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New r e s u l t s  i n  t h e  theory of the  developed 
hydrodynamic turbulence spec t ra  a r e  reviewed. 
Within t h e  l i m i t s  of t he  hypothesis of i n t e r -  
ac t ion  l o c a l i t y  it i s  shown t h a t  t h e  s e r i e s  of 
equations f o r  the  moments has a scale- invariant  
so lu t ion  with t h e  Kolmogorov index values. With 
t h e  help of t h e  Wyld diagram technique t h e  equa- 
t i o n s  i n  the  Direct  I n t e r a c t i o n  Approximation 
a r e  formulated which accura te ly  take  i n t o  
account t h e  t r a n s f e r  e f f e c t  and have the p rec i se  
so lu t ion  i n  t h e  form of t h e  Kolmogorov spectrum. 
I n  t h e  framework of these  equations the  correc- 
t i o n s  t o  the  Kolmogorov spectrum due t o  gyro- 
t ropy and compressibi l i ty  a r e  found. 

INTRODUCTION 

The not ion  of t h e  turbulence spectrum or  the  energy d i s t r i b u t i o n  
p lays  an important r o l e  i n  t h e  turbulence theory. The present  
concept of a developed hydrodynamic turbulence spectrum is  based, 
t o  a g rea t  ex tent ,  on A.N. Kolmogorov ideas  [I], according t o  
which t h e  small-scale developed hydrodynamic turbulence i s  iso- 
t r o p i c  and homogeneous, and wi th in  t h e  i n e r t i a l  i n t e r v a l  i ts  
spectrum i s  defined by the  s i n g l e  dimensional parameter P , t he  
energy f lux .  This spectrum JK i s  determined up t o  some dimension- 
l e s s  f a c t o r  c : 

213 -11/3 c K . (0.1) 

Here 

I n  a sphe r i ca l  normalization t h i s  spectrum corresponds t o  the  well- 
known Kolmogorov-Obukhov I*f ive- th i rds  '* law 

confirmed, t o  a good accuracy, by the observations of t h e  atmos- 
phe r i c  turbulence, i n e r t i a l  i n t e r v a l  of which changes by f i v e  
orders  of magnitude [2]. 
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Kolmogorov's hypotheses a l s o  allow t o  determine the  c h a r a c t e r i s t i c  
frequency dK of t h e  v o r t i c e s  of t h e  sca l e  K:  

and behaviour of t h e  higher moments 

where a ; ~  = - 10n//3+3. 

Later  on L.D. Landau and E.N. Lif  s h i t s  [3] paid  a t t e r l t i on  t o  the 
f a c t  t h a t  t he  energy f l u x  P i s t a c t u a l l y  a f l u c t u a t i n g  value,  so 
t h a t  P i s  no t  t h e  only dimensional cons tan t  on which t h e  spec- 
trum may depend. Therefore A.N. Kolmogorov and A.M. Obukhov in-  
troduced some phenomenological changes t o  t h e  theory ,  being 
e s s e n t i a l l y ,  a r e f u s a l  from the  idea  of complete l o c a l i t y  and 
acknowledgement of t h e  f a c t  t h a t  a new dimensionless parameter 
(kL) can be introduced i n t o  t h e  ex r e s s i o n  f o r  J k ,  t o  some un- 
known, but  no t  very l a r g e  power ~ 2 5 .  Thus, t h e  phenomenological 
approach t o  t h e  hydrodynamical turbulence desc r ip t ion  d i d  not  
permit t o  determine t h e  spectrum and so  f a r  t h e r e  were many 
a t tempts  t o  cons t ruc t  t h e  microscopic theory based d i r e c t l y  on 
t h e  Euler  equat ions : - 
It should be noted t h a t  i n  a number of works these  equations were 
inves t iga t ed  by means of var ious  hypotheses of the higher moments 
of t he  v e l o c i t y  f i e l d ,  f o r  example, t h e  k ~ i l l i o n t s h i k o v  hypothesis 
of r ep re sen ta t ion  of t h e  f o u r t h  moments through second moments 
[ 2 ] .  I n  f a c t ,  t h e  n o n l i n e a r i t y  i n  t he  Euler  equat ions is  extremely 
s t rong  and, apparent ly ,  t h e r e  a r e  no severe reasons f o r  breaking 
t h e  sequence of equations f o r  t he  moments. 

