Nonlinear Evolution of
Spatio-Temporal Structures
in Dissipative

Continuous Systems

Edited by
F. H. Busse and L. Kramer

University of Bayreuth
Bayreuth, Federal Republic of Germany

Plenum Press
New York and London
Published in cooperation with NATO Scientific Affairs Division



ON THE SCALE-INVARTANT THEORY OF DEVELOPED
HYDRODYNAMIC TURBULENCE KOLMOGOROV TYPE

Victor S. L'vov

Ingtitute of Automation and Electrometry
Siberian Branch of Academy of Science
630090 Novosibirsk, U.S.S.R

The modern statistical theory of hydrodynamic turbulen-
ce goes back to the papers by Kraichnan and Wyld L 1,21, who
suggested to simulate excitation of stationary space-homoge-
neous developed hydrodynamic turbulence with the help of a
space-~-distributed variable force f(r,t). According to the
Kolmogorov~Obukhov's universality hypothesis [3,4] one can
believe that in the limit of a large Reynolds number, :the
properties of fine-scale part of the turbulence (in the
inertial range) will not depend on the way of turbulence
excitation, i.e. of the type of the boundary conditions for
the liquid flow or characteristics of the exciting force
f(¥,t). Therefore, one can suppose that the force f 1is a
random force with a Gaussian statistics, it does not excite
the mean flow: <f(¥,t)> =0, and its pair correlator D de-
pends only on the coordinates and time difference:

<2 (T840 5(Fp,89)> =Dy 4 (¥ -Tp, t,=%5) « (1)

This formula is the condition for the turbulence excitation
to be stationary and homogeneous. On the other hand, one
should warn against arbitrary assumptions on the properties
of D(R,T ): 4if follows from physical consideration that
there is no forced excitation of the turbulence in the
inertial range. Therefore, the correlator D(R,7 ) must be
‘concentrated in the region R>L,A>L/V. There L, that is the
external turbulence scale, is a characteristic scale of

energy-containing vortices, V.= 4Jv(F,t)\2>»1/2 is the mean
square turbulence velocity. Provided that (as it is in a
number of papers [ 5-71) D is the power function of R propor-
tional to g(rv) (which means that it is not localized in the
frequency domain at all), we come to a curious problem of
behavior of the velocity field with that exciting force.

The reference of this problem to "natural" hydrodynamic tur-
bulence is not, however, clear.

The next principal step, conventional for researchers
(see monograph [41), is to come over to K-representationm,
that is to expande the turbulent liquid velocity field in
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plane waves. Such expansion is a long way from intuitive
knowledge of the liquid turbulence as a system of interact-
ing well-localized vortices. On the other hand, it will en-
able one to use detailed and rather powerful techniques for
the diagram analysis of the perturbation theory serieses in
the k-space.

In the E;t—representation the Navier-Stokes equations
for incompressible liquid with an exciting force £ in the
right-hand side can be rendered in the form £1,2,41:

3wy (4,807 v+ vx2v, (6,6)=(3/2) § {4 (B,1,2) »
*vj(t,fi)vl (t,k,) da‘ﬂg{* {i(t,?)
¥ig206T,2)= 8, (O g () S(E-Er@ 5 (2)
§ a0 ()=lies 8040k 8500, Ay, ()= Sij;kikj/k2.
Here ~gijl(k,1,2) is the complete Euler vortex, Aij(k) is

the transverse projector. For statistical description of the
turbulence, we define in a usual manner the different time

Eair correlator (PC) of the velocity ﬁ(E,Qf) and its

ourier image F(k, w ):

2Py (K, @) 3 (w=150) Y (ke )ty (K, w)vi (R, 00)

ﬁ(f{,? ){F"(E, W Jexp(-1wT)dw /27, (3)
F(k)= [Pk, w)dw/27.

