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WYX'Z\[^]^Z7_+`�a=_^`Abdc�e=_+Z b2fg]+hji	aJk2l�mEn `
Wpo�e=_rq's	Z\[^]dZ\_^`utv[wbyxyc�z5_^{gk2i	{g_+q b|x.q e	b�byf}]db2a=x~q\_+q byx�[^hJq\e	b�e=_^Z `�[^a=fgk5[dx\k�fg{g{g_+q [^Z��w�8l=[^i	Z\fgb2Z�q Z7_+aJx�hj[dZ `�fga	]V_���a/i=`AbyZ f�k2_^{��� _+i=x\x~f�_+a8�5_��db2s=_dk7�^b2q�hjZ [d`�q fg`�b?q [Eb2a	byZ ]d�^n.m?e	b�l	[^i=Z fgb2Z.q Z7_+aJx�hj[dZ `�`�_��N�*b5�wfgb2�5bytA_^x�k�[da=x~q Z\i=k�q\f}a	]E_Ex~i=sJbyZ s*[dx f�q\f}[da[+h'�?_��^b2sJ_^k7�^b2q\x�_+q�tvf}�*byZ byadqVq fg`�byx���f�q\e@_;s=e=_^x bNh�_^k�q [dZVtvb2q byZ `�fga	byt��w�Yq e=bIb2a=b2Z\]^�Y[+h�q e=b8l	[di	Z\f}byZ�q Z7_+aJx�hj[dZ `�n�m?e	b`Ab2q e	[vtYf�x?�=_^x bytp[^aYq e=bGx~fg`�s	{}bVhj[dZ `8i	{g_=c����;���'�� ��� �j�~�����g �¡�¢7£¤/¥ �'¦����� � � � �}§�¡�¢7£¤ � ���g �¡�¢7£¤^¥ �
WY¨�b�hjbyZ bya=k�b|x�fga;q\b�©wqyc'_/�5z�e�n'ª	n ª	« � _+i=x\x fg_^a¬�?_��^b2sJ_^k7�^b2q\x��*�?z�e�n'­	n ª	«vx~s*byk�q Z7_+{®`�b�q\e	[vt;hj[dZ?ky_+{�k�i	{�_rq\f}a=]Ib2fg]^bya=x~q\_rq\byx?ky�¯ ©�nV­=n ¯?° z�n ±���e	b2Z\bGq\e	b8eJ_+Z\`A[da	f�kG[dx\k�fg{g{g_+q [^Z�b2fg]^bya=x�q7_rq\byx�_^Z bAk2_^{gk2i	{g_+q b|t²_+a=_^{}�/q\fgky_+{g{}�phjZ [d`%q e	b�l	[di	Z\f}byZ�q Z7_+aJx�hj[dZ `[+h�q\e	b � _+iJx x fg_^ap�?_��^bys=_^k7�db�q|n
WY³�x\x~fg]^a	`�byadq7x2c

´ n.z�[^`�s=_^Z b?q\e	b�ky_+{�k�i	{�_rq\bytAe=_+Z\`�[^a	f�k?[dx\k�fg{g{g_+q [^Z�byf}]db2a=x~q\_+q b|x���f�q\e�q e	b�_+a=_^{}�/q f�k2_^{	b2fg]^bya=x~q\_rq\byxyn¶µ�x~b�·@³�m�¸�³�¹º_+{�x [hj[^Z?q\e	bN{�_rq~q\b2Z|n
» n�o�e=_+q�fgx�q e	bIt	b2s*b2a=tvbya=k�bN[da�q e	bNbya	b2Z\]^�p_rq���e	f�k7eYq e	bGl=[^i	Z\fgb2Z�q\Z\_^a=x�hj[dZ `¼fgx�s*b2Z hj[^Z\`�byt=½@o�e=_+q�e=_+s	s*b2aJx�f}h�_^ab2a=b2Z\]^�;[^q e	byZ?q e=_^aY_^aYbyf}]db2aw�r_+{gi	bVb2a	byZ ]d�;fgx?iJx~b|t=½
ª=n�o�e=_+q5f�x�q e	bEtvb2s*b2aJtvb2a=k2b�[da;q\e	bVt	fgx s	{�_^k�by`�b2a/q5[^h�q e	bVfga	f�q\fg_^{®�5_��db2s=_dk7�^b�q�½;o�eJ_rq?e=_+s	s*b2aJx�f}h�q\e	b�bya	b2Z\]^��[^h�q e	bfga	f�q\fg_^{��?_��^b2sJ_^k7�^b2q�f�x?�^byZ �¬t	f��®b2Z\b2a/q�hjZ\[^`¾q\e	bNb2a	byZ ]d��[+h.q e	bNbyf}]db2a=x~q\_+q bVq eJ_rq�[^a=bV��f�x e	byx5q\[Ab2©wq Z7_^k�q�½
¿ n�o�e=_+q�fgx5q\e	bGtvb2s*b2aJtvb2a=k2bN[+h¶q e	bN�?_��^b2hji	a=k�q\f}[da¬s	Z\[vtvi=k2bytp[^apq e	bEq\[+q\_^{�s	Z\[^s=_^]d_rq\f}[da�q fg`�b|½�o�eJ_rq�f}h¶q\e	bNs	Z\[^s=_+À]d_+q fg[^apq fg`�bNfgxyc