A r egu la r  procedure f o r  i n v e s t i g a t i o n  of t h e  Euler  equat ions i s  
t h e  diagram technique suggested by kyld [LC] :  The random Gaussian 
fo rce  f K L L )  i s  introduced i n  t he  right-hand s i d e  of equat ions 
(0.4) and t h e  s o l u t i o n  f o r  VK is  presented a s  a power s e r i e s  i n  
f . The s e r i e s  f o r  JKw can%e given i n  2 form which a nonzero 

r e s u l t  i s  obtained a l s o  wi th in  the  l i m i t  f,, - 0 .  The pecul ia-  
r i t y  of t h e  Wyld t echn i  ue (and a l s o  of any technique f o r  s t rong ly  
nonequilibrium systems f.51) i s  the  appearance of two diagram se- 
r i e s :  f o r  Green func t ion  GK and second monent JKW , which a r e  
connected by the  un ive r sa l  r a a t i o n  only i n  t he  thermodynmic 
equi l ibr ium. Wyld has i n  a r t i c u l a r  shown t h a t  t he  D i r e d l n t e r -  
a c t i o n  Approximation formulated by Kraichnan C6 ] corresponds 
t o  t h e  approximation, where the  v e r t i c e s  a r e  not  renormalized. Ge- 
n e r a l l y  speaking, t h i s  renormal iza t ion  is  r a t h e r  s i g n i f i c a n t  and 
thus ,  i n  t h e  s t rong  hydrodynamic turbulence theory a s  w e l l  as i n  
t h e  phase t r a n s i t i o n  theory ,  one should take  i n t o  account t he  
whole diagram s e r i e s  renormalizing t h e  i n t e r a c t i o n .  l i i th t he  
account of t h i s  f a c t  G.A. Kuzmin and A.Z. P a t a s h i n s k i C 7 1  s tudied  
t h e  ways of agreement of var ious s c a l i n g  hypotheses with t h e  
diagram s e r i e s  of t h e  Wyld technique. 
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I n  t h i s  paper we p re sen t  t h e  review of t h e  new r e s u l t s  i n  t h i s  
f i e l d ,  r e s t r i c t i n g  ourse lves  t o  t h e  Authorst works mainly. I n  t h e  
Sec t ion  I we consider some p r o p e r t i e s  of t h e  Euler  equations: the  
conservat ion l a w s  and r e l a t i o n s  f o r  t h e  equat ion c o e f f i c i e n t s  re-  
s u l t i n g  from t h e  l a w s  Besides,  t opo log ica l  a spec t s  of t h e  vor tex  
l i q u i d  motion a r e  d iscussed ,  Hamiltonian desc r ip t ion  i s  given wi th  
t h e  he lp  of t h e  Klebsch va r i ab l e s .  I n  t h e  second Sec t ion  t h e  equa- 
t i o n  sequence f o r  t h e  v e l o c i t y  f i e l d  moments i s  analyzed by means 
of conformal t ransformation s imi l a r  t o  t h e  t ransformation of t h e  
k i n e t i c  wave equat ion suggested by V.E. Zakharov [8]. This  al lows 
t o  f i n d  an  a d d i t i o n a l ,  as compared t o  t h e  phase t r a n s i t i o n  theory,  
s c a l i n g  index appearing i n  turbulence theory  i n  t h e  absence of t he  
ther~nodynamic equi l ibr ium. It is i n  t h e  l i m i t s  Kolmogorov hypo- 
t h e s i s  of t h e  i n t e r a c t i o n  l o c a l i t y  t h a t  t h e  sequence of equat ions 
f o r  t h e  moments i s  shown t o  have a c t u a l l y  t h e  s o l u t i o n  (0.3) wi th  
t h e  Kolmogorov ind ices .  Thus, t h e  cen te r  of t h e  problem is  t rans-  
f e r r e d  t o  t h e  s tudy  of i n t e r a c t i o n  l o c a l i t y  i n  t h e  developed 
hydrodynamic turbulence.  The t h i r d  Sec t ion  based on t h e  r e s u l t s  
by one of t h e  au thors  [ 9 ]  is devoted t o  t h i s  subjec t .  I n  t h i s  
Sec t ion  diagram divergencies  i n  t h e  Wyld technique a r e  analyzed. 
It i s  shown t h a t  t h e  most d iverg ing  sequence of t h e  diagrams des- 
c r i b e s  t h e  t r a n s f e r  of small v o r t i c e s  a s  a whole by random large-  
s c a l e  motions. This sequence i s  summed t o  t h e  form: 

w h e r e < . , .  > denotes averaging over t u rbu len t  ensemble. Thus, t he  
form of GKW i n  t h e  i n e r t i a l  i n t e r v a l  is  not  u n i v e r s a l  a s  it i s  
mainly def ined  by t h e  motion p r o p e r t i e s  i n  t he  energy i n t e r v a l ,  
which depend on t h e  way of turbulence a r i s i n g .  