Note that in the theory of weak wave turbulence the socalled
kinetic equation can be constructed. It describes time evo-
lution of simultaneous PCs of wave field amplitudes and is
closed. Kraichnan and Wyld { 1,21 has demonstrated that this
approach is impossible in the theory of developed hydrody-
namic turbulence: F(k) proves to be a functional not of si-
multaneous PC F(XK'), but of the different time velocity PC

ﬁ(f',(ﬁ') and the Green functions (GF) a(iw,w"):
Gy (K, ) SN - w ey (,0)/82,(R7,50)> (4)

These values satisfy the Dyson-Wyld equation [ 2]:
A A A A A
G(q)=C(q)+Gy(a) %(a)G(q),

>

2

0,13 (@)= b4, () [wrivx?)™T, (5)

>

A LY — -
P(q)=G(q)[D(q)+&(q)16 (q), q =K,w. ..

A : N
where G_ is the bare GF of noninteracting field, D(q) is
the Foulier image of the random force correlator (1), the
mass operators 7Y,(q), ® (q) are expressed through G(q)
and F(q) according to the Feymman's rules [ 41 with the ver-
tex of a single type:
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N ’ [
progided that we take "natural" graphic notation for G end F
[5: 1:

G(q)=Ar—, G (q)=G(=q)= —nnrv n |
F(q)=F*(+Q)=F(-q)= AAANANANY .

Let us write first diagrams for Z.(q) and ®(q):

I S e
@(cﬂ:—%-@-&@i—@*‘

(8)

Ag Kraichnan {11 and Wyld [2 ] mentioned, the integrals
in the momenta q of the velocity PC in the above diagrams
diverge in the region of small q . They related these di-
vergences to the effect of small k-vortices transfer (i.e.
the vortices with characteristic size 1/k) by almost homo-
geneous velocity field of large L-vortices with the energy-
containing size L. In 1977 the author suggested the homo-

eneous transfer approximation[ 81, that enables one to ,
extract the most diverging part from each diagram (8).Given
this approximation, in the diagrams for ¥(q) one should
neglect the PC momenta q. compared to the outer momentum gq
in the arguments of J yetices and backbone GF (i.e. in
the way along GF from the entry to the exit of the diagram).
Formally, the homogeneous transfer approximation can be ob-
tained if the complete Euler vertices (2) and (6) in the
backbone are replaced by the so-called kinematic vertices:

_ Ja, Ja,
(qq q ):-. — —_% =
Vij1e9q49 $ q:‘{ iq, .

IQ3 1q3

(9)

= Viga(aayap)mky Sy Slamay)

The diagram for Z(q) and ®(q) in the homogeneous transfer
approximation have the form: ‘
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Ztﬁg)z @w&+@ +';.

(10a)

‘§é1)= Ji:::;&-+Sii::}§iiz:3L*néC::jffzzzi;::::§L+;.
(10b)

By summing up the whole diagram series (10a) the following
expression for GF is derived L 81:

Gy, 15(0)m By (O L Kv(F, 8)4ie K271 (1)

Its physical meaning is fairly simple: G, represents the GF

of noninteracting k-vortices (9b), which takes the Doppler

frequency shift u = w -kv(¥,t) into account . This shift ac-
counts for the homogeneous transfer of these vortices at

congtant velecity v(r,t). The averaging is done over the
urbulence velocity ensemble at a fixed (arbitrary) point r
and at a fixed (arbitrary) time %, It,follows from (1) that
in the inertial range (where kv > “k“) the GF has the form:

Ay 400

a(-), - (12)

Gy 13(a)=

kVT

Expressions (11), (12) in the theory of turbulence for the
inertial scale range should be considered as final: Gt(q) is
expressed through external (for this theory) characteristics

of turbulence in the energy-containing range: V., ~ 1/3L1/3,
where & is the energy flux along the spectrum, and sta-
tistical properties of the velocity field determining the
form of the structural function gq respectively.

