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Residual dipolar couplings between quadrupolar nuclei in solid state
nuclear magnetic resonance at arbitrary fields
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Second-order dipolar effects arise when a nucleusS is in close proximity to a quadrupolar spinI.
These couplings originate from cross correlations between quadrupolar and dipolar interactions, and
have the notable characteristic of not being susceptible to averaging by magic-angle-spinning.
Therefore they can originate noticeable splittings in high resolution solid state nuclear magnetic
resonance~NMR! spectra, as has been observed repeatedly forS51/2. With the advent of high
resolution half-integer quadrupole spectroscopy, such effects have now also been noticed in higher
(S53/2,5/2,...) spin systems. Within the last year these couplings have been reported for a number
of complexes and analyzed in the high-field limit, whenI ’s Larmor frequency largely exceeds its
quadrupolar coupling. The present study discusses the generalization of these analyses to arbitrary
quadrupolar/Zeeman ratios. The predictions of the essentially numerical treatment that results
compare well with previously derived high-field analytical models, as well as with experimental
solid state NMR spectra observed in a borane compound possessing a11B–75As spin pair. An
alternative analytical variant that can account for these effects in the low-field limit is also derived
on the basis of average Hamiltonian theory; its results agree well with the predictions obtained from
general numerical calculations of one-dimensionalS spectra, but present peculiarities in the
bi-dimensional NMR line shapes whose origins are briefly discussed. ©2001 American Institute
of Physics. @DOI: 10.1063/1.1357440#
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I. INTRODUCTION

Recent years have witnessed an increased interest in
nuclear magnetic resonance~NMR! spectroscopy of half-
integer quadrupolar nuclei (S53/2,5/2,...).1–3 From a chemi-
cal perspective this interest has been driven by the la
number of important roles that these nuclei play in minera
organic and inorganic compounds, and advanced mater
Equally important have been a number of methodolog
advances that currently enable the acquisition of high re
lution spectra from this kind of nuclei, and the exploitatio
of dipole-based experiments originally devised for diluteS
51/2 as aids in structure determination and spectral ass
ment. An example of one such dipole-related phenom
concerns the second-order effects that arise when a spinS is
coupled to another quadrupolar nucleusI.4,5 Cross correla-
tions originate then between the two-spin dipolar andI ’s
quadrupolar Hamiltonians that are not susceptible to ave
ing by conventional magic-angle-spinning~MAS!, thereby
leading to anisotropic splittings in theS-spin signal. Such
residual couplings have been extensively documented in
solid state NMR spectroscopy ofS51/2 (13C,15N, 31P);6–10

they are known to lead to unusual line shapes, as well a
information that may otherwise be difficult to extract like th
sign of I ’s quadrupole coupling.6–13

With the advent of new high resolution forms of spe
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troscopy such as multiple-quantum magic-angle-spinni
MQMAS,14,15 similar observations have been extended toS
53/2.16–18 So far theseS– I residual dipole analyses hav
been concerned with cases whereI ’s quadrupole coupling
frequenciesxQ

I 5e2qQI /@2I (2I 21)h# were small compared
to their corresponding Larmor frequenciesv0

I /2p. It is then
possible to use average Hamiltonian or perturbative meth
to derive analytical expressions for the splittings and l
shapes expected for theS NMR spectra, as a function ofI ’s
spin number and of the various coupling parameters
volved. To deal with a more general scenario involving
bitrary values of thexQ

I /v0
I ratio, however, a different frame

work needs to be developed. The present study descr
such arbitrary-case analysis, by introducing a numerical
proach to the problem involving an explicit time propagati
of the spins’ density matrix. Line shapes derived in this ma
ner for a modelI 5S53/2 spin system agreed well with th
predictions of our previous analytical theories in the hi
field limit, and allowed us to test the latter’s applicabili
range. The numerical procedure was also used to follow
high→intermediate-field transition of this effect, as mon
tored experimentally via11B MQMAS NMR on a11B–75As
spin pair as a function of the magnetic field strength. Fina
these numerical simulations were complemented with
analytical low-field theory derived to account for the cons
quences of these effects in thev0

