VictorS. L'vov

Wave Turbulence Under
Parametric Excitation

Applications to Magnets

7 Non-Stationary Behavior of Parametrically Excited Waves .. 179

7.1  Spectrum of Collective Oscillations (CO) ............. 179
7.1.1  Spectrum of Spatially Homogeneous CO

in the Non-Dissipation Limit ................. 179

7.1.2  Influence of Wave Damping on the CO Spectrum 181

7.1.3  Spectrum of Spatially Non-Homogeneous CO ... 182

7.2 Linear Theory of CO Resonance Excitation ........... 184

7.2.1 Basic Equations and Their Solution ........... 184

7.2.2 CO Excitation by a Microwave Field ... ....... 185
7.2.3 Direct CO Excitation by a Radio Frequency Field 187
7.24  Coupled Motions of Collective Excitations
of Parametric Waves and Sound .............. 188
7.3  Threshold Under Periodic Modulation of Dispersion Law 189
7.4 Large-Amplitude Collective Oscillations

and Double Parametric Resonance .......... ... ...... 193
7.4.1 Stationary State Under Periodic Modulation ... 193
7.4.2 Parametric Excitation of CO
of Parametric Wave System .................. 194
7.5  Trausient Processes when Pumping is Turned on ....... 194
7.5.1  Small Supercriticality Range ................. 194
7.5.2 High Supercriticality Range .................. 198
7.6 Parametric Excitation Under Sweeping of Wave Frequency 200
7.6.1 Qualitative Analysis of the Problem ........... 200
7.6.2 Basic Equations of S-Theory
Under Frequency Sweeping ................... 204
7.6.3  Solution of S-Theory Equations ............... 205
7.6.4 Dependence of the Number of Waves
on the Pumping Amplitude .............. .. .. 206
7.7 Problems ........ ... ... ..., 209

7 Non-Stationary Behavior
of Parametrically Excited Waves

7.1 Spectrum of Collective Oscillations (CO)

Chapters 5, 6 described the stationary state of the system of parametrically
excited waves. The present chapter treats the non-stationary processes due
to the time dependence of the experimental conditions. First we shall con-
sider small collective oscillations (CO) with respect to the stationary state.

7.1.1 Spectrum of Spatially Homogeneous CO
in the Non-Dissipation Limit

If the damping of the parametrically excited waves « is zero, the Hamil-
tonian of the system Hy is the integral of motion. Let the value of H in
the perturbed state differ from its value Hp in the ground state. This im-
plies that the system will never attain the ground state and, since it has no
other stable stationary states, its behavior will be essentially non-stationary.
To study it, we must obtain the frequencies {spectrum) of the collective
oscillations of the parametric wave system. For definiteness, consider the
cubical ferromagnet under the supercriticality below the second threshold
when parametric waves in the ground state are excited in the equator plane.
Let d(k,t) denote the deviations from the ground state. Then we shall ex-
tract the part Hy of the S-theory Hamiltonian corresponding to the ground
states and the parts H; and H, containing the linear terms and the terms
quadratic in d(k,t). Taking into account the equations of motion we can see
that the ground state energy is extreme: H; = 0. The part of the Hamil-
tonian quadratic in small perturbations after we pass from summation to
integration assumes the following form:

Ny

e
+2 [ {Suexpli(er - )l + T oxplite: - ea)lduds} 2 }

dj =d(pj,t) s dj =doj, Tia=T(e1—2)=T(k1,k2). (7.1.1)

Here @ = ©y = 7/2, |k,| = |k2| = |ko| . Changing over to Fourier compo-
nents and using the axial symmetry of the problem we obtain

{[exp(isp) / Tiad1ds exp[—i(p1 + @2)] + c.c.] d1d2
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Hy=Ni > [2Tw + Sm)dmdfy + (Tndmd—m +c.c.)] (7.1.2)

m=—ocQ

27T, = /0 ' T(¢ — p1)exp[—im(p — 1) d{¢ — ¢1) ,

2m5n = [ St~ en)emlitn - 2e —enldp—p). (113

The Hamiltonian (7.1.2) can be diagonalized by the linear canonical trans-
formation which yields

Hy = iy , (7.1.40)

(o = {(Sm = S-m) + V(Sm + S-m)(Sm + S—m + 4Tm)} Ny . (7.1.4b)

This transformation is possible if the frequency of the collective oscillations
£, in the system of parametric waves is real. At (S, + S—m)(Sm + S—m +
4Ty,) < 0 this frequency is imaginary which indicates to the instability of the
ground state with respect to the excitation of the exponentially increasing
oscillations (the internal instability mentioned in Chap.5).

The canonical transformation unambiguously determines the sign be-
fore the radical in the expression (7.1.4b) for the frequency of the collective
oscillations. But again, this sign can be easily obtained from simple con-
siderations. Under small T}, the sign of {2, obviously coincides with the
sign of (Sm + Twm). Therefore the positive sign before the radical must be
chosen for (7.1.4b). As Ty, continuously increases the sign before the radical
remains the same because the canonical transformation is continuous. Note
that the frequency {2, may be negative. This means that the excitation of
the collective excitation has resulted in the decreased energy of the system
of parametric waves. Their relaxation is accompanied by the increase of the
system energy. This does not violate the law of conservation of energy since
the system of parametric waves acquires energy from the pumping.

In cubic ferromagnets under symmetric directions of magnetization
(M||[111]) or [100]) the values S, and Ty, are non-zero only at m =
0,%1,£2. The expressions for coeflicients Sy, Tm, corresponding to these
modes can be obtained from (3.1.25, 26) and (7.1.3):

S0 = 2x (o fon)? { I+ Gonfin 2]+ N =1}

TO - 50 + 271'92(Nz0,ef - 1) 5 NzO,ef - Nz + ,Bwp/wM )

g[8 for M| 11,
49, for M || [100]
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1
$1=85,=0, TlZT—I:§(T2+T—2+TO+SO—52—S—2)7

™ 20.)2
Ty = ngM [(szef —Duh +4/1+ (wp/wM)Z] ;
P

Siq = 2mg? [(sz,ef - l)ui + uin/2wp] ,

ugr = (4/1+ (wm/wp)? F1)/2, Nyger = wex(ka)2 + wa fwp - (7.1.5)

The formulae (7.1.5) show the dependence of the CO frequency on the exper-
imental conditions, i.e. the supercriticality, pumping frequency, magnetiza-
tion, external magnetic field, the shape of the sample and crystallographic
anisotropy. For the easy-plane ferromagnet it is clear from (3.2.13) that
So = Ty, and all the rest S, and Ty, are zero. This leads to the stability
of the ground state experimentally observed by Kotuzhensky and Prosorova
[7.1], Prosorova and Smirnov [7.2] up to very high supercriticality.

7.1.2 Influence of Wave Damping on the CO Spectrum

How does the damping of waves influence the spectrum of collective os-
cillations? This question is very important especially because the damp-
ing rate of parametrically excited waves (k) can be of the same or-
der as the frequency of collective oscillations f2,,. By linearizing (5.4.15)
with respect to the deviations from the ground state (5.5.7) and assuming
d,d* ~ exp(—if2t) we obtain the system of algebraic equations homoge-
neous in d,d*. The condition of their solvability determines the frequency
and damping of collective oscillations:

Qm - — Z’)/ + (Sm — S._m)Nl
+ \/(Sm + S5 m)(Sm + Sem + 4Tw)N? — 72 .

(7.1.6)

Hence we can draw an important conclusion that the criterion on the emer-
gence of the inner instability of the collective modes is independent of the
damping rate and is, as in the conservative case, given by the inequality

(S + Sern)(Smn + S + 4Tw) < 0 . (7.1.7)

Within the frame of the elementary theory collective oscillations of the para-
metric wave system are spatially homogeneous. When the spatial dispersion
is allowed for a whole branch f2,,(k) corresponds to each normal mode,
(7.1.6) specifying the gap of this branch. The dependence £2,(&) will be
calculated in the following section.
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7.1.3 Spectrum of Spatially Non-Homogeneous CO

In order to obtain the frequency of non-homogeneous collective oscillations
() (spectrum of CO) (6.5.9) must be linearized in small deviations from
the ground state A(k,z,t) = A(k,z) + d(k,z,t) and the following form of
their solution must be sought d(k,z,t) and d*(k,z,t) o« exp[i(kz — §2t)].
The results for two simple, but important cases are given below (for more
details, see L’wvov and Rubenchik [7.3]).

1 Isotropic model: S(kk') = S, T(kk') = T, V(k) = V. This case is
characteristic of the easy-plane antiferromagnets. The dependence of the
frequency of collective oscillations on their wave vector is given by their
dispersion equation

2w
A0+ Qi’y)Q/ [(kv)2 cos® o + (N2 + 22'7)] do = 4n? | (7.1.8)
0

where A = {2 , {2y is given by (7.1.6) at v = 0. For (kv) < L the solution
of (7.1.8) has the form

(k) = —iy £ /A + (k)2 — 12 . (7.1.9)

Under £ = 0 (7.1.9) passes to the expression for the frequency of the
spatially-homogeneous collective oscillations discussed in the previous sec-
tion. The negative A? results in the development of instability. The oscilla-
tions are the most unstable under x = 0 , the instability region extends to
kv = A/2. At A? > 0 the stationary solution is stable under any .

