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The modern s t a t i s t i c a l  theory of hydrodynamic turbulen- 
ce goes back t o  the  papers by Kraichnan and Wyld t1,21, who 
suggeated t o  simulate e x c i t a t i o n  of s t a t i o n a r y  space-homoge- 
neous developed hydrodynamic turbuLence with t h e  he lp  of a 
space-distributed va r i ab le  fo rce  f ($,t  ). According t o  the  
Kolmogorov-Obukhov 's un ive raa l i ty  hypothesis [: 3,4 1 one can 
be l ieve  that i n  the  l i m i t  of a l a r g e  Reynolds number,tthe 
p roper t i e s  of f ine-scale  p a r t  of the  turbulence (in t h e  
i n e r t i a l  range) w i l l  not depend on the  way of turbulence 
e x c i t a t i o n ,  i .e. of the  type of t h e  boundary condi t ions f o r  
t t e  l i q u i d  flow o r  c h a r a c t e r i s t i c e  of the  exc i t ing  fp rce  
f ( i? , t ) ,  Therefore, one can suppose t h a t  t h e  force f i s  a 
random fo rce  w i t  a Gaussian s t a t i s t i c s ,  it does not  exc i t e  
t h e  mean flow: < 9 ($,t )>  =O, and i ts  p a i r  c o r r e l a t o r  D de- 
pende only on the  coordinates  and time d i f ference:  

This formula is t h e  condition f o r  the  turbulence e x c i t a t i o n  
t o  be s t a t i o n a r y  and homogeneous. On t h e  o the r  hand, one 
should warn againat  a r b i t r a r y  aaswnptiona on the  p roper t i e s  
of D ( R , Z  ): i f  follows from physical  considerat ion t h a t  
the re  i s  no forced e x c i t a t i o n  of the  turbulence in  t h e  
i n e r t i a l  range. Therefore, the  c o r r e l a t o r  D ( R , Z  ) must be 
concentrated i n  the  region R -L,Ci>L/V, There L, t h a t  is  the  
ex te rna l  turbulence sca le .  i s  a c h a r a c t e r i s t i c  sca le  of 
energy-containing vor t i ces ,  4v(r ' ,  t ) 1 2 l2 is the  mean 
square turbulence veloci ty .V~=Provided t h a t  ( a s  it i s  in a 
number of apers L 5-73) D is the  power funct ion  of propor- 
t i o n a l  t o  1 ( e )  (which means t h a t  it is  not loca l i zed  i n  the  
frequency domain a t  a l l ) ,  we come t o  a curious problem of 
behavior of the  ve loc i ty  f i e l d  with t h a t  exc i t ing  force.  
The reference of t h i s  problem t o  "na tura lw hydrodynamic tu r -  
bulence is not ,  however, c lear .  

The next p r inc ipa l  s t e p ,  conventional f qr researchers  
( see  monograph L 4 I ) ,  is t o  come over t o  k-representation, 
t h a t  i s  t o  expande the  turbulent  l i q u i d  ve loc i ty  f i e l d  i n  
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plane waves. Such expansion i s  a long way from i n t u i t i v e  
knowledge of the  l i q u i d  turbulence a s  a system of in te rac t -  
ing well-localized vor t ices .  On t h e  o the r  hand, it w i l l  en- 
ab le  one t o  use d e t a i l e d  and r a t h e r  powerful technique8 f o r  
the  dtagram ana lys i s  of the  per turba t ion  theory s e r i e s e s  i n  
the  k-space. 

I n  the  c9 t - representa t ion  the Navier-Stokee equations 
for incompressible l i q u i d  with an e x c i t i n g  fo rce  ? i n  the  
right-hand aide can be rendered i n  the  form t1,2,43: 

Here ~ ~ ~ ~ ( k , 1 , 2 )  is t h e  complete Euler vortex,  h i j ( k )  i s  
t h e  t ransveree projector ,  For s t a t i s t i c a l  descr ip t ion  of the  
turbulence,  we define i n  a usual  manner t h e  d i f f e r e n t  time 

A 2 

$air c o r r e l a t o r  (P$) of t h e  ve loo i ty  P'(k, ) and i t s  
o u r i e r  image F(k, w ) : 

Note that i n  the  theory of weak wave turbulence t h e  soca l led  
k i n e t i c  equation can be constructed,  It descr ibes  time evo- 
l u t i o n  of simultaneous PCs of wave f i e l d  amplitudes and is  
closed. Kraichnan and Wyld 1 1,2 1 has  demonstrated t h a t  t h i s  
approach is  impossib3e i n  t h e  theory of developed hydrody- 
namic turbulence: F(k)  proves t o  be a func t iona l  not of si- 
multaneous PC P(Et ) ,  but of the  d i f f e r e n t  time ve loc i ty  PC 
4 d h 4 