Kolmogorov frequency (0.2) cha rac t e r i z ing  t h e  speed of t h e  energy 
exchange between similar s c a l e  v o r t i c e s  i s  K V ~ ( K , ! , ] - ' / ~  and l e s s  
than  t h e  c h a r a c t e r i s t i c  frequency of t h e  Green func t ion  (0.5) 
G K ' ~  " K VT desc r ib ing  t h e  t r a n s f e r  ( VT is  a root-mean- 

-square ve loc i ty ) .  To exclude t h e  k i n e t i c  t r a n s f e r  e f f e c t  i m -  
peding the  d e s c r i p t i o n  of a r e l a t i v e l y  weaker in- te rac t ion  of vor- 
t i c e s  of t h e  same s c a l e ,  a t tempts  were made t o  descr ibe  t h e  s m a l l -  
- sca le  v o r t i c e s  i n  t h e  system of re ference  moving a t  each p o i n t  
toge ther  wi th  a l l  large-scale  v o r t i c e s  [10,11]. For t h i s  purpose 
a d iv id ing  s c a l e  K '  (L-'< K' < KO ) was introduced i n  t h e  equation 
desc r ib ing  t h e  temporal evolu t ion  f o r  t h e  v o r t i c e s  wi th  t h e  s c a l e  
KO and t h e  motion wi th  K <   was excluded by the  t r a n s i t i o n  

t o  t h e  moving system of re ference .  I n  t h e  paper [12 ] the  i n t e r -  
a c t i o n  r ep re sen ta t ion  w a s  proposed, which a l s o  permits  to ,exc lude  
t h e  motion wi th  t h e  s c a l e  l e s s  than  t h e  d iv id ing  s c a l e  K = K / A  
( A  >> I ) ,  and consecut ively t o  t a k e  i n t o  account t h e  inf luence  of 
t h e  la rge-sca le  v e l o c i t y  grad ien t .  Unfortunately,  i n  t h i s  pro- 
cedure t h e  t r a n s f e r  of ( I / K )  v o r t i c e s  by much more l a r g e r  vor- 
t i c e s  of t h e  s c a l e  I / K I  t akes  place.  This  Sec t ion  descr ibes  t h e  
method of s epa ra t ion  of t he  kinematic e f f e c t  and t h e  dynamic in- 
t e r a c t i o n  us ing  no d iv id ing  sca le .  Taking t h e  expression (0.5) f o r  
G K W  i n t o  account descr ib ing  t h e  t r a n s f e r  only, it is  proposed 

t o  seek t h e  Green func t ion  i n  t h e  form 

Unlike t h e  s e r i e s  f o r  , t h e  diagram s e r i e s  f o r  2 conta in  sub- 
t r a c t i o n s  excluding t h e  t r a n s f e r .  A s  a r e s u l t ,  the convergence 
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s u f f i c i e n t l y  improves and a whole s e r i e s  of r a t h e r  symple dia-  
grams,converges. Unfortunately,  i n  some diagrams of high order  
f o r  x ,  t h e  divergence remains even a f t e r  subt rac t ions .  It i s  
caused by t h e  i n t e r f e r e n c e  between t h e  t r a n s f e r  e f f e c t  and the  
dynamic i n t e r a c t i o n .  So t h i s  does no t  permit t o  f i n a l l y  so lve  
t h e  problem of Kolmogorov turbulence spec t ra .  However, i f  we 
r e s t r i c t  ourse lves  t o  t h e  DIA, a number of r e s u l t s  can be obtained,  
admi t t ing  t h e  experimental t e s t .  I n  t h e  s imples t  vers ion  suggested 
by Kraichnan 6 , t h i s  approximation, descr ib ing  reasonably we l l  
t h e  turbulence wi th in  t h e  energy i n t e r v a l ,  ove r s t a t e s  t h e  r o l e  of 
i n t e r a c t i o n  with t h e  long-wave f luctuati,ons C10,11] and, t hus ,  
l eads  t o  t h e  energy spectrum ix N K- " [ 6 ]  which con t r ad ic t s  
wi th  t h e  experiment. 

I n  Sec t ion  4,  based on au tho r s t  work [13], s t a t i s t i c a l  equat ions 
in improved D I A  a r e  formulated wi th  t h e  accura te  account of t h e  
t r a n s f e r  e f f e c t  and dynamic i n t e r a c t i o n  i n  t h e  f i r s t  order .  Be- 
s i d e s  t h e  thermodynamically equi l ibr ium s o l u t i o n  these  equat ions 
a r e  shown t o  have t h e  sca le - invar ian t  s o l u t i o n  with t h e  Kolmogorov 
indices .  Sect ions 5 and 6 a r e  devoted t o  ca l cu la t ion  of t he  addi- 
t i o n s  t o  t h e  Kolmogorov spectrum. I n  t h e  Sec t ion  5 t h e  gyrotropic  
turbulence spectrum i s  determined wi th  t h e  he lp  of improved D I A  i n  
weak gyrotropy l i m i t s  [I&]. The spectrum co r rec t ion  due t o  l i q u i d  
compress ib i l i ty  i s  inves t iga t ed  i n  t he  Sec t ion  6. 

