
rnABA 10 

ST 2 - TEOPIDI nAP AMETPW:IECKOfO B036Y)K,!lEHIDI 
CnHHOBbiX BOnH 

B HaCTO.HIUeif rnase H3naraeTC.H peryn.HpHa.H TeopH.H ITapaMeTpHtiecKoro 

B036y)l(/l,eHH.H BOnH, ytiHTbiBaJOIUa.H He TOnbKO CaMOCOrnaCOBaHHOe B3aHMO· 

/],eHCTBHe nCB, nHHeHHOe ITO HX raMHJibTOHHaHy B3aHMO/],eHCTBH.H JCint> HO H 

pacce.HHHe CB 11.pyr Ha 11.pyre, snepBbre B03HHKawmee B TeopHH B03MymeHHH 

BO BTOpOM ITOp.H/l,Ke ITO JCint· B HeKOTOpOM CMbiCne BTOpbiM ITOp.H/l,KOM TeOpHH 

B03MyiUeHHH MO)I(HO H OrpaHHtiHTbC.H - He B ypaBHeHH.HX /],n.H nk H Ok, a B Bbl­

pa)l(eHH.HX /],n.H MaCCOBblX OITepaTOpOB 1;, 11, <J> H \{1, CyMMHpOBaHHblX ITO ,!laHCO· 

HY. TaKHM o6pa30M, ITO cpaBHeHHJO c oiTepaTopaMH B S -TeopHH MaccoBbre oiTe­

paTopbi ITpHo6peTaJOT 11.06aBKH, ITpoiTopuHoHanhHbre KBa/l,paTy MaTpHtiHbiX 

:meMeHTOB T(k, k 1 , k 2 , k3 ) raMHnbTOHHaHa JCint· nonoMy TeopH!O, ytiHTbi· 

BaJOIUYIO KaK CaMocornacoBaHHOe "S ·B3aHMO/l,eHCTBHe" ITap IlCB, TaK H 

"T 2 
-pacce.HHHe" HX 11.pyr Ha 11.pyre, ecTeCTBeHHO Ha3BaTb ST 2 

-TeopHeif. 

EcnH S -TeOpH.H IT03BOnHna OITpe/l,enHTb tiHCnO IlCB" nk H Q>a30Bble COOTHO· 

IUeHH.H tiepe3 0 k, TO S T 2 
-TeOpH.H IT03BOnHT HaM BbltiHCnHTb BenHtiHHbl nk w H 

Okw> OITpe/l,en.HJOIUHe lliHpHHY ITaKeTa IlCB ITO tiaCTOTaM tlw, UIHpHHY paciTpe­

/l,eneHH.H IlCB B k-ITpOCTpaHCTBe B6nH3H pe30HaHCHOH ITOBepXHOCTH flwk, yr­

nOBbie pa3Mepbl ITaKeTa ncB, a TaK)I(e ITpe/l,en ITpHMeHHMOCTH S-TeOpHH. 

0CHOBOH /],n.H ITOCTpOeHH.H TaKOH TeOpHH cn~HT H3nO)I(eHHa.H B rn. 7 
/l,HarpaMMHa.H TeXHHKa C Yaifnb/],a, ytiHTbiBaJOIUa.H aHOManbHble KOppen.HUHH 

aMITnHTYA ncB. YpaBHeHH.H ST 2 
-TeOpHH B TepMHHax /l,HarpaMMHOH TeXHHKH 

B03HHKaJOT ITPH rrpeHe6pe)l(eHHH ITepeHopMHpOBKOH seplllHH. BITepBbie 3TH 

ypaBHeHH.H 6brnH ITOnytieHbi as Top oM B 197 5 r. [ 157] . Tor11.a )l(e 6brnH oueHeHhi 

rrpe/],en ITpHMeHHMOCTH S -TeOpHH H lllHpHHa ITaKeTa IlCB B k-ITpOCTprutCTBe flwk . 

CITycu HeCKOnbKO neT, B 1977 - 1979 rr., r.A. MenKOB H l1.B. KpyueHKO 

[ 133, 177] IIpOBenH cepH!O H3.HlUHblX 3KCITepHMeHTOB, B KOTOpbiX OHH H3MepH­

nH tiacToTHyJO lllHpHHy ITaKeTa t.w Hero yrnosbre pa3Mepbr t.8k, il<Pk· YciTexH 

JKCITepHMeHTaTopos CTHMynHposanH /l,anbHeiflllee pa3BHTHe S T 2 
-TeopHH, H 

BCKOpe y/l,anOCb OITpe/l,enHTb Q>opMy ITaKeTa IlCB He TOnbKO B H30TpOIIHOM Q>ep­

pOMarHeTHKe, HO H ytieCTb TaKHe ITpHHUHITHanbHO Ba)I(Hble Q>aKTOpb' , KaK aHH-

30TpOITH.H, pacce.HHHe Ha HeO/l,Hopo/l,Hocux, Terrnosolf lllyM. B pe3ynbTaTe 

ST 2 
-TeopH.H /l,n.H <I>M 6brna ll.OBe/l,eHa ITOtiTH 11.0 TOH )l(e cTeiTeHH /l,eTanHJauHH, 

'ITO H S -TeOpH.H. 

,!lo HaCTO.Hmero speMeHH na TeopH.H 6brna ITpeACTasneHa B BHAe pa3p03HeH­

HbiX ITy6nHKaUHH H BITepBbie H3naraeTC.H ITOCne/],OBaTenbHO B 3TOH rnaBe. l1CX0/1,­

Hble ypasHeHH.H S -TeopHH BbiiiHcaHbl B § 36 rn. 7. B § 50 noli rnaBbi Hccne/1,0-

BaHbi /l,OIToporoBbiH ITO/l,orpes CB, snH.HHHe TeiTnosoro lllyMa H ITOKa3aHO, 'ITO 

ITPH ITpeHe6pe)l(eHHH tineHaMH "" T 2 
ypaBHeHH.H S T 2 

-TeopHH ITepeXOA.HT B ypaB­

HeHH.H S -TeOpHH, § 51 ITOCB.HIUeH H3ytieHHIO HaH6onee ITpOCTOfO Cnytia.H, KOr/l,a 

tiaCTOTa yiTpyroro paCCe.HHH.H Ha HeO/l,HOpO/l,HOCT.HX BenHKa ITO cpaBHeHHIO C 

tiaCTOTOH C06CTBeHHbiX ITpOueCCOB penaKCaUHH. IlpH JTOM paciTpe/l,eneHHe IlB 

ITO'ITH H30Tp0IIHO, a aHOManbHbie KOppen.HTOpbl H <I>YHKUHH fpHHa Manbl ITO 

cpaBHeHHIO C HOpManbHblMH. B pe3ynbTaTe y/l,aeTC.H OTHOCHTenbHO ITpOCTO 

OITpe/l,enHTb Q>opMy ITaKeTa IlCB ITO tiaCTOTaM. B § 52 HCCne/l,OBaH HHTepeCHblH 
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CllytlaH H301pOIIHOH O)J,HOpOAfiOH cpe)J.bl, CJly)l(aiUHH CTyrreHbiO )J,JlH H3ytleHHH 

pearrbHbiX 3anatJ. 3necb )l(e cnerraH crrenyJOIUHH mar B yrrpomeHHH CTOllKHOBH­

TellbHOro qrreHa, CBH3aHHbiH C Bbipa)l(eHHeM aHOMallbHOfO KOppellHTOpa '1epe3 

HOpMarrbHbiH. OnpenerreHbi serrH'IHHbi ~w. ~wk, oi.J,eHeH BKrran BbiCWHX 

nHarpaMM. B § 53 pa3BHBaeTCH S T 2 
-TeOpHH nrrH <I>M rrpH rraparrrrerrbHOH HaKa'I­

Ke. EcrrH rrpeHe6pe% Marroli KpHcTarrrrorpaqmqecKOH aHH30TporrHeH, TO 3anaqa 

o6rranaeT aKCHallbHOH CHMMeTpHeH H rraKer IICB rroKallH30BaH s6rrH3H JKBaTo­

pa pe30HaHCHOH rrosepXHOCTH B k-rrpocTpaHCTBe. OrrpenerreH yrrrosoii pa3Mep 

rraKeTa IICB ~8k, ero wHpHHa ~w H ~w.," 06cy)l(neHa rrocTaHOBKa JKcrrepH­

MeHTa flO H3MepeHHIO 'laCTOTHOH WHpHHbl ~W, IIpOBe)J,eHO cpaBHeHHe JTOH Be­

Jl~HHbl c rrpencKa3aHHHMH TeopHH. B § 54 HccrrenosaHo yrrrosoe pacrrpenerre­

HHe IICB B Ky6HtJeCKOM <l>M, B KOTOpOM .H3-3a aHH30TpOIIHH KpHcTarrrra rropor 

rrapaMeTp~eCKOH HeycTOHtlHBOCTH )J,OCTHraeTCH y)l(e He Ha BCeM JKBaTope, 

a JlHWb B HeKOTOpblX TO'IKaX JKBaTOpa pe30HaHCHOH IIOBepXHOCTH. ilOJTOMy 

33 rroporo~ pacrrpenerreHHe IICB rrpencTaBrrHeT co6oii cosoKyHHOCTb HeCKOllb­

KHX Y3KHX rraKeTOB. OrrpenerreHa <t>opMa JTHX naKeTOB H nposeneHo cpaBHeHHe 

c pe3yllbTaTaMH JKcnepHMeHTa. B rrocrrenHeM naparpa<t>e noli rrraBbi ( § 57) 
paccMaTpHBaeTCH BJlHHHHe pacceHHHH IICB npyr Ha npyre Ha HX KOJlJleKTHBHbie 

Korre6aHHH. B qacTHOCTH, B npH6J1H)I(eHHH S-TeopHH cymecTBYJOT 6e3pa3rr~o 

yCTOH'IliBble MO)J,bl KOJ1e6aHHH, KOTOpbie B paMKaX S T 2 
-TeOpHH IIpHo6peTaJOT 

MallyJO, HO BIIOllHe KOHelJHyiD 'laCTOTY H 3aTyxaHHe. 

§ 50. BrrHJIHHe TeiDIOBbiX crrHHOBLIX sorru 

ua pacnpenerreuue napaMeTplfllecKHX CDHHOBLIX BOllH 

B k, W-DpOCTpaHC1Be- TeopHH H JKCDepHMeHT 

B rrr. 8 Mbi y)l(e paccMa'IpHBarrH sonpoc o B3aHMonelicTBHH rrapaMeTp~ecKH 
B036y)I(IJ,eHHbiX CIIHHOBbiX BOJlH C TeiiJlOBbiMH. B 'laCTHOCTH, 6biJ10 IIOKa3aHO, 

'ITO B036~neHHe IICB npHBOIJ.HT K OTKllOHeHHJO <l>YHKUHH pacnpenerreHHH TCB 

n(k) OT paBHOBeCHOH n0 (k) (34.10) H, KaK pe3yllbTaT JTOfO, B03HHKaeT 3a­

BHCHMOCTb 3aTyxaHHH IICB OT HX tJHcerr 3anorrueHHH np (k) . B § 40 B paMKax 

S -TeOpHH 6biJ10 H3y'leHO BllHHHHe HellHHeHHOfO 3aTyXaHHH Ha CTai.J,HOHapHOe 

cocTOHHHe IICB, T.e. Ha onHoBpeMeHHbie <l>YHKUHH pacnpenerreHHH n(k) H a(k). 
llpH Bbrxone 3a paMKH S -TeopHH npH H3ytieHHH B3aHMoneiicTBHH IICB H TCB 

B03HHKaJOT HOBbie J<t><t>eKTbi, B qacTHOCTH nonoporoBbiH nonorpes naKeTa IICB, 

ywHpeHHe <l>YHKI.J,HH pacnpenerreHHH n(k, w) H a(k, w) ITO W H T.)J,. 0nHCaHHIO 

OCHOBHblX TeopeT~eCKHX H JKCIIepHMeHTallbHbiX pe3yllbTaTOB B JTOH o6rraCTH 

H IIOCBHIUeH HaCTOHIUHH rraparpa<t> . 

50.1. npoue.rzypa pa3nerreHHJI BOJlH Ha napaMeTpHIJeCKHe H TeiDIOBbie. YpaB­

HeHHH .IJ.aHCOHa - YaHllb)J,a (36.2) - (36.6) OIIHCbiBaJOT BOllHbl BO BCeM 

k, W-IIpOCTpaHCTBe IJ B OTCYTCTBHe HaKalJKH HMeJOT, KaK IIOKa3aHO B fll •. 7, 
TepMOIJ.HHaM~eCKH paBHOBecHoe peweHHe (34.10) - pacrrpenerreHHe PJrreH -

LbKHHca. H aKatJKa H3MeHHeT 'IHCITa JanorrHeHHH n(q) He TOITbKO B o6rracTH 

napaMe'Ip~eCKOfO pe30HaHCa, HO H BO BCeM q-npOCTpaHCTBe. ilOJTOMY 

B03HHKaeT BOIIpoc: KaKHe BOJ1Hbl Clle)J,yeT C4HTaTb napaMeTp~eCKH B036y)I(­

)J,eHHblMH, a KaKHe IIO-npe)I(HeMy OTHOCHTb K TeiiiTOBbiM? KatJeCTBeHHO MO)I(HO 

OTBeTHTb TaK: IICB - no Te rrapbr CB, y KOTOpbrx <t>aJa cKoppenHpoBaua c 

<Pa3oH HaKa'IKH, ocTallbHbre CB MO)I(HO HaJBaTb TenrrOBbiMH, ecrrH n(k) nrrH 

HHX He CllHIIIKOM OTJl~aJOTCH OT paBHOBeCHOfO ypOBHH. <J>opMyrra )J,JlH 4HC-
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na IIB MO)!(eT fibiTb 3aiiHCaHa cne)J,yromHM o6pa30M: 

np(q) = n(q) - n1 (q), n1 (q) = <l>q [(w- wq) 2 + r~r 1 • (50.1) 

3)J,ecb n1 (q) ollpe)J,eneHo 110 aHanorHH c (35.1). OmHtiHe B TOM, 'ITOB (50.1) Be­

nH'IKHbi L (q), <I>(q) )J,On)!(Hbi Bbipa)!(aTbCH He qepe3 TepMO)J,HHaMH'IecKH paBHO­

secHLie 3HatieHHH nk = nZ (34.1 0) , a qepe3 senH'IHHbi peanbHoro clleKTpa n1 (q) , 
np (q ) , a(q), Bbi'IHCneHHbie B IIpHCYTCTBHH HaKa'IKH. II pH TaKOM Ollpe)J,erieHHH 

n 1(q) Be3)J,e HBnHeTCH llnaBHOH <l>yHKUHeH k, a )J,aneKO OT pe30HaHCHOH IIOBepx­

HOCTH IIpH r Wk - Wp/2 I ~ r aCHMIITOTH'IeCKH CTPeMHTCH K perneHHIO KKHe­

TH'IeCKOro ypaBHeHHH, B KOTOpOM yqHThiBaeTCH BnHHHHe 11aKeTa IICB (eM. 

§ 39) . BenH'IKHhr)!(e np(k)=fnp(q)dw H a(k) fiLICTpo Clla)J,aroT IIPH yAane­

HHH OT pe30HaHCHOH IIOBepXHOCTH. MO)!(HO IIOKa3aTb, 'ITO np, a"'(Wk- Wp/2). 
CneAyeT orMeTHTh, 'ITO B llpHBe)J,eHHbiX pacc~eHHHX Mbi HHrAe He HC­

IIOnb30BanH KOHKpeTHbiH BH)J, B3aHMO)J,eiicTBHH BOnH, 1103TOMy Ollpe)J,eneHHH 

llapaMeTPH'IeCKHX H re11nOBbiX BOnH (5Q. 1) c11pase,lJ,JIHBbi IIPH nrofioM BHAe 

B3aHMO)J,eHCTBHH, B 'laCTHOCTH H TOr)J,a, KOr)J,a cymeCTBeHHbl TpeXBOnHOBble 

IIpOIIeCCbl, B3aHMO)J,eHCTBHe C <t>oHOHaMH H T.)J,. 

50.2. BLIBO)J, HCXO,lXHLIX ypaBHemdt IIpHMeHHM Tellepb pa3BHTbiH B rn. 7 all­

llapaT Ann Hccne)J,OBaHHH llaKeTa IICB rrpH OTHOCHTenLHO ManhiX aMrrnHTyAax 

HaKa'IKH, KOr)J,a rnaBHbiH BKna)J, B MO )J,aeT pacceHHHe TCB Apyr Ha Apyre • 

.Ilrrn 3Toro Heo6xo)J,HMO B Bbipa)!(eHHHX ,lJ,JIH L, II, <I> H \}! (36.6) IIOACTaBHTb 

n(q) = n1(q) + np(q), a(q) H Hccne)J,OBaTb llonyqeHHhre Bbipa)!(eHHH. Pe3ynLTaT, 

IIOnyqeHHbiH B HyneBOM 110 np, a IIpHfinH)!(eHHH, HaM H3BeCTeH - 3TO <t>opMYna 

(34 .1 0) . <l>opMyna 1 · 
• {;I 

wZ = wk + 2 fT(k, k')n1(q')dq' 

rrpH n1(q) = n0 (q) OIIHCbiBaer 3aBHCHMOCTh 'laCTOTbi IIB OT TeMIIepaTypbi 

cpe)J,bi. EyAeM C'IHTaTb, uo 3Ta 3aBHCHMOCTb y)!(e BKnro'leHa B orrpe)J,eneHHe wk, 
TaK 'ITO 

wk = wk + 2 fT(k, k')np(q')dq'. (50.2) 

Bbipa)!(eHHH (36.6) ,lJ,JIH L , II, <I> H \}! KBaApaTH'IHbi 110 K03<l><l>HUHeHTaM ra­

MHnhTOHHaHa B3aHMOAeiicTBHH T. 3ro II03BonneT BHa'lane orpaHH'IHTbCH HX 

Bbi'IHcneHHeM B HynesoM rrpHfinH)!(eHHH 110 aMrrnHTy)J.e IICB. BLI'IHcneHHe 

rrpe)J,ena 11pHMeHHMOCTH 3TOrO llpHfinH)!(eHHH 110 aMrrnHTy)J,aM np, a H H3YlJeHHe 

3<P<PeKTOB, B03HHKaiOlUHX IIpH fiOnbiiiHX aMrrnHTy)J,ax, fiy)J,eT 11pOBe)J,eHO HH)!(e. 