Alse, the author has managed L 81 to andlyse the series
(10b) for $, and to demonstrate that in the approximation of
the homogengous transfer, the structure of F(k,w ) in w is
completely determined by energy-containing vortices:

Ry (i, w)=F(OL 3w kv(T,6))> - (3)

At the same time, the simultaneous velocity PC F(k) remains
arbitrary. It is not surprising because the homogeneous

part of the transfer extracted by us has a kinematic charac~
ter. It results in no energy exchange between the vortices
and, thus, has no influence on the energy distribution over
scales, that is on +the form of simultaneous velocity
PC F(x).
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PC T k),

It is clear that the velocity field of large vortices
is indeed inhomogeneous. This leads to some deformation of
k-vertices while these are being transfered.The defoermation
is the more essential the less is the contrast in the scales
of interacting vortices. It is this dynamic interaction (but
not the kinematic effect of the homogeneous transfer) that
must determine the energy scale distribution. Thus the
problem is to distinguish the relatively low dynamic inter-
action against the masking homogeneous transfer in the for-
mal technique of the theory. A natural way to solve this
problem is to use the variables for which the homogeneous
transfer is absent . For this propouse Kraichnan [ 91 sugges-
ted to use Lagrange variables u%ri,to,t), i.e. the velocity
at the +time t of a 1liquid particle which was at
the initial point ry et the time to. The particle trajectory
can easily be found™ from the Lagrange velocity

N Z |
r(t):ri+tg u(ry,tg, ¥)av. | | (14)

It is evident, that the Lagrange velocity u(r,t ,t) coin-

cides with the Euler velocity v(r,t), if r(t) is taken for r
on the trajectory (14):

- - —h g t — |
u(ri,to,t).-.-v [ri+t§ ulry,tg, © Jax ,t] L (15)
0

Unfortunately, the diagram technique (DT) for the Lagrange
velocity proved to be very sopHIe%icated, and Kraichnan had
advanced the theory until the approximation of direct in-
teractions only [ 9). The fact is that Lagrange variables
exclude the transfer in the whole volume of turbulent li-
quid, which is unnecessary for physicel consideration of

the problem. Indeed, if one whishes to describe the evolu-
tion of a certain k-vortex placed whithin a certain volume
of the order 1/k, it is sufficient to exclude the homogene-
ous part of the transfer exactly from that volume. However,
to have something good out of it in the formal technique of
the theory, one have to give up the purpose of describing
the turbulence in the whole r-space. To do so, the functions
G(q) and F(q) (which describe global properties of the tur-
bulence) must be replaced in tﬁe new theory by the local

characteristics G(r,q) and *r,q) describing the properties
of the turbulence at a specific point r. If the new theory
should be adequate to physical consideration of the problem

then the functions G(r ,q ) and F(r ,q ) in its formalism
will be functionals of G(¥;q) and P(r)q) defined in the
bounded domains k|r-r'i=~ 1 andlq=-q'l¥q. In 1986, Belinicher
and L'vov [10] constructed the theory of turbulence, which
possessed those properties. The theory used a guasi-Lagrange

velecity u(r_ ,r,t.,t). The expression for this velocity can
e derived frgi 1193. For this purpose, one should replace
in the integrand the velocities u(fi,?o,t) of the particles
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being contained in the volume of interest by the velocity
of one of them. As such one should take, for example, the
velocity u(ro,ro,t):

v(r,t)=u|r,,r- Su(ro,ro,qi)dt ,to,t] . (16)
t V
0

The argument re is the coordinate of the above-mentioned
point F©_ . It should be emphasized that formula (16) con-
taines no approximations. It is an exact relation between
the Euler and quasi-Lagrange velocities. Also nete that the
quasi-Lagrange velocity is a physical reality just like

Euler or lLagrange velocities. It can be experimentally measu~
red, succegsfully used for numerical simulation of turbulen-
ce, and the theory of turbulence can be adequately construc-
ted in its terms {101,

The equations of motion for the quasi-Lagrange velocity
coincide in form with the Navier-Stokes equation, but with
a different vertex V:

[/ St+ ka]ui(Fb,f,t)a SVijl(fa,k,l,z)uj(ro,kl,t)*
(17a)
*ul(ro,kz,t)dkldk2+fi(ro,k,t),

V342 (ks 1,8)=kpy 3 4 IS (6K, Xy B(E-%)exp(iﬁ%)]_ +

+ky 3 13 [S (1:-1?1 —;2 )= 3 (;-1-;1 )exp(ifzr-(;) 1} , (17b‘)

;S<=> —\i{ =-\g<—§<-— ~§< (17¢)

