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Abstract:

A review of magnon properties of yttrium-iron garnet (YIG), a classical object for experimental studies in magnetism, is presented.
Both experimental and theoretical results concerned with thermodynamics and kinetics of YIG are described. The main purposes of the
review are to introduce a new method of approximate calculation of the magnon spectra in magnets with large unit cell and to obtain by
means of this method some basic properties of YIG. In particular, it is shown that the problem of calculating the frequencies of all the 20
magnon branches over the entire Brillouin zone contains two small parameters. First, because of the large number of magnetic atoms
in the unit cell the distance between the nearest interacting magnetic atoms is small in comparison with the lattice constant and,
accordingly, with the wavelength of a spin wave. An effective long-wavelength character thus arises in the problem. Second, there are
a large number of wave-vector directions along which many elements of the Hamiltonian matrix vanish by symmetry in the basis which
diagonalizes this matrix for k = 0. These matrix elements thus have an additional, angular smallness for arbitrary directions of k. These
matrix elements can be taken into account using perturbation theory. As a result, the large elements of the Hamiltonian matrix are few in
number, and they can be eliminated by several two-dimensional rotations. Approximate expressions, differing from the computer
calculations by <10%, are thus obtained for the frequencies.

Neutron scattering data are used to find the values of the exchange integrals in YIG and to obtain the magnon spectra. It is shown
that in the energy range 7<260 K only magnons of the lower branch are excited; the spectrum of these “ferromagnons” is quadratic in
the wave vector only up to 40 K and becomes linear in the region w, 240 K. For temperatures up to 400 K the temperature dependence
of the magnetization is calculated in the spin-wave approximation and good agreement with experimental data is found.

A brief review of experimental data on magnon relaxation in YIG is presented. The magnon-magnon interactions which cause the
magnon relaxation are described. The amplitude of the four-magnon exchange interaction is determined, and the temperature correction to
the frequency is evaluated. This temperature correction is positive, in contrast to the case of simple cubic ferromagnet with nearest-
neighbour interaction. The exchange relaxation rate is calculated for normal and umklapp processes. It is shown that the magnetic dipole
interaction is important only for the ferromagnons; the amplitude of this interaction and the corresponding relaxation rate are determined.
Three-magnon scattering processes are allowed only for wave vectors larger than a certain k,; at k = k, there is a discontinuity in the
wave-vector dependence of the damping. A calculation is given for the nonvanishing contribution to the relaxation at & = 0 on account of
scattering processes involving optical magnons; this contribution is due to the local uniaxial anisotropy. The relative role of each of the
investigated relaxation mechanisms is discussed, and the correspondence of the present results with the experimental data is examined.

0370-1573/93/324.00 © 1993 Elsevier Science Publishers B.V. All rights reserved



Introduction

Yttrium—iron garnet (Y;FesO12-YIG) is a marvel of nature. Its role in the physics of magnets is
analogous to that of germanium in semiconductor physics, water in hydrodynamics, and quartz in
crystal acoustics. There are several reasons for this. Firstly, it has the narrowest known ferromag-
netic resonance line and the lowest spin-wave damping. Secondly, with 80 atoms in the unit cell,
each of which must find its proper location, the YIG crystal growth was so well perfected that its
acoustic damping is lower than that of quartz. Thirdly, it has a high Curie temperature T = 560 K,
so that experiments can be done at room temperature. For all these reasons, YIG has become
indispensable both in microwave technology and in experimental physics for studying new effects
and phenomena in magnets.

Detailed studies have been made in YIG of the temperature dependence of the magnetization,
specific heat, paramagnetic susceptibility, frequency and damping of long-wavelength spin waves,
and much more. To analyze all these experimental data it is necessary first to know the spectrum of
the elementary excitations of the magnet — the magnons.

Many important properties of the magnet were not understood for a long time. This is primarily
because of the complex crystal structure of YIG: its unit cell contains four formula units of
Y,Fe3 *Fe3*O2%;, with the magnetic ions Fe** occupying two inequivalent positions with regard to
the character of its immediate O~ environment—octahedral (a) and tetrahedral (d). There are twenty
magnetic ions in all (8a + 12d) and, accordingly, twenty magnon branches in the energy range for 0 to
1000 K. The fundamental characteristics of a ferrite are the magnon frequency w;(k) (or the magnon
energy hw;(k)) and relaxation time y; ' (k) (j is the number of the branch and k is the wave vector).

The purpose of the review is to present a theory of magnetic properties of YIG in the magnon
approximation. This theory describes magnon spectra and relaxation as well as the thermo-
dynamic properties of this ferrite in a wide temperature range from 0 to the room temperature.

The exchange interaction, which governs the magnetic order in YIG, is the strongest among
magnetic interactions of various nature. The energy of this interaction decreases rapidly with the
increase of the distance between magnetic ions. The strongest exchange interaction is that between
nearest neighbours: ions Fe in (a) and (d) sites. This interaction is antiferromagnetic with the
exchange constant J,; * —40 K in the temperature scale. There are 8 Fe ions in (a) sites and 12
ones in the (d) sites in a unit cell. The spin of an ion Fe is 3, therefore the magnetic moment of a unit
cell is 10 u (u is Bohr magneton) at zero temperature. The next nearest neighbours are ions in (d)
positions, with the exchange constant J,; ~ — 134 K, and the next after this d-d exchange
interaction is a—a interaction, with the exchange constant J,, ® — 3.8 K. The exchange interactions
between further neighbours are negligible.

YIG can be considered as a ferromagnet with the magnet moment 10 y per unit cell only in
low-energy limit. Only ferromagnetic magnon, or ferromagnon, branch is essential in this limit. Its
energy is easily calculated because all the twenty magnetic moments in the primitive cell oscillate
almost in phase and can be treated as one common magnetic moment.

The ferromagnon spectrum in the exchange interaction approximation in the low frequency limit
is quadratic in the wave number k [1]:

a)(k) = cUex(ak)z sy Wex = T%(SJaa + 3Jad - 5Jad) > (1)
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84 V. Cherepanov et al., The saga of YIG

where a is the lattice constant and w,, is the “exchange” frequency. a ~ 12.5 A and w,, ~ 40K
in YIG.

It has long been known [2] that formula (1) is valid in a rather small region of k space (ak < 1),
with a volume less than 1% of the volume 2(2n/a)® of the whole Brillouin zone. The magnon energy
in this region does not exceed 40 K. To describe the thermodynamic and kinetic properties of YIG
at higher temperatures, one cannot treat the crystal as a one-sublattice ferromagnet, even if only the
lower spin-wave branch is excited. The point is that even for ak < 1 one cannot assume that the
magnetic moment of all twenty ions in a unit cell oscillate in phase. Therefore, to find the spin-wave
frequencies (including those of the lower branch) one must, generally speaking, solve the complete
problem of the oscillations of the twenty magnetic sublattices, which amounts to the diagonaliz-
ation of a 40 x 40 matrix. It is simple enough to calculate the frequencies of all the twenty magnetic
branches at k = 0 using group theory and making use of the high degree of symmetry of the
problem: the invariance of the exchange interaction with respect to rotations and the symmetry
(group OL°) of the garnet lattice [3]. Harris [2] has constructed a perturbation theory for ak < 1
and found a correction ~k* to the frequency of the lower branch (1). However, in his computer
calculation he evaluated the magnon frequencies w;(k),j =1, ...,20 for the most symmetric
direction k|| [111] and for several rather arbitrarily chosen values of the exchange integrals. It
turned out that the frequencies of the 19 “optical” branches densely fill the interval from 200 to
600 K, and so, generally speaking, there is no temperature interval in which magnons are excited on
only two branches. The widespread opinion that YIG can be treated approximately as a two-
sublattice ferrimagnet is therefore lacking foundation. Later experimental investigation of inelastic
neutron scattering in YIG carried out by Plant [4] confirmed this picture.

The simplest way to study magnetic properties of YIG would be to calculate all the magnon
frequencies in the entire Brillouin zone numerically. Nevertheless, this way proved unacceptable
because there were some contradictory data about the values of the exchange constants in YIG. In
addition, our aim was not only to calculate some numbers concerning YIG properties but to estimate
the most important physical processes in complex magnetic systems. The first step of such a
research was to find the spectra of magnons, the elementary excitations in the system. The first
chapter of the review is aimed at studies of the magnon spectra in YIG. The magnetic structure of the
magnet and the exchange interaction Hamiltonian are described in the section 1.1. In section 1.2 a
brief review of experimental results concerning thermodynamical properties of YIG and the inelastic
neutron scattering is presented. The rest of the chapter is concentrated on the theory of magnon
spectra in YIG. A progress in the theory of the magnon spectra in such a complicated magnet is due
to two hidden small parameters. The first of these parameters is related to the large number of
magnetic atoms in the unit cell (Z = 20). The distance between nearest neighbours is therefore smaller
than the lattice constant. As a result, a suitably constructed long-wavelength approximation is valid
over the entire Brillouin zone. The second small parameter is due to high degree of YIG crystal
symmetry. There are a large number of matrix elements of the Hamiltonian matrix vanishing in the
symmetric directions of the wave vector (e.g. [100] or [111]). Since there are many such symmetric
directions, these matrix elements assume an “angular” smallness in arbitrary directions as well. The
magnon approximation for the spin Heisenberg Hamiltonian is studied in section 1.3.

The quadratic part of the Hamiltonian function in the magnon Bose operators determines the
magnon frequencies w;(k),j = 1,2, ..., 20. To evaluate these frequencies it is generally necessary to
diagonalize a 40 x 40 matrix. However, in the exchange approximation for a collinear structure, the
problem reduces to the diagonalization of a 20 x 20 matrix [2].

Before proceeding with the analytical solution, we made detailed computer studies of the
problem: using an iterative procedure we evaluated the functions w;(k) and the eigenvectors for all
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j=1,...,20 and different sets of exchange integrals and for the directions & ||[[111], [100], [110]
and [113]. The results of these calculations are presented in section 1.4. Analysis of these resuits
shows that the eigenvectors of magnons of ferromagnetic and antiferromagnetic types have a very
simple structure, and their frequencies can be found easily in the entire Brillouin zone. In particular
for the lowest, ferromagnon branch, the spectrum is quadratic: w, (k) = we(ak)* only up to
energies of 40 K; after this, as we have shown [5], the spectrum w(k) becomes almost linear:
o (k)x — A4 + w(ak) (4 = 0,/2 =~ w, = 40 K).

In sections 1.5-1.7 we construct an approximate analytical theory of the magnon spectra of YIG.
In section 1.5.1 we transform the Hamiltonian matrix to the “irreducible” basis of the point group
O,. It is well known [6] that the representation generated by the permutation of the eight iron ions
in a positions in the unit cell YIG decomposes into two one-dimensional representations 1,
(identical) and 75 and two three-dimensional representations 7, and 74. The permutation repres-
entation of the 12 ions in d positions decomposes into two one-dimensional representations 7, and
74, two-dimensional representations 75 and 14, and two three-dimensional representations 73 and
7o. Because the representations 1, and 1o occur twice, the Hamiltonian matrix contains four pairs
of off-diagonal elements even for & = 0. In section 1.5 we eliminate these for arbitrary k with the aid
of four separate canonical u—v transformations, each of which involves only one pair of the basis
functions. In such a representation, which we call “quasi-normal”, the Hamiltonian matrix is
diagonal for & = 0. Its diagonal elements serve as an approximation for the spin-wave frequencies
and, in the nondegenerate case, describe these frequencies well over the entire Brillouin zone.
Before we give these frequencies, let us introduce the following notation for the combinations of
trigonometric functions which occur in them,

o = COS2¢;COSq;COSq;, Yy = COS2q;,sing;sing;, #;; = cos2q;cosq;,

2

Xij = sin2g;sing;,. v;y = cos2g;cos 2q;cos2q,, pi = cos2q;sin2q;sin2gq, .

Here the indices k, j and [ take on the values x, y, z,i # j # | # i, and ¢ = ak/8, where k is the wave
vector of the spin waves. The functions o, y;5, etc. are combined into symmetrical groups .y, 7+,
etc., which are sums over even and odd permutations of the indices x, y, z. For example,

Oy = (Ogyz + Opxy + Opz)/3, 0= = (Uzpe + Ayez + %xzy)/3

3)
a=(ay +a-)2.
The twenty branches of the magnon spectrum of YIG can be broken down into three groups
according to the nature of the oscillations for k = 0.

(1) a branches. On these branches only the spins in the a positions oscillate at k = 0. There are
four such branches: w;(k), w,;(k),j = 1,2,3. Here the first frequency index corresponds to the
number of the irreducible representation, and the second one corresponds to the number of the
basis function in the irreducible representation, if the latter is not one-dimensional. The frequencies
of the a branches in the quasinormal approximation are

W3(k) = 0, + 40J,,v(k) , @, = —30J,4 + 40J,, @
@91 (k) = 0% (k) = 0, —20J,,p(K) .
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(2) d branches. On these branches only the d spins oscillate at k = O:
wd(k) = wy + 20Jg50(k), @wg= —20(Joy — Ji), @3(k)= s+ 10J,50(k),
w2 (k) = wg — 10J40(k) , @8, (k) = wg + 20J47(k) , %)
w32 (k) = w33(k) = wg — 1047 (k) .

The notation here follows the same principles as for the a branches.

(3) a-d branches. Here the spins at both the a and d positions oscillate. These branches arise
because the same irreducible representations (t; and 7,) occur in the decomposition of the a and
d permutation representations. Since the identity representation 7, is one-dimensional, while the
representation o is three-dimensional, there are eight a—d branches. Their frequencies in the
quasinormal approximation can be written in the form

ap(k

p=191,92,93, A,(k)=w,—40J,,v(k), Aoy = w, —40J,p(K), (6)
Aoy = Ags = w, + 20J,5p(k) , Dy (k) = w5 — 20Jga(k), Doy (k) = ws — 20J47(k) ,

Do, (k) = Doy (k) = wy + 10J47(k), By (k) = 10./6J,47(k) ,

| Boy (k)| = 10/2]Jua| [n(k) — x(R)] , ™

| Boa (k)| = | Bos ()| = 103/2|Joa| [n(K) — 1(k)/2] .

The letter index d is assigned to four modes [including the ferromagnetic (FM) mode 7,4, ]. The
excitation of a magnon of this type decreases the magnetization of YIG by one Bohr magneton, just
as the excitation of any d-branch magnon does. On the other hand, the excitation of a magnon of
the four branches with index a (including the antiferromagnetic (AFM) mode 1,, ) increases the
magnetization by one Bohr magneton. This property is shared by any a mode.

In section 1.6 we obtain corrections to expressions (4), (5), and (6) for the frequencies w; (k),
, (k), w3 (k) and w3 (k) of the spin waves which are nondegenerate at k = 0, using second-order
perturbation theory in the off-diagonal elements of the Hamiltonian matrix in the quasinormal
representation. The expressions obtained for the frequencies are entirely satisfactory and differ
from the results of the numerical calculation by no more than a few percent.

In section 1.7 we construct a perturbation theory for the frequencies of the spin waves which are
doubly and triply degenerate at k = 0. The problem here is complicated by two factors. Firstly,
because of the degeneracy it is necessary to exactly diagonalize matrices of dimensionality 2 x 2 or
3 x 3. Secondly the series expansion in k of several matrix elements which “mix” nearby modes of
different representations begins with the first power of k. Therefore, in a significant part of the
Brillouin zone these matrix elements cannot be taken into account by perturbation theory and one
is obliged to make exact canonical transformations to eliminate them. Only in this representation
can one use the standard perturbation theory. We have carried out this program and found the
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frequencies of the twenty spin-wave branches for the symmetric directions & || [100] and & || [111].
Then for arbitrary directions of k we study qualitatively the frequencies of the degenerate spin wave
branches, which have activation energies of no more than 300—-400 K.

In the last subsection of section 1.8, we calculate the temperature dependence of the magnetiz-
ation and specific heat of YIG in the approximation of noninteracting spin waves. The results are in
good agreement with experimental data [7, 8].

The second chapter of the review deals with magnon interactions and relaxation in YIG. Those
are the fundamental characteristics describing the response of any system to an external ac field.
Almost all experiments aimed at magnon excitation have been carried out in the microwave
frequency range where only magnons with energies 0.1-5 K can be excited. Nevertheless, all
magnons with energy lower or of order of the temperature are involved in the processes of low
energy magnon relaxation. Magnon interactions can be described by higher order terms of the
Hamiltonian expansion in the series of magnon amplitudes. The theory of magnon interaction and
relaxation based on the random phase approximation is presented in the section 2.1. The kinetic
equation for magnons and the equation for their energy dependence on the occupation numbers is
obtained. In section 2.2 we consider some experimental results concerned with magnon relaxation
in the microwave range. Originally these data were interpreted using the theory for magnon
relaxation in ferromagnets having a quadratic dispersion relation. It has been pointed out that the
wave-vector dependent part of the ferromagnon damping I'(k) = y, (k) — y,(0) is due mainly to the
three-magnon dipole—dipole and four-magnon exchange interactions with other ferromagnons [9].
It should be noted that the ferromagnon spectrum is quadratic only up to energies of 40 K after this
the spectrum w, (k) becomes almost linear. Consequently, for 7 > 40 K the theory of the ferro-
magnon relaxation in YIG should differ substantially from the corresponding theory for ferro-
magnets. Furthermore, at 722 260 K other types of magnons are excited, and the scattering by these
magnons must also be taken into account.

The present study deals with the interactions of magnons in YIG in thermodynamic equilibrium
at temperatures up to 300 K. We consider the exchange and magnetic-dipole terms in the YIG
Hamiltonian and also a term due to the local uniaxial crystallographic anisotropy, find the
corresponding amplitudes of the three- and four-magnon processes, and calculate the relaxation
rate and the correction to the magnon energy due to these interactions.

In section 2.3 we study the magnon exchange interaction. We evaluate the temperature correc-
tion to the ferromagnon frequency to the first order in the interaction. This correction is positive, in
contrast to the case of ferromagnets, and it is proportional to (7/T¢)*? at temperatures up to
150 K, in agreement with experiment. The exchange-relaxation rate of the magnons is found as
a function of the wave vector and temperature. In the region 7'<250 K this rate agrees with the
familiar expression for ferromagnets [10]. At higher temperatures, at which the main contribution
to the exchange damping is from the magnons of the linear part of the spectrum, the temperature
dependence of the damping becomes stronger.