IIoACTaBHB B ypaBHeHHH YaiinL)J,a (36.3) <PyHKUHro fpKHa H3 (36.4), 110-

nO)!(HB '}l(q) = 0 , IIOnYlJHM 

n(q) = [(e + €k)2 + ri +I Pk 12 ]<l>(q)/ I ilq 12
, 

a(q) = 2Pk<l>(q)(ir k + ek)! I ilq 1
2

, 

ilq = ri -IPk 12
- 2irke - e2

, 

e = w - wp/2, e-k = c;;k - wp/2 . 

(50.3) 

OrMeTHM, 'ITO 3TH ypaBHeHHH nsnnrorcn KHTerpanLHbiMH B 'leTbipeXMepHoM 

q-llpOCTPaHCTBe. 0)J,HaKo, IIOnb3YHCb y30CTbiO llaKeToB np(q) H a(p) 110 w H 

Wk , MO)!(HO peAYUHPOBaTb HX )J,O )J,ByMepHbiX KHTerpanbHbiX ypaBHeHHH ,lJ,JIH 

KHTerpanbHbiX 110 W H Wk BenH'IKH np(Q) H a(Q), aHanOrH'IHO TOMy, KaK 3TO 

218 



nenaeTcx B S -TeopHH. .Ilrrx :noro onpenenHM np ( n ) 

np(.Q)=k~ fnp(k,w)dwdK, 

a(n) = k~ f a(k, w)dwdK, 

H a(n) no <PopMynaM 

{50.4) 

B KOTOpbiX ko __; . pa11;HyC pe30HaHCHOH nOBepXHOCTH 2wk = Wp B TO'IKe C 
yrJIOBOH KOOpAHHaTOH .Q, K - . OTKJIOHeHHe k OT ko no HOpMaJIH K noBepx­
HOCTH. ,llanee, npeHe6peraH 3aBHCHMOCT.IIMH 'Yk• pk OT K, npOHHTerpHpyeM 
{50.4) now H K. B pe3y11bTaTe nonyqHM 

np (n) = rr 2 k~ ci> (n) 1 P(n) 12/ P(n) v(n) u(n), 

a(n) = irr2 k~ ci>(n)P(n)/u(n) v(n), (50.5) 

u(n) = owk/3kl.,- = , v2 (.Q) =r2 {.Q) -I P(n) 12
• 

,.wk .wp 

Ilop;qepKHeM, 'ITO npH BbiBone 3THX <PopMyn Mbi He npennonaranH, 'ITO TCB 
HaxOp;HTC.II B TepMOAHHaMH'IeCKOM paBHOBeCHH. II03TOMy OHH rOp;HTCH H AJ1.11 
HCCJiep;OBaHH.II CHTyaUHH C CHJibHbiM HeJIHHeHHbiM 3aTYXaHHeM. 3TO Mbl cp;enaeM 
HIDKe, a ceH'Iac 6yneM C'IHTaTh, 'ITO TCB Haxop;gTc.ll B paBHOBeCHH H, cnenoBa­
TeJibHO, OCHOBHbiM MeXaHH3MOM orpaHH'IeHH.II napaMeTpH'IeCKOH HeycTOH'IH­
BOCTH CB .IIBJI.IIeTc.ll <l>a30BbiH MeXaHH3M S-TeopHH. Torna B <PopMyJibt (50.5) 
BMeCTO f{.Q) H <li{.Q) MO)I(}{O nop;CTaBHTb HX TepMOAHHaMH'IeCKH paBHOBeC­
Hbie 3Ha'leHH.II. B pe3y11bTaTe nonyqHM 

np (.Q) = rrk~ n0 I P(n) 12 /u(n) v(n), 

a(n) = irrk~ n0 r(n)P(n)/u(n) v(n). 
{50.6) 

IloncTaBIDI.II oTcrona a(n) B ·cTaJIAapTHOe B S-TeopHH BbtpiDKeHHe nnx caMo­
cornacoBaHHOH HaKa'IKH P(n), nonyqaeM HenHHeHHoe HHTerpanbHOe ypaBHe­
HHe AJI.II P( n ) Ha pe30HaHCHOH noBepXHOCTH: 

P(.Q) = hV(.Q) + irrn0 f S(n, .Q')k~·r(n')P(.Q') X 

x [r2 (n') -1 P(n') l2r 1
'

2dn'/u(n'). (50.7) 

PeiiiHB 3TO ypaBHeHHe, MO)I(}{O H3 <PopMyJibt {50.6) onpenenHTb HHTerpanbHbte 
xapaKTepHCTHKH IIB np(n) H a(n) Ha pe30HaHCHOH noBepXHoCTH, a c no­
M01llbiO <PopMyn (50.3) HccnenoBaTh CTPYKTYPY pacnpeneneHHH n(q) ·lr a(q) 
B6JIH3H Hee. B 'laCTHOCTH, HHTerpHpy.ll (50.3) TOJibKO noW, HMeeM 

np (k) = no(k) I P(n) 12 I [Ei + v2 (.Q)], 

a.(k) = no(k)P(n)[ek + ir(n)]/[€£ + v2(n)]. 
{50.8) 

TaKHM o6pa30M, p'acnpeneneHHe np(k) H a(k) no I k I HMeeT BRA <I>YHKIIHH 
JiopeHua C MaKCHMYMOM Ha pe30HaHCHOH noBepXHOCTH H nOnYIIIHPHHOH V ( .Q ) . 
YpaBHeHH.II {50.8) npeo6pa30BbiBaiOTC.II K BRAY 

r(k)n(k) + lm{P* (k) a(k)) = r(k)n 0 (k), 

['y(k) + i€k] a(k) + iP(k)n(k) = 0. 
{50.9) 

3TH ypaBHeHH.II BnepBbte BbiiiHCaHbi B.E. 3axapOBbiM H B.C. JlbBOBbiM B 
1971 r. [98) H3 HHTYHTHBHbiX C006piDKeHHH H nop;po6HO HCCJiep;OBaHbl TaM )!(e. 
YpaBHeHH.II (50.9) OTJIH'IaiOTC.II OT ocHOBHbiX ypaBHeHHH S-TeopHH (18.9) 
TOJibKO HaJIH'IHeM Heop;Hopop;Horo '11IeHa r ( k) n0 ( k) , onHCbiBaromero BJIH.IIHHe 
TellJIOBbiX <I>JIYKTyai.UIH Ha CHCTeMy IIB. 
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50.3. ,llouopOI'OBLIA UO,llOrpeB H BJIHJIHHe TeUJIOBOI'O UJYM& UpH clla30BOM 

Mexa1Df3Me orpaJD111eiDfJI. BHaqane Mhi paccMOTpHM ccpepH'IeCKH<HMMeTpH'!HhiH 

CJI}"'aH, B KOTOpOM BCe XapaKTepHCTHKH 3a,llaqu 'Y, pH T.,ll. He 3aBHC.!IT OT yrno­
BOH KOOp,llHHaTbi n. Tor,lla H3 (50.9) H (50.7) cne,llyeT, qTo npH p > 1 (KOr,lla 

3HaqeHHe p Bhrllle cpopManbHoro nopora p = h2 /hfh = 1) 3aBHCHMOCTh N(p) 
6JIH3Ka K COOTBeTCTBYJOIQeMy pe3ynLTaTy S ·TeOpHH: 

SN(p) = 'Y(P- 1)1/2 [1 + ~2 /2(p- 1)2], 
(50.10) 

3,llecb ~ 2 
- ManLrH: napaMeTp, xapaKTepH3YJOIQHH BJIHHHHe TennoBLIX cpnyK­

ryauHH: : 

(50.11) 

B Ky6H'leCKHX <l>M 3a,llaqa o6na,llaeT aKCHanbHOH CHMMeTpHeH, BOJlHbi 

B036}')K,lla10TC.!I B6JIH3H 3KBaropa pe30HaHCHOH llOBepXHOCTH ()k = 1T/2, Wk = 

= wp/2. B :m:iM cnyt~ae npH p- 1 > exp (-~- 1 (p -1) 112
) 

SN(p)=-y(p - 1)112 [1 +p 2 exp(- ~- 1 (p-1)1 12 )], 

v2 = v~ + CX"'f2(() -1T/2)2' Vo = 'Y exp(- ~-1(p -1)1/2), a:~ 1. 
(50.12) 

BH,llHo, qro B :noM cnyt~ae BJIHHHHe TennoBcro lllyMa HBJI.R:ercH JKcnoHeHUHan&­

HO CJia6&IM. 

50.4. nepeXO.ll K S-reopun. B 3aKnroqeHHe :noro naparpacpa o6cy,llHM, KaKHM 

o6pa30M H3 ypaBHeHHH $.T 2 -reopHH MO)I(HO llOJl}"'HTb ypaBHeHH.!I S ·TeOpHH. 
~.;,., .... ... 

0TBeT Ha :noT Bonpoc B 3HaqHTeJI&HOH CTeneHH }')Ke nonyt~eH . .lleHCTBHTen&Ho, 

npH BhiBO,lle ypaBHeHHH (50.9) Mbi npe,llnonaranH, qro <1> = <1>0 , 'IJ1 = 0, T.e. 

npeHe6peranH BllH.!IHHeM ncB B ;:J;HarpaMMax BTOporo nopH,llKa no.BepiiiHHe T. 
EcnH )l(e npeHe6pe% H TennoBLIM lllyMoM ( <1>0 ~ 0) , HO }"'HThiBa'tb BJIHHHHe 

IICB B nepBOM nopH,llKe no B3aHMO,lleH:crBHIO, TO ypaBHeHHH (50.9) npeBpa­

THTCH B ypaBHeHH.!I S-TeOpHH. npH 3TOM, qTo6bl HaRTH CTaiiHOHapHOe pellleHHe 

O,llHOpO,llHbiX ypaBHeHHH (18.9), He06XO,llHMO npOBO,llHTb HCCJle,llOBaHHe nony­
qeHHOfO pellleHHH Ha ycroifqHBOCT&. B ypaBHeHHHX ST 2 -TeopHH raKaH TPY.ll· 

HOCTh He B03HHKaer, TaK KaK }"'eT lllyMa ,llOOnpe,llell.!leT 3a,llaqy H npHBO,llHT K 

perynHpHOMy pellleHHIO. 

50.5. Pacnpe,lleneiOfe ncB no qaCTOTaM B S-reopHH c TeDJIOBLIM uryMOM. 

CneKrpan&HhiH cocTaB IICB, r .e. BeJIH'IHHY 

(50.13) 

B npH6JIH)I(eHHH S -TeOpHH C TennOBbiM lliYMOM BblqHCJlHTb ,llOBOJlbHO npOCTO. 

B COOTBeTCTBHH C (50.3) OHa onpe,lleJI.!IeTC.!I TOJlbKO CTpyKrypOH cl>YHKIIHH fpH­

Ha (ro~ee - HX 3HaMeHaTeneM !:!.(k, w)) H MO)I(eT 6&rTh nonyqeHa npHMLIM HH· 

TerpHpOBaHHeM (50.3) no K: 

-y 3 (il) n0 (kp) kA 
n (Q w) = (50.14) 

P ' V.n [~(v2 + (v4 + 4r2e2)112{v4 + 4r2e2)]1f2 

IIIHpHHa :noH: cpyHKUHH no w ecT& v 2 /2-y, cpopMa JIHHHH ornH'laeTCH OT nopeH­

ueBoH: - HMeer 6onee lliHpOKHe KpbinLH. B enH'IHHa v, onpe,lleJI.IIIOIQaH lliHpHHy 
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JIHHHH, 38BHCHI OI AOMHHHpyromero MeXaHH3Ma orpaHH'Iemrn H HaJJ,KpHIH'I· 
HOCIH. ilpH !l>a~OBOM MeXaHH3Me V y6biBaei C yMeHbiiieHHeM HaJJ,KpHIH'IHOCIH 
B COOIBeiCIBHH C (50.5), npH OrpaHH'IeHHH HenHHeHHbiM 3aiyxaHHeM BHa<Iane 
y6biBaer H noroM npu p > 9 pacrer. 

50.6. 3neKTpoManutmoe H3JlyqeHHe napaMeTpH'IeCKHMH CB. 11ccnenosaHne 
HJnyqemrn ITCB HHiepecHo npe)l(ne scero reM, qyo noJsonner onpenenurb 
cneKrpanbHbiH cocras ITCB, r.e. senWIHHY n(w) (50.14). Hano cKaJaib, qro 

npnMoe :meKrpoMarHHIHoe HJnyqeHHe ITCB c k :::::: I 04 
-:- 106 CM- 1 nsnnercn 

qpe3BbJqaiDio cna6biM scnencrBHe JaKoHa coxpaHeHHH HMnyn&ca kp <Jt,k. TeM He 

MeHee npHMeHeHHe COBpeMeHHOH CBq IeXHHKH ll03BOJIHJIO npoBeCIH I8KHe 
HCCJieJJ,OBaHHH B HeJJ,aBHee BpeMH. 

lJacrora CB, eo36yJICoaeMbZX MeroooM napar!lle.rzbHOii HaKaiiKU. 113 JaKOHOB 
coxpaHeHHH cnenyer, qro napaMerpWieCKH BOJ6y)l(narorcn CB Ha qacrore, pas­
HOH nonosHHe qacrOihi HaKaqKu. TeM He MeHee ocraercn B3)1(HbiH sonpoc o TOM, 
C KaKOH IO~OCiblO BblllOJiHHlOICH 3TH ycnOBHH B 3KCnepHMeHre: JJ,eHCIBHieJib· 
HO nH B036~narorcn CB ron&KO c qacroroii wk, paBHOH ro~o wp/2; 
cneKrpan&Hoe pacnpeneneHHe n ( wk) HMeer BHA 8-!l>YHKUHH HnH B036y)I(Jl,eHHe 
npoHcxonur B HeKoropoii rronoce qacror owk. C He6on&rnoii roqHocr&ro ycra­
HOBHib TO, qyo B036y)I(JJ,aeMble CB HMelOI qaciOI Y Wk = Wp/2, MO)I(HO, HCCne­

AYJI o6nacr& cyrnecrBOBaHHH nononHnren&Horo nornomeHHH, a raK)I(e no 
Ha6nroneHHlO oco6eHHOCIH B penaKcal(HH ITCB B roqKe nepeceqeHHH MarHOHHO· 
ro H tPOHOHHOrO ClleKipOB, H3BeCIHbiX H3 ApyrHX OIIbiiOB . 