1. PULER EQUATION PROPERTIES 

A.  I n  K - space equat ion (0.4) i s  a s  fol lows:  

where r i s  t h e  homogeneous func t ion  of t he  first order  of  K i 

The v e r t i c e s  r s a t i s f y  Jacoby i d e n t i t y  [ I 6 1  
L. 

which expresses  t h e  f a c t  of t h e  energy conservation: 
v 2  I Y ~ 1 2 d F .  E=S -i- d ~ = d  - 7 
L L 

B. The energy E becomes t h e  Hamiltonian H i n  t h e  Klebsch va- 
r i a b l e s  h and 1173, and t h e  Euler  equat ions (0.4) have t h e  
canonical  form 

where r o t  v = [ vh, vP]. (1.41 
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From t h e  Klebsch va r i ab les  and p it i s  convenient t o  pass on 
t o  t h e  complex va r i ab les  a, , 

f o r  which canonical equations of motion (1.3) and Hamiltonian t ake  
the  form 

aaK 6% = - i  - 
a t  6a: ' (1.5) 

where 

and 

- - a, = a a 2 = a K 2 ? ' . .  

I n  the  canonical formulation it is espec ia l ly  c l e a r l y  seen t h a t  
the  problem of turbulent  spectrum is t h e  problem of s t rong in t e r -  
ac t ion:  Hamiltonian (1.6) contains no quadrat ic  p a r t  but cons i s t s  
of t h e  Hamiltonian of i n t e r a c t i o n  only. 

Discuss now t h e  meaning of the  2 and var iables .  From (1.4) it 
i s  seen t h a t  the  vor tex  l i n e s  coinside wi th  i n t e r s e c t i o n  of two 
surfaces  const andp(r)= cons t ,  s t r a t i f y i n g  the  space. Thus, 
t h e  Klebsch var iables  do not descr ibe  topologica l ly  more complex 
flows f o r  which t h e  vor tex  l i n e s  make knots. 

C. A s  it i s  known LIB], t he  l i q u i d  flow topology i n  i d e a l  hydrody- 
namics i s  charac ter ized  by a preserved value 

I=J (T r o t  -7 ) 
having the  meaning of the  Hopf inva r i an t  [ 191 . The f a c t  of oonser- 
va t ion  (1.9) r e s u l t s  i n  add i t iona l  r a t i o  f o r  ve r t ex  r : 

Pa' f i  a m  a/3 ( R ,  1 , , K 2 + ~ Y 1  I g 2 x  +R< I K K I  ) 'K+C,+K2 =O 

where 

It should be noted t h a t  f o r  the  f i n i t e  flows determined through 
2 and JV var i ab les ,  i n t e g r a l  (1.9) i s  i d e n t i c a l l y  equal t o  

zero, an thus  t h e  Klebsch va r i ab les  do not  descr ibe  the  knotted 
flows. 

D. To descr ibe  barotropic l i q u i d  flows with t h e  account of com- 



208 E.A. Kuznetsov and V.S. L'vov / Hydrodynamic turbulence spectra 

p r e s s i b i l i t y ,  a  cont inui ty  equation f o r  t h e  dens i ty  /;, i s  added 
t o  the  Euler equations, and a p a i r  of canonical var iables  p and 
ve loc i ty  p o t e n t i a l  @ a r e  added t o  the  ;L and p Klebsch va- 
r i a b l e s ;  f o r  t h i s  case 7 

and the  Hamiltonian coincides with t h e  t o t a l  energy. After t r a a s i -  
t i o n  t o  t h e  turbulent  coinplex var iables  a ,  a * and sound ones b,  * we obta in  equations of motion - 

with  t h e  Hamiltonian H ,  containing "turbulent  Hamiltonian" H 
(1.6) ,  sound Hamiltonian HS of usual  form t 

and Hamiltonian of i n t e r a c t i o n  between sound and turbulence LI5-J: 

2. MOIaZNT EQUATIONS ANALYSIS 

Now consider s t a t i s t i c a l  desc r ip t ion  of the  Euler equations (1.1) 
f o r  co r re l a t ion  funct ions  determined a s  follows: 

These values obey t h e  equations: 

p a r t i c u l a r l y ,  f o r  t h e  second moment: 
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This equat ion i s  an  analogue of t h e  k i n e t i c  equat ion desc r ib ing  
t h e  spectrum evolu t ion  i n  t h e  i n e r t i a l  i n t e r v a l  due t o  energy f lux .  

Let u s  assume t h a t  i n  t h e  i n e r t i a l  i n t e r v a l  t h e  turbulence i s  iso-  
t r o p i c ,  and solu' t ion of equat ions (2.1) has t h e  s c a l i n g  form: 

Assuming t h e  i n t e r a c t i o n  l o c a l i t y  we show t h a t  s t a t i o n a r y  equa- 
t i o n s  (2.1) permit such so lu t ions  wi th  t h e  ind ices  coinciding with 
Kolmogorov ones (0.3). 

