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Trapping of an Electron due to Molecular Vibrations
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Here we first show that the nuclear motion of H2
2 generates a continuum of autoionization resonance

states. The interference between them increases the lifetime of the trapped electron in the e2�H2 scatter-
ing experiments and leads to asymmetric oscillations in the phase of the excitation probability amplitude.
This collective coherent interference resonance phenomenon is very different from any known mecha-
nism in quantum mechanics which reveals the fingerprints of overlapping resonances in scattering cross
section and results from the non-Hermitian properties of the H2

2 Hamiltonian.

PACS numbers: 34.80.– i
So far, Ericson fluctuations [1] in the cross section are
the only known fingerprints of overlapping resonances.
However, in this special case the structure in the scattering
cross section appears as a result of absence of interference
between different resonance states.

In this paper we propose another mechanism which is
substantially different from the above one and yet leads
to structure in the cross section even when the resonances
are overlapping, i.e., Gn . jen 2 en61j, where en is the
energy position of the resonance state and Gn is the corre-
sponding width. We will describe a case where the inter-
ference among resonance states results in sharp structure in
the scattering cross section s. This is very different from
the known Fano interferences [2] which take place between
a given resonance state and a weakly energy dependent
background. Fano interferences lead to the distortion of
the shape of the resonance peak in the cross section but
not to a substantial increase of the lifetime of the trapped
particle in the scattering process. In our case the structure
is the result of the interference among resonances and con-
sists of peaks where each one of them is much narrower
than the width of a single resonance state Gn. Since the
lifetime of the trapped particle is proportional to the inverse
of the width of the peak in the cross section, it implies that
the narrowing of the peak in the cross section increases the
lifetime of the trapped particle. Moreover, the interference
takes place between many resonances which are separated
by a large energy interval as compared to the corresponding
resonance widths i.e., jen 2 emj ¿ max�Gn, Gm�. There-
fore we may consider the new mechanism presented here
as a collective coherent resonance phenomenon. As will
be discussed below, this phenomenon was first observed,
without realizing it, in the experiments of inelastic electron
scattering from an H2 molecule [3]. The sharp structure
in the experimental electron/hydrogen-molecule scattering
cross section is associated with the short-lived vibrational
states of the autoionizing H2

2 intermediate. We have cal-
culated the positions and the widths of these H2

2 states
within the local approximation and to our surprise we ob-
tained that the width of the resonance states was 2–3 times
larger than the widths of the peaks in the vibrational exci-
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tation cross sections [4]. Yet, the mechanism that leads to
this phenomenon remained unclear.

We will show here that the nuclear motion of H2
2 induces

interference between resonances such that the structures
appearing in the scattering cross section are narrower than
the width of a single resonance state, Gn. First, however,
we stress that the interference phenomenon between the
resonance states itself is associated with the generalization
of the inner product in quantum mechanics. This generali-
zation is required when resonances, metastable states, are
associated with complex rather than real eigenvalues of the
Hamiltonian.

The transition probability amplitude, t�E�, for a scat-
tering experiment where the initial and the final states
are identical, i.e., jfi� � jff� � j0�, is given by the
Lippmann-Schwinger equation,

t�E� � �0jV 1 VGV j0� � tdirect�E� 1 tres�E� . (1)

The resonant term, tres�E�, is given by

tres�E� �
Z

der�e�a�e���E 2 e� , (2)

where Ĥje� � eje�, a�e� � j�0jV je�j2 $ 0, and r�e�
stands for the density of states. However, when Ĥ is a
Hermitian operator the eigenvalues, e, get real values only
and the information about the resonance phenomena is
spread over a large number of continuum states. There
are several methods, such as complex scaling, which
allow us to “concentrate” the information about the
resonance phenomena into a single square integrable state
which is associated with a complex energy eigenvalue,
Eres

n � en 2
i
2Gn. That is, Ĥjn� � Eres

n jn�, where jn� is
an eigenfunction which is not in the Hermitian domain of
the Hamiltonian H. This enables us to replace the integral
in the expression for the tres�E� by a sum over the discrete
resonance states,

tres�E� �
X
n

an

¡ µ
E 2 en 1

i
2

Gn

∂
. (3)