�Á_d�V{gbyx\x?q e=_^ap[da	bNs*b2Z\f}[vtp[+h�`A[^q fg[^aJ½
���J�Vb�©	_dk�q {g�;[da	bNsJbyZ fg[vt=½
�Áky� ´ À ´�Â^» s*b2Z\fg[wt=x\½
�Át=� ´yÃ s*b2Z\f}[vt	x7½
��b|� ´yÃ n ±8s*b2Z\f}[vt	x7½
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WYX'Z\[^]^Z7_+`�a=_^`Abdc�e=_+Z b2fg]+hji	aJk2¨�{}©�n `
Wpo�e=_rq�s=Z [d]^Z7_+`¼tv[wb|x2c�z5_+{�k�i	{�_rq\byx�q\e	bGbyf}]db2a=x~q\_+q byx�hj[^Z�_^a�e=_+Z\`�[^a	f�kEs*[+q bya/q f�_+{��w�Yx�q7_+Z q fga	];��f}q e²_+a²_^Z �=f�q\Z\_^Z �;fga	f}q f�_+{x�q7_rq bN_^a=t¬s=Z [ds=_+]/_rq fga	]Af}a�fg`�_+]^fga=_^Z ��q\f}`�bN�'ÍÏÎÑÐ�n

m?e	b�`Ab2q e	[vtÒf�xN�=_^x byt@[^aÒq e=b�hj[^{g{}[r��fga	]phj[^Z\`Ii	{�_phj[^ZN[^�	q\_+fga	fga	]pq e	b�{g[r��b|x�qNbyf}]db2avhji	aJk�q fg[^aÒ��Ó�hjZ [d`Ôx [^`�b�_+Z\�	f�q\Z\_^Z �f}a	f}q f�_+{�x~q\_rq\b � c�� ��Õ § �  ®Ö\×jØ � ¦ÚÙLÛM� �¶Õ  ®Ü �  ®Ö~×jØ^Ý Û � Û Í Ø�Þ � Ý/Óy��Ó^n�ßàa²[^Z7tvbyZ�q [p[^�vq7_+fga²e	fg]^e	byZ�b2fg]^byavhji	a=k�q fg[^a=x��5bá Z\x~q á aJt�q e	b�{}[r�5byx~q'b2fg]^byavhji	a=k�q fg[^a;�w�AZ by{g_+©	_rq fg[^a�n.m?e	bya���b�b�©wq Z7_^k�q�q e	f�x5k�[^`�s*[^a	bya/q�[^i	q�[+h�q\e	b�fga	f}q f�_+{=oâ_��^b�X�_^k7�^b2q
� Í ��ã Ý/Óy��Ó^n�oÒb;k2_^aMa	[r�äZ by{g_+© � i=x fga	]�å�æIq [�[^�	q\_+fgaÒ�'ærn�ßàaÒ_^aMfga=tviJk�q fg�^b�`�_^a	a	b2ZE]df}�db2aMq e	b�ç ã ´ {g[r�5byx~qb2fg]^b2a	hji	a=k�q\f}[da=x?�5bEky_+aYb�©wq Z7_^k�q�_+{g{�q e	b|x~bNk2[^`�sJ[da	b2a/q7x?[^ivq�[^h � «=_^a=t;q\e	b2a�Z\b2{�_r©¬iJx~fga	]�å � q [�[^�	q\_+fgaY� � n
ßàapq\e	bNs	Z\[^]dZ\_^`¾��bNx f}`8i	{�q7_+a	by[^i=x {g�;[^�vq7_+fgaY_^{}{�b2fg]^b2a	hji	a=k�q\f}[da=xy«	���®«	�w�¬_^x\x~i=`Afga	]Ahj[^Z�by_^k7epq eJ_rq�_+{g{�{g[r��byZ5byf}]db2avhji=a=k�Àq fg[^a=x8_+Z\b;_+{gZ b|_^tv�M�/a=[r��a�n�µ�x f}a	]²q e	bY_+a=_^{}�/q f�k�b2fg]^byavhji	a=k�q fg[^a=x8_²x b�qI[^h�f}a	f}q f�_+{��5_��db2s=_dk7�^b2q\xE_+Z\b¬k�[da=x~q Z\i=k�q\bytèx i=k7eq e=_+qV_+{g{�� Û ��f}q eMé�êSçë_^Z bIb�©wq Z7_^k�q byt²[^ivq|nEm?e=byx b8_+Z\bIa=[r��x fg`Ii	{}q\_^a	b2[di=x~{g��s	Z\[^s=_^]d_rq\bytYq\[¬[^�	q\_+fga²b|_^k7e²[^h�q e	bAçb2fg]^b2a	hji	a=k�q\f}[da=xyn