In section 2.4 we study the magnetic dipole interaction of magnons. It is shown that this
interaction is substantial only for the ferromagnons, since the variable magnetization component,
which is due to optical modes, is practically absent. The amplitude of the three-magnon magnetic
dipole interaction is well approximated over the entire Brillouin zone by the familiar long-
wavelength asymptotic expression for the amplitude of this process in a ferromagnet. However, the
magnetic dipole relaxation of the long-wavelength ferromagnons in YIG differs substantially from
the corresponding relaxation in ferromagnets, since it is due to processes of coalescence with
ferromagnons near the boundary of the Brillouin zone. The conservation laws admit these
processes for k larger than a certain k, (see (2.90) below); at k = k, the processes of coalescence with
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the ferromagnons are turned on over the entire linear region of the spectrum, leading to a jump in
the wave-vector dependence of the relaxation rate at k = k,. In the region k < 3k, the relaxation
rate is nearly constant, and it is only for k > 3k, that the damping is linear in k, as it is in
a ferromagnet. In spite of the fact that the amplitude of the magnetic dipole interaction is
independent of the direction of the wave vectors with respect to the crystallographic axes, the
damping of the long-wavelength ferromagnons is anisotropic because of the nonspherical shape of
the Brillouin zone.

As we know, the contributions to the ferromagnon relaxation from the dipole—dipole and
exchange interactions go to zero as k — 0, but experiment reveals the presence of a nonzero
damping vy, (0) even in very pure samples [11]. This damping depends linearly on temperature in
the range 150-350 K, and so it is natural to assume that it is due to three-wave processes. Kasuya
and LeCraw, who first detected the damping 7,(0) in 1961, assumed that the relaxation of the
long-wavelength ferromagnons is due to their scattering by a phonon and a ferromagnon with
k ~ 4x10°cm™!, and the interaction is caused by modulation of the local uniaxial anisotropy
constant in the field of the phonon[11, 12]. From that time on the relaxation of ferromagnons with
k — 0 and other poorly understood properties of the damping of ferromagnons with k # 0 (e.g., its
anisotropy) were commonly attributed to “Kasuya-LeCraw processes”. However an accurate
analysis of this mechanism shows that the estimate of the damping y,(0) in ref. [10] is at least an
order of magnitude too large.

In section 2.5 we show that the main relaxation mechanism for long-wavelength ferromagnons is
their coalescence with “optical” magnons having a gap in their spectrum. The gaps of the nineteen
optical magnons in YIG exceed 200 K, whereas the frequency of the ferromagnons at & — 0 1is of the
order of 1 K. Therefore, the three-magnon processes involving low-wavelength ferromagnons are
allowed near points of intersection or tangency of the optical branches of the spectrum. We show
that these processes are due to the uniaxial crystallographic anisotropy of the Fe** ions and
calculate the corresponding contribution to the relaxation of ferromagnons with & — 0.

In section 2.6 we compare the contributions to the ferromagnon relaxation in the various
wave-vector and temperature regions and discuss the relationship of our results with experiment.

Section 3 presents the conclusion of our review.

1. Magnon spectra in YIG
1.1. Magnetic structure of YIG

1.1.1. Crystal structure of YIG :

In contrast to natural garnet (Ca;Al,Si;0,,), yttrium iron garnet cannot be found in the earth, it
can be grown in vitro only [13, 14]. The structure of YIG coincides with that of natural garnet. The
difference is that Ca is substituted by Y, and both Al and Si are substituted by Fe. The crystal
structure of garnet is shown in fig. 1. The lattice has bcc structure, therefore a unit cell takes up
a half of a cube with the lattice constant a = 12.4 A in YIG. The space group of garnet is O£°. Only
Fe ions have magnetic moment in YIG. There are eight octahedral sites (a) occupied by Al and
twelve tetrahedral sites (d) occupied by Si in natural garnet. Fe ions occupy both a and d sites in
YIG. The difference between these sites consists in different configurations of neighbouring O ions
which are responsible for formation of the superexchange interaction between magnetic ions. The
coordinates of the octahedral sites in units of the lattice constant are: (0,0,0), (0,4, %), 3,0,%),

1,4,0), (4,34, 3), and (4,4, %) in the first octant. The coordinates of the tetrahedral sites in this
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o7 ®2 oJ * 4

Fig. 1. Elementary cell of garnet. (1): (a) positions, (2): (¢) positions, (3): (d) positions, (4): O ions.

octant are (3, 0,3), (1, 3, 0), and (0, 4, 2). One can find some more detailed information about YIG
and related magnetic garnets in ref. [15].

1.1.2. Exchange interaction and spin Hamiltonian

In YIG the nearest magnetic neighbours are Fe ions in a and d sites. Each ion in a site has six
nearest neighbours in d sites and each ion in d site has four nearest neighbours in a sites. The
distance between nearest a and d sites is 3.46 A |;15]. Next nearest neighbours are Fe ions in
tetrahedral sites, the distance between them is 3.79 A [15]. There are four next nearest neighbours.
The distance between two nearest sites a is 5.37 A, there are eight neighbouring sites a for each
a site. The superexchange interaction decreases rapidly with the increase of the distance between
magnetic ions because electron configurations at Fe and O ions are well localized. An analysis of
various experimental data: inelastic neutron scattering, temperature dependence of magnetization,.
and magnon spectrum in the microwave range, carried out in the review showed that the a—d
exchange interaction is the strongest. The constant of d—d interaction is four times smaller, and the
constant of a—a interaction is one order smaller than that of a—d interaction. Interaction between
more distant magnetic moments is negligible.

As a result, the Heisenberg Hamiltonian H., is written in the form

8 8 2
H, = —22 <Jaa Z Si(Rin) Zsj(Rin + dij) + Jua Z ZO Si(Rin) Z S;(Rin + dy;)

i,j=1,j>i dij i=1 j=9 diy
20
+ Jua Z S;(R:,) Z S;(R;, + dij)) . (1.1)
i, j=9,j>i dij
Here n numbers the primitive cell, i and j number the sublattices (i = 1, ..., 8 number the a ions,
i=9, ...,20 number the d ions), S;(R;,) are the spin and coordinate of an ion of the ith sublattice in

the nth cell and d;; is the distance to the nearest neighbour in the jth sublattice. For the exchange
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integrals we take the values
Jua=—4004+02K, J,;=-134+02K, J,=-38+04K (1.2)

We shall discuss the question of refining the values of the exchange integrals for YIG later on in this
review.

The constants of exchange interaction are negative, therefore the magnetic moments of ions in
a and d positions are opposite in the low-temperature phase. The magnetization of YIG is due to
unequal numbers of ions in these positions.

1.2. Review of experimental results

1.2.1. Thermodynamical properties of YIG

Thermodynamical properties of YIG spin system were actively investigated from the moment of
YIG discovery until the mid sixties. The temperature dependences of the magnetization [16-19, 7],
specific heat [20-23] and average magnetic moments of Fe ion in a and d sites [24-27, 17, 18] were
measured. The problem was to find the values of exchange integrals J,,, J44 and J,, from these data
and to develop a consistent theory of YIG thermodynamical properties.

The temperature dependence of magnetization which is the most important thermodynamical
characteristic is shown in fig. 2 [7]. This dependence differs from that for a ferromagnet with the
same Curie temperature and spin per unit cell significantly. The first attempt to explain the
dependence for YIG was to take in account two sublattices, of spins in a and d sites, in the mean
field approximation [16, 7, 28]. The constants J,4, Jy; and J,, were found to fit the experimental

data [7].
Unfortunately, the values of the exchange integrals J,, = —2536K, Ju = —11.86K,
J.. = — 8.45 K obtained that way proved not quite reasonable. In particular, they showed that the

SPONTANEOUS MAGNETIZATION, o{emu/g)
3 & 8 B 8 g & &
NN, N - SN SN = N - N = M -

()
T

T=559°

500 600

200
TEMPERATURE (°K)

Fig. 2. Spontaneous magnetization of YIG [7]
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energy of exchange interaction decreases with the distance very gradually: the constants of d-d and
a—a interactions came 40% and 30% of the greatest a—d interaction constant. In addition, these
values of the exchange constants provided an unacceptably small value for the magnon stiffness,

Wex = — T%(SJad - 3Jdd - 8Jaa) s (13)

which was measured independently by microwave techniques [29, 30] and was obtained from the
specific heat investigations [20, 23, 21]. The reason for such discrepancies is that the mean field
theory is too rough to describe properties of real magnets in detail: it does not predict correct
values of the Curie temperature and the critical exponents and it provides an incorrect low-
temperature dependence of the magnetization because of neglecting magnons.

The studies of the specific heat of YIG at low temperature resulted in a reasonable agreement
with the data from microwave studies (table 1). The problem was in the separation of contributions
of diverse nature into the specific heat. It is relatively simple to separate magnon and phonon
specific heats at low temperature, because the former is proportional to 732 and the latter is
proportional to 73. However, at higher temperature the influence of optical magnons and phonons
is significant, and it is impossible to separate these contributions without knowing the spectra of
optical magnons and phonons. In particular, the temperature dependence of the specific heat
deviates from ~ T for temperature higher 10 K.

Another attempt to develop a suitable theory describing the thermodynamical properties of YIG
was made by Harris [32,2]. He studied magnon spectra of YIG in order to calculate the low-
temperature magnetization and specific heat. This way is absolutely consistent but the exchange
constants were not known at that time. Harris found that the quadratic approximation for the
ferromagnon spectrum,

Wy = Wex (ak)2 ] (14)
is satisfactory in a small part of the Brillouin zone (ak)<1 and obtained corrections to the

terms ~ T in the magnetization and specific heat dependences at low temperature. He also
calculated the magnon spectra numerically for several arbitrarily chosen sets of exchange integrals.

Table 1
Summary of magnon stiffness data for YIG [7].
D (ergcm)?
Magnetization Anderson, 1964 [7] 299 x 1073
Pauthenet, 1958 [16] 43
Aléonard, 1960 [19] 44
Wojtowicz, 1962 [31] 115
Specific heat Endmonds and Petersen, 1959 [20] 51
Harris and Meyer, 1961 [23] 63
Kunzler et al. 1960 [21] 83
Shinozaki, 1961 [22] 83
Microwave Turner, 1960 [29] 99
LeCraw and Walker, 1961 [30] 96

YD = w,a’
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Unfortunately, the magnon spectra are fairly sensitive to the values of exchange integrals and
therefore the calculated spectra would not help to explain the properties of YIG.

Since the mid sixties there was no significant progress in the studies of thermodynamical
properties of YIG because of the absence of a suitable theory which could provide a correct
interpretation of the variety of experimental data.

1.2.2. Magnon spectra: neutron scattering

Magnon spectra can also be obtained from inelastic neutron scattering data. It is probably the
most direct way to investigate the magnon spectra. The most detailed investigation of the inelastic
neutron scattering in YIG was carried out by Plant [4]. Three magnon branches were found for
various directions of the magnon quasimomentum. Some of these results are presented in fig. 3.
Unfortunately, even neutron scattering could not give the full picture of all twenty magnon
branches in YIG because the amplitude of inelastic neutron scattering by optical magnons in YIG
is fairly small compared to that for ferromagnon (“acoustic” magnon) scattering. Nevertheless, the
data presented in ref. [4] provide an opportunity to obtain the values of the exchange constants
Jad’ Jdda and J,m.

Formally, there are many possible sets of the values to fit the experimental data depending on
a hypothesis about types of the three magnon branches observed. But acceptance of some
additional information about reasonable values of the exchange integrals, in particular, (i) the value
of the magnon stiffness obtained from microwave and specific heat measurements agrees with
formula (1), (i1) the supposition that the three exchange constants are sufficient to describe all the
magnon spectra, and (iii) the condition of stability of the ground state, lead to a single set of the
exchange integrals.

The set of exchange integrals which we obtained from Plant’s data differs from that obtained
by Plant himself. The reason for this disagreement is that the set reported by Plant yields
an instability of the ground state and involves a significant exchange interaction between further
neighbours. The problem of a search for the set of exchange constants is discussed in section 1.4 in
more detail.
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1.3. Quadratic Hamiltonian

1.3.1. Ground state and canonical variables

In order to find the magnon spectrum in a magnet one has to know the spin dynamics and the
ground state. The dynamical properties of YIG spin system are described by the exchange
Hamiltonian (1.1). However, the spin dynamics caused by the exchange interaction is very
complicated in terms of the spin variables .S; because the dynamical equations

ds;/dt = i[H, S;] (1.5)

are fairly nonlinear. The usual way to avoid this problem is to express the spin operators S; in terms
of creation and annihilation Bose-like operators or in terms of canonical variables, in the classical
limit. These operators can be introduced either by the Holstein—Primakoff ansatz [33],

Si=So—ala;, SF—iSi=8; =./2S0al /1 —a}a;/2S,,

(1.6)
SI = (Sj—)T = . /2S00j1 /1 — a}aj/ZS()aj
or by the Dyson—Maleev ansatz [34, 35]
S;=S0—ala;, Sj =/280a}, S]=1/280[a,—(1/250)a}a;] (1.7

being in agreement with the algebra of spin operators. In both the cases the operators a, a' cannot
be treated as Bose-operators in the strict sense because of finite dimensionality of the spin states
space. In the low-temperature limit the occupation numbers {a}qa;) are small. This allows one (i) to
consider the Bose-like operators a} and g; in egs. (1.6) and (1. 7) as simple Bose operators with an
infinite number of states, and (ii) to neglect the nonlinear in a} , a; terms in the dynamic equations
(1.5). The influence of the nonlinear terms manifests itself in the magnon relaxation and the
temperature dependence of the magnon spectra. These magnon properties owing to magnon
interaction described by the nonlinear terms are discussed in chapter 2.

The criterion for the temperature allowing one to neglect the influence of magnon interaction on
the magnetization, magnon spectra, etc. in YIG is T<350 K. More precisely, there are some
differences in low-temperature criteria for various quantities, which are discussed in chapter 2. The
linear approximation in the dynamic equations (1.5) is equivalent to the quadratic approximation
in the Hamiltonian expressed in terms of the operators a}, a;. It should be noted that the operators
al,a; can be considered classical field amplitudes in the linear approximation. These classical
amplitudes obeying the canonical conditions, i.e. the Poisson brackets, are as follows [36]:

{a,-, aj} = 0 5 {a,-,a}"} = 5ij . (18)

These conditions substitute commutation conditions for the operators a! , a;. The operator nature
of the spin variables results in the ground state energy and zero temperature magnetization but not
in the magnon spectrum in this approximation.

It is worth mentioning here the problem of the ground state of ferrimagnets with mutually
opposite directed sublattices. In this case Néel-like vacuum {0>n being nullified by all the
annihilation operators:

4,105 =0 (L9)
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is not an eigenstate of the Heisenberg Hamiltonian. Anderson had shown in his early work [37]
devoted to the quantum Heisenberg antiferromagnet that the true ground state can be considered
as a magnon gas against the Néel-state background. The vacuum magnons slightly renormalize the
ground state energy, zero temperature magnetization, magnon spectra etc. These corrections can
be found easily when the magnon spectra and the transformation from the spin variables to the
magnon amplitudes are known. Here we estimate these corrections only. For a spin with anti-
ferromagnetic exchange interaction with its nearest neighbours, the mean longitudinal projection
of the spin differs from its maximum value S,. The difference AS can be estimated as follows [38],

AS/S,<1/SZ . (1.10)

Here Z is the number of nearest neighbours. For a spin in (a) site there are Z, = 6 nearest
neighbours, therefore

AS,/S0<S1/6S0 = 15 . (1.11)
For a spin in (d) site, Z, = 4, so
ASy/So<1/4S0 = 16 - (1.12)

Thus the sublattice magnetizations at zero temperature deviate a little from their quassiclassical
values (which are 8S, for (a) sublattice and 125, for (d) sublattice). Nevertheless, the temperature
dependent part of the magnetization is proportional to the number of thermal magnons. This part
of magnetization is very insensitive to the vacuum magnons, because the vacuum magnons
manifest themselves only in a week renormalization of the thermal magnon spectra owing to
magnon—magnon interactions.

If the mean-field corrections are unimportant it is more convenient to use the Hol-
stein-Primakoff variables (1.6) because of their “hermiticity”. (This property is useful for derivation
of the kinetic equation.) As for the first-order perturbation theory effects considered here, the
expansion of egs. (1.6) and (1.7) coincide in this order.