HaH6onee npJIMbiM H ro~biM MeiOAOM onpeneneinrn cneKrpanbHOro pacnpe­
neneHHH ITCB MO)I(ei cn~Hih HJyqeHHe cneKrpanbHoro cocrasa Bbi3BaHHoro 
HMH HJnyqeHHH /(w). 11ccnenosaHHH B A<I>M Jill 6biJIH nposeneHbi E . .R. Korro­
)1(8HCKHM H np. [129, 131) . 11cnonbJOBanHcb MOHOKpHcrannhi FeB03 (o6pa3l(bi 
HMenH tPOJ?MY l(HJIHHApa JJ,HaMeipOM 2 MM H BbiCOIOH 3 MM). Ocb l(HJIHHJJ,pa 
COBnaJJ,ana C r JlaBHOH OCblO KpHCianna. CBq HaKaqKa ocymeCIBJIJIJiaCb MarHe­
IpOHHbiM reHepaiOpOM HenpepbiBHOrO JJ,eHCIBHH. C qaciOIOH Wp = 2rr · 35,6 ffl( 

H MOI.l.IHOCiblO 10 Br. 06paJeu noMemancJI raK, qro OAHa ero qacrb Bhicrynana 
BHYipb pe30Ha'ropa B ny~OCib MarHHIHOrO CBq DOJIJI h, a JJ,pyraH - B CiaH· 
napiHbiH BOJIHOBOA 1 ,5-cM csq AHana30Ha. ITonJI h H H ne)l(aJIH B 6a3HCHOH 
llJIOCKOCIH KpHCianna H 6biJIH napanneJlbHbi. ilpH DOMOI.l.IH CBq tPHnbipOB 
BbiXOAHbie CHrHaJibl C qaCIOiaMH Wp H. Wp/2 OIJJ,eJIJIJIHCb Apyr OI Apyra . Pa3BH3· 

Ka Me)I(AY KaHanaMH 6bma 40 nE. CHrHan Ha qacrore w0 /2 npHHHMancn cynep­

rerepOAHHHbiM npHeMHHKOM c qysciBHienbHOCibJ{J 1 o- 1 4 Br H aHaJIH3HpOBaJICJI 
c noMOI.l.lblO aHanHJaropa cneKrpa. B peJyn&r are JKcnepHMeHIOB 6bmo ycra­
HOBneHo, qyo 38 noporOM napaMerpWieCKOrO B036~JJ,eHHH OAHOBpeMeHHO C 
nornomeHHeM CBq MOI.l.IHOCIH HaKaqKH H.a qaCIOie Wp llOHBJIJieiCJI H3JiytleHHe 

H3 o6pa3l(a Ha qaciOie Wp /2. 11HieHCHBHOCib H3JiyqeHHH /( W) 3aBHCena OI 

speMeHH cnyqaHHbiM o6pa30M. OcuHnnorpaMMa BbiXOAHOro CHrHana npHeM· 
HHKa HMena BHA BCnJieCKOB C xapaKiepHOH .AJIHieJibHOCiblO T :::::: 10-6 C. ilpHH· 
l(HllH8JlbHO B3)1(HbiM pe3yJibi8IOM 3KCDepHMeHia 6biJIO TO, qyo l(eHip DOJIOCbi 
H3JiytleHHH COBDaJJ,an C Wp/2 C IO~OCiblO AO 2rr · 20 Kfl(, I.e. C OIHOCHieJlbHOH 

JOqHOCiblO 10-6 
. 
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§ 51. Pacnpenen:eHHe napaMe1'pH'IeCKHX CIDIHOBJ>IX BOIIH 
DO qaCTOTaM DpH CHJI])HOM ynpyrOM pacceBHHH 

51.1. ltCXO)J;H])Ie nHarp8MMHJ>Ie ypaBHeHHJI. KaK OTMe'laiiOCb B npe)J;biiJ:Y· 
meii rrraae, ynpyroe paccefl:HHe He MeHJleT 'IHcrra H qacTOTbi IICB, a JIHIITh Hapy­
rnaeT HX CB113b C HaKa'IKOH, npHBO)J;fl: K )J;BYM 3tPtPeKTaM - c6oro <Pa3bl B napax 
BOJIH H K H3orponH3aUHH pacnpeneneHHJl IICB. EcnH qacTOTa ynpyroro pac­
cenHHJl BOIIH 60Jibllie 'leM BCe OCTaiibHbie 'laCTOTbl penaKCaiiHH, TO pacnpenerre­
HHe IICB narrneTcn H30rpOTIHbiM, a BJIHJlHHe napaMeTpH'IeCKOH HaKa'IKH H 
paccenHHe IICB npyr Ha npyre MO)I(HO yqHTbiBaTb KaK Maiibie B03MymeHHJI. 
B 3TOM npH6JIH)I(eHHH B03HHKaeT npOCTOe ypaBHeHHe nnn ipyHKUHH pacnpe­
nerreHHJl IICB no qacTOTaM, KOTopoe ynaeTcn pelliHTb aHaiiHTH'IeCKH H Bbi)J;e­
JIHTh H3 Krracca ero CTaiiHOHapHbiX perneHHH enHHcTBeHHoe yc''rO'H'IHBoe. Ilo­
noMy Mbi Ha'IHHaeM H3JIO)I(eHHe pe3yJibTaTOB S T 2 -TeopHH c TaKbro, Ha nep­
BbiH B3rrrnn ycrro)I(HeHHoro crryqan. B MaccoBbiX onepaTopax 6yneM yqHTbmaTb 
BKrran ynpyroro paccenHHJI ('11IeHbi c HH)J;eKcoM el) ( 45 .14), BKIIan B3aHMoneii­
CTBHn IICB c TenrroBbiMH H BKIIan B3aHMoneHcTBHn IICB Me)I()J;y co6oii ('11IeHbi 
C HH)J;eKCOM int) (36.6): . 

<fl = <flel +<flint+ <flo, 'II= '~~el + '~~int• 

L = Lo +Lei+ Lint • II= P + Ilel + Ilint· 
(51.1) 

EcnH noJIHOCTbiO npeHe6pe'lb rpynnoii 'IJieHoB c HH)J;eKCOM int, TO norryqaTcn 
ypaBHeHHJl (37 .4), (45.13) , HCCJie)J;OBaHHbie B rJI. 9 , nOCBfl:llleHHOH napa~eTpH­
'IeCKOMy B036y)I()J;eHHIO CB B MarHeTHKax co crryqaHHbiMH Heo~J;Hopo~J;HOCTfl:MH. 
B TaKOM npH6JIH)I(eHHH Y'IMTbiBaeTcn TOIIbKO caMocorrracoBaHHoe B3aHMoneiicr­
BHe IICB H HX paccenH' e Ha Heo)J;Hopo)J;Hocrnx (Sg 2 -reopHJI). B paMKax 
Sg 2 -TeOpHH pacnpeneneHHe IICB no qacroraM np ( w) cHHryMpHo, a aHOMaiib­

HJ>IH KoppeMrop ak MeHbllie HOpMaiibHoro nk no napaMerpy 'Yki('Yk + 'Ye 1). 

IlonoMy npH Bbi'IHCIIeHHH tPyHKUHH fpHHa B HyrreBOM npH6JIH)I(eHHH no 3TOMy 
napaMerpy MO)I(HO npeHe6pe'lb napaMerpH'IeCKOH HaKa'IKOH: 

Gt(q) = [w - wk- L(q)r 1
, L 1(q) = 0. (51.2) 

B nepBOM nopn~J;Ke Heo6xo)J;HMO yqecTb HaKa'IKy : 

G(q)= Gt(q) + Gt(q)Gr(i/)Gt(q) I Il(q) 12
, 

L *(q) = cr(q)II*(q)Gt(q) ' q = (-k, Wp- w). 
(51.3) 

YpaBHeHHfl: )J;Jiff KOpperrnTOpoB B nepBOM nopn)J;Ke HarneH TeOpHH HMeiOT BH)J; 

n(q) = [I G1 (q) 12 + 2 Re c;(q) I Il(q) I2 G;(q)Gi(q) + 

+I Il(q) 12 1 Gt(q) 12 1 Gt( q) 12 ]<fl(q)+Gt(q)'l!(q)Gt(tf)II*(q)G7(q)+ 

+ G1(q)II(q)G;(q)'ll*(q)G 1 (q) , 

a(q) = Ot(q)'ll(q)Gt(tf) + [Gt(q)Gt(tf)II(q)G;(q) + 

+ Gt(q)G 1(q)G;(q)II(q)]<fl(q). 

(51.4) 

51.2. Ilpoue,zzypa penyKIIHH ypaaHeHHA. B peaiibHbiX CHTyauHnx npocTpaHcT­
BeHHbiH Macnna6 CJiy'laHHbiX OfueMHbiX HOO)J;HOpo)J;HOCTeH Maii no cpaBHeHHIO 
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C ,li,TIHHOH BOJIHbi, nOJTOMY MaTpH'IHbiH JJieMeHT g (k, k') .IIBJI.IIeTC.II nJiaBHOH 
tPYHKIJ,HeH CBOHX apryMeHTOB. 3TO 06CTO.RTe1IbCTBO n03BOJI.ReT npoBeCTH 
B (51.4) 06bi'IHOe HHTerpHpoBaHHe no HOpMaJIH K pe30HaHCHOH 1IOBepXHOCTH 
B k npOCTpaHCTBe, npeHe6pe:"a.R 3aBHCHMOCTbiO MaCCOBbiX oneparopoB OT k : 

n(n , e)= fn(k, e)kh_dwkfv(n) = 

= [1rkh /u(n)r(n)]{[l + 1 rr(nW (e2 +3 r 2 (n))/2(e2 + r 2 ) 2 ]«t>(n , e)+ 

+ Re rr*(n, e)w(n, e)/ [ - e + ir(n , e)]}, 

[e2 + r 2(n, e)]a(n, e)+ i II(n, e)r(n, e)n(n , e)= o, 

r(n, E)= -y(!1)+7TC f lg(n , n') 12 [kh, /u(n)]{ 1 +I II(n', e) 12 X 

X (r2(n', e)-e2 ]/2[ r 2 (n', e)- E2 ]2 }dn I+ rint (n, e), 

rint(n, e)= 21r f I T(k, k 1, k2, k3) 1
2 [n(kdn (k2)/r(k3, e)+ 

+ n(k1)n (k3)/r(k2, e)- n(k2 )n (k3)/ r(kl , e)] X 

X 6(k + k 1 - kz- k3)dk1dkzdk3, 

II(n, e)= P(n) + 

+ 7TC f g(n, n')g( n, n')kh, II(n' ' e)dn' I u(n')[r(n,e)-i e], 

n ( k ) = f n ( k, e) de , 

«t>(n, e)= c f I g(n,n') l2n(n', e)dn' +«Pint+ «Po, 

w(n, e)= c f g(n, n')g( n, n') a(n'' e)dn'. 

(5 1.5) 

(51.6) 

(51 .7) 

(51.8) 

3AeCb !1 - ymOBbie KOOpAHHaTbi, ( (}, tp), !1 - ymOBbie KOOpAHHaTbl ( 7T- 0, 
'P + 1T}. HaH6onee npocr ,li,TI.II aHaJIH3a CJI}"'aH, KOrAa g ( n ' n,) = g . T~Ka.ll CH~ 
yYlmH.II B03H,HKaer, HanpHMep, npH CJI}"'aHHOH sapHaUHH nOJI.II aHIDOrponHH H1IH 
npH pacceHHHH TICB Ha MeJIKHX KpHcrannHrax B nonHKpHcrannax ( CM. § 44). 
llpH napanJieJibHOH HaKalJKe B H30rpOnHbiX <l>M -

a(n, e) = a(O,e)exp( - 2itp), 

II(n,e) = II(O,e)exp(-2itp). 

TI03TOMY \}! = 0, II ( n' e) = p ( n) . B npoueccax ynpyroro pacce.RHH.II 'IHC· 
no TICB He 33MeHJ~ercn, noJTOMY 3TH npoueccbi He BHOC.IIT BKJiaA B o6mHif 
6aJiaHC BOJIH. ,Un.11 TOrQ lJTObbi )'~IJ,HTbC.II B 3TOM, npoHHrerpHpyeM (51.5) 
no yrnaM. B CJI}"'ae g = canst nony'IHM 

f[r(n) + rint(n, e)] n (n, e)dn -

- 1TC lg 12 fk~, IP(n') l2n(n, e)dndn' /u(n')[r 2(n'' e)+e2 ]= 

= 1r f[kh, I u(n)](«<>int + «<>o)dn. (51.9) 

KaK noKa3aHo B npeAbiAYIUeif rnase, pacnpeAeneHHe npH 'Y el ~ 'Y H3orponHo: 
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n( n' €) = n( €) I 4rr 0 B pe3yJI&TaTe H3 (51.9) cneJJYeT ypaBHeHHe )J)lH <l>YHKIJ.HH 
pacnpe)J.eneHHH ITCB no qacTOTaM n( e): 

n(e){ < -y(n)+rint(n) >- 4rr2 c lg 12
( kh 1 P(n) II u(n)r 2 (i1) > + 

+ 4rr2 c I g 12 < kh I P(n) 12 I u(n) r 4 (i1) > e2
} 

= 4rr2 < kh ( <t>int + <t>o ) I v ( n) >, 

<t(n) > = f t(n)dn 1 4rr 0 

(51.10) 

lf3 ( 51.6) B H)J.HO, qJO B Bbl pa)l(eHHH r 2 ( Q, €) + € 2 3aBHCHMOCTbiO r OT € 
MO)I(J{O npeHe6peqb, KpoMe TOrO, Mbl cqHTaeM, qTO lliHpHHa n( €) DO qaCTO­
TaM ~w Mana no cpaBHeHHIO c r o YpasHeHHe (51.10) MO)I(J{O nepenncaTb 
B 6onee YA06HbiX o603HaqeHHHX: 

+ (T2 lkv) fn(e 1)n(e2)n (e3)8 (e + €1 - €2 - €3)d€1 dezd€3, 

r 11 
= 4rr2 c 1 g 12 < k'h 1 P( n) 12 1 r 4 

( n) v ( n) >, 
(51.11) 

T 2 /kv = f 1 T(n,n, .n2 ,n3)1 2k'h 8 (k+k1-kz-k3)di1di1,di1zd~lv(n), 

ITo nopHAKY BeJIHqHHbl r ~ - 'Y; I I 'Y 0 ITpaBaH qacTb (51.11) - JTO npHXO)J.HbiH 

qneH )J)lH ITCB c qacToT6ii e 0 OH o6ycnosneH cyMMOH Tennosoro H co6cTBeH­
Horo myMa ITCBo Y cnosne 17 = 0 onpeAenJieT nopor napaMeTpnqecKoro B036y)I(­

)J.eHHH BOJIH hth V - 'Y 'Y e I o 

52030 YWHpeHHe no qacroTaM npn ManoA Ha)J.KpHTHqnoCTH - o6nacrb Tenno­
soro myMao IlpH Manoii Ha)J.KpHTH'IHOCTH, KOr)J.a co6cTBeHHbiM myMOM ITCB 
MO)I(HO npeHe6peqb, pacnpe)J.eJieHHe n( €) HBJIHeTCH nopeHIJ.eBCKHM C lliHpH­
HOH 11 = 11r 0 Ee MO)I(J{O onpe)J.enHT&, HHTerpnpyH (51 011) no € H yqHTbiBaH 

o6bi'IHYIO )J)lJI S -TeopHH 3aBHCHMOCTb (19.1) nonHoro qncna ITCB NOT Ha)J.­
KpHTH'IHOCTH p: 

TN ~ 'Y et(P - 1)1 t 2' 

11r ~ het(P - 1)
112

' 

~ = 4rr2 Ten~l(kv) o 

3)J.ec& ~ - napaMeTp MaJIOCTH Tennosoro myMa (5l.i i) 0 

(51.12) 

51.4. Yiilltpeilrie iiu 'iaCTOTIJM noll, )J.enCTBHeM "co6CTBeHHoro" myMa. ITpn 
6on&moii HaAKpHTHqHOCTH MO)I(HO npeHe6pe% TennoBhlM my MoM B (51.11); 

( 172 + €2) n ( €) = 

(51.13) 

.IlnH pemeHHH 3TOro ypaBHeHHH YA06Ho c)J.eJiaTb npeo6pa30BaHHe <Dyp&e 
2rr n ( T) = f n ( € ) exp ( - i €T )d € BpeMeHHOH KOppenHIJ.HOHHOH <i>YHKIJ.HeH 
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aMIUIHTyU ITCB: 

nk(r) = <aZ(O)ak(r)>, n(r) = fnk(r)dk. 

B noM rrpeucTaBneHHH (51.13) HMeeT BHU 

a2 n(r) T 2 

--
2
- =(27r)2 fJ-n 3 (r) - 77 2 n(r) ar kv 

au 
an 

(51.14) 

(51.15) 

- JTO ypaBHeHHe Hb!OTOH3 una LJ:BH)I(eHHa 43CTHIJ;bl C KOOpUHH3TOH n B IIOTeH-

IJ;Hane U(n) . 0Ho HMeeT HHTerpan - " :mepm10" · 

E = Yz(anjar)2 + U(n), (51.16) 

'ITO IIOJBonaeT rrpoBecTH OUHO HHTerpHpoBaHHe. TpHBHanbHOe peweHHe ypaB­

HeHHa (51.15), He 33BHcamee OT T, COOTBeTCTByeT "0UH043CTOTHOMy" perne­

HHIO ypaBHeHHa (51.13) n( E) ~ 0 (E). IlpH E >min U B03HHKaeT OCUHnnH­

py!Oll.lee C 43CTOTOH 27] perneHHe n( T), IIpH 3TOM B Bbipa)l(eHHH n( E), KpoMe 

IJ;eHTpanbHOH nHHHH (HHTeHCHBHOCTb KOTOpOH yMeHblli3eTca), B03HHK310T 

caTennHTbi c l!aCTOTaMH E = 211m (m - uenoe). C pocTOM E 'IHcno rapMOHHK 

paCTeT, H IIpH E = 0 perneHHe n( E) CT3HOBHTCa HerrpepbiBHbiM: 

(kv/2fJ) 112 77 kv /2 f 1 
nTn(r) = , Tn(E) = ----

ch1]T ch(nE /277) 
(51.17) 

TaKHM o6pa30M, ypasHeHHe (51.13) HMeeT OLJ:HOrrapaMeTpHl!ecKHif Ha6op 

perneHHH, COOTBeTCTBYIOll.IHX HJMeHeHHIO E OT min U UO 0 . .IJ.na TOfO l!T06bl 

BblaCHHTb, K3KOe H3 perneHHH MO)I(eT 6biTb peanH30B3HO B JKCIIepHMeHTe, 

He06XOUHMO Hccne)l;OB3Tb HX ycTOH'IHBOCTb . 