WY¨�b�hjbyZ bya=k�b|x�fga²q\b�©wqycVì�[^a=b^nNm?e	f�x�s=Z [^í�byk�qVfgxVfga=k�{gi=tvb|t@��f}q eèz�e�nG­	«�x [;q\e=_rqEq e=bAx sJb|k�q\Z\_^{¶`�b�q\e	[vtMky_+a²�*b�k�[^`�s=_^Z b|t��f�q\e�_^{�q\b2Z\a=_rq\f}�db�`�b2q e	[vt	x?hj[dZ�k�[da=x�q\Z iJk�q fga	]�b2fg]^bya=x~q\_rq\byxyn
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a) Harmonic Eigenfunctions− analytic
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b) Initial Wave Packet
 with lower eigenfunctions extracted.
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c) propagation of psi
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d) Harmonic Eigenfunctions− numeric
 Relaxation method

x

î®ïàð�ñ�ò|ó�ô5õ2ö�÷Nøyù/úüû;ý�úüþyÿ7ù����/ù/û���ú�øyù��	��
�ÿ
��õ��dõ���ú�øyùè÷Nÿ����/ø��	ñ�õ��Iõ2ùwõ�������úüûpÿ\ú�þyÿ7ù����/ùdû���úüø|ù������Eï ùdú���ú}õ�����õ! �ÿ#"�õ2û�$|ÿ��Iû��	"�ö�ø�%/õyþ|õ���úüø|ù�&� ù��d÷Nÿ\ö�úüû5ÿ7úüþ|ÿ\ù��'�dù/û���úüøyù��
0�0�021 Äg>IÌA0 >�(�>�<�07TÚ:	Oä0 <ET�Ë�0\9;6�Ç

