
rnABA9 

nAPAMEfPWIECKOE B036YJK,llEHHE CIDIHOBhiX BOJIH 
B MAfHEfOUH3JIEKTPHKAX 
CO CJIYlJAAHhiMH HEO,llHOPO,llHOCf ntH. 
Sg2 -TEOPIDI 

§ 43. KaqecrBeHHl>Ie oco6e101ocra 3BAaqa 

3a peAKHMH HCKnioqeHIDIMH peaJibHbie M3rHeTOAHJTieKipHKH HMeiOT p33naq. 

HOro poAa HeO)J;HOpoAHOCTH, Hapyu.raiOIIlHe HX HAeaJibHYIO rpaHCTIHUHOHHYIO 
CHMMerpHIO. IlpHpOA3 HeOAHOpoAHOCTeH B !l>epPoM3fHHIHbiX KpHcrannax H HX 
BTIIDIHHe Ha !l>eppoMarHHTHbiH peJOHaHC H CB accneAOBaJIHCb B 6onbWOM qKCJie 
pa6or : CM., HanpHMep, MOHorpa!l>HIO M. CnapKca [22), pa6ory E. lllneMaHHa 
[236). Eonee noApofiHYIO 6H6nHorpa!l>HIO MO)I(}{O HaiirH B KHHre A. f . fypeBHqa 

[7). IlpHHHIO cqHraTh, qro H3HOOTibWYIO ponb B !l>eppoAH3TieKipHKax HrpaiOT 
cne)J;yiOIIlHe HOOAHOpoAHOCTH : HapyiDeHHe nOpHAKa B pacnono:>KeHHH M3fHHI­

HbiX HOHOB B yJnaxpewerKH, HeOAHOpO)J;HOCTH XHMHqecKOro CO~TaBa 06p33UOB, 
HapyweHHH llOCTOHHCTBa HanpaBneHHH OCeH KpHcranna, llOTIHKpHCTaJITIHqHOCTb 
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HJIH 6nOqHOCTb, HeO;:uiOp<>AHbie ynpyrHe HanpJDKeHHH, B qacTHOCTH, Bbi3BaHHbie 
,ll;HcnOKai.lHHMH, "reOMeTpHqeCKHe" HeO;:uiOpOAHOCTH: nop&I, rpeWHHbl H, H3KO· 
Heu, wepoxosarocrH nosepxHocrH o6p33ua. 

B Heo;:uiopo,D;HoH cpea;e, KaK xopowo H3l3ecrHo, rmocKa.R sonHa H~ HBn.RercH 
HOpMan&HOH Kone6aren&HOH MOAOH, ,ll;HaroHanH3YIOWeH KBaa;parHqHyiO qacr& 
raMHnbTOHHaHa, H, cnep;OBaTenbHO, HeO,D;HOpo;:uiOCTH npHBOA.fiT K nO.RBneHHIO 
p;ononHHren&Horo cnaraeMoro B JC2 , He,ll;HarOHan&Horo no k : 

( 43.1) 

B npHHUHTie MO)I(HO 6&Jn0 6&1 nepeHTH K HOBbiM K3HOHHqeCKHM nepeMeH­
HbiM, OTnHqH&IM OT ruiOCKHX BOnH, TaK, qr06bi KB3a;p3THqH3.fl qaCTb raMHnbTO· 
HHaHa (43.1) crana p;HaroHan&HOH. Oa;HaKo, HecMorpH Ha npHHUHnHan&HYIO 
npocrory, 3TOT nyT& Hccnea;osaHHH of5&JqHo HeKOHcrpyKTHBeH, a B cnyqae 
X30THqeCKOfO pacnpep;eneHHH MenKOM3CWT36HbiX HeOp;HOpO;:uiOCTeH H BOBCe 
HeB03MO)I(eH. no3TOMY o6&JqHO crpo.Rr reopHIO B03MYWeHHH no raMHn&roHHaHy 
J(el· nepBbiH nOpHAOK reopHH B03MymeHHH npHBO,ll;HT K nepeHOpMHpOBKe 
cpe,D;HHX xapaKrepHCTHK cpep;bi, HanpHMep K H3MeHeHHIO H3M3fHHqeHHOCTH B 
<l>M H T.n. BropoH nop.RAOK onHCbJBaer npouecc pacce.RHHH BOnH Ha HeOp;HOp<>A· 
HOCT.RX c coxpaHeHHeM qacrOTbi: k-+- k', w(k) = w(k') .B MarHeTOAHJneKrpHKax 
3TOT npouecc H33biBaeTCH oeyx.MaZHOHHbl.M pacceJIHUe.M. BnH.RHHe ABYXMarHOH· 
HOro pacce.RHHH Ha napaMerpHqecKoe B036y)l(p;eHHe CB BnepB&Ie paccMarpHBa­
noc& X. CynoM [212] H E. IIIneMaHHOM [231] B cnyqae Hecra6Hn&HocrH op;HO· 
po;:uiOH npeueccHH (On) Broporo nop.Rp;Ka. B 3TOM cnyqae qacrora on Wo 

cosnaa;aer c qacroroii. papaMerpHqeCKH BOJ6y)I(AeHHbiX e10 CB: 
{, 

2w0 = w(k) + w(- k). {43.2) 

no3TOMY CB, B03HHK310WHe B pe3yn&Tare ABYXMarHOHHOH penaKCai.lHH on, 
BOBneKaiOTCH TaK)I(e H B napaMerpHqeCKHH npouecc {43.2) . B peJyn&Tare nCB 
AOCTHf310T 3HaqHTen&HOro ypoBHH B036y)l(p;eHHH H OK33b!B310T 3<fl<fleKTHBHOe 
o6paTHOe BnH.RHHe Ha On ewe AO nopora Hecra6HJI&HOCTH. 3ro .RBneHHe npHBO· 
AHT K p33Mb!TIUO nopora p;3)1(e ManbiM KOnHqecmOM HeOp;HOpO;:uiOCTeH. 

B cnyqae Hecra6HJibHOCTH on nepsoro nopMKa H An.R napannen&HOH HaKaq­
KH nCB HMe!Or qacrory, paBHYIO nonoBHHe qacrorbi HaKaqKH, H pa3MbiTHH 
nopora He npoHCXO,ll;HT. 3ro He 03Haqaer, Op;HaKO, qyo HeO;:uiOpO;:uiOCTH B 3TOH 
CHyYai.lHH B006We He OK33biB310T BnH.RHHH Ha nopor H nosep;eHHe cnHHOBbiX 
BOnH 33 noporOM. 

Bonpocy 0 BnHHHHH HeO;:uiOp<>AHOCTeH Ha napannen&HYIO HaKaqKy nOCB.RWe­
HO MHoro JKcnepHMeHran&HbiX pa6or (eM. M. CnapKc [22]; E. IIIneMaHH 
[231, 236]; X. Cyn [212]) . 3KcnepHMeHTbi npoBOAHJIHCb B ocHOBHOM Ha 

nOnHKpHCTannax, OHH nOK33anH, B qacTHOCTH, 3H3qHTen&HOe ysenHqelfHe nopora 
npH yMeH&WeHHH pa3Mepa JepHa p;o 3HaqeHHH nop.Ra;Ka AnHHbi nCB. .lln11 
rpaKTOBKH nonyqeHHbiX peJyn&raros Hcnon&JOBanHc& npocTbie npea;crasneHHH : 
nopor napannen&HOH HaKaqKH onpea;en.Rnc.R no <PopMyne 

htl Vk I= 'Yk + 'YeJ{k), (43.3) 

ra;e 'Yel - a;eKpeMeHr JaryxaHHH CB, o6ycnoBneHHbiH HX pacce.RHHeM Ha rpaHH­
uax JepeH, 'Yk - JaryxaHHe, o6ycnoBneHHOe co6crseHH&IMH npoueccaMH penaK­
cau;HH. B MOHorpa<PHH M. CnapKca [22] coa;ep)I(HTCH KpHTHKa noii TOqKH 
3peHHH, 33KJIIOq310WeHCH B cnep;yiOWeM: ABYXMamOHHbie npouecCbl He BbiBO· 
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wn JHeprHJO HJ cHcreMbi TICB, H noJTOM}' ycnoBHe 6arraHca JHepnt:H ll.Jl.H HHX 

na>Ke B npHCytCTBHH HeO}l,HOpO}l,HOCTeH HMeer npe>KHHH BH}l, h V = 'Y. B KOIOpOM 

Y411TbiBaerc.H ronbKO co6crneHHOe JaryxaHHe 'Yk. BnH.HHHe >Ke HeonHoponHocreii 

JaKflJO'!aerc.H B TOM, 'ITO HOpMaJibHblMH MO}l,aMH renepb .HBfl.HIOTC.H He TIJlOCKHe 

BOflHbl, a HeKOIOpbie · HX flHHeHHbie KOM6HHai.\HH, KOIOpbie H BOJ6y>K}l,aJOTC.H 

non }l,eHCTBHeM HaKa'IKH . ,lln.H Bbl'IHC11eHH.H nopora, O'leBH}l,HO , Hy>KHO ycpe}l,HHTb 

y cnOBHe 6arraHca JHeprHH h V = 'Y no BOnHaM, BXO}l,.SII.l..IHM B COCTaB HOpMaJibHOH 

MO}l,bl , HMeJOI.l..leH MHHHMaJlbHblH nopor . 8 Hal.liHX 06oJHa'!eHH!IX cpOpM}'na 

M. CrrapKca ll.Jl.H rropora HMeer BH}l, 

hth f I Vo I N(8) sin 8d8 = f 'Y(8)N(8) sin 8d8. ·(43.4) 

0Ha rrpe}l,CKaJbiBaer cna6y10 JaBHCHMOCTb hI OT K OHUeH1 paUHH HeO}l,H0p0}l,HO· 

creii. lleiicrBHrenbHO , B rrpenemHOM cnyqae CHnbHO HeonHoponHoii cpenbi TICB 

paBHOMepHO JaiTOflH.HIOT B CIO peJOHaHCHYIO ITOBepXHOCTb 2wk = Wp , H HJ (43.4) 
cnenyer 

hth f I V0 I sin 8d8 = f'Y(8) sin 8 d8. (43.5) 

TioncraBn.H.H ll.Jl.HOUeHKH'Y(8)= const H V 0 HJ cpopMynbi (14.21) ll.Jl.H H3orporr­

HbiX M<l>, rrony'IHM yBeflH'!eHHe rropora ITO OTHOWeHHIO K O}l,HOpO}l,HOM}' cny'laJO 

Bcero B 1 ,5 pa3a . 

8 neiicrBHrenbHocrH H JTa rroJHUH.H (rrosropeHHaH rro cymecrBy H B 6onee 

IT03}l,HeH MOHOrpacpHH A .f . fypeBH'!a (7)) COOTBeTCTByer HCTHHe flHWb '!aCTH'I· 

HO. 8 paccy~eHH.HX He06XO}l,HMO 6b!fl0 y'teCTb, 'ITO HOBbie HOpMaJibHbie MO}l,bl , 

OTflH'IaJOWHeC.H OT TIJlOCKHX BOflH , He CB.H3aHbl ITOITapHO C rrpocrpaHCTBeHHO· 

O}l,HOpO}l,HOH HaKa'!KOH, KaK JTO cne}l,OBaJIO H3 JaKOHa COXpaHeHH!I HMITYflbCa 

k + (- k) = 0 ll.Jl.H nnocKHX BOnH. TionoMy ycnoBHe 6arraHca h V = 'Y, cnenyJO­

mee H3 CHCTeMbJ ll.BYX ypaBHeHHH ll)l.H a(k) H a(- k) , B006me HecrrpaBell)1HBO 

B HeO}l,HOpO}l,HOH cpene. KaqecrBeHHbie paccy>K}l,eHH.H yno6Hee npOH3BO}l,HTb 

B repMHHaX TeOpHH B03MYJUeHHH ITO Jfel• CTapty!OI.l..leH OT TIJlOCKHX BOflH B 

onHoponHoii cpene . Torna, KpoMe rrapaMerpHtiecKoro rrpouecca 

Wp = w(k) + w(- k), (43.6) 

IlpHBO}l,.HI.l..lerO K B036y>K}l,eHHIO BOrtH Ha TOH '!aCTH pe30HaHCHOH ITOBepXHOCTH, 

rne hI vk I;;;;. 'Yk, He06XO}l,HMO Y'IHTbiBaTb TaK>Ke nBYXMarHOHHOe pacce.HHHe 

Wk = Wk', npHBO}l,.SII.l..lee K B036y>K}l,eHHIO BOflH Ha OCTaJlbHOH '!acrn ITOBepXHOCTH 

(43.6) . no CHX rrop JTO paccy>KneHHe 3KBHBaJieHTHO n03HUHH M. CrrapKca. 

OnHaJ<o narree Heo6xo}l.HMO yqecTb, 'ITO pacce.HHHe Ha xaorH'IecKHX HeonHopon­

Hocux IlpHBO}l,HT K cny'laHHOMY c6o10 cpa3bl BOflH, H IT03TO MY napa BOflH ± k', 
B03HHKaJOI.l..la.H IlpH ll.BYXMarHOHHOM paccef!HHH HCXO}l,HOH napbl , y>Ke He 6yner 

HaXO}l,HTbC.H B H}l,eaJibHOM cpa30BOM COOTHOWeHHH C HaKa'IKOH . TI03TOMY npH 

MHOfOKpaiHOM ll.BYXMarHOHHOM pacce.HHHH 6yner pa3pywarbC.SI cnapHBaHHe 

BonH H B pe3ynLrare OKa>Kerc.H, qro I ak I < nk. EcrecmeHHo nyMarb, 'ITO npH 

CHflbHOM ll.BYXMarHOHHOM pacce.HHHH (Korna 'Ye! > 'Y) K03cpcpHUHeHT cpa30BQH 

Koppen.HUHH BOnH B nape I ak I Ink oKa>Kerc.H nop.Hil.Ka orHoweHH.H KoppenH­

pyiDmero cpaKropa h Vk K xaOTH3Hpy!OI.l..leM}' cpaKropy 'Ye!(k) : 

I ak II nk ~hI vk I he1(k). (43 .7) 

Y'IHTbiBa.H JTO , nepenHWeM ycnoBHe 6arraHca 3Hepnt:H WIH O}l,HOH napbi : 

'Yknk = hVk I ak I 
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B CJienyromeM BHJJ:e: 

I hth Vk 12 ~ 'Yk 'YetCk). (43.8) 

CHmHoe nBYXMarHOHHOe pacce.IIHHe npHBO)J.HT K J<}>l}>eKTHBHOMY o6MeHy 

JHeprHeH Me>KJzy napaMH BOnH Ha pe30H8HCHOH ITOBepXHOC·rn, IT03TOMY YCJIOBHe 

(43.8) HMeeT MeCTO He )J.nR K8)1()J.OH napbl B OTneflbHOCTH, a TOnhKO )J.n.ll BCero 

aHCaM6n.ll IICB: 

hih f v~ [sin 8 het(8)] d8 = f 'Yo sin 8d8. (43.9) 

3Ta l}>opMyna H onpenenneT npH 'Yet> 'Y nopor napaMeTpWI:ecKoro B036y)l(ne­

HH.II oonH hth. Heo6xO)J.HMO nonqepKHYTh, 'ITO oenWI:HHa hth oKa3anacb 6onbme, 

'leM npe)J.CKaJbiBaeT l}>opMyna (43.5), B ("fetf'Y)1 f2 pa3. 3TOT MHO)I(HTenb 

B03HHKaeT 113-38 '18CTH'IHOro pa3pymeHH.II l}>a30BOH KOppen.III.{HH. 