1.3.2. Quadratic Hamiltonian and diagonalization procedure
The Heisenberg Hamiltonian of the spin system in YIG is discussed in section 1.1. It can be
written as

8 8 20
H=— 22 (Jaa Z S:(R:in) zsj(Rin +di;) + Jag z Z S (Rin) Zsj(Rin + d;j)
n i=1,j>i dij i=1j=9 dij
20
+Ju Y, Si(Ri) Zsj(Rin + dij)> . (1.13)
i=9,j>i dij
Here n is the number of the primitive cell, i and j are the numbers of the sublattices:i = 1, ..., 8 for
aions,i =29, ...,20 for d ions, S;(R;,) are the spin and coordinate of the ith sublattice in the nth

cell, and d;; is the distance between nearest neighbours of the ith and jth sublattices.
In order to obtain the magnon properties we substitute the spin operator S; by functions of
creation and annijhilation operators according to the Holstein—Primakoff transform (1.6). To
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determine the spectrum and eigenvectors of the oscillations, we consider the quadratic part of the
Hamiltonian H'® and transform into k space by the formula

aj(k)=\/LNZa,~n exp(—ik-R;,), (1.14)

where N is the number of cells in the crystal. Then

H(Z) =ZHk H
k

Z {Fij(k)af (k)a;(k) + [G;;j(k)a¥ (k)a¥(—k)+ cc]}

8 20
2. Ay(kyat(k)a;(k) + Y. Dij(k)af (k)a;k)

Lj=1 i,j=9

20

+ i Y. [Bi(k)a} (k)af(—k) +cc], (1.15)
i=1j=9

Aij = Adij + 280 Jaayij(k) s A =2850(6Jua — 8Ja), Dij = Db;; + 2S0Juayij (k) ,

D= 8SO(Jad - Jdd) ) Bij = 2SOJadyij(k) ’ YU k) Zexp(l ) ) (116)

dij
Aij = Aij H Dji = Dij :

A similar form of the matrices A, B, and C is given in the paper by Harris [32], from which we have
adopted the notation in eq. (1.15). The appearance of blocks of zeros in the matrices F;; and G; is
a consequence of the collinearity of the sublattices and the high symmetry of the exchange

interaction.
It is well known that a quadratic Hamiltonian in its general form,

N
H, =) {P(k)a](k)a;(k) + 3[Qi;(k)a] (k)a] (k) + ccl}, (1.17)
LJ
can be diagonalized by the linear transformation
N

j=1

Here the matrices U and V obey the canonical conditions

Uut—vvt=1, UV'—VU'=0. (1.19)
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These conditions are the conditions for new operators b;(k), b} (k) to be Bose operators. Conse-
quently, a (2N x 2N) matrix A,

P . 0

A= , (1.20)

_QT : PT

can be transformed into a diagonal matrix by the linear transformation

Q : 0
YAY '=| ... . .. |, (1.21)
0 : -Q
where
U : V Ut : -t
Y= -+ - |, Y= , (1.22)
|4 : U A Ut

and @ is the diagonal matrix Q;; = w;d;;. The eigenvalues w;(k) are the very magnon spectra
sought. The matrices P and Q contain some zero blocks for YIG:

A 10 0 : B
P=|- o ), 0= - . (1.23)
0 : D Bt : 0

As a result, the problem of finding the eigenfunctions and eigenvectors of the spin-wave
oscillations reduces to the diagonalization of a 20 x 20 matrix,

A B
A =( _ gt D) (1.24)

where the matrices 4, B, and D represent the quadratic Hamiltonian H 2)(1.15). The diagonalizing
transformation matrix Y can be expressed in terms of a (8 x 8) matrix U,, a (12 x 12) matrix U,,
a (8 x 12) matrix ¥V, and a (12 x 8) matrix V5,

u,« vt -V

~
i
"?a
I

(1.25)
V. 1 U, -vi i U}

The first eight eigenvalues A here coincide with the eigenfrequencies, while the remaining twelve
differ in sign.
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The old variables a; are expressed in terms of the new variables b; by the matrix ¥~ !,

8 20 ‘
ak)= Y, u(k)bk) = Y. vu(k)bj(—k), i=1,....8,
= =2 (1.26)
al(—k)= — Z v;;(k)b;(k) + Z uP(k)bj(—k), i=9,....,20.
In the new variables the Hamiltonian takes the diagonal form
20
Hy= Y ;(k)b](k)b;(k) . (1.27)
ji=1

1.4. Magnon spectra and normal variables of the quadratic Hamiltonian — the results
of computer calculations

1.4.1. Results of computer calculations and the values of the exchange integrals

In order to make concrete computer calculations, one must assign numerical values to the
exchange integrals J,;, J,; and J,,. These values can be found from experimental data only. There
are a number of contradictory results concerning the exchange constants in YIG discussed in
section 1.2. Our point of view is that the most reliable values of the exchange integrals can be
obtained from analysis of inelastic neutron scattering data presented by Plant [4]. We used the set
of exchange integrals

Ju=—398K, Jy=-134K, J,=—-38K. (1.28)

A further analysis of the inelastic scattering data leading to this set of values is presented further in
section 1.8.

The magnon spectra evaluated by computer for & || [100] and [110] with the values of exchange
integrals (1.28) are given in fig. 4. The behaviour of the ferromagnetic mode w,; (k) at small values
of ak is, of course, described by formula (1) in the introduction.

An interesting question is, up to what values of ak does the dispersion relation remain quadratic
to an accuracy of, say, 10%? The answer can be obtained by analyzing the next term of the
expansion in (1). For the standard values of J (eq. (1.28)) the coefficient of the (ak)* term is 8.5 K,
and so the sought value is ak ~ 0.7. For such values of k, we find w,, = 25 K. At larger values of the
frequency wy, (k) the dispersion relation is not in any sense quadratic. It is of fundamental
importance that as ak increases the dispersion relation approaches a straight line,

wa (k) = — A + o,(ak) . (1.29)

The results of the computer calculations showed that the constants 4 and w, do not depend on the
direction of the wave vector k (i.e. the spectrum (1.29) is isotropic) and they depend mostly on the
exchange stiffness w,, but not on all the values of the exchange integrals, It was found that

A~ ~40K, w, ~2w,=380K. (1.30)
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Fig. 4. Magnon spectra for the symmetric directions k || [110], [100] and for the values of the exchange constants (1.28). T = 0K [5].

The spectrum wy, (k) is not linear and anisotropic only in the vicinity of the edge of the Brillouin
zone. This part of the spectrum is not universal, it depends on all the values of exchange integrals
Jad, Jua, and J,,. Nevertheless, the volume of that part of the Brillouin zone where the spectrum
deviates from the linear behavior (1.30) is negligibly small for most quantities.

1.4.2. Ferromagnon and antiferromagnon modes

In an overview of the spectra it strikes one that the antiferromagnetic w,; (k) branch runs almost
parallel to the ferromagnetic branch wy, (k) and they both are not noticeably perturbed in their
multiple crossing of other branches. In the language of perturbation theory this means that the
eigenvectors of the FM and AFM modes are practically unmixed with the other eigenvectors.
Neglecting such an intermixing, we can obtain simple analytical expressions for the frequencies
w,1 (k) and wy, (k) of the FM and AFM branches over the entire Brillouin zone. To do this we
assume that in (1.15) the oscillation amplitudes of all eight a and all twelve d spins are equal
(ay = -+ =ag,a9 = -+ = a,0) and obtain

. da, _da¥
1£=Alai+31a;*, —1—(%=B‘la,-+D1a}", i=1,..,8 j=9, ..,20. (1.31)

Hence, we obtain for wy, (k) and w,, (k) the expressions (6) given in the introduction. The notation
used for the coefficients is given in eq. (7).

Our assumptions about the equality of the amplitudes of the oscillations of the spins of the a and
d ions is equivalent to the replacement of the 20-sublattice ferrite by a two-sublattice model. Here,
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however, we have assumed that the phases of the oscillations of spins a and d are not the same over
the unit cell, but rather a(R;,) ~ exp(ik - R;,), in accordance with eq. (1.14). The presence of a phase
factor is a fundamental improvement over the naive two-sublattice model with identical phases of
the oscillations within a unit cell. The two-sublattice approximation proposed here, as we shall
show in section 1.8 gives quantitative description of the ferromagnetic and “antiferromagnetic”
magnons over almost the entire Brillouin zone.

The success permitted us to suppose that the intermixing of all the remaining modes at values of
ak that are not small is nevertheless in some sense small. To demonstrate this we determined in
a numerical experiment the projections of the 20 eigenvectors for k # 0 onto the eigenbasis for
k = 0 and found that the transition matrix between these bases is nearly block diagonal, with the
eigenvectors of the same representations intermixed in the blocks.

1.5. Quadratic Hamiltonian for spin waves in quasinormal variables

Making use of the experience of previous investigators in regard to the application of group
theory for analysis of the spectrum of homogeneous oscillations (k = 0) of the magnetic systems of
YIG [14,39,32], let us formulate an analytical theory for evaluating the frequencies w;(k) of all
twenty types of spin waves.

1.5.1. Irreducible basis

Any transformation from the YIG symmetry group, O, produces a permutation of 8 sub-
lattices of (a) type. This permutation can be described by an (8 x 8) permutation matrix which
consists of elements equal either to 1 or to 0. The set of these matrices generates an eight-
dimensional reducible representation of the point group O,,. This representation is constructed of
two one-dimensional irreducible representations: 7, (identical) and 73, and of two three-dimen-
sional irreducible representations: 7; and t4 [6]. The basis of the permutational representation can
be given in lines of an unitary matrix as

1 1 1 1 1 1 1 1
1 1 1 1 —1 —1 —1 —1

N TN TN S TN SR SR TN S TN YN

) 0 1 J y 0 1 a2 A
ve= B0 1 ] 52 0 1 A pE ’
VAR TN VNI VA IV IS VNI VVE B VN
0 1 A2 A 0 -1 —i? —A
0 1 A A2 0 —1 —4 —12
) = exp(2in/3) . (1.32)

Each of the irreducible representations is presented in eq. (1.32) only one time, therefore the
matrix U, produces a transformation of the block A of the Hamiltonian matrix to the diagonal
form at k = 0.
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In the same way, the set of permutations of twelve d sublattices generates a twelve-dimensional
reducible representation of the point group O,. This representation is constructed of two one-
dimensional irreducible representations: 7, and 4, two two-dimensional ones: t5 and 74, and two
three-dimensional ones: 73 and 7. The basis of the reducible 12-dimensional representation can be
written as

1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
1 A 1 P! 1 A2 1 yEE)
1 A A 1 A 22 1 Y3 A2 1 A A2
1 YRR | A2 1 A2 A 1 YR
Ud=—\71—E 1 A A2 1 A A2 1 A A2 1 A A2
1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
1 A =1 =2 =i 1 A2A =1 =2 -
1 A A2—-1 =2 A7 1 A -1 -1 =22
1 1 -1 -1 -1 -1 -1 -1 1 1 1
1 A =1 =2 -2 =1 =) =] 1 i
1 A i2—1 =i =i -1 -1 =i 1 A A2

(1.33)

The matrix U, makes the (12 x 12) block D of the Hamiltonian matrix diagonal.

Our goal in this section, which is of a preparatory nature, is to write the quadratic Hamiltonian
H, (for any k) in the irreducible (for k = 0) representation (i.€., after the transformation to the new
basis by formula (1.18)), in which

uf‘}) = Ugij » “f’,g) = Ugj, Uy = 0. (1.34)
The Hamiltonian is specified by the matrices 4'V(k), D'V(k), and B (k) with the aid of the
relations

AV(k) = U, A)U; ', DW(k)=U,Dk)U",
(1.35)

BW(k) = U,B(k)Us" .

In writing the results of the matrix multiplication, we shall assign double indices to the rows and
columns: A% ,,, D.}) .., and B ;. The first indices m and n give the irreducible representations,
and i and j give the number of the basis function within a single representation, if it is not
one-dimensional. Further, we shall separate out the diagonal terms in the matrices A’ and D'V

and reduce the remaining terms to dimensionless form,
A:r}j),nl = waém.néj.l + 20IJaa|amj,nl 9 Dir:j),nl = wdam,néj.l + 1Ol']ddldmj,nl ’ (l 36)
B(l) = _10\/6|Jad|bmj,nl, wa=30|Jadi_40|Jaa|, wd=20(|Jad|_|Jdd|)'

mj,nl —
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In this normalization the maximum values of the matrix elements a, b, and d which do not vanish
as k — 0 are equal to unity. The matrices we seek are expressed in terms. of combinations of
trigonometric functions. Some of these combinations, , 7,7, , p, and v were already defined by
formulas (2) and (3) in the introduction. The full list of the functions is

;5 = €0S 2g;COS8 g;€COSq; , Yiu = COS2g;sing;sing,, #;; = cos2q;cosq;, (137a)
.37a

Xij = Sin2g;sinqg;, v;j = cos2q;Cos2q;cos2q,, p;; = cos2q;sin2q;sin2q,,

Biji = sin2q;sing;sing,, J;3 =sin2q;cosq;cosq;, &j = cos2g;sing;cosgq,,
| (1.37b)
(i =sin2q;cosq;sing;, 0;; = cos2q;sing;, p;; = sin2g;cosq;.

Here, as before, the indices i, j, and [ take on the values x, y,and z,q = ak/8,and i # j # | # i. The
functions (1.37), like the functions (2), are combined into symmetric combinations f,,d4, ...
according to rule (3). In addition, a new type of symmetric combinations arises: &, Bi,74,etc,
which are the sums over the even and odd permutations of x, y, and z with weight factors of
1, 2 = exp(2in/3), and A% For example,

~

&i = ()“zaxyz + /Iazxy + ayzx)/3 » X = (izazyx + Aayxz + axzy)/3 ’ a= (&+ + &—)/2 .
(1.38)

The remaining definitions (£, 7+, etc.) differ only by replacement of the Greek letter.
To describe the Hamiltonian matrix in the irreducible basis we begin with the most awkward
matrix D. Its diagonal blocks with respect to the irreducible representation are of the form

1 3
diy = —d4g =2a(k), des= —dss= ( _oc&* aa ) )
(1.39)
-2y 7* 7
dgg = dgg = 7 Y —=25*% |,
7* -2y Y
dig=d¥ =2iB, dig=—dss=(%4), dis=—dis=i(f*F),
dss =i< I ) ’
(1.40)
—26 5* 5
dgo =1 5 ) —25*
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The blocks which intermix the three-dimensional representations with one- and two-dimen-
sional representations have the most complicated appearance. They can be written in the form

Ay =db, —do, m=1,4,56 n=89,

dliS = _d1i-9 =i(£ialzg’§9igi)’ dliS = _d1i9 =(Ci’f§’é~i)5 (141)
oy fEe ATler A% e (T A 2
dss = d69_1<§,§ s /lﬂs:r , deg= —dso = 5,; '151 /ﬁlCi

The matrix B, which describes the interaction of the a ions with the d ions, has the form

bia=bie=bio=bya=bys=bso=0, by =@.s+n2=1, (1.42)

~ o~

bis=(fs + - 7% +A%)2, big=—i3O, —0_,0, —0_,0% —6%).

The matrices b, can be obtained from b,,, by changing the signs in front of the terms _,%_,6_
and 0_. In precisely the same way, the matrices b7,,, and by, differ by the sign in front of the

combinations having a minus sign as subscript: y_, - ,0_ etc. We shall therefore give only the
blocks of bg,y,,

! X+ —x-) ( X+ —2-) X+ —X-)* )
boy =—=| (f+ —AD)* |, bos= (+ — A0 (e —A%52) |,
2\/5 G+ —A1-) 2f (X + —/12)( Yo (s — AxS)
; (e +p-) (Bs + R-) (A +a-)*
bog =37 (Ae +AE-)* (s +Aun)  (Fe +AE)
(e +A-) (B + A2E2)% (ue + A%p)

bos = b + b2, bog = b +bE . beg = b3 + bE ,

o 9, -0 @.-8-) @.-8 )
b‘91=2—\7§(j2(z5+—_0§~)=;), b2 = \/_<l;1(g:: g ;* jgfg:_ee_r;), (1.43)
o —— (/12(&++_—IL e ) AP ((ﬁfﬁf—ﬁ:) ((A“Zu_ —ﬂﬁ)*))

23\, - a0 NS

A +7-)* Ane +n-)  A@. + 1)

\ ( (e 4n) G i) ) )
2+ + fi-) /12(’7+ + 7 )* /12(’7+ +n-)

A+ + 1= (APxse +2x-)  (APF+ +7-)

1 ((X++X) G+ +2x-) T+ +7-)* )
(Af+ +2-)  (APIs +x-)* Gys +x-2)
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One should not be frightened by the cumbersome form of the matrix b,,. At k& = 0 it simplifies to
the utmost, with all of its blocks vanishing except b,; and b$J, which intermix identical representa-
tions. The diagonal elements of these blocks will be taken into account exactly. Next in importnce
are the blocks which are linear in k. These are bsg, bog, bog, b4, b, b, B, bSY, and b3, The
expansion of the matrix elements of the remaining blocks in a series in & begins at the second order
in k or higher. As a rule, it is sufficient to take them into account in the lowest order of perturbation
theory over the entire Brillouin zone.
The A matrix, of dimension 8 x 8, is constructed rather simply:

a11=‘—a33=2v(k),alm=0 fOI‘ m#l,a:im:o for m;f;3,

(1.44)
-2p P p*
A77 = —dgg = o* p —2p
g 2% p

Here only a,, and a;; are large at small k. The expansion of the remaining coefficients begins with
terms of at least second order and, as a rule, can be taken into account by perturbation theory.

1.5.2. Quasinormal basis

We recall that in the “irreducible” basis of the Hamiltonian matrix, four pairs of off-diagonal
elements remained in the matrix B at k = 0. These were b;,(0) = I and by; o; = —J;, /\/3. These
elements can easily be eliminated with the aid of four independent u—v transformations, each of
which involves only a single palr\ of eigenvectors. The coefficients of these transformations can be
written in the form .

up(k)=%(\/C,,+2|Bp] +\/C —2|B,|)(C2 — 4|B,|*)" 1+,

vp(k) = — (B,/2|B,]) (v/Cp + 2|B,| — \/C, — 2|B,|)(C} — 4|B,|*)~ !4, (1.45),
C,=A,+D,.

Here B, = B!} is a nonzero element of the matrix BY(p = 1, p = 9.1; 9.2; 9.3), 4, = A)(k), and
D,= D(,,l,}(k). In the new basis the Hamiltonian matrix is diagonal at k = 0 and is nearly diagonal
in a significant portion of the Brillouin zone. It is natural to call such a basis “quasinormal”. The
diagonal elements of the Hamiltonian matrix in this basis give the approximate expressions for the
spin-wave frequencies given in formulas (4)—(7) of the introduction.