51.5. 11ccneuoBaHHe YCTOitcnmOCTif pewenHA. noKaJaTenbCTBO neycTOHl!H­

BOCTH OUH043CTOTH0f0 pellieHHa MO)I(HO IIpoBeCTH HerrocpeUCTBeHHO H3 ypaB­

HeHHa ( 51.13) HaifueM una 3TOro nHHeHHbiH OTKnHK CT3UHOHapHOfO CO­

CTOaHHR Ha TeiUIOBOH rnyM, KOTOpblH IIpHBOUHT K 3MHTHBHOH )l;06aBKe 

O<f> = (<f>o(D)), He 33BHCall.leH OT E. Ilonaraa n(E) = NO(E) + on(E), 
IIOnyqaeM H3 (51.13) B nHHeHHOM IIpH6nH)I(eHHH 

On(E) = O<f>/(E2
- 27]~), 

OTKy)l;a cne)l;yeT, 'ITO 0 n( E) IIpH E < v'f 77o He ManO H, cne)l;OBaTenbHO, 

OUHOl!aCTOTHOe peweHHe HeycTOH'IHBO. Eonee Toro , MO)I(HO rroKaJaTb, 'ITO H 

MHOrOcaTennHTHble perneHHa ypaBHeHHa (51.13) T3K)I(e HeycTOH'IHBbl. lleHCT­

BHTenbHO, nHHeapH30B3HHOe Ha <t>oHe MHOrOcaTennHTHOfO perneHHa ypaBHe­

HHe ( 5 1.13) IIpeB pamaeTca B CHCTeMy nHHeHHbiX anre6paHl!eCKHX ypaBHeHHH 

H HMeeT 6e3pa3nHl!HO YCTOH'IHBbie perneHHa, COOTBeTCTBYIOll.IHe ManOMy 

HJMeHeHHIO rrapaMeTpa E. B TOl!Kax E;, rAe HaxouaTca caTennHThi, )l;eTepMHHaHT 

nHHeapH30BaHHOH cHcTeM bi o6pamaeTca B Hynb. IlocKomKy JTOT orrpeuenHTenb 

MeHaeT 3H3K B6nH3H rrepBoro caTennHTa rrpH E = min U (T.e. Ha <t>oHe OUHO­

qacTOTHoro perneHHa) , cneuyeT O)I(HLJ:3Tb, 'ITO OH 6yueT MeHaTb JHaK B6nHJH 

caTennHTOB npH n106oM E. TaKHM o6pa30M, cymecTByeT o6nacTb qacTor E, 

B KOTOpOH OIIpeuerurrenb OTpHU3TeneH H BOJMyll.leHHa H3p3CT310T. 1-b CK333H­

H0f0 BHUHO, 'ITO HeycTOHl!HBOCTb K aK OUH043CTOTH0f0, T3K H MHOfOC3Ten­

nHTHOrO COCTOaHHH CBa33H3 C HenHHeHHbiM xapaKTepoM B33HMOUeHCTBHa B : 
<f> in t ;;/) nO!. , a > 1, H HeCMOTpa H3 TO, 'ITO HeycTOHl!HBOCTb JTHX COCTOaHHH 
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J];QKa3aHa HaMH TOJibKO ,lJ,IUI KOHKpeTHbiX CHTyaiJ,HH, B J];eHCTBHTeJibHOCTH OHa 

HMeer 06IUHH xapaKrep . noJTOMy eJ];HHCTBeHHhiM YCTOH'lHBbiM no OTHOWeHHIO 

K ywHpeHHIO no 'laCTOTaM COCTO.RHHeM CHCTeMbl .RBJI.ReTC.R MHOfO'laCTOTHa.R 

ryp6yneHTHOCTb nB c HenpepbiBHbiM pacnpe,ll;eneHHeM no qacroraM. 

51.6. AH8J1H3 ycroA<umoro peweHHJI. BepHeMc.R renepb K e,ll;HHcrBeHHOMY 

ycTOH'IHBOMY peweHHIO (51.17). Jlrr.R TOfO 'IT06bi onpe,ll;eJIHTb ero lliHpHHY T/ , 
CJie,~J;yeT npoHI:ITerpHpoBaTb JTO Bbipa)l(eHHe no € H BOCnOJib30BaTbC.R <J!opMyJia· 

MH (51.11) H (19.1) ,lJ,II.R r 1 H N. B pe3yJ1brare nonyqaeM cne,ll;yiOIUYIO oueHKY 

,lJ,II.R T/ : 
T/ = Tlint ~ ('y;d-rK'r/kv)1 ' 2(p - 1)1 / 2. (51.18) 

nonHa.R lliHpHHa CKJia,ll;biBaeTC.R H3 rennOBOH (51.12) H C06CTBeHHOH WHpHHbl 

(51.18). MHHHMaJibHa.R lliHpHHa Tlrnin ,ll;OCTHraerc.R npH Ha,ll;KpHTH'IHOCTH Prnin: 

Tlrnin = 'YetCh'eth)112 (-yfkv)114 ~{O , H-0 ,01)'YetC'Yetf'Y) 1 1 2 , 

Prnin- 1 ~ ~kvf'Yet ~ 0,1 'Yhel· 

{51.19) 

(51 .20) 

YpaBHeHHe (51.11) 6biJIO nonyqeHO B npe,ll;llOJIO)I(eHHH T/ ~ r ~ 'Y el ' 'ITO cnpa­

Be,lJ)IHBO npH 

(51.21) 

KpOMe JTOrO, Mbl npe,ll;llonaranH, 'ITO 'IHCJIO ncB B coorBercrBHH c Sg 2 
-reo­

pHeH orpaHH'IHBaeTC.H H3·3a nepeHOpMHpoBKH HaKa'IKH,a pacce.HHHe nCB ,ll;pyr 

Ha ,ll;pyre H rennOBOH lli)iM npHBO,ll;.HT JIHllib K pa3MhiTHIO naKera nCB no 'laC· 

roraM, He MeH.H.H HHTerpanbeyiO aMnJIHTy,ll;y. 3ro Ilpe,ll;llOJIO)I(eHHe, KaK BH,ll;HO 

H3 (3.16), cnpaBe,lJ,IIHBO npH T/ 2 ~ -r!d'Y H IlOJTOMY scerJJ,a BhlllOJIH.HerC.H npH 

BbiilOJIHeHHH yCJIOBH.H (51.21). 

Mbl paccMorpenH cnyqaH: g(il' n') ·= const, OJ];HaKO JTHM He HC'lepnbiBaiOT· 

C.R see THilbi ynpyroro pacce.RHH.H CB B MarHHroynop.R,ll;O'leHHhiX KpHcrannax. 

3Ha'IHrenhHhiH HHrepec npe,ll;craBn.Rer raK)I(e pacce.RHHe CB Ha HOO,ll;HOpDA· 

HOCT.RX, CB.R3aHHbiX C HCKa)l(eHHeM 06MeHHOro B3aHMO,ll;eHCTBH.H. B JTOM cnyqae 

g(k, k') "= ga 2 (kk') ioa,ll;aerc.R <PopMynoH: ( 44.5) . 
PeweHHe CHCTeMbl ypaBHeHHH, OllHCbiBaiOIUHX IlOBe,ll;eHHe ncB (51.5)- (51.8) 

IlpH raKOM BHJ];e g( n' n,)' npe,ll;craBJI.Rer co6oH: CJIO)I(HYIO JaJJ,aqy. Ee yJJ,aeTC.R 

TO'IHO pelliHTb, C'IHTa.R kt V> V ( Q) . 3ro Ilpe,ll;llOJIO)I(eHHe .RBJI.ReTC.R XOpDllieH 

MO,ll;eJibiO ,lJ,II.R peanbHOH 3aBHCHMOCTH BeJIH'IHHhl kt /V (Q)= const, IlOJTOMy 

nony'leHHOe peweHHe MO,ll;eJibHOH Ja)J;a'IH 6JIH3KO K HCTHHHOMy. B paMKax JTOH 

MO,ll;eJIH 'laCTOTa ynpyroro pacce.RHH.R 'Y el H30TpDilHa: 

'Yei = (4rr2 /3)cg2 (k2 /v), (51.22) 

a ypaBHeHHe ,lJ,II.R ClleKTpaJibHOH nJIOTHOCTH nCB n ( € ) IlpHBO,ll;HTCH 

AY (51.11). 0)J;HaKO ,lJ,II.R r 1 nonyqaerc.R ,ll;pyroe Bblpa)l(eHHe : . 

{ 
383 1 1 . 

f1 1 =-r;1
3 

- [ fP(x)(l - x 2 )dx] 2 + 6[ fx 2 P(x)dx] 2 + 
108 

0 0 

K BH· 

43 1 1 1 } 
+ - f P(x)(l - x 2)dx f P(x)x2dx- f P2(x)dx . 

9 
0 0 0 

(51.23) 
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3.o;ecb x = cos fJ, P(n) = P(cos fJ)exp(-2icp) 0 TaKHM o6pa30M, KaK u B 
{51.11), f 1 - 'Y;J /r, H Bee Ka'!eCTBeHHbie BbJBO.D;bl OTHOCHTenbHO BH.D;a pac­
npe.o;eneHHJI ocTaiOTCll cnpase.o;nHBbiMHo PaJHHI.J;a JaKnroqaeTcll nulllb B '!Hcno­
BOM KoJ<l>q>~mneHTe nop.11.o;Ka e.o;HHHI.J;bi B onpe.o;eneHHH r 1 (51023) no cpasHe­
HHIO C ( 5 1.11 ) o 

§ 52. ~KUHJI paCIIpe.o;enemt.ll llCB B o.o;nopo.o;noA H30TpOIIHOA cpe.o;e 

52.1. Hcxo,!J;Hide ypasHeHH.IIo B OTCYTCTBHe ynpyroro pacce.11HHJ1 e.o;HHCTBeH­
HbiM <PaKTOpoM, peryn.llpHJyroiuHM pacnpe.o;eneHHe IICB, .IIBn.lleTC.II HX pac­
ce.IIHHe .o;pyr Ha .o;pyreo B HJOTponHoii: cpe.o;e (HaKa'!Ky Mbi TaK)I(e C'IHTaeM 
HJOTponHoii:) xapaKTepHCTHKH· IICB - Koppen.IITOpbi H <PyiiKUHH 

0 
fpHHa -

JaBHC.IIT TOnbKO OT k H HCTHHHOH '!aCTOTbl W: 

n(q) = n(k, e)/4rrk2
, 

a(q) =a (k, e)/4rrk2
, 

G(q)=-[-if(k,e)+e+e(k, e)]~-'(k, e), 

L(q) = TI (k, e)~_, (k, e) , 

~(k, e)= f 2 (k, e)-1 TI(k, e) 12 + €2 (k, e)- 2i r(k, e) -e2
, 

(52.1) 

3.o;ecb, KaK 06bi'IHO, e - '!aCTOTa, OTC'IHTbiBaeMa.ll OT Wp/2: e = W - Wp/2, 

E{k,. e) = w(k,, e) - Wp/2 0 JiJOTpOnHJI Ja.o;a'IH nOJBOn.lleT Bbi'IHcnHTb MaC­
COBble onepaTOphr: 

<I>(q)=<I>(e)=2k03 
[ f ( IT l2}n(e1)n( ez)n(e3)8 (e+e1 +ez -e3)de, dezde3 + 

+ 2 J ( rf* } a. (e1)a(ez)n (e3)o (e+e1 - ez- e3)de1dezde3], 

'l!(q) = 'l'(e) = 2 k03 f [ < T 2 >a • (ed a (ez) a (e3) + 

+ 2(TT>n(eJn(e2)n(e3)]8(e+e1 - e2 - e3)de1de2de3, 

( 4rr)3< 1 Tl 2 > = f 1 T(n,n1 ,nz ,n3Wdn1dnzdn3o(n+n,-~-n3), 

(4rr)3(TT*>= 

= fT(n,n, ,nz ,n3)T*(n,nz ,n1 ,n3)o (n+n1-nz-n3)dn1dnzdn3, 

(4rr)3(T2 > = f T 2 (n,n1 ,n2 ,n3)o (n+n1 -~-n3 )dn 1 dnzdn~, 

(4rr)3 < rf> = fT(n,n, , nz,nJ)T(n,n2 ,n1,n3)X 

X o(n+n1 -n2 -n3 )dn1dnzdn3 , 

n(e) = f n(q)dk = f n(k, e)dk, a( e)= f a(k, e)dk, 

(5202) 

(52.3) 

nt - e.o;HHH'!HbiH BeKTOp, Ja.o;asaeMbiH yrnaMH ni, ko - pa.o;nyc pe30HaHCHOH 
nosepXHOCTH 2 w ( k0 ) = wP 0 AHanorH'!HO nonyqaroTc.ll Bbipa)l(eHHH .o;n.11 Mac­
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COBbiX oneparopoB L R n: 

L (q)= L (E)=2 TN+(2rr/kv)J {-<I Tl 2) [n1n2(i f3+ E3)/ P3 + 

+n 1n3(ifz +Ez)/pz +nzn3(E 1 - ifi}/p;) + -. . . . . 
+2(TT )[a 1a2(zf3+E3)/p 3+a1n3llz/J.Lz+azn3ll1/J.Ld} X 

X o(E + El - Ez - E3)dEldEzdE3' 

ll(q)=ll(E)=P+(2rr/ku)f{(T2 >[a2a3n;;p; +a;(a3llzfp 2 + 

+ az ll3/J.l3)] + 2 ( TT) [nln2 ll3/J.13 - nl a3(i r2 +Ez)/pz + 

+ n2a3(if1- E1)/p;]}o(E + E1 - Ez - E3)dE1dEzdE3, 

TN= fT(k, k')n(k', E1 )dk'dE 1 =fT(rl , rl')Ndrl' /4rr, 

N = fn(q)dq, 

P = hV + f S(k, k')a(q')dq' = hV +Sa , 

4rrS =I S(rl, rl')drl', 

a= f a(q)dq, ni = n(Ej), ri = r(Ej) , ai = a(Ej), 

J.li=J.L(E;)=[v2(E) - 2if(E)E-E2)112 , v2(E)=f2(E) - Ill(E)I 2. 
l~ 

(52.4) 

TaKRM o6pa30M, MaCCOBbie OIIeparOpbl IIOCTO.IIHHbl BMR3R MaCCOBOH IIOBepx-
HOCTH B k-rrpocrpaHCTBe R .IIBn.IIIOTC.II nHIIIb <l>YHKUR.IIMR '!aCTOTbl E. 3ro 
o6cro.11renbcTBO II03BOn.ller orrpenenRTb <PopMy naKera llCB B k-npocrpaHcrBe. 
BbiiiRIIIeM An.ll noro RCXOAHbie ypaBHeHR.II (36.3) B HaiiiRx 06o3Ha'!eHR.IIX: 

n (k, E)= 4rr k~ [~2 +p2(E)r2 
{ [f 2(E)+( E+E)2 + I ll(E) 12 )<I>. (E)+ 

+2lm[f(E)- iE)ll\c)'lt(E) - 2€Rell\E)W(E)}, E = e(k, w)E"(k) 

a(k,E) = 4rrk5 [E 2 +JP(E}r2 
{ -2 i ll(E)[f(E) - iE)<I>(E) ­

- [(f - i€)2 + E2
) 'lt( E) + ll 2 (E)W*(E)}. 

(52.5) 

(52.6) 

llocKOJibKY € (k) = w (k) + Re L - wp/2, <PopMa naKera llCB n(k, E), 
a(k, E) 6nRJKa K KBanpary <l>YHKURH nopeHua. YpaBHeHH.II (52.6) M0)1(}{0 
ynpOCTRTb, IIpOHHTerpRpoBaB HX ITO k : 

4rr2 

n(E) = --, ~ {(f2+ In I2 +E2 + IJ.L 1
2 )<I>+ 2 Im [(r - i E)ll*w]} , 

koVJ.l IP I 

4rr2 

a(E) = {- 2illf<f> - (f 2 +E2- I11 12 )W + ll2 '1t*} 
koVJ.l 1 IJ.il 2 

,.. ' 

p=p(E), p'=Rep(E), ll=ll(E), f=f(E), <I>=<I>(E), 'lt=W(E). 
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B peJyn&TaTe BOJHHKaer JaMKHyran cHcreMa ypaBneHIDi (52.2), (52.3), (52.7) 
)J)Iff HHTerpaiTbHbiX KOppennropOB n ( € ) , a ( € ) • B ,!l;aiTbHeHIIIeM HaM BCTpeTHTCff 
eme 6onee cnmrli&Ie ypaBnenHn, o6o6ma10~e nonyqeuuy10 cHcTeMy ua cnyqai:l 
6onee HH3KOH CHMMeTpHH. 

52.2. llpH6nH>KeHHe O,!UIOqacrOTHOA Typ6yneHTHOCfH ncB. B KaqecTBe nep­
BOrO mapa npH Hccne,!l;OBaHHH ypaBHeHHH S T 2 -ieopHH noneJHO 6&IBaer paccMOT­
peTb O,!l;HOqacTOTHYIO MO,!J;eJib, T.e. perneHHe CHCTeMbl (52.2), (52.4), (52.7) BH,!l;a 

n(e) =No(e) , a( e) = ao (e). (52.8) 

B npe,!l;bi,!l;yiUeM naparpa<fle Mbi noKaJanH, qro :no peweHHe HeycmHqHBo OTHO­
cHren&HO ywHpeHHn no qacroraM, reM He MeHee O,!l;HoqacTOTHOe peweHHe npa­
BHnbHO nepe,!l;aer <flopMy naKera TICB B k-npocrpaHCTBe H naer npaBHJibHYID 
oueHKY )J)Iff BeJIHqHHbl 1.1. B O,!l;HoqacTOTHOM npH6JIH>KCHHH HMeeM 

ll N= ira= 4rr2 k~rn(r<I> + Im n*'llt)/1.1 3
, 

<I>=2Nko 3 (<1 Tl 2 )N2 +2(TT* >la. l 2
), 

2rr -
r = 'Y + --[ < 1 Tl 2 > rN 2 + 2 < TT *>(rlai 2 -2NRe n· a)], 

k0 v1.1 

'It= 2ako 3 ((T2 >lai 2 +2<TT>N2
) , 1.12 = r 2

- 1 n 12
, 

2rr • - 2 n = P + -- [ ( T 2 > ( 2 n I a 12 + ll a 2 ) + 2 ( T T> N ll ] . 
koV!.i 

ra + iON=: o, 

2 rr r N 2 
[ 2 2 < T f* > I n 1

2
] 

r=-y + --- <I Tl >+ , 
kov!.i r2 

2 rr TIN
2 

[ < T
2 

> I n 1
2 

- ] 
ll=P+ 

2 
+2(TT}. 

koV!.i r 

(52.9) 

(52.1 0) 

(52.11) 

(52.12) 

ilOHHTHO, qro npH He CJIHIIIKOM 60JibiiiOH Ha,!l;KpHTHqHOCTH r ""'Y, ll "'< P, !.i ~'Y · 

B JTOM cnyqae HJ (50.11) HerpyAHO onpe,!l;eJIHTb 1.1 : 

(52.13) 

Ti = ( I T 12 > - Re ( T 2 > + 2 ( ( T T • > - Re ( T T > ). 