Mbi npHBenH 3)J.ech nonpo6Hoe o6cy)I()J.eHHe oonpoca o nopore napaMeTpH­

qecKOH HeCTa6Hni,>HOCTH )J.n.ll TOfO, 'IT06bi nponeMOHCTpHpOB8Tb Ka'leCTBeHHO 

HOBbie oco6eHHOCTH, B03HHKaromHe B ncJBe)J.eHHH IICB B MarHeTO)J.HJneKTpHKax 

CO CJiy'laHHbiMH HeO)J.HOpO)J.HOCTRMH. l1JyqeJrn.IO 3TOro ITOBe)J.eHH.II H 6yneT 

nocB.IIUleHa Hacro.~~:ma.~~ rnaBa. B § 44 Mhi paccMoTpHM pacce.11HHe CB Ha Heon­

HOponHOCT.IIX B OTCYTCTBHe napaMeTpWI:eCKOH H8K8'1KH. llanee, B § 45, HCITOnb-

3Y.II )J.HarpaMMHYIO TeXHHKY, Mhl ci}>OpMYnHpyeM HCXO)J.Hbie ypaBHeHH.!I )J.n.!l 

cTaTHCTH'lecKoro onHcaHH.!I IICB B CJiy'laHHO-HeonHopo)J.HOH cpene, B § 46 
H3yqaeTC.!I 06Ula.ll CTpyKrypa JTHX ypaBHeHHH H HaxO)J.HTC.II 4>YHKUH.II pacnpene­

neHH.II IIB, B § 47 HaH)J.eH nopor napaMeTpH'lecKoro B036~neHH.II B paJnH'IHhiX 

npenenbHhiX CJiy11a.11x. B § 48 onHcaHo 3anoporoooe nooeneHHe IIB, H, HaKoHeu, 

B § 49 Mbl HccnenyeM )lj:TOH'IHBOCTb 3TOrQ CTaUHOHapHOro COCTO.!IHH.!I H nony­

'IHM cneKTp KOnneKTHBHhiX KOne6aHHH. 

TeopeTH'leCK8.11 '18CTh pe3ynbTaTOB, OITHC8HH8.11 B 3TOH rnaoe, nonyqeHa B 

ocHOBHOM B pa6onx B.E. 3axapooa, B.C. JlbBOBa, MJ1.1IIHpoKoBa H B.B. qepe­

naHoBa [103, 155, 160, 161]. HeKoTopa.ll qacTb pe3ynbTaTOB ny6nHKyeTC.II 

onepBbie . 

§ 44. Paccefnme oonH Ha craTHqecKHX HOO)J.HOpo)J.Hocrxx 

44.1. faMH.JibTOHHaH. lln.11 Bhi.!IcHeHH.!I cTpYKTYPhi H nopMKa oenH'IHHhi 

raMHnbTOHHaHa J(eb OITHCbiBaiOUlero xaOTH'leCKHe HeO)J.HOpo)J.HOCTH, Mbl Bbi'IHC­

nHM ero, 3a)J.aBa.IICb npoCThiMH MO)J.ennMH HeO)J.HOpo)J.Horo <l>M. 

Bapua£4Ufl o6MeHHou KOHCTaHTbl. ByneM C'IHTaTb, 'ITO B raii3eH6eproBcKHH 

<l>M C npOCTOH Ky6H'leCKOH peweTKOH H B3aHMO)J.eHCTBHeM 6nH)I(aH111HX COCe)J.eH 

.'JBBe)J.eHbl aTOMhl npHMeCH 3aMeUleHH.II , OTnH'laiOUlHeC.II OT aTOMOB MaTpHI.{bl 

ronbKO 3Ha'leHHeM o6MeHHoro HHTerpana .'Y'. Torna 

JC =- (.'Y/zo) ~ Jlnlln +z - Ho ~ Jln, 
n,z n (44.1) 

Xet = (:J-:J') ~ llmllm +z· 
m,z 

3necb Jlm - MarHHTHhiH MOMeHT Ha y3ne, n HyMepyeT Bee y3nhi peweTKH, 

m - yJnhl, 3aH.IITbie npHMeC.IIMH, Z - HOMepa aTOMOB nepBOH KOOp)J.HHai.{HOHHOH 

cl}>epbl , Zo - 'IHCJIO 3THX aTOMOB . f1oczyna.11 nanee . CTaH)J.apTHbiM 06pa30M, 

a HMeHHO nepeXO)J..!I OT Jln K ITnOTHOCTH MarHHTHOrO MOMeHTa- HaMarHH'leHHO­

CTH M(rn) = Jln/v 0 ( v0 =a - o6beM JneMeHTapHOH .ll'leHKH), 3aTeM OT M(r) 
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K <t>ypbe-KOMIIOHeHTaM Mb 3aTeM OT Mk K KaHOHHqecKHM nepeMeHHbiM bk, 
ITO <t>opMyllaM (8.8) IIOJiyqHM 

JC = f Wk bk bk dk + JC el, Wk = gHo + Wex(aki, 

Jfel = f T/(k, k
1

) g(k, k
1

) b" (k
1
) b (k) dk dk1

, 

11(k, k 1
) = fl(k- k

1
), Tl(k) = v0 ~ exp(ikr m )/(21r)

3
, 

m ..-... 
g(k, k 1

) = {:J-:'f 1
)Wexa2 (kk1

)/:J= g cos(kk1
). 

(44.2) 

(44.3) 

(44.4) 

3a;ecb fl(k, k 1
) xapaKTepH3yeT pacnpea;erreHHe npHMeceii, a MaTpHUa 

-.. I 

(44.5) 

g(k, k 1
) 

npep;CT3.B1lHeT aMIIJIHryp;y pacceHHHH H3 k B k Ha Oa;HOM IIpHMeCHOM ~eHTpe . 

Bapua14Wi noiiR aHu3orponuu. Eorree Ba)!(HblM c TOqKH 3peHHH JKcnepHMeHTa 

npep;cTaBJIHeTCH crryqaJi, KOrp;a xapaKTepHCTHKOH, OmHqaromeH aTOMbl IIpHMeCH 

OT MaTpHUbi, HBJIHeTCH BHyrpHHOHHOe CIIHHO-op6HTa1lbHOe B3aHMOp;eHCTBHe, 

rrpHBOAHmee K BapH~HH JHeprHH aHH30TporrHH w~ i= w0 • PaccMaTpHBaH }J,]IH 

rrpocTOTbl faH3eH6eproBCKHH Oa;HOOCHbiH <l>M C Oa;HOHOHHOH aHH30TpoiiHeH 

rnna "rrerKaH ocb", aHarrorHqHO rrorryqHM: Bo-rrepBbiX, KBap;pani:~rii raMHJib­

TOHHaH (44.2) H, BO-BTOpbiX, raMHJibTOHHaH B3aHMoa;eiicTBHH CB c a;e<t>eKTaMH 

BHp;a ( 44.3), ( 44.4), B KOTOpbiX . 

Wk = W0 + gH0 + Wex(aki, 

g(k, k 1
) = w~- W 0 = .6.wa. 

(44.6) 

(44.7) 

CpaBHHBaH ( 44.7) c ( 44.5), y6e)f(p;aeMcH, qTo }J,]IH }J,]IHHHbrx CB 6orree 

CYIUeCTBeHHbiM HBJIHeTCH IIOC1lea;HHH MeXaHH3M HapyrneHHH Oa;HOpOp;HOCTH <l>M, 
ero H3yqeHHIO, rrpeHMYIUecrneHHO TeopeTHqecKOMY, B pa3JIHqHbiX KOHKpeTHbiX 

CHTY~HHX IIOCBHIUeHO MHOro pa6oT, CM., HaiipHMep, A.f. fypeBHq [7]. 
Bapua14uR no11R aHu3orponuu e nolluKpucrMIIax. PaccMOTpHM Terrepb Heoa;­

HOpoa;HOCTH B IIOJlHKpHCTaJIJiax· (H B MOqHbiX MOHOKpHCTaJIJlaX) , B03HHKaiO­

IUHe H3-3a roro, qro KpHcTarrrrorpa<t>HqecKHe ocH B 3epHax (HrrH 6rroKax) 

IIOBepHYTbl OTHOCHTeJlbHO a;pyr p;pyra. faMHJlbTOHHaH Jfel B03HHKaeT H3·3a 

BapH~HH JHepmH KpHcTarrrrorpa<t>HqecKoii aHH30TporrHH. B OAHOOCHOM <l>M 

Wa 
Jfel =- - f(n(r)M(r)) 2 dr, 

.gM 
(44.8) 

ra;e n(r) - HarrpaBrreHHe rrerKoii ocH . Ilepexoa;H K KaHOHHqecKHM rrepeMeHHbiM 

bk, rrorryqHM raMHJibTOHHaB Xe1 B BHp;e (43.1), ra;e aMII1IHryp;a IJ!(k, k 1
) eCTb 

• 1 Wa 2 1 

IJ!(k, k) =- f[3nz- 1] exp [i(k- k )r] dr, 
2V 

(44.9) 

V - o6'beM KpHcTarrrra. YqHnmaH, qTo B rrpea;errax Ka)f(p;oro KpHcTarrrrHTa 

HaiipaBJieHHe IIOJIH aHH30TpoiiHH. HeH3MeHHO, H rrpeHe6peraH }J,]IH IIpOCTOTbl 

pa311HqHHMH B pa3Mepax H <t>opMe KpHCTaJIJlHTOB, MO)!(HO 3aiiHCaTb Jfel B 6orree 

rrpHBbiqHOM BHa;e (44.3). B noM crryqae 

11(k,k') = 11(k- k
1
), Tlk = Vc ~ fm exp [ikrm)/(21r)

3
], (44.10) 

m 

2fm=3n;(rm)-1, g(k,k1
)=Wa fdr 1 exp[i(k-k1)r 1

], (44.11) . 
Vc 

I 
rp;e r m - KOOpa;HHaTbl ~eHTpoB KpHCTaJIJlHTOB , r = r- r m. l1HTerpHpOBaHHe 
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B (44.11) npoBO)J,HTC.II no 06'bCM}' O)J,HOrO KpHCTaJTJIHTa Vc· KOHKpCTHbiH BH)J, 

MaTpHIJ.bi g(k , k') JaBHCHT OT pa3Mepoa H <PopMbi KpHCTaJTJJHTOB. ECJJH xapaK­

TepHbiH pa3Mep KpHCTaJTJJHTOB I MCHbiiiC )J,JIHHbi BOJJHbi , TO g(k , k') = Wa· B 
o6paTHOM npe)J.CJJbHOM CJJ}"'ae g(k, k') R:: Wa/Vc I k - k' 13

• B KOHKpeTHbiX 

pactieTaX MO)I(HO npHH.IITb MO)J,CJibHYIO 3aBHCHMOCTb 

g(k , k')=wa, lk - k'l<km , 

g(k , k')=O , lk - k'l>km. 

3)J.CCb km onpe)J.CJJ.IICTC.II H3 yCJJOBH.II HOpMHpoBKH g(k , k ') : 

f g(k, k') dk' = (21T)3 Wa/Vc, k~ Vc = 61r2
• 

(44.12) 

( 44.13) 

EcrrH yqecTh )J.HnOJJh-)J,HnoJJbHOe aJaHMO)J.eHcTBHe, TO Kpyroabre nepeMeHHbre 

bk ~e HC 6y)J,yT )J,HarOHaJTH3HpOBaTb KBa)J,paTH'IHYIO tJaCTb raMHJJbTOHHaHa. 

8 HOBbiX, HOpMaJTbHbiX nepCMCHHbiX ak Bbipa)I(CHHC ,[J)I.II T/ CTaHCT 6oJJee CJJO)I(­

HbiM, 'ICM (44.10) : 

Tl(k,k')= ~ ~fm(k,k')exp[i(k - k')rm], 
(21T) m 

2fm(k , k') = (3n; - 1)(ukuk' + Vk vk*.) + 

+ ~ [ukvk•(nx - iny i + uk' Vk (nx + in yi] , 

(44.14) 

r)J,e Uk, Vk - KOJ<!><!>HUHCHTbl )J,HarOHaJTH3YIOlllCrO npeo6pa30BaHH.II (5.19) . 
CrryqaJ:i Ky6HtJecKoro noJJHKpHcTarrrra c )l,HnOJJb-)l,HnoJJbHbiM B3aHMO)J.CHCTBHeM 

no)J.po6Ho H3ytJeH a 195,& r. a nHoHepcKOH pa6oTe E.liiJJeMaHHa [230]. 
44.2. ,IleKpeMeHT 33TYX3HHJI BOJDI • .IlJJ.II Bbl'IHCJICHH.II )J,CKpCMCHTa 3aTyXaHH.II 

nJJOCKOH BOJIHbi, o6yCJJOBJICHHOrO ee paCCC.IIHHCM Ha CTaTH'ICCKHX HCO)J,HOpo)J,­

HOCT.IIX, MO)I(HO BOCnOJJb30BaTbC.II 06bi'IHOH TCOpHCH B03M}'IIICHHH no j(el : 

rei= 1T f I g(k, k') 12 T/2 (k, k')o (wk - Wk') dk', 

Tl(k, k')TI* (k' , k") = T12 (k, k')o (k - k'). 
(44.15) 

3)J,CCb qepTa 03HatJaCT ycpe)l,HCHHC no CTaTHCTHKC HCO)J,HOpO)J.HOCTCH . .IlJJ.R TO'IC'I­

HbiX )J,e<PeKTOB H3 ( 44.4) H ,[J)I.II nOJJHKpHCTaJTJJOB CO CJJytJaHHOH OpHCHTaUHCH 

OCCH H3 (44.10) MO)I(HO nonytJHTb COOTBCTCTBCHHO 

T/2 (k, k') = u0 c(l - C )/(21T)3
, 

Tl2 (k,k') =vc f(21T) 3
. 

(44.16) 

( 44.17) 

3)J.CCb C - KOHUCHTpauH.II )J,C<!>CKTOB. 113 (44.15), (44.16) H (44.5) noJJyqaeM 

Bbrpa)l(eHHe )1)1.1! )J,eKpeMeHTa pacce.RHH.II CB Ha )J,e<PeKTax c aapHauHeJ:i o6MeHHOH 

nOCTO.IIHHOH : 

- c DJ 5 
rel(k)-- -(ak) Wex. 

481T J 
(44.18) 

B crrytJa.Rx , KOr)J.a a )J,e<PeKTax aapbHpyeTc.II KOHCTaHTa aHH30TponHH, BMCCTO 

( 44.18) norryqaeTc.II 

c (t.wa)2 ak 
rel(k)=41T (44.19) 

Wex 

196 



Bbtpa)!(eHHe ):VI.H 'YetCk) B nonHKpHcTannax Mhi npHBegeM B AByx npeg enbHhiX 

cny'!a.HX. E~JIH ):VIHHa BOJIHhi 2rr/k npeBhtlllaeT paJMep KpHCTaJIJJHTa I, TO 

g(k , k') B cooTBeTCTBHH c ( 44.12) paBHO Wa. Torga 

( 
1 )

2 
w

2 
kl 

47r"fet(k) = - _a_ ' 
a Wex 

kl~ 2rr. · (44.20) 

B cnyqae KOpOTKHX BOJIH (kl '::;:- 2 rr) cTaHOBHTC.H cymeCTBeHHOH <f>opMa 

KpHcTannos. ITo nop.HAKY seJIH'IHHhi 

'Yet~ w~ l/(2rrwex a2 k) . (44.21) 
KaK H CJie)J,OBaJIO O)!(H)J,aTb, pacce.HHHe M3KCHMaJibHO, KOrga ,[VIHHa BOJIHhl 

nop.HAKa paJMepos KpHcTaJIJJHTOB, kl ~ 1. QqeBHAHO .TaK)!(e, 'ITO <f>opM}'JJa 

(44.21) He BepHa, KOr)J,a )J,JIHHa npo6era BOJIH MeHbllle '!eM pa3Mep KpHCTaJIJIH­

TOB , HOO TOrga CaMO nOH.IITHe paCCeHHH.II BOJIH Ha nOJIHKpHCTaJIJIH4eCKOH CTpyK­

Ty pe CT3HOBHTC.II 6eCCMhiCJleHHbiM. 