1.6. Perturbation theory for nondegenerate modes

1.6.1. Ferromagnetic mode

The dispersion relation of the ferromagnetic mode in the “quasinormal” approximation is given
by the expressions (6), which were obtained in section 1.4.2 from simple considerations. This
expression gives a good approximation for the frequency w; (k) of the ferromagnons over the
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entire Brillouin zone. Expanding w3, as k — 0, we find

gy (k) = 0 (ak)* + [E® + F° fu(m)](ak)* ,

(1.46)
E°® = 3656 | Jaa| (=214 + 10344 /Jog + 410300 /J g — 50024 /J 21 — 800J 2, /T 2)) ,
FO =ﬁ)5%|‘]ad|(j§+']dd/‘]ad+L%_&Jaa/']ad)- (147)

The coefficient w,, agrees with the exact expression (1). The coefficient E, is 2% smaller than that
obtained by Harris [2] from consistent expansion of the ferromagnon frequency in series in the
wave vector powers. The ratio F°/E® ~ 1072 for the chosen exchange integrals, while Harris
obtained F = 0. The ferromagnon frequency expansion of the fourth order in power of k obtained
by Harris deviates from the exact frequency about 10% at ak = 1,i.e., at k = k, /5, where k,, is the
wave vector at the edge of the Brillouin zone. As for the approximate formula (6), the deviation is
< 1% at k ~ k,,/5, and it gives the frequency to within an error of 5% at the edge of the Brillouin
zone. Of course, in discussing the degree of accuracy we are comparing the approximate expres-
sions not with the true values of the spin-wave frequencies in YIG but with the values that can be
obtained by exactly solving the equations of motion (by computer, for instance). With the same
accuracy one can expand the trigonometric functions in (2) to order ¢* and obtain a “practical”
formula for the frequency from which the small terms have been dropped:

Wpe (k) = 5{Jag {[1 + 40(1 — K/2 — 2L)q* — (28 — 2fa(n))q*]"> —1 —2(K — 4L)q*},
(1.48)

q=ak/8a ”=k/k’ K=Jdd/Jad; L=Jaa/Jad’ f4(n)=3(n§n3+n£n3+ny2n§)-

In this formula one can readily see the linear part of the k dependence and the low degree of
crystallographic anisotropy that appear in the numerical calculation. We note that the linear part
of the spectrum is due to the circumstance that YIG is almost an antiferromagnet: For every three
d spins there are two a spins with the opposite equilibrium orientation.

In the second order of perturbation theory the correction to the frequency is

@ 0 |D,; 12 |BD, 12
Wiy (k) = wgy (k) — L - = .
“ “ m;l,j 0%ni(k) — 0% (k) 7.1 00, (k) + 02 (K)

(1.49)

Here the matrix elements D¢ . and B'®, are obtained after an u—v transformation (1.45) of the
1,mj nl, 1

original matrices (1.36). The first group of terms, proportional to |D|?, arises as a result of the
mixing in of the d modes; the second group, proportional to | B|?, from the mixing in of the 2 modes.
All of these terms are nonzero, but the main correction to the frequency wg, is from the matrix
elements proportional to k? at small k, namely D’s; (j = 1,2) and BY] , (! = 1,2, 3). Taking only
these modes into account, we obtain from (1.49).

S[Jaatts (k) — Jaav, (K)]?

2 = o® —
(Dfﬂ)(k) = wdl(k) wys(0) + wgl(k)

[1 - fa(m)1q*

IR0
27 9,7(0) + war (k)

Ja(m)g* . | | (1.50)
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The next largest matrix elements are D, g; (j = 1,2, 3), whose expansion begins with terms cubic
in k. Their contribution to w{} is proportional to (ak)® and falls off rapidly with decreasing k.
Furthermore, their contribution goes to zero for & || [111] or [100] and, hence, has an additional,
angular smallness. Estimates show that this contribution does not exceed 1%, and we shall not

even write it out.

1.6.2. Antiferromagnetic mode

The frequency w?, (k) of the antiferromagnetic mode in the quasinormal approximation is given
by the second of expressions (6). The accuracy of this formula is not worse that 1% at the edge of
the Brillouin zone. In the second order of perturbation theory

[ Jaatty (k) — Jaav, (k)]2

@y _ .0 _
w,1 (k) = gy (k) — 5 5i(0) + 0 (O

[1 —fa(m)1q* . (1.51)

1.6.3. Soft d modes

The soft d mode w,, has a minimal gap =260 K for the standard choice of exchange integrals
(1.28). The formula for the correction to the frequency of this mode is obtained from (1.49) by
replacing the index 1 with 4. The largest contribution to the correction is due to the interaction with
the w,, mode:

J:dqz

|B71.al® + 2|Byg.4? _
g, + wga(k)

W00 = wfulh) — — G T S = k) — 10

(1.52)

It is seen that the correction to the frequency amounts to 30% of the dispersion of the mode;
allowance for this correction reduces the disagreement between the analytical expression for
! and the numerical results to 10%.

We note that the w,,(k) branch crosses the ferromagnetic branch w,, (k) at ak ~ 2. The matrix
element | D'?, | for the interaction of these oscillations at such values of k is approximately equal to
3 K. The behavior of the functions w,, (k) and w4 (k) near the crossing is described by the usual
formula (see, for example, section 39 in ref. [40]). The splitting 2| D3| of the spectra is small, and
this effect may, as a rule, be neglected.

The last of the nondegenerate modes, w,3, has an energy of the order of 1000 K and is never
excited at temperatures 7 < T, = 560 K. We shall therefore not write out the correction to the
frequency of this mode.

1.7. Approximate calculation of the spectra

The procedure described in the previous section for approximate calculations of the spectra is
efficient if the off-diagonal matrix elements are small in comparison with the difference (or sum) of
the corresponding frequencies. For the majority of matrix elements this condition does in fact hold.
However, for frequencies which are close together or degenerate this condition can be violated, and
simple perturbation theory is inapplicable. Since the “large” matrix elements are not too great in
number, one can use an approximate procedure for diagonalizing the matrices by a sequence of
two-dimensional rotations.
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To do this we associate with each off-diagonal matrix element through formula (1.45) a coeffic-
ient v,, which characterizes the size of the elementary “rotation” that would cause this element to
vanish. We then do the “rotation” corresponding to the maximum |v,,| and again analyze the
resulting Hamiltonian matrix in the same way as before. Then we can again perform the next
“largest” rotation. After several rotations the Hamiltonian matrix is almost diagonal and then one
may use standard perturbation theory. Such a program of analytical calculations will be construc-
tive if the number of large rotations is not too large, so that the expressions obtained for the
frequencies are not too unwieldy.

1.7.1. Magnon spectra for k ||[100] and [111]

We have carried out this program for the symmetric wave-vector directions k ||[100] and [111].
Here we shall only describe the sequence of two-dimensional rotations, as the reader may find
detailed results for the evaluated spectra in our blueprint [41].

For the direction k| [111] the Hamiltonian matrix decomposes into two 4 x4 and two
6 x 6 blocks. One of the small blocks couples the oscillations of the ferromagnetic, anti-
ferromagnetic, and soft d(t;4) modes and also the a mode 7,,;, which is triply degenerate
at k = 0. This block becomes almost diagonal after a rotation that defines the ferro- and
antiferromagnetic oscillations in terms of the vectors z,, and 74; . The other small block couples the
vectors T,3, Tqg1, and 7,40, . With the aid of a rotation that intermixes 7,9, and 749, and a second
rotation that intermixes t,45; With the new a—d oscillation 1,4, , this block is reduced to an almost
diagonal form.

The 6 x 6 blocks are complex conjugate, so it is sufficient to consider one of them, say, that which
mixes the vectors T,72, Tao2, Tas1, Ta61»> Tasz, and Tao2. To diagonalize this block one must perform
four exact rotations. The first of these intermixes the vector of identical representations 7,9, and
T492 and gives a pair of a—d modes. The next rotation mixes the vectors 745, and 7,49,. Finally, the
last two rotations intermix the pairs of vectors 745; and 749, and 746, and 74g,.

After these transformations, all of the frequencies except wys, are given to within 10% over the
entire Brillouin zone. To evaluate wy¢, to the same accuracy one must obtain corrections using
perturbation theory. ' \

For the direction k|/[100] it is more convenient to use a different choice of bases for the
two-dimensional and three-dimensional representations.

t. 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
-1 -1 1 1 -1 -1 1 1

1 ~1 -1 1 -1 1 -1 1

=7l -1 1 1 -1 -1 1 1 -1 ’ (1:53)

-1 -1 1 1 1 1 -1 -1
-1 1 -1 1 1 -1 1 -1
-1t 1 -1 1 -1 -1 1

b
Il
=
=
o]
Ii
&
O]
I
w
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Ud=

1
NP

1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 i1 -t -1 -1 -1 -1 -1
A A —B A A —B A A —B A A —B
A —A 0 A —-A4 0 A —A 0 A —A 0
A A —B A A —-B —4 -4 B -4 -4 B
y A —A 0 A —-A4 0 -4 A 0 —4 A 0 (1.54)
0 C 0 0 -C 0 0 C 0 0 -C 0 '
0 0 C 0 0 -C 0 0 C 0 0 -C
C 0 0 -C 0 0 C 0 0 -C 0 0
0 C 0 0 -C 0 0 -C 0 0 C 0
0 0 C 0 0 -C 0 0 -C 0 0 C
C 0 0 -C 0 0 -C 0 0 C 0 0

After the transforming to the new basis the Hamiltonian matrix decomposes into four 3 x 3 and
two 4 x 4 blocks.

In the first of the 3 x 3 blocks, which couples vectors t,;, 741, and 745, it is sufficient to do
a rotation between the vectors t,, and t,, of the same representation. As a result, the FM and AFM
oscillations will be weakly coupled with 745,. In the second block, which mixes the vectors 7,3, 7453,
and t44,, it is necessary to rotate the vectors 7,5, and 7,5, . The third block couples the vectors 7,4,
Tao1, and 746,. The first rotation is done in the (7,9,, 7491 ) plane, and the second rotation in the
(tao1, Tas2) plane.

The last 3 x 3 block couples the vectors 1,7, Tsa, and 746;. Here it is sufficient to rotate the
vectors T,7; and Tue;.

The first 4 x 4 block couples the vectors 7,73, 7493, Tas2 and T493. In this block one should perform
a rotation in the plane (1,93, T493) Of the vectors of the same representation and a rotation of the
VECtors Ty93 and 7,5,. The second 4 x 4 block couples the vectors 7,72, Ta02, Tag2 and 749, and it is
complex conjugate to the first one.

1.7.2. Perturbation theory for highly degenerate a—d modes of the d type

Of particular interest are the three a—d branches of the d type with activation energy 290 K,
which lie next above the soft d mode w,,. These magnons contribute significantly to the thermo-
dynamics of YIG and to the kinetics of the spin waves of the ferromagnetic branch with k — 0.
Unfortunately, one is unable to calculate the spectrum of these three branches for an arbitrary
direction of k with reasonable accuracy and simplicity. The analytical formulas which arise are
even more unwieldy than in the case of the symmetric direction [111]. For quantitative treatment
we therefore consider only two particular cases. The first — for any value of k but with & || [100] or
[111] — was considered above. The second — for any direction of & but with ak <1 — we
shall consider now. Here we may drop terms higher than second order in k from the
expressions for the frequencies. Because of the degeneracy the eigenvectors and w;(k) will
not, of course, be analytic functions of k at k = 0. The 74 block of the Hamiltonian matrix in
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the quasinormal basis is

Tox Q.. ulu, + uv(o,, + 0,,) ulu, + uv(o,, + 0y;)
G =1, | u*u, + uv(o,, + oy,) Q. uwu, + uv(o,y + 0,.) | . (1.55)
To2 uzluy + uv(o-zx + sz) uz.ux + uv(azy + ayz) Qz,q
Tox T9y Toz

Here

Q.4 = 5Jull + 2K — /(5 —2K)* — 2 cos?q,(cos> g, + cos2g,)*],

(1.56)
pe = —10J44€082q, sing,sin g, , 0y, = (10/s/2)J.4 sin g, sin 2q, .
The parameters u and v are taken at k = 0.
Expansion of the matrix G in powers of g up to g? gives
G=Qs—q*Z(n), Qo =Q0=Qy=0,, n=gq/q, (1.57)
I,, is the (m x m) unit matrix. The matrix .Z(n) can be written as
n? + n? —n,n, —n.n,
g(”) = 613 + nF(n) - EQ(") ’ F(") = '—nxny ngc + nf _nzny s
— NN, '_nzny n,zc + nf
(1.58)
n2 + n? 0 0
Qn) = 0 n? + n? 0 ,
0 0 nZ +n}
where
{=20J0/R, n=[40J3 —Juu(30J, — Q)I/R, (1.59)

& =120J2 = Ju(30J,, — Qo)I/R, R=Jy+2Ju—220/10.

There is no small parameter in the expression for the matrix £ (n), therefore it is necessary to
transform this matrix to the diagonal form using the exact transformation 7', (n).

0 (n2 + n2)/D

. n,
T,(m)={n, -—n,/D —nn,/D , D=./nt+n? (1.60)
n, n,/D  —n.n,/D

transforms the matrix F into the diagonal form

0 00
Ti'(m)F(m)Ty(n)={0 1 O . (1.61)
0 01
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The same transformation of the matrix Q(n) gives:

Or(n) = Ty {(m)Q(n) Ty (n)

1 —n* nyn,(n2 — n2)/D n.(n* — n2)/D
=|nm,(n —n2)/D 1 —Q2nZn)/D* n.nn,(n?—n)/D |, (1.62)
n.n* —n2)/D  n.nyn,(n? — nt)/D n* + 2n}n}D?

Here n* = n} + n} + n?. The off-diagonal elements of the matrix QT(n) have an angular smallness,
therefore only elements (O1),.5 should be taken into account. An appropriate two-dimensional
rotation gives

Or(m) = TfléT(")Tz

% faln) 0 0
= 0 1+ 3[/fi(n) — fe(m) —fa(n)] 0 . (1.63)
0 0 1 —3G/fi—fo +1a)

Here f,(n) and fs(n) are normalized cubic invariant functions,

fa(n) =3(mZn2 + n2n? +nin?), fo(n)=27ninin?. (1.64)
Thus the orthogonal transformation

T(n) =T (n)T>(n) (1.65)
together with neglecting angular small element results in the diagonal form of the matrix £ (n),

Zr(n) =T (n) L (n)T(n)

{—%&falm) 0 0
= o 2 +3E(fa= VI3 =10 0 . (16)
0 0 2+ 3¢S+ VTE—So)

The next step in the calculations is to take small perturbations, which mix the representation z,
with representations tg and 7, into account. The diagonal matrix  with diagonal elements
Wyo(x,y,z) Can be written as

Q=13Q0—q*R(n), (1.67)

where

R(n) = #+(n) + Rg(n) + Re(n) . (1.68)
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Here the matrices R,,(n) are due to the influence of representations t,, involved in the Hamiltonian
matrix. Some transformations result in the following matrices R, (n):

3fa 0 0

Rg(n) = —rg 0 1 - %(ﬁt - \/fi —fe) 0 »
0 0 fat+ fi—fe

2(1 —fy) 0 0

Rg(n) = —rs 0 Ja— \/fﬁ —fe 0 >
0 0 fo+VSfi—Ts

(1.69)

where

re = 100(uJa — /20J0a)? [10Js4 — 20,4 — 0ao(0)] 7,
rg = 200(vJ,y — \/Eu']dd)z [20(Jag — Jaa) — 030 ()17, (1.70)
(u> JF +1 5 2K
= , F= =—— .
v J2 J(5 —2K)? -8

The final expressions for the frequencies wgo;(k) up to terms ~g? are

Waox = Wao(0) + ¢*[X — 2Zf,(n)] ,

a9y = wgo(0) + ¢*{Y + Z[ fa(n) —/ f3(n) —fs(m)]} , (1.71)
w45(0) = 5|Jaal[/(5 —2K)* =8 —1 —2K],
where

X=(—-2r, Y=2—rg, Z=(&+2rg—3r6)3, (=20J4R", 172

= {20de — Jaa[30J,4 — wdQ(O)]}R_l , R=w49(0)/5 — Jouy —2J4s .

A comparison with the numerical calculation shows that expressions (1.71) have an accuracy not
worse that 5% of the dispersion up to ak ~ 1.2. This is a small part of the Brillouin zone, but it is
important in ferromagnon relaxation. In conclusion of the section we point out that the trans-
formation (1.65) gives the eigenvectors of the Hamiltonian matrix (i.e. magnon modes) at k£ — 0.

1.8. Determination of the exchange integrals in YIG

The magnetic spectra in YIG have been studied in detail in sections 1.6 and 1.7. Now it is time to
obtain the values of the exchange integrals from a comparison of inelastic neutron scattering data
with the spectra. Plant [4] reported low-temperature neutron-diffraction measurements of the
frequencies w, (k) and w,; (k) of the ferromagnetic and antiferromagnetic modes, respectively, and
the frequency w,(k) of another optical magnon mode in YIG with an undetermined pattern of
oscillation (see section 1.2.2). From the antiferromagnetic gap w,;(0) = 10J,,;, Plant found
J.a = —39.8 K. From a comparison of formula (1.45) for the ferromagnon spectrum wy; (k) with
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the experimental data in the directions & ||[110] and [100], with k varying from O to the Brillouin
zone boundary, we obtained the value of the combination of exchange integrals in eq. (1.3) as
W = 40.0 + 1.0 K and found J,, = —4 + 1 K. Using this set of J values to calculate the gaps of all
the optical modes, we became convinced that the role of w, (k) could be played by only one of the
triad of zone-center-degenerate modes wyg;, j = 1, 1, 3. By comparing wyg;(0) = 20(J44 — J,4) With
the experimental value w,(0) = 530 K, we find J;; = — 134 + 0.2 K, and then we get the refined
value J,, = — 3.8 + 0.2 K. Finally, we put

Ju=—398K, Jy=—134K, J,=—38K. (1.73)

Fortunately, all other choices of optical branches as observed in the inelastic neutron scattering
experiment [4] either provide a poor agreement with the experimental results for ferromagnetic
and antiferromagnetic branches in the whole Brillouin zone or give a negative magnon energy for
one of the other optical branches. The latter would mean an instability of the YIG magnetic
structure. The set of the exchange integral values (1.73) differs from that obtained by Plant himself
[4] from the same experimental data. The reason for such contradiction is that he considered the
only optical branch, except the antiferromagnetic one, found in the experimental research as one of
the two wye (k) branches. This resulted in a poor agreement of the energies of the ferromagnetic and
antiferromagnetic branches calculated with that set of three exchange constants, and therefore
Plant was forced to take the exchange interaction with further neighbours into account.