Since the eigenfunction jn� is not in the Hermitian domain
of the Hamiltonian the definition of the inner product that
2000 The American Physical Society 1681
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we use should be questioned. If we keep the usual def
tion of the scalar product in quantum mechanics the co
ficientsan in Eq. (3) will get real positive values only [as
well asa�e� in Eq. (2)] and the possibility of interference
among different resonance states which leads to the tr
ping of an electron due to the molecular vibrations will b
eliminated. The generalized definition of the inner produ
�. . . j . . .� rather than the usual scalar product�. . . j . . .� has
to be used when the Hamiltonian is not Hermitian [5,6
For the sake of simplicity and without the loss of genera
ity we define here� f j g� � � f� jg�. Only the application
of the generalized inner product can give rise to the co
plex coefficients,an � �0jV jn� �njV j0�, in Eq. (3). The
fact that�an� can get complex and real negative values
essential to obtain the interference phenomenon which
creases the lifetime of H22 intermediate in thee2�H2 scat-
tering experiments.

In Figs. 1a and 1b we represent the electron-H2 scatter-
ing cross section and the phase of the corresponding
citation probability amplitude. The widths of the peaks i
Fig. 1a are2 3 times narrower than the width of the H2

2
resonance states. The phase shows an oscillatory beha
similar to the behavior of the transition probability ampli
tude phase as measured in the experiments of an elec
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FIG. 1. (a) The behavior of the probability to excite the H2
molecule from the ground vibrationaln � 0 to the n � 4 ex-
cited state ine�H2 collision. (b) The phase of the correspondin
probability amplitude.
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passing through a quantum dot [7]. Note that our nume
cal results presented in Fig. 2 are in a remarkable sem
quantative agreement with the experimental cross sect
[3]. The experimental cross section was shifted up in e
ergy by0.45 eV to emphasize the agreement between t
vibrational structures seen in the spectrum. Similar agre
ment was obtained earlier by Mündel et al. [8] using a
different approach.

We now give a more detailed description of the electro
trapping phenomena. It is known that the2S1

u resonance
of H2

2 which is responsible for the vibrational excitation
in the low energy region is an extremely short-lived reso
nance with a lifetime comparable to the duration of th
nonresonant scattering [9].

For a fixed H-H distance the H22 molecule autoionizes
with a rate depending on the H-H bond length,G�R�. This
exponential decay can be described by a single resona
state possessing acomplex electronic“energy” V �R� 2
i
2G�R� (see Fig. 3) [10]. Therefore instead of using man
real coupled electronic potential surfaces within the Bor
Oppenheimer (BO) approximation we can solve the n
clear Schrödinger equation with a single complex potentia
energy surface [4],̂H � T̂nuclear 1 V �R� 2

i
2G�R�.

By solving the nuclear H22 Schrödinger equation with
the complex potential surface we obtained two distinctiv
types of resonance states which are presented in Fig
The first one is associated with vibrationally bound mo
tion of autoionizing H2

2 molecule, i.e.,H2
2 ! H2 1 e2.

We will refer to these states as vibrationally discret
autoionization-resonance states. The second ty
of states is associated with the free motion of th
nuclei and is referred to here as vibrationally con
tinuum autoionization resonances where H2�bound� 1

e2 A
√ H2

2 �continuum� B
! H2 1 H (i.e., a branch cut

of autoionizing states). Note that the autoionization (A)
takes place at the inner classical turning point where t
width of the complex potential surface is the largest. Th
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FIG. 2. Solid line shows the calculated probability to excite th
H2 molecule from the ground vibrationaln � 0 to the n � 4
excited state ine�H2 collision. Dotted line represents the shifted
experimental results.
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FIG. 3. The shaded area describes the electronic ene
e�R� 6 G�R��2 of autoionizing H2

2 as a function of the
internuclear distanceR. The horizontal parallel lines stand for
the autionization resonance energy levels (the resonance wid
are not shown here). The continuum part of the spectrum
quantized due to the finite box approximation.

dissociation (B) occurs at the outer region where the widt
of the complex potential is zero. As we show below th
formation of branch cut of resonances due to the nucle
motion plays the key role in the mechanism which i
responsible for the enhancement of the electron trappi
by the hydrogen molecule.