I !xQ
I regime. The similari-

ties and discrepancies observed between this analy
theory and the numerical predictions of the general mo
are discussed.

of
t,
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II. RESIDUAL DIPOLAR COUPLINGS AT ARBITRARY
FIELDS

In deriving a general approach for analyzing quadrupo
induced dipolar effects under arbitraryxQ

I /v0
I conditions, we

decided to follow the general outline and nomenclature l
out in our previous high-field analysis.18 Furthermore, since
the focus of the present work is anI –S pair whereS is
observed under high-field/high-resolution conditions wh
I ’s Hamiltonian is dominated by a quadrupole interactio
only heteronuclear systems had to be considered. Hence
total laboratory frame Hamiltonian can be written as

HLab5HZ
I 1HZ

S1HQ
I 1HQ

S1HIS . ~1!

Here

HZ
X5

v0
X

2p
Xz , X5I ,S, ~2a!

HQ
X5 (

m522

2

~2I !mT2,2m
Q,X R2,m

Q,X , X,I ,S, ~2b!

and

HIS5HIS
D 1HIS

J 5J Ī•S̄1 (
m522

2

~2I !mT2,2m
D R2,m

Deff ~2c!

denote, respectively, the Zeeman, quadrupolar, andI –S cou-
pling interactions of the two spins in terms irreducib
spherical tensor components.19 Moreover, the last of these
interactions considersJ and dipolar couplings in unison b
assuming that they possess coincident principal axis sys
~PASs!, and are therefore defined by a net anisotropic c
stantDzz

eff522(gIgS\rIS
232DJ/3).20

Because of our interest in the high resolution sp
troscopy of S under MAS and MQMAS conditions, it is
sensible to assume thatv0

S/2p@xQ
S5e2qQ/@2S(2S21)h#.

S Zeeman effects can then be accounted by the custom

rotating frame transformationH̃Lab(t)5eiv0
SSztHLabe

2 iv0
SSzt,

followed by an average Hamiltonian treatment to account
the time dependencies imparted on the spin operators.
resulting rotating frame Hamiltonian can be written as

Hrot5HI1HS1HIS

5~HZ
I 1HQ

I !1~dSSz1HS
Q,~1!1HS

Q,~2!!1HIS
~1! . ~3!

In this expression theHI terms are as in Eqs.~2a! and ~2b!,
dS is a frequency offset,HS

Q,(1,2) are S’s first- and second-
order quadrupole effects, andHIS

(I ) represents the dipolar ef
fects truncated to first order inSz :

HIS
~1!5S J1A2

3
R2,0

DeffD I zSz1
1

2
~R2,21

Deff I 12R2,1
DeffI 2!Sz .

~4!

The first term on the right-hand side of this equation rep
sents the secular heteronuclearI –S coupling, whereas the
second one contains the nonsecular effects that constitut
focus of this study.

Previous analyses assumed that bothS and I were sub-
ject to high-field conditions, and thus continued at this po
with a rotating-frameI transformation similar to the one ap
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plied on S. Yet for arbitraryxQ
I /v0

I ratios such transforma
tion is no longer justified, and an explicit diagonalization
the Hamiltonian needs to be carried out for evaluating
spectra. In order to specify the form of this matrix we c
cumscribed the analysis toS5I 53/2, coinciding with the
type of spin system that was subsequently analyzed exp
mentally. TheHrot operator in the product$umSmI&% Zeeman
basis set then reads

FIG. 1. Comparisons between the 2D MQMAS line shapes predicted by
exact treatment of residual dipolar couplings introduced in this study
line shapes resulting from the high field analytical expressions introduce
Ref. 18, as a function of different quadrupolar/Larmor frequency ratios.
cases assumedS5I 53/2, axially symmetric and coincident tensors for a
interactions, MAS at v r /2p525 kHz, J5500 Hz, Dzz

eff5500 Hz, xQ
S

52 MHz, v0
S/2p564.4 MHz, v0

I /2p534.4 MHz and a natural linewidth
550 Hz. Vertical and horizontal traces correspond to the sheared an
tropic and isotropic 1D projections of the data. The unusual scale in
lowermost high-field simulation originates in the proportionality that th
model assumes between the residual dipolar splittings andxQ