1.9. Temperature dependence of the magnetization and the exchange integrals

With the spectrum of the spin waves and the corresponding eigenvectors, one can determine all
the thermodynamic properties of the magnetic subsystem of YIG for temperatures not too close
to the Curie temperature, i.e., when the interaction between magnons is small. The temperature
dependence of the magnetization is the property which has been the most thoroughly studied in
experiment [7,8], so that a “first-principles” calculation (in the theory of magnetism) of this
characteristic is of greater interest.

The magnetization of M is proportional to the average values of the density of the z component
S; of the spin,

M = 2u{S;> , (1.74)

where uy is the Bohr magneton and

20 8
Si>= L ( > (So—<ahand) = ¥ (So— <a}najn>)> : (1.75)
Nuvo 7'\ /o i=1

Here v, is the volume of the primitive cell, n is the number of the cell, and N is the number of such
cells in the crystal. After the Fourier transformations (1.14) we have

8 20
<&>=i[mm—;(;<@%o~g;<@%o>]. (176)

One is readily convinced that the canonical transformations (1.18) leave invariant the form of

8 20
Y ahap— ) alay . (1.77)
ji=1 i=9
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Therefore

1 20 8
Asz=<sz>0'—<sz>=;z< njk_ z njk> ) (178)
j=9

k j=1

where {8, >¢ is the value of {(S,) at T =0, and
ny = <{bliby > = {exp[w;(k)/T] —1}7". (1.79)

At low temperatures, only the magnons of the lowest, “ferromagnetic” branch are excited. At
very low temperatures T < 25 K the dispersion relation for these magnons is quadratic, and
obviously, AS, oc T3/2:

AS, = 0.029(T/w.,)>'? . (1.80)

For temperatures in the region 25 K <T<20(| Jual —2|Jul) = 250 K only magnons of the lowest
branch are excited, but most of them are concentrated in the linear region of the dispersion relation,
wyx = w,(ak),and so AS, oc T3, in analogy with the temperature dependence of the number of phonons,

AS. = [{3)20°(T/w,)*, (1.81)

where w, ~ 2w,,, in accordance with (1.48).

To determine the temperature dependence of AS, at higher temperatures we used a computer.
Starting from the approximate analytical expressions for the frequencies as obtained in the
previous sections, the computer performed calculations for any specified set of exchange integrals
Jada Jdda and Jaa'

The results of the computations for the set of exchange integrals (1.73) are presented in fig. 5. The
calculated function M(T) is extremely sensitive to the values of the exchange integrals and it had
little in common with the experimental curve even for the values of the exchange integrals which
differ by 1-3 K from the values in egs. (1.73). The reason for such strong dependence is that the
magnetization depends on the optical magnon frequencies which are proportional to a large factor,
e.g. (20|J.4| —40|J4]) for the lowest optical branch.

)
M(0)

1
T=560 T,=740 1000 T.X

Fig. 5. Temperature of the magnetization for the values of the exchange integrals given in (1.73). The dashed curve shows the
experimental results.
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It should be pointed out that the magnetization calculated with the values (1.73) found for the
exchange integrals (see fig. 5) agrees with the experimentally measured value to within 2% at
T =400 K, but gives a Curie temperature 7 = 740 K that differs from the actual value by 30%.
This evidently means that the spin-wave approximation is valid for YIG in the temperature region
0<T<3Tc.

2. Magnon interaction and relaxation in YIG

The YIG magnon spectra have been studied in detail in the previous chapter. The magnon
spectra have been obtained from a Hamiltonian that is quadratic in the creation and annihilation
operators, i.e., from linear dynamical equations for the operators. Magnons are considered as
noninteracting quasiparticles which propagate independently in this approximation. Here, in
chapter 2, we are dealing with problems arising from magnon interaction, i.e., with their scattering
and relaxation. Magnon-magnon interactions of diverse nature in magnetic insulators and the
kinetic equation for magnons are discussed in section 2.1. The magnon relaxation rates in a simple
cubic ferromagnet resulting from these interactions are presented in this section as well. The unique
role of YIG in the physics of magnetic systems is due predominantly to its microwave properties.
The ferromagnon relaxation in YIG in the microwave frequency range has been investigated
extensively in numerous experimental studies (see, e.g. refs. [9-11, 42]). The results of these studies
are discussed briefly in section 2.2. Section 2.3 is devoted to the ferromagnon scattering and
relaxation in YIG caused by the magnon—magnon exchange interaction. This interaction is the
strongest one for most of the magnons in the Brillouin zone. However, the amplitude of the
exchange magnon—-magnon interaction tends to zero for magnons with & — 0, because the ex-
change interaction is invariant with respect to any homogeneous rotation of all the spins. There is
a weaker, magnetic dipole interaction in YIG. It is a long-range interaction and therefore it is very
important for nonlinear processes involving long-wavelength magnons. The relaxation of the
ferromagnons caused by the magnetic dipole interaction is studied in section 2.4. The magnetic
dipole relaxation frequency in YIG differs essentially from that in a simple cubic ferromagnet. For
very long wavelengths, k <10°-10* cm ™!, the magnetic dipole relaxation is also very small because
the energy and momentum conservation conditions forbid relatively strong three-magnon mag-
netic dipole interaction in this wave number range. The ferromagnetic relaxation for such small k is
caused by scattering of ferromagnon on almost degenerate optical magnons owing to a weak
magnetic anisotropy. This relaxation mechanism is studied in section 2.5.

2.1. Magnon interaction and relaxation theory

2.1.1. Magnon-magnon interactions

There are two ways of classifying quasiparticle interactions: (i) according to the characteristic
energy of an interaction, and (ii) according to the number of quasiparticles involved in an interaction
process. We will see later that the relaxation frequency owing to a certain interaction process is, very
roughly, a product of the square characteristic energy and the probability of this process. The
probability depends on the number of quasiparticles involved in the process. Therefore, both the
characteristic energy and the number of interacting magnons are important for magnon relaxation.

There are three magnetic interactions of different nature which are responsible for magnon
relaxation in YIG. The strongest one is the exchange interaction discussed in section 1.1.2. Its
characteristic energy per spin is of order of 10* K in YIG. The second interaction is the magnetic
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dipole interaction with the Hamiltonian

2.1)

Ho=24 Y R¥(S:S;) — (R;S:)(Ry;S,)) '

5
i#j Rij

Here pp is Bohr magneton, R;; = R; — R; is the distance between spins in the sites i and j, i and
j number all the spins. The characteristic energy of the magnetic dipole interaction is of order of
1 K. The third interaction is the spin—orbit interaction which results in a relatively small magnetic
anisotropy. The energy of this interaction is about 0.3 K. The term in the Hamiltonian resulting
from the magnetic anisotropy is discussed in section 2.5.

In general, the Hamiltonian can be represented as a series in magnon operator powers,

H=H®% 4+ H® L H® 4+ .. , (2.2)

where H'? is the quadratic term, H® is the term of the third-order, etc. The Hamiltonian H®®
describes three-magnon processes,

1
H® = E j(l/qbi b2b3 + hc)5(k1 - k2 — k3)dk1 dk2 dk3

1
+z f(Uqb{ bibY + hc)d(k, + k, + ky)dk, dk, dk; . 2.3)

Here and below a shorthand notation is used:
b, = bjl-kl(t) , b= bjz,kz(t) s a=(ji,ki;j2,k25]3,k3), Vq = Vi = Vﬁﬁﬁ > (2.4)

where j denotes the number of the magnon branch and k is the wavevector of a magnon. The first
term in (2.3) describes the decay processes: 1 magnon — 2 magnons, and the reversal confluence
process: 2 magnons — 1 magnon. The second term describes mutual annihilation of three magnons
and their creation from the vacuum.

The Hamiltonian H'® describes processes involving four magnons,

1
H® = prb{b§b3b45(kl + ky — ky — ky)dk, dk, dk, dk,
+ J(pr{b2b3b4 +he)d(k, — ky — ky — k) dk, dk, dk, dk,

i
+ ZJ(R;‘,‘blbzb3b4 +he)d(k, + ky + ks + ky)dk, dk, dk, dk, ,

p="(j1,ki;j2. k2;j3, k3;ja, ka) . (2.5)

The expansion (2.2) is suitable when the magnon occupation numbers are small compared to S. It
takes place at low temperature, T < Tc. As a rule, the terms H® and H'® in (2.2) are sufficient to
describe the dynamical and kinetic properties of magnons in a wide temperature range from the
zero temperature to a vicinity of the Curie temperature where the critical behaviour of the magnet
takes place.

Formally, at low temperature the term H® is larger than H“ for the general kind of
magnon—magnon interaction because of the smallness of the magnon amplitudes. However, there
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are two reasons for the four-magnon interaction being comparable or even stronger than the three-
magnon one in many cases. The first reason is that there are only even terms in the magnon
amplitudes in the expansion of the exchange interaction Hamiltonian because of the symmetry of
the exchange interaction. So the strongest exchange interaction originates only from H® and H*
terms in the Hamiltonian expansion. The second reason is that the three-magnon processes can be
forbidden by the energy and momentum conservation conditions for some wave vectors. As for the
four-magnon interaction (2 magnons — 2 magnons), it cannot be forbidden, except in some very
special cases. Thus, in region of the Brillouin zone where the three-magnon processes are forbidden,
one has to take into account the four-magnon processes. It should be noted that the three-magnon
interaction yields some additional terms in the amplitude of the four-magnon interaction in the
second order of the perturbation theory [36,43].

2.1.2. Kinetic equation for magnons

A full description of properties of a system of interacting particles or quasiparticles is given by
the density matrix. However, if the interaction is small compared to the quasiparticle energies, the
influence of this interaction on the system’s evolution can be considered as a perturbation. The
phases of the quasiparticles are almost random and in this case all information about the system’s
evolution can be obtained from the one-particle distribution function. In this approximation the
many-particle distribution function is a product of one-particle functions. The evolution of the
one-particle distribution function, n, which is called the distribution function further on, is
described by the kinetic equation. This equation is obtained in the second order in the amplitude of
the quasiparticle interaction. It can be written as

omfot = I{n,} , (2.6)

where I{n,} is the collision term. The form of the collision term depends on the type of the
quasiparticle interaction. If only three- and four-magnon processes are significant, the collision
term is

I{N) = 19} + I9n,} . 2.7)

Here 1'¥{n,} and I’{n,} are collision terms due to the three- and four-magnon processes
respectively. It is convenient to divide the collision term into departure and arrival terms,

Ik{nk} = _2yknk + Jk{nk} . (2.8)

The departure term, —2y,n,, describes the number of magnons leaving the point of k-space per
unit time. The arrival term, J {n, }, is the number of magnons arriving at the point k of the k-space
because of magnon-magnon interaction per unit time. The quantities y, and J,{n,} can be
expressed in terms of the amplitudes of three- and four-magnon processes, V¥, and W,, the
occupation number n;,, and the magnon spectra wj,

Vo

Jj(’?) {nk} = (27'()2

Z [%l Vi{lzj2|2n1n25(wjk —w; —w,)0(k —ky —k; —g)

g, j1, d2

+ | Via P ny(ny + 1) (o, —wy —w,)0ky —k —k, —g)]1dk, dk, , (2.9)
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Y = 03 Y | IVES Py + ny + 1)S(op — 0y — 0;)0(k —k; —k; —g)
(2”) PRTI
+ 1 Vil (ny —ny) (@ —wj — )0k, —k —k, —g)]1dk, dk, , (2.10)

g
,(;”{ k)= O f| 1(1112132“| (ny + Dnynsd(wp + @y —w; —w3)ok +ky —k, — k3 —g)
g9

xdk, dk,dk; , (2.11)

v3 ,
'V;(l‘:t) = (27(;)6 Z jl Tijljozanl [ny(ny + ny +1) —nzns]é(wi +w; —w; —w;3)
)

x 3k +k, —ky —ky —g)dk, dk,dks , (2.12)
Tadmy =T} + T2} s v =i + vix - (2.13)

Here v, is the volume of a unit cell, g are reciprocal lattice vectors, &, k, k, and k5 are situated in
the first Brillouin zone, and j, j;, j» and j; number the magnon branches.

The magnon kinetic equation is derived in numerous books and review papers (see, e.g. refs.
[44-46, 10]), therefore we do not present a derivation of the magnon kinetic equation. It should be
pointed out that the magnon kinetic equation has a class of stationary solutions,

ny = [exp(Bwy) =117, (2.14)
with an arbitrary parameter f = 1/T. These solutions correspond to a thermodynamical equilib-
rium with temperature T. The quantity y; ' is the relaxation time of a magnon packet which is

narrow in the k-space with a small number of magnons, dny, against a wide equilibrium
background n%. The smallness of the number 8n, means that

(2”7")3 j;Sandk <(2—';°)ng Jn;’kdk. (2.15)

The number of the nonequilibrium magnons departing from the area in the k-space originally
occupied by the narrow packet is 2y, 6n;,. The number of nonequilibrium magnons arriving in this
area is much smaller because the nonequilibrium magnons are scattered over a wider area as
a result of their interaction with equilibrium magnons. Thus the kinetic equation for a narrow
nonequilibrium magnon packet takes the form

(©/0t + 2yu)dny =0 . (2.16)
The solution of this equation,

dn (1) = Ony(0) exp(—2yut) , 2.17)
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describes the exponential decay of the packet. It should be noted that eq. (2.16) is approximate; it is
correct as far as the packet can be considered narrow.

The magnon relaxation frequency, or decrement, y;, is a very important parameter which
characterizes evolution of nonequilibrium magnons. As a rule, magnon relaxation in magnetic
dielectrics is due to their interaction with thermal magnons.

2.1.3. Temperature dependence of the magnon spectra

There is another important quantity due to the magnon-magnon interaction, the temperature
dependent shift of the magnon frequencies. This shift has the same nature as the frequency shift in
a nonlinear pendulum: the eigenfrequencies in nonlinear systems depend upon the squared
amplitudes of the oscillations. In a system of interacting magnons this shift can be obtained in the
first order in the four-magnon interaction amplitude [44],

Aw/(k)=2Y T ni + = zTi’;;, ny(1—8;). (2.18)
q

Here n, is the occupation number of magnons with the quasimomentum ¢ in the Ith branch. The
main contribution into the magnon frequency shift is due to the exchange interaction. This results
in a very special behavior of the frequency shift for the ferromagnon spectrum: it tends to zero at
k — 0, because the magnon with k£ — 0 is simply a homogeneous spin rotation, and the exchange
interaction is invariant with respect to such a rotation. Thus, the shift of the ferromagnon frequency
is proportional to k2. This leads to a temperature dependence of the magnon stiffness w.,.

2.1.4. Magnon interactions and relaxation in a cubic ferromagnet

(1) There is only one magnetic lattice in a ferromagnet, and, consequently, there is only one
magnon branch in the magnon spectrum. The Hamiltonian of the ferromagnet consists of three
terms resulting from the most important interactions,

H=H,+H;+H,. (2.19)

H., is the Hamiltonian of the exchange interaction. It can be expanded up to the fourth order in
magnon amplitudes as

zﬁkakak +3 Z T,,, 34“ a a3a4A(k1 +ky — ks — k),

12,34
8k=gH0+S(JQ_Jk), (220)
Ti2,30a =5(Jhn, + b —ne + Jhgmiy, + Jay ke — Juo, =i, = Iy — i) »

where H, is the magnetic field and J, is the Fourier transform of the exchange integral,

1
Jo= 5 T Jumexplikry = ra)]. @21
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The Hamiltonian of the magnetic dipole interaction (2.1) expressed in terms of the magnon
amplitudes is

1
Hd"Z[lBk|akak+2(Bkaka « + B _ala', ]+2 Y (Vi23a}aza; + h.c)
12.3

1

+ = Z P1234ala;a3a4 y
2 373
, K .
By =z20m77 ki =k, +1ik,, wy=4ngM,
Viaa=3(V2+ V3), Vi=—(0m/+/29) k k., [k, (2.22)

Py23a = 5(Cy, i+ Ch, e, + Chy—k, + Ch,—x, — Dy, — Dy, — Dy, — Dy,) ,
Ci = (wu/S)kZ/k?, Co=wm/3S, Di=|Bil/S.

It is assumed that the z axis is parallel to the magnetic field. The last term in the Hamiltonian (2.19)
describes the magnetic anisotropy. In a cubic ferromagnet it takes the form

Y Sk + S + 5L (2.23)

H, =
* 45+ 4

Here w, is the energy of the anisotropic interaction, x’, y’ and z’ are the crystallographic axes of the
ferromagnet. The Hamiltonian H, can be expanded as

= ocZa) ala,+B Y (w,/8)alalasa Ak, +ky —ky — k). (2.24)

1,2,3,4

The coefficients « and f depend on the angles between the magnetic field and the crystallo-
graphic axes. In particular,

a=1, f=-9, fH|[100], a=-2/3, =6, if H|[111]. (2.25)
In order to find the magnon spectrum one has to perform the linear transformation (1.18) [33]

a = ugby + vbl , al =ufbl +0fb ., Jut—|vft=1, (2.26)
where

ue = [(Ax + 020,12, v = — (Bu/| Bl) [(Ax — 4)/200 1'%,

Ay = & + aw, + | By, wk=\/AI%_IBkIZa

(2.27)
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and B, is defined by eq. (2.22); w, is the spectrum of magnons in the ferromagnet. For the most
magnons in the Brillouin zone the coefficient v, is negligibly small because of the smallness of the
magnetic dipole interaction. Only for small k and a not very strong magnetic field the transforma-
tion (2.25) is essential and the magnon spectrum differs significantly from ¢,.

(2) As a rule, magnons with relatively small energies are excited in ferrites (w; < SJy). These
energies are smaller than all the energies of optical magnons. The magnon dynamics in this energy
range coincides with that of magnons in a ferromagnet with the same magnetization and the same
exchange frequency w,,. The reason for the coincidence is that only magnetization oscillates with
relatively low frequency; these oscillations can be considered in the continuous medium approx-
imation, when

Wy = Wg + C‘)ex(ak)2 s, Wo = gHO s a)exa2 = %az‘]/azklk=0 . (228)

This approximation is correct when w; < SJ, or, in other words, when ka < n. The amplitude of
the magnetic dipole interaction depends mostly on the macroscopic magnetization and therefore
the continuous medium approximation is a very reasonable approximation for magnon dynamics
in the microwave frequency range.