The initial state populates both types of resonance sta
of H2

2 . Interference between the vibrational discrete an
the vibrational continuum autoionization resonances tak
place although the resonance positions of the vibrationa
discrete autoionization-resonance (disc-res) states a
the vibrationally continuum autoionization-resonanc
states (cont-res) are very“far” from one another (as
compared to their width). One may think that whe
E 	 en�disc-res� there is only one dominant term in the
series resonance expansion oftres�E� [see Eq. (3)]. This
is however not the case. The numerators associated w
the branch-cut resonances,an�cont-res�, get complex
values where both the real and the imaginary parts a
larger than the corresponding ones ofan�disc-res� by
several orders of magnitude. In the numerical calcula-
tions the amplitudes of the continuum-type resonanc
were found to be larger by 8–10 orders of magnitude
than the discrete-type resonance amplitudes. Con
quently, jan�cont-res�j ¿ jan0�disc-res�j; however, at
E � En�disc-res�,É

an�disc-res�
i
2Gn�disc-res�

É



É
an0�cont-res�

DE 1
i
2Gn0�cont-res�

É
, (4)

where

DE � En�disc-res� 2 En0�cont-res� (5)

even when the difference between the H2
2 �disc-res� !

H2 1 e2 resonances and H2 1 e2 √ H2
2 �cont-res� !

H2 1 H resonances is much larger then the correspondi
resonance widths,DE ¿ max�Gn, Gn0�.
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The number of dominant terms in the expression fo
tres�E� [Eq. (3)] determines the number of effective indi
rect scattering events in the scattering experiment. In o
case due to the large amplitudes of the branch-cut (co
tinuum) resonances this number is large and therefore
deal with a multiple scattering process and a collective re
onance phenomenon. By collectiveness we mean that e
at the resonance energy,E � en, a large number of reso-
nances have dominant contributions to the expansion oftres
given in Eq. (3).

The large amplitude of the continuum resonance sta
is a direct result of the non-Hermitian properties of H2

2
Hamiltonian (i.e., the resonance eigenfunctions which a
associated with complex eigenvalues are not in the He
mitian domain of the molecular Hamiltonian). Let us
explain this point in some more detail. Moiseyev an
Friedland [11] have proved that if twoN 3 N real sym-
metric matrices H1 and H2 do not commute, there ex-
ists at least one value of parameterl � lb such that
matrix H1 1 lH2 possesses incomplete spectrum. Th
spectrum is incomplete when the number of independe
eigenvectors of a matrix is smaller thanN . For l fi lb ,
�H1 1 lH2�cn � encn, where theN eigenvectors are lin-
early independent;�cn jcmfin� � 0. However, asl ! lb

there are at least two specific eigenstatesi andj for which
liml!lb �ei 2 ej� � 0 and also liml!lb �ci 2 cj� � 0.
Since ci and cj are orthogonal [within the general in-
ner product definition, i.e.,�ci jcj� � �c�

i jcj� � 0 and
not in the usual scalar product definition] upon coale
cence their length is reduced to zero,�c�

i jci� � ´, ´ ! 0.
Whenl fi lb but is very close to it we still require nor-
malization ofci , �c�

i jci� � 1. Therefore the components
of the corresponding eigenvectors are divided by a sm
numbere1�2 and the amplitude ofci becomes enormously
large.