EcnH MarpHqHbiH JJieMeHT T nBnnercn KOMnneKCHbiM, T1 i= 0 H no nopHAKY Be­
nHqHHbi Ti "" (IT 12 

) . YcnoBHeM npHMeHHMOCTH S-reopHH )J)IH onpe,!l;eneHHH 
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HHrerpanbHOH aMIUIHT}'JJ;bi N HBnHeTcH cnpaBe,[I,JIHBOCTb HepaBeHcTBa 

(1 -I a I IN)~ (1 - I II 1/r) ~ 11 2 /2"! 2 ~ 1, (52.14) 

no3BOnHIDI.Uero c'IHTaTb I PI="' H HaxoJJ;HTb N H3 JToro ycnoBHH. YcnoBHe 
(52.14) npH llOJJ;CTaHOBKe (52.13) JJ;aeT 

p = (h/hth)2 ~ Ps = kov/2 fi 1T
2 "f. (52.15) 

BenHtiHHa Ps B TBepJJ;biX renax HMeer nopHJJ;OK 10 7103
• B cnyqae p > Ps ypaB­

HeHHH ST2 -reopHH eme cnpaBe,[I,JIHBbi, HO S-reopHH y)l(e HenpHMeHHMa. JlrrH 

onpeJJ;eneHHH npeJJ;ena npHMeHHMOCTH ST2 -reopHH CJieJJ;yer oueHH1'b nepeHop­

MHpoBKY BeprnHH AT 

AT/T ~ "/TN/k0 vll. (52.16) 

ManocTb :noro cooTHOrneHHH o6ecnetiHBaer npHMeHHMOCTb ST2 -TeOpHH. 
IlpH p ~ Ps B cHcTeMe IICB B03HHKaeT "KHHeTH'IecKaH" HeycTOH'IHBOCTb 

(eM. rn . 13) , B pe3ynbrare Koropoif HapacraiOT CB, He cBH3aHHbie c HaKa'IKOH 
(A.B.flaBpHHeHKO H JJ;p . (139]). 0HH OKa3biBalOT CHnbHOe o6paTHOe BnHHHHe 

Ha IICB, nonoMy HccneJJ;oBaHHe ypaBHeHHif ST2 -reopHH npH p > Ps 6ecnone3-
HO, HeCMOTpH Ha OTCYTCTBHe BHyTpeHHHX lPOPMaJibHbiX orpaHH'IeHHH. 

52.3. ~OpMa naKera fiCB DO 113CTOTaM. IlepeHJJ;eM K HCCJieJJ;OBaHHlO ycTOH'IH­

BOfO, HenpepbiBHoro no qacroTe w perneHHH ypaBHeHHif ST2 -TeopHH (52.2) -
(52.4), (52 7). XapaKrepHaH qacToTHaH lliHpHHa naKeTa IICB 11 ~ 11 2 h, B JTOM 

nerKO y6eJJ;HTbCH, npoaHaJIH3Hp0BaB '13CTOTHYIO 33BHCHMOCTb 3H3MeHaTenH 

/J' (€) I /J (e) 1
2 B ypaBHeHHH (52.7). Mo)I(HO noKa3aTb, 'ITO perneHHe JToro 

ypaBHeHHH npH 6onblliHX 3Ha'leHHH e HMeeT 3KCUOHeHUHaJibHYlO 3CHI'yfUTOTHKY 

n(e) = Nf(e/17)exp(-lel/17), (52.17) 

3JJ;eCb Mbl BOCUOnh30BaJIHCb TeM, 'ITO a(k, e) ~ -{Pn(k, e)f'Y. HeTpyJJ;HO 
y6eJJ;HTbCH, 'ITO pellleHHe ypaBHeHHH ( 4.21) He MO)I(eT HMeTb CTeneHeylO 
acHMUTOTHKy. Mo)I(HO TaK)I(e noKa3aTb, 'ITO ecnli n (e) - exp ( - u (e)), 

u" (e) > 0, TO u (e) B npeJJ;ene 6omll1Hx e JJ;On)I(Ha yJJ;oBneTBOpHTb ypaBHe­

HHID u (e) = 3 u ( e/3), 'ITO HecoBMeCTHMO c ycnoBHeM u" (e) > 0. EcnH )l(e 
perneHHe HMeeT BHJJ; 

n(e) = N[(e/11) exp ( - u(e)), 

rJJ;e u" (e) < 0, TO H3 (52.18) cneJJ;yer, 'ITO 

f (e /11) exp ( - u (e)) - ( I e I I 11 r 312 f (e /11) 2 
exp ( - u (e)). 

3ro ypaBHeHHe TO)I(e He HMeeT perneHHH, HMelOI.UHX lPH3H'IeCKHH CMbiCJI . 

HaKOHeU, ecnH perneHHe n ( e ) HMeeT aCHMUTOTH'IeCKHH BHJJ; (52 .1 7) , TO npH 
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no.o;cTaHOBKe B (52.18) nonyqaeM' 

f(E/17)exp(-lel/17)-

- ( 11 I I e I )312 
( e /11 )2 exp ( - I e I I 17) f 3 ( I e I I 11 ), 

OTKy.o;a CJie.o;yeT, 'ITO 

(52.19) 

TaKHM o6pa30M, naKeT llCB HBJIHeTCH BeCbMa y3KHM, H aMnnHTy.o;a BOJIH 
6biCTpo cna.o;aeT C paccTpOHKOH OT pe30HaHCao 

PaccMOTpHM Tenepb, KaK se.o;eT ce6H 3HaMeHaTenh B Bbipa)l(eHHH (5207), 
TO'!Hee, BeJIH'IHHa V ( €) 0 llpOIUe Bcero OUeHHTb 3aBHCHMOCTb V OT € B O)J;HO· 
qacTOTHOH Mo.o;enH B npe.o;ene e > v 2 I 'Y : 

(52.20) 

TaKHM o6pa30M, <PYHKUHH v ( E ) HBJIHeTCH nnaBHOH <PyHKUHeif qacTOTbi E, 
nonoMy 3aBHCHMOCTbiO v OT e B (5207) MO)I(HO npeHe6pe'lbo EcnH yqecTb 
TaK)I(e, 'ITO 'laCTOTHaH IIJHpHHa naKeTa llCB 17- V 

2 I'Y ~ V, 'IJieHaMH (/) €
2 MO)I(· 

HO npeHe6pe'lb no cpaBHeHHIO C V 
2, TO ypaBHeHHH (5207) MO)I(HO 3anHCaTb 

B BH,!l;e 

(52 021) 