The interaction and relaxation of magnons with ak < n in a cubic ferromagnet has been studied
in detail (see, e.g. refs. [10,44—46]). We present the results of these studies briefly. The exchange
relaxation frequency in the cubic ferromagnet is [34,47]

T*w,(ak)?

k) = gty [In? (T/en) = 4 In(Tyeoy) = 03] 229)

This result is correct for k < k*, where

ak* = (T/w.,)"? f T<T*, ak*=(6n*)'? if T>T*, _
(2.30)

T* = (61%)2P ey ~ 15w,y .

In order to obtain eq. (2.29) it is necessary to calculate the integral (2.12) substituting the
long-wavelength limit expression

Ti2,36 = (e /2S)a*(ky -k + K3 ky) (2.31)

for the four-magnon amplitude. The region w, <7 where the equilibrium distribution (2.14) can be
considered in the classical limit

n,? = T/wy (2.32)

is essential for the integration.

The exchange relaxation damping (2.29) decreases when k& — 0 and at low temperature. In this
case the magnetic dipole relaxation should be taken into account. The magnetic dipole relaxation
frequency consists of two terms,

va(k) = ys(k) + y.(k) . (2.33)
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They are due to processes of splitting and confluence of magnons, correspondingly. The terms y,(k)
and 7. (k) depend on the amplitude of three-magnon interaction (2.22) and are fairly complicated.
Nevertheless, all important properties of the magnetic dipole relaxation can be found in a simple
approximation, when the amplitude of three-magnon interaction is considered constant,

V123 =V= wM/N/ZS 5 (234)

and the transformation (2.26) is neglected. The amplitude V is the mean square value of the exact
three-magnon amplitude averaged over the directions of all wave vectors. The splitting processes
are prohibited for small k by the energy and momentum conservation conditions. In our approx-
imation, the splitting processes can occur if w, < 3w,

. e V(e — o) (@ —3wo)> , 239

) -
( e X/ {wr= wo)twr— 3w,)

in this case [48]. The magnon confluence processes are allowed for almost all k, except very small
ones. The conservation conditions can be satisfied if (ak) < w; /(2nw,, ). The damping caused by the
confluence processes is [49]

2

Ve(K) In[(4wi — 30§)/(4wxn — 3wo)wo] - (2.36)

2nakw?,

The argument of the logarithm in (2.36) is close to unity if (ak)? < w,/w., . In this case the damping
(2.35) 1s

 Ve(k) = @/m)(V2T/wowey ) (ak) . (2.37)
The relaxation frequencies y.,(k), y.(k), ys(k), and their sum,

Tk = Vex(k) + ys(k) + 7.(k) , (2.38)

are shown in fig. 6. In the region of small wave vectors the magnon damping is due to the

confluence processes. At (ak)? < 2w, /w., there is some additional relaxation owing to the magnon
spitting processes. For

_ 4S8 In (i /o) 15
k = ( 1272 Wm k/Wo 1 ]
>k (1 " Tog I (Tjog) — Lin(jog) —03 ) a° (2.39)

the magnon relaxation is due mainly to the ferromagnon exchange interaction.
2.2. Experimental results
2.2.1. Magnon relaxation frequency

Numerous experimental studies of the spin wave and ferromagnetic resonance relaxation in YIG
were carried out in the sixties and seventies. We mention only few of them devoted to the magnon
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0 k

Fig. 6. Relaxation frequencies in ferromagnet; (1) exchange relaxation frequency, y., (k), (2) relaxation caused by the magnon confluence
processes, 7. (k). (3) relaxation owing to the magnon splitting processes, y,(k), (4) complete damping, y, = ye, (k) + y.(k) + y5(k).

relaxation in pure monocrystals of YIG in the microwave frequency range and aimed at the
investigation of physical mechanisms of the relaxation.

Probably, the first detailed research in this area was carried out by LeCraw and Spencer [12]
and Kasuya and LeCraw [11]. They measured the threshold of magnon parametric excitation by
parallel pumping in a wide temperature range (0—750 K). The threshold value of the pumping field
is proportional to the relaxation frequency of excited magnons [50, 51,43]. The parallel pumping
creates pairs of magnons with opposite wave vectors and frequencies equal to one half of the
pumping frequency w,,

W = w,/2 . (2.40)

The wave vectors of the parametrically excited magnons are perpendicular to the external magnetic
field H, in a wide range of the magnetic field. The parallel pumping frequency was
w, = 21 x 1.14 x 10'® s~ !; the variation of the magnetic field H,, provided the variation of the wave
number of the magnons from 5 x 10* to 2 x 10° cm ™. It was found that in this range the magnon
relaxation frequency 7, is linear in the wave number k (fig. 7),

W (T) = Io(T) + [ (T) , (2.41)
where I'y(T) is independent of k and I',(T') is proportional to k,
I(T)=Bk. (2.42)

The reason for the separation of the k-dependent and the k-independent parts in the relaxation
frequency is that in a pure ferromagnet the magnon damping resulting from magnon-magnon
interaction tends to zero at k — 0, except for very small relaxation due to four-magnon magnetic
dipole scattering. The results of the measurements of I'o(7) in two series of experiments for
w,/2n = 1.14x 10'° Hz [9] are shown in fig. 8. The low-temperature behaviour of I'o(T)
(T < 100K for w,/2n = 1.14 Hz and T < 180 K for w,/2n = 35.5 GHz) is due to impurities. The
high-temperature dependence of the relaxation frequency I'o(7) is presented in fig. 9.
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Fig. 7. Plot of 7, versus k [12]. Fig. 8. Temperature dependence of the relaxation frequency

Io(T) = guAH, ., for two pumping frequencies w,/2r =
11.4 GHz [12] and w,/2x = 35.5 GHz [9].
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Fig. 9. Temperature dependence of I'y at w,/2n = 5.7 GHz in pure YIG in the Curie temperature region [12].

As for the k-dependent part of the relaxation frequency, I',(T), the most detailed research of it
was carried out by Gurevich and Anisimov [9,52]. They measured the parametric excitation
threshold at higher frequency w,/2n = 3.55 x 10'° s~ %, which provided an opportunity to vary the
wave number in a wide range from 5 x 10* to 10 cm ™1,
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It was found that the k-dependent part of the relaxation frequency I',(T) can be represented as
a sum of two terms, linear and quadratic in T, I'{> and I''*’, correspondingly (fig. 10),

r(rn=r@+r®. (2.43)

It can be seen from the expressions for the relaxation frequencies (2.10) and (2.12) that the damping
due to three-magnon processes is linear in 7 and the damping due to four-magnon processes is
quadratic in 7. Therefore the terms I'y> were determined as the three- and four-magnon relaxation
frequencies. In fact, the expression for the exchange relaxation frequency in a ferromagnet (2.29) is
not exactly quadratic in temperature. Nevertheless, a detailed analysis of both the temperature and
the wavenumber dependences of the exchange damping allowed one to separate these contribu-
tions to the magnon relaxation [52].

The temperature dependence of the three-magnon relaxation frequency due to the magnetic
dipole interaction is also somewhat more complicated than the linear one because of the temper-
ature dependence of the magnetization,

'Y ~ TM(T)/M(0) . (2.44)

An analysis of the relaxation frequencies I'\>> and I'\* [52] showed that improved temperature
dependences (2.29) and (2.44) for the relaxation frequencies I'\"’ and I'®’ provide good agreement
between the experimental data for the k-dependent part of the damping and the theoretical
formulas (2.29), (2.35) and (2.36) for a ferromagnet. It should be noted that in ref [52] the
experimental temperature dependence of the magnon stiffness w., in YIG was taken into account.

There is another way of magnon excitation which provides an opportunity of measuring the
magnon relaxation time: the magnon kinetic instability [53]. The instability is caused by a highly
excited packet of magnons created by an external microwave field. These magnons of the first
generation decrease the relaxation frequency of magnons with small wave numbers because of the
magnon—magnon interaction. At a certain critical number of magnons of the first generation, the
relaxation frequency of the long-wavelength magnons becomes negative. This leads to a growth of
the magnon packet of the second generation. The instability of the magnons of the second
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Fig. 10. Contribution of the three- and four-magnon processes to the spin wave relaxation at two temperatures. (1) 2AH, = 2I'* /gu,
(2) AH, = 2I'Y /gu [9].
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generation is called kinetic instability. The most unstable magnons are those with the smallest
damping in the absence of a microwave field. The electromagnetic radiation of the second
generation magnons has been observed. It was found that the packet of the second generation
magnons is narrow and it is located at the bottom of the ferromagnon spectrum, i.e. the wave
vectors of these magnons are parallel to the magnetization, in contrast to the case of parallel
pumping. After switching off the microwave field causing the instability, the decay time of the
secondary magnon radiation was measured. It was found that the relaxation frequency of the
second generation magnons is I'y & 5 x 10° s~ !, their frequency is w; ~ 2z x 2 x 10° s~ !, and their
wave number is ko &~ 3 x 10° cm ™ !. This relaxation frequency is three times smaller than that
determined from the linear extrapolation (2.4.2) for the data in the wave number range
k > 5x10*cm ™!, This means that the linear extrapolation for the k-dependence of the magnon
damping is not correct for small wave numbers.

2.2.2. Temperature dependence of the magnon stiffness

The temperature dependence of the magnon stiffness w,, is also due to the magnon-magnon
interactions. The ferromagnon stiffness in YIG was measured by LeCraw and Walker [30]. They
found that, in contrast to the case of a simple cubic ferromagnet, the magnon stiffness in YIG
increases with the temperature in the low-temperature range 0 < 7 < 200 K (see fig. 11). At
T > 250 K the magnon stiffness decreases. The theory of the low-temperature magnon stiffness
dependence in YIG is considered further in section 2.3.2.

2.2.3. Summary of experimental results

There are three experimental results which cannot be explained in the framework of the simple
cubic ferromagnet model: (i) The k-independent magnon relaxation, which is roughly proportional
to the temperature [12, 9], (ii) the discrepancy between the relaxation frequency of magnons with
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Fig. 11. Temperature dependence of the exchange constant D in YIG. The pumping frequency is 11.38 GHz and the dc magnetic field is
along the [111] crystal axis. At T= 30K, D is 0.96 x 10" 2 ergcm? [30].
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very small wave numbers measured directly [53] and that obtained from the linear extrapolation
(2.42) [12,9], and (iii) the temperature dependence of the magnon stiffness [30].

As far as the k-dependent part of the relaxation frequency is concerned, an agreement between
the experiments and the theory was found. As for relatively small wave numbers of magnons
(5x10* <k < 5x10*cm™!), the agreement may be even improved using some interpolation
parameters in the formula for the three-magnon damping (2.35) [54]. However, this agreement is
based upon the assumption that the temperature dependence of the magnon stiffness substituted
into the formulas for the relaxation frequency is found not from the theory but from the
experimental data. This means that the theory for the k-dependent part of the magnon damping is
inconsistent, and the good agreement between the simple theoretical model and experimental
results is due to cancellation of the influences of various factors which appear in a consistent theory.

2.3. Exchange interaction of magnons

This section is devoted to the effect of the magnon-magnon exchange interaction on the
ferromagnon stiffness and relaxation in YIG.

2.3.1. Hamiltonian of exchange interaction

In order to study these effects one has to express the exchange Hamiltonian (1.1) in terms of the
magnon variables and expand the Hamiltonian up to the fourth order in the magnon amplitudes.
The first step on this way is to express the exchange interaction Hamiltonian in terms of the local
creation and annihilation operators a], a; according to the Holstein—Primakoff transformation
(1.6). The next step is to perform the Fourier transformation (1.14). As a result, the Hamiltonian

takes the form:
Heoo=HY + HY . (2.45)

The quadratic Hamiltonian H{2) has been discussed in detail in chapter 1. It consists of three terms,
each of them describing the spin interaction in pairs of sites (a)—(a), (d)—(d), and (a)—(d),

H? =Y H®
;k
8 20 8 20
H? = Y Ajk)ala,+ Y Dyk)aha,+ Y Y [Bjk)akal_, +hc]. (2.46)
i,j=1 i,j=9 i=1j=9

Detailed expressions for the matrices A, B, and D have been given in eq. (1.16) in the previous
chapter. The fourth-order term in the Hamiltonian (2.45), H', can be also expressed in terms of the
matrices A, B, and D,

HY=HY +HY + HY , (2.47)
9 20
H = —(4NS,) ! Z Z Z {Bij(k24)a!1a;‘Zai3aj4A(k1 +k, —ky—ky)

1,2,3,4i=1 j=9

+ [B,"j(k4)(a,71 AixA;304;4 + ajla;-'z 0;3034) + hC] A(kl — kz —_ k3 - k4)} B (248)
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H@P =@BNSo)™t Y Atky + ky — k3 — k)

1,2,3.4

X Z {Du(k13 11 ;2a3aj4+Dl}(k14)al1a12a13al4
i,j=9

+ Djj(kz3)al; a;zaj3aj4 + Djj(ka)a) a;: 384
Dij(k,)a},al,aizais — Dyj(kz)alalyai3a:4 — Dijlks)al alyai3a5,
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ki =k, — kg, ap=aik), op=1234. (2.49)

The term H, can be obtained from eq. (2.49) by substitution of the matrix D;; by A4;; and
summation over i and j from 1 to 8. The last step consists in the linear transformation (1.26) from
operators aj,, a, to the magnon variables b}, b;.. The quadratic Hamiltonian H is diagonal in
the magnon variables,

H? = Zw (k)b by . (2.50)

In chapter 1 we have proposed an efficient means of approximate diagonalization of the quadratic
Hamiltonian by converting to a quasinormal basis in which the diagonal elements of the Hamil-
tonian matrix are close to the eigenfrequencies of the magnons while the off-diagonal terms
are small (1.45). In this approximation, the eigenvector and the frequency of the ferromagnetic
mode are

\/——Z :k+\/—z al_v, wuw=3(/Ci—4|Bi* — A+ Dy), (2.51)

where

OO |

1 1
A,"k =A s T D,k =D y T/ B,k =B »
ZJ ]( ) k 12% j( ) k /—_—8122 j( ) k

(2.52)

NATERALAFERVATIREALN
2(Ci —4|B,1))'*

Ck = Ak -+ Dk N ( )
Uk
In the long-wavelength limit this leads to the well known formula (1)
W = wex(ak)z sy Wex = T5€(8Jaa + 3Jdd - SJad) .

The last transformation results in the form of the desired four-magnon interaction term in the
Hamiltonian

H® =% S S T b b, bisbme Ak + ks — ks — kg) | (2.53)

12,34 i< j,l<m
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We shall henceforth be concerned with the interactions of ferromagnons with one another and
with low-lying optical magnons. In the quasinormal approximation it follows from (2.52) that

11 o - - .
Ti33a=Tiz3a +5(T12.38a + Ta1.3a + T12,a3 + T21,43)

T12.30 =(C12,34/16NSo)(w; + 0; + 03 + W4 — W13 — W14 — W23 — W24) , (2.5

1
Ci2,34 = 6(Quyuyuzuy — 3v,0,0304) ,

7.:12,34 = —(313/24NSO)[2\/6U102'1304 — 2uguyuzuy (V13 /U13) — 301020304 (113 /013)]

Here S, is the spin of a Fe ion, w, = w(k), u; = u(k,), w3 =w,(k;3)=w,(k, —k3),
B3 = B(k, — k3), etc. In the limit of small k the expression for 713’34 goes over into the familiar
expression for the interaction of magnons in a ferromagnet in the continuum approximation. In the
long- wavelength limit Ty, 34 oc k%, while T, 2,34 o k* and can be neglected. At the zone boundary
T12 34 IS approximately one half Ty 34, and for purposes of estimation one can assume
T}i},}; = T15.34. The form of the expression for T, 34 is reminiscent of the familiar formula for
ferromagnets with spin § = 4S5, and dispersion law w, [34]. It should, however, be kept in mind
that Cy,_ 3, falls off from 1 (at k; — 0) to 0.5 (when all the k; lie on the zone boundary) and that the

form of w, for ferromagnons in YIG is considerably different from that of w, in ferromagnets.

2.3.2. Temperature dependence of the ferromagnon frequency
In the spin-wave approximation the temperature correction to the ferromagnon frequency is
given by eq. (2.18), which can be written as

Aw, = zAw : —ZZT“ M
(2.55)

. _ rij,ij
ZT“"?), J#1, TP =Tk

where n{’’ are the equilibrium occupation numbers for the magnons of branch j. For T<300K in
YIG only the ferromagnons (j = 1) are excited, and for determining Aw, (T) it is sufficient to take
into account only Ty,.. The expression for Aw,(T) even in this case will be awkward, and we shall
therefore discuss only the long-wavelength limit (k < k,, ano = 40 K) and allow for the fact that
w, for ferromagnons in YIG is practically independent of the direction of k. Then,

ks
J (T Snk'? dk . (2.56)

0

a3

A(Dk =2 Z Tkk Ny = 27‘[2

Here { T}, ) is the expression (2.54) for T, averaged over the angles of the wave vector kK’ and kg
is the average wave vector on the boundary of the Brillouin zone.

At low temperature (7 < 40 K) the k’ integration in (2.56) is taken over the long-wavelength
region (k' < kq,w,o = 40 K), in which the dispersion relation simplifies to the quadratic form in
eq. (1). Here the expression for { T} > also simplifies substantially,

(Ti> ~0.32)J,4|(a*k*k'2/NS) . (2.57)
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It is seen that even in the long-wavelength limit the matrix element { T} > differs not only in
magnitude but also in sign from the corresponding expression for a simple cubic ferromagnet with
a nearest-neighbor interaction

(Tw> = —0.04J(a*k?k’}/NS§) . (2.58)

In the continuum limit for ferromagnets, in which case w, oc k?, one has ( T} > = 0. This quantity
therefore depends on the specific type of crystal structure and functional form of J, . The
possibility of a positive { T, > in two-sublattice ferromagnets was pointed out in ref. [55]. It
should also be noted that in evaluating { T} > in YIG one cannot neglect in eq. (2.54) the terms T,
which contribute substantially to the terms of order k2k’? in the expansion.