I .
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Here

E~mS ,mI !5
v0

I

2p
mI1xQ

I R2,0
Q,I@3mI

22I ~ I 11!#1dSmS

1xQ
SR2,0

Q,S@3mS
22S~S11!#

1
6p~xQ

S !2

v0
S $R2,1

Q,SR2,21
Q,S @4S~S11!28mS

221#

1R2,2
Q,SR2,22

Q,S @2S~S11!22mS
221#%

1S J1A2

3
R2,0

D effDmSmI ,

23/2<mS ,mI<3/2 ~6a!

defines the Hamiltonian’s diagonal, and off-diagonal e
ments are given in terms ofI ’s laboratory frame quadrupola
couplings

DQ,I
1 53&xQ

I R2,1
Q,I , DQ,I

2 53&xQ
I R2,2

Q,I ~6b!

and of the dipolar coupling constantGD
1 5R2,1

Deff/4.
The static central-transition NMR spectrum of theSspin

could be calculated from this Hamiltonian as a suitable po
der sum of the various Bohr frequenciesn (1/2)↔2(1/2)(uf I&)
5E(mS51/2,uf I&)2E(mS521/2,uf I&), associated to indi-
vidual I-spin eigenstates$uf I&%. Under MAS, however, all
the anisotropic couplings inHrot(HQ

I ,HQ
S ,HIS) become time

dependent. To carry out a spectral calculation one there
needs to compute an explicit time-propagation operator

U~ t !5T̂ expS 2 i E
0

t

Hrot~ t8!dt8D
5exp@2 iHrot~ tn!Dt#3¯3 exp@2 iHrot~ t I !Dt#

~7!

from which the signal becomes available as

S~ t !5E
powder

Tr@U~ t !Sx
~1/2!↔2~1/2!U~ t !21S1

~1/2!↔2~1/2!#dV.

~8!

Computing the time-dependence imparted by MAS also
quires that all spatial parts of the various anisotropies
expressed in a common, rotor-based reference frame. S
transformations were defined following the conventions
Ref. 18 as

EFG~ I ! ——→
~a,b,c!

D ——→
~a,b,g!

EFG~S!

——→
V5~w,u,j!

ROTOR ——→
~vr ,54.7°,0°!

LAB, ~9!

where the EFGs refer to the principal axes systems of
quadrupolar tensors, and arrows denote transformat
based on Wigner rotations matrices.

A bi-dimensional extension of this formalism was deve
oped to calculate the results expected from MQMAS NM
experiments. In addition to the sample spinning, this enta
correlating for every single crystallite in the sample
mS↔2mS MQ evolution during a timet1 , with a conven-
H

Downloaded 14 May 2001 to 132.76.33.15. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



r
rs

8514 J. Chem. Phys., Vol. 114, No. 19, 15 May 2001 Wi, Frydman, and Frydman
FIG. 2. Variations predicted in the triple-/single-quantum~unsheared! MAS correlation line shapes of anI –S spin pair affected by residual dipola
interactions. Spectra were calculated for a single crystallite@Eq. ~9! with w50°, u530°# using the indicated 2pxQ

I /v0
I ratios, and other coupling paramete

as indicated in Fig. 1.
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tional 21/2↔11/2 central transition evolution duringt2 .
The signal arising from theS53/2 spin ensemble could the
be calculated as

S~ t1 ,t2!5E
powder

Tr@U~ t2!P~3Q→1Q!

3U~ t1!Sx
~3/2!↔2~3/2!U~ t1!21P~3Q→1Q!21

3U~ t2!21S1
~1/2!↔2~1/2!#dV. ~10!

Here P(3Q→1Q) represents the unitary operator for th
triple- to single-quantum conversion occurring during t
mixing time, which for the sake of simplicity was assumed
have an efficiency of 100%.