vi vi( e)= (v4 + 4r2e2)1 /2 ' 

~~~ = v~(€) = % [v2 + vi(e)] o 

0TMeTHM, 'ITO B (52 021) noCJie)J;HHe 'IJieHbl B CK06KaX HMeiOT nopH,!l;OK 
(vIr 2 ) no OTHOIIJeHHIO K OCTaJibHbiMo IIOJTOMY c TO'IHOCTbiO .o;o (vIr) 2 HMeeT 
MecTo paseHcTBO, o6o6maromee (5209) : 

ra(t') + iiTn(e) = 00 (52022) 

Bbipa)l(aH a qepe3 n, nony'IHM H3 (5202) H (52021) 

n(e) =Avo?(e)v21 (e)Jn(Et)n(e2)n(e3)o(e + Et- E2 -e3) de1de2dE3, 

(52023) 

3ro ypaBHeHHe HBJIHeTCH aHaJIOfOM ypaBHeHHJI (51.13), HMeiOIUero peiiJeHHe 
ch-1 (EI17) o YpasHeHHe (52 023) MO)I(HO 3anHcaTb B BH.o;e ycnoBHH 3KCTpeMYMa 
<i>YHKUHOHaJia oF jon(€) = 0: 

F =% Jv! (e)v2(e)n2(e)de-

(52024) 

231 



YpaBHeHHe (52.23) HMeeT u:eJibiH KJiacc perneHHH OT CHHryrrHpHOrO 11,0 

HeiTpepb!BHOfO ITO 'laCTOTaM B ITOJIHOH aHaJIOrHH C perneHHHMH ypaBHeHHH 

(52 .9) . .IleiicTBHTeJibHO, ecrrH ITposecm B (52.13) ITpeo6pa3oBaHHe <l>yphe, TO 

ITOJiyqeHHOe ypaBHeHHe He 6y11,eT 3aBHCeTb OT Ha'laJia OTC'IeTa "speMeHH" H 

ITOJTOMY 6yneT o6rranaTh HHTerparroM - aHarroroM JHeprHH. Bee ITepHOAH­

qecKHe perneHHH 3T0f0 ypaBHeHHH, KaK ITOKa3aHO B §51, HeycTOH'IHBbi, IT03TO­

MY pearrHJyeTcn HeiTpepbiBHoe ITO qacTOTaM perneHHe . 

I1po6HaH <I>YHKU:HH n (e)= n0 ch-
1 (€/1/) Ka'leCTBeHHO ITpaBHJibHO OITHCbiBaeT 

<PopMy ITaKeTa IICB . .Ilrrn HaHJiyqrnero oiTpenerreHHH serrH'IHH n0 H 11 crrenyeT 

ITOTpe6osaTb cymecrnosaHHH JKCTpeMyMa <I>YHKU:HOHarra F Ha Harneii: ITpo6HOH 

<I>YHKU:HH ITO ITapaMeTpaM no H 1): 

11 ~ 0,97 v2 /2 'Y, n~ = 9/ 2 v3 /A rr2 172
. (52.25) 

YcrrosHe (52.25) IT03BOJIHeT HaRTH v, TaK KaK ITOJIHOe 'IHCJIO IICB N = 
= fn(e)de, KaK uoKa3aHO paHee , OITpenerrHeTcH H3 S-TeopHH. IloJTOMY H3 

(52 .25) crreiJ.YeT, 'ITO 

v3 ~ 17,6 r 2 (T1N)2 /k 0 v. (52.26) 

KoJ<I><I>HUHeHT B JTOM Bbipa)l(eHHH (4.31) B 4,5 pa3a MeHhrne , '!eM B OIJ.HO'Ia­

CTOTHOH MOI1,eJIH (52.13). 
TaKHM o6pa30M, Mhi oiTpenerrHJIH <PopMY ITaKeTa IICB H ero xapaKTepHbie 

pa~Mepbi B crryqae KOMIIJieKcHoro MaTpH'IHOro JJieMeHTa T 12 ,34 . EcrrH )l(e 

MaTpH'IHbiH 3JieMeHT 11,eHCTBHTerreH , TO B COOTBeTCTBHH C OITpe11,eJieHHeM (52.13) 
seJIH'IHHa T 1 o6pamaeTcn B HYJih H JTOT crry' laH Tpe6yeT OTAeJibHOro Hccrreno­

BaHHH . HeTpy11,HO y6eAHZ bCH, 'ITO H B 3TOM crryqae BhiiiOJIHHeTCH COOTHOilieHHe 

(52.22). HciTOJib3YH ero , MO)I(HO ITorry'IHTh H3 (5 2.21) 

4rr2 

n(e)= 
1 

{[5v2 - lp(e)l 2 ] ( T2 )+2[Ip(e)l 2 - v2 ](TT)}X 
koVP (e)lp(e)l 2 

(52.27) 

XapaKTepHaH qacroTHaH rnHpHHa ITaKeTa 11 ~ v2 /2r, ITOJTOMY BMecTo (52.27) 
MO)I(HO paCCMOTpeTb 6orree ITpOCTOe y paBHeHHe : 

16rr2 v2 ( T 2 ) 
n(e) = 1 2 Jn(et)n(e2)n(e3)6(e+e1 - e2 - e3)de1de2de3 . 

ko vp (e)i p(e)l (52 .28) 

3ro ypasHeHHe cosiTanaeT ITO BHAY c (52.23) . KoJ<I><I>Hu:HeHT A )J)IH Hero paseH 

16 rr2 
( T2

) v2 /k0 v, IT03TOMY 

1) = 0,97 v2 /2 r , v =35(T2 )N2 /k 0 v. (5 2.29) 

8cJie11,CTBHe COKpameHHH rrraBHbiX BKJia11,0B B CTOJI KHOBHTeJibHOM 'IJieHe 

ITorr y qeHHaH IDHpHHa v cymecTBeHHO MeHbllie,'leM ITpH KOMIIJieK cHOM T(5 2.26) . 
3 aMeTHM, 'ITO ITOACTaHOBKa V .113 (52 .29) B OU:t:HKy ITepeHOpMHpDBKH seplliHHbl 

(5 2.1 6) ITOKa3biB aeT, 'ITO fl T/ T ne Marro . OnHaKo aKKypaTHOe Bhi'IHCJieHHe 

11,HarpaMM ~ T 3 
ITpH neii:cTBHTenbHOM T AOKa3hiBaeT HaJIH'IHe co KparneHHH H 

B 6orree BbiCOKHX ITOpHAKax TeOpHM B03MYllleHHH . B 3TOM cnyqae 

flT/T~ vTN/kvr ~ 1, 

qro naeT B03MO)I(HOCTh ITpHMeHHTh ST 2 
-TeopHIO B rnHpOKHX ITpenerr ax. 
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§53. Pacnpe,!l;eneHHe ncB no 1J3CfOT3M B lf>eppOMai'Hei'HKe 

B JTOM IT3p3rp3<jle 6y,!l;er ITonytJeH3 <jlyHKUHH p3CITpe,!l;eneHHH llCB nen, e) 
ITO yrn3M n H '13CTOT3M € B O,!J;HOpO,!l;HOM H,!l;eanbHOM <l>M. 3T3 33,!1;3'13 o6n3,!1;3eT 
3KCHanbHOH CHMMerpHeH . 0,!J.H3KO ITpe)l(,l].e Bcero Mbl Bbffie,l].eM B II. 53.1 HCXO,l].­
HYIO CHCTeMY yp3BHeHHH ST2 -reopHH ,!J.TI.H 3HanH33 n en, e) 6e3 rrpe,l].IIOJIO)I(eHH.H 
06 3KCHanbHOH CHMMeipHH. 

53.1. Hcxo,!l;Hble ypaBHeHIHI. B o6meM cnyq3e <jlyHKUHH p3crrpe,!].eneHHH llCB 
n ek, w) noKanH30B3H3 B k -ITpOCip3HCTBe BMH3H pe30HaHCHOH ITOBepXHOCTH 
wk = wp/2. EcnH II3Ker llCB HBnHercH He cmn.I.IKOM YJKHM ITO yrn3M eKpHre­
pHH yJocrH IT3Ker3 Mbi rrony'IHM BITocne,l].cTBHH), ro M3CCOBbie oiTep3rOpbi 
HBRI{IOTCH ITn3BHbiMH <jlyHKUHHMH MO,!J.ynH BOJIHOBOfO BeKIOp3. ll03TOMY 
B COOTBeTCTBHH C e36.3) 33BHCHMOCTb n(k , W) H aek, W) OT Wk OITpe,!].enHeTCH 
33BHCHMOCTbiO <PYHKUHH fpHH3 Gek, w) H Lek , w) or p3ccrpoHKH (wk - wp/2) . . 
3ro ITOJBOJIHer ITpOHHrerpHpOB3Tb HCXOAHbie ypaBHeHH.H ST2 -reopHH (36-.3) , 
(36.4) H (36 .6) ITO k H ITonytJHTb 33MKHYTYIO CHCTeMy yp3BHeHHH ,!J.TIH <jlyHKUHH 
p3crrpe,!J.eneHHH llCB ITO '13CTOT3M e H yrn3M B k-ITpocrp3Hcrse : 

1Tkh 
n(n,e)= X 

v(n)J.t'(n, e) I J.t(n, e) 12 

X { [r2 + 1 n 12 +e2+ I J.t(n, e) 12 ]<I>+ 21m [(r - ie)n*'l!]}, 

r = rcn, e), n = ncn, e) , <I>= <l>(n, e), 'II ='II en, e), 
e53.1) 

1Tk2 
aen, e)=> , n 2 {- 2illf'<l> - (r2 +e2 - IJ.tl2)'1l+llll2 '11*}, 

v(n) J.L en, e) I J.L I 

<l>intCn, e)= 2 f [I ren, n,, n2, n3) l2n,nzn3 + 

+ ren, n 1, n 2, n 3)T*en, ri, D2 , n3)a! az n3] X 
3 

Xo(e + e1- e2 - e3)oek + k1- k2 - k3) R /n;, 

'~~int(n, e)= 2f(T(n, nl , nz , n3)T(n, nl , nz, D3)a!az a3 + 

+ 2 T(<l>, <l>1, <l>z, <l>3) T(tf ,,nl , nz , ft3) X 
3 

Xn1n2a3]o(e+e 1-ez-e3)o(k+k1- k 2 - k 3 ) ll dn;de;, 
i = 1 

n; = n (e; , n;), a;= a(e;, n;), i = 1, 2, 3, 

~int(n, e)= 2JT(n, n ')n(n', e')dn'de'-

{ [
n 1nz(if'3 +ez)k~ 

-21Tf IT(n,nJ,nz,n3)12 + 
J.l3 V3 

' n 1n 3(if'2 + e2)k~ nzn 3(if' 1 + e!)ki ] + + + __ :.._ __ .c__ 

J.L2V2 J.!lVl 
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IJ.(n, e)= [v2{n, e) -2ir(n, e)- e2 ] 1/ 2 , 

v2 (D., e)= r 2 (D., e)- 1 II(n, e) 12, 

r(n, e)= ro(rl.) -- Im I:(n, e). 

+ 

3necb BOnHOBbte BeKTOpbl k; B apryMeHTaX o-<l>yHK~HH ne)l(aT Ha pe30HaHCHOH 
llOBepxHOCTH B HanpaBneHHH rl.;. IlonytieHHaH CHCTeMa ypaBHeHHH (53.1) -
(53.2) o6o6waeT ypaaaeHHH (52.1) -(52.5) )J.nH aHH30TponHoro cnytiaH. 

53.2. YpaauenHH npu aKCHanhlloA: CHMMeTpHH. B 3TOM nyHKTe Mbi onpene­
nHM QlYHK~HIO pacnpeneneHHH IICB B O)J.Hopo)J.HOM <l>M . .il,rt.11 npocTOTbi Mbt 
orpaHH'IHMCH cnyqaeM He cnHWKOM 60nbWOH H8)J.KpHTH'IHOCTH, K0f)J.8 DpH 
napannenbHOH HaKatiKH B036~neHa rpynna IICB BMH3H 3KBaTopa pe30HaHC­
HOH nosepxHOCTH (}k = rr/2. B noM cnyqae MO)I(HO B Bblpa)l(eHH.Hx ;::vt.H MaTpHti- . 
Hb!X 3neMeHTOB npeHe6pe'lb 3aBHCHMOCTbiO OT nOn.HpHOfO yrna (} k, C'IHTaH ero 
paBHbiM rr/2. KpOMe TOfO, KaK DOK838HO B npe)J.bt)J.yUleM naparpaQ>e: MO)I(HO 
npeHe6petib 3aBHCHMOCTbiO BenHtiHH IJ.(n, e), rcn, e) H II{n, e) OT '18CTOTbl e. 
l1J QlOpMyn (53.1) H (53.2) cnenyeT, 'ITO C TO'IHOCTbiO )1.0 tineHOB (v/fi BbtnOn­
HHIOTC.II COOTHOWeHH.II 

r(rl.)a(n, e)+ iii(rl._))t(rl., e)= 0, 

I II(D.) I= r(n) = ro(n), 
(53.3) 

ll03BOn.HIOUlHe HCKniO'IHTb 8HOM8nbHbiH KOppen.HTOp a H3 Bbtpa)l(eHHH ;::vtH 
MaccOBbtX oneparopos . Urtn roro tiT06bt nonytiHTb OKOHtiaTenbHOe Bbtpa)l(eHHe 
nnH cTOnKHOBHTenbHOro tineHa B (53.1), cnenyeT yqecTb ewe O)J.HO o6cTO.HTenb­
CTBO - tieTbtpe BeKTOpa paBHOH ,ll)lHHbl k, k 1, k 2 , k 3 , ne)I(8UlHe H8 3KB8TOpe 
pe30H8HCHOH llOBepXHOCTH, o6pawaiOT B HYnb apryMeHT o-<l>yHK~HH B (53.2) 
TOnbKO B O)J.HOM HJ cnenyrowHX cnyqaeB: 1) k 2 = k, k 3 = k 1; 2) k 3 = k, k 2 = k 1; 
3) k+k 1 =0,k2 +k3 =O.Bpe3ymTaTeH3 (51.1) cnenyeT 

( )
-2 r2J [ImS(<P,<P')]2 K 

n x, <P, e - rr , 
2 I sin{<P- <PJ I ko Vo ll (e, n) IIJ.{e, D.) I 

3 

Xn1n2n3o(e+el-e2-e3)o(x+x1-x2-x3)d<P' I1 dx;de;, 
i = 1 

r = r{<P, e), n; = n (x;, <P;, e;) . 

(53.4) 

CnenyeT OTMeTHTb, 'ITO B cHny 3pMHTOBOCTH raMHnbTOHHaHa ImS(<P, <P) = 0, 
no3TOMY HHTerpan B (53.4) cxonHTCH. IIocKOnbKY B Ky6HtiecKHX <l>M omH'IHbt 
OT Hynn TOnbKO KoJQ>Q>H~HeHTbt S0 H Su B p83nO:>KeHHH S(<P- <P') B pH)J. 
<l>ypbe, TO 

Im S(<P, <P') = D.S sin 2(<P- <P'), D.S = S2 - S2. (53.5) 

.il,rt.11 TOfO 'IT06bt onpenenHTb QlYHK~HIO pacnpeneneHH.II n (x, <P, e) H3 ypaBHeHHH 
(53.4), Heo6xo)J.HMO 3H8Tb noseneHHe senHtiHHbt IJ.(rl., e) = [vl(n, e) -
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- 2ire - e2 ] 112. KaK BHAHO H3 (53.4) , IIIflpHHa naKeTa llCB no tJacToraM Ae 
ecTb senHtJHHa nopnAKa Ae- v2 /2r <al; v. Ho3TOM)' Mbi MO)f(eM npeHe6petJb 
nepeHOpMHpoBKOH JaryxaHH.II Ja ClJeT B3aliiMOAeHCTBH.II llCB H, KaK H B § 52, 
3aBHCHMOCTblO v OT qacTOThi € . B peJynbTaTe BOJHHKaeT cneAYJOI.Uee npHfirrH)f(e­
HHe ,nnn p.(fl., e) : 

p.(fl., e)= [v2 (fl.)- 2i'Yo(fl.)e ] 112
. (5 3.6) 

53.3. AII811H3 pemeHHA AJU1 ~opMhl naKeTa. EcnH npeHe6pellb Manoif KpH­
cTannorpa~HtJecKoii aHH30TponHeH , TO ~eppoMarHemK, nOMetueHHbiH BO BHelli· 
Hee MamHTHOe none, o@naAaeT aKcHanbHOH cHMMeTpHeii . B 3TOM cnyqae <I>YHK­
UH.II pacnpeAeneHH.II llCB n (fl., €) He 3aBHCHT OT a3HM)'T811bHOrO yrna I{J : 

21Tn(fl.,e)=n(x, e), x=cosf!. B p eJynbTaTe HJ ('53.4) H (53.5) MO)f(HO nony-

lJB'~b 16(ASi 
'"'(x,e)= 2 fn 1n2 n3 8(x+x 1 - x, - x 3 )X 
· 37Tk0 vv 1 (x)v2 (x) ·, 

3 

8(e+e1-e2 - e3) 1J dx1de1• 
i =' l 

(53.7) 

.Iln.11 TOro lJT06bi 3aMKHyTb ypaBHeHHJI (53.6), (53 .7) , He06XOAHMO onpeAeJIHTb 
3aBHCHMOCTb v (x). no rex nop, noKa npHMeHHMa S-TeOpH.II ,wiJI BbilJHcneHHJI 
HHTClrpanbHbiX xapaKTepHCni,K llCB, T.e. noKa V <al; r , baBHCHMOCTh v(x) onpe):le· 
nneTCJI p83HOCTblO Me)f(AY 3al)'XaHHeM 'Yo (x) H nepeHOpMHpoBaHHOH HaKalJI(H 
IP(x) 1. B qacTHocm, ecnH B036y)f(AeH naKeT BMH3H 3KBaTopa pe30HaHCHOH 
nosepxHocm (Jk = 7T/2 (x = 0) , roB JTOH o6nacm 

v2 (x)=v~+~fx2 , (53.8) 

rAe ~ - KOJ<I>~HIJ,HeHT nopHAKa eAHHHUbi. HanpHMep, ecnH 3aryxaHHe 'Y(fl.) 
H30TponHO, a HaAKpHmlJHOCTb Mana, TaK lJTO yrnOBM 3aBHCHMOCTb nepeHOpMH· 
poBaHHOH HaKalJKH o6ycnosneHa 3aBHCHMOCTblO K03Q:><J>HUHeHTa CB.113H llCB C 
HaKalJKOH V (fl.) - 1 -X2

, TO~= 2. liJ (53.7) H (53.8) cneAYeT, lJTO yrnoBaJI 
lliHJ?HHa naKeTa llCB COCTaBJIJieT 

A(Jk:::::: Ax:::::: v0 /..ffi'Y. (53.9) 

llpHCl)'IIM K aHanHJy ypaBHeHHJI (53 .7), 3aMemM, lJTO OHO HMeeT CHHrynnp· 
HOe perneHHe n(X, €) =N8 (x)8 (e), B KOT0p0M 

v0 = (16(ASN)
2

'Y
2 /31Tkv) 113 = (16 d'Y(P - 1)/37Tkv)

1
/ 3, (53.10) 

d= (AS/Si . 

KpoMe TOro , 3TO ypaBHeHHe HMeeT pellieHH.II , CHHrynnpHbie TOJibKO no X HnH 
TOlibKO no €, KOTOJ?bie, OAHaKO, .HeyCTOHlJHBbl OTHOCHTeJibHO yrnHpeHHJI no 
yrnaM HnH no lJaCTOTaM. Mbi (M.B . KpyueHKO, B.C. DbBOB , r.A. MenKOB, [133) ) 
He cMOrnH nonytJHTb perynHpuoe peweHHe, OAHaKo HaH6onee HHTepecHbie ero 
csoiicTBa 6bmH yKaJaHbi. 3<J><J>eKTHBHM illHpHHa A(J k H AI{Jk 3Toro peweHHn 
ypaBHeHHJI (53.7) onpeAenneTCJilliHJ?HHOH Vo B COOTBeTCTBHH C (53 .8) . MO)f(HO 
HaHm TaK)f(e acHMIITOmKH 3TOrQ perneHHJI npH 

x ~ vf'Y, e ~ v~f'Y, 

a HMCHHO : 

n(x' , e') =N('Y/Vo)f(x', e')exp {- [(A 1x'i + (A.2e')
2

] 
1
/
2
}, (53.1 1) 
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rne A1 H A2 ~ 1, a BHA <f>ym<:UHH f(x', e') Ja.BHcHr or cooTHoweHHH Me)l(.o;y x' 
He': 

f = 1 npH X 
1 ~ e 1, 

~~ (e'jx')3f2 npH e'
2 > X 1 > e' , 

f I 
13A I ,. 

~ 1 X • npH X > e 

fipHBe,!l;eM HHTepnOJlm.J;HOHH}'IO cpOpM)'llY , KaqecrBeHHO OnHCbWaiOI.l.IYIO noBe-

)J;eHHe n BO Bee if 06JlaCTH H3MeHeHHH napaMeTpoB: 

n(x',e')~N(r/v0)(1 +x'' + e'')318 (1 +x'' + e''r% X 

X cn1[(X1x')
2 

+(X2 e')
2

]
112 . (53.12) 