Substituting the expression for ( T..) into the integral (2.56), we obtain the temperature
correction to the frequency: Aw, (T) = Aw,(T)(ak)?. The function Aw,, (T) is plotted in fig. 12. The
dashed curve shows this function as evaluated in the low-temperature limit with the aid of
egs. (2.56) and (1),

Aty J2oy = 0.44(T/10| g ~ LO(T/T.)>'? . (2.59)

Strictly speaking, this expression is valid only at temperatures in the range 7' < 10 K, at which
only long-wavelength magnons with the quadratic spectrum are excited. It is seen from fig. 12,
however, that the expression (2.59) can be used with 10% accuracy up to T = 150 K; this situation
is explained by the following circumstances: Firstly, in the higher-energy region ak’ > 1, where the
magnon dispersion law w,, becomes linear, there is a slowing of the growth of the matrix element
(T, Secondly, in this region one has w,. < ., (ak’)?, and so the occupation number n, is greater
than that on the quadratic spectrum for the same k'. As a result, the product { T, > describing the
temperature correction to the frequency turns out to be close to its long-wavelength limit at values
ak’ < 3. The temperature dependence of w.,(7T') obtained here agrees with experimental data, both
in sign and in magnitude of the effect, for temperatures up to 150-200 K.
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Fig. 12. Temperature dependence of the exchange frequency Aw,, = w,(T) —w(0) in YIG. The dashed curve is the low-temperature
expansion for Aw,, in a ferromagnet with a spin corresponding to the spin of the unit cell of YIG [56].
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2.3.3. Exchange relaxation of ferromagnons
The relaxation rate of magnons is given by the well known expression

ve=2m Y Y ITH%:[m (03 + % +1) — nhn3 16w + ] — 0 — o)
1.2.3,6 j,lom

x A(k + ky —ky — ks + b), (2.60)

where b are the reciprocal lattice vectors, k,, k,, and k5 run over the first Brillouin zone, A(k) = 0
for k # 0 and 4(0) = 1, and i, j, l, and m number the magnon branches.

The relaxation of the low-frequency ferromagnons w; <1 K, corresponding to ak <0.1, can
currently be studied in experiment, and for this reason it is of greatest interest to evaluate the
damping of these magnons. At moderate temperatures T < 200 K one can neglect the scattering by
optical magnons, which have an activation energy 2260K,ie,onecanseti=j=I=m=1in
eq. (2.60). In the long-wavelength limit one can neglect the contribution T, , 3 (which is quadratic
in ak) in expression (2.54) for the matrix element Ti!i}. It can also be seen that when the
conservation laws are taken into account, C,, , ; varies by less than 15% over the entire Brillouin

zone. As a result, we obtain for T;!1} the approximate expression

Tiisy = — (1/8NSo)(vy + v3) -k, (2.61)

where v, = Ow, /Ok is the group velocity. This expression is valid for arbitrary &, k,, and k5.
At temperatures which are not too high, the contribution of umklapp processes and the finiteness
of the Brillouin zone are not important, and the dispersion law w, is spherically symmetric. This
permits us to perform the integration over angles in eq. (2.60) and to reduce the five-dimensional
integral to a double integral. Changing to the dimensionless variable ¢ = ,/10]|J,,|, we obtain

32 (@bl

= gs grer FT/100ul 8). (2.62)

e2te3a<em

1 Qe + 1) =1 (2e5+1)2 —1 8¢, 65
F“’S)”J T en T T 2s +‘r)m3+1)]

e2tez>e

(2e; + 2¢3 + 1)(2e5 + 1)(2e5 + 1)
(Sez/t — l)(s"” _ 1)(1 _ e—(ez+63)/t)

de,des, &,=0.88. (2.63)

Here we have used an approximation for ¢, which follows from (2.51) with our choice of exchange
integrals,

& =[(/1+ Aq*)—1Y2, q=(ak)/8,
A =40(1 =J1/2J0s — 2ua/Ja) = 257K .

This approximation is valid to within 20% over the entire Brillouin zone. At temperatures below
40 K, where magnons are excited in the quadratic part of the spectrum, the damping y, coincides



130 V. Cherepanov et al., The saga of YIG

with the damping of magnons in a ferromagnet [34,47] with a dispersion law ey (ak)? and
a unit-cell spin S. In this case

F = 16(T/10|J,0|)? [In3(T/wy) — 32 In(T/ew, ) — 0.3] . (2.64)

However, by analyzing eq. (2.63), one is readily convinced that the angle-averaged square of the
matrix element - the expression in brackets — differs little from its long-wavelength asymptotic
behavior at energies all the way up to 200 K, i.e., & = 0.5. Therefore, eq. (2.64) can be used for the
damping of ferromagnons in YIG at temperatures up to 200 K (see fig. 13). For the temperature
range 200 < T < 350 K one can obtain from (2.63) another approximate expression which corres-
ponds to integration only over the linear part of the dispersion law,

F ~ 32(T/10| Ja))* . (2.65)

2.3.4. The contribution of umklapp processes to the exchange relaxation of long-wavelength
ferromagnons
The energy of the magnons which take part in these processes is approximately wg/2 ~ 150 K
(wg is the ferromagnon frequency at the boundary of the Brillouin zone). Therefore, starting at
around this temperature, umklapp processes can be important. Integration over the magnon
momenta and summation over the twelve reciprocal lattice vectors of the [110] type with
allowance for the conservation laws yields

1014/ T
(em.,/ZT _ 1)2(1 —e- w.,/T) 4

78 = 2.4 x 107 * w, (ak)? (2.66)

where wp is the ferromagnon frequency at the Brillouin zone boundary in the [110] direction. At
T = 300 K the umklapp contribution (2.66) amounts to y} = 8.5 x 10~ 3 w,(ak)?, which is consider-
ably smaller than the damping (2.65) in normal processes: y§ = 6.2 x 10~ % w, (ak)?. At temperatures
above 300 K one has 7" oc T2, while y" oc T4, and so the relation y} < y? remains valid. The
smallness of yi is due to the smallness of the phase volume in which umklapp processes are
allowed. '
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Fig. 13. Temperature dependence of the exchange relaxation rate of ferromagnons in YIG for k = 10° cm ™! [56].
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2.4. Magnetic dipole interaction and relaxation of ferromagnons
2.4.1. The amplitude of the three-magnon magnetic dipole interaction

If the phase velocities of excitation in a magnet are small compared to that of light, the magnetic
interaction can be taken into account through an effective Hamiltonian which has the form

Hy =2n) (Im-n? — 3im|?) = Y mim? (koky [k — 334p) . (2.67)
k k

Here m, is the Fourier component of the ac magnetic moment density m(r), n = k/k, and the
summation runs over the whole k-space. In order to reduce the summation to the first Brillouin
zone Q, eq. (2.67) can be rewritten as

Hy=2r ) Y miomi, [k + Bk + b)s/(k + b)* — 30,1, (2.68)

keQ b

where the vectors b run over the reciprocal lattice. In YIG, the Fourier components of the
magnetization are not invariant with respect to the reciprocal lattice vector shift,

my ., Fmy .
However, if A is a symmetry transformation of the crystal, then

My Ap =My p .

The YIG symmetry group G = O, is sufficiently rich to provide the equality {k,kz/k*> = 36,5.
The magnetic dipole interaction is significant in the long-wavelength limit only (k < b). The
Hamiltonian of the magnetic dipole—dipole interaction in this case can be written

2

, (2.69)

26
n- z Sk

i=1

2
Hmzznwz
Vo %

where n = k/k, s; is the deviation of the ith spin from equilibrium, g is a factor =~ 2, v, is the volume
of the primitive cell, and the Fourier transformation is defined in eq. (1.14). The term

T impel( %)

keQ n =1

has been omitted because it is taken into account by a redefinition of the Zeeman interaction (see
below) and by a negligible shift of the exchange integrals.

Using the Holstein—Primakoff (1.6) transformation and expanding H,, up to the third order in
the creation and annihilation operators a/, a;,

H,~H® + HY , (2.70)
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one can obtain the terms H'® and H'®. The quadratic Hamiltonian H'? is

20 8 20 8
ng = e fsno (St e Sa ) (FawrSars)
% 9 1

9 1

1 - i 1 20 8 ' 20 8 ;
+§ sin Bke‘f’*z Yax+Yal o )| Ya_x+Yah)+he |}, (2.71)
1

9 1 9
Wm = 16780 (gu)?*/v, . (2.72)

Here 6, and ¢, are the polar axial angles of the wave vector & in the coordinate system with the
z axis directed along the equilibrium magnetization. The magnetic dipole interaction is essential for
small k only. The oscillating part of the magnetization is

20 8
mI =/ 250 ( Z ay + Z a,tk> . (2.73)
i=9 i=1
For small k (ak < 1) it is proportional to the ferromagnon amplitude b,
1 20 8
b =§( Y oauw+ Y, a.-T_k> . (2.74)
i=9 i=1

Consequently, the quadratic term in the Hamiltonian of the magnetic dipole interaction coincides
with that for a ferromagnet in the long-wavelength limit [33],

H® — % Y [in 26, bl by. + L(sin? 6, e “5+b, b, _, + hc)] . (2.75)
k
The cubic term in (2.70), HY, takes the form:

3 1 Vk 20 R 3 20 : 8 ;
H, =5 > Zaik+zai—k Zaik,aikl_zai—kzai—kl
kikok S 1 9 1

v, /20 8 20 8
+ %(Zam, + Zai—kl><zaifl&aik1 _Za?—k;auk)]d(k +ky —ky) + h.c.} ’
5 1 5 5

Vk = - (a)m/\ / 2SO)Sin 26k ei“’* . (2-76)

Ifin eq. (2.76) all the wave vectors k, k;, and k, are small, the Hamiltonian H’ can be transformed,
taking advantage of the scalar product invariance against (u-v) transformations

20 8 12 30
Z aiTkafk - Z aiT—kai—k = Z biubik - Z bifkbik s (2.77)
i=9 i=1 i=1

i=13
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and equality (2.74), into the form:

o =1 Y {[Vb*(fb*b — § bl b )
m —2 kO1k &~ ik, Vik, l ik, Dik,

kik k i=13
12 20

+ Vi bl ( > bl b, — Y b,-",‘bih)] Ak +ky — k) + h.C.} . (2.78)
i=3 i=13

In particular, the term (2.78) results in the well known long-wave length limit [57,48] for the
ferromagnon interaction amplitude

I/kkl.kz = I/k + I/kl )

1
HY ==Y [V, s, bibib Ak, +k —ky) + he] . (2.79)

2 kk k,

The term HS;,, is suitable, within accuracy 10-15%, even if only one of the wave vectors is small
and the other two are arbitrary. Indeed if only ferromagnons are excited the amplitudes a; are

= e/ /T2)bs i=9,..,20, up=1/3,
a:_k=—(vk/\/§)bk i=1,..,8, Uozﬁ (2.80)

in the quasinormal approximation. Substituting (2.80) into (2.79), one obtains

g)fm =3 Z {[Vk(\/iuk \/Evk)(uk,ukz — Ux, Uk,)

2 ik,
+ Vi, (\/Euk \/Evk ) (s, — v, 0,) ]
x b} b,‘:lb,(ZA(k +k, —k,)+hc}. (2.81)

Ifk —» 0(ak < 1)and &, and k; are arbitrary, one can transform eq. (2.81) neglecting terms of higher
orders in k,

—_ 2 2 _
\/gu,,-—ﬁv,‘—l, uklukz—vklvhzukl——vkl—l,

(\/E“kl - \/Evkz)(ukukz _vkvkz) = (\/guk1 _ﬁvkl)z =[1—(uo —“k,)z —(Uk,)2]2 =f(ky).
(2.82)

The expansion of the function f(k,) in powers of k; begins with the term of the fourth order,
therefore the function f(k, ) is close to constant: f(0) = 1, f(k,a = 2.5) = 1.05 (in the middle of the
Brillouin zone), and f(ka = 4.9) = 1.3 (at the edge of the spherical Brillouin zone).
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The Zeeman Hamiltonian is

20 8
H; = —g.UBHZ Sin = g#BHz< Z aszaik - Z a;rkaik>
in k \i=1 i=1

12 20
= wHZ( Z b?kbik - z b;rkbik> s (2.83)
K \i=1

= i=13
where wy = guH, H is the internal magnetic field.
2.4.2. Magnetic dipole relaxation

The magnetic-dipole damping of ferromagnons, as we know, is due to decay and coalescence
processes,

W=y, + @, , k=k +k;, (2.84)
(,Uk+wklv= Wy, » k+k1 =k2 . ' (2.85)

For magnons with small k only the coalescence processes (2.85) are allowed by the conservation
laws. The damping contribution from these processes is given by the well known formula

Ve =T z | Vk1.2|2(n1 —ny)0(w + @y —wy)Ak + ky, —k3), (2.86)

ki ks

where the matrix element ¥}, , from eq. (2.79) has been substituted. In evaluating the integral in
(2.86) one can assume that the ferromagnon dispersion relation consists of a quadratic and a linear
part

Wy = Wy "wex(ak)2 , k<ko, wi=—-4+w/ak), k=>ko, (2.87)

where w, is the gap in the ferromagnon spectrum (usually w, < 1 K). The values of ko and 4 are
determined from the continuity conditions for w, and for the group velocity v, = Ow, /Ok,

koa = w, 2wex, A= w?/4we —wy . (2.88)

One finds that for w, = 2w., the values of w, evaluated with egs. (2.87) differ from the ferromagnon
dispersion relations (2.52) by no more than 10%. We shall therefore use

kea=1, d=w=40K, o =80K. (2.89)

For T < 40 K the main contribution of y,, comes from the integration over the quadratic part of
the spectrum and, consequently, the expression for y,; in YIG is the same as the familiar expression
for ferromagnets (see, e.g., eq. (2.34)). For T > 40 K the integration over the quadratic part of the
spectrum can be done using the Rayleigh-Jeans approximation n, = T/w,. The corresponding
contribution to the magnon damping is then

Ymi(k) = Y (k/k, ) (0 T/16nSw? ) (1 — k7 /k?) {(1 + % sin? 6, — 3 sin* 6,)
+ (k2 /k?)[cos? O, (1 + 4tsin? ;)

— 2(Kk? /k?)(cos20, (1 — 4sin®6,) + #sin* 0,)]}, k=k, . (2.90)
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On the linear part of the spectrum one must take the Planck distribution for n,. The corresponding
contribution to the damping is

Vs (k) = (k/ k) (0% T/167Sw? ) 1.5(wg ;) F(T)
x {sin? 20, — (1 — k2 /k2)[4(7 sin? 26, — sin* ;)
— (k2 /k?)(1 — $sin?26, — §sin*6,)1}, k>k, . (2.91)

The total three-magnon damping in coalescence processes is equal to the sum of (2.90) and (2.91). In
these formulas k,a = wy/w,, w, = wy, and F(T) is a dimensionless function of temperature given
by the integral

wy

1 + A2 el
PO =150, f(u(;‘“”—l)z don PO~ 1w Tovoo s =
4

The values of this function for wg = 350 K and 4 = 40 K are given in table 2. It can be seen from
(2.90) that y, is a linear function of temperature. It follows from (2.91), that the deviation of
¥ms from a linear temperature dependence is determined by the factor F(T), which is chosen such
that F —» 1 when the temperature exceeds the maximum ferromagnon energy wg = 350 K. The
factor F(T)is a slowly varying function of T': in particular, as T varies by a factor of three over the
actual range from 100 to 300K, F varies by only 30%. This means that the temperature
dependence of y,,, for T > 100 K can also be assumed to be approximately linear.

Such an assumption is more accurate than it would seem at first glance. In fact, for 7 > 100 K it
is generally necessary to take the temperature dependence of the magnetic dipole interaction
matrix element into account. This question has not been studied in detail, but it is most natural to
assert that the function ¥V, ,3(T) is obtained by replacing S by S(T), since the magnetic dipole
interaction matrix element of long-wavelength spin waves should depend on the average magnetic
moment gugS(T). This is taken into account in formula (2.91) for y,, by replacing F(T) by
F(T) = F(T)S(T)/5(0). As is shown in table 2, this function is even more slowly varying than F(T)
in the temperature range 100-300 K.

Let us now consider y,, and y,,, as functions of the magnitude and direction of the wave vector.
We notice first of all that for k < k, = (wy/w,)a”! the coalescence process of forbidden by the
conservation laws (2.85) because the ferromagnon group velocity is bounded by the value

Table 2
Temperature dependences of_ F (T_) (eq. (2.92)) and F(T)=
F(T)S(T)/S(0).

T (K} F(T) F(T) T(K) F(T) F(1)

50 0.38 0.38 300 0.90 0.66
100 0.66 0.64 350 0.92 0.59
150 0.79 0.74 400 0.92 0.50

200 0.85 0.74 450 093 0.49
250 0.88 0.71 TN
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Umax = aw,. Accordingly, Yms = yms =0 if k < k,. For wy = 2nx 17 GHz (hw, ~ 1 K) we have
k, ~ 10° cm~ . For k > k, the damping coefficients y,,; and y,,, are given by egs. (2.90) and (2.91).
At k =k,, yn, has the finite value

wnl ws 2
T61S0? ©, (T) sin* 20, . (2.93)

Ay (k) = Yy (k) =

The value of Ay, (k,) is maximum at 6, = n/4, and at 7 = 300K and wg = 350K it is equal to
7.2 x 10% s~ 1. The occurrence of this jump can be easily understood by analyzing the conservation
laws (2.85) with the spectrum (2.82). The coalescence processes (2.85) which are forbidden
for k < k,, become allowed at k = k, simultaneously with all the magnons belonging to the linear
part of the spectrum and having wave vectors k, || k. Since the distance kg from the center
to the boundary of the Brillouin zone depends on the direction of the wave vector, the size of
the jump Ay.(k,) will depend on the direction of k, with respect to the crystallographic axes.
If we neglect the weak dependence of F(T') on wg(kg), then Ay, (k,) will be proportional to the
zone-boundary magnon frequency wy in the direction of k (for a fixed angle 8, with respect to the
direction of the magnetization M). The crystallographic anisotropy of the jump is rather large:
A7m(<100>)/Ay,({110}) = L.5.