2 Axially symmetrical model: Let us study the spectrum of collective os-
cillations £2(k) in the case very important for experiments on ferromag-
nets when the wave amplitude is non-zero at the latitudes @ = @4 and
O = /2 — Q. In the cubic ferromagnets under parallel pumping with the
supercriticality up to 6 — 8 dB Oy = 7/2 (equator). The transverse pumping
often leads to the realization of the case @y ~ /4. The dependence £2(k)
has the simplest form when & is parallel to the axis of symmetry. For each
harmonic with the number m we can obtain

'le-i—(“{') =—-17+ \V 61'2:11 - 72 s 'Qm2+(k) =—iy & V 612112 - 72 ’

5r2n1,2 =(r0)? +[A%, + AL,])/2
i\/(A L A2 )44 (Ro)2(A2, 4 A2 4 A2)
= 4Ty — T )T + Ty + Sm)N?
ALl = W'k /2 4+ (2w + Tf + T )N — (T + T7)2N?
A%, = W'k )2+ (Tt — T7)N)? = (TF — T)*N? . (7.1.10)
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Here T , S - are the Fourier harmonics of the coefficients T(k., k., (v —
e, (kz,kz(go — ¢")) (6.5.9). For simplicity, in (7.1.10) we assumed
Sm = S_m. At &2, 2(k) > 0 the expressions (7.1.10) correspond to col-
lective oscillations with the frequency émy,2 , damping decrement 7y, equal
to the damping decrement of parametric waves. At 62, 2(8) <0 :Im2 > 0.
This corresponds to the exponential increase of the spatlally inhomogeneous
collective oscillations, i.e. to the instability of the spatially homogeneous dis-
tribution of parametric waves.

Let us analyze the expressions obtained (7.1.10) for the frequencies of
collective oscillations. At x =0

621(0) = AZ(0) = 48 (TF + TS + Sm)NZ . (7.1.11)

The oscillation (2,,1(0) is stable if Sm(Tﬁ + Ty + Sm) > 0. The oscillation
£2m2 1s neutrally stable. At small kv we have

612nl( )_621(0)_}_('{1)) (‘)Sm“*'T _T )/va

621(k) = (k) (T —T7)/Sm . (7.1.12)

Therefore if Sy (TF ~To ) < 0 the branch of the collective oscillations dm2(K)
at & # O becomes unstable At the same time as x increases the margin of
stability of the branch 6m, also increases. Assuming A%, > 0, A2 > 0 we
find that the branch 6y, is stable at any &, and the instability region of
the branch 6y is between £ = 0 and k = kg , where (kov)? = Ap. In the
cubic ferromagnets xv may prove to be zero. This happens if the waves are
excited on the equator and the perturbation is perpendicular to its plane
and if because of the anisotropic dispersion law group velocity of the excited
waves v(@) turns into zero for © = @j. In this case (7.1.10) is reduced and
assumes the following form:

Rt (r) = =iy £ V/[2(Tin + Sm)N +w'"k2/2]2 —4TZN? — 42 . (7.1.13)

For simplicity, we took TH = T~ = T. This relation is always satisfied,
for example for waves excited on the equator. At the same time the second
branch of oscillations 6my is always stable. From (7.1.13) it is clear that even
the 6%,,(0) > 0 instability can emerge in the region w'x? ~ 4Ty, + Sy ) N?
if w" (T +Sm) > 0. As will be shown subsequently, the development of the
instability with £ = 0 leads to the emergence of self-oscillations of the total
number of waves. Under parametric excitation of spin waves in ferromagnets
they manifest themselves experimentally as magnetization auto-oscillations.
The sign of w" in cubic ferromagnets is determined by the value of the
external field, and we can easily provide the condition when the spatially-
homogeneous oscillations are stable and the instability is localized within
the range w''x* ~ SN. The development of this instability can result in a
stationary, spatially-homogeneous picture A(k, z) with the scale /SN Jw'y,

modulation depth of the order of unity and the average number of the order
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N. This raises the interesting problem of finding such stationary states and
studying their stability within (6.5.9) which has not been solved yet. To
observe such phenomenon experimentally would also be interesting.

7.2 Linear Theory of CO Resonance Excitation

Collective oscillations (CO) of the system of parametric waves discussed in
the previous section can be excited (like all other types of oscillations) in
different ways: by resonance external action, parametrically or by impact.
All these ways have been employed in experiments on cubic ferromagnets
and easy-plane antiferromagnets. To formulate the theory and to interpret
experimental data would be easier for the resonance excitation of collec-
tive oscillations. This way was employed in 1972 by Zeutkin, L’vov and
Starobinets [7.14] who discovered and studied COs. In these experiments
in addition to parallel pumping, another SHF signal with the same polar-
ization h,||k||M, h.(t) ~ exp(—iwt) was fed to the sample. Its frequency
w differed from the pumping frequency wy, by the frequency of collective
oscillations £2. The beatings between two SHF-signals at the resonance fre-
quency served in this case as the resonance external force. Later (in 1975)
Orel and Starobinets [7.5] employed the direct resonance excitation by an
alternating magnetic field at the frequency of the COs which is within the
single-frequency range (about 1 MHz). Collective oscillations could be ex-
cited also by a sound whose frequency and wave vector coincide with the
frequency and wave vector of collective oscillations. All these methods of
excitation of collective oscillations will be discussed in this section.

7.2.1 Basic Equations and Their Solution

As we are interested only in the behavior of spatially-homogeneous collective
oscillations of the zeroth mode (x = 0 , m = 0) we shall average only the
equations of motion of the basic S-theory (5.4.15) over all k directions in
the package of parametric waves:

{8/t +7+i[w(k) —wp /24 2Tsc*c|}e +i(hVo + Soc?)e* = —if(t),(7.2.1)
f(t) = f(2)exp(—i82t) + f(—92)exp(if2t) . (7.2.2)

Here |c(t)|* = N(t) is the total number of parametric waves in the package
V., T and 5 are the coeflicients of the Hamiltonian of the problem averaged
over the package. For cubic ferromagnets they are given by (7.1.5); for easy-
plane ferromagnets they are specified by (3.2.13). The periodic force f(t) is
added to the first right-hand side of (7.2.1), its nature will be discussed in
detail.

A. When an additional weak signal acts on the system of parametric
waves at the frequency w (see Problem 5.3) then

T T T T T o e e e e e
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f(2)=h,Voco, f(=92)=0, N=w-uw,. (7.2.3)

B. If the frequency of the weak signal {2 is within the radio frequency
range, then (see Problem 5.3)

f(2) = f(—02) = Uscoh , Us =gll+ /1 +wi/w?]/2. (7.2.4)

The expression for Uy corresponds to the cubic ferromagnet [(see (4.3.20)]
when parametric waves are concentrated on the equator.

C. If collective oscillations in the easy-plane ferromagnets are excited by
the sound, then (see Problem 5.4)

f('Qa fG) :‘/sm("", k)CO[,B(Q, K’) + /3*(—9, _K’)] )
(=92, 8) =Vem(—r, k)co[B(£2, —k) + B* (=12, 6)] .
Here (2, k) denotes the Fourier transform of the canonical amplitude of
the sound 3(2,1), and V;;, designates the amplitudes of the Hamiltonian of

the sound interaction with magnons. This Hamiltonian has been calculated

by Lutovinov [7.6]:

Hom = Y _ Vem(, k) [B(k, t)e(k, t)c*(k + K,) + c.c] (7.2.6)

w,k

(7.2.5)

where Vi ~ /2(k)/[w(k)w(k + w)]. Equations (7.2.2) suggest how to seek
the solution of (7.2.1) in the approximation linear in f:

c(t) =co + d(2) exp(—i2t) + d(—12) exp(if2t ,

. (7.2.1)
d(12) =d+(2)f(12) + d-(2)f*(=12) .
Simple calculations here yield
d4(2) = — (2 + iv + 2Ty + So)NI/A(5)
ng+ ZCSd_ 5 N = |C()|2 . (728)

A(2) =A% — 2%~ 2iy02 A2 = 45,(2Tp 4 Sp)N? .

As it should be expected, the susceptibilities d are maximum when the
frequency of the external force is close to the eigenfrequency of the collective
resonance.

7.2.2 CO Excitation by a Microwave Field

The effectiveness of the excitation of collective oscillations by the magnetic
field h, can be characterized by the susceptibility x(wp + £2):

ma(wp + 2) = x(wp + 2)h.(wp + 2) . (7.2.9)

Here m.(wp, +42) denotes the oscillation amplitude at the frequency (wp+42)
of the magnetization component m,(¢) which depends on the number of the
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parametric magnons and, consequently, changes when collective oscillations
are excited. In our approximation and using the notation of this section we
can easily obtain m ,((w,+12) = Vycod(£2). Employing (7.2.7, 8) for ¢¢ , d(£2)
and f(£2) and the definitions of (7.2.6) we obtain the expressions for the
imaginary part of the susceptibility to the weak SHF-signal, characterizing
the absorption of its energy by the system of parametric magnons:

h \ 29222 + 2% + 40Ty + So)N
X"(wp+ 2) = x"(5-) (?23 — 22 422

hen
Here x" is the imaginary part of the susceptibility to the pumping field h,
given by (5.5.31a). Under high supercriticality when A2 > 42 the line shape
(7.2.10) is close to the Lorentz shape and the line width is equal to the
damping of magnons . At the resonance points the susceptibility is equal
to

(7.2.10)

h? To
" + N =x"—{1+ 4/l 4+ ————> . 7.2.11

The susceptibility may become negative. This fact is of cardinal impor-
tance, and corresponds not to the absorption but to the amplification of
the weak signal. It follows from (7.2.11) that the absorption takes place at
the frequency w, + {2 and the amplification occurs at the image frequency
wp — §2. The amplification can be interpreted as the result of the instability
with respect to decay of the ground state (with the “slow” frequency equal
to zero) into the electromagnetic irradiation (with the slow frequency §2)
and collective oscillations with the eigenfrequency Ay. The law of conser-
vation of energy in this process is 6 + 2 = 0. Therefore the amplification
occurs at the frequency 2 = —§; which corresponds to (7.2.11). The ab-
sorption in these terms is the consequence of the decay of the weak signal
into the ground state and collective oscillations with the conservation law
2=192+0.