The expression for the vertex V is the difference between
complete Euler vortex ¢ (2) and two kinematic vertices
(9) describing the homogeneous transfer. Therefore, it is
clear that V describes the dynamic vertices interaction
only. So, the vertex V can be naturally referred to-as
namic. The principal difference between the quasi-Lagrange
equations (178 and Navier-Stokes one (2) is that the momen- .
tum k' in the dynamic vertex V is not conserved. Needless
to say, this accounts for to the fact that the point T,
‘where transfer is excluded, is fixed while coming over  to
quasgi-Lagrange variables. As a result, the GF and PC in
quasi-Lagrange variables are nondiagonal in k. The diagonal
form in w3, however, remaines unchanged:

[ — - *
Fij (ro;k1 kaa \51 ) % (00'1- "52 )=<ui(r0’}{1 ’ L\'f1 )uj(ro’kgi U3'2)> ’

(18)
G35 (Fosky okpswy) S C001= )=y (F Ky, @4 )/52 (5, p,9,).
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To physically interpret the theory, the transgition to a
mixed (X,r)-representation is extremly useful:

L(ry-T,k, @)= Sexp(iEF)L(Fb;E¥E/2;EJEYZ,th)d; , (19)

Here L is any of the functions G and F . In this way of
coming over to the r-representation (dictated by the quasi-

classical approach), the functions G(r,k,w ) and F(r,k,w ).
have the physical meaning mentioned above, that is, the GF
and PC near the point r, respectively. Note that G and F

in formula (19) do not depend on ¥ and ¥. separately, but on
their difference r-r.. The reason for th3t is that the homo-

geneous turbulence °‘is tranglationally symmetric.

In discussion on the theory, it is of principal impor-
tance to study the dependence of the velocity PC and the GF
on their arguments k1, k, and w . One can naturally suppose
that they contain term “diagonal in (k1-k2), thet is, then
can be represented in the form:

P(i+s/2,%-8/2, )=F, (K, ) S (2)+7,(i-5/2,%-3/2, w),
(20)
G(k+8/2,K-5/2, w)=t, (K, w) N(2)+0,(Eva/2,5-5/2,% ).

Here the functions F2 and G, are either regular at s-> O, or
have an integrable singuiarity. Belinicher and L'vovii0]
had assumed with practically no discussion that F1=G2=O, and
then they found the functions F2 and G2. It was

stated in [101]1 that F2 and G2 do not depend on the
external turbulence scale L“ and they describe the Kolmo-
gorov type of turbulence, i.e. the one for which the si-

multaneous velocity PC F(k) < k"11/3. Later on, in Ref, 11,
this point of view was questioned and a quite different
statement was suggested: the Kolmogorov turbulence is des~
cribed by the functions F1 and G,, independent of L and
having the form:

8, (E,5)mg, (w/ V223 /3203,
(21)

P (K, w)= &2, (/223 nP/3 ) B ()= 23113

where & is the energy spectrum flux, with dimensionless
numerical coefficients ommitted. The authors of Ref., 11
assumed the functions F2 and G2 to describe a non-Kolmogo-
iovian‘part of the turbylence “ associated with inteme-
ency.

I do not agree with the statements proposed in Ref.11, .
and suppose them to be erroneous. Firsgt of all,the depen-

A e A s —
dence of G(r,k, w) and F(r,k,w ) on r (or, which is the
same, the nondiasgonality of G(k1,k2,¢n) and;F(k1,k2,«5) in

(E}?E )) is a formal consequence of the fact that a certain

r-coordinate is fixed in the quasi-~-Lagrange formulation of
the problem. Likewize, the procedure of "zero momenta
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subtraction” suggested in Ref, 12, 13 and used in Ref., 11
is equivalent to the just mentioned one. This fact is so-
mehow disquised in Refs. 11, 13 by absence of the letter r
in the there presented formulae, because from the very
beginning r, was set to zero. So, as opposed to the state-
ments in Ref. 11, we believe the nondiagonality in (kj-k;)
to bear no relationship to physical problems, such as
fluctuations of the energy spectrum flux, intermetency, etc.