A t  f i r s t ,  determine t h e  t r i p l e  c o r r e l a t o r  index. For t h i s  purpose 
make konf ormal t ransformations l8.203, preserving the  i n t e g r a t i n g  
a r e a  i n  t h e  equat ion 

- 
I n  t he  a r b i t r a r y  plane determined by t h e  e x t e r n a l  vec tor  K in- 
t roduce t h e  complex value W =  K~ + i K v i a  which t h i s  t r ans -  
formation is  w r i t t e n  a s :  Y 

A s  a r e s u l t  t h e  ve r t ex  r n t u r n s "  i n  (2.3): 

ar and an a d d i t i o n a l l  m u l t i p l i e r  ( K J K , )  
p.3 t7 ~~1;:~- G, 1 K 2 

appears i n  t h e  in-tegrand. S imi l a r ly ,  making t h e  t u r n  K 2  - K  , 
K - K ~ ,  K, - K and summing t h e  t h r e e  expressions (expression 
(2.3) p lus  two It'turrled" ones) ,  ob t a in  t h e  equat ion 

Due t o  t h e  i d e n t i t y  (1.2) t h i s  expression i s  equal  t o  zero f o r  

/3j + 7 = 0  , or p3=-J3=-7 

Proceed now t o  t h e  s o l u t i o n  of t h e  next  equat ion f o r  t h e  f o u r t h  
moment which can be presented a s  a sum of t h e  cumulant SC4)and pro- 
duc t s  of t h e  second moments. From (2.1 ) f o r  S 1 4 )  obta in  t h e  in- 
homogeneous equation: 
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Due t o  (1.2) t h i s  equat ion transforms i n t o  a homogeneous one, when 
3 = ~ 0 n S t  , which corresponds t o  thermodynamic equi l ibr ium. For 

~ o r m o ~ o r o v  values of t h e  ind ices  t h e  cumulant Sf4 )  , characte-  
r i z i n g  t h e  d i f f e r ence  of t h e  s t a t i s t i c s  from t h e  Gausslan one, i s  
no t  zero. Its index is  /34 = 2p2 -3 . Simi l a r ly ,  t h e  r e l a t i o n -  
s h i p  between i n d i c e s  of higher and lower cumulants can be found. 
For example, 

Ps =PP +33-3 =/3;?- 70, /36 =ZP3-3=/32+p4-3 
From t h e s e  r e l a t i o n s h i p s  it follows t h a t  

It should be pointed ou t  t h a t  t h e  above so lu t ions  have t h e  meaning 
i f  t h e  i n t e g r a l s  i n  equat ions (2 .1 ) ,  (2 .2)  a r e  convergent. To 
c l e a r i f y  t he  i n t e g r a l  convergence it i s  requi red  t o  know t h e  cu- 
mulant asymptotics i n  case  when one of K i  is  smaller  then  the  
o thers .  One of t h e  poss ib l e  ways i s  t h e  r ep re sen ta t ion  of higher 
cumulants v i a  lower ones. It can be given by t h e  Nyld diagram 
technique. 

3. '# 'XIS DIAGRAM TBCHBIQUE 

I n  t h e  r i g h t  s i d e  of canonical  equat ions (1.5) introduce t h e  ran- 
dom Gaussian fo rce  fK : 

- a, = a 
9,' .,e=(z, C J )  

I t e r a t i n g  t h i s  equat ions present  Q a s  a power s e r i e s  i n  f . 
Determine t h e  Green func t ion  % ? 

<a,+$> 
G = -  

7 

<f f y > = f 2 6  
and second moment: 

e e ~2 9 - 9 1  

n 6 
9 e-e /=<a a*>, h =  - 

9 9 
For them it i s  poss ib l e  t o  g e t  t h e  system of Dyson equations by 
u s u a l  summing of weakly connected diagrams: 

Here 1 and p+ a r e  t h e  sums of compact diagrams, i n  it 
is  poss i  % l e  t o  pass  from t h e  input  of graph t o  t h e  output  along 
t h e  l i n e s  can be cu t  i n t o  two p a r t s  by t h e  only way, 
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a long  t h e  l i n e s .  Present  t h e  f i r s t  diagrams (without v e r t e x  
renormal iza t lon) :  

It has been shown L21] t h a t  when a l l  t h e  i n t e g r a l s  i n  x9 and 
converge t h e  diagram equat ions have t h e  Kolmogorov type  solutions? 