WYX'Z\[^]^Z7_+`�a=_^`Abdc'_^tvf�_ » ��by{}{ n ` �jivq\f}{gf�q��phji	a=k�q fg[^a=xyc�e	s=x f n `�«	s*[+q\b2a�n `�«	b2fg]+h�n `�«=x~��f}q\k7e » n `��
Wpo�e=_rq;q\e	b²s	Z\[^]dZ\_^` tv[wbyxycâz5_^{gk2i	{�_rq b|x�q e=b²b2fg]^bya=x�q7_rq\byx�[^hN_èt	[^i	�	{gb²�5b2{g{�s*[+q bya/q f�_+{��w�Px�q7_+Z q fga	]è��f}q eL_+aw��[+hEq e	be=_+Z\`�[^a	f�k�[dx\k�fg{}{�_rq\[^Z�byf}]db2a=x~q\_+q byx�_+a=tN_dtvfg_^�=_rq\fgky_+{g{}��x~��f}q\k7e	fga	]�q\e	b's*[+q\b2a/q f�_+{^q [�q\e	b á a=_^{dtvb|x~fgZ\bytNtv[di	�	{gb���by{}{dsJ[^q b2a/q\fg_^{Ánßàa²s	Z7_^k�q\fgk2b^«®_+{}q e	[di	]^e²q e	b8q fg`�bIb2�d[^{g�wf}a	]px�q7_rq b8fgxEk2{}[/x~bNq\[p_^a²b2fg]^bya=x�q7_rq\b8_rqE_+{g{¶fga=x~q\_^adq7x�fga²q\f}`�bd«*f}qEfgx�q Z\by_+q byt@_^xV_�5_��db2s=_dk7�^b�q's=Z [ds=_+]/_rq fga	]Gfgap_Ax {}[r��{g����_^Z �wfga	]Is*[+q\b2a/q f�_+{ n�m?e	bVsJ[^q b2a/q\fg_^{�fgx5]^fg�^bya;�w�#)ë�j�~�'¦*)ë� Ã �,+.-��j�~�0/1)è«v��e=b2Z\b/�) ¦2)ë�43�� ã )ë� Ã ��«J_+a=t5-��j�~�5f�x�_�x ��f�q7k7e	f}a=]8hji=a=k�q\f}[dapq\e=_rq�f�x762byZ [�_+q?�'¦ Ã _^a=t ´ ¿ _rq��'¦83Gn
WY¨�b�hjbyZ bya=k�b|x?f}apq b2©/q|c

´ n.z�e�n:9=n ¿ «<;diJ_+a/q i	`È_^tvf�_+�J_rq f�k�q e	by[^Z\b2`
» n�m?e	f�x�s	Z\[+í�byk�q�fgx�fga=k�{gi=tvb|tA��f�q\e�z�e�n�­=«^x~[�q eJ_rq�q e=b?x s*byk�q\Z\_^{v`�b�q e=[wt�ky_+aA�Jb�k�[d`�s=_+Z\bytI��f�q\e�_^{�q\b2Z\a=_rq\f}�db�`�b2q e	[vt	xhj[^Z�k2[^a=x~q Z\i=k�q fga	]�b2fg]^b2aJx�q7_rq b|x2n

WY³�x\x~fg]^a	`�byadq7x2c
´ n.z�[^`�s=_^Z bVq\e	bGb2fg]^byaw��_^{}i=byx�_+aJtpbyf}]db2avhji=a=k�q\f}[daY[^h�q e	bGtv[di	�	{gbG�5b2{g{�[^�vq7_+fga	bytY�w�p_dtvf�_+�=_+q f�kVx ��f}q\k7e	fga	]���f}q e�q e=[dx b[^�	q\_+fga	b|t¬�w�¬_^a/��[^h¶q\e	bE[+q\e	b2Z�`�b�q\e	[vt	x?fgapq\e	f�x�tvf}Z\byk�q [dZ �²��fÁn b^n'x sJb|k�q\Z\_^{�`Ab2q e	[vt�«=Z by{g_+©v_+q fg[^a;`�b2q e	[vt�«=x e	[w[+q\f}a=]`�b�q\e	[vt�«>=@?V¨�`Ab2q e	[vt�_+aJtpl �BA `Ab2q e	[vt=��n
» n�o�e=_+q�fgx?q\e	bGtvbysJbya=tvb2aJk�bN[+h¶q e	bC;/i=_^{}f}q��;[^h¶q\e	bNZ b|x~i={�q�[^apq e=bGx~��f}q\k7e	fga	]�q\f}`�b|½ ° a¬q\e	bGx~��f}q\k7e=f}a	]�hji=a=k�q\f}[daJ½
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WYX'Z\[^]^Z7_+`�a=_^`Abdc'l �BA n `
Wpo�e=_rq�s=Z [d]^Z7_+`Útv[wb|x2c'z5_+{�k�i	{�_rq\byx�byf}]db2aw�r_+{gi	byx�_+a=t�byf}]db2avhji	aJk�q fg[^aJx'�w�Iq\e	b�`�b�q\e	[vt�[+h�·²_^Z\x~q [da�b�q�_^{Án�_^x�f}`�s	Z\[r�^b|tI�w�o�f}{g{}a=b2Z'b2q�_+{ n.m?e	b A _+`�fg{�q\[^a	f�_+a�[^s*b2Z7_rq\[^ZG) ¦H3I+KJ f�x'k�[da=x�q\Z iJk�q b|tAf}a�_Es=x b2i=t	[dx sJb|k�q Z7_+{v�J_^x fgx