In order to calculate the two-dimensional~2D! time-
domain signals arising from these expressions a comp
C-code program was written, involving the numerical diag
nalization of the 16316 matrix in Eq.~5! for incremented
times Dt1 ,Dt2 . Given xQ

I ’s large values, capturing with a
convergent behavior the changes that occur in theHQ

I (t)
Hamiltonian as a result of the MAS required making the
time increments significantly small~<1 ns!. This is turn de-
manded thousands of diagonalizations per rotor period
procedure that when coupled to the need for computing
untruncated bi-dimensional data set over a powdered sam
became prohibitively time consuming. Because of this lim
tation calculations were focused on deriving an evolut
operatorU(Tr) that is stroboscopic with the rotor perio
2p/v r , thereby sacrificing potential spinning sideband
formation in exchange for computational speed. Even w
this restriction the simulation of a 2D MQMAS spectru
with 233 powder orientations took ca. four days on a de
cated Linux-based dual-Pentium computer. Protocols ba
on mixed time-frequency 2D calculations as well as vario
algorithms for optimizing the powder averaging we
assayed,21–23 but did not result in significant improvemen
of the calculation’s speed or on the appearance of
MQMAS line shapes.

III. RESIDUAL DIPOLAR COUPLINGS: FEATURES
AND EXPERIMENTS

As an initial test of the numerical formalism we com
pared the 2D MQMAS NMR line shapes predicted by th
approach for different values ofxQ

I /v0
I , with spectra arising

from the high-field analytical theory that we previously d
rived for this effect. Representative comparisons betw
Downloaded 14 May 2001 to 132.76.33.15. Redistribution subject to AI
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these two approaches are illustrated in Fig. 1. According
these simulations the 2D correlations predicted by the a
lytical theory remain indistinguishable from the numeric
ones for as long as 2pxQ

I /v0
I <0.05. Between 0.05

<2pxQ
I /v0

I <0.2 deviations between both sets of line shap
begin to emerge, even if the predictions that the analyt
derivation makes for the centers of mass of the vario
$uf I&% multiplet components ofS remain quantitatively
valid. As the 2pxQ

I /v0
I ratio exceeds past these values t

correspondence between the high-field and the nume
predictions breaks down further, and even the number
multiplets predicted by both models for the spectra begin
differ.

In principle it may not be entirely clear whether suc
‘‘breaking apart’’ of the multiplet structures is a true featu
of the residual MAS dipole effects, or is reflecting a limit
the number of time and angle increments that we can ad
in the line shape simulations. Evidence that these chan
are reflecting the actual spins’ behavior is presented in F
2, which illustrates a series of single-crystallite 2D MA
simulations obtained numerically as a function of thexQ

I /v0
I

ratio. The number of orientations is not an issue in su
cases, while sufficiently smallDt increments could be af
forded in the propagation to guarantee a convergence in
spectral line shapes even for the highestxQ

I /v0
I ratios. These

simulations confirm that simple (2I 11) multiplets of theS
signals will only arise in extreme high-field cases. At inte
mediatexQ

I /v0
I values both the number of observed pea

and their disposition becomes a complex function of the c
pling parameters, a behavior that has actually been repo
for the MAS NMR spectra ofS51/2 coupled toI 53/2 nu-
clei as well.24 Finally in the low-field v0

I ,xQ
I regime the

appearance of the 2D NMR spectrum again approache
simple 2I 11 multiplet when projected onto the 1Q or 3Q
axes, yet it displays several cross peaks among the var
S-spin components in the 2D correlation.

To further evaluate the nature of these higher-order
polar couplings, their effects were monitored experimenta
via the acquisition of solid state NMR spectra on a mo
11B(S) –75As(I ) spin pair system. The compound chosen
this test was the H3B:AsPh3 adduct, synthesized and purifie
as described in the literature.25 Arsenic was chosen as cou
pling partnerI because of several factors including its 3
spin number, 100% natural abundance, and relatively
Larmor frequency ('v0