I n  f a c t ,  f o r  t hese  va lues  of t h e  i n d i c e s  diagrams 1,2 i n  (3.2) con- 
verge,  and diagrams 3 and 4 diverge i n  t h e  range of small K . 
This r e s u l t s  i n  renormal iza t ion  of t h e  frequency index so t h a t  t he  
func t ions  G 

9 '  h~ 
should be sought i n  t h e  form: 

S u b s t i t u t i n g  t h e s e  expressions i n t o  t h e  lower diagrams f o r  Ze, 
one can e a s i l y  s e  t h a t  many of them a l s o  diverge.  The g r e a t e s t  
con t r ibu t ion  t o  f i s  introduced by t h e  diagrams f o r  which ex- 
t e r n a l  momentum i s  c a r r i e d  through t h e  "spine" i n  Green func t ions ,  
o r i en t ed  from l e f t  t o  r i g h t .  I n t e g r a t i n g  over t h e  range K '< < Y 
is f u l f i l l e d  along a l l  t h e  l i n e s  

f iv  
. Calcula t ing  t h e  powers of 

each graph, one can e a s i l y  see t h a t  f o r  f3.l  SKU^ a l l  such diagrams 
have t h e  same order  as t h e  value G-' . 

(t 
The sum of t h i s  diagram sequence ha; t h e  form (0.5) 

where < . . . >,, means averaging over t h e  v e l o c i t y  f i e l d  ensemble 
V ( r , f )  a t  an a r b i t r a r y  p o i n t  ? ,$ith t h e  he lp  of t h e  Wyld 
technique. Real ly,  expariding t h e  G i n  27 / G) and expressing 

V v i a  according t o  (1.8) ,  we attain 
\ / 4 . '4 ./ 

where 2 - =(atis)-; K, - 6 
(zZ)3/2 K-K 9 
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Subs t i tu t ing ,  then,  Qe with the s e r i e s  over rangom force  fe and 
averaging over the  Gaussian random-force ensemble, we obtain a l l  
s e l ec ted  previously diagrams f o r  sk . Expression (0.5) f o r  G 
corresponds t o  a simple physical s i lmat ion  of l a rge  and small 9 
s c a l e  in t e rac t ion :  from the  EuLer equations it follows t h a t  t h i s  
i n t e r a c t i o n  is  mainly reduced t o  a simple t r a n s f e r  of small-scale 
v o r t i c e s  a s  a whole by l a rge  v o r t i c e s  with random veloci ty .  

So t h e  averaging should be f u l f i l l e d  i n  two s t eps .  The f i r s t  s t e p  
is  t h e  small-scale motion averaging f o r  which the large-scale mo- 
t i o n  can be in t e rp re ted  a s  a dynamic one . It i s  obvious t h a t  i n  
t h e  system of reference ,  moving with any large-scale vortex,  the 
i n t e r a c t i o n  between large- and small- s ca le  motions i s  absent.  

I n  t h i s  system of reference  g9=(@-y )-' , with 2 <<K% 
f o r  K L  > >  1 . ComingJkck t o  the  labora&r system of reference 
replace  W by CJ-K V (t ) , where Y T*) i s  the  ve loc i ty  
of large-scale vor t i ces .  Then we must average over large-scale 
motion. Therefore it is  reasonable t o  seek t h e  Green funct ion  i n  
t h e  form of (0.6). S imi lar ly ,  

Convergence of these  d i a  rams i n  small momentum range improves. 
For example, diagram (2a7 diverges when c$,= q p  CC 9 a s  K -Z/3 ; 
t h e  d i f ference  of diagrams (2a)  and (2b) converges a s  ~ 2 1 5  I 

The procedure described,  however, gives no complete convergence i n  
t h e  small K range. For example, diagram (4a)  w i t h  a " t r i p l e  
loop" diverges when in teg ra t ing  i n  t h e  modules K~ , K~ , KJ 
f o r  K, 2 K2 N K5 << K a s  KT' a f t e r  subt rac t ion  t h e  loga- 
r i thmic  divergence remains, connected, a s  it has been a l ready men- 
t ioned,  with in t e r fe rence  of the  t r a n s f e r  e f f e c t  and dynamic in- 
t e rac t ion .  It i s  s i g n i f i c a n t  t h a t  a f t e r  el iminat ion of the  t rans-  
f e r  t h e  divergence i n  the  f i rs t  diagrams (DIA) disappears.  
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4. KOIDaOGOROV SPECTRW I N  THE IMPROVED D I A  MODEL 

The procedure of summation of t h e  diagrams responsible f o r  the  
t r a n s f e r  can a l s o  be performed i n  the  Wyld diagram technique di-  
r e c t l y  f o r  Euler e uat ions.  I n  so  doing t h e  equations f o r  t h e  
Green funct ion  G Z ~  and second moment can be obtained by 
the  same way a s  (0.6)-and ( 3 . 3 ) .  For i s o t r o p i c  case: 

T\r G"-'=w-zq, ? 3. =lEyl  2 @?.  
N 9 

Expressions f o r  1 and @ a r e ,  of course, d i f f e r e n t  from (3.4): 

These equations t ake  i n t o  account dynamic i n t e r a c t i o n  i n  the D I A  
( i n  t h e  second order  over / - ) , the  t r a n s f e r  e f f e c t  i s  taken accu- 
r a t e l y .  A s  a r e s u l t ,  t h e  i n t e g r a l s  i n  (4.2) contain no divergences. 
Let us  f i n d  so lu t ion  of these  equations i n  scale- invariant  form: 

The f i r s t  reLation between S and 7 indices  is t h e  sca l ing  r e l a -  
t i o n :  2s+a/=5 .  