F ( k f ,  tir') and the  Green funct ions (GI?) G ( k l , d  '): 

These values a a t i s f y  the Dyson-Wyld equation 1 2 1: 

h 

~ ( q ) = C n ( q ) [ i ( q ) + + ( q ) ] ~ * ( q ) ,  q =Z,J. + . - 
A h 

where G i s  the  bare GF of noninteract ing f i e l d ,  D( ) is 
t h e  ~ o u g i e r  image of the  random fo rce  c o r r e l a t o r  (17, t h e  
mass opera tors  ~ ( q ) ,  B (q) a re  expressed through G(q) 
and F(q) according t o  the Peynmanfs r u l e s  L 4 1  w i t h  t he  ver- 
t e x  o f  a s ing le  type: 



lq3 
h h 

provided that we take l1naturall1 graphic notation f o r  G and F 
15,61: 

Let us write first diagrams f o r  L(q) and (q): 

A s  Kraichnan 1 1 1 and Wyld [ 2 ] mentioned, the integrals 
i n  the momenta q o f  the velocity PC i n  the above diagrams 
diverge- region of amall q . They related these di- 
vergences to  the effect  of small k-vortices t ransfer  (i.e. 
the vortices with characterist ic size l / k )  by almost homo- 
geneous velocity f i e l d  of large L-vortices with the energy- 
containing s ize  L. In 1977 the author suggested the homo- 
peneous transf e r  approximat ion [ 8 ], that  enables one- 
extract the most diverging part from each diagram (81,Given 
t h i s  approximation, i n  the diagrams for Z(q) one should 
neglect the PC momenta q compared t o  the outer momentum q 
i n  the arguments of  j vetices and backbone GI? (i.e. i n  
the way along GF from the entry t o  the exi t  o f  the diagram). 
Pormally, the homogeneous t ransfer  approximation can be ob- 
tained if  the complete Euler ver t ices  ( 2 )  and ( 6 )  i n  the 
backbone are replaced by the so-called kinematic vert ices:  

The diagram f o r  Z (q)  and q?(q) in the homogeneous t ransfer  
approximation have the form: 



By summing up the whole diagram ser ies  (10a) the followbg 
expression f o r  GIF i s  derived L81: 

Its physical meaning is f a i r l y  simple: C represents the GB 
of noninteracting k-vortices (gb), whick takea the Doppler 
frequency s h i f t  l~ww-k '? (F , t )  into account . Thirs s h i f t  ao- 
counts f o r  the horno~eneous transfer of these ~ 0 r t i o e 8  a t  
constant velocity v ( r , t ) ,  The averaging i s  done over the 
-ce velocity ensemble a t  a fixed (arbi t rary)  point $ 
and a t  a fixed (arbi t rary)  time t. Itpfollcwa from (1 ) that  
i n  the i n e r t i a l  range (where kv b> 9 k  ) the GF has the form: 

Expressions (11), (12)  i n  the theory of turbulence f o r  the 
i n e r t i a l  scale range should be coneidered a s  f ina l :  Gt(q) i s  
expressed through external ( for  t h i s  theom) character is t ics  - - 
o f  turbulence i n  the energy-containing range: VT " 6  1 /3&1/3 9 

where & is the energy f lux  along the spectrum, and sta- 
t i s t i c a l  properties of the velocity f i e l d  determining the 
form of the s t ructural  function q respectively, 

Also, the author has managed t83, to  an8lyse the ser ies  
(job) f o r  *t and t o  demonstrate that  in  the approximation of 
the homogeneous transfer,  the structure of B ( k , a )  i n  ~ Z F  is 
completely determined by energy-containing vortices:. 

A t  the same time, the simultaneous velocity PC B(k) remains 
arbitrary. It is  not surprising because the homogeneous 
part of the t ransfer  extracted by us has a kinematic charac- 
te r .  It resu l t s  i n  no energy exchange be$ween the vortices 
and, thus, has no influence on the energy distr ibutfon over 
scales, that  is on the form of simultaneous velocity 
PC F(k), 



It is clear that the velocity field of large vortices 
is indeed inhomogeneous. This leads to some defamation of 
k-vsrticee while these are being transfered.The deformation 
is the more essential the less is the contrast in the scales 
of interacting vortices. It is this dmarnic interaction (but 
not the kinematic effect of the homogeneous transfer) that 
must determine the energy scale distribution. Thus the 
problem is to distinguish the relatively low dynamic inter- 
action against the masking homogeneous tranefer in the for- 
mal technique of the theory. A natural way to solve this 
problem is to use the variables for which the homogeneous 
transfer is absent. For this pro ouse Kraichnan 1 9 1  sugges- 
ted to use Lagrange variables ? t ,t ), i.e. the velocity 