H/6). Also relevant is75As quadru-
pole moment (0.3310224cm2!, that leads to large quadru
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 3. Comparison between the ex
perimental 11B MQMAS centerband
line shapes observed for borane tr
phenylarsine as a function of mag
netic field~top row!, and best fit simu-
lations obtained on the basis of exa
~center! and high-field~bottom! theo-
ries for the residualS– I dipolar cou-
plings. The parameters used in the
calculations are d11B

5235.4 ppm
from neat B~OCH3!3; (e2qQ/h)11B

51.9 MHz, (e2qQ/h)75As
5160 MHz,

(hQ)11B
5(hQ)75As

50, DJ52300 Hz,
J5650 Hz, natural linewidth550 Hz.
Vertical and horizontal traces corre
spond to 1D projections of the data.
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pole coupling constants in all but the most symmetric en
ronments. 11B MQMAS data were acquired for thi
compound on laboratory built 4.7, 7.2, and 11.8 T NM
spectrometers at 64.5, 96.8, and 160.6 MHz, respectiv
using a variety of 4 and 5 mm doubly tuned probehe
while doing MAS in the 6–15 kHz range. These experime
employed a basic two-pulse MQMAS acquisition seque
with a fast-amplitude-modulation conversion pulse,15,26,27

and relied on'80 kHz rf fields for both the11B manipula-
tions and simultaneous proton decoupling.

Figure 3 displays representative variable-field 2D NM
results obtained on such compound, together with bes
simulations of these data derived using the numerical mo
of Sec. II. Also shown in this figure are the simulated li
shapes that could have been expected from a straightforw
application of the previous high-field analytical theory.
order to obtain these numerical best fit simulations,11B
quadrupole coupling parameters were first extracted from
centers of mass and anisotropic projections of the varia
field MQMAS spectra. Furthermore and because of the
duct’s axial symmetry along the boron-arsenic bond,
asymmetry parameter ofI’s EFG tensor, and the pairs o
Euler angles~a,b! and ~a,b! were all set to zero. This lef
three main parameters in control of the fit: The effect
dipolar coupling, the isotropicJ value, and the75As quadru-
pole coupling. The starting point for defining the first
these parameters was the11B–75As distance reported fo
H3B:As~CH3)3(2.03 Å);28 further refinements demanded
Downloaded 14 May 2001 to 132.76.33.15. Redistribution subject to AI
i-

ly,
s
s
e

fit
el

rd

e
e-
d-
e

decrease in the effective dipolar couplingDzz
eff , which was

arbitrarily ascribed to a lengthening of the bond by 0.2
~presumed to be a consequence of the more severe s
hindrance of the triphenyl arsenide! and a concurrentDJ
anisotropy effect. The remaining values used to fit the
perimental data are shown in the corresponding figure’s c
tion. The match between all experimental and simula
spectra is not perfect, yet significant deviations of the75As
quadrupole coupling constant from the reported value g
unacceptable shifts in the relative positions of the vario
multiplet components. It is possible that remaining discre
ancies between spectra and simulations shall be reflec
nonidealities of the MQMAS sequences whose pulses w
not explicitly propagated.

IV. MAS DIPOLAR EFFECTS IN THE LOW FIELD
LIMIT

Although general in its applicability, the numerical a
proach introduced in the preceding sections is much
amenable to practical implementation than its high field a
lytical counterpart. The latter lead to simple expressions
the isotropic multiplet positions, and only demanded t
powder integration of time-independent frequency expr
sions for retrieving the complete 2D MQMAS line shape
By contrast the numerical approach provides a general
scription of the residual coupling at the expense of phys
insight, and only gives spectral line shapes after intens
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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and time consuming numerical calculations that are ill-sui
for iterative fittings. In an effort to alleviate this limitation
the development of a second analytical model, complem
tary to the existing high-field theory, was undertaken for d
scribing the low-field casev0

I !xQ
I . Such treatment was de

rived by Olivieri for S51/2 cases based on stat
perturbation theory;29 this paragraph extends such model
S53/2 MAS and MQMAS experiments based on an avera
Hamiltonian treatment.