To determine another r e l a t i o n  between S and 2' i n  our approxima- 
t i o n  wr i t e  out t h e  t r i p l e  c o r r e l a t o r  expression: 

where 

cycte 
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Subs t i tu t ing  t h i s  expression i n  (2.3) we see  the  i n t e g r a l  conver- 
gence. Thus, t he  t r i p l e  co r re l a to r  index i s  r3 = -7 = - S -27+ ? 
From t h e  two r e l a t i o n s  obtained we have Kolmogorov values of t h e  
indices  7=11/3, 5 = 2 / 3  . It ind ica te s  t h a t  t h i s  approximation is  
a reasonable one and can be used f o r  inves t iga t ion  of the  spect ra  
c lose  t o  t h e  Kolmogorov one. 

5. GYROTROPIC TURBUiXNCE SPECTRA 

The i n t e r e s t  t o  t h e  inves t iga t ion  of @;yrotropic turbulence arose 
due t o  the  turbulent  "dinarno" problem 22,23 . Besides sca la r  
value 3;c , t he  s p e c t r a l  tensor  of ve loc i ty  f i e l d  of such turbu- 
lence 

contains a pseudoscalar A ( K )  one which is c lose ly  connected with 
topologica l  s t r u c t u r e  of the  flows. For homogeneous turbulence t h e  
value A ( K )  is  expressed v i a  the  dens i ty  of Hopf invar iant  (1.9) : 

( 7 ,  r o t  T > = $ K A ( K ) ~ K .  
J u s t  a s  f o r  t h e  Kolmogorov spectrum corresponding t o  the  constant  
f l u x  P of energy, which conserves i n  the  i n e r t i a l  i n t e r v a l ,  a 
h e l i c i t y  spectrum must e x i s t  corresponding t o  t h e  constant h e l i c i t y  
f lux .  

Determine t h i s  spectrum with t h e  help of dimension ana lys i s  i n  t h e  
limits of weak gyrotropy, i . e . ,  considering t h e  second term i n  
(5.1) as a pe r tu rba t ion  t o  t h e  Kolmogorov spectrum. I n  t h i s  case  
t h e  c h a r a c t e r i s t i c  nonlinear  time is, obviously, of the  order of 
a;' . So, t h e  h e l i c i t y  f l u x  Ps can be estimated a s  

When PS = const it fol lows t h a t  [24]: 

where = PI/J % is  a sca le  charac ter iz ing  t h e  t o t a l  system 
h e l i c i t y .  

I l l u s t r a t e  now how t h i s  r e s u l t  can be obtained i n  t h e  limits of 
t h e  improved DIA.  For t h i s  purpose l i n e a r i z e  Dyson and Wyld equa- 
t i o n s  f o r  G and 61 on t h e  background of Kolmogorov so lu t ion  
(O.?), assuming f o r  the  perturbances: 

Then from sca l ing  r e l a t i o n s .  of t h e  l inea r i zed  equations it f o l -  
lows t h a t  t= s + f1/3 
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The second r e l a t i o n  between t h e  * and S i nd i ces  i s  determi- 
ned from s t a t i o n a r y  equat ions f o r  A ( K )  : 

From t h i s ,  u s ing  r e l a t i o n s  (1 .lo) f o r  R , t h e  index of 
ma2 '  RegxI,, K 2 :  r =-8  i s  determined s i m i l a r l y  t o  (4.3). Expres- 

s i n g ,  -€hen, Re ydP' K Kt  Kz v i a  G+ and 2v and r e s t r i c t i n g  
ourse lves  t o  t h e  improved D I A  we f i n d  t h a t  9 =?, t= j / / 3 + f  
give  t h e  r e s u l t  which corresponds completely t o  dimensional estima- 
t i o n s  (5.2). A s  f o r  t h e  spectrum l o c a l i t y ,  t h e  proof of t h i s  f a c t  
i s  analogous t o  t h a t  i n  Sec t ion  4 and is  presented i n  1141. 