§ 45. 0CHOBHLie ypasHeHHJI 

B npeAhiAYilleM rraparpa<f>e rrpH Bhi'IHCJieHHH 'Yet - geKpeMeHTa JaTyxaHH.H 

IIJIOCKOH BOJlHhl Ha CJiy'laHHhiX HeO)J,HOpOAHOCT.IIX - Mhl BOCIIOJlb30Ba.JIHCh 

TeopHei1 BOJMYilleHHH no Xet · Op,HaKo B npHcyTcTBHH rrapaMeTpH'!ecKOH HaKa'!­

KH, KOMIIeHCHpyiOilleH JaTyxaHHe BOJIH, TeOpH.H B03MY111eHHH CTaHOBHTCH 

HerrpHMeHHMOH, TaK KaK B Ka)!()J,OM ee rrop.Hp,Ke HaHAYTC.H 6orrbll1He cna.raeMbte, 

HHTerpaJibl B KOTOpblX 6yp,yr paCXO)J,HTbCH HJ-33 COBIIap,eHHH nOJIIOCOB. IlOJTO­

MY AJI.H nocTpoeHH.H TeopHH napaMeTpH4ecKoro soJ6y)!(neHHH sonH B cpegax 

CO CJIY'IaHHhiMH HeO)J,HOpOAIIOCT.IIMH He06XO)J,HMO BOCnOJib30BaTbCH )J,HarpaM­

MHOH TeXHHKOH , pa3BHTOH B m. 7 H nOJBOJI.IIIOilleH CYMMHpOBaTb 3TH CJiaraeMbte. 

45.1. .llnarpaMMHaH TeXHHKa. BKJIIO'!eHHe Xet B raMHJibTOHOBbi ypasHeHHH 

)J,BH)!(eHHH (34.2) npHBegeT K )J,OnOJIHHTeJibHOM}' cnaraeMOM}', nponopUHOHaJib­

HOM}' g(k , k') , B ypaBHeHifHX (34.5) )J,JlH bq :· 

bq = cg [h vk b~ + f g(k , k')TJ(k, k')8 (w - w') aq• dq' + 

+ f Tk1,23b! b2 b38(q.+q1 - Q2 - q3) dq1 dq;dq3 + [q]· ( 45.1) 

B peJyJibTaTe B )J,HarpaMMHhiX p.11gax )J,Jl.H bq, B03HHK3I0111HX npH HTepaUHH 

JTOro ypaBHeHH.H, OK3)!(yrCH BepUIHHhl, rrponOpUHOHaJibHbJe g(k, k') , a COOTBeT­

CTBYIOiliHe HM aHaJIHTH4eCKHe Bbtpa)!(eHH.II 6yp,yT npeP,CTaBJIHTb COOOH p.HP,bl 

no cTeneH.HM fJ H f . IlpH Bhi'IHCJieHHH <f>yHKUHH fpHHa Gq , Lq H KOppennTopos 

nq , Oq 6ygeT He06XO)J,HMO Bbl'IHCJlHTb cpeP,HHe no CT3THCTHKe HeO)J,HOpoP,HOCTeH 

OT CTeneHeH T/k : fik, flk flk ' , T/k.flk' flk", .. . Lf.rrH xaOTH'!eCKH pacnOJIO)!(eHHhiX 

npHMecei1, Korga Tlk onpegerrneTcH Bhtpa)!(eHHeM (44.4) , HenocpegcTBeHHOe 

BbiiTOJIHeHHe npouegyphi ycpep,HeHH.H gaeT 

Aflk AT/k' = ATJ2 (k , k'), Aflk = Tlk- T.ik • 
3' 

ATJk Aflk' AT/k" = Aflk,k',k "• 

t:.T/1 AT/2 AT/3 AT/4 = Aflb Aflj4 + t:.TJb t:.T/~4 + Aflj4 Aflh + AT/j234• 

1i(k)=TJt8(k), fit =c, ATJ2 (k,k')=TJ2 8(k+k'), 

T/2 =c(1 - c)vo/(2rri, ATJ3 (k,k',k")=TJ3 8(k+k'+k"), (45.2) 

f/3 = c(l - c)(I - 2c)(v0 /(2rr)3 
)

2
, 
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r)J.e C H Vo, KaK y)l(e OTMelJaJIOCb, eCTb KOHIJ;eHTpai.J;IDI npHMeceii H 06'beM 3Jle­

MeHTapHOH HlJeHKH. B cnyqae nonHKpHcTannoB c xaoTHqecKH opHeHTHpoBSH· 

HbiMH KpHCTaJinHTaMH H3 ( 44.1 0), ( 44.11) MO)I(HO BHOBb nonyqHTb Q>opMynbi 

( 45 .2), B KOTOpbiX, B OTnHqHe OT ( 45 .2), 

771 = 0, 772 = f~vc/(2 rr)3
, Jin = 1/5, 

)1:. 
I 

71=t 
I ' 

~ 
3 tl\ 

~Tj=,,, 

I I \, · ... 

( 45 .3) 

Tor)J,a npou;eiJ,ypa ycpe)J.HeHHH HeKoTopoii IJ,HarpaMMbi B cooTBeTCTBHH c 

( 45 .2) 6y)J.eT CBOIJ,HTbCH K coe)J,HHeHHIO BCeB03MO)I(HbiM o6pa30M llYHKTHpHblX 

nHHHH 71k, 71k' , 71k" B nyqKH H3 OIJ.HOH, ABYX, Tpex H 6onee nrryK. BKiiroqeuHe 

3THX IJ,HarpaMM B pHIJ.bi IJ.IIH <l>YHKIJ;HH fpHHa npHBOIJ.HT K noHBneHHro IJ,onon­

HHTenbHbiX KOMllaKTHbiX (HenpHBOIJ,HMbiX) IJ,HarpaMM B pH)J.aX (36.9) )J,nH 

L q , nq , <I>q H w q : 

--x- .... 4 
," I ', + 

,--~- ...... 5 
/ I ', 

')IE '• ~+ 
tJ'-.,.. .... 8 

3- + ... 
4 5 

-~-.... ,-X-">--+<-, 
,"' I ', + / / ', ' + 1

3111 
1
'l > '~E't 'E '•••' 

1 -->,::- .... 2 .... -x-,...--x- .... _ 3 ,-x-, "" .... ' , 
tflq=~ +~ +~+ ••• 

,. _ ... x-;-::;:-x- .... , 3 
~+ .•• 

(45.4) 
45.2. OcnoBm.Ie npu6nu)l(eHHR 1eopHH . B pHAax (45.4) ne yqTeH;.,x )J,HarpaM­

Mbi, coAep)l(aJ.UHe IJ,Be H 6onee BepiiiHH T. TeM caMbiM npu paccMoTpeHHH 'leTbi· 

peXBOnHOBOrO B3aHMOIJ,eHCTBHH Mbl orpaHHlJHnHCb npHMH)I(eHHeM CaMOCorna­

COBaHHoro nonH, T.e . CIJ,enaJIH OCHOBHOe IJ,OllylUeHHe S-TeOpHH. 

llpHCTynHM Tenepb K OIJ;eHKe IJ,HarpaMM, OnHCbffiaiOIUHX pacceHHHe BOnH 

Ha ueo)J.Hopo)J.HocTHX. )lHarpaMMa (2) B pRAY IJ.nH Lq paBHacg(k~ k') (AnH CH· 

Tyau;HH C TO'IelJHbiMH IJ,e$eKTaMH) .8 CHnY 3pMHTOBOCTH raMHnbTOHHaHa g (k, k') 
BelUeCTBeHHO, H ll03TOMY 3Ta )J,HarpaMMa OllHChmaeT BKna)J, B lJaCT.OTY BOnH Wk, 
B03HHKaiOIUHH H3·3a H3MeHeHHH cpeAHHX xapaKTepHCTHK cpe)J.bi. B paccMOTpeH­

HhiX Bbillle npHMepax C BapHau;HeH o6MeHHOH KOHCTaHTbl (eM. ( 44.5)) H KOH­

CTaHTbl aHH30TpOIIHH ( CM. ( 44 .7))nonyqHM COOTBeTCTBeHHO 

t::..wk = c(J'- J) wex (ak) 2 {J, t::..wk = c t::..wa . (45.5) 

.IlnH nonHKpHcTannoB !::.. "1c = 0. PaccMoTpHM Tenepb 6onee cno~ro )J.Ha­

rpaMMY (3) B pHIJ.Y (45 .4). HaH60nbiiiHH HHTepec npe)J.CTaBnHeT ee MHHMaH 

198 



qacn.: 

Iml:3(k,w)= 112 flg(k,k')l2 ImG(k', w)dk'. (45.6) 

OueHKa 3TOrO Bbip3)1(eHH.Il 3aBHCHT OT KOHKpeTHoro BH):¥l <}lyHKUHH fpHHa. 

B OTCYTCTBHe HaKa'IKH 

G(k,w)=(w-wk+ ;rkt1 (45.7) 

H /1ll.ll 'Y e 1 = Im l: nonyqaeTC.Il Bbip3)1(eHHe, COBnarotioruee c ( 44.15) . BnoCJieA­

CTBHH Mbl ll0K3)1(eM, 'ITO <}lyHKUH.Il fpHHa G q HMeeT npoCTOH BHA ( 45 .7) H B 

npHCYTCTBHH HaKa'IKH, eCJIH 'Y e 1 > 'Y. B 3TOM )f(e npH6JIH)I(eHHH n6nyqaeM )J,JUI 

AHarpaMMbl ( 4) B p.IIAY ( 45 .4) : 

Iml:4(k, w) = 773 f g(k ,k')g(k' ,k")g(k" , k) X 

X Im {(wk- wk' +irk' )-1 (wk- Wk" +irk" )-1
} dk'dk". 

Ilo nopHAKy BeJIH'IHHbi 

a= Im 1:4/Im l:3 ~ 

~ (173/172gkk)J[ lg(k,k') 1.2/(wk- Wk' + ;rk ·)J dk' . 

(45 .8) 

(45.9) 

Bbi6Hpa.11 3aKoH UHcnepCHH B CTaHrotpTHOM BHAe (44.2) H nom3y.llcb <}lopMy­

naMH (44.5), (44.7), (45 .3) H (45.4) , llOJIYlJHM CJieAyiOWHe OUeHKH : }Jll.ll Ba­

pHauHH o6MeHHOH KOHCTaHTbl a= a 1 ;/1ll.ll BapHaUHH llOJI.II aHH30TponHH a= a 2 , 

}Jll.ll BapHaUHH llOJI.Il aHH30TponHH B llOJIHKpHCTaJIJiaX a = a 3 , rAe 

a, = (J'- J)/J, 

a2 = !J.wa/Wex' (45.10) 

a3 ~ Wa-12 /Wex a '2. 

3Aec& I - pa3Mep KpHcTanJIHTOB, a- nocro.IIHHa.ll peweTKH . BnpeA& Mbi 6yAeM 

C'IHTaTb , 'ITO napaMeTp a MaJI, H Ha 3TOM OCHOBaHHH He 6yAeM Y'IHTbmaTb UHar­

paMMbl C ny'IKaMH H3 TpeX H 6onee JIHHHH . 3TO 03Ha'IaeT , 'ITO CTaTHCTH'IeCKHe 

CBOHCTBa llOJI.Il HeOAHOpD.llHOCTeH 17 .IIBJI.IIIOTC.II rayCCOBbiMH . <l>H3H'IeCKHH CMbiCJI 

3TOrO B TOM, 'ITO Mbl paccMa'!pHBaeM pacce.IIHHe BOrtH B 6opHOBCKOM llpH6JIH)f(e­

HHH . IlpH ·a~ 1 cyMMHpoBaHHe UHarpaMM C ny'IKaMH H3 Tpex H 6onee JIHHHH 

npHBO.llHT K B03HHKHOBeHHIO llOJIIOCOB B llOJIHOH aMUJIHTyAe pacce.IIHH.II g (k , k ') , 
onHcbmaiOWHX JIOKaJibHbie HJIH KBa3HJIOKaJibHbie Kone6aHH.II . BAaJIH oT pe-

30HaHca OHH He OKa3bmaiOT BJIH.IIHH.II Ha llOBe.lleHHe IlCB H yqeT JIOKaJibHbiX 

KOJie6aHHH CBOAHTC.II K 3aMeHe B <}lopMynax 6opHOBCKOH aMnJIHTY.llbl pacce.II­

HH.Il g (k, k' ) Ha nonHyiO i (k , k' ) . CneUHan&HbiH cnyqaii: pe3oHaHca HCCJieAo­

BaH B.E. qepemiHoBbiM B 1979 r. [226) . 
OueHHM Tenep& UHarpaMMY (6) B p.11ny ( 45 .4) c nepece'IeHHeM npHMecHbiX 

JIHHHH: 

Iml: 6 (k, w) = 11~ fg(k,k')g(k', k")g(k" , k '")g(k"', k) X 

X Im[G(k' , w)G(k",w)G(k"' ,w)o(k+k" - k' -k"')J dk'dk" dk"' 
(45.11) 

Ilo nop.~IAKy BeJIH'IHHbi f=lml: 6 /Im 1:3 ~'Yetfwk· B paccMoTpeHHbiX HaMH 

cnyqa.11x (eM. <}lopMYJibi (44.18) - (44.21)) c 6on&WHM 3anacoM BblllOJIH.IIeT­

c.ll ycnoBHe (3 ~ 1, H UHarpaMMaMH c nepece'IeHHeM npHMecHbiX JIHHHH MO)f(HO 

npeHe6pe'Ib. B 3aKJIIO'IeHHe oueHHM "KoM6HHHpoBaHHbie" nHarpaMMbi BHAa 

199 



(7), (8) Bp.IIJlY (45.4): 

~7 = 112 fg(k,k')g(k" ,k'") G(Wk" ,k"') n(k") X 

X o(k + k" - k' - k'")dk' dk" dk'" ""='ret TN/ku . (45.12) 

BHJlHO, 4TO npH He CJIHUIKOM 6orr&lliOH HaJlKpHTH4Hocm B npenerrax npHMe­

HHMOCTH S -TeOpHH ~ 7 /lm ~ ~ 1 H ''J<oM6HHHpOB3HHbie" ]lHarpaMMhl BH]l3 

(7) rruoKe HecylliecrseHHhi. KoM6HHHposaHH&Ie nHarpaMMbi rruoKe Hecy­

lliecrseHHLI JlJl.ll HallieH reoptm. 

TaKHM o6pa30M , B p.ll]lax JlJI.II ~' n' cl>H 'IF Mbl OCTaBJI.IIeM TOJlhKO ll0]l4epK­

HYTbie B ( 45 .4) ]lHarpaMMbl. II pHBe]leM COOTBeTCTBYIDliiHe HM aHaJIHTH4eCKHe 

Bbipa)l(eHH.II 

~ = 2fT(k,k') n(k')dk' + ~eh 
~ et = Tltgkk + 112 I I g(k, k') 12 G(k', w) dk', 

TI(k,w)=Pk +flet(k,w) , 

Tiet(k, w) = 112 fg(k,k')g(k,k')L(k' , w) dk', 

<l>(k,w)=<l>et(k,w)=712 I lg(k,k') 1
2 n(k')dk', 

'lr(k , w) = '~'et(k, w) = 772fg(k ,k')g(k ,k') a(k', w) dk'. 