Whereas one of the steps in the high-field analysis wa
transformation to the usual Zeeman rotating frame, the lo
field scenario assumes that the truncation is imposed byHQ

I

rather thanHZ
I . In the corresponding quadrupolar interacti

representationHIS will assume a time dependence

H̃IS~ t !5ei *0
t HQ

I
~ t8!dt8HISe2 i *0

t HQ
I

~ t8!dt8. ~11!

For simplicity we will consider that quadrupolar coupling
xQ

I are time independent, and thatI’s quadrupolar tensor is
axially symmetric and coincident with the effective dipol
PAS. Hence within this frame

H̃IS~ t !5~J1Dzz
eff!I zSz

1
1

2 S J2
Dzz

eff

2 D @ Ĩ 2~ t !S11 Ĩ 1~ t !S2#, ~12!

where

Ĩ 6~ t !5expH i
xQ

I

A6
@3I z

22I ~ I 11!#tJ I 6

3expH 2 i
xQ

I

A6
@3I z

22I ~ I 11!#tJ . ~13!

The results of these transformations can be best express
terms of spherical operators,30 which for I 53/2 read

7
Ĩ 6~ t !

&
5T̃1,61

I ~ t !

5T1,61
I @ 3

5 cos~xQ
I t !1 2

5#2
i

&
T2,61

I sin~xQ
I t !

1T3,61
I 2

A15
@cos~xQ

I t !21#. ~14!

Average Hamiltonian theory can then be applied to obt
the net effect of this interaction when truncated byHQ

I

HIS
~1!5xQ

I E
0

1/xQ
I

H̃IS~ t !dt

5~J1Dzz
eff!I zSz2

1

2 S J2
Dzz

eff

2 D
3@~ I z

21I z2
3
4!I 2S11I 1~ I z

21I z2
3
4!S2#. ~15!

@Having considered explicitly the modulation imposed
MAS on xQ

I (t) would transform all the trigonometric tim
dependencies in Eq.~14! into harmonic Bessel expansion
reflecting the spinning sideband pattern expected forHQ

I (t).
The zero-frequency components of such expansions—
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centerbands for MHz-sized quadrupole couplings—ha
negligible intensities, thereby justifying our neglect of all th
cos(xQ t),sin(xQ t) contributions to the average Hamiltonia
HIS

(I ) .#
Calculating the dipolar spectrum of a2mS↔1mS

transition involves computing differencesEIS(mS ,uf I&)
2EIS(2mS ,uf I&) betweenHIS

(I ) eigenvalues

EIS~mS ,f I !5^fmS

S ,f I uHIS
~1!ufmS

S ,f I&, ~16!

where$ufms

S &% are the eigenstates of the observed spinSand

$uf I&% are those of the coupled spinI. For this equation to be
valid both sets of eigenstates need to be expressed in
spin-space frame where theI –S vector coincides with the
quantization axis. For a minor Zeeman perturbation at
angleu like the one experienced by theI spins, the quadru-
polar eigenstates are given by

uf I&5H u3/2&,
u1&5C1u1/2&1C2u21/2&,
u2&5C2u1/2&1C1u21/2&,
u23/2&,

~17!

where

C1
21C2

251

and

C152 sinu @822 cos2 u ~31A114 tan2 u!#21/2.

The S eigenstates by contrast are those of a purely Zeem
interaction, which when expressed on the dipolar PAS
given by

HZ
S5v0

S~cosu,Sz1sinu Sx!

5v0
SS 3

2
cosu

)

2
sinu 0 0

)

2
sinu

1

2
cosu sinu 0

0 sinu 2
1

2
cosu

)

2
sinu

0 0
)

2
sinu 2

3

2
cosu

D .

~18!