The collective resonance has been experimentally observed by Zautkin et
al. [7.4] on the YIG monocrystals. A good quantitative agreement with the
theory presented here has been observed. In particular, the experimental
dependences of the susceptibility to the weak signal and of collective oscil-
lation frequency on the pumping intensity are in good agreement with the
dependences given by (7.2.8, 11) up to the second threshold h/hy = 8dB.
Note also that the collective resonance can be used as a convenient and
instructive method for changing the relaxation times of magnons. Measure-
-ments show that in accordance with the theory the line width of resonance
absorption is practically independent of the pumping intensity and is in
good agreement with the value obtained from the threshold value of paral-
lel pumping. A more detailed comparison of theory with experiment will be
given in Sect. 9.5.
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7.2.3 Direct CO Excitation by a Radio Frequency Field

The pumping method of collective oscillations at the frequency 2 by means
of the longitudinal SHF field h, at the frequency wy 4 §2 described in the
previous subsection seems somewhat artificial. A more natural way would be
to employ the radio frequency magnetic field at the frequency {2. However,
the first attempts to observe this effect were unsuccessful because of the
low susceptibility in the radio frequency range and only in 1975 did Orel
and Starobinets [7.5] succeed in detecting this effect by means of their own
sensitive methods.

In order to calculate the susceptibility x({2) to the longitudinal field
k. (£2) note that in the notation of this section the expression for the alter-
nating part m, with the frequency {2 has the form

m,(£2) = Uglcgd(92) + cod*(—R2)] = x(£2)h.(R2) . (7.2.12)
From this equation and (7.2.4, 7, 8), we readily obtain
x = 2U3SoN?/AX(2),  A(R2)= A2 - 2°—2iv02 . (7.2.13)

The maximum value x”(§2) corresponds to the resonance frequency §2res
which, generally speaking, does not coincide with Ag and under A¢ > 27 is
given to a good accuracy by

2 =A% (7.2.14)

res

In this approximation the half-width of collective resonance curve measured
at the level 1/2 equals to the relaxation of magnons. Let us give the value
of the susceptibility in resonance

0 SV TSN (7.2.15)

Yo T 0 - G/

Under high supercriticality A2 > % and (7.2.15) is also reduced. Substi-
tuting the dependence of §2y and Ng on p = (h/h¢)? we obtain

Sog2 P — 1
"o v . 7.2.16
Kres [S012S50v Ty -+ So ( )

From this formula an important conclusion can be drawn: at Sp > 0, (the
case of ferromagnets) x'' > 0 and radio-frequency radiation absorbs in the
sample; at Sy < 0 (the case of easy-plane antiferromagnets), x' < 0, which
corresponds not to the absorption but to the amplification of the radio-
frequency signal. If this amplification exceeds the damping in the oscilla-
tory circuit, it will lead to instability with respect to the excitation at the
frequency 2 — a laser effect of a kind.

The theory presented in this section is in good agreement with the ex-
perimental data for the ferromagnetic YIG (see Chap. 9).
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7.2.4 Coupled Motions of Collective Excitations
of Parametric Waves and Sound

Theoretically, this question does not differ from the problem of CO interac-
tion with the radio frequency field, only the expression for the force f({2)
(7.2.4) must be substituted for expression (7.2.5). However, to setup an ex-
periment on measuring the susceptibility of the collective oscillations to the
sound is rather difficult. Therefore, in studying the interaction of collec-
tive oscillations with the sound attention should be rather paid to another
statement of the problem aimed at the study of their coupled motions.

Let us calculate the frequencies of these motions [7.6]. From the ex-
pressions for the Hamiltonian of the magnetoelastic interaction Hgp, (7.2.6)
follow the equations of motion for the complex amplitude of sound 3({2, &):

12— 05() + TS(RIAR, 1) =V (ke mIEGR) + ol (=),

(2 + 0s(k) + ils () B(= 02, ~k) = ~V(k, £)[cgd(2) + cod” (= )]
Here 25(k) and I's(x) are the frequency and damping of the sound with
the wave vector k in the absence of parametric magnons. Considering these
equations simultaneously with (7.2.5, 7, 8), we obtain from the condition of

zero determinant of the complete set of equations for (2, k), B(—2,—&),
d($2) and d*(—12) the following:

{12 +iTs(R))? = Q3R HA(2 + i) = A3 = 82s(m)|V (R, ) (7.218)

The simplest case for study i1s when the damping of both magnons and
sound can be neglected. Then

2025 (k) = Q3(K)+25+[(22 (k) - 28)+3205 (k) SN2V (K, k)|*] .(7.2.19)

The interaction amplitude S is negative (see (3.2.13)), therefore near the
resonance the coupled oscillation of parametric magnons and the elastic
subsystem are unstable. If one takes into account damping of parametric
magnons and sound then instability of the coupled oscillations (7.2.18) takes
place under the number of parametric magnons IV exceeds the threshold
number N (k). The minimum value of N, is attained at resonance under

Qg = QS(KI):
2SNul? = —4T22IS|/|V(k, W) 25(x) (7.2.20)

The interaction of collective oscillations with the sound is significant also
far from the resonance. In this case it follows from (7.2.18) that

e e,

i e — e —

e ——— e e e e
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.Ql(h',) ZQs(R) + 4SN2%
2 2
SPTRRALIC Ty

V (k n)]zﬂs(n)
02 = 4 21_’—
2(:@) .QD + 45N Qé( ) !23

(7.2.21)
129

In the absence of the magneto-elastic interaction the oscillations with the
frequency §2; are purely acoustic and with the frequency {2, they are col-
lective oscillations of parametric magnons. The damping of the long-wave
sound I'(k) is as a rule small in comparison with the damping of parametric
magnons (k). Therefore under negative S the damping of the sound-type
oscillations §2;(k) can become negative. This implies instability. Its thresh-
old is attained at a certain number of parametric magnons N («):

Ner = I'(8)[£23(2) — 23]/64)SV?(k, )| 25 (k) (k) - (7.2.22)

In 1983 Smirnov [7.7] discovered the excitation of the acoustic mode of
the sample at a certain pumping intensity. As the sample was finite the
frequency of the acoustic oscillations £25(«) significantly exceeded the fre-
quency of collective oscillations £2y. In this case the excitation threshold of
the sound oscillations equals N, (7.2.22). According to the S-theory the
corresponding value pey = (her/hin)? for Smirnov’s experiment is p = 25.
Experimentally this quantity has the value 50 — 100. Taking into account
that we have no exact values of V(k, £)|S| and the damping v(k), such an
agreement of theory and experiment must be considered satisfactory.

7.3 Threshold Under Periodic Modulation

of Dispersion Law

Now we must study the large-amplitude collective oscillations. They can be
excited in the ferromagnets also by the strong periodic modulation of the
magnetic field at the frequency approximating the eigenfrequency of collec-
tive oscillations. Clearly, before investigating the above-threshold state of
parametric magnons in the presence of a strong RF-field we must study the
influence of this field on the threshold of the parametric excitation. This
problem was first discussed by Suhl [7.8], who showed that under the pe-
riodic modulation of the biasing field (or of the pumping frequency) the
threshold of the parametric instability increases because the condition of
the parametric resonance is violated. According to Suhl such frequency and
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amplitude of the modulation can be chosen in such a way that the insta-
bility disappears as its threshold becomes infinitely high. Suhl’s idea has
been experimentally checked by Hartwick, Peressini and Weiss [7.9]. Their
conclusions, however were not in full agreement with this theory, in partic-
ular they could not increase the threshold by more than 10dB. This lack of
agreement will be theoretically explained later. Detailed experimental data
corroborating our theory will be given in Chap. 9.