(45.13) 

JlerKO JaMeTHTb, 4TO eCJIH n (k, W) H a (k, W) ':/> {j ( W - Wp/2), TO H <f> (k, W), 

'IF (k, w) "'{j (w - Wp/2) raK )!(e. 3m 03Ha4aeT, 4TO pacce.HHHe liB Ha cram­

qecKHX HeO]lHOpo/lHOCT.IIX He Hapy11Iaer 0/lHO'laCTOTHOCTh napaMeTpH4eCKOH 

ryp6yrreHTHOCTH BOrrH , xapaKrepeyw JlJI.II S -reopHH . TaKHM o6pa3oM, npH nocr­

poeHHH TeOpHH Mbl M0'15,eM llOJlb30BaThC.II "0JlH04aCTOTHbiMH" ypaBHeHH.IIMH 
,~ 

(37.4) H npeo6pa3oBaTb (45 .13) C llOMOllihiQ (37 .5) H (37 .3): 

r(n) = -y(D) + 1r112f I g(D , n ') !2 f(n ') [k2 (D' )/v(D ')u(n ')] dD ', 

nc~ =P(D) + 1T112fg(D, n')g(fi, n') n cn ')[k2(D ')/v(n ')u(n ')] dD I ' 

P(D) = h V(D) + f S(D, n ')~(n ') dD ' , (45.14) 

<I>(n) = 11d lg(n , n ') 1
2 N(n ' ) dn ', 

'lr(n) = 112 Jg(n, n ')g(IT, IT') ~en') dn ' . 

nonorrHHTeJibHO K ( 45 .13) B Bblpa)l(eHHH JlJl.ll r (D) 3]leCb Mbl Y4JIH cnarae­

MOe -y (D), onHcbiBawlliee JaryxaHHe HCB , B03HHKaiD11Iee HJ-Ja HX B3aHMO­

neHCTBH.II c renrroBLIMH sorrHaMH. CoorHollieHH.II ( 45 .14) BMecre ~ ypasHe­

HH.IIMH (37 .14) llpeJlCTaBJI.IIIQT 3aMI<Hyryro CHCTeMy HHTerpaJibHbiX ypaBHe­

HHH, ll03BOJI.IIIQI.UHX OllHCbmarh CHCTeMy B3aHMO]leHCTBYIQ1IIHX napaMerpH4eC­

KH B036y)I(JleHHbiX BOJIH B cpene CO crryqaHHblMH HeO/lHOpO/lHOCT.IIMH . 

§ 46. cDym<J.~IUI pacnpenerreHHJI ll3p8MeTpHqecKHX CITHHOBLIX BOJIH 

IlepeiTHllieM ypaBHeHHe (37 .4) .lVI.II cpyHKI.I,HH pacnpenerreHH.II C llOMOllihiQ 

COOTHOllieHHH ( 45 .14) B BH]le 

N(D) = 1rk 2 (D) r(n) [r(D)<I>(D) + Im n• (D)'Ir (D)], 

r(n)~(D) + i TI(D)N(D) = 0, (46.1) 

v2 (D) = r 2 (D) - ITI(D)I 2
• 

3TO ypaBHeHHe HMeeT CMbiCJI 6arraHca JHeprHH B CHCTeMe IICB: nepsoe crrarae-
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Moe orr:Mc&rnaer JJliCCMnau:mo 3Hepnm 3a cqer co6crseHHhiX MexaHH3MOB 3ary­
xaHHH, sropoe - nocryiUieHHe 3HeprHH or HaKaqKH. ITpasaH qacr& ypasHeHHH, 
B npH6nH:>KeHHH S -reopHH pasHa.H HYmo, OII:MCbiBaer nepepacnpe.a;eneHHe 3Hep­
rnH Ha pe3oHaHcHoif nosepXHocm Ja cqer pacce.HHH.H sorrH Ha Heo.a;Hopo.a;Hoc­
r.Hx. 113 ( 46.1) crre.a;yer HHrerparr&Hoe coornorneHHe 

f-y(rl.)N(rl.)drl. + Im f h v• (rl.)L(rl.)drl. = 0, (46.2) 

B KOTOpOe JJ:BYXMarHOHHOe pacce.HHHe He BXOJJ;HT, raK KaK OHO npoHCXOJJliT C 
coxpaHeHHeM qacror&I 11 He s&mo.a;Hr, crre.a;osarerr&Ho, 3HeprHJO 113 c!4creM&I 
ITCB. 

BrrHHHHe Heo,a;Hopo.a;Hocreif, KaK Mbi ceifqac noKa)l(eM, npHBOJJliT K .a;syM 
3cpcpeKraM: oqesHJJ;HOMY - H3orponH3aU:HH pacnpe.a;erreHH.H N (fl.) 11 MeHee 
oqeBHJJ;HOMY - pa3pyrneHHJO cpa30BbiX Kopperr.HUHH B napax, npHBOJJ;.HtlleMy 
K yMeH&rneHHro I L (fl.) I no cpasHeHHro c N(rl.). 113yqHM BHaqarre 3TO HBrre­
HHe B HaH6orree HHrepecHoM npe.a;err&HOM crryqae, Kor.a;a KOHu;eHrpau;HH Heo.a;­
Hopo.a;Hocreif senHKa. 

46.1. Cn}"'aA 6oni>rnoA mrreHmBHOCTH pacceHHHH: 'Y el ~ 'Y . B 3TOM npe.a;e­
rre HCXOJJ;Hble HHTerpaJTbHbie ypaBHeHH.H 3Ha~TeJlbHO ynpornaJOTCH. 3a OJJ;HHM 
HCKJIJOqeHHeM, 0 KOTOpOM 6y,a;er HJJ;TH peqb HH)I(e, OHH HMeJOT perneHHe, llpH 
KOTOpoM N(rl.) ~I ~ (fl.) I , r (fl.) ~IT (fl.). 11cnorrh3Y.H 3TH HepaBeHCTBa, 
norry~M 113 ( 45 .14), (37 .4) ypasHeHHe, onpe.a;errHrornee pacnpe.a;erreHHe N (fl.) : 

f I g(rl., fl.') 1
2 [N(rl.) - N(rl. ')] drl.' = 0. 

EJJ;HHcrseH.Hoe pa3y-MH:oe pei.ueHHe noro ypasHeHHH - H3orponHoe pacnpene­
neHHe: N (fl.) = N/4rr. JlnH Bbi~crreHHH L (fl.) , KaK Jro BH.a;Ho H3 (37 .4), 
He06XOJJ;HMO 3HaTb r (fl.) 11 II (fl.) : 

L(rl) = - i II(rl.) N(rl.)/f(rl.). (46.3) 

YqHTbiBa.H, qro Mbl HllleM perneHHe, llplf KOTOpOM f (fl.) RjV (fl.), norry~M 
113 (37 .4) Bblpa)l(eHHe JJ;Jl.H f (fl.) H HHTerparrbHOe ypaBHeHHe <l>pe.a;rOJTbMa 
sroporo po.a;a .a;rr.H onpe.a;erreHHH II (fl.) : 

f(rl.)=4rr 2
7]2 ( lg(rl.,rl.') 12 k2 (rl.')/v(rl.')>n', 

IT(rl.) = P(rl.) + <K(rl., fl.') II(rl. ')) n, , 

K(rl., fl.')= [k 2 (fl. ')/u(rl.')] X 

4rr(fn )= ffn drl. , 

X g(rl., n ')g(IT, IT')/ ( lg(rl.', n") !2 k 2 (rl.)v2 (r!.") >n"· 

(46.4) 

(46.5) 

(46.6) 

B pH.a;e crryqaeB, HanpHMep, npH v (fl.)= V, g (fl. , n') =g 3TO ypasHeHHe 
He HMeer perneHH.H. 3ro 03Haqaer, qro Hallie .a;onyrneHHe r (fl.) ~ IT (fl.) He­
cnpaseJJ;JlHBO. Mo)I(HO noKa3ar&, qro np11 JroM Hcxo.a;Hbre ypasHeHH.H HMeror 
JJ;pyroe perneHHe, B KOTOp0M 

r Rj I II I Rj 'Yei('Yeih) 1 13 ~ v Rj 'Yei· 

3ror Bbrpo)I(JJ;eHHhrif crryqaif Hac HHrepecosaTb He 6y.a;er, H Mbi 6y.a;eM c~­
raTb, qro ypasHeHHe (46.5) MH II (fl.) HMeer e.a;HHcrseHHoe perneHHe, B Ko­
ropoM II nop.HJJ;Ka P. 11cnom3y.H ypasHeHHe (46.3), npeo6pa3yeM paBeHcrso 
(46.1) K BHJJ:Y 

< -y(rl.)) = Re <P* (fl.) II(rl.)/f(rl.) ). (46.7) 
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0TClO,!l;a H H3 ( 46.3) HeMe,lJ,JieHHO crrenyeT, 'ITO 

IP 1
2 

""''Yet r. 

I ~(il) I ::::::N(il)(r/re1)
112 <N(il). 

(46.8) 

3TO 06CTOHTeJibCTBO - pa3pynieHHe !fla30BbiX KOppeJI.IIUHH - npHBO,!l;HT, KaK 
y)l(e oTMet~anoc&, K YBeJIH'IeHHlO nopora . BMecro oueHKH M. CnapKca (43.4) 
hth V ::::::( r} , KOTopaH nonyqanac& 6&I B crryqae I L I =N H3 (46 .7) crrenyeT 
Bbipa)l(eHHe, 6JIH3KOe K (43.9) : 

h;h <I V(il) 1
2 > "'=' < r(il) >'Yet· (46 .9) 

PaccMoTpHM TaK)I(e npyroii npenen&HbiH crryqaif, npencTaBJIHlOlliHH HHTepec. 
46.2. Cnyq&A D0'1'111 o~opo~oA cpe,IJ;bl: 'Yet < 'Y· PaJyMeeTcH, non BJIHH­

HHeM TaKHX HeO,!l;HOp0,!J;HOCTeH nopor napaMeTpH'IeCI<oro B036y)l(]leHHH H no­
Be,!l;eHHe BOJIH ~a noporoM H3MeHHTCH MaJIO, npHHUHnHaJibHhiM MOMeHTOM 
3,!l;eCh 6yneT BhiHCHeHHe 111HpHHhl !flyHKUHH pacnpeneneHHH, KOTOpaH B npene­
ne 'Yet -+ 0 B cooTBeTCTBHH c S -TeopHeii paBHa Hyn10. XapaKTep ee ylliHpeHHH 
OKa3hmaeTCH pa3JIH'IHhiM B CHTyaUHHX, Korna BOJIHbl COCpe,!l;OTO'IeHbl Ha JIH­
HHHX HJIH B TOIJKaX pe30HaHCHOH noBepXHOCTH. Mhl He 6yneM HX H3YllaTb B 06-
weM cnyqae, XOTH 3TO H HeTpy,!l;HO. UocTaTO'IHO nOJIHOe npenCTaBJieHHe 06 
3THX . CHTyaUHHX MO)I(HO nOJIY'IHTb, paccMaTpHBaH ,!l;Ba KOHKpeTHbiX crry'laH, 
peanH3Yl0111HeCH npH napannenhHOH HaKaiJKe CB B Ky6H'IeCKHX q,M. 

EcrrH npeHe6pe'lb Ky6H'IeCKOH aHH30TpoUHeH (a OHa, KaK npaBHJIO, Mana), 
TO TIB B S -TeopHH cocpenoTo'leHbi Ha 3KBaTope pe3oHaHCHOH noBepXHoCTH H 

V(k) = V(x) exp 2i'{J,
4 

V(x) = V(1 -x2
), (46 .10) 

S(k,k')=S(x,x',<P .!..'<P'), g(k,k')=g(x,x','{J-'{J 1
), x=cosO. 

TipH r el < r TIB JIOKaJIH30BaHhl BMH3H X= 0 H 3aBHCHMOCTb N(x) B (37 .4) 
onpenenHeTCH MHO)I(HTeJieM V - 3 (x), OCTaJihHhie K03!fl!f>HUHeHThl 3TOro ypaBHe­
HHH C ,!l;OCTaTO'IHOH TO'IHOCTblO MOryT 6h1Tb B3HThl B TO 'IKe X = 0. To rna 

N(il)=2rrN(x) , 2N(x)=A/v3 (x), 
(46.11) 

B Bhipa)l(eHHH JJ.JIH A Mhi ocTaBHJIH JIHWh 'IJieHhi nepBoro nopH,!l;Ka no 'Yet, 
nonaraH r = 'Y H n = p. 3aBHCHMOCTh V (x) npH MaJibiX X MO)I(HO Bbi6paTb B 
BH,!l;e 

v2(x) = v~ + r2(a2x2 - {32x4), ( 46.12) 

rne KoJ!f>!f>HUHeHThl Q H {3 nopH,!l;Ka e,!l;HHHUbl H JaBHCHT, B006We .rOBOpH, OT 
Ha,!l;KpHTH'IHOCTH. TipH MaJIOH Ha,!l;KpHTH'IHOCTH, KOrna p (x) "'=>h V(x) B CHJIY 
(46.10) a 2 =2, {3 2 = 1.11HTerpHpyH (46.11) nOXHHCnOJib3YH (45J4),HMeeM 

1 

N=A f v-3 (x)dx =A/arv~, A =Nre1 r(1 -K), 
0 

'Ye1=2rrr12k~uo1 
flg(0,0,<P)I

2
di{J, (46.13) 

K = f g 2 (0, 0, <P) exp(2ii{J)d<P/ flg(O, 0, <P) 1
2 di{J. 

B CJ!y'laHx BapHaUHH o6MeHHoro BJaHMoneiicTBHH, Korna g (k, k' ) JanaeTcH 
Bhtpa)l(eHHeM (44.5), K = I/2. UnH nBYX npyrnx crryt~aeB - BapHaUHH nonH aHH­
JoTponHH H JJ.JIH nonHKpHcTannoB npH (k /) < I, Korna g (k, k' ) onpenenHeTcH 
!f>opMYnaMH (44.7) H (44.12), nerKo y6enHTbCH, 'ITO K = 0. EcrrH )l(e (k 1) >I, 
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TO K 6nH3KO K ellJ'[HIU~e: 

1 ..a...K=61/31T41\kl)-2. 

113 {46.13) cne,zzyeT Bbtpu<eHHe .z:ou1 v5 : 

v5 = 'Y 'Yet (I - K)/a, 

(46.14) 

(46.15) 

ODpenenJIIOWee B COOTBeTCTBHH. C paBeHCTB3MH ( 46.11) H ( 46.12) 33BHCHMOCTb 
N(8). B 'lllCTHocTH, nonyumpHHa pacnpeneneHHH N(8) paBHa · 

!:..8 ~ 2vofar = he tO - K)/ra3 Jl /2 ~ ('Yetlr) 1 / 2 • (46.16) 

IlpH Bbl'lHcneHHH noporoBoro nonH Heo6xollJ'[MO }"'HTbmaTb nepeHopMHpoB­
KY (45.14) HaKatn<H H 33TyxaHHH IIB: 

1 211' 

r(x)=r+21r172 J dx' J d'/)lg(x;x','P) 12 k2(x)/v(x)v(x), 
0 0 ( 46.17) 

1 211' 

II(x)=P(x)+21r172 J dx' J d'/)g2(x,x',<P)X 
0 0 

X exp(2i<P) k 2(x)/v(x)v(x). 