This Hamiltonian is formally similar to that of an off
resonance nutationS53/2 experiment. Its analytical diago
nalization is outlined in the Appendix, as are th
$ufmS

S &%2(3/2)<mS<
(3/2) eigenstates to which it leads in the d

polar PAS.
With all these eigenstates at hand the dipolar frequen

affectingS’s various transitions can be calculated. The res
for the central1(1/2)↔(1/2) S spectrum is
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n IS
(1/2)↔2(1/2)(u,uf I&)5H 6 3

2(J1Dzz
eff)ucosuu, for uf I&5u63/2&,

6 1
2(J1Dzz

eff)(C1
22C2

2)cosu7(Dzz
eff22J)C1C2 sinu, for uf I5u6&,

~19!

whereas forS’s triple-quantum transitionsn IS
(3/2)↔2(3/2)53n IS

(1/2)↔2(1/2) . The central transition dipolar frequencies@Eq. ~19!#
are identical to those derived by Olivieri for aS51/2;29 consequently the remainder of the analysis can proceed along
laid out in Ref. 29. These involve retrieving the dipolar line shapes expected upon MAS by replacing

cosu5cos« cos~54.7°!1sin« sin~54.7°!cos~v r t ! ~20!

into the expression forn IS
mS↔2mS(u,uf I&), and then integrating over a rotor cycle. The isotropic centers of mass for the va

multiplets can also be calculated from an orientational averaging of the frequency expressions

^n IS
mS↔2mS(uf I&)&5

1

2 E0

p

n IS
mS↔2mS(u,uf I&)sinu du5H 6 3

2(J1Dzz
eff)mS for uf I&5u63/2&,

6(1.7092J20.5Dzz
eff)mS for uf I&5u6&.

~21!
a

m
e

re
er

d
rd

eir
orer
m

dic-
ms
2D

del
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and
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s of

p

w
e

s

of
From these shiftlike MAS expressions, the centers of m
resulting fromI –S dipolar splittings in sheared15 or split-t1

~Ref. 31! MQMAS experiments become easily deduced.
It is illustrative to compare the predictions resulting fro

this S53/2 analytical theory, with those which arise from th
full numerical approach introduced in Sec. II. Figure 4 p
sents central transition MAS line shapes obtained num
cally for various quadrupolar/ZeemanI frequency ratios,
against 1D predictions expected from a suitableu integration
of Eq. ~19! and from Eq.~21!. The general features displaye
by all these sets of spectra coincide, particularly with rega

FIG. 4. Comparisons between the dipolar MAS central transition line sha
predicted by the general numeric model for different 2pxQ

I /v0
I ratios~A!–

~C!, vs the powder pattern calculated by integration of the analytical lo
field expression~D!. Also shown~E! is the stick spectrum predicted by th
center of mass expression in Eq.~21!. Spectra assumedS5I 53/2, xQ

S50,
and all other parameters as in Fig. 1.
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s

to the centers of mass exhibited by the multiplets. Yet th
line shape agreement is not perfect, and gets even po
when attempting to extend the low-field analytical formalis
to the prediction of 2D MQMAS NMR line shapes.

A clue on where the disagreement between the pre
tions of the numerical and analytical low-field theories ste
from, can be gathered from a comparison between the
MQMAS single-crystal spectra predicted by each mo
~Fig. 5, right-hand side!. It becomes then clear that where
both approaches make similar predictions for the single-
multiple-quantum 1D evolution frequencies, their 2D shap
show different cross correlations between the various set

es

-

FIG. 5. Comparisons between the single-crystal~right-hand column! and
powder~left-hand column! 2D triple-/single-quantum correlation line shape
predicted by the low-field analytical and by the numerical (2pxQ

I /v0
I

5100) models. Low-field analytical spectra were built as a simple sum
(n IS

(1/2)↔2(1/2),n IS
(3/2)↔2(3/2)) cross peaks calculated from Eqs.~19!–~21!;

other simulations parameters are as in Fig. 1.
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multiplets arising along these two axes. Indeed the analyt
model associates a singleS-peak component to each of th
$uf I&% eigenstates, whereas the density matrix simulation
dicates that there is no such univocaluf I&↔ multiplet iden-
tity. When extended to the evaluation of powder patter
this results in even further discrepancies between the
shapes predicted by each of the two models~Fig. 5, left-hand
side!. On trying to find the time-dependentuf I&↔uf I8& trans-
formations that would cause the multiple cross-correlat
peaks displayed by the numerically derived 2D spectra,
convenient to revisit the time-dependent changes underg
by the energy levels of theI spin. For most of the rotor
period the I eigenstates are dominated by a quadrupo
Hamiltonian @Eq. ~17!#; yet for a few brief instances MAS
makesiHQ