Ii' Oparticle which was at at the time t of a liquid 
the initial point ri at the time to. The particle trajectory 
can easily be found from the Lagrange velocity 

-. 4 

It is evident, that the Lagrange velocity u(ri,to,t) coin- -. 4 

cides with the Euler velocity v(r,t ), if r(t) is taken for r 
on the trajectory (14): 

Unfortunately, the dia~ram technique (DT) for the Lagrange 
velocity proved to be very sophisticated, and Kraichnan had 
advanced the theory until the approximation of direct in- 
teractions only Lg] .  The fact is that Lagrange variables 
exclude the transfer in the whole volume of turbulent li- 
quid, which is unnecessary for physical consideration of 
the problem. Indeed, if one whishes to describe the evolu- 
tion of a certain k-vortex placed whithin a certain volume 
of the order l/k, it is sufficient to exclude the homogene- 
oua part of the transfer exactly from that volume. However, 
to have something goad out of it in the formal technique o r  
the theory, one have to giveaup the purpose'of describing 
the turbulence in the whole r-space. To do so, the functions 
G(q) and F(q) (which describe lobal properties of the tur- 
bulence) must be replaced in t 8-- e new theory by the local 
characteristics G(;,~) and F(r,q) descrAbing the properties 
of the turbulence at a specific point r. If the new theory 
should be adequate to physical consideration of the problem 
then the functions G(; ) and F(F q ) in its formalism - ') sill be functionals_ _of G r,q and ~(r',~') defined in the 
bounded domains k) r-rtl "- 1 and lq-qt 1% q. In 1986, Belinicher 
and L 'vov L 1 O  1 constructed the theory of turbulence, which 
possessed those properties. The theory used a quasi-La~rame 

a -  4 

velocit u(r ,r t t). The expression for thi$ velocity can 
d e d  fr8m t1)). For this purpose, one should replace 
in the integrand the velocities ̂ u(r̂ i,30,t) of the particles 



being contained i n  the volume of interest  by the velocity 
of one of them. A s  such one should take, f o r  example, the 
velocity u( ro  ,ro , t ) : 

The argument ro is the coordinate of the above-mentioned 
point s . It should be emphasized that formula (16) con- 
taines 'no approximations. It i s  an exact re la t ion  between 
the Euler and quasi-Lagrange velocit ies,  Also note that  the 
quasi-Lagrange velocity i s  a physical r e a l i t y  just l i k e  
Euler o r  Lagrange velocities. It can be experimentally measu- 
red, successfully used f o r  numerical simulation of turbulen- 
ce, and the theory of  turbulence can be adequately construc- 
ted i n  i t s  terms L101. 

The equations of motion f o r  the quasi-Lagrange velocity 
coincide i n  form with the Navier-Stokes equation, but with 
a different  vertex V: 

The expression f o r  the vertex V i s  the difference between 
complete Euler vortex \6 (2)  and two kinematic ver t ices  
(9) describing the homogeneous transfer. Therefore, i t  is 
clear  tha t  V describes the dynamic ver t ices  interaction 

the vertex V can be naturally referred t o  a s  
The r incipal  difference between the quasi-Lagrange 

(17 7 and Navier-Stokes one ( 2 )  is  that  the momen- 
the dynamic vertex V is not conserved. Needless 

t o  say, t h i s  accounts f o r  to  the f ac t  that  the point r',, 
'where t ransfer  i s  excluded, is  fixed while coming over to  
quasi-Lagrange variables, A s  a r e su l t ,  the GFsnd PC i n  
quasi-Lagrange variables are  nondiagonal i n  k. The diagonal 
form i n  LS, however, remaines unchanged: 



To physicglly interpret  the theory, the t ransi t ion t o  a 
mixed (E,r )-representation is extremly useful : 

Here L is any of the functions G and F . In t h i s  way of 
coming over t o  the F-representation (dictated by the quasi- 

-L - 4 & 

class ical  approach), the functions G ( r , k , a )  and P ( r , k , a )  
have the physical meaning mentioned above, that  is, the GF 
and PC near the point r, respectively. Note that  G and F 
i n  formula ( 19 ) do - not - depend on I and Fo separately, but on 
t h e i r  difference r-ro. The reason f o r  that  is  that  the homo- 
geneous turbulence is translat ionally symmetric. 