KaK BHnHO H3 (46.12), B 3THX HHTerpanax cywecmeHHa BCJI of'inaCTI> H3Me­
HeHHH X, H D03TOMY HX Bbl'lHCneHHe Tpef'iyeT KOHKpeTH3allHH 33BHCHMOCTeH 
g (x, x'), S (x, x') H TJI. CooTBeTcTBYIOWHe MonenbHbte pac'leTbi 6ynyT cnena­
Hbi B cne,zzytoweM naparpaq,e. 

IlpH 'YeJ <( r MO)KeT oKa3aTbCH cywecmeHHoii na)Ke cna6aH KYOH'IeCKaH 
3HH30TpoDHH, H3pyuiaiOW3H aKCHanbHYIO CHMMeTpHIO 3an3'1H H DpHBOnJIW3H 
K TOMY, 'ITO B npHOnH)KeHHH S-TeopHH Ha 3KBaTope (8 = 7r/2) B036y~eHbi 
npH M II [110] TomKo onHa napa '1' 1 ,; (0, 1r), npH M II [100) nse napbt '1' 1 = 
= (0, 1r), '1' 2 = (7r/2, 37r/2), npH M II [111] TPH napbt '1' 1 = (0, 1r), '1' 2 = (7r/3, 
41T/3),<P 3 = (27r/3,57r/3) . Yqey KYf'iHqecKOH aHH30TpoDHH npHBOilJ'[T K 33BH­
CHMOCTH V-OT '/), DpHqeM V MHHHManbHa B Tex TO~ax pe30H3HCHOH DOBepx­
HOCTH, B KOTOpbiX B DpHOnH)KeHHH S -TeOpHH pacnonO)KeHbl napbl. Bf'inH3H MH­

HHMYMa C X= 0, '/) = 'Pj BMeCTO (46.12) HMeeM 

v2(.Q)=v5 +r2 [a2x2 +o2('P-'PJ)2], (46.18) 

me Oe3pa3MepHbiH IiapaMeTp 0 <( 1 xapaKTepH3yeT ManOCTb Kyf'iHqecKOH 3HH· 
30TpoDHH. flanpHMep, npH M II [110] o2 = w0 /wM, qTQ MH >KI1f npH KOM· 
HaTHOH TeMDepaType cocraBnHeT 0,05 %. PaccMaTpHBaH Y3KHe pacnpeneneHHJI 
Mbl TaK )ICe, KaK H B npenhl,lzyWeM cny'llle, B ypaBHeHHHX (37 .4) f'iyneM Y'IH· 
Tbffi3Tb 33BHCHMOCTb OT .Q TOnbKO B BenH'IHHe V (.Q) , Bee OCTanbHbie KO:J<l> · 
<l>HUHeHTbl MO)KHO B3HTb B TO~ax X= 0, '/) ='Pi. Torna nocne HHTerpHpoBa· 
HHJI (37.4) DOXH'/)DOny'IHMBMeCl'O (46.13) 

1 211' 
N=A f dx f d<P/(21Tv3 (x, <P)) = 2zA/aov0 r 2, 

0 0 

A =Nret r 2 (1 -K), 
z 

'Yet= 41T 2 k5 (112 /voz) }; I g('Pj) 12 , 
/=1 

z z 
K = }; g2 (<PJ) exp(2i<Pi)/ }; !K('Pj) 1

2
, 

j= 1 /= 1 

(46.19) 
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rne z = 1,2,3 - 'IHCJIO nap B npH6JIH)I(eHHH S-TeopHH. l13 (46.19) cnenyeT 
Bbipa)l(eHHe .llJI.II v 0 : 

vo = 2z'YetCl - K)/cx.o (46 .20) 

H B CObTBeTCTBHH C (46.18) Bblpa)l(eHH.II ,llJI.II norrylliHpHHbl <l>YHKI.J;HH pacnpe­
p:eneHH.II no 8 H '{! : 

11.8 = v0 /cx.'Y = 4z 'YetO -K)/cx.2 o'}', 

11.1{! = vo/o 'Y = 4 z 'Yet (1 - K)/cx.o 2 -y . 
(46.21) 

llonyqeHHbie pe3yJihTaTbi (46 .20) H (46.21) cnpase.llJIHBhi, ecnH z 11.1{! <21T. 
llpH o < 1 no HarraraeT orpaHH'IeHHe Ha BeJIH'IHHY nsyxMarHoHHoro pacce.II­
HH.II 

'Yet< -ycx.o 21T/2z 2(1 - K) ~ o 2-y . 

llpH BbffiOJIHeHHH o6paTHOfO HepaBeHCTBa, <l>YHKI.J;HIO pacnpeneneHH.II 
N (x, '{!) MO)I(HO C'IHTaTb He 3aBHcmueii oT '{!. 3To 03Hal!aeT, 'ITO Ky6H'IecKOH 
aHH30TponHeH, HapymaromeH aKCHaJibHYIO CHMMeTpHIO, MO)I(HO npeHe6pe'lb, 
KaK 3To cnerraHo B npell:hiP:YllleM nyHKTe. 0TMernM ewe, 'ITO npH z = 1 B co­
OTBeTCTBHH C ( 46 .19) , ( 46 .20) K = 1 H Vo = 0 . 3TO 03Hal!aeT , 'ITO CJiy'laH Oil:HOH 
napbl He06XOil:HMO paCCMaTpHBaTb OT)l;eJibHO, OCTaBJI.II.II B (37 .4) JaBHCHMOCTb 
OT '{! He TOJibKO B V ('{!), HO H B nO)];hlHTerparrbHblX Bbipa)l(eHH.IIX (45.14) W!.ll 
4> H '11. Y'IHTbma.ll 3TO o6cTO.IITeJibCTBO, norry'IHM BMecTo (46.19) 6orree TO'I­
Hbie ypaBHeHH.II: 

N('P) = 'Yet'Y X 
ex. [v5 + 'Y2 o2 si1J,2 'P] 

X f lg('{! - 'P') 
12 

[1 - exp(2i('P - 1{! 1
))] N('P') d'{! . 

jg(O) 12 

3necb 'Yet onpenenR:eTC.II Bbipa)l(eHHeM 
pa)l(eHHe ,llJI.II vern H N('{!) : 

1 
N('{!) = f N('{!,x) dx, 

-1 

v2(.Q)=v5 +'Y2(a.2x2 +o2sin2'{!). 

(46.19) npH Z = 1 H HCnOJib30BaHO Bbl-

(46.22) 

llocnenHee nepexonHT B (46.18) npH MaJihiX 'P· B (46 .22) oKa3biBaeTC.II cy­
wecrneHHOH BC.II 06JiaCTb HliTerpHpOBaHH.II no '{!, llOJTOMY He06XOnHMO 3ap:aTb 
.IIBHhiH BHng (0, 0, 'P). llpennonara.11 .llJI.II npocTOThi g = const, norryqaeM HHTer­
paJihHoe ypaBHeHHe .llJI.IIN('{!) C Bblpo)l()];eHHh1M .llll:poM: 

N('P) = ('Yet 'Y /ex.) [N- N, exp(2i'P)] [v5 + '7'2 o 2 sin2 'P] _, , 

N=fN('{!)d'{!, N 1 =Iexp(-2i'{!)N('P)d'{!. (46 .23) 

Jlsa)l()];h1 HHTerpHpy.ll (46.23) no'{! C BeCOM 1 H exp(- 2i'{!), norryqaeM CHCTe­
MY JIHHeHHhiX ypaBHeHHii WI .II N H N1 , ycrroBHe pa3pelliHMocrn KOTopoii naeT 

cx.2 = ('Yei 'Y)2 { [ f(v5 + 'Y202 sin2'{!)-'d'P] 2 -

- lf(v5 + '}'2o2 sin2'{!)-1 exp(2i'{!) d'{!l 2} (46.24) 

0Tcrona npH v 0 < 'Y norry'laeM 

vo = 41T 2'Y~t /cx.2o-y. 
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C :noM: )f(e TO'IHOCTbiO MO)f(HO, Bbrpa3HB N1 qepe3 N c noMOWbiO (46 .24), rrorry­
'IHTb H3 (46.23), 

~tpcos2tp + (~tp) 1 1 2 o -l sin2 tp 
1r N( tp) = N (O) --( A--:)2:---. --:-2 ____ ' 

u.tp + SJfl tp 
(46.26) 

3ro Bbrpa)f(eHHe wu1 N(tp) npeucrasm1er co6oii: <I>YHKUHIO JlopeHua c norry­
WHpHHoii: ~tp rrpH tp < tp 0 , rue 

tfJo ~ o l/2 (~tp) 1 / 4 ~ (2rrre1/ory)1 12 , ( 46 .27) 

H t<OHCTaHTy, paBHYIO (~tp) 1 1 2 jo IIpHtp>tp 0 .CpaBHHBaH (46.26) c(46 .21), 
y6y)f(llaeMCH B roM, qro yiiiHpeHHe <I>YHKUHH pacrrpeuerreHHH N(tp) no tp , Bbi3-
saHHoe llBYXMarHOHHbiMH pacceHHHeM, B crryqae OllHOH napbl (46.26) OKa3bi· 
saercn cywecraeHHo MeHblne, qeM B crryqae llBYX HJIH rpex nap (46 .21) . 

46.3. Marroyrnosoe pacceHHHe. CHryaUHH, rpe6yrowan oruerrbHoro paccMoT­
peHHH, B03HHKaer B crryqae rrrrasHbiX HeoUHopoUHocreH: cpellbr, Korua ymhr 
pacceHHHH Marrbr H <I>YHKUHH g. (k, k' ) omH'IHa or Hyrrn rrHIIIb llJIH I k - k' I ~ 
< k. IT pellllorraraH llJIH npocrorbr 3aKOH )J,HcnepcHH sorrH H30ipOTIHbiM, a 
g (k, k' ) 3aBHC.IIIUHM OT MO}],yrreii: k, k' H yma Me)f(ny HHMH, rrepeii:ueM B ypaB­
HeHHHX ( 46 .21) K /l.HQ>Q>epeHUHaJibHOMY npH6JrH)!(eHHIO: 

f'(.Q) = r(D) +'Yet f'(D)/v(D) + ~ 'Yel ~2 ~(8, tp)[f'(D)/v(D)], 

Il(.Q) = P (.Q) + 'Yerii(D)/v(.Q) + ~ 'Ye1~2 ~(8, tp)[Il(D)/v(D)] , 

v2 (.Q) = f 2 (.Q) -I Il(D) 12 , 

/':--.... 
'Yer~2 =rr112k2 u-1 flg(n,n') 12 an'sin2(D n'), 

(46.28) 

rue ~ (8, tp) - ymosan qacrb oneparopa Jlanrraca. AHarrorn'IHo, rrepexoun 
K /l.HQ>Q>e peHUHaJibHOMY npH6JIH)f(eHHIO B ypaBHeHHH 6arraHca 3HeprnH ( 46.1) , 
norry'IHM nocrre pnua ro)f(llecrseHHbiX npeo6pa3oBaHHii: npocroe ypaBHeHHe 

r(D)N(.Q) + Re [·II* (.Q)P(.Q)N(D)/f'(D)] = 

= ~ 'Yel ~2 ~(8 , tp)[v(.Q)N(D)/f'(.Q)) . (46.29) 

Ero rrpasan qacTb oTIHcbmaer /l.HQ>Q>y3HIO 3HeprnH ITCB no pe3oHaHcHoii: no­
aepXHOCTH 3a cqer Marroyrrrosoro pacceHHHH Ha IIJiaBHbiX HeOllHOpOllHOCIHX. 
J1ccrreuyeM CHCTeMy ypasHeHHH (46 .28) - (46 .29) llJIH Ky6HqecKHX <l>M (CM . 
(46.10)) B llBYX npeueJibHbiX crryqanx - hpH re 1 ~ 2 ~ r H 'Ye 1 ~ 2 ~'Y - Torua 
IT (.Q) =IT (8) exp (2itp) H B Q>opMyrrax (46 .28) OCTaeTCH TOJibKO 3aBHCHMOCTb 
OT IIOJIHpHoro yma 8 : 

1'(8) = r(8) + 'Yel f'(8)/v(8) + ~ 'Yer~2 ~(8) (f'(8)/v(8)), 

II(~)= P(8) + [ I1(8) 'Ye! /v(8)] (1 - 2~2 /sin28) + 

+ ~ 'Yel ~2 ~(8) [Il(8)/v(8)), ( 46.30) 

v2 (8) = 1'2 (8) - I I1(8) 1
2

, 

F 2 (8) = [1'(8) - I I1(8) I] I [1'(8) +I I1(8) I ]. 
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0TciOp,a non}"'aeTcJI 3aMKH}'Toe ypaBHeHHe MJI <l>YHKUHH F (8) : 

eF4 + F 3 ('y- IP(8) l)/2r + F(r + IP(8) l)/2r- e = 2eF3 ~(8)lnF, 

e = re 1 ~2 /2r. (46.31) 

3HaJI Bbipa:>KeHHe MJI F' MO:>KHO HaHTH r' II H v npHMbiM BbJliHcneHHeM: 

r(8) = r + 1/2re
1 
(F + F- 1

) + re ~(8)[F + F- 1
). {46.32) 

MaJl(JJI. UHTeHcueHocn pacce.JIHU.R. e ~ 1. B 3TOM npH6nH:>KeHHH napaMeTpHtiec­

KHe BonHbi, KaK Mbi noKa:>KeM HH:>Ke, cocpep,oTotieHbr B.Y3KOH o6nacTH ~8 ~e 113 

BOOH3H MaKcHMyMa P (8) . CtiHTaJI ATIJI onpep,eneHHOCTH, liTO P (8) MaKCHManb­
Ho npH 8 = n/2, nono:>KHM npH ManbiX x =cos 8 P'(x}= P0 - rxy x 2

, r,.n;e a nopJIA­
Ka ep,HHH~bi, H onpep,enHM Xo paBeHCTBOM p (x0) = 'Y· IlpH X~ ~€, x3 ~€ ypaB· 
HeHHe ( 46.31) HMeeT pemeHHe F = y2jj X j. IlpH X~~ € H X3 > € BRA pemeHHJI 

(46.31) H3MeHJieTcJI He3HatiHTenhHo : F = (2/a) 112 1 xl. Ilop,cTaBnJIJI 3TH cooT­
HomeHHJI B ( 46.32), nonYtiHM npH x 3 > e: 

r(x) = 'Y + 'Yel (2ja)1 f2 jx rl + 2 'Y€ (2/a)1 f2 j X 1-3, 

v 1 r = (2a) 112 I x 1 1 II 1 jr = 1 - a x 2 
• 

{46.33) 

IlpH x 3 < € B 3THX COOTHOllieHHJIX cnep,yeT nonO:>KHTb a = 1. IlOP,CTaBnJIJI.CO· 
OTHOllieHHJI (46.33) B ypaBHeHHJI (46.29) , llOnYtiHM.B o6naCTH X3 > €: 

( 
2)112 az 

(2x2 -x~)N - e - -
2 

( i x IN)= 0, 
a ax 

IlpH x 3 < e 3p,ecb cnep,:¢h nono:>KHTb a = 1. llrrH <l>YHK~HH 'IJI (x) = N (x) 3TO 
ypaBHeHHe JIBnHeTCJI ypaBHeHHeM IIlpeAHHrepa c "noTeHUHanbHOH 3HeprHeii" U: 