Let us consider the parametric excitation of spin waves in the following

magnetic field [7.10, 11]:
H = Hy(t) + Hy + hcoswpt . (7.3.1)

Here H, is the constant magnetic field, Hy(¢) stands for the modulating
field, hcoswt denotes the SHF pumping at the frequency wp. It is rather
difficult to calculate the threshold of paralle] pumping in the field (7.3.1)
with an arbitrary modulation law Hp(t). Therefore first the simplest case
of the modulation will be considered, i.e. the modulation by rectangular
repetitive pulses (meander-type mode with the period 27). The equations
of motion for the normal amplitudes of spin waves taking into account the
Hamiltonian of their interaction with the pumping Hp (4.3.18) and with the
modulating field Hpy (4.3.19) have the following form:

{% + (k) + i[A(k) + U(k)HM]} c(k,t) = —ihV(k)c*(—k,1)

at 0<t<rt,2r<t<3r,.andsoon. Alk) = w(k) —wp /2,
i} : o
{20 41400 - V()] eot) = ~WV () (k).
at 7 <t <27, 3r <t <4r,.. and so on. (7.3.2)
Taking c(k,t),c*(—k,t) o exp(vt) we find that the increment v over different
times is equal to:

v = v(0, =) = =y + VIRV (k)] — [A(k) + U(k)Hw]?] ,

vy = v(r,=27) = —v + VAV (k)2 — [A(k) — U(k)Hm]? . (7.3.3)

Let us consider the case y7 > 1 when the damping solutions corresponding
to the negative sign before the square root in (7.3.3) can be neglected. Then
the total increment v during the total pulse period is v; + v,. From the
condition Rer = ( we obtain two expressions for the instability threshold:

P V] = 72 (k) + (U(k)Hw)? + A2 (k)L + U (k) Hye /7", (7.3.4)
|hin2 V| = 472(k) + [A(k) F U(k)Hwm)? . (7.3.5)

The expression (7.3.4) corresponds to the small amplitudes of modulations
when |V (k)| > |U(k)H £ A(k)| and minimum threshold of instability is

i ——— e e ——
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reached at A(k) = 0, i.e. for the spin waves over the resonance surface
w(k) = wp/2. The corresponding minimum threshold is

[henV|* = v%(k) + UX(R)HE ,  Ak)=0. (7.3.6)

The large modulation amplitudes result in an additional local minimum of
the threshold at A(k) = +U(k)Hy. The value of the threshold on these sur-
faces is constant and equals 2y(k). Therefore, the critical amplitude of the
modulation Hm ; = 1/37/U(k) separates two modes of parallel pumping,
i.e. the mode of weak modulation when the minimum threshold is speci-
fied by (7.3.6) and the mode of strong modulation when its increase stops
and the minimum threshold is equal to 2vy. In the last mode the modu-
lating field leads to a detuning whose value increases proportional to the
amplitude of modulation. This characteristic effect of the strong modula-
tion, i.e. the “freezing” of the threshold under Hy > Hpy.or is, generally
speaking inherent only in the modulation of the rectangular type. Thus it
can be readily shown (Zautkin and Orel [7.11]) that for the sinusoidal and
saw-tooth modulation the quantity value hyy, increases, slowly but without
bounds, with the increase of Hy. Under Hy > Hy cr for the sinusoidal and
saw-tooth modulations respectively they have [7.11]:

2lhthl,sin‘/| = 72/3(U(k)HM)1/3 ’ lhth,sawVI =/ ")’U(k)HM . (737)

Until now we considered the low-frequency modulation with the period
less than the relaxation time of spin waves. Now we shall drop this limitation
and consider parallel pumping of spin waves in the magnetic field modulated
by a sinusoid of arbitrary frequency 2 : Hwm(t) = Hwm cos £2¢ [7.10]. The
linearized equations of motion have the following form:

{%+7(k)+i[A(k)+U(k)HM cos(Qt)]}c(k,t) = —thV(k)c*(—k,t) (7.3.8)

Confining ourselves to the small amplitudes of Hp let us write
c(k,t) = co(k) + d(£2, k) exp(—:2t) + d(— 12, k) exp(:£2t) . (7.3.9)

The stationary solution of (7.3.8) corresponds to the instability threshold.
Substitution of (7.3.9) in (7.3.8) yields the system of equations for cy(k),
d(£42, k). Hence for the approximation quadratic in d we obtain the relation
specifying the threshold

(7.3.10)

b V(R)? = [v*(k) + A%(k)] [1 + _*Uz(’“)Hﬁd]

0?2 4 442
As should be expected the minimum threshold for the mode of weak mod-

ulation is reached at A(k) = 0. At low frequencies (7.3.10) at A(k) = 0 is
equivalent to the exact formulae (7.3.6) obtained above for the rectangular
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modulation. This apparently means that (7.3.10) derived within perturba-
tion theory is applicable with a good accuracy up to the values Hy = Hp or.
This can be accounted for by the fact that at high frequencies of modulation
the small parameter of the theory is U(k)Hy /2 and at low frequencies it
is 2/~y(k).

In the general case of the modulation with arbitrary frequency and ar-
bitrary amplitude we can obtain a comparatively simple expression for the
instability threshold only for the rectangular modulation. Let us present
without deviation the equation specifying hy), (see [7.10]):

cos h[2y(k)T] =cos h(ry7)cos h(r_T)
+ sin h(ry 1) sin A(r_ )[R V(R)|? — AL A_]/dyd- |
Ay = AR)+UR)Hy ,  d% = |haV(E)|? — AL . (7.3.11)

When the frequencies are low (7 are large) we can easily obtain (7.‘3.2). At
high frequencies (7 — 0) we have

|hin V()| = y(k)\/1+ U(k)HuT)2/3 . (7.3.12)

Finally, it must be noted that the conclusion about the monotonic increase
of the threshold by (7.3.7) for the periodic modulation refers to the exci-
tation of waves with the limiting frequency shift A(k) = xU(k)H. It is
shown by Frishmen in his interesting study [7.12] that under large Hyp the
waves with the shift A,(k) = nf2/2 (12 is the frequency of the RF-field)
are excited, if the pumping field exceeds the value hy /|Ju(2)|. Here J,(2)-is
the Bessel function of the argument z = —U(k)Hwm/f2. Hence the thresh-
old of the parametric instability ke, (Hy, £2) = hen(0)[max, [Ju(2)]]7! is a
complex non-monotonic function of Hy and §2. This non-trivial conclusion
of the theory is in good quantitative agreement with the experimental data
of Ozhogin et al. [7.13] on the parametric excitation of spin waves in ferro-
magnets.

In Chap. 9 the experimental data on the parametric excitation of
magnons under conditions of the periodic RF-modulation of the magnetic
field Hy; supporting the above-developed theory will be discussed. Now we
shall only note that this theory is applicable not only to spin waves. It de-
scribes also the excitation of waves of different nature whose frequency is
periodically changed with the amplitude Ay = U(k)Hyy.

e e e e e,

O

Double Parametric Resonance 193

7.4 Large- Amplitude Collective Oscillations

and Double Parametric Resonance

7.4.1 Stationary State Under Periodic Modulation

It would be natural to assume that the periodic modulation of the magnetic
field does not qualitatively change the processes resulting in the limitation
of the parametric instability. They are, however, accompanied by some addi-
tional effects that can significantly change the stationary values of the total
number N and phase ¥ of parametric wave pairs. Under the influence of the
modulating RF-field collective oscillations of parametric waves are excited.
They nonlinearly interact with the initial parametric waves and with the
RF-field. This results in the increased damping of parametric waves and in
the change in their interaction. The interaction processes of the type Hycd*,
(which are actually the confluence of parametric waves with the RF-photon
resulting in the excitation of the collective mode d) are responsible for the
additional damping. Obviously, these processes lead to the addition to ~
proportional to the square of the amplitude of the modulating field. Other
interaction processes similar to ¢*c*dd provide an additional coupling be-
tween parametric waves via the collective oscillations. These processes can
be interpreted as the renormalization of the amplitudes of the four-magnon
interaction S(k,k'). In order to allow for all these effects let us write an

equation of motion of parametric waves taking into account their interac-
tion with each other and the RF-field

{0 +3(k) +iLACk) 2T (e + U Hni(®)}elt) = —ihV +SE(De"(1).(7.4.)

It is the result of the averaging of the equations of motion for the amplitudes
c(k,t) and c¢*(k,t) over all the directions of the wave vector k for which in
the ground state co(k) # 0. It can be done without loss of generality since
we are interested in the reaction of parametric waves to the homogeneous
RF-field and we do not consider here the non-homogeneous modes of the
collective oscillations. Assuming Hp(t) = Hy cos 2t we obtain from (7.2.4,
7, 8) the linear reaction of the collective oscillations d(+42) to the field
Hyr; substituting the expression for this reaction into (7.4.1) we obtain the
equation for the stationary amplitude cq:

{1+ [UHMR/A()?} + i{A(k) + 2T + S + (S AL 4 2T02*

7.4.2
+ 3SU?HE [2A% (DN + hV exp(i¥) =0 . (7.42)

Here A(S2) and Ay are given by (7.2.8) and A(k) denotes frequency shift.
The position of the surface in k-space where parametric waves in stationary
state are excited, i.e. the value A(k) must be obtained from the condition
of the stability of the solution (7.4.2) with respect to small perturbations
é. outside the stationary surface, i.e. from the condition of the ezternal
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stability. The reader can find it independently solving the Problem 7.5.
Substituting the answer (7.4.11) into (7.4.2) it is possible to represent the
latter in the following form:

RV exp(i®) + SN =iI', T =~[1 4+ (UHwn)|/AD2)]*], (7.4.3)
- (UHyp )?(302% + 49%)(022 — 4S?N?)
s_s{1+2 2 1 )| A) } (7.4.4)

The form of (7.4.3) coincides with the form of the equation for the stationary
state of the basic S-theory (5.5.6) if in the latter equation we substitute
v — I', § — § according to (7.4.4). Therefore in the presence of the RF-
field we must write instead of (5.5.7)

ISIN = /|h2V2 =T, hVsin® =TI, hVcos®+SN=0. (7.4.5)

These equations enable us to calculate the dependences of the nonlinear
susceptibility ¥’ and x' on the supercriticality p and the magnitude of the
RF-field Hy. These dependences, as shown by Zautkin et al. [7.10] are in
qualitative agreement with the experimental results on the YIG sample.