We show here that the phenomenon of spectrum i
completeness is inherent in the case of H2

2 . The Hamilto-
nian of the intermediate H22 within the BO approximation
is given by H�R� � T �R� 1 V �R� 2

i
2G�R�. We can

rewrite this Hamiltonian introducing an autoionization
strength parameterl in the following way: H�R� �
T �R� 1 V �R� 2 l

i
2G�R�. For l � 1 we obtain the

original physical Hamiltonian of H22 . Using real basis
functions or finite grid methods the matrices representin
the operatorsT �R�, V �R�, and G�R� are real symmetric
ones. The H22 Hamiltonian in the matrix form is
H � T 1 V 2 l

i
2G � HRe 2 l

i
2G. Since matrices

HRe andG do not commute it follows from the theorem
proved by Moiseyev and Friedland that there existsl,
such that the spectrum ofH is incomplete. In order to
find the values ofl where the spectrum is incomplete
in the case ofH2

2 we have studied thel dependence
of the spectrum. In Fig. 4 we present the spectru
of H2

2 obtained while varyingl from 0 to 1 (i.e.,
increasing the strength of the ionization phenomenon
There are 9 bound vibrational states of H2

2 when the
1683
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FIG. 4. l-trajectory calculations of the complex eigenvalues
Re�H� 2 il Im�H�, whereH is a matrix representation of the
nuclear H2

2 Hamiltonian with complex electron potential surface
For l � 0 the autoionization is artificially suppressed and th
real eigenvalues obtained are divided into vibrationally bou
states (denoted by“B” and into dissociative continuum solutions
denoted by“C” (note that the discretization is due to the finit
box approximation). The inset shows that very close tol � 1
(the physical solution) one of the continuum solutions and t
8th “B” solution coalesce.

autoionization process is neglected, i.e.,l � 0. They
all acquire finite width whenever the value ofl is
increased. However, the width and the position of ea
state changes at a very different rate. The most drama
change occurs to the 8th bound state (l � 0). This
state is“pushed out” above the energy threshold for the
dissociation. Interestingly, whenever the position of th
bound state crosses the threshold energy the behavio
the continuum states changes as well. That is, the wid
of the continuum states starts to decrease with increas
l. The reason for this behavior is that for some compl
values of the parameterl close to l � 1 the bound
state which enters the continuum part of the spectru
crosses the continuum states one by one. Since
crossing does not happen atl � 1, the picture we see at
the physical value ofl � 1 is that of avoided crossing.
It should be stressed that the crossing here implies
alescence of two eigenstates, one eigenstate origina
from the bound state atl � 0 and the second one
from the continuum atl � 0. Indeed, we found several
branch points associated with the coalescence of bound
and continuum states which are in the vicinity of l � 1.
For example, in the inset in Fig. 4 we show the branc
point at l � 0.991 450 98 1 i0.040 065 15. The trajec-
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tory approaching from below is associated with the 8t
“bound” state and the trajectory approaching from abov
is associated with the“continuum” state. This branch
point is the closest one tol � 1 and the two states that
cross at this point are very close to be self-orthogon
for the physical value ofl � 1. Consequently, the
amplitudes of these states are by several orders
magnitude larger than the amplitudes of the discre
resonance states that are not involved in the crossin
with the continuum states. As we have shown abov
this effect plays a crucial role in the mechanism tha
leads to the electron trapping by the H2 molecule.

We conclude by saying that here we show that the life
time of the trapped electron in the electron scattering e
periment can be dramatically increased due to the coupli
between the nuclear and the electronic motions. It shou
be stressed that this coupling takes place between mole
lar autoionizing states over a very large energy range. Th
unusually strong coupling is due to the existence of a co
tinuum of short lifetime autoionizing resonance states o
H2

2 , located at an energy above the threshold energy
dissociation. This branch cut of resonances is genera
by the nuclear motion.

It seems to us that this phenomenon is a general one a
should be observed in other systems and in other types
experiments.
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