(-a:2

2 +U)'I!=E'IJI, U=(2/a) 1 12 (2x2 -x~)/lxle, {46.34) 

H co6cTBeHHbiM 3HatieHHeM " 3HeprHH" E = 0. ITo <l>H3HllecKoMy cMbrcny 3ap,atiH 
'IJI ~ 0, H nonoMY Hac HHTepecyeT pemeHHe ( 46.34), He cop,ep:>Kamee YJnoB, 
T .e. COOTBeTCTBYIOlUee "ocHOBHOMy"COCTOJIHHIO. BenHtiHHa Xo, BXOP,JilUaJI B Bbi· 
pa:>KeHHe ATIH "noTe~ana", H p,on:>KHa onpep,enHTbCJI H3 ycnoBHJI paBeHCTBa HY­
niO 3HeprHH OCHOBHOrO COCTOJIHHJI. TOliHO na 3ap,atia He pemaeTCJI, OP,HaKO npH6-
nH:>KeHHO ee MO:>KHO pelliHTb, HCllOnb3YJI BapHaiUIOHHbiH npHHUHll ATIJI ypaBHeHHJI 
IIlpeP.HHrepa. B pe3ynbTaTe 

x 0 "«e 2 131n(e1 13jfl), fl"«e 113 , (46.35) 

rp,e fl - xapaKTepHbiH pa3Mep -,;npo6HbiX Q>yHK~HH" . IlpH X> Xo ypaBHeHHe 
(46.35) nepeXOAHT B ypaBHeHHe M11 <i>YHK~HH 3JipH H 

N(x) ""'x- 514 exp [- 2x312 /3Ve]-+ 1/ I xI npH x 3 <e. ( 46.36) 

Heo6xOAHMO OTMeTHTb, qro 3Ta acHMnTOTHKa cnpaBeATIHBa, ecnH x 6onbrne 
tieM xapaKTepHbrH yron pacce11HH11 ~ :npHx < ~ HapymaeTC11 Hcxop,Hoe AH<l><Pe­
peH~HanbHOe npH6nH:>KeHHe H <I>YHK~H11 N(x) BbiXOAHT Ha nnaro. TaKHM o6pa-
30M, 3HatieHHe <l>YHK~HH N(x) cTaHOBHTC11 BABOe MeHbme, qeM ee MaKcHMaJib­
HOe 3HatieHHe npH H3MeHeHHH yrna (J OT Tr/2 Ha BenHtiHHY ll0p11P,Ka ~. Op,HaKO 
nonoBHHa :meprHH naKeTa cocpep,orotieHa B o6nacTH yrnoB I (J - n/2 I ""'fl ""'e 113, 
KOTOpy iO ecTeCTBeHHO CliHTaTb xapaKrepHOH lliHpHHOH naKeTa. 11cnonb30BaHHOe 
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H8MH AHcpcpepeHI.(HaJlbH06 npH6JIH)I(eHHe cnpaae,[I)IHBO, eCJIH € > t. 3, 'ITO ,11;aer 
'Ye! > t.-y. llpH BblfiOJIHeHHH 06paTHOf0 HepaaeHCTB8 cnpaBe,[I)IHBbl Bbl'lHCJieHHH, 
npoaeAeHHbie a Ha'larre :noro naparpacpa H a cooraercrBHH c ( 46.18), ( 46.14) : 

t.(8)-;:::: ('Yel t./')'). ( 46.37) 

3AeCb, KaK H BCIO.lJY B JTOM nyHKTe, 'Ye! onpe,ll;eJI.IIeTCH Bblp8)1(eHHeM (46.28) H 
omHqaercH or 'Ye! B ( 46.16), onpe,ll;eJieHHOH no ( 46.13), MHO)I(}{TeJieM nopHA· 
Kat.. 

Eoll&WtlJI. UHTeHcueH~CTb pacceJlHUR 'Ye1t.
2 )> ')'. B JTOM crryqae ypaaHeHHH 

)J)lH nepeHOpMHpoBKH 381)'X8HHH H H8K8'lKH ( 46.30) HMeiOT peweHHe, B KOTO· 
poM r(8) )> n(8). Orcro,11;a 

1 
r(8) = 'Yel + 'Y + I n (8) 1

2 /2 'Ye!, v(8) = r(8) - I h (8) 1
2 /2 r(8), 

[4/sin2 8 + t.(8)]ll(8) = 2P(8)/t.2
, v(8) = 'Y + -y61 . {46.38) 

Ib nocrreAHero ypaaHeHHH crre.uyer, 'ITO n-;:::: P/ t.2
• B qacrHocrn, npHP(8) = 

=P sin2 8 II (8) = 2P(8)/3t.2 H ypaaHeHHe (46.38) npHHHMaeTBHA 

('Y- 2 I P 1
2 sin4 8/3t.2 -yeiJN(8) = 77. 'Ye1t.2 t.(8)N(8) . (46.39) 

neau qacrb Jroro YfaBHeHHH nopHAKa -yN, H noJTOMY c ro'IHOCThiO AO 
'IJleHOB nopHAKa ('Yf'Ye1t. ) t.(8)N(8) = 0 H pacnpeAeJieHHe N(8) HBJIHercH HJOT· 
ponHbiM: N(8) = ·. N/4rr . 3ror BhiBOA, paJyMeercH, · He JaBHCHT or KOHKperHoro 
BHAa JaBHCHMOCTH P(8). 11HrerpHpyn (46.39) no rerrecHOMY yrrry, norry'I:HM 

(45/16) 'Y'Ye1t.2 =I P 12 . (46.40) 

0TCIO,ll;8 H H3 ( 46.38), ( 46.36) H ( 46.3) MQ)I(HO HaHTH yrrroayro 38BHCHMOCTb 
8HO MarrbHOfO KOppeJIHTOpa 

~(8) = (N/4rr)(S-y/4'Yelt.2
) 112 sin1r8 . ( 46.41) 

KoHKpeTHbiH BRA JaBHCHMOCTH ~(8) BOJHHK HJ peweHHH ypaaHeHHH (46.38), 
B KOT0p0M P(8)- sin2 8, BbiBOA )Ke 0 CTeneHH pa3peweHHH cpa30BbiX KOppeJIH· 
UHH HBJIHeTCH o6mHM: 

~(8)/N-;:::: C'YheJt.2 i/2 < 1. (46.42) 

§ 47. llopor napaMerpll'leCKOI'O B036}')KAeiUUI B HOOAHOpOAHOA cpe,11;e 

Ha K8'leCTBeHHOM ypoBHe Mbl y)l(e 06Cy)l(,ll;aJIH BO BBeAeHHH K H8CTOHUleH 
rrraae aonpoc o BJIHHHHH ABYXMarHOHHOro pacceHHHH Ha nopor napaMerpH'Ie­
cKoro BOJ6y)l(,ll;eHHH. 3Aecb )l(e Mhi norry'I:HM KOJIH'IecraeHHhie peJyJibT8Thi )J)lH 
HaH6orree HHTepecHbiX npeAeJihHbiX crryqaea. 

47.1. Bonhlllu HHreHCHBHOCTh pacceHHHH 'Ye! )> -y . .IlrrH onpenerreHHH nopora 
H006XO,ll;HMO npe)l(l);e Bcero pelllHTb ypaBHeHHe (46.5), CBH3biB810Ulee nepeHOp· 
MHpOB8HHYIO H8K8'1KY C HenepeHOpMHp0B8HHOii. JlrrH onpeneJieHHOCTH 6y,ll;eM 
C'IHI'8Tb cnpaae)J)lHBOH MOAeJlb ( 46.1 0): P(fl.) = P(8)exp(2i!p), ... 

PaCCeJlHUe Ha TO'le'lHbiX oerjJeKTax 6 Clly'lae eapua!4UU o6MeHHOU KOHCTaHTbl. 

B JTOM crryqae ypaaHeHHe ( 46 .5) nocrre HHrerpHpoaaHHH no 'P npHo6peraer BHA 
1 

II(x) = P(x) H4(1 - x 2
) f(1 - x '2 )II (x') dx' = 

0 

= SP(x)/3 = 5h V(1- x 2 ) /3. (47.1) 
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.[lanee, JI)lll OIIpeneneHH.R IIOpora He06XOJJ:HMO Bbl'IHC1IHTb f(D). 8 COOTBeTCT­
BHHC (46.4) , {44.5), (47 .1) H (46.7) HMe6M 

f(D) = 4rr2g 2 k 2 /3 v = ')' el> 

hth V = (KTiel/8) 112
. 

(47 .2) 

PacceJmue na TO'Ie'IHbLX oeifjeKTa.x npu eapuaquu no.'IR aHu3oTponuu u pac­
Ce.RHue 6 no/IUKPUCTaJllla.x npu kl < I , K02oa g(k, k') = g ( CM. <f>opMynbi ( 44.7) 
H (44.12)) . 8 JTHX CJiy'la.RX COOTHOllleHH.R (46.4) - (46 .6) JJ:a!OT 

f(x)=4rr2g2k 2 /v='Yet> ll(x)=P(x)=hV(I -x 2
). 

noncTaBn.R.R JTH <f>opMy1Ibi a (46 .7), rronytJaeM peJymTaT, 6nHJKHH K ( 47.2): 

hth V = (15 'Y'Yel/ 8) l/ 2
. (47.3) 

47 .2. Cny11aA 6onbrnoA mrreHCHBHOCTH pacceHHH.R Ha JUiaBHbiX Heonuoponuo-
CTBX 'Ye1A 2 ~ ')'. Bbipa)l(eHHe JJ:]I.R rropora rrapaMeTpH4ecKoro BOJ6y)I(JJ:eHH.R 
cnenyeT HJ <PopMy1Ibi ( 46.40), a KoTopoii cnenyeT rronO)I(HTb P = hth V: 

(hth Vi= 45'Y'YeiA2 / 16. (47.4) 

3necb 'Yel H A 2 OIIpenen.RIOTC.R HJ COOTHOllleHHH ( 46 .28), B KOIOpb!X g(D, D ') 
cnenyeT BJ.RTb HJ ( 44.12) . llpH JTOM JJ:]I.R 'YeJ B ( 47 .4) rro!IyqaeTc.R Bbipa)l(eHHe 
(44.21),a 

A 2 ::::::!, 7,6(kir2
. (47 .5) 

KaK BHJJ:HO HJ cpasHeHH.R <f>opMyn (47.4) H (47.2), a Bbipa)l(eHHe JJ:]I.R 
IIOpora IIpH MaJJOyrnOBOM pacceRHHH BXOAHT JJ:Oil01IHHTe1IbHbJH MaJibJH rrapa­
MeTp A::::::!, (kir' , HMe!OlllHH CMbicn xapaKTepHoro yrna pacce.RHH.R. 3TH <f>opMY-
1Ibi Il03801I.RIOT OIIpeJ];e1IHTb JaBHCHMOCTb rroporOBOrO Il01I.R hth B Il01IHKpHCTaJI-
1IaX OT paJMepa KpHcTannHTOB I "'JJ:]IHHbi aonHbi 2rr/k . llp» kl <I HJ (47 .2) 
H ( 44.20) cnenyeT 

hth V:::::!. Wa ('Yk/Wex)112 (1/a)(k/) 112
. ( 4 7.6) 

llpH kl> I HJ (47.4) , (47.5) H (44.2 1) rrony"'HM 

(47.7) 

KaK "' cnenoaano O)I(HJJ:aTb, rroporoaoe none h 1h MaKCHManbHO, Korna nnHHa 
B011Hbl IIOp.RJJ:Ka pa3MepOB KpHCTaJI1IHTOB . 

47 .3. MaJIIUI mrreHCHBHOCTb pacceHHHH 'Yel ~ ')'. C TO"'KH 3peHH.R JKcrrepHMeH­
Ta HaH001IblllHH HHTepec J)J;eCb rrpencTaBn.ReT aKCHaJibHO-cHMMeTpH4HblH CJIY"'aH, 
Korna V(D) orrpenenReTc.R <f>opMynoii ( 46.1 0), a g(k, k ')=con st. KaK BHAHO 
H3 (46.17) , B JTOM cnyqae He IIpOHCXOJJ:HT rrepeHOpMHpoBKH HaKa"'KH: ll(x) = 
= h V (X) H IIOporOBYIO aMil1IHTYJJ:Y h th MO)I(HO OIIpenenHTb H3 COOTHOllleHH.R 

(47 .8) 

BenH4HHY v0 = v(x) rrpH x = 0 Mbi Bbi"'HCJIHnH paHbrne (eM. <f>opMyny 
( 46.15)) , IIepeHOpMHpOBKa JaryxaHH.R Ja)J;aeTC.R <f>opMy1IOH ( 46.17), B KOTO ­
poH v (x) cnenyeT BJ.RTb HJ ( 46.12) : 

1 

r = 'Y + 'Y'Yel f [v~ + ')'2 (2x 2 
-- x 4 

)] _
1

,
2 dx , 

0 

Vo = 'Y'Yed..Jf 
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0pH6lliDKeHHOe Bbi'IHClleHHe :noro HHrerpana npH 'Yel ~ r naer 

r = 'Y + (red2Vl) ln(l ,14rfrel) . 

00}J.CTaBJIHH Bb!pa)f(eHHH }J.nH f' H Vo B ( 4 7 .8) , nonyyae M 

hth V = r + Cred2v'2)1n(0,42rfre1). 