It must be said that this simple geometric picture for the occurrence and anisotropy of the jump
Ay, results from the idealization (2.87) of the ferromagnet dispersion relation. In actuality the
group velocity v, depends, though slightly, on & at k > kq: Av, /v, ~ 0.1. This leads to a smearing
of the jump Ay, (k,) over the interval Ak/k, ~ 0.1 and to some decrease in the crystallographic
anisotropy. .

As we see from egs. (2.90) and (2.91) for k > k, the damping 7, decreases as k™!, while
Yms increases linearly with k. Asymptotically for k > k,, eq. (2.90) describes the familiar function
Ym(k, 0;) (see eq. (2.34)). The damping 7, is a universal function of the dimensionless wave vector
x = k/k,, with the magnon frequency entering only in the expression for k,: ak, = wo/w,. In
the region k & k, the function 7y,,(x) is shown in fig. 14 for 6, = n/2 and 0, = n/4.

We note that for k < k, there is a nonzero contribution to the ferromagnon relaxation from
four-magnon scattering processes due to the magnetic dipole interaction,

Vam = (1/2-87) 02, T?/452 w3, . ‘ (2.94)

| |
! 2 J q J
x=k/k,

,_

Fig. 14. Wave-vector dependence of the magnetic dipole relaxation rate of ferromagnons in YIG for the two directions: (1) 6, = n/2 and
(2) 0, = n/4; x = kik,(k, = wo/w,a) [56].
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Here we have taken into account both the direct contribution to the four-magnon scattering
amplitude from the magnetic dipole interaction and the nonvanishing (at X — 0) exchange scatter-
ing which arises on account of the contribution of the magnetic dipole interaction to the magnon
dispersion relation. At room temperature we have y,m ~ 9 x 102571,

2.5. Ferromagnon relaxation at k — 0

The ferromagnon damping y; ., ¢ is due to the local uniaxial anisotropy of the Fe ions, which gives
rise to a coalescence of the ferromagnons with magnons of the optical branches of the spectrum,

Wo + wjk = wj'k ’ _],J ! = 2 . (2.95)

The symmetry of the nearest-neighbour environment of an ion is lower than cubic, and the
anisotropy energy of an ion contains a term quadratic in S,

H® = DS} + L A2(S% + S + 52). (2.96)

Here ¢ is the three-fold trigonal axis, the coefficient D for YIG is [58] of the order of 0.3 K, while
A'? %003 K. The term DS? is usually not taken into account, since its contribution to the
interaction after summation over equivalent a positions goes to zero for ferromagnons with & — 0,
which are homogeneous oscillations of the magnetic moment. For ferromagnons with k& # 0 the
contribution proportional to D is suppressed by a factor (ak)? and, as a rule, is small compared to
the contribution in 4’2, For the interaction involving optical magnons, however, there is no small
long-wavelength factor (ak)?, and the interaction DS? gives the main contribution to the amplitude
of the processes of interest (2.95).

In the case when the equilibrium magnetization M, is directed along the [001] axes, the cubic
term in the Hamiltonian H, , expansion in powers of the Bose operators (1.6) af, a; is due to the
spins in the (a) sites only. The Hamiltonian of the a-ion local uniaxial anisotropy responsible for
these processes has symmetry group OL° and is given by

Ht(za) = ZHn,a s

H,,=3D[(Six + Sy, + S1)? +(Sa: + S2y — S2: ) + (S3z + S35 — S3,)?
4+ (Saz — Sax — Say)* + (Ssx + Ssy + S5.)* + (Sez + Sey — Sex)?
+ (S7z - S7y + S7x)2 + (SSx + S8y - 582)2] . (297)

Here x,y and z are the crystallographic axes (the edges of the cubic unit cell), and S; with
i=1,...,8, number the a ions of the nth primitive cell. The cubic term in the Hamiltonian takes
the form:

H,.=D\/Sol(alala, — a}a,a, + alasa; — a}ala, + alalas

—alagas + ala,a, — afalag)e ™* + hc]. (2.98)
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In order to obtain the relaxation frequency y, (0) it is necessary to express the Hamiltonian H." in
teTrms of the magnon amplitudes b, . The latter are linear combinations of the Bose operators
Aigy Ay -

The uniaxial anisotropy of the a ions only yields the cubic term in the Hamiltonian. Therefore
after changing in (2.97) to the variables b', b which diagonalize the quadratic Hamiltonian, we
obtain the matrix elements for the interaction of ferromagnons with the optical modes of types
a and (a, d) only in the third order in the magnon amplitudes. The lowest-lying of these is the (a,d)
triad of modes wyy;, j = 1,2, 3, which is degenerate at k = 0: w,9;(0) = € ~ 290 K. The excitation
energy of the remaining modes of types a and (a, d) is substantially higher, and we shall not consider
them. Because of the degeneracy, the eigenvectors b,o; are rather complicated non-analytic
functions of the wave vector at k — 0, they depend on the direction: byg;(k) = byo;(n), where n = k/k.
The corresponding formulas are found in section 1.7. Omitting the awkward manipulations, we
shall immediately give the expressions for the matrix elements of the Hamiltonian describing the
interaction of k = 0 ferromagnons with optical magnons of the lower (a, d) triad,

d9j, 1, d9j
H(F3f31.a—d = Z [V( Jl ‘]2 >b;9]1(k)b10bd9]2(k) + h'C_] )
Kojijz = 1.2.3 kK 0, &k

Ji# (2.99)

. 1 h
V<di]1 0, dih):sz So/2 Vle,J'z(n)’ n=k/k’

|WhMW}_1O ot ﬂ%ﬁdnﬁuﬁﬁf—ﬁﬁﬂ+ﬁﬂ>
Woamp T2 \I T et L0 — fom 1 ’
Was (W) = 9 [nS (2 — n2)2 + n8(n2 — n2)2 /L F3(0) —fs ()] (2.100)

falm) = 3(n2n? + n2nZ + nZn2), fo(m) = 2TnZnin2.

Here v is a coefficient of the u, v transformation for this (a,d) triad from the irreducible to the
quasinormal basis. With the values (1.28) for the exchange integrals we have v =~ 0.47 when
M || [001].

To evaluate the damping,

49 1, d9j,
V(k 0, k

2

71(0) = 4m ) (mP7 —nP7?) (wo + wagj, (k) —wasj, (K)) (2.101)

kjyjz

it is necessary to know the dispersion relation wgo;(k) at least for small & with ak <1. An analysis
with the aid of perturbation theory in k (see section 1.7) yields the following expressions (valid for
ak < 1) for the frequencies of the (a, d) triad:

Aw;2(q) = wa0,3(@) — wao,2 () = —2Zq*[ fi(n) —fe(m)]'? + Rq*[ f(m) — fo(m)]"/* 2102
2.1

Aws;,1(q) = Aw,,(q) = qu , q=ak/8,
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where
Z~6K, R~1200K, B=x~370K. (2.103)

The coefficient of the ¢g? term in Aws;, turns out to be anomalously small, and this term can be
neglected in comparison with the g* term,

Aws;(q) = Rg*[ fi(n) —fs(m)]"* . (2.104)

The damping (2.101) is given by the sum of three terms: 7, (0) = y32(0) + y3,(0), corresponding to
the coalescence processes

wo = Aw3z2(q), wo = Aws1(q), o= Aw,;(q). (2.105)

For the frequencies of the a, d triad we obtain from (2.103) and (2.102)

D2 [ w, \¥44S
Vsz(o)zv4——‘——1‘)—z‘<—9> PC’

T(e*" — R

D*e?T 3/2 128§ (2.106)
Do
73100) + 7210 % o <_§> 285
Here Q is the gap of the a, d triad, and the constant C is given by
lW23(”)|2

C=|dn ~ 638 . 2107

J [ fim=F5(n)]3"°

If we take for Q the value of the gap of the a,d triad at zero temperature (2 ~ 290 K), then the
damping 7, (0), evaluated by formulas (2.106) turns out to be 0.36 x 10® s~ 1. This is several times
smaller than the experimentally observed (at room temperature) value of y,(0). However, at
T = 300 K it is necessary to take into account the temperature dependence of the gap of the (a,d)
triad. Certain experimental facts (see ref. [4]) indicate that the gaps of the optical modes in YIG
behave under changes in temperature like the average magnetization of the sample. With allowance
for this circumstance the gap of the (a, d) triad at T = 300 K becomes Q x 200 K, and accordingly,
the damping (2.107) is

71(0) = 0.9 x10°s™ 1, (2.108)

in fair agreement with the experimental data (see chapter 3). The damping y,(0) as a function of
T with allowance for the temperature dependence of the gap € is shown in fig. 15.

We note that processes involving coalescence with optical magnons at the corners of the
Brillouin zone give a nonzero contribution to the damping of ferromagnons with £ — 0. However,
simple estimates show that the volume of k-space in which these processes are allowed is small, and
the contribution from these processes is substantially smaller than the contributions which we have
calculated.

It should be noted that magnon-magnon and magnon-phonon processes due to the local
uniaxial anisotropy were considered by Kasuya and LeCraw [11] and Sparks [10] in order to
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Fig. 15. Temperature dependence of the relaxation rate y(0) at X — 0 due to the interaction with optical magnons.

explain the relaxation of magnons with k& — 0. They found that magnon-phonon processes owing
to the uniaxial anisotropy could explain the experimental data [11, 12]. However, a more detailed
analysis of these calculations [10] based on known eigenvectors of the magnon modes in YIG
(1.45) shows that the amplitude of the ferromagnon—phonon interaction was overestimated at least
four times. This means that the relaxation frequency due to the magnon—phonon interaction
caused by the uniaxial anisotropy was overestimated at least sixteen times. Therefore these
so-called Kasuya—-LeCraw processes are not responsible for the relaxation of magnons with small
wave numbers.

2.6. Comparison of theoretical and experimental results

Each of the elementary ferromagnon relaxation processes considered here — the exchange
scattering, the magnetic dipole interaction, and relaxation involving optical magnons — is domi-
nant in a certain parameter region. Figure 16 shows the regions of temperature 7 and wave vector
k in which the various elementary processes give the leading contribution. For long-wavelength
magnons with k < k, the magnetic dipole interaction is forbidden and the amplitude of the
exchange interaction is very small, so that in the region k < k, (k, = wg/aw,) the leading contribu-
tion to the relaxation is that due to scattering by optical magnons; this scattering was considered in
section 2.5 (see (2.106)). At low temperatures 7< 150 K the damping y(0) falls off exponentially. In
this temperature region the leading intrinsic relaxation process is four-magnon magnetic-dipole
scattering (2.92) but, as a rule, under real conditions the ferromagnon damping at 7<120 K and
k < k, is due to defects [ 10, 45]. The contributions from the exchange and three-magnon magnetic-
dipolar damping, as can be seen from egs. (2.62) and (2.88) are comparable for T oc k™2 in the
low-temperature region. At higher temperatures this dependence becomes smoother and asymp-
totically approaches T oc k™23 (see (2.62)).

There were many experimental researches concerned with interaction and relaxation of ferro-
magnons in YIG. The most detailed accounts were discussed in section 2.2. As for the temperature
dependence of the magnon stiffness in YIG, which is probably the most direct manifestation of the
magnon—-magnon interaction, it was found that it differs from that in a simple cubic ferromagnet
significantly [30] (see section 2.2.2). The temperature dependence of the magnon stiffness cal-
culated in section 2.3.2 is in good agreement with the experimental data both for the sign and the
value of the temperature dependent term in the temperature range 0 < 7' < 180 K. At higher
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Fig. 16. Diagram of the relative contributions of various relaxation processes in YIG: 1) the region in which exchange relaxation is
dominant (see chapter 1), (2) the region of magnetic dipolar relaxation (see chapter 2), (3) the region of relaxation involving optical
magnons (chapter 3), (4) the region in which the leading contribution is from relaxation involving defects (wo, = 1 K) {56].

temperature the interaction with optical magnons and the temperature dependence of the magnon
spectra are essential, therefore the formula (2.59) is not correct at higher temperature, as it was
explained in section 2.3.2.

As far as the ferromagnon relaxation is concerned, the problem of correspondence between
theoretical (section 2.3) and experimental (seciion 2.2) results is more complicated. As to the
k-dependent part of the ferromagnon relaxation frequency, its interpretation is relatively simple.
There is a very good agreement between the theory (section 2.3.3) and the experimental data
[9,52] (section 2.2) in the region on the (7-k) plane (fig. 16) where the exchange relaxation
dominates. The exchange relaxation frequency in YIG is close to that in a simple cubic
ferromagnet because of the compensation between fairly complicated k-dependences of the
four-magnon amplitude and the ferromagnon spectrum in a wide energy range discussed in
section 2.3.3. The relaxation frequency owing to the three-magnon splitting processes in the
microwave frequency range in YIG coincides with that in a ferromagnet with the same magnetiz-
ation and magnon stiffness [59,44] because only low-energy magnons are involved in these
processes. The low energy magnons can be described in the continuous medium approximation
which is based on the macroscopic parameters: the magnetization and the magnon stiffness [44].
The relaxation frequency due to the magnon splitting processes is in good agreement with
experimental data [9]. The relaxation due to the three-magnon coalescence processes is close to
that in a ferromagnet for relatively large wave numbers k < ke = wy/w.a. In particular, the
relaxation frequency yj is linear in k for

(wo/w,)(ak,) < ak, S/ Wo/Wex (2.109)

and it decreases with k for ak > /wow., according to eq. (2.36). The linear dependence of the
magnon damping on k was observed in experiment [11]. This dependence is due to interaction with
ferromagnons with energies smaller than 40 K. The spectrum of these magnons is quadratic in k,
therefore the coefficient before k in the relaxation frequency can be found from the formula (2.37)
for a ferromagnet. This coefficient coincides with that measured in experiment [9]. The k-
independent part of the damping measured in the wave number range (2.109) consists of two parts:
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(i) the relaxation frequency due to the magnetic dipole three-magnon coalescence processes
Ym (2.89) on the plateau (fig. 14) and (ii) the relaxation owing to the interaction with optical
magnons y(0) (2.106). The former damping is 1.5x 10°s~! at k = 2k, and room temperature.
It does not depend on the magnon frequency. The latter relaxation frequency depends on
the magnon frequency, it is 0.9x 10°s™! at room temperature and wo, = 1K. The total
k-dependent relaxation rate is 2.4 x 10°s™! at 7= 300K and agrees well with experimental
data for wy = 1K [9] both in magnitude (2.7 x 10°s™!) and in temperature dependence in
the 150-300 K region. At a lower magnon frequency the magnetic dipole in interaction dominates.
In particular, for wy ~ 0.3 K [11,12] the damping due to interaction with optical magnons
is 2.5 times smaller and therefore the relaxation frequency I'y measured in these experiments
is due to the magnetic dipole interaction mainly. The temperature dependence of Iy is almost
linear in the temperature region 80-350 K and it is close to the theoretical evaluation 1.5 x 106 s~ !
for the k-independent part of the magnetic dipole relaxation frequency. When k/k, is changed
from 1.5 to 1, the magnetic dipolar relaxation is turned off, and the damping decreases sharply
to (0).

It must be said that in the experiments on parametric excitation of magnons by the method of
parallel pumping, our predicted “dip” in the damping for k < k, was not observed clearly.
However, such a dip can be seen in fig. 10 for the relaxation frequency at T = 160 K. The difficulty
in the dip observation appears because magnons with k < k, and 6, = n/2 were not excited even
though the reasonance conditions w,/2 = w(k, n/2) were satisfied. Instead, magnons with k > k,
and 0, < n/2 were excited. We believe that this is explained by the presence of elastic scattering
of magnons (two-magnon processes) by defects and the boundaries of the sample. Nevertheless, this
dip has been observed in experiments on the relaxation of magnons excited under conditions of
kinetic instability [53] discussed in section 2.3.

In this case magnons were excited to the bottom of the spectrum, with k < k, and 8, = 0. The
elastic scattering could not remove the magnons from this region and was therefore unimportant.
The experimentally determined relaxation rate was 5x10°s™! at a magnon frequency
wy = 21 x 2 x 10% s~ !, This value is smaller by a factor of three than the magnetic dipolar damping
on the plateau, but it is larger than the rate y(0) = 1.7 x 10> s~ ! for scattering by optical magnons.
The discrepancy between the theoretical value of y(0) and the experimentally measured damping
may be due, on the one hand, to experimental error in determining y(0) as a result of the strong
fluctuations in the emission from the magnons and, on the other hand, to the dependence of the
damping y(0) on the direction of the field (we evaluated y(0) for H||[100], but H was parallel to the
[111] axis in the experiment, and to insufficiently accurate knowledge of the local uniaxial
anisotropy constant, and also to relaxation processes involving impurities.

3. Conclusion

The history of studies of YIG properties has begun with the leadership of experimental
researchers in the late fifties and early sixties. In the mid and late sixties the theory explained many
fundamental properties of this ferrite. However, during the seventies new experimental research
was carried out and some new questions arose. Today’s state of our knowledge about YIG can be
characterized as deuce in the permanent competition between experimenters and theorists. The
game seems to be close to its finish: we know very much about this interesting and complex magnet.
We list some important gains obtained in this game.
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Experiment: Theory:

— crystal and magnetic structure — spectra of the homogeneous magnon
of YIG, modes,

— magnon spectra, — quasinormal approximation for the

magnon spectra,

— temperature dependence of the — thermodynamic properties in the
magnetization and specific heat, magnon approximation,

— relaxation in the microwave — mechanisms of magnon interaction,
frequency range. — theory of the ferromagnon relaxation.

There are some open problems left, nevertheless the basic facts have been well established now.
We know the values of the exchange integrals, the magnon spectra, in particular, the ferromagnon
spectrum, which is quadratic for small k only and it is linear in almost the whole Brillouin zone, the
relaxation frequencies due to the exchange and magnetic dipole interactions, and the temperature
dependence of the magnon stiffness.
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