I i,iHZ
I i , thus enabling the Zeeman perturbati

to induce transitions among the various$uf I&% eigenstates.
Such level crossing of theI eigenstates can be considered
a laboratory frame analog of adiabatic-passage effects
mally induced by rf fields inI’s rotating frame, and which
under proper conditions are known to induceuf I&↔uf I 8&
transformations.32,33 This implies that depending on th
value adopted by an adiabaticity parametera
5(v0

I )2/2pxQ
I v r , I eigenstates may interconvert or rema

unchanged and thereby affect in different ways theS-spin
multiplet line shape. Within the present setting, the con
quence of the Zeeman-induced transitions would be the
pearance of additional cross peaks among the dipolar mu
lets of theS-spin 2D NMR spectrum. Such spin dynamics a
not explicitly accounted for in the analytical model, sole
concerned with spectral frequency calculations. Thus,
pending on the particulara value, the overall appearance
predicted by analytical and numerical approaches for
MQMAS spectra may or may not end up appreciably diff
ent.

V. CONCLUSIONS

This paper discussed a general treatment of the resi
I –S dipolar couplings that arise when heteronuclear quad
polar spin pairs are subjected to MAS. The main empha
was placed on thexQ

I >v0
I regime, thereby complementin

previous analytical derivations made for thev0
I @xQ

I case.
The result was a numerical approach that, though comp
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tionally lengthy even for the simplestI 5S53/2 cases, is
straightforward in its implementation. Its results are nov
2D MQMAS line shapes that if appropriately analyzed c
convey valuable structural and coupling information. In
effort to simplify such calculations an alternative avera
Hamiltonian theory was also derived, under the assump
v0

I !xQ
I . The resulting model yielded analytical expressio

for the multiplet structures of 1DS-spin spectra which are
quantitatively reliable with regards to their centers of ma
even if the complete 2D MQMAS powder line shapes m
be affected by a more complex spin dynamics of theI-spin
eigenstates.
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APPENDIX

Analytic solutions for the diagonalization of spin-3/
Hamiltonians involving a dominant Zeeman plus a variety
other interactions~first-order quadrupolar, rf, second-ord
quadrupolar! have been derived in the literature.34–36 The
diagonalization of aS53/2 Zeeman interaction in a tilted
quantization frame appears formally similar to some
these problems but has to our knowledge not been repo
Since its results constitute an intermediate step of the ca
lations reported in Sec. IV, they are presented here. The
genvalue equationuHZ

S2lI u50, with HZ
S as in Eq. ~18!,

leads to

l42 10
4 ~v0

S!2l21 9
16~v0

S!450. ~A1!

The four eigenvalues of this equation are as expected

l15
3v0

S

2
, l25

v0
S

2
, l352

v0
S

2
, l452

3v0
S

2
. ~A2!

The tilted eigenvectors fulfillingHZ
SufS&5lSufS& are related

to their Zeeman-based counterparts$umS&% by ufS&
5TumS&, where
T51
11cosu

2
A11cosu

2

sinu

2
A3~11cosu!

2

sinu

2
A3~12cosu!

2

12cosu

2
A12cosu

2

sinu

2
A3~11cosu!

2
2

~3 cosu21!

2
A11cosu

2
2

~3 cosu11!

2
A12cosu

2
2

sinu

2
A3~12cosu!

2

12cosu

2
A3~11cosu!

2
2

sinu~3 cosu11!

2
A 1

2~11cosu!

sinu~3 cosu21!

2
A 1

2~12cosu!

11cosu

2
A3~12cosu!

2

sinu~12cosu!

2
A 1

2~11cosu!
2

sin2 u

2
A 3

2~11cosu!

sin2 u

2
A 3

2~12cosu!
2

sinu~11cosu!

2
A 1

2~12cosu!

2 .

~A3!

It can be confirmed that such transformation results in^fSufS8&5dS,S8 .
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