An interesting work [7.13] by Ozhogin et al. theoretically and experimen-
tally studied the parametric excitation of nuclear magnons in the antifer-
romagnetic CsMnF; under a modulating magnetic field. A good agreement
of the conclusions of the theory linear in Hy with the experimental re-
sults below the supercriticality 7 dB and Hpy =~ 0.25 Oe has been shown. In
particular, the relaxation parameter of nuclear magnons obtained from the
threshold of the parametric excitation by the formula hy,V = 7 coincided
with the quantity v calculated from the frequency dependence using (7.3.10)
to the accuracy of experimental corrections. It is significant that the last
method of the determination of y(k) provides a higher absolute accuracy of
measurements.

7.4.2 Parametric Excitation of CO of Parametric Wave System

In addition to the discussed linear interaction of the collective oscillations
of parametric waves with the RF-field leading to resonance at the frequency
{2 = {2y there is also nonlinear interaction of the type Hmb*b* which results
in the parametric resonance of the collective modes in the RF-field with the
frequency §2 = 2§2;. As is easily seen, the instability of the initial mode d
with the frequency {2 excited by the RF-field with respect to the decay into
two modes b with the frequency §2/2 also refers to this effect. The action of
both mechanisms when some critical amplitude of the RF-field is exceeded
brings about the double parametric resonance of parametric waves, i.e. the
simultaneous excitation of oscillations at SHF with the frequency wy/2 and
at RF with the frequency £2/2.
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To obtain the threshold of instability with respect to the parametric
excitation of collective oscillations we seek the solution of the equation of
motion (7.4.1) in the following form:

c(t) =c+ d(2) exp(—if2t) + d(—2) exp(:42¢)

+b(£2/2) exp(—if2t/2) + b(—2/2) exp(i2t/2) . (7.4.6)

By employing the relation (7.4.5) for the ground state and linearizing (7.4.1)
with respect to the small amplitudes b and d we obtain

[0/0t+~ + 2:(T + S)Nby + [(2:TN — 7) exp(—i¥)]b~
Fiwy b 4 1Py exp(—i?)]}b} =0, by = b(£02/2,t),

wq ZU*HK/[/2+2(2T+S)(Cod+ +Cod_) s w_ :wi R

Py =2(2T + S)cod exp(s¥) dy =d(+8,¢) .
It should be recalled that the oscillation amplitudes di are specified by
(7.2.7, 8). Equation (7.4.7) can be written in a more symmetrical form if
we pass from the variables b4 to the normal variables a via the following
u-v-transformation

ay =uby exp(i¥/2) — ub® exp(—i1¥/2) ,

a’ = — vby exp(1¥/2) + u*b_(—1¥/2) ,

(7.4.7)

2(T+ S)N + 12 20T + S)N — 2
282y 242
Then for the renormalized a4+ we have
(0/0t + v +ifd)ay +iAyal +iBra_ —yaX =0,
Ay =2uwvwy + u?Py +0°P*
(7.4.9)

By =v’wy +uv(Py + P*), Ci=v+v+i(2 +2/2)

Assuming a4 (t) = a4 exp(+:£2¢/2+vt) and writing the system of four equa-
tions for the amplitudes a,a% ,a_ and a* we find the instability increment
v from the condition

C+ ZA+ ZB+ Y

~iAL Cr -y —iBi|

B ol At =0 (7.4.10)
—y  —iBy —iA* C*

The instability threshold (v = 0) for the given values {2 and {2, was calcu-
lated on a computer using (7.4.10) (Fig 7.1). The minimum threshold has
been proved to be reached at the resonance 2 = 242 and to be only weakly
dependent on 2: min{Hwm i} ~ 0.4v/v ~ v/g. The second minimum of the
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threshold at the frequency 242y manifests itself only at a sufficient Q-factor
of collective oscillations when v < (2.

UI'[m,Hl/zr)'

Fig.7.1. Theoretical dependences (obtained
by numerical solution of (7.4.10)) of the
threshold of double parametric resonance
H, 1 on the RF-frequency. The numbers
of the curves (2, 4 and 8) denote the value
of dimensionless eigenfrequency of collec-
tive oscillations £29/2y. The applicability
region of the theory is limited from above
by a dashed line

] |

5 10 15 /2y

The parametric excitation of collective oscillations in the system of para-

metrically excited magnons, i.e. the double parametric resonance was dis-

covered and experimentally studied by Zautkin [7.10, 14]. These results will
be described in Chap. 9.

7.5 Transient Processes when Pumping is Turned On

7.5.1 Small Supercriticality Range

This subsection deals with the transition to the S-theory steady stationary
state starting from the level of the thermal noise n(k) = no under small
supercriticality AV — v < 7. For increasing small N up to N < Ny (Ny is
the total number of parametric waves in the ground state) the amplitudes
of the pairs will increase as predicted by the linear theory, i.e. with the
increment AV — 5. At the same time a narrow packet of parametric waves
with the width Aw =~ (RV — «) emerges in the k-space. Its subsequent
behavior is described by (5.4.13) from which it is clear that the relaxation
times of the amplitudes and the phases are of the order of (AV — v)~! and
~+~1, respectively. As a result the phases ¥(k) can be considered to follow
the the amplitudes adiabatically, i.e. 8%/dt in (5.4.13) can be neglected.
The fact that the packet is narrow Aw < « enables one to expand the
trigonometrical functions in (5.4.13) into a series and to represent these
equations in the following form (for more detail, see [7.15]):

_%(:_:_’)7—&);;352+x(2r—1)(/f(x1,7')dz—1) +r/f(x1,7')d~”61

—r + rz[/f(zl,r)da:l - 1]2 + /x1f($177)d$1 . (7.5.1)

—
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Here f = n(k,7)/Ny, ¢ = [w(k) — w(ko)]/2SNy, 7 = (2SN /v) and r
= (2T 4 5)/S. Note that the dependence on supercriticality p = R* /B2, in
this equation disappeared and the parameters of parametric waves system
enter into this equation only via the ratio r. Equation (7.5.1) has a self-
similar solution

f(a,7) = A(r)v/r/m exp{—[(e — zo(®))/d(N)I*} (7.5.2)

where A() = [ f(z,7)dz is the total number of parametric waves, z¢(7) =
A~ [ f(z,7)zdz is the position of the center of gravity and d(r) denotes
the width of the packet. They satisfy the equations

dA 1 d(rz?)

Adr + 2T dr

dT:L'()
% _ _(A_1)<7~_ %) . d(r) = \/LF : (7.5.3)

These equations at 7 — oo have the following asymptotic behavior

dry=1/v/7. (7.54)

Therefore not very high above the threshold the arbi.trary distribution func-
tion of the pairs n(k) relaxes to the stationary state (5.4.13) having the form
of the é-function by the power laws of (7.5.4)

Ny = N o« Ny J[(RV —y)t)? ,
[w(k) — w(ko)] o< \/v/(RV =)/t , (7.5.5)
w (k) = [(w(E)] oc V/A[(RV =)/t .

To study the non-stationary behavior of the system in detail under the ar-
bitrary hV, S and T Equations (5.4.13) were numerically solved. Fig. 7.2
shows the distribution functions n(k,t) for two successive times and values
of the parameter r = 1/6 and r = 1. The homogeneous initial distribution
was selected, hV = 1.4y. First the waves increase exponentially, the max-
imum of n(k,T') is on the surface w(k) = wp/2, as follows from the linear
theory. Here the form of the function n(k,t) is naturally independent of
the parameter r. Later, when N(¢) is not small in comparison with N; the
behavior of n(k,t) significantly depends on the ratio of S and T describing
the interaction of waves. Thus at T' = 0 the packet n(k,t) keeps increasing
and converging, still remaining on the surface w(k) = wp/2. At T = 0 the
packet increases and moves as a whole, deforming a little, to the surface
w(k)+ 2T Ny = wp/2 (ie. towards the larger or smaller k depending on the
sign of T'). When the maximum of the packet n(k, t) is near this surface the
packet begins to converge asymptotically. Note that the shape of the curve
Inn(k,t) (see. Fig. 7.2) at large t is close to a parabola, which confirms that
it tends to the self-similar solution (7.5.2), i.e. the Gaussian packet.