B HaUieM JKcnepHMeHTe onpeneHHJlOCb TOJlbKO pacnpeneneHHe n (e) no qacro-

TaM: 

n(e)=27Tfn(8,e)dcos8; (53.13) 

npH e' ~ 1 OCHOBHOH BKJla)J; B 3TOT HHTerpaJI BHOCHT 06JlaCTb X 1~ (e')lfl, no-

3TOM)' 

n(e) =N(~/v~)312 [(~wi + (v~fryz'] 1 /
4 ch-1 (~wr/v~). (53.14) 

B BbiUieynoMHHYTOH pa6<ne npoBeneH 6onee noJlHbiH aHaJIJ13 cpopMbi H UIHpH­

Hbi naKeTa ITCB c yqeroM He TOJlbi<lO co6crBeHHoro, HO H il'!lllloBoro UIYMa H 

cna6oro ynpyroro pacceHHHH. 

53.4. 3KcnepHMeHTaJihHoe HccnenouaHHe pacnpeneneHIDI ITCB no qacroTaM 
(H.B. Kpyu;eHKo, B.C. Jlb,BoB, r .A. MenKoB , [133]). 

"' .IlnH H3yqeHHH 3T0f0 BOnpoca Mbi perHCTpHpoBaJIH 3JleKTpoMarHHTHOe H3l1y-

qeHHe H3 cpeppHT3 Ha qacTOTaX, 6JlH3KHX K nOJlOBHHe qacTOTbi HaKaqKH. 3ro 

HBJleHHe o6yCJlOBJleHo ,!l;ByxMarHOHHbiM pacceHHHeM ITCB Ha cTarnqecKHX Heon­

aoponHOCTHX. B TaKOM CJJyqae WIH KOMTIJleKcHoii aMTIJlHTY,!l;bi H3J1yqeHHoii H3 

KpHcrwna JJleKrpoMarHHTHOH BOJlHbi U(t) MO:>KHO HanHcaTb 

U(t) = ~ gk exp(ikrn) ak(t) dk, (53.15) 
n 

rne gk - Ko:lcjlcpHUHeHT npeo6pa30BaHHH ITCB c BOJlHOBbiM BeKropoM k Ha 

O,!l;HOM pacceHBaJOI.l.leM ~eHTpe , Tn - HX KOOp,!l;HHaTbl. J1cnOJlb3YH (53 :15) , 
nonyqaeM Bbipa:>KeHHe ,!l;JlH KoppeM~HOHHOH cpyHK~HH. H3J1yqeHHH K (r) : 

K(r) = ( U(t)U•(t + r) )= nn f I gk l
2 nk(r) dk. (53.16) 

3)J;eCb nn - qHCJlO pacceHBaiOUIHX ~eHTpoB.J13 (53.16) BH,!l;HO , qro C TOqHOCTbiO 

,!1;0 He 3aBHCHI.l.lerO OT BpeMeHH MaCUITa6HOf0 MHO:>KHTeJlH cpyHK~HH K (T) paBHa 

HHTerpaJibHOH no k KoppenH~OHHOH cllYHK~HH ITCB N(r) = f nk(r) dk , H noJTo­

MY cneKTpaJibHaH llllOTHOCTb K(w) OTJlHqaercH or cneKTpaJibHOH llllOTHOCTH 

ITCB n ( w), onpeneneHHOH COOTHOUieHHeM TOJlbKO Ha nocroHHHbiH MHO :>KHTellb 

(53.13) . 3ror Bbmon no cymecrBy o6ycnoBneH reM, qro IJ.BYXMarHOHHOe 

pacceHHHe Ha CTaTHqeCKHX HeO,!l;HOpO,!l;HOCTHX npoHCXO,!l;HT 6e3 H3MeHeHHH 

qacTOTbi Kone6aHHii. TaKHM o6pa3oM, MO:>KHO HccnenoBaTb crarHcrnqecKHe CBOH­

crBa ITCB, HJyqaH 3l1eKTpoMarHHTHoe HJnyqeHHe H3 cpeppHra. Ha pHc. 53.1 
npe,!l;CTaBJleHa THflHqftaH JaBHCHMOCTb f(e) , nonyqeHHaH 3KCnepHMeHTaJibHO 

WIH onHoii H3 HccnenoBaHHbiX ccpep )KJ1f . CllllOUIHaH KpHBaH Ha pHc. 53.1 
npencraBnHeT co6oii crna:>KeHHYJO KpHByJO, nocrpoeHHYJO no necHTH peaJIHJa-
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IF 
tJ 

2 ~o--~--~2----~--4~~p 

P H c. 53.1. 3aBHCHMO<;Th cneKTpam.Holl: nrroTHoCTH cHrHarra I (e) , nporne~~:rnero llepe3 
KBa)l;paTH'IHhilt )l;eTeKTOp, OT l!aCTOThl e = W -· Wp/2 )l;JUI c<t>ephl )i(J.if. llyHKTHpHhle KpH­

Bhle - nocTpoeHWi/(e) B KOOPAHHanx; 1 - F(e) = 2iln/(e)l1/2; 2- F(e) = (J- 1 (e)­

- 1) 1, 2; 3- F(e) =ln[r' (e)+ u-•ce) - 1) 1, 2) I 

pH C. 53.2. 3aBHCHMOCTh lliHpHHhl cneKTpaJihHOJl: nJIOTHOCTH llCB OT MOI.UHOCTH HaKa'IKH p 
AJUI c<t>epLI >KHr 

~H.IIM crryqa}moro rrpo~ecca Ha 3KpaHe crreKTpoaHanHJalopa. ):LTJ.R Bbi.IIcHeHH.R · 

xapaKTepa 3KCI1epHMeHTaJibHOH KpHBOH /(e) OHa 6bma IlOCTpoeHa B pa3ITHIJHbiX 

Cilp.IIMIT.IIIOIUHX KOOpAJiHaTax. EcrrH /(e) .IIBJI.IIeTC.II raycCOBOH KpHBOH, TO OHa 

6y,o;eT rrpe,o;CTaBIT.IITb COOOH Ilp.IIMYIO JIHHHIO B KOOp,o;HHaTaX [ln(1//)] 1/
2

, e; 
ecrrH f(e) - ITOpeH~eBa KpHBa.ll, TO I1p.11Ma.ll ITHHH.II 6yp;eT HMeTb MeCTO B KOOp­

,D;HHaTaX (1//- 1)112
, e, ecrrH I- (e/she)112

, TO K rrp.IIMOH ITHHHH rrpHBe,o;eT 

rrocTpoeHHe /(e) B Koop,o;HHaTax In [1// + (1// 2
- 1)tf2

] . ¥b pHc. 53.1 BHAHO, 

liTO rrepBbJe ,D;Be CTaH,o;apTHbJe cpyHK~HH COBepllleHHO He ITO,D;XOA.IIT AJI.II OilHCaHH.II 

3KCI1epHMeHTa, B TO BpeM.II KaK. cpyHK~H.II (xjshxif 2 
YAOBJieTBOpHTeJibHO 

COBrra,o;aeT C 3KCnepHMeHTOM. no,o;o6HOe COBrra,o;eHHe cpOpMbl KpHBOH /(e) 
Ha6ITIO,D;aJIOCb ,ll,]l.ll BCeX HCCJie,D;OBaHHbiX o6pa3~0B npH pa311HIJHOH Ha,D;KpHTHIJ­

HOCTH H 3HaiJeHH.IIX IlOCTO.IIHHOfO MarH,HTHOfO IlOIT.II. TaHreHC yrrra HaKITOHa 

Ilp.IIMOH ITHHHH 3 Ha pHC . 53.1 orrpe,o;err.ReT lllHE!fHY KpHBOH Lle, KOTOpa.ll H3-3a 

OC06eHHOCTeH KBa,o;paTHIJHOrO ,o;eTeKTOpa B y6 pa3 OOITbllle peaJibHOH lllHpHHbl 

KpHBOH 311eKTpoMarHHTHOfO H3ITYI!eHH.II LlW, COBilap:aiOIUeH C lllHpHHOH crreK­

TpaJibHOH IliTOTHOCTH ncB. Ha pHC. 53..2 rrpHBe,o;eHa TaK)I(e 3aBHCHMOCTb lllHpH­

Hbl pacrrpe,o;erreHH.II nCB LlW OT Ha,D;KpHTHIJHOCTH p = (h/hthi. norryl!eHHbJe 

pe3yiTbTaTbl HaXOA.IITC.II B XOpOllleM COriTaCHH C pe3yiTbTaTaMH TeOpHH, H3J10)1(eH­

HOH B JTOM rryHKTe. 

§ 54. YrrroBoe pacnpe,o;erreHHe ncB B 3HH30TpOIUIOi% cpe,o;e 

HeCMOTp.ll Ha TO, IJTO 06bJIJHO HCI1011b3YeMbJH B 3KCI1epHMeHTax no rrapaMeT­

pHI!eCKOMY BOJ6y)l(,o;eHHIO CB )IU1.f o6rra,o;aeT OIJeHb MaJIOH KpHcTanrrorpacpH­

qecKOH aHHJOTporrHeH:, JKcrrepHMeHThi, npoBe,o;eHHbte A.C. EaKaeM H ,o;p. [54], 
r .A. MerrKOBbiM H YI.B. Kp~eHKO [ 135 j' y6e,o;HTeiTbHO rrpo,o;eMOHCTpHpoBaJIH 

2'37 



pe3KYIO aHHJOTponHro pacnpe,11.eneHH.II TICB no aJHM}'Tan&HOMY yrny .p . B JTOM 
naparpa<J>e Mbi pa30B&eM ST2 -TeOpHIO Ha crryqaii aHHJO'TponH&IX pacnpeJJ;eneHHH 
TICB H o6cyAHM peJyrr&TaTbi JTHX JKcnepHMeHTOB . B JJ;an&HeHili6M Mbi 6yJJ;eM 
paccMaTpHBaTb napaMeTpH'IecKoe BOJ6y)J(JJ;eHHe CB B MarneTHKax c Ky6HtJecKOH 
CHMMeTpHeH. llpH'IHHOH aHHJOTpbnHH no .p pacnpeJJ;eneHH.II TICB B Ky6HtJecKHX 
<I>M MO)J(eT 6&tTb nHillb aHHJOTponH.II 3aryxaHH.11 CB -y(k) , TaK KaK Bee or.Tan&­
H&te CYilleCTBeHHbie BeJIH'IHHbi : KOJ<j><j>HUHeHT Cl; i!3H C H3K3'1KOH H M~n:pH'I:HbiH 
JJieMeHT '!eTbtpexMarHOHHOrO B33HMOJJ;eHCTBH.II He HMeiOT BbiJ];eJieHHOfO HanpaB­
JieHH.II B JKBaropHanbHOH nnocKOCTH 8k = tr/2 . EcnH HaMarnH'IeHHOCTb HanpaB­
neHa BJJ;OJib oceH [100) HJIH [Ill), TO H3 C006pa~HHH CHMMeTpHH Ha 3KB~TO­
pe pe30HaHCHOH IIOBepXHOCTH 

-y(.p) ='Yo+ 'Yt (I -cos 4~) , 'Y(<P) ='Yo+ -y2 (1 - c~s 6.p). (54',1) 

Jlrr.11 npOH3BOJibHOf0 HanpaBneHH.II H3M3fHH'IeHHOCTH ~ 

'Y(<P) = 'Y + 'Y3(1 -cos 2.p). (54.2) 

MHKpocKonHtJecKHe MexaHHJMbi penaKcal{HH CB B >Kl1f, npHBOMillHe K aHHlO­
TponHH JaTyxaHH.II , HccneJJ;OBaHbi l1 .B. KonoKOJIOBbiM, B.C. JlbBOBbiM, B.B. qe: 
penaHOBbiM [123). 3JJ;eCb Mbl, O)J;H3KO , 6yJJ;eM C'IHT3Tb 'Yt (i = ~3) <j>eHOMe­
HOJIOrH'IeCKHMH KOHCTaHTaMH, IIpH'IeM 'Y; ~'Yo . B COOTBeTcmHH C S-TeopHeH 
pacnpeJJ;erreHHe TICB npH aHHJOTponHH JaryxaHH.II -AOJI)J(HO 6biTb CHHryrr.llpHbtM: 

I z 
n(.p) ~ - ~ 8 (.p- 2trj/Z), (54.3) z j = 1 

me z - 'IHCJIO MHHHMXSIOB 4>YHKUHH 'Y(<P). Heo6xO)J;HMO OTMeTHTb, 'ITO HHTer­
panbHbie xapaKTepHCTHKH cHcTeMbt TICB Mano 'IYBCTBHTeJibHb1 K JaBHCHMOCTH 
n (Q) OT 33HMYTanbHOf0 yrna .p, a KOJ<j><j>HUHeHTbl raMHJibTOHHaHa B3aHMOJJ;eH­
CTBH.II BOJIH S(k, k') TaKOBbi, 'ITO ypaBHeHH.II S-TeopHH B cTauHoHapHOM crryqae 
onpeJJ;eJI.IIIOT HHTerpanbHOe '!Herro TICB N, Hanara.ll npH JTOM e)1;HHCTBeHHoe 
orpaHH'!eHHe Ha BHJJ; 33BHCHMOCTH n(.p) : 

f n (8, .p)exp(2i.p) d.p = 0. (54.4) 

TaKHM o6paJOM, B paMKax S-TeOpHH B npHHUHIIe JJ;onycTHMbi CHnbHO aHH30-
TponHbte no .p pacnpeJJ;eneHH.II BnnOTb AO cHuryn.llpHbtx pacnpeJJ;eneHHH (54.3). 
B JJ;elicmHTenbHOCTH cHHryn.llpHbte pacnpeJJ;eneHH.II HeycTOH'IHBbi , H <J>opMa 
naKeTa o6ycrroBneHa KOHKypeHUHeli ABYX crra6btX <j>aKTOpoB, He y'IHTbmaeMbtX 
B S-TeopHH AJI.II aKCHanbHO-CHMMeTpH'IHOH cHryauHH. C OJJ;HOH cTopoHbi , no 
cna6a.11 KpHCTannorpa<j>H'!eCK3.11 3HH30TponH.11 B Ky6H'IeCKHX <J>M, KOTOpa.ll 
cTpeMHTC.II CT.IIHYTb pacnpeJJ;eneHHe TICB n(.p) no cHHryrr.llpHoro cocTO.IIHH.II 
B BJfAe KpecTa (Z = 4), ecrrH H3M3fHH'IeHHOCTb OpHeHTHpoBaHa IIO OCH CHMMeT­
pHH tJeTBepToro nop.11nKa M II [100), HnH no IllecTHKOHe'IHOH JBeJnbt (Z = 6), 
ecrrH M opHeHTHpoBaHa no ocH TpeT&ero nop.II~J:Ka (M II [ 111]) . C npyroli 
cTopoHbi, JTO npoueccbt pacce.IIHH.II TICB JJ;pyr Ha Apyre H Ha crra6btX crry'laHHbiX 
HeO}J;HOpOJJ;HOCT.IIX, JJ;e<j>eKTaX, KOTOpbte CTpeM.IITC.II pa3Ma33Tb, cnenaTb H30Tpon­
Hb!M pacnpenerreHHe napaMeTpH'IeCKHX BOJIH n(.p) . llpH 3TOM nOJIHOe 'IHCJIO 
TICB N no-npe)J(HeMy onpenen.11eTc.11 cooTHOilleHHeM S-TeopHH : 

N=-y(p-1)112 /ISI. (54.5) 

54.1. YDDipeHHe pacnpeJJ;eneHIDI napaMeTpH'IeCKHX BOJIH H3-3a HX paccemuut 
npyr ua Apyre. llpH Manoli aHHJOTponHH pacnpeneneHHe TICB Ha pe30HaHCHOH 
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ITOBepXHOCTH ITpe)J.CTaBJIJieT COOOH COBOKyiiHOCTb )J.IIHHHbiX ITOnOCOK C /1'{) ~ /18, 
BbiTHHYTbiX BgOnb 3KBaropa. IJOJTOMY ITpH aHanHJe paciTpegeneHHJI ITO 8 
MO'lKHO C'IHTaTb paciTpegeneHHe ITO '{) HJOTpoiiHbiM. B raKOM ITpe)J.IIonolKeHHH 
paciTpegeneHHe ITO 8 aHanH3HpoBanOCb B § 53, rge 6bin0 ITOKaJaHO, liTO 

/18::::: vofr::::: [rd(p- 1)/kv]113 . (54.6) 

TaM ll<e 6bmo BbmegeHo ypaBHeHHe (53.4), OITHcbmaromee paciTj>egeneHHe 
n (8, '{),e). B Oll:HOllaCTOTHOM ITpH6nHlKeHHH H ITpH 118 ~ 11'{) H3 Hero cneeyer 

ypaBHeHloJe )J.IIH <IJYHKUHH paciTpegeneHHH IICB ITO aJHMYTWbHbiM yrnaM n ('{)) : 

n('{)) = fn(x, '{), e)dx de= 

47Tr2 n('{)) n2 ('{)')[ImS('{), '{)')] 2 d'{)' 
= f (54.7) 

kvv3 I sin('{)- '{) 1
) I ' 

z 
v2 = v2 

('{)) = v~ H~ v~ k (1 - cos(21Tj/Z- '{))], 
; = 1 

ImS('{), '{)J = /1S sin 2('{)- '{) 1
). 

(54.8) 

(54.9) 

3gecb v1 = 5-y, 5 ~ 1, xapaKTepHJyer Manocrb aHH30TpoiTHH ITO'{) B coornercr­

BHH c (54.1) 5 = Z(rdr)112 , ITpH M II [100] HIUeM pemeHHe ypaBHeHHH (54.7) 
B BH)J.e pa3MbiTOro Kpecra (Z = 4) : 

4 2-11" 

N('{)) = 1/4 k F('{) -1Tj/2), J F('{)) d'{) = 1. (54.10) 
; = 1 0 

<l>yHKUHH F('{)) ygosnersopHeT ypasHeHHIO, cnegyromeMY H3 (54.7): 

21T ( r /1SN)2 F('{)) a 
F(•") J I - I I F 2

( ') d '. (54.11) 
.,. kvv3 ('{)) -a '{) '{) '{) '{) 

0Ha OlTIHl!Ha OT HyJIJI B HHTepBane -0: ~ '{) ~ 0: H HOpMHpOBaHa B HeM Ha egHHH­

uy. B JTOM HHTepsane MOlKHO COKparHTb ypaBHeHHe (54.11) Ha F('{)) H ITpogH<IJ­
<JlepeHliHpoBaTb ero ll:BalK/l:bi ITO '{). B peJynbrare ITonyllaeM 

kv a2 
3 

3~vokV 1 + 2V~'{)2 {v~ 
F2('{))= 1T(-y/1SN)2 ~2 v ('{)) 1T(-yi1SN)2 (1 +v~'{)2/v~)lf2. (54.12) 

IlogcraBnHH ny <IJYHK!IHIO B (54.11), oiTpegenHeM a:: 

(54.13) 

BHJJ.HO, liTO B o6nacTH I'{) I< a: <IJYHKUHH F('{)) HJMeHHercH He 6onee lleM Ha 10%. 
IlpH I'{) I> a: <IJYHKUHH F('{)) pe3KO o6pbtBaercH go HynH. BenHliHHY vo, OITpege­
nHIOIUYIO ITO (54.13) IUHpHHy pa3MbiTHH ITaKera IICB ITO'{), MO'lKHO oiTpegenHTb 

H3 ycnOBHJI HOpMHpoBKH (6.18): 

(v0 /r) = [1r-yd(p- 1)/6k0 v] 113 . (54.14) 
C TOl!HOCTbiO go HecymecrneHHOI"O 'IHcnOBOI"O K03<Jl<IJHUHeHTa 3TO BbtpalKeHHe 
COBITagaeT C Bblpall<eHHeM (53.10), ITOnyqeHHbiM )J.IIJI H30TpoiTHOH ITO '{) CHTya­

UHH. Bbtpall<eHHJI (54.6), (54.13) H (54J4) OITpegenHIOT IUHpHey <IJYHKUHH 
paciTpegeneHHH ITO'{) H ITO 8 . IJo ITOpHgKy BenH'IHHbl 

118::::: voir::::: [rd(p- 1)/kov] 113
, (54.15) 

111{)::::: 118/5, 5 = 4(r./r)1
/ 2 . 
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HecKOJlbKO HHan cHryaumi cKnanLmaercn npH M II [Ill], Korna pacnpene­
neHHe HMeeT BHA pa3Mb!TOH meCTHKOHe<!HOH 3Be3J];hl (Z = 6). D,nn <fJyHKUHH 
F(I{J) HJ (54.7) H (54.3) nonyqaercn B :noM cnyqae ypasHeHHe, OTJlH'IHOe or 
(54.11) : 

81r ('Y t:.SN)2 F(!fJ) a 
F(!fJ) 

3 
f ( l!fJ-!fJ'i +.J3/4)F 2 (!fJ')d!fJ'. (54.16) 

9kvv -a 

3necbOCHOBHOH BKJlannaerpaccenHHe Ha yrnbi l!fJ -!fJ'I ""?T/3; 2rr/3., a paccen­
HHe Ha yrnhi l!fJ - 1{)'1"" 0; 1T onpenenner BHA <PYHKUHH F(!fJ) . KaK H npe:>Kne, 
coKpawan (54.16) Ha F(!fJ) H nsa:>KAbi AH<P<PepeHUHpyn nonyqeHHoe Bbipa:>KeHHe 
no !fJ, nony'!HM 

2 
27v1v0 kv 

F (!fJ) = l61T('Yt:.SN)2 

1 + 2v~I{J2 fv~ 