(47.10) 

(47 .11) 

Ha nepBbiH BJrnnn Ka)f(ercn YAHBHTeJibHbiM, 'ITO ysenH'!eHHe noporosoro 
nonn h1h OKaJanOcb na)f(e 6onblllHM, '!eM JTO cnenyer HJ npocTOif (H HeBepHoif) 
cjlOpMYJibl ( 43 .3), B KOTOpOH Y'IHTb!BaerCH TOnbKO nepeHOpMHpOBKa JaryxaHHH 
'Y--> 'Y + 'Yel H He Y'IHTbiBaercH HapyllleHHe cjla30Bb!X KOppenHUHH , npHBOAHIUee 
K cnaraeMOMY Vo B (47 .8). lleno B TOM, 'ITO HaKa'!Ka IlO'ITH IlOJlHOCTbiO KOM­
neHCHpyer JaryxaHHe napaMerpH'!eCKHX BOJIH, B peJynbrare ycHnHBaercH 
rrpouecc ABYXMarHOHHoro pacceHHHH H rronHoe JaryxaHHe rrapaMerpH'!ecKHX 
BOJIH f', KaK JTO BJ.!AHO H3 ( 47.1 0), OKa3biBaeTCH OOnbllle , '!eM 'Y + 'Ye! · 

47 .4. Man:IUI HHTeHCHBHOCTb pacceJIHHH ua IUiaBHbiX ueo.nHopo.IUIOCTHx: 
-yf:. 3 < 'Ye1f:. 2 < 'Y· OoporOBaH aMrrnHry}J.a hth B JTOM cnyyae Orrpe.o.enneTC.R 
H3 ¢opMyn (46.3) HP(xo) = 'Y· no IlOpHAKY senHlJHHbl 

hth Vo - r= 'Y('Ye!!::. 2 /r)312 Jn(rel/!::.1') . (47.12) 

Ha BepxHeM npenene rrpHMeHHMocrH npH re1t:.2 ~ r rroporosce none coBrra­
naer c reM, Koropoe naer ¢opMyna (47.4), nony'!eHHa.R npH re1!::.2 > r. Ha 
HH)f(HeM npe,[J.ene rrpH 'Yel ~ 'Y hth Vo ~ 'Y + rt:.2

• OpH 'Yel < rt:. lllHpHHa naKera 
( 46.37) MeHbllle '!eM!::. H AH¢¢Y3HOHHOe npH6JIH)f(eHHe uerrpHMeHHMO. Bbi'IHC­
neHHH, auanorH'IHbie reM, Koropbie Mbi nposenH B n. 47 .3, H y'IHTbiBaiOmHe 
nepeuopMHpOBKy HaKa'IKH, na10r 

hth v - r~ 'Ye!t:.ln(rt:./rel). (47.13) 

§ 48. 3arroporosoe noBeAeHne napaMerpH'IeCKH B036YJKAeHHbiX Bonn 

flpH HJyqeHHH IlOBe}J.eHHH napaMeTpH'!eCKH B036y)I<)J.eHHblX BOJIH HaH60JiblllHH 
HHTepec npe,[J.CTaBJIJieT CllY'IaH 6bJiblllOH HHTeHCHBHOCTH pacceliHHJI, KOr,[J.a 
MO)f(HO O)f(H}J.aTb HaH6onee CHnbHOfO BJIHJIHH.R ABYXMarHOHHOfO pacce.RHH.R. 
Bbi'!HcneHH.R B :noM cny'lae ynpomaiOrc.R H3·3a roro , 'ITO pacnpeneneHHe N(rl) 
.RBnnercn HJorponHbiM: N(rl) =N/4rr, H nnnP(x) H3 (45.14) H (46.3) cneeyer 
npocra.R ¢opMyna 

1 

P(x) = h V(x) - i(N/re1) f S(x, x ')TI (x ') dx' , 

X= COS 0. 
0 

( 48.1) 

llnn onpeAeneHHll JaBHCHMOCTH N(h) ueo6xOAHMO coBMecrHo pelllHTb ypaB­
neHHll ( 48.1) H ( 46 .5) , Bb!pa3HB P(x) H n (x) qepe3 h v H N, H llO,IJ.CTaBHTb 
peJymrar B ypaBneuHe 6anauca ( 46 .2) . lln.R Ky6H'!ecKHX <l>M xopollleif MOAem­
HOH JaBHCHMOCTbiO S(x, x') .RBn.Rerc.R ¢opMyna 

S(x,x')=S(1 - x 2 )(1 - x'
2
). (48 .2) 

Y'IHTbiBa.R , 'ITO V(x)- 1 - x 2 , nonyqaeM pellleHHe ypasHeHH.R (48.1): 

P(x) =P(1 - x 2
), 

1 ,2 , , 

P= hV - (iSN/re,)J (1 -x )O(x) dx . ( 48.3) 

14. B.C. llbB OB 
0 
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EcnH g(k, k') = const H P(x) = Il(x), TO 

Il{x) = P(x) = P(1 - x 2 
), 

P= h V(1 + i8SN/15 'Yetr1
• 

Ilop;cTrum.1u1 no Bbrpa)l(eHHe s (46 .2) , nonyqaeM 

SN = (1~ 'Yetl8)[(h/hthi - 1] 1/2' 

rp;e hth onpep;en.11eTc.11 Bbrpa)l(eHHeM ( 47 .3) . 

(48.4) 

(48.5) 

PaccMoTpHM eme op;HH cnyqaii: - pacce.11HHe Ha TOqe'!HbiX p;eQ>eKTax npH 

BapHauHH 06MeHHOH KOHCTaHTbl , KOrp;a g(k , ·k') 
Torp;a 

. P(x)= 3IT(x)l5 =P(l-x2
), 

P =hV(1 + i8SNI9retr1. 

/"'-..... 
nponopUHOHaiibHO cos(k, k'). 

( 48 .6) 

0Tcrop;a H H3 yprumeHH.II 6anaHca ( 46.2) cnep;yeT Bbrpa)l(eHHe, 6nH3KOe K ( 48.5) : 

SN=(9retl8)[(h/hth) 2- 1] 112
• (48.7) 

IlpH HHTeHCHBHOM MaiiOyriiOBOM paCCe.IIHHH C'YetDo2 >r) , KOrp;a CB.II3b 
Me)l(p;y Il H p 3a)J;aeTC.II Bbipa)l(eHHeM (46.38) , H3 (48.3) H (46.40) MO)I(HO 
nonyqHT& 

P(l + i16SNI45re1D.2
) =hV, 

SN = ( 45 'Yet D-2 I 16)[(h/hth)2 
- 1] 112

• 

(48.8) 

' 
Bo scex paccMOTpeHHbrX cnyqaxx yposeHb B036y)I()J;eHH.II IlB npH cHIIbHOM 

pacce.IIHHH Ha HeO)J;H0p0)J;HOCT.IIX OKa3biBaeT (npH TOR )l(e Ha)J;KpHTHqHOCTH) 
B 'Ye1D.2 lr pa3 6omwe (D. - xapaKTepHbiH yron pacce.IIHH.II) , qeM B op;Hopop;­
HOH cpep;e . IlpHqHHOH Jroro .IIBII.IIeTC.II qacTH'!Hoe pa3pyweHHe Q>aJOBbiX Koppe­
II.IIUHH , npHBOAHmee K ocna6neHHIO Q>aJosoro MeXaHH3Ma orpaHHqeHH.II. KoH­
KpeTHbiH )l(e BHA JaBHCHMOCTH N OT Ha)J;KpHTHqHOCTH B Q>opMynax ( 48.5), 
(48.7) H (48.8) He .IIBII.IIeTC.II YHHBepCaiibHbiM, OH CB.II3aH C KOHKpeTHbiM 
BHAOM JaBHCHMOCTH S(x, x') B ( 48.2), no cnyqaii:HbiM o6cTO.IITe1IbcTBaM yp;os­
neTBOpHromeii COOTHOWeHHIO S{x, x')- V(x) V(x'). B p;pyrHX cnyqaxx (eM., 
HanpHMep, pa6oTy B .C. llbBOBa, MJ1. liiHpOKOBa [155]) JaBHCHMOCTb NOT h 
.IIBII.IIeTC.II 6onee C110)1(HOH, OHa ITOBTOp.lleT 3TH 3aBHCHMOCTH T01IbKO KaqecT­
BeHHO. 

,lln.11 BblqHcneHH.II o6o6meHHOH BOCITpHH~HBOCTH BOCIT01Ib3yeMC.II Q>opMYna­
MH (21.1) , (21.2) , B KOTOpbiX Bblpa3HM L(il) qepe3 N(il)c ITOMOIUbiO (46.3) : 

1 

x= - (2iNjhr)J V(x)W(x)dx. (48 .9) 
0 

Bo scex paccMOTpeHHbiX HaMH cnyqaxx Il(x)- (1 - x 2
) H V(x) - (1 - x 2

) . 

Hcn01Ib3Y.II COOTBeTCTBymHe Bbipa)l(eHH.II AII.II N H rr , nony'IHM ,JJ,11.11 Tpex pac­
CMOTpeHHbiX cnyqaeB O)J;HO H TO )l(e Bbipa)l(eHHe )J;1I.II X : 

x = - i 16 NVIT* 115 hr = (2 v-z fS)(1 - p-1 + ip-112 (1 - p-1 i'2), 
(48.10) 

p = (h/hth)2 . 

3ToT pe3yiihTaT cosnap;aeT c H3BecTHb1M Bblpa)l(eHHeM (21.6) AII.II x, nonyqeH-
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H&IM B S -reopHH ,[l)lJI o;:umpop;u:oif cpe,o;&I. 3ro 03Ha'laer, 'ITO pacceJIHHe sonH Ha 
HOOAlfOpo,o;HoCrJIX He H3MeHJier CYIUeCTBeHHO 3aBHCHMOCrh HenHHeHHhiX DOC· 
npHHM'IHBOCreii x' H x" or BenH'IHHbl hfhth· CaMO :>Ke 3Ha'leHHe noporosoro 
nonJI B Heb.o;Hopo,o;HoH cpe,o;e, pa3yMeercJI, 6on&we 'leM B op;u:opo,o;HoH. He cne­
,o;yer npH.o;aBaTh 6omworo 3Ha'leHHJI 6yKBan&HOMY cosna,o;eHHIO <PopMYn ,[l)lJI x. 
B 6onee cno:>KH&IX cmyaUHJIX· 3aBHCHMocr& x (p) noxo:>Ka Ha (21.6) ron&Ko 
Ka'leCTBeHHO, 

§ 49. KoJDieKnmHbie Kone6amur B cpe,o;e co cnyqaAH&IMH Heo,o;Hopo.o;HOCTJIMH 

3,o;ec& Mbl H3f'IHM BnHJIHHe HeO,!I;HOpo,o;HOCreH Ha KOJDieKrHBHbie KOnefia­
HHJI cacreM&I IIB. PaHee, B rn. 5, Mhi paccMorpena cneKrp KonneKrHBHhiX Kone­
fiaHHH il (K) O,!I;HO'lacrorHOro COCrOJIHHJI B npH6nH:>KeHHH S -reopHH. ,llJJg Ky6H­
'leCKHX <l>M npH K = 0 

ilm = -i-y ±[4Sm(2T m + Sm)N 2 
- -y2 ] 1 / 2 • (49.1) 

Mo:>KHo orMerHT& ,o;se oco6eHHocra :noro cneKrpa. Bo-nepB&IX, npH HeKoro­
poM COOTHOWeHHH Me)!(,!J;y KOJ<t><PHUHeHraMH raMHnhrOHHaHa B3aHMO,!J;eHCrBHJI 
S m H T m (HMeHHO, npH S m (2T m + S m) > 0) KK MO,!J;hl c HOMepoM m ycroH­
'IHBhl, npH'leM HX ,o;eKpeMeHr 3aTyXaHHJI paBeH ,o;eKpeMeHry 3ayYXaHHJI IICB r' 
onpe,o;enJieMOMY no nopory napaMerpaqecKoro B036y)I(,!J;eHHJI: hth V = r. 
Bo-srop&IX, npH S m (2T m + S m) < 0 B03HHKaer HeycroH'IHBocr& KK ( asro­
KonefiaHHJI IIB) npH h > hth• r.e. cpa3y B ro'IKe nopora napaM~rpH'lecKoro 
B036y)I(,!J;eHHJI. KaK noKa:>KyT HawH pe3yn&rar&l no B&I'IHCneHHIO cneKrpa ilm B 
Heo,o;Hopo.o;HOH cpen;e, pacceJIHHe IICB Ha Heo,o;Hopo,o;Hocrgx CYIUecrseHHo H3-
MeHJier nose,o;eHHe KK, npe)I(,!J;e scero ysenH'IHBaJI HX ycroH'lasocr&, TaK, ,o;a­
:>Ke cna6oe pacceJIHHe Ha Heo,o;Hopo,o;HOCrJIX (r.e. npH 'Yet~ r) no,o;aBnJier aBro­
KonefiaHHJI B o6naCrH Ha.o;i<pHTH'IHOCreH h < her, 

hcrfhth - 1 = ~ het/2r) 1
/
2 I So/(2To +So) I. m = 0, 

( 49.2) 
hcrfhth - 1 :S 'Yetfr. m * 0. 

IJpH CHnbHOM pacceJIHHH het )>- 'Y) Mbl nOKa:>KeM, 'ITO aBrOKonefiaHHJI B006-
IUe He Mor.yr B03HHKHyr&, a 3aTyXaHHe KK OKa3biBaercJI nopJI,o;Ka ret, 'ITO npe­
B&IWaer senH'IHHY rr et, onpe,o;enJIIOIUYIO nopor napaMerpaqecKoro so36y)I(,!J;e­
HHJI BOnH. 

49.1. 0CHOBHble ypaDHeJOUI. JlaarpaMMHaJI reXHHKa, npacnoco6neHHaJI ,[l)lJI 
Bhi'IHCneHHJI cneKrpa KK, 6&ma pa3BHTa B rn. 7. B o6mae ypaBHeHHJI (38.4) 
Heo6xo.o;HMo ron&.Ko no,o;craBHTb KOHKpeTH&Ie B&Ipa:>KeHHJI ,[l)lJI ~. fi, iii H "'­
OrKnOHeHHH MaCCOBbiX oneparopOB or HX 3Ha'leHHH B OCHOBHOM COCrOJIHHH. 
KaK H BCIO,!J;y, B JrOH maDe Mbl 6y,o;eM yqHrhiBaTh CaMOCOrnaCOBaHHbie ,!J;Har­
paMMbi, nHHeHH&Ie no sepWHHe T(k 1 , k 2, k 3 , k 4 ) B3aHMo,o;eifcrBHJI sonH, H 
rayccoB&I ,o;aarpaMM&I 6e3 nepece'leHHJI nHHHif (nHHeHH&Ie no 172) ,[l)lJI oUHca­
HHJI pacceHHHJI Ha .o;e<PeKrax. A HMeHHO, Y'ITeM no,!l;'lepKeyr&te ,o;aarpaMM&I 
B (45.4). Tor,o;a 

f(q. q
1

) = 2f T(k, k1. k
1

, k2) ;;·(qt. q'l) o (q + Q1 - Q
1

- q2)dq1 dq2 + 
+172 f g(k

1
, kt)g (k2 ,k) G(k1 , w, k 2 , W 1

) o (k +k1 -k
1 
-k2)dk1 dk2, 

fi (q. q I)= 2 J r (k, k 1, k
1

, k2) a (q I· Q2) o (q + q 1 - q I - Q2) dq 1 dq, + 
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+ 1h f g (k, kt) g• (kz, k') l (k1 , w, k2, w ') 8 (k + k'- k, - kz) dk, dk2, 

~(q,q')= 

= 112 f g (k, kt)g• (k', k 2 )n (k 1 , w, kz, w') 8 (k - k 1 - k' + k1.)dk 1 dk2, 

~(q,q')= 

= 112 f g(k, k,)g• (k2' k') a (k,' w, kz, w') 8 (k + k' - k, - k2)dkl dk2. 
( 49 .3) 

KpoMe Toro, Mhi orpaHH'IHMC.II IDyqeHHeM Kone6aHIDi He ot~eH& Manoil qacTOT&I, 
iVJ.II KOTOpbiX MHOrOtfaCTOTHbiH xapaKTep napaMeTpH'IeCKOH Typ6yrreHTHOCTH 
HecymecrneH. 3To orpaHHtfeHHe no3BOrr.lleT CtfHTaTb pacnpeneneHHe IIB no qac­
TOTaM CHHryrr.llpHbiM H npeACTaBHTb B COOTBeTCTBHH C ( 38.3) B eJIH'IHHbl n ( q, q 1 

), 

a(q, q ') B BHAe ABYX cnaraeMbiX: 

n(q, q 1
) = n(k, q') 8 (W - Wp/2) + n(q, k') 8 (w'- Wp/2), 

a (q, q') = a(k, q') 8 (w- Wp/2) +a (q, k') 8 (w'- Wp/2), 
(49.4) 

npH'IeM ypasHeHH.II (38.4) IVI.II cnaraeMbiX nepsoro H BToporo THnos OTI.Qenn.II­
IOTC.II Apyr OT Apyra, 

IlpH H3ytleHHH KatfeCTBeHHOH KapTHHbl .IIBITeHHH MO)I(HO orpaHH'IHTbC.II HCCJie­
AOBaHHeM aKCHallbHO-cHMMeTpH'IHOrO CITY'Ia.ll H C/];er!aTb OfibltfHbie MO/];eJibHble 
npeAITOJIO)I(eHH.II: 

'Yk=r, g(k,k')=g, Vk= Vf(cos9)exp(2i.,o), 

S (k, k') = S (.,o - .,o') / (cos 9)/(cos (J '), 

T(k, k') = T (.,o- .,o')f(cos fJ)[(cos (J '), 

1 
f [ 2 (x) dx = 1. 