= —Az? —rA(A—1)[r(A-1)+1],

To=—-1/2r, A—1=-[204r - 1)1,
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Inn(k) N
B 1
3 4
Nofp—————— "=
B 2
1,2
t \ 4 ! 1
2wy (k) = wp ko 2wNIL (k) = wp 0 10 20 29t
at o = 1/6 at =1

Fig. 7.2. (left) Time evolution of the parametric wave system — data of computer simulation
of (5.4.13): distribution of waves n(k) at p = 2. Linear stage: (1) at r = 1/6, (2) at r = 1.0.
Asymptotic stage: (3) at » =1/6, (4) at r =1.0

Fig.7.3. (right) Time dependence of the total number of parametric waves at p = 2. (1)
at r=1/6, (2) at r = 1.0

It can be seen from Fig. 7.3 that there are three transition stages to the
steady stationary state from the thermal level when the parametric pump-
ing is turned on. At the first — linear — stage the amplitude exponentially
increases and the wave system does not depend on the nonlinear character-
istics T and S. At this stage the two curves N(¢t) (for r = 1/6 and r=1)
coincide. At the second — nonlinear — stage the relative nonlinear frequency
shift and the parametric interaction of wave pairs become significant. At
the same time there is no compensation of wave damping (k) by the total
pumping P(k) typical of the stationary state in the basic S-theory. The
behavior of the system is most complex at this stage and can be simulated
only on computer. At T < 0 the total number of waves N passes over
the maximum and under T > 0 it monotonically increases. At the third -
asymptotic — stage |P(k)] — v(k) < (k) and the system slowly tends to
the stationary state (5.5.7) described by the basic S-theory. Note that the
sign of the difference N — N; in the numerical experiment (see Fig. 7.3)
coincides with the sign that follows from the analytical asymptotics (7.5.4).

7.5.2 High Supercriticality Range

The numerical experiment revealed significant qualitative differences in the
non-stationary behavior of the parametric wave system at small (AV —v <«
v) and (AV —«) > v supercriticalities (Fig. 7.4 and 7.5 for hV = 4v) at the
second — nonlinear ~ stage of the transition process. The packet n(k,t) does
not behave like a single whole when the amplitude N(t) is no longer small
in comparison with N; and the second maximum of the function n(k,t)

e T e e e e e e e e —
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“emerges” at the point where wyy,(k,t) = w,/2 at a given time. Then the
amplitude of the second maximum increases and the amplitude of the first
maximum decreases. On Fig. 7.4 at 4t = 6 the second maximum is already
larger than the first. In addition, as seen from Fig. 7.5, the total amplitude
oscillates as it approximates Ng. In the limiting case of the non-dissipative
medium when (y/hV) — 0 the parametric wave system does not reach the
stationary state at all and it oscillates infinitely long. This is due to the fact
that at v = 0 there exists the motion integral Hg (5.4.17). At the initial
time Hs = 0 and does not coincide with the value Hg = —(2T + S)N; in
the ground state which therefore cannot be attainable at 4 = 0.

Inn{k)

1 1 1 1

5 k 0 10 20

Fig.7.4. (left) Time evolution of the parametric wave system — data of computer simulation
of (5.4.13): distribution of waves n(k) at p=16. Linear stage: (1) at » = 1/6, and r = 1.0.
Nonlinear stage: (2) at r = 1/6, (3) at r = 1.0. Asymptotic stage: (4) at » = 1/86, (5) at
r=1.0

Fig.7.5. (right) Time dependence of the total number of parametric waves at p = 16. (1)
at v =1/6, (2) at r = 1.0

At the last asymptotic stage, as can be seen from Fig. 7.4, the packet
n(k,t) is Gaussian. This should be expected because this stage is described
by (7.5.1) whose solution (7.5.2) is self-similar and is the Gaussian packet.
Indeed the validity criterion (7.5.1) is the smallness of the ratio S(N —
N1)/v < 1. According to the asymptotics (7.5.4) N(t) comes closer to Ny,
from above or from below, as can be seen from Fig. 7.5 depending on the
value of T/S. The cause of the oscillations N(t) in the transition mode
is obvious: it is the impact excitation of the collective oscillations. Their

241
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damping decrement is 7, and the frequency 20 = /2S(2T + S)Ny ~ hV
at AV > v. Therefore the number of oscillations is of the order of AV /7.

7.6 Parametric Excitation
Under Sweeping of Wave Frequency

The analysis of the experimental data of Zhitnik and Melkov [7.16] show
that under parametric excitation of magnons in YIG, a sweeping of the
eigenfrequency of magnons w(k) in the k-space appears in some value range
of the constant field H, i.e. there appears the monotonic dependence w(k, t).
This sweeping is caused by the accumulation of non-equilibrium magnons
resulting from the dissipation of parametric magnons. The accumulation of
a large number of parametric magnons in the range of small k was observed
long ago by Le-Hall et al. [7.17], Venitsky et al. [7.18]. It would be natural
to assume that over a certain period the number of parametric magnons
linearly increases with time, and then attains the stationary mode. P odim’lo‘v
and Cherepanov [7.19] (the present section is based on the results of t.hlS
study), showed that over the time of the order of 10%/~ the accumulat{on
of non-equilibrium magnons can take place with the constant rate leading
to the constant sweeping of the frequency w(k,t) with the dimensionless
velocity

(k) = Ow(k,t)/2y(k)dt ~ 2T+/p — 1/|5] . (7.6.1)

Here T denotes the characteristic value of the interacting amplitudes
T(k,k') describing the nonlinear shift of the frequency of pa,rame.tric
magnons under the influence of non-equilibrium magnons. Note that since
the values T and S, generally speaking, are of the same order, the estima-
tion (7.6.1) reveals the possibility of considerable frequency sweeping, Emdejr
which w(k, t) changes by the value v(k) over the time 1/v(k). Clearly, .1f this
sweeping is taken into account this must lead to a significant change in the
results of the basic S-theory, in particular, to the appearance of the finite
width of parametric wave packet. The modification of the basic S-theory
of parametric excitation under the linear dependence of their frequency on
the time (linear sweeping of the frequency) will be considered in the present
section.

7.6.1 Qualitative Analysis of the Problem

In this section we shall proceed from the following equations of motion

6n(k,t) m * o —_ no(k)
oar T1(In(k, )+ T P*(k, ok, 1)} = y(k)no(k) 762,
aaz(gt, D) L {7(k) + iloni(k, 1) - w—;]}a(k,t) — iP(k,)n(k, 1) .
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On the one hand, these equations can be considered to be the generalization
of the non-stationary equations of the basic S-theory (5.4.11) (at n(k,t) =
n(—k,t)) to the case of the non-zero temperature of the thermal bass. Unlike
(5.4.11) Egs. (7.6.2) contain the additional term ~(k)no(k) describing the
energy flux from the thermal bass to the system of parametric waves. In
the absence of the pumping this term leads to the relaxation n(k,t) not
to zero but to a thermodynamic equilibrium distribution of ng(k). On the
other hand, (6.7.2) are the generalization of the stationary equations (6.4.24)
allowing for the interaction with the thermal bass to the non-stationary case.
Unlike (6.4.24) Eqgs. (6.7.2) contain additional terms with time derivatives
On(k,t)/0t and do(k,t)/0t. In principle, using the methods described in
Sect. 6.4 equations (7.6.2) can be derived beginning with (6.4.7). We shall
not do that here but convince ourselves that the above comments are correct.

Let us proceed to the analysis of the basic equations (7.6.2). To this
end, let us go over to the new variables e(k) = [wni(k) — w,/2], i.e. the
frequency shift, and 2 = (0, ¢), i.e. the polar and azimuthal angles of the
wave vector k. Using these variables (7.6.2) change over to

On(e, 12,1)

20t

92 (@) +ile + g]ole, 2,1

20t
FiP(2,t)n(e, 2,1) =0 .

+y{(2)n(e, 2,t) + Im{P*(£2,t)o (e, Q., 1)} =v(2)no ,
(7.6.3)

g(t) = wyy (k1) — w(k) = ot + ¢ . (7.6.4)

Here g¢(t) is the stationary sweeping (departure) of the eigenfrequency. In
the absence of the sweeping (at g(t) = 0) (7.6.3) have the single solution

n(e, 2) = no(e {1 + [P(2)I* /[e* + +*(2) - |P(2) "]} . (7.6.5)

In the limit ng — 0 this solution goes over to the solution of the basic S-
theory which satisfies the condition of the external stability (5.5.4). Indeed,
n(e, §2) is at maximum on the resonance surface ¢ = 0 and in the limit of
small ng it can differ from zero only at the points where |P(£2)| = ~(£2).
On the remaining part of the surface the condition |P(£2)| < v(§2) must
be satisfied, otherwise the contradiction may arise: n(£2) < 0. At |P(2)| >
7(§2) the solution of the system (7.6.3) increases exponentially with the
increment

U(§2) = —(2) + VPR — 2 . (7.6.6)

The instability region with respect to the frequencies w(k) is determined by
the inequality v(§2) > 0. Hence we have

e < VIP(Q)P —~42(Q2) . (7.6.7)
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Under linear sweeping of frequency the packet of parametric waves can be
such that its frequency varies with the constant velocity and the f(?rm of
the packet is unchanged. In other words (7.6.3, 4) must have stationary

solutions of the following form:
n(e,2,t) =n(e +at +¢,2) . (7.6.8)

Let us qualitatively analyze this solution. Under sweeping at any time some
waves enter the instability range near the resonance surface and others leave
it. Incoming waves increase exponentially with the increment v(§2,1) (766)
beginning with the level of the thermal fluctuations. They pass the insta-
bility region (7.6.7) over the time

10 = 2/|P(2)1 =73 (2)/la] = 2¢/29(|1P| = 7)/lel (7.6.9)

and at the same time their level increases up to

s =n(2,7) = maesp [2 | w0 7610

~ng expldr/27(1P] = 7)*/% /lal] -

Subsequently, these waves leave the instability region and damp over the
time 7, with the average decrement v(7) =~ (a7)?/2v. Hence and from
(7.6.10) we obtain the estimation for 71:

n = /1/laly/IPE =7 . (16.11)

Far from the instability region the sweeping can be neglected and ac‘cor{iing
to (7.6.5) [n(£2) — no] o €72, The maximum intensity of the packet is given
by (7.6.10) and is on the back boundary of the instability region (7.6.7)

Aw(k) = /|P|? = v*a/|a| . (7.6.12)

The packet width § is determined by the time over which parametric waves
decrease e times passing the boundary of the instability region:

8 = nly*/VIPRP =2,  n=a/2. (7.6.13)
When the condition of the adiabatic slowness of the sweeping is satisfied
n< (PP =)/, (7.6.14)

under which the above considerations hold true, the packet width (7.6.13)
is much less than its shift Aw(k) (7.6.12). The total number of waves N (2)

can be readily estimated

PE =) 72)3/2} (7.6.15)

N(£2) > nmaxd =~ noexp [ Saly
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The pre-exponential factor in (7.6.15) is not defined at our level of rigor.
For us it is only important that in the absence of thermal noise (no = 0) the
number of parametric waves N(£2) = 0. Note also that (7.6.15) is not the
complete solution of the problem, since to determine the number of para-
metric waves one must self-consistently obtain the renormalized pumping
P(£2).

