOCTb" 2wk = Wp. Y~­
TbffiaH, qTo B AM<I> rrn w~ = g2 H(H + HD) (eM. ( 7.3)) H 06biqHo H 0/lHOfO 

nOpH]lKa C HD, rrerKO y6e]lHTbCH, qyo Vk ~ g, T.e. HMeeT TOT )l(e nOpH/lOK 
BeJIHqHHbl, qTO H Vk B MeTO]le naparrrreJibHOH HaKaqKH B <J>M {14.21). 3aJyxa­
HHe CB B xopOWHX o6pa3uax A<I>M rrn MnC03 npH rerrHeBblX TeMneparypax 
nopn]lKa 106 c-1

, taK qTo nopomBoe norre hth oKa3bmaeTCH nopnnKa 0,1 rc. 
3To 3HaqeHHe rrerKo norry~tb 3KcnepHMeHTaJibHO. 

14.6. j{,nepHble ClliDIOBbie BOJIHbl (.HCB) H HX napaMeTpuqecKoe B036~ne­
HHe B AcJ)M rrn. KoHIJ;enuHH .HCB 6bma BnepBbie npe/lJIO)I(eHa B pa6oTe TIJK. ne 
>KeHHa H /lp. (77) . JICB - 3TO KOJIJieKTHBHbie KOJie6aHHH cnHHOB H]lep, HanpH: 
Mep n,uep Mn B A<I>M MnC03. Pa3yMeetcn, npHMoe o6MeHHoe B3aHMoneiicrnHe 
H]lepHblX cnHHOB OTCYTCTByet, a HX MafHHTHOe ]lHnOJibHOe B3aHMO]leHCTBHe 

I 
npeHe6pe)I(HMO MaJIO H3-3a MaJIOCTH MafHHTHOfO MOMeHTa H]lep. K KOJIJieKTHBH-
3aiJ;HH ]lBH)I(eHHH H]lepHbiX CnHHOB npHBO/lHT HX KOCBeHHOe 06MeHHOe B3aHMO­
]leHCTBHe· Cyrra - HaKaMypbi. 0Ho B03HHKaeT Bo BTOpoM nopn]lKe TeopHH B03-
MymeHHii no CBepXTOHKOMY B3aHMO]leHCTBHIO (CTB) H]lepHblX CnHHOB C 
JJieKTpoHHbiMH. OtKJIOHeHHe cnHHa i-ro nnpa OTKJIOHHeT non neiicTBHeM CTB 
3JieKTpoHHbiH CnHH i-rO aTOMa, 3TO B03MymeHHe pacnpoctpaHHeTCH B CHCteMe 
JJieKTpoHHblX cnHHOB H B cBoro oqepe/lb nelicrnyet qepe3 CTB Ha npyrne nnep­
Hbie CnHHbl. TiorryqeHHaH KOppe1IHUHH B ,UBH)I(eHHH CnHHOB H ectb JICB. 
Tionpo6Hoe onHcaHHe TeopernqecKHx npenctaBrreHHH H JKcnepHMeHtaJibHbiX 
naHHblX no .HCB MO)I(HO HaHTH B o63ope B .A. TyrrHHa [215] . B UByxnonpe­
weTOqHblX Ael>M rrn ectb ]lBe BeTBH 3JieKtpOHHblX CB we(k) H Qe(k) H . co­
oTBeTcTBeHHO UBe BeTBH .HCB Wn(k) H Hn(k): 

w~(k)=w2 (0)[1 - .12 /w;(k)], (14.31) 

(14.32) 

3necb Hn (0) - qacTota nnepHoro MarHHTHoro pe3oHaHca B cBepxToHKoM 
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none :meKTpoHa (Hn(0)/21T }1,]1.11 A<I>M CsMnFs, MnC03 H RbMnF 3 prum.lleT-
e.ll eooTBeTerneHHO 666 Mfu, 640 Mfu H 686 Mfu, 1::!.2 = 2 Wex Wn, rne Wex ­

'laeToTa Me)I(JJonperneTO'IHoro o6MeHa, a Wn - 'laemTa npeueeeHH MarHHTJ:Ioro 
MoMeHTa ::meKTpoHa B J<t><t>eKTHBHOM MarHHTHOM none, Bhi3B3HHOM CTB H 
ynop.II}J;O'IeHHeM .II}J;epHbJX eiTHHOB : 

Wn = gHn = A (lz )/h- AH/ T. 