-1 

(49.5) 

3TO ll03BOIT.IIeT · peAylUipOBaTb HCXO/];Hble HHTerpanbHbie ypaBHeHH.II AO CHCTeMbl 
lllecTH arrre6paH'IecKHX ypasHeHIDi Ha HHTerpamH&Ie serrH'IHHbi 

1 
Xm = -- fk 2 dk d cos(J d.,o exp ( - im .,o)(nk + nl) = 

2N 

=«(nk +nk)!2N»m. 

Y m = (( (nk - nj.)/2iN »m, 

Um = (((Tit ak- Ilkak)/2if'N»m• 

Zm = (((Ilk ak +Ilk ak)/2f'N»m , 

Fm = (( (ak - ak) v/2rrik 2 »m. 

Qm = (( (ak +a;) v/21rk 2 »m. 

iVJ.II Ka~oro HOMepa aKCHaiTbHOH rapMOHHKH m = 0, m = ± 1 H T.A. 

Xm = Jl-t (v + Jl)-2 {[(f' - in) (2v + J1 - v3 /f' 2
) + 

+I I11 2 (2v + J1)/f'] 'Yet.:l (m) Fm + 

-1 ((2f' - in) (2v + Jl) + (Jl - v) v2 /f'] 2SmNZm} + 
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+ [r cr- in)+ VJl +I 111 2
] v2 ~ (m) Xm/Jl (v + p.) r 2

' 

Y m == p.- 1 (v + p.)- 2 {[(r·- in) (2v + p. - v3 /r 2 ) -

- I 111 2 (2JJ + p.)/r] ['Yel~ (m) Qm + 4TmNXml -

- [v2 (v + p.)/r - in (2v + p.)] 2SmNUm} + 

+ [r (r- in) +vp.- I 11 t2
) v2 ;:l (m) Ym ( ll (v + p.) r 2

, 

Um = (rp.)- 1 (v + p.)-2 X 

X {--I 111 2 [in (2v + p.)/r + v2 (p. - v)/r]'Yel .1 (m) Fm-

- [(r - in) (2v + p.- v 3 /r 2
) +I Il 12 (2v .t p.)/r) 2SmNrZm -

- i 111 2 (2r - Hl) v2 ~ (m) Xm/ll (v + p.) r 3
, 

Zm = (rp.)-1 (v + p.)-2 {I 111 2 [i (2v + p.) n;r + 

+ (p. - v)v2 /r] ['Yel ~ (m) Qm + 4TmNXml + 

+ [(r- irl.) (2v + p. - v 3 /r 2
) - I 111 2 (2v + p.)/r) 2SmNrUm} + 

+ i fl. I 11 1
2 v2 ~ ( m) Y m /r 3 p. (v + p.). 

Fm = - [vp. (v + P.W 1 {[r cr - irl.) - VJl +I 111 2 hel~ (m)Fm + 

+ (2r - in) 2r Sm NZm} , 

Qm = - [vp. (v + p.)r 1 
{ [r cr - in)- VJl - I 11 12 he! .1 (m) Qm + 

+4TmNXm +tr1.2SmNI'Um}, 

(49.7) 

rp;e ~ (0) = 1, ~ (m) = 0 npH m =I= 0, Bemmrna v onpep;enHeTCH pacceHHHeM ua 

HeO,li;HOpO,li;HOCTHX H no nopll,li;Ky BeJIH'IHHbi 

v2 = r 2
- I 111 2 ""''Ye1 (re 1 + 2r) , p.2 = vz- - 2irrl. - r1. 2

• 

CHcreMa ypaBHeHHH ( 49.7) HMeer pa31IH'IHbiH BH,IJ; p;nH H30TponHhiX (m = 0) H 

aHHJorporrHbiX (m =I= 0) THnoB KK. PacceHHHe IIB ua ueo,li;Hopop;uocux npHBo­

,li;HT K H30TpOnH3a~HH cpyHK~H pacnpep;eneHHH nk, H ll03TOMY OHO OKa3biBaeT 

HaH60Jibiiiee BJIHHHHe Ha aHH30Tp0nHbie MO,ll;bi, BHOCll B HHX ,li;OllOJIHHTeJibHOe 

JaryxauHe. 

49.2. BLICOK01J8CT0111Lie KOJJJJeKTHBHLie Kone6auHJI npH ManoA IUITeHCHB· 

HOC111 pacce.IIHHH he!~ I'). B JTOM cnyt~ae BbiCOKO'IaCTOTHbie BeTBH KonrreK­

THBHbiX KOJJe6aHHH H3MeHHIOTCll MaJIO, H fl.:'n 6yp;eT onpep;eJJHTbCH Bbipa)f(e­

HHeM ( 49.1) C TO'IHOCTbiO ,li;O [' el• IJpH MaJibiX Ha,li;KpHTH'IHOCTHX fl. :n B COOT­

BeTCTBHH C ( 49.1) paBHO 

fl.~= - 2iSm (2Tm +Sm)N 2
/[', n; = - 2if'. (49.8) 

BnHHHHe ueop;uopop;uocreii ua · auroorponHbie MO,ll;bi craHOBHTCH cymecr­

BeHHhiM npH (h - hth) [' "'=' [' el hth, KOf,ll;a fl.~ CpaBHHBaeTCH C [' el· IJpH MeHb­

IIIeH Ha,li;KpHTH'IHOCTH H3 CHCTeMbi (49.7) BMeCTO (49 .8) MO)f(HO llOJiyqHTb 

fl.~= -if'el> fl.;;,= -2if'el· IlpH npoMe~TO'IHOH Ha,li;KpHTH'IHOCTH MO)f(HO npep;­

JIO)f(HTb npocryro IDITepnOJJli~HOHHYIO cpopMYJJY (m =I= 0) 

n:'n = - if'± ( -1'2 + v2 + ~~) t /2' v2 = 2r'Yeb 

~~=4Sm (2Tm +Sm)N 2
• 

(49.9) 

BH,li;HO, 'ITO npH S m (2T m + S m) < 0 B03HHKaer ueycroiitiHBOCTb KK, npHtieM 

ueo,li;Hopop;uocrH nop;aBJIHIOT ny ueycroiitiHBOCTb B o6nacrH ( 49 .2) . B BbiCOKo-
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'IaCTOTIIbiX )l;BIDKeHHHX (nm ~'Yet) OCHOBHOe ytlaCTHe rrpHHHM!UOT KOppeJHITO· 
pbl n k, a k, IIpH'IeM C06CTBeHHbie BeKTOpbl 3THX MO)J; C TOlJHOcTbiO )];0 'Y et/r ~ 1 
coBrra)J;aJOT c BbNHcneHHLIMH rro S-TeopHH. B o6nacTH HH3KHX 'IaCTOT (T.e. IIQH 
nm ~'Yet) B Kone6aHHHX rrpHHHMaiOT yqacTHe TaK)Ke H <J>yHKUHH fpHHa G, L. 
B qacrnocTH, HX p;eMrr<J>Hpyromee BniDIHHe rrpHBO)J;HT K yrroWIHYTOMY Bbnue 
IIO)J;aBneHHIO HeyCTOWrnBOCTH • 

.IlnH H30TpOIIHOH MO)J;bl (m = 0) H3 ypaBHeHHH (49.7) IIpH 'Yet~ 'Y MO)KHO 
rronyqHTL Bblpa)KeHHe, o6o6maromee <J>OPMYRY ( 49 .1) : 

Ho = - ir ± (- r 2 + vy + ~~i12 • (49.10) 

3p;ecb v2 H A~ orrpep;enHIOTCH rro (49.9). 113 (4.10) BH)J;HO, 'ITO rrpH 
S 0 (2T0 + S 0 ) < 0 B03HHKaeT HeycTOWrnBOCTb KonneKTHBHbiX Kone6aHHH c 
rroporoM (49.2). ITpH CHnbHOM pacceHHHH Ha HeO)J;HOpO)J;HOCTHX ('Yet ~ r) 
KapTHHa KK 3aMerno rrepecTpaHBaeTCH. l13yqaH BbiCOKO'IaCTOTltbie MO)J;bi 
(n :;::, 'Yet), MO)KHO BOCIIORb30BaThCH HepaBeHCTBaMH fJ. 2 ~ v 2 ~ I n 12 H 
yrrpOCTHTb ypaBHeHHH (49.7) )J;O BH)J;a 

(v+f.J.)Um +2SmNZm =0, (v+tJ.)Zm -2SmNUm =0. (49.11) 

0TCIO)J;a )J;RH 'IaCTOTbl n ~ IIORytlaeM 

n~ =- 2i'Yet ± 2SmN. (49.12) 

KaK BH)J;HO H3 ( 49.11) , B KOne6aHHHX C TaKHMH lJaCTOTaMH yqaCTByroT TORb­

KO aHOMaRbHbie KOppeMTOpbl ak, a; ; BeRH'IHHbl nk He KOne6RIOTCH. 

49.3. HHlKO'IIlCTOTHbie KonneKTHBIIbie Kone6aHH.11. PaccMOTpHM THIIbi Kone-
6aHHH, 'IaCTOTbl KOTOpL1X B IIpH6niDKeHHH S -TeOpHH paBHbl Hynro. 3p;eCb Mbl 
IIOKa)KeM, 'ITO yqeT pacceHHHH ITB Ha Heop;HopotuiocTHX rrpHBO)J;HT K KOHe'I­
HOCTH 'IaCTOTbl KOne6aHHH 3THX MO)J;. .IlnH HH3KO'IaCTOTHbiX MO)J; xapaKTepHa 

60IIblllaH aMIInHTyp;a Kone6aHHH BeRH'IHHbl nm + n~ IIpH OTHOCHTeRbHO MaROH 

aMIIRHTyp;e rr*(im + rra;;;. B rrpH6niDKeHHH (49.5) ycnOBHe rr· Om+ ITa;;; p;aeT 
rrpH m =I= 0 B pa3nH'IHbiX rrpep;enbHLIX cnyqaHx cnep;yromHe p;HcrrepcHOHHbie 
ypaBHeHHH: 

tJ.(iim + n~):: 0 (49.13) 

IIpH p- 1 < 'Yetf'Y, 'Yet~ 'Y, 

f.J.2 + 2Vf.J. + v2 4Sm/(2T m + Sm)- 3v2 = 0 (49.14) 

IIpH p- 1 > 'Yetfr, 'Yet~ 'Y, 

f.J.(nm + n~) = 0 (49.15) 

IIpH 'Yet ~ r. p = (hfhth) 2
. CooTBeTCTBYIOIUHe HM lJaCTOTbl KK rrpHBep;eHbl HH­

)Ke. }l;uJ: H30TpOIIHbiX KOne6aHHH (m = 0) IIpH cna60M pacceHHHH ('Yet~ 'Y) 

MO)KHO IIORYlJHTb 

no= - 8iV(p 1 / 2 - 1), (SoNl < vy, 

no= - 4ire1(KJI2
- Ko), (SoN)

2 > rv. 

(49.16) 

{49.17) 

3p;ecb v orrpep;enHeTCH Bbipa)KeHHeM ( 49 .9) . .IlnH H30TporrHLIX KK rrpH CHnbHOM 

pacceHHHH 

Km =2T.m/(2Tm +Sm)· (49 •. 18) 
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H 

.Ilrr.11 aHH30TJ>OIIHbiX KK rrpH cna6oM paccenHHH 

ilm =- i'Ye! rrpH SoN< v 

ilm =-4i-ye1 (K~12 
-Km) rrpHS 0N>v. 

3)l;eCb Km 3a,o;aeTc.ll no (49.17). B o6nacTH CHJJbHoro pacce.IIHH.II ilm = -i'Ye!· 
0TMeTHM, 'ITO )J;Jl.ll Toro, 'IT06bi JTH KK 6biJJH HeycTOH'IHBbi, Heo6xo)l;HMO 

BblllOJJHeRHe )J;Byx HepaBeHCTB: 

Sm(2Tm +Sm)<O, 

(49.19) 

'ITO COBlla,!J;3eT C yCJJOBHeM HeyCTOii'IHBOCTH BbiCOKO'I3CTOTHOH MOW>I (49.2). 
TaKHM o6p33oM, 33 speM.II -y;l · rrpoHCXOAHT H30TJ>OllH33UH.II pacnpe)l;eneHH.II nk 
( eCJJH, KOHe'IHO, BblllOJJHeHbi yCJJOBH.II ycTOHtlHBOCTH ( 49 .19)) . 

IlpH m = 0, BO-nepBbiX, BbiKJll0'13eTC.II MeXaHH3M H30Tp0llH33UHH pacnpe)l;e­

JJeHH.II nk H, BO·BTOpbiX!..B KOJJJJeKTHBHbiX KOJJe63HH.IIX, llOMHMO no + n; , Y'I3CT­

BYIQT <l>YHKUHH fpHHa G0 • Bbi'IHCJJeHH.II c y'leTOM JTHX o6cTO.IITemcTB npHBOA.IIT 

K '13CTOT3M H301'pOIIHbiX KOJJOOaHHH, YK333HHbiM B <l>opMynax ( 49 .16), ( 49 .17). 
06nacTb HeycToH'IHBocTH noli MOW>I 

So(2To +So)< 0, 

h/hth - I >('Ye!f'Yi/2 
(49.20) 

CHOB3 COBna,o;aeT C. o6naCTblO HeyCTOHtlHBOCTH COOTBeTCTBYIOIUeH BbiCOKO'IllCTOT­

HOH MOW>I. Cosna,o;eHHe nepsoro H3 HepaBeHCTB (49.20) KaK ycnOBH.II HeycTOH­

'IHBOCTH HH3KO'I3CTOTHbiX KOne63HHH B CJJY'f3HHO-HeO)J;HOpOP.HI>IX <l>M C COOT· 

BeTCTBYIQIUHM YCJJOBHeM )J;Jl.ll O)J;HOpOP.HI>IX <l>M o6yCJJOBJJeHO O)l;HH3KOBbiM 

X3p3KTepoM KOne6aHHH B COOTBeTCTBYIQIUHX 06113CT.IIX napaMeTpOB. 

3a)l;a'IH 

3~'18 9.1. Ilonytl}ln. H npo8HanH3Hposan. ypasHeHHe Mll HHKpeMeHTa napaMeTpH'Ie­
cKoll: HeyCTOII:'IHBOCTH B cpe,n;e CO cnyqaii:HLIMH HeO,D;HOpO,D;HOCTJIMH. 

YKa3QHUe. )lnJI onHcaHHJI HeCTau;HoHapHoro· npouecca HapaCTaHHJI napaMerpH'I!ecKHx 
BOnH HCU01Ilo30B8Th CHCTeMy ypaBHeHHII: ,llall:coHa - Yall:m.,D,a (38.2) Mll BenH'I!HHbl (38.1) 
H y6eAHTI.CII, 'ITO B :noll: 3a,D;a'l!e ypasHeHHJI AM n(q, q'), ·a(q, q'), G(q, q') H L(q, q') 
pacuenruuorcJI. 

OreeT. B npoCToM cnyqae, Kor,n;a gkk' = .const H '~'e! = 0, ,D;HcnepOHoHHoe ypasHeHHe 
HMeeTBH,D; . 

1 r~ - irxn.-n2 /4 
'Ye! f dx = 1. 

o v~ -i rxn - n 2 /4 

II pH 'Y el > 'Y OTCJO,n;a cne,n;yer 

Im n = - 'Y(l + 2p) + [ 'Y2 (1 + 2p)2 + 4ne1(p - 1)] 112• 

3,n;ect. p =h 2 /hth • n(t}cn exp(- if!.t) . 
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