o

It is accepted to understand the intermetency as the
following property of hydrodynamic turbulence: at Re-» o°
the fraction

K= <CV/ 3r)% 5/ L 3V/ 3r)25 2/2 (22)

tends to infinity proportionaly to a certain power of Re.
This property we shall term a gtrong intermetency. This
phenomenon if exists at all, can not be found in a superfi-
cial insight into the turbulent theory which uses the diag-
ram technique of both for the cannonical Klebsh variables
{14, 8, 11-13] and the Euler velocity [ 2, 5-7, 10]. The in-
termetency can be caused by the onset of a Kolmogorov's so-
lution instability with respect to perturbations which vio-
late the spatial homogeneity of the turbulence. The new so-
lution with the intermetency will then be concerned with a
nonperturbative (i.e. giving zero in serieses of the pertur-
atlion theory) contribution to values to be measured in the
experiment. Note that it might be that the strong interme-
tency does not exist in hydrodynamic turbulence. If so, the
experiments [ 4 ] could be explained by a weak intermetency,
when the value K (see Eq. (22)) at Re=» oo 18 finite,
although numerically high.

Now again we consider the problem on the diagonal parts
of GF and PC., Substituting functions (20) in the diagram
serieses for mass operators of the quasi-Lagrange DT (they
differ from (8) by replacement of ¥ by V), one can easily
see that the terms G1 and F1 form the system of equation,

which does not contain G2 and Fz. In these gerieses, the

diagrams diverge in the infra-red region exactly in the same
way as they do in DT for the Buler velocity. All integrals

in these diagrams one can regularize by putting F(k;)=0 at
Lk <1. The serieses obtained can be summed up in thg frame~
work of homogeneous transfer approximation,The method for
this summing was developed in [ 81 and described in detail
in [101. As a result, we have (V.I.,Belinicher and V.S.Lvov,
to be published): ‘

A — - e 2 -4
G, Cky )= fw=k(V,-V,)+i 3k Dvyv,

N L . " (23)
. (k, W)= () {35k (V- Dy y

2 L]
Here < >y.y. — stands for avergaging over two statigti-

1°2
cally independent ensembles of the velocities V1 and V1,

where V? ={v(r,t) n), j=1,2. To understand the physical

560



meaniné“bf these fg;mulae we note that according to (19) and
N . —tt - .
(20) Gi(k,ur) and F,(k,w) are the limits at rooe of the

values G(r-r ,k,«) and F(r-r,,k,< ), respectively. Also
note that the transfer is excluded at the point T,, that is,

the values Gq1 and Fq have been calculated in ~“the refe-
rence system moving aE‘the velocity v(ro,t). It is clear now,

that in formula (23) Vq=v(ro,t), Vo=v(r,t). These velocities
do not correlate, because the distance between the points r
and r, exceeds the scale L of largest vortices.The structure
of expression (23) corresponds to expression (11) and (13)

for the GF end PC velocities in the homogeneous transfer =
approximation in the DT for the Fuler velocity. Particularly,
the following formulae, similar to (12), follow from Eq.(23§:

va va kVT kVT (2’)
~ 4
V2 = 2v2, v§=<[v(r,t)]2>e52/3»112/3 .

This expression comprises the external scale L. Which is a
fundamental distinction from the Eq. (21) of the Ref.11.

The general structure of expressions (20) for the GF
and velocity PC can be fairly well understood in the (k,r)-
repregentation from the results given in Ref, 20 and for-
mulae (22), (23). Namely:

Gk, W )=g [ W R (k)] /R (k,r),
(25)

N
F(r,k,w)= £2/%k 11738 [Tw /R (e, )] L (c,r).