In order to qualitatively analyze the number and the phase of parametric
waves above the threshold it is convenient to make use of the condition of
the equality of the pumped and dissipated energy fluxes

1

0 3%

Fig.7.6. Diagram of the pumping vectors: AV is the external pumping, So is the pumping
arising due to four-wave interaction, vector Q' A is the self-consistent total pumping with-
out sweeping, vectors AB and AC, AC' are the same at positive and negative sweeping,
7 is damping and ¥ is the pair phase. Line (1) corresponds to the continuous modifica-

tion of the basic S-theory, line (2) represents the additional solution at strong negative
sweeping

AV sin¥ =« , (7.6.16)

where ¥ is the phase difference of the anomalous correlator of parametric
waves and the pumping. Therefore on the vector diagram (Fig. 7.6) the
vector So = 37, S(k, k')o(k') is inclined at the angle ¥ = arcsin(y/hV)
with they pumping P (for definiteness, we assume S > 0). The sum AV +So
is the renormalized pumping. Let us find now the angle between P and So.
From (7.6.3) it follows that in the stationary case

o(k) = ~iP(k)n(k)/AK) ,  A(k) = (k) + il (k) — wp/2]
Re{P*(k)o(k)} = = |P(k)Pluni(k) — wp/2n(k)/|AK)E . (1.6.17)

If the frequency sweeping is not too fast the packet is narrow with respect
to the frequencies, therefore in the center of the packet

|P(k)|* = 7*(k) + (Aw)? , Re{P*(k)o(k)} = —Awn(k) . (7.6.18)

Since under positive sweeping (Aw > 0), the angle between So and P
is obtuse. Therefore the quantity is less than its values in the absence of
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the sweeping, ie. [Sa| < 4/|hV|? —~2. In the case of negative sweeping
(Aw < 0, the angle between P and So is acute and, consequently, So >
IRV |2 —~2 at any sweeping velocity. Strictly speaking, under negative
sweeping the condition (7.6.16) can be satisfied also when the vector Seo is
inclined to AV at the angle (7 — arctgy/hV) (straight line (2)). For such
a solution to exit the sweeping must be sufficiently large. This additional
solution is, however, unstable, as it is shown below.

7.6.2 Basic Equations of S-Theory Under Frequency Sweeping

In order to investigate quantitatively the packets of parametric waves under
the sweeping with the constant velocity it is convenient to change over from
the variable ¢ to the variable w, i.e. the current value of the frequency
detuning w = ¢ + af. This is similar to changing over to the reference
system moving with the velocity « under the Galilean transformation. In
this case (7.6.3) are transformed into

:58% + ’Y(Q)] n{w, 2) + Im{P*(2)o(w, 2)} = ¥()ny ,
ngaa% +~(02)+ iw] o(w,2) +iP(2)n(w,2) =0, (7.6.19)
_%ﬁj +(£2) - iw] o*(w, 2) — 1P (2w, 2) = 0.

The stationary sweeping of the packet is described by the solutions (7.6.19)
which do not explicitly depend on time. Apparently they must satisfy the
boundary conditions

n(w,2) = nel — 0, o(w,2)—10, o*(w,§2) =0 (7.6.20)

at w — too. The stationary solutions of the homogeneous system (7.6.19)
at no = 0 ,|w| — oo have the following asymptotic behavior

Im{P*(2)o(w, )} x %exp [(;%M} . (7.6.21)

None of these solutions tends to zero at w/a — oo, therefore no lin-
ear combination of the solutions satisfies the boundary conditions (7.6.20).
Physically, this means that in the absence of thermal noise the parametric
excitation of waves under frequency sweeping is impossible. Therefore to
determine the packet of parametric waves under sweeping we must find the
regular stationary solution of the non-homogeneous system (7.6.19) satis-
fying the boundary conditions (7.6.20). The requirement that the solution
should be regular is equivalent to the condition of the external stability in
the absence of sweeping.
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Under stationary frequency sweeping (7.6.19) can be transformed to the
dimensionless form (7.6.24) introducing the following new variables:

o) /(D) WD =a/2@), @) =P@DH), oo
U(z) =Re{ll*(2)o(x)} , V(z) = ~Im{II"(R)o(2)} , 6.22)
where m(z) = n(z) — ng. Note that the angle §2 in (7.6.19) is a parameter
and the dependence on this angle can be omitted when the cigenfrequency
shape of the packet is studied at fixed §2. It is convenient to perform also the
Fourier transform which enables us to reduce the order of the differential
operator and to make one more substitution of a variable

flz) = /f(k) exp(ikz)dk , z=(1+ink)/in . (7.6.23)
These allow to express (7.6.19) in the form:
49?V i|I)? no(2z +1)
= (1= — o pplioies T E/
522 ( oz > V = 2i|l] e (7.6.24)

The solutions of this equation are the Whittaker functions with the index

m = 1/2 [720]' Wy,l/Z(z) and W_y’I/Q(Z)Z

—z/2 1+z
w, = y -
v,1/2(2) [exp Fi- y)] /[ n 1Y exp(—t)dt . (7.6.25)
where y = —i[II|*/4 and I'(z) is the gamma-function. This solution of

(7.6.24) was obtained by Podivilov and Cherepanov [7.19].

7.6.3 Solution of S-Theory Equations

Note that below the threshold of the parametric instability and under a
low rate of sweeping the ordinary below-threshold heating of the wave sys-
tem takes place. For the adiabatic sweeping when the condition (7.6.14) is
satisfied we have

(0 = @) Pny 2 I(R)] — 1P
(Q) - |H(Q)\2 1 €xp 37](9)] . (7626)

This case was quantitatively discussed in Sect. 7.6.1 and the solution (7.6.26)
here qualitatively coincides with the estimation of (7.6.15) obtained earlier.
Under non-adiabatic sweeping when [n7] > (|| — 1)>/? the number of
parametric waves is limited by the level close to the thermal level

n($2) = x| I(02)|2ne(1 + Jn|~/3) . (7.6.27)

As the sweeping velocity increases the integrated value Re{P*o} decreases
as |n|7!. There is one more important case when under fast sweeping (n >
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1, |H|) the number of parametric waves is large. This is the case of high
supercriticality |II12 > n > 1,|I]| . In this case:

_ AR (@) /() T2

)= m@r . P @)
TP, o)
p(2)=2 () In Ok (7.6.28)

Now let us proceed to the problem of the shape of the parametric wave
packet. In Sect. 7.6.1 it was qualitatively shown that when the condition
of the adiabatic sweeping (7.6.14) satisfied the packet width of parametric
waves (7.6.13) is much less than its shift from the resonance Aw(k) (7.6.12).
The exact expressions for § and Aw(k) coincide with these estimations with
the accuracy up to the constant. When the sweeping velocity is high and
the supercriticality is large we can obtain

Aw(k) =—|P’L/2a, & =|PP[1+L/4],

(7.6.29)
L =In{a?/¥*[|PP? + 2ayexp(~CP)]} .

Here C = 0.577... is the Euler constant. Clearly, as under adiabatic sweep-
ing, the condition Aw|(k)| > (k) is satisfied. Strictly speaking, this is
the specific part of the S-theory connected with the sweeping. Further we
deal with the standard procedure of the self-consistency of the number of
parametric waves with the amplitude of the renormalized pumping P.

7.6.4 Dependence of the Number of Waves
on the Pumping Amplitude

The simplest case to study is the one with spherical symmetry (e.g., easy-
plane antiferromagnets) when in order to obtain the total number of para-
metric waves N it is sufficient to multiply (7.6.26) and (7.6.28) by 4. In
the case of the axial symmetry (characteristic of the cubic ferrimagnet YIG
used in the experimental study of the frequency sweeping of parametric
magnons) Egs. (7.6.26, 28) can also be rather easily integrated with respect
to the angles. Under |ng| < (|Io|*> — 1) this yields

7o |Ho|3/2 ?’[|Ho|2 — 1]3/2
N = N, [T
B P —1p7e P 7o

p=/|Iy|2 — 1signgn , Np = 4n’k*ngvy/[0w(k)/Ok] .