In discussion on the theory, i t  is  of principal impor- 
tance t o  study the dependence of the velocity PC and the GF 
on t h e i r  arguments k l ,  k and M . One can naturally suppose 
tha t  they contain term 'diagonal i n  (kl-k2 1, that  is, then 
can be represented i n  the form: 

Here the functions F2 and G are e i ther  regular a t  s+ 0, or  
have an integrable singu$arity. Belinicher and L lvov~l  OJ 
had assumed with practically no discussion that  F1=G2=0, and 
then they found the functions F:, and G2. It was 
stated i n  C l O l  that  P and G2 do not depend on the 
external turbulence 'scale L and they describe the Kolmo- 
porov t m e  of turbulence, i.e. the one f o r  which the= 
multaneous velocity PC F(k) ~u k . Later on, i n  Ref. 11, 
t h i s  point of  view was questioned and a quite different  
statement was suggested: the Kolmogorov turbulence is  des- 
cribed by the functions P1 and G1, independent of L and 
having the form: 

where E is  the energy spectrum flux,  with dimensionless 
numerical coefficients ommitted. The authors of Ref. 11 
assumed the functions F2 and G2 t o  describe a non-Kolmogo- 
rovian .part of the turbulence associated with interne- 
t ency . 

I do not agree with the statements proposed in Ref.11, . 
and suppose them t o  be erroneous. F i r s t  of al1,the depen- 

A 4 4  A - 4  

dence of G(r ,k,  a) and F(r,k, a ) on (or,  which is the 

same, the nondiagonality of G(k1,k2, LO) an% F(kl,k2, w )  i n  
6 - 

(k,-k,)) i s  a formal consequence of the f ac t  that a cer ta in  
G600$dinate is fixed i n  the quasi-Lagrange formulation of 
the problem. Likewize, the procedure o f  llzero momenta 



subt rac t ionw suggested i n  Ref. 12, ,13 and used in Ref. 11 
i s  equivalent t o  t h e  j u s t  mentioned one. This f a c t  is so- 
mehow disquised i n  Refs. 11, 13 by absence of t h e  l e t t e r  ro 
i n  the  the re  presented formulae, because from the  very 
beginning ro was s e t  t o  zero. So, a s  opposed t o  the  s2at,e- 
ments i n  Ref. 11, we be l ieve  t h e  nondiagonality i n  (kt-k2) 
t o  bear no r e l a t i o n s h i p  t o  physical  problems, such a s  
f l u c t u a t i o n s  of t h e  energy spectrum f l u x ,  intermetency, e tc .  

It is  accepted t o  understand the  in temetency  a s  the  
following property of hydrodynamic turbulence: a t  R e d  00 

t he  f r a c t i o n  

tends t o  i n f i n i t y  proportionaly t o  a c e r t a i n  power of Re. 
This property we s h a l l  term a s t rong intermetencg. This  
phenomenon if e x i s t s  a t  a l l ,  can not be found i n  a superf i -  
c i a l  ins igh t  i n t o  the  turbulent  theory which uses  the-  diag- 
ram technique of both f o r  the  cannonical Klebsh var iable6  
L14, 8, 11-131 and the  Euler ve looi ty  t 2 ,  5-7, 103. The in- 
termetency can be caused by the  onset of a Kolmogorovfs so- 
l u t i o n  i n s t a b i l i t y  w i t h  respect  t o  per turba t ions  which vio- 
l a t e  t h e  s p a t i a l  homogeneity of t h e  turbulence. The new so- 
l u t i o n  with the  intermetency w i l l  then  be concerned with a 
nonperturbative (i.e. giving zero i n  s e r i e s e s  of t h e  per tur-  
ba t ion  theory)  cont r ibut ion  t o  values t o  be measured in the  
experiment. mote t h a t  it might be t h a t  the  s t rong interme- 
tency does not e x i s t  in hydrodynamic turbulence. If so,  the  
experiments L 4 3  could be explained by a weak intermetencg, 
when t h e  value K (see Ea. (22))  a t  Re+- is f i n i t e .  - . -  

although numerically high. 