At rs»> L according to (24),8= 2 kVp. At L>r>1/k the

formulae for G and P have the form (24), but the expression
for V, has no contribution of vortices with 1> r. Besides,

Vp(r)e r1/3:1/3 [20]. Thus in this region, R =( a;r)v3 k.
Finelly, at kr << 1 the transfer is completely excluded

and £ has the Kolmogorov value f = 31/3k2/3. For illustra-
tion, an interpolation formula for 52 can be suggested,
which provides a qualitively valid representation of all
agymptotics: ,

1+(kr)1/3

R (x,r, D)= g2 -(26).
i ¢ 1+(xr/L) 3 -

Formulae (25), (26) give an idea of how the external turbu-
lence scale L occurs in the structural function g and £ for
GF and velocity PC, respectively. At Le oo the expression
for 32 depends no longer on L. And expression®(25) for G and
F approaches zero, if r-o, This means that G1=F1=O in the
limit La oo . It is exactly that limit that wag derived
in Ref, 20 , If L is finite, then G.=0 and F_ =0 are given by
Eqs. (22), (23). The expressions for G, 1and F, :can be
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taken from Eqs. (25), (26), if one considers momentum repre-
sentation in the variable 7©. The above expressions can -
eagily be analyzed, so we shall not do all that. Still nete,
that_the integrals over « in (25) for G(¥,k,uw) and

P(T,k, 1v) are independent of ¥, and thus

deFz(E+§/2,E-E/2, W )=F2(£) N\ (8),

o - _ (27)
awe, (k+s/2,k-5/2, u3)=G2'(k)§ (8). |

This fact is a consequence of the general statement that the
simultaneous correlators of Euler and quasi-Lagrange velocili-
ties coincide. v

Later on, we shall give detailed analysis of how the

gcale I influences upon some Kolmogorov turbulence proper-
ties in the inertial range.

References

1. Kraichnan R.,H. - J.Fluid Mech., 1959, v. 6, p. 497.

2. wyld H.W. "Ann. Phys., 1961, V.1 9 po1Z;.

3. Xolmogorov A.,N. - DAN SSSR, 1 s, V.30, p.229; DAN SSSR,

1941, v.32, p.19. Obukhov A.M. DAN R, 1941, v.32,
p.ZiiBA SSR, Ser.geograph. i geophizika, 1941, v.5,
po . "

4, Monin A.S., Yaglom A.M. Statisticheskays gidromekhanica,
part 2, M.: Nauka, 1967.

5. Foster D.,, Nelson D.R., Stephen M.J. - Phys. Rev., 1977,
v.A16, p.T732.

6. ¥ertin P.C., Siggie E.D., Rose H.A, - Phys. Rev. A4,1972,
v.8, p.423; DeDominics C., Martin P.C, - Phys. Rev.,
1979, v.A19, p.419.

7. Adzhemyen L.Ts., Vasiljev A.N., Pis'mak Yu.M. - TMF,
1983,v.57, N 2, p.268-281.

8., L'vov V.S. To the theory of developed hydrodynamic turbu-
lence.Preprint IA&E SO AN SSSR,1977,N 53 (in Russian).

9. Kraichnan R.H.-Proc.Symp.Dynamics of Fluids and Plasma.
N.Y.: Ac.Press,1967, J.Fluid Mech.,1977, v.83,p.349;
Phys.Fluid, 1965, v.8, p.575, 1966, v.9, p.1728.

10, Belinicher V.I., LTvov V.S. Scale-invariant theory of de=-
veloped hydrodynamic turbulence.Preprint IA&E SO Ac,.Sci.
USSR, N 333,1986 (in Russien),N 358,1987 (in English),
Zh.Ekap.Teor.Pis., 1987, v.93,N 2(8),pp.533-551.

1. A V,Tur,V,V.Yanovsky. On the theory of developed turbu -
lence in incompressible fluld.Preprint of Space Resear-
ched Institute USSR Ac.Sci. N1203, Moscow 1986. 4

12. Tur A,V,,Yanovsky V.V., Moiseev S.S. Proceeding of th
International working group on nonlinear physics and
tuggulence, Kiev, 1983, p.1693; DAN SSSR, 1984,v. 279,
p.96.

13. Sagdeev R.Z., Moiseev S.S., Tur A.V., Yanovsky V.V. - In
"Nonlinear phenomena in plasma, phys. and hydrodinamics",
edo RoZo Sagdeev, Mir Publo 1986, Po137-

14. Zakharov V,E,, L'vov V.S, - IVUZ, Radiofizika, 1975,
XVIII, pp. 1470-148T7.

562