BenH'IHHa 1::!. eeTb " o6MeHHo-yeHneHHa.ll " .RUepHa.ll rnenb B eneKTpe JneKTpoH­
HhiX CB (eM. (7 :6) H Tafiri. 7.1). 

B pa6oTe B.l1. O)f(OrHHa H A .IO. RKy6oseKoro [191] Bbl'IHeneHhi no porn na­
paMeTpH'IeeKoro B036y)f(}J;eHH.II nBYX .HCB h~~n) H O,ll;HOH JneKTpoHHOH; O}J;HOH 

.ll,ll;epHOH CB h~~n>, T.e . noporn ,ll;syx npoueeeos : 

Wp = Wn (k) + Wn(- k) , 

Wp = Wn(k) + wp(- k) . 

B HalllHx o6oJHa'leHH.IIX 

h~~n) = 'Yn(k)/ I flinn) I, 

( 14.33) 

(14.34) 

(!IUS) 

3neeb ·yn(k) H 'Ye(k) - neKpeMeHTbl 33TyXaHH.II JneKTpoHHOH H .II]J;epHOH 
CB eooTBeTeTBeHHO, v£nn) H vJen) - J<t><t>eKTHBHbiC MaTpH'IHbie JneMeHTbl 
eB.II3H e H3K3'1KOH B npoueeeax (14.33) H (14.34) eOOTBeTeTBeHHO. TipH 
Wp ~ D-e{O) 

rr(nn) _ g2 (2H + HvHw~ (O) - w~(k)] 
"k -

rr(en) -
"k -

2w;(k) Wn(k) 

gl(2H+Hv)[w~(O) - w~(k)] 112 

2we(k)[we(k) Wn (k)] 1
/
2 

(14.36) 

B o6oJHa'leHH.IIX JToro naparpa<t>a J<t><t>eKTHBHhiH MaTpH'IHhlli JneMeHT eB.II3H 
BHernHero non.11 e nsyM.II JneKTpoHHhiMH CB (14.31) npH wP ~ He(k) HMeeT 
BH}J; 

Vk = Vkee) = gl(2H + Hv)/ [2we(k)]. (14.37) 

BH,!J;HO, 'ITO BbiiTOJIH.IIeTe.ll eOOTHOllleHHe 

viee) vtn> = [ vk(en)] 2. (14.38) 

Tip.IIMbiM eneneTBHeM JTOrO .IIBn.lleTe.ll eOOTHOllleHHe }1,]1.11 KpHTH'IeeKHX noneH: 

h(ee)h(nn) = [h(en)]2 (14.39) 
th th th ' 

eoorneTernyrolliHX soJ6y)f(}J;eHHro .11nepHhiX H JneKTpOHHhiX CB e O}J;HHM H 
TeM )f(e 3Ha'leHHeM BOnHOBOrO BeKTOpa. BHnHMO, eOOTHOllleHHe (14.39) He 
HMeeT my60KOrO <l>H3H'IeeKoro eMbiena, O}J;H3KO OHO noneJHO }1,]1.11 'IHeneH­
HbiX OUeHOK. 

B JaKnro'leHHe JToro naparpa<t>a OTMeTHM, 'ITO see nepe'IHeneHHhre npoueeehr 
H36JIIO}J;aJIHeb H nonpo6HO Heene,ll;OBaJIHeb B JKenepHMeHTe. TaK, B MnCQ 3 
npH T ~ 2k H3 'laeToTe Wk ~ 0,9 rru ht(~n) ~ (0,08 + 0,15) 3 H hf~n) ~ 
~ (0,4 + 1 ,0) 3 B 3aBHeHMOeTH OT BenH'IHHbl BHernHero n0n.11 H 
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