Now again we consider the  problem on t h e  diagonal p a r t s  
of GF and PC. Subs t i tu t ing  funct ions  (20) i n  the  diagram 
s e r i e s e s  f o r  mass opera tors  of the  quasi-Lagrange DT ( they 
d i f f e r  from (8 )  by replacement of 6 by V), one can e a s i l y  
see t h a t  the  terms GI and F1 form the  system of equation, 
which does not contain G:, and In these aer iesee ,  the  
diagrams diverge i n  t h e  Fnfra-red region  exact ly  i n  t h e  same 
way a s  they do i n  DT f o r  the  Euler veloci ty .  A l l  i n t e g r a l s  
i n  these  diagrams one can regu la r i ze  by put t ing  F(k )=o a t  
Lk (1. The s e r i e s e s  obtained can be swlrmed up i n  t h  d frame- 
work of homogeneous t r a n s f e r  approximation.The method f o r  
t h i s  summing was developed i n  t 8 3  and described i n  d e t a i l  
i n  t10'1. A s  a r e s u l t ,  we have (V.I,Belinicher and V.S.Lvov, 
t o  he published):  

A 4 4 -  - 2 G, (k, u)= ( [ ~ f - k ( V ~ - V ~ ) + i  3 k 9 

A A -  -.I- * (23) 
F, (k, w)=F,(~)(%(~-~(v~-v~)))~~~~ . 

Here < ) - stands f o r  avergaging over two s t a t i s t i -  
1 2  

c a l l y  independent ensembles of the  v e l o c i t i e s  V1 and V, ,  

where V; = < v ( r , t )  "), j=1,2. To understand the  physical  



meaning of these formulae we note tha t  according to  (19) and 
h .  A A 

(20) G,(~^,M) and Pp(k,m) are the limits a t  r+cp of the 
4 - L  J 4 -L .-+ 

values G(r-r , k , w )  and P(r-ro,k,*), respectiveay. Also 
note that  theOtransfer is excluded a t  the point ro, that  is, 
the values G1 and F1 have been calculated i n  the refe- 
rence system moving a t  the velocity G(&,t). It is clear  now, 

- - A  - 4 4  

that  i n  formula (23) Vl=v(ro,t),  V p v ( r , t  ), These veloci t ies  
do not correlate,  because the distance between the points r 
and ro exceeds the scale L of largest  vortices.The structure 
of expreesion (23) corresponds t o  expression (11) and (13) 
f o r  the GP and PC veloci t ies  in  the homogeneous t ransfer  
approximation i n  the DT for the Euler velocity. Part icular1 , 
the following formulae, similar t o  (12), follow from Eq.(23 3 : 
n A 1 

Uf 4 F, (k) 
Gl(k, 4 = - gl ( 1 ,  Pl (k ,w)=  T 

kTT k v ~  k V ~  

This expression compriees the external scale L. Whiah is  a 
fundamental dis t inct ion f rom the Eq, (21 ) of the Ref. 11. 

The general atruoture of expressions (20) f o r  the GI? 
and velocity PC can be f a i r l y  well understood i n  the (KG)- 
representation from the r e su l t s  given i n  Ref, 20 and for- 
mulae (221,  (23). Namely: 

A d  

G(*,k, 1s: (k , r ) ] /G(k,r) ,  
A (25) 
F , ,  = c2I3k [ ~ / Q ( k , r ) ]  R ( k , r ) .  

A t  r >> L according to  ( 2 4 ) , 9  = fi kV,. A t  L , r  -1/k the 
J. 

formulae f o r  G and F have the form (241, but the expression 
f o r  VT hae no contribution of vortices with 17 r. Besides, 
V [-201. Thus i n  t h i s  region, R = (  $1.1 k. 
T ~ i n a l l y ,  st kr << 1 the t ransfer  i e  com~le te l r  excluded 

and !2 has the Kolmogorov value 32 = C: ' /3k2/3 .  or i l l u s t  ra- 
t ion,  an interpolation formula f o r  can be suggested, 
which provides a qualitively valid representation of all 
asymptotics: 

Formulae (251, (26) give an idea o f  how the external turbu- 
lence scale L occurs i n  the s t ructural  function g and f f o r  
GI? and velocity PC, respectively. A t  L+oo the expreseion 
f o r  32 depend8 no longer on L. And expreseion ".( 25 ) f o r  G and 
F approaches zero, i f  r+oo.  This mean6 that  G =F =O i n  the 
l i m i t  L s  00 . It is exactly that  l i m i t  that  'was derived 
in Ref. 20 . If L is  f i n i t e ,  then Gl=O and P, =O are given by 
Eqs. (221, (23). Theexpressions f o r G 2  and P2 can be 



taken from Eqs. (25), (26), if one considers momentum repre- 
sentation in the variable 3. The above expressions can 
easily be analyzed, so we shall not do all that. Still nete, 
that the integqals over d in (25) for G(~,E, LJ) and 
A -  

P(r,k, ) are jlndependent of r, and thus 

This fact is a consequence of the general statement that the 
simultaneous correlators of Euler and quasi-Lagrange veloci- 
ties coincide. 

Later on, we shall give detailed analysis of how the 
scale L influences upon some Kolmogorov turbulence proper- 
ties in the inertial range. 
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