6.  COMPRESSIBILITY INFLVENCE ON KOIMOGOROV TURBULENCE SPECTRUM 

A t  f i r s t  ob ta in  q u a l i t a t i v e l y  t h e  spectrum co r rec t ion  dgx due 
t o  compress ib i l i ty .  According t o  t h e  i n t e r a c t i o n  l o c a l i t y  hypo- 
t h e s i s  t h e  spectrum d i s t o r t i o n  can be determined only by t h e  velo- 
c i t y  f l u c t u a t i o n s  V ( K )  with  t h e  sane sca l e .  Taking i n t o  account 
t h a t  ) / ( K ) -  v , ( ~ L ) - ' ~ ~ i n  t h e  i n e r t i a l  i n t e r v a l  one can easy obta in  
t h a t  f 

6p,( K )  vZ( K) 
r l .-  

- 2 /3 - 2: M ' ( K L )  
P o  c2 

and t h e  supposed r e l a t i v e  "addend t o  t h e  spectrum must be of t h e  
same order  : -2 13 

63; = ( K L )  4 
From t h e  formal viewpoint t h e  compress ib i l i ty  r e s u l t s  i n  addi- 

t i o n a l  i n t e r a c t i o n  v e r t i c e s  f o r  t h e  canonical  va r i ab l e s  descr ib ing  
vo r t ex  motions. The s imples t  ve r t ex  7 of the kind occurs i n  
t h e  second order  of t h e  pe r tu rba t ion  theory over t h e  v e r t i c e s  W 
i n  Hamiltonian H (I. 12). st 

where Or is the sound Green func t ion  (GJ -R r! I n  hydrodynamical 
diagrams t h e  T(- f )ver tex  l eads  t o  t h e  6f co r rec t ion  t o  t h e  
v e r t e x  T : 

Using e x p l i c i t  expression f o r  M /  (1.13) ob ta in  

and then  devide 6 T i n t o  two p a r t s :  
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6~"' =T S 3 3  G (6 6 
'2734 =,34 CS 9' 9 yi-y2+y1-'2 9,-(2*-(2 

N -213 - T & , 3 ~  M ~ ( K L )  . 
These es t imat ions  were used t h e  assum t i o n  t h a t  a l l  Ki a r e  of t he  
same order.  Thus, t h e  add i t i on  6 T  ('? has t h e  same index a s  T 
and, t he re fo re  does no t  r e s u l t  i n  t h e  change of index 63 . A s  
f o r  t h e  6 ~ ( ~ 1  it has another  index. I n  t h e  diagram equat ions 

r J ' ~ ( 2 1  i s  compensated by terms p ropor t iona l  t o  d=7 . Thus, 

6 YK 6 T 
- c v - N  

M 

YK 7 ( K L ) ~ "  
which coincides with q u a l i t a t i v e  es t imat ion  (6.1). 

CONCLUSION 

The presented approach f o r  strorghydrodynamic turbulence inves t i -  
ga t ion  i s  based on t h e  conformal t ransformation and the  t r a n s f e r  
exclusion procedure. It permits  t o  determine o ther  co r r ec t ions  t o  
t h e  Ko1mo~i;orov spectrum. For example, t he  spectrum add i t i on  due t o  
viscous boundary 2 of t h e  i n e r t i a l  i n t e r v a l  has been ca l cu la t ed  
193: 

63' - ( K / t ) Z / 3 .  

.7K 
O f  ex t raord inary  i n t e r e s t  i s  t h e  i n v e s t i g a t i o n  of t he  turbulence 
spectrum i s o t r o p i z a t i o n ,  i . e . ,  c a l c u l a t i o n  of t h e  spectrum correc-  
t i o n  caused by an iso t ropy  of turbulence exc i t a t i on .  This addend 
i s  determined wi th  t h e  help of t h e  dimension reosons [ 2 5 ] :  

We t h i n k  t h a t  t h e  co r r ec t ion  i s  of nonlocal  na tu re  and, t hus ,  
cannot be determined by t h e  conformal t ransformation.  To determine 
it one should no t  only e l imina te  t h e  divergencies  bu t  a l s o  know 
t h e  i n t e r a c t i o n  l o c a l i t y  power. 

It should be r e c a l l e d  t h a t  t h e  r e s u l t s  of t h i s  review a r e  based 
on t h e  improved D I A ,  f o r  which t h e  l o c a l i t y  has been proved. To 
cons t ruc t  a  complete theory  of t h e  turbulence spec t r a  i n  t h e  
i n e r t i a l  i n t e r v a l ,  a n a l y s i s  of t h e  l o c a l i t y  problem f o r  higher 
diagrams i s  requi red .  For t h i s  purpose, i n  our opinion,  one 
should r e fuse  t h e  Euler  desc r ip t ion  and f i n d  such a  method which, 
on one hand, does no t  conta in  t h e  t r a n s f e r  e f f e c t  and, on t h e  
o ther  hand, i s  much simpler than  t h e  Lagrange turbulence descr ip-  
t i o n .  

(I) 1.e.  f o r  t h e  r s c a l e s ,  which a r e  l e s s  than  s t reamlined body 
s c a l e  L , bu t  l a r g e r  than  t h a t  of a "viscous" 2 . 
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