Here N7 is the number of thermal waves in the layer of the width Aw(k) =
7y(k) near the resonance surface. If |IIg|? > |no| > 1, || then

_ |m0 o | |H0|2) _ ( @) <m>
N_zNT\/W_ﬂ exp 7r2|770| , p=12 770 In | - (7.6.31)

i

(7.6.30)
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In these expressions IIy and 7y are the values of II(§2) and n(2) on the
resonance surface and the coeflicient § ~ 2 characterizes the angular de-
pendence II(2):

|[IT(2)|? = |Hy| — Beos N, N=06,0. (7.6.32)

It is clear that in different cases of symmetry, spherical and axial symme-
try, the respective formulae are different only in the pre-exponential factor.
Further transformation will lead only to an insignificant difference in the
logarithmic factor. Therefore we shall subsequently confine ourselves to the
case of axial symmetry experimentally studied by Zautkin et al. [7.21].

The next stage of the self-consistency procedure is to make use of the
relationship between P and AV. From (5.5.6) we can obtain

IRV [* = |P* +2p9|SIN + (SN)* (1 + 1*)/|1P, (7.6.33)
where p = Re{P*X /yN}. The solution of (7.6.33) has the following form:

|P|?

SNy =
+ 1+H2

2
kg 2+ 1+‘2‘ (h2V2 — |P]2)| . (7.6.34)
1P|

If the condition of adiabatic sweeping (7.6.14) is sa:tisﬁed, the number of
parametric waves N is large in comparison with the thermal noise and

p = ay/|P|? —~%/|aly. Then it follows from (7.6.34) that

«
|S|Ny = —m\/ |PI2 =72 +vy/p—1, p=(k/hn)*. (7.6.35)

The simplest case for the analysis is Sa > 0. Then in (7.6.35) only the
solution N, is meaningful. At the low level of the thermal noise when

e=|S|Nr/y <1 (7.6.36)
it follows from (7.6.35) and (7.6.30) that

|SINy =4+/p—1-— %(IH[LPU])I/?’ . (7.6.37)
The first term here corresponds to the well-known result of the S-theory. As
the sweeping velocity increases, the numbers of parametric waves decreases.
Under a very small supercriticality when p — 1 < n? (7.6.37) is inappli-
cable because the condition (7.6.14) is violated. In this case the number
of parametric waves is not big in comparison with the number of thermal
waves. Under high supercriticality the applicability of condition (7.6.14) is
also violated. Then (7.6.31) must be used. The qualitative behavior of the
dependence of N on the sweeping rate is retained (Fig. 7.7). The negative
sweeping rate results in a much more complicated situation since both so-
lutions (7.6.35) are meaningful. At not too large levels of noise and not too
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Fig. 7.7. Theoretical dependences of the total number of parametric waves N on the pump-
ing amplitude h at different rates of sweeping: lines (1) correspond to 1 = 0, lines (2) to
I} = 1072, lines (3) to |n| = 3 - 1072, lines (4) to || = 0.1. Fig. A corresponds to the
positive sweeping, Fig. B to the negative sweeping

large sweeping rates there exists a single solution corresponding to the root
of Ny in (7.6.35) and described by (7.6.37). At Sa — 0 this expression nat-
urally coincides with the basic S-theory result. If the noise level is small and
the sweeping rate is sufficiently big, there are three solutions of the wave
number of N and the renormalized pumping |I|. The smallest solution cor-
responds to the situation when the noise level is so low and the sweeping
rate is so large that the amplitude of parametric waves over the time of
passing the instability region has no time to increase significantly. The two
other solutions correspond to high N, the intermediate value is unstable.
Fig. 7.7 shows a set of dependences of the number of waves IV on the pump-
ing power p calculated for different values of the sweeping velocity « and
the thermal noise amplitude € = 1073. Clearly, there is a hysteresis of the
dependence of the number of parametric waves on the pumping intensity
under a fixed rate of sweeping. When the pumping intensity is less than a
certain value, the critical level of parameter waves is close to the thermal
level. Under p > p; where

pr =~ 1+ [(3/4)(lal/7?) In(la] /4422

two stable states of parametric waves can exist. As the pumping intensity
increases under p > p, where

P2 = 1+ 1(3/4)(|al/+*) Mne[P/?

the single state remains and under o — 0 changes over to the standard
solution of the basic S-theory. The number of waves in this solution is close
to the well-known expression |S|N = v4/p — 1. It must be emphasized that
the number of parametric waves for the solution (7.6.37) corresponding to
the basic S-theory in the absence of sweeping indefinitely increases under
increasing sweeping velocity and under fixed pumping intensity.

(7.6.38)

(7.6.39)

e ——————— e
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Concluding, the expression for the frequency of the homogeneous collec-
tive oscillations for the case of the adiabatic sweeping is presented

R4 = —iy £ /4[SN + Aw(k)](2T + S)N — 42, (7.6.40)

where Aw(k) is the shift of the packet of parametric waves specified by
(7.6.12). It must be noted that expressions (7.6.40) were obtained by Po-
divilov and Cherepanov by awkward but rather accurate calculations [7.19].
The frequency [7.6.40] can also be obtained from the simple equations of the
basic S-theory without frequency sweeping for the narrow packet of para-
metric waves localized on the surface wni, (k) = Aw(k) +wp /2. Incidentally,
the same is true of the expression for the general number of parametric
waves N and their phase ¥. Thus in the cases when the number of para-
metric waves N is large in comparison with Nt the role of the frequency
sweeping mainly amounts to the modification of the condition of external
stability; instead of wnL(k) = wp/2 we obtain wyi(k) = Aw(k) + wp/2
where the position of the packet center Aw(k) is given by the expressions
(7.6.12) and (7.6.29).

Later, in Chap. 9, we shall compare the theory developed in this chap-
ter with the experimental data by Zautkin et al. [7.21]. A full qualitative
and good quantitative agreement between theory and experiment was es-
tablished.

7.7 Problems

Problem 7.1. Take into account the influence of the interaction between
the resonator and the SHF-magnetic field of the pumping on the frequency
of collective oscillations of parametric waves excited by parallel pumping,.
Investigate the instability region of the coupled oscillations.

Problem 7.2. Obtain the expressions for the frequencies of the coupled
collective oscillations of parametric magnons and homogeneous precession
under transverse pumping: first, for the processes of the first order far from
the resonance of the homogeneous precession and then for the second-order
processes at the resonance of the homogeneous precession.

Problem 7.3. By making use of the Hamiltonian of the interaction of
magnons with the magnetic field (4.3.18) and (4.3.19) obtain expressions
(7.2.4) for the “external force” acting on the system of parametric magnons
(7.2.1) in the presence of radio-frequency and SHF magnetic fields.

Problem 7.4. Obtain the expression of the Hamiltonian of magnon-sound
interaction in the easy-plane antiferromagnets. (Lutovinov [7.6])
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Hint. Use the expression for the magnetoelastic energy and the canonical
variables for the sound and magnons in easy-plane antiferromagnets.

Answer: See (7.2.6).

Problem 7.5. Obtain the condition of the external stability of the station-
ary state of parametric magnons (7.4.2) under radio-frequency modulation
Hy(t) = Hy cos £2t:

Answer:
U(k)Hpm|?
Ak) =wni (k) — wp /2 = %{T(QZ +45%N?)
(7.7.1)
2
2 | 902 p2 (2y5N)
+45|y* + 25°N +m+472] .

Problem 7.6. Obtain the expression for the frequencies of the spatially non-
homogeneous collective oscillations £2(«)(k is the wave vector of collective
oscillations) under the parametric excitation of waves in the case of spherical
symmetry: V(k) =V , S(k,k') =S , T(k,k') = T. This case is realized in
easy-plane antiferromagnets, e.g., CsMuF;, MnCOj, etc.

Hint. For the analysis use (7.1.8)

Answer

2(g)=—1v+ \/(vfs)2 coth?(vk/A) — 42 , (7.7.2)
A =4S(2T + S)N? |, v = 0w(k)/Ok .

Problem 7.7. Obtain the expression for the frequencies of the spatially
non-homogeneous collective oscillations 2(k) in the case of axial symmetry
when parametric waves are excited only on the equator of the resonance
surface and the vector « is in the plane of the equator.

Problem 7.8. Find the instability increment (frequencies £241(x)) of the
spatially non-homogeneous mode of the collective oscillations with the ax-
ial number m = 41 under the parametric excitation of magnons by parallel
pumping in cubic ferromagnets when magnouns are excited only on the equa-
tor of the resonance surface. Analyze (analytically and on the computer) the
nonlinear stage of this instability in some limiting cases. Will this leads to a
stationary but spatially homogeneous distribution of parametric magnons?
If this is not the case, what type of self-oscillations will arise in the system?

Note. These questions have not yet been answered but are of great inter-
est for the interpretation of the experimental data on the ferrimagnetic YIG
when the mode instability m = £1 can take place. It is a good challenge.
In case of success, please publish the results!
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Problem 7.9. Obtain the time dependence of the absorbed intensity at the
linear development stage of the parametric instability when the pumping is
turned on instantaneously.

Hint. Use (7.6.2) in the linear approximation

Answer:

b

W (t) = mw, / Ay (R2)RV (2)k(2)ng F[02, 20V (2)1)/20(2)

wher? F(2,7) = [ Ii(z)exp[~7(2)z/hV(2)]dz and Ii(z) is the Bessel
function of the imaginary argument ( Cherepanov, unpublished).