(1 +vi!fJ2/v~)I/2 . 

(54.17) 

OnHaKo pacmop ceKropa o: , B KoropoM peweHHe F(!fJ) ornH'!HO or Hynn , paBeH 

a= 4vV30 vL (54.18) 

a BH;D; <fJYJIKI.I){H F (!fJ) 6nHJoK K npHMoyronbHOMY c Bbicoroii l/2o:. 113 ycnosHH 
HOpMHpOBKH Bbipa)f(eHHH (54.18) nnn F (!fJ) HMeeM 

voir= [3?Tdvi (p - l)/4r kv] 1 ts "" t:.8•, 
(54.19) 

Orcrona H HJ (54.18) nonyt~arorcn Bbipa:>KeHHH AJl.ll yrnoBbiX paJMepos naKera: 

t:.8•"" • [ 
277T'Yld (p - 1) ]l/S 

kv ' 

2 [ 271T-y 1d (p - 1) ] 2
1

5 'Y f:.I{J• :::::<---

27 ..[3 kv 'Y1 
(54.20) 

0TMeTHM, 'ITO B paCCMOTpeHHOM cnyqae f:.I{J • H f:.8 • He CB.II3aHbl CTaHnapTHbiM 
COOTHOllleHHeM (54.15), a HMeHHO f:.I{J • ~ f:.8 • /5. 

B CJlyt~ae, KOrJJ:a HaMarHH'IeHHOCTb OpHeHTHpOBaHa BJ];OJlb OCH CHMMeTpHH 
BTOporo nop.IIJ].Ka (Mil [110)), Ja noporOM napaMeTpH'IeCKOH HeyCTOH'IHBOCTH 
BOJ6y)fQJ.aeTC.II OJJ:Ha pa3MbiTaH napa C lllHpHHOH !:.8 H f:.I{J, onpenen.lleMOH no 
<J>opMYnaM (54.15). TaKoe cocTO.IIHHe He YP,;OMersopHeT ycnoBHIO (54.4), 
nony'leHHOMY B S-reopHH AJl.ll HJOTpOITHbiX <I>M, B peJymrare OHO cymecrsyer 
B YJKOM JJ:HariaJOHe HanKpHTH'IHOCTH, Onpenen.lleMOM Ky6H'IecKOH aHHJOTpO­
nHeH: 

(54.2 1) 

IlpH p > p- BOJ6y)fQJ.aeTC.II BTOpaH rpynna nap B nnOCKOCTH 3KBaropa (T,e, 
8 = 7T/2), OpHeHTHpOBaHHaH non np.IIMbiM yrnoM K nepBOH, T.e. BOJ6y)!(JJ.aeT­
C.II KpecT C illHpHHOH (54.15). Hano CKa3aTb, 'ITO Bbipa:>KeHHH (5.4) AJl.ll <l>int H 
'~~int 6LmH nony'leHbi B npeHe6pe)f(eHHH nepeHopMHpOBKOH sepwHH, r.e. npH 

e=(t:.TjT) -r2 (p - l) 1 12 jkvv0 a2 -5 2 /(p -1)~ 1. (54.22) 

3TOT )f(e napaMeTp XapaKTepHJyeT OTKJlOHeHHe 'leTBepHOrO KCppen.IITOpa OT 
npOHJBeJ];eHHH napHbiX, )lpyrHMH CJlOBaMH, <fJaJbi BOJlH B naKeTe nO'ITH CJly­
'laHHbl. 
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TaKHM o6pa30M, npH MaJIOH aHH30TponHH (o ~ 1) pacnpe,o;eneHHe TICB 
COCTOHT H3 COBOKynHOCTH nap BOnHOBbiX naKeTOB C nO'lTH CnytlaHHbiMH <Pa3a­
MH H pe3KHMH no aKCHaJlbHOM}' yrny rpaHHUaMH. 3aM·eTHM, liTO cna6oe pacCe.II­
HHe Ha HeO,!l;HOpO,!l;HOCT.IIX H MaJlbJe ,o;o6aBKH O<J)int, YTOIIH.IIIOlUHe annpoKCHMa­
UHIO (54.9) o<J)int - (vofr) 2<J)int 1 npHBO,!l;.IIT K pa3MbiTHIO pa3pbiBOB N('{J). 

54.2. 3KcnepHMeHT no H3MepeHHIO yrnoBLIX pa3Mepos naKeTa TICB fl.(Jk 
H AIP.k~ .. 3,o;ec& Mbi omnneM H3.11lUHbiH 3KcnepHMeHT f.A. MenKoaa H M.B. Kpy­
ueHKo fl35]. Ero H,o;e.11, oclioBaHHaJI Hlt cne,o;yiOmeM cBolicrne cneKTpa CB B 
<J)M: npH He CnlfWKOM OOnhWHX llaCTOTax KpHBH3Hbl nOBepXHOCTH Wk = COP,St 
a,o;on& 3KBaTOpa (Jk = rr/2 H nonepeK '{) =canst HMeiOT pa3Hbie 3HaKH. EcnH 6br 
naKeT TICB no yrnaM 6bm CHHrynHpeH: n(il) -o (8 -rr/2) o ('{)),To npoueccbi 
cnH.IIHH.II ,o;ayx TICB B TpeT&IO CB 6bm 6bi pa3peweH npH e,o;HHCTBeHHOM 3Hat~e­
HHH MarHHTHOro non.11 H = H3M. EcnH naKeT ywHpeH no yrny '{),TO cnH.IIHH.II 
pa3peweHbi B o6nacTH non eii H' < H < H JM, npHIIeM 

ll'{J -(H3M - H') 112
• (54.23) 

EcnH )l(e naKeT ywHpeH no non.llpHOM}' yrny (J, TO cnH.IIHH.II pa3peweHbi npH 
H3M< H<H", 

fl.(J -(H" - H3M) 112
, (54.24) 

r,o;e H" - MarHHTHoe none, npH KOTopoM k = 0, (Jk = rr/2 . (A.C. EaKaH 
H ,o;p., [54]). K co)l(31leHHIO, o6pa3YJOlUHec.ll B pe3ynbTaTe cnH.IIHH.II ,!l;Byx TICB 
CnHHOBbie BOnHbJ HMeiOT 118CTOTY, paBHYJO '18CTOTe HaK811KH, H ,o;eTeKTHpoBaTb 
HX Ha <PoHe MOJ.I.tHOrO CHrHaJia HaK8'1KH HeB03MOlKHO, TI03TOM}' B 3.KcnepH­
MeHTe H3Mep.llnoc& H3nyqeHHe Ha qacToTe 2wp, o6ycnoaneHHoe cnH.IIHH.IIMH 
o6pa30BaBWHXC.II CB c qacTOTOH Wp. XapaKTepHa.ll 3aBHCHMOCTb MOlUHOCTH H3-
ny'leHH.II P(2wp) OT MarHHTHoro non.11 ,[J,Jl.ll HecKonbKHX 3Ha'leHHii TeM!IepaTypbi 
npHBe,o;eHa Ha pHc. 54.1. BH,o;Ho, 'ITO npH KOMHaTHoH TeMUepaType pacnpe,o;ene-

Pzw, OTH. eiJ. 

a 

0,5 

-JOO - 200 -100 H,J 
1 

0,5 

-300 
1 

0,5 

-200 -too· H Jm H,.J 

~ 
-300 -200 

1 

0,5 

I 

-300 - 200 

PH C. 54.1. 3aBHCHMOCTL MQlUHOCTH H3nytleHHJI Ha YJJ.BOeHHOit 'laCTOTe HaKa'IKH P2w 

oT nocTollHHoro MarHHTHoro noM JJ.nll o6pa3ua )f(J.if npH pa3nH'IHLIX TeMnepaTypax, K : 
T = 300 K (a); T = 210 (6) ; T = 110 K (e); T =50 (z) 
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HHe TICB .IIBJI.Rercg Y3KHM no ymaM, npH'IeM 3HatieHH.R H 3aBHCHMOCTh IIlHpH­
Hhi AO, AI{) or H&IJ.KPHTH'IHOCTH cocraBJI.RIOT HeCKOJI&Ko rpanycoa H comacy­
IOTC.II c pe3yJI&TaTaMH H3JIO>KeHHOH B §53 reopHH ywHpeHH.R, o6ycnoaneHHoro 
pacce.RHHeM TICB npyr Ha ,o;pyre. c H3MeHeHHeM TeMneparyp&I, nOMHMO Y3KOro 
no &3HMYTaJihHOMY yrny nHKa, B03HHKaer H30TpOnH&m no I{) <PoH TICB. IIIHpHHa 
CaMoro nHKa A(J H AI{) TaK>Ke }'BeJIH'IHBaerc.R. 3ror 3<P<PeKT Haxonm ecrecrneH­
Hoe o6b.RcHeHHe KaK cnencraHe ynpyroro pacce.RHH.II Ha ne<PeKrax, OTHOCHTeJI&­
Ha.R pOJih KOTOporo c yMeH&WeHHeM TeMneparyp&I pacrer. BmurnHe ne<J>eKTOB 
Ha ywHpeHHe naKera TICB paccMarpHaanoc& a npe)J.&I)J.yweif maBe. 0)J.HaKO 
CpaBHeHHe reopHH C 3KCnepHMeHTOM npH HH3KHX TeMneparypax 38Tpy)J.HeHO 
H3-38 OTCyrCTBH.II H€(o6XO)J,HMGH HH<J>OpMaiiHH 0 pacce.RHHH Ha ne<J>eKTax. 

§55. BnH.RHHe pacce.IIHHJI TICB ,o;pyr H8 npyre Ha KOJIJleK'IHBHLie KOJie6aaHJI 

55.1. Hcxo)J.IIwe ypaBHCHHJI. 06wHe ypaBHeHH.R )J,Jl.ll I<onneKTHBH&IX Kone6a­
HHH (KK) TICB c ytleTOM HX pacce.IIHH.II npyr Ha npyre npHBe)J,eHhl B m. 7 (<J>op­
MYJlhl (38.4)). B noM naparpa<J>e Mhi paccMoTpHM KK TICB B Ky6H'IecKHX <I>M. 
CHa'lana Mhi npeHe6pe>KeM aHH30TponHeif 3aryxaHH.R CB. B noM cnyqae TICB 
JlOK8JlH30BaHhl B k-npOCTpaHCTBe B6JIH3H 3KB8TOpa pe30H8HCHOH noaepXHOCTH 
wic = Wp/2. KK B npH6JIH>KeHHH s -reopHH (r.e. c yqeTOM TOJlhKO caMocomaco­
BaHHhiX ,ll;HarpaMM B L H n, I nk I = rk' I Uk I = nk) H3y'leHbl B § 23 . .llrr.R '18CTOT 
npocrpaHCTBeHHO.O)J.HOpO)J.HhiX (K = 0) KK n~ 6&mo nony'leHo npocroe Bbipa­
>KeHHe (23.6). 3ror pe3yJI&TaT, TaK >Ke KaK u HCXOIJ.H&Ie ypaBHeHH.R S -reopuH, 
He qyacrameneH K neraJI.RM pacnpeneneHH.R TICB B (k, w) -npocrpaHcrae H 
cnpaBe)J.JIHB K&K npH/"MHOrO'I8CTOTHOM, T8K H npH O)J,HO'I&CTOTHOM COCTO.IIH!t­
.IIX TIB. BbiCIJlHe )J,HarpaMMbl B (38.4)' CB.II38HHbie c pacce.RHHeM TICB npyr Ha 
npyre, BHOC.IIT B (23 .6) MaJihie· nonpaBKH 

Ail "'-' r [(TN) 2 frku) 2 /
3 

H He npencraBJI.RIOT HHrepeca. Cnenyer, onHaKo, OTMeTHTb, 'ITO JIHHeapH30BaH­
Ha.R CHCTeMa ypaBHeHHif (38.4) HMeeT BbiCOKHH nOp.II)J.OK H B npH6JIH>KeHHH 
S-reopHH HMeer, nOMHMO n~ (23.6)' T8K>Ke H rpHBHaJihHOe co6craeHHOe 3H8-
'IeHHe ilm = 0. Kone6aHH.R, cooraercrnyiOwHe 3TOMY co6craeHHOMY 3Ha'leHHIO, 
.IIBJl.IIIOTC.II )J,Jl.ll HaC H&H6onee HHTepeCHbiMH, T8K K8K CJiaOoe B38HMO)J,eHCTBHe 
TIB ("' T 2

) non>KHO npuao,o;HT& K HapyweHHIO HX 6e3p83JIH'IHOH ycroif'IHBOCTH. 
B o6nacrH qacror w, w' ~ r paccMorpHM cnenYIOwHe HHTerpan&H&Ie aenH­

·IHH&I: 

N(l{))= f [nq (il) +n; (il)] k 2 dkdw, q = (k, w), 

K (I{))=!_ f[llk aq (il) - llk a; (il)) k 2 dk dw, 
r 

(55.1) 

HH)J.eKc nJIIOC 03Ha'laer 3&Meay k-+ -k, w -+ Wp- w H KOMnJieKcHoe conpH:>Ke­
HHe. YpaaHeHH.R )J.Jl.ll N(l{)), K (I{)) H M (I{)) HMeiOT cne,o;yiOIUHH BH)J.: 

_ {(v~ +v~ +v_ )N(w
1

) (v+ +v_ +v~)N(w) } 
rrN(I{))-f 1 1 

+ - X 
v_ (v+ + v_ ) (v _ + v_) v~ (v+ + v~) (v_ + v~) 
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X { -i'Y [l: (IP)- l: + (~P)] +II* (II') II (II')+ II (II') n+ (II')} dw + 

1Tk2 

+ I ( 1) f'Y['Y<Il(ip)+'Yifl+(ip)+ill(ip)'lt(ip)-
V v+v- v_- If+ 

-iii* (IP) 'It (~P)] dw, K (IP) = N (IP), 

{ 
(v~ +t~~ +v_)N(w 1

) (v+ +v_ +v~)N(w) } 
21TM(ip)=J I I + I I I X 

v_ (v+ + v_)(v:..._ + v _) v+ (v+ + v+)(v_ + v+) 

Vt =(v2 ±2i'Yw)112
, ~~~ =(v2 ±2i'YW 1

)
112

, 

v - lllHpHHa pacnpe.o;eneHHH IIB B k-npocTpaHCTBe (53.10). · 

(55.2) 

IIepeH.o;11 K nepeMeHHbiM (55.1), Mbi TeM CaMbiM orpaHHIDUIH eccne.o;yeMbi~ 
K1laCC K01le6aHHH .D;BIDKeHHRMH, H3MeHJUOUlHMH HHTerpanbHyiO aMDJlHTY­

.D;y IICB. IloMHMO HHX, B CHCTeMe IICB cymecTBYJOT Kone6aHHJI pacnpe.o;ene­

HHJI n (q), He MeHJIIOUlHe HHTerpanbHbiX xapaKTepHCTHK. TaKHe B03MYUleHHJI 

Mbl 3.D;eCb He paCCMaTpHBaeM, 

IlpH SN > v, KaK noKa3bJBaeT aHanH3 ypaBHeHHii (55.2), MO)I(HO orpaHH­

'IHTbC11 B l: H II caMocornacOBaHHbJMH .o;earpaMMaMH H nono)IQ{Tb <I> ='It = 0. 
B 3TOM npH6niDKeHHH CHCTeMa (55 .2) 3aMbiKaeTC11 e, noCKOnbKY ypaBHeHHe 

A1111 N(~P) co.o;ep)f(HT Manblii 3HaMeHaTenb, npHBOAHTC11 K BHAY M(IP) = 0 H11H 

(55.3) 

r.z:r;e m - HOMep a3HMfTa1lbHOH rapMOHHKH. ~h (55 .3) nonyqaeM OKOH'IaTeJlbHO 

.o;n11 11m Bblp3)1(eHHe 

11m =-i(v2 /'Y)Sm/(2Tm +Sm), (55.4) 

TaK 'ITO npH Sm (2Tm + Sm) > 0, Kor.o;a ycroii'IHBbi Ko111leKTHBHbie Kone6a­

HHJI S-TeopHH, MO.o;a (55.4)' TO)I(e ycroii'IHBa. B 3THX HH3KO'IaCTOTHbiX no cpaB­

HeHHIO c (23.6) Kone6aHHJIX yqaCTBYJOT aMDJIHTYAbi nk H I ak I npH <PHKcepo­

BaHHoii <Pa3e ak. 0T11H'IHe nm OT HYJI11 o6ycJIOB1leHO OTJIH'IHeM I ilk I OT 'Yk H 

I ai.; I oT nk. 
55.2. YCTOhHBocn. H KoJIJieKTHBHble Kone6aau aHH30TpOnHO pacnpe.o;e­

neJtHbJX IICB. 3.o;ecb Mbi nony'IHM qacTOTbi KK pe3KO aHH30TponHbiX cocroR­

·HHif IICB, H3yqeHHbJX BbWie. 

BbiCOKOIItlCTOTHble KO/UieKTUBHble Ko/le6aHWI. CneKTp 3THX KK MO)I(HO no­

JlY'IHTb B paMKax S -TOOpHH JIHHeapH3aUHeH ee ypaBHeHHH Ha 4loHe OCHOBHOro 

COCT011HHJI B BH.D;e KpecTa (Z = 4) H11H 3Be3.D;bl (Z = 6), 0TBeT no 4lopMe COB­

na.z:r;aeT c q,opMYnoii (23 .6) .D;J111 aKCHa1lbHO-<:HMMeTpH'IHOro pacnpe.o;eneHHJI: 

11~ = -i'Y ± {4Sm [2T m + Sm] N 2 
- 'Y 2

} l/l. (55.5) 

0.D;HaKO BeJlH'IHHbl T m H S m , HHa'le Bblp~IOTC11 11epe3 q,ypbe-rapMOHHKH MaT­

pH'IHbiX JJieMeHTOB T(IP) H S (II'). 11MeHHo, .D;J11I napbi BOJIH (Z = 1) oCTaiOTC11 
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TOJlbKO nBe MOn&I .Q~ 1 rne 

S(O)=So +Sz +S_2, 

T (0) = T0 + 2Tz. 

}ln.11 KpecTa (Z = 2) cymecTByroT nBe napr.I Mon .n~ H .ni: 
S (0) = S0 , T(O) =To, S (2) = Sz + S- 2• T(2) = 2Tz. 

Jlng wecTHKOHe'IHOH 3Be3p;&l (Z = 3) HMeiOTC.II TPH napbl Mon .n~ H .ni I .n~l 
npll'leM HX 'laCTOTbl COBnanaiOT C aKCHaJlbHO..CHMMeTpH'IHbiM cnyqaeM (MO· 
nr.ril~ nepexop;gT B .n:_ 2) : 

S(O)=S0 , T(O)= T0 , S(2)=S2 , 

T(2)= T2 , S(4)=S_ 2, T(4)= T_ 2 • 

3necr. Mbl HCnOJib30BaJIH KOHKpeTHbiH BHn S (II') H T(IP) B 111M: 

S (II')= (So ·+ Sze 21<P + S_ 2e- 21<P) e- 21<P , 

T(IP) =To+ 1't (e 1<P + e-1<P) + T2 (e 21<P +e- 21<P), 

HU3KOIIllCTOTHbJe KOMeKTU8Hble KO/Ie6aHWl ncB. Jlng aKCHaJlbHO-cHMMeT­
pH'IHOH CHCTeMbi OHH OnHCaHbl B n. 50.1. B HaweM cnyqae B npeHefipe)l(eHHH 
paCCe.IIHHeM Ha HOOp;HOponHOCT.IIX 3TH KOJiefiaHH.II onHCbiBaiOTC.II ypaBHeHH.IIMH 

3N(~Ph , 
N (1/1) = n (1/1, il) + n t (l/', il) = 3 f S (1/1, IP')M (II'') dip , 

2trv (II') 

1 
M (1/1) = - [11* (1/1) a (1/1, il) + n (II') a+ (II', il)] = 

'Y 

= 4::,(~~) { [ill- v

2

'Y(IP)] f S (1/1, IP')N (II'') dip' +2iil f T(I/',1/'')N(IP')dip'} · 

(55.&} 
Hcnom3y.ll y30CTb pacrrpeneneHH.II, MO)IQIO nony'IHTb rrocne npeo6pa30Ba­

HH.IIIllypr.e B (55.6) 

iN S(m) .n = - --- ----'--'--
m (Njv2 >r 2T(m) + S (m) 

<N/v2 
) = f N (II') v- 2 (1/1) dip. 

OTc10na nonyqaeM nM uaH6onee HHTepecuoro cnyqag- Kpecrn : 

trilm = -2iv0 oS (m)/ [2T(m) + S (m)]. 

(55.7) 

(55.8) 

0TMeTHM, 'ITO B aHH30TponuoH: CHCTeMe ycnoBH.II ycToH'IHBOCTH BbiCOKO'IaCTOT­
HOH H HH3KO'IaCTOTHOH Mon (55 .5), (55 .8) : 

S (m) [S (m) + 2T(m)] > 0 (55.9) 

COBnanaiOT TaK )l(e, KaK H B aKCHaJibHO..CHMMeT.pH'IHOM cnyt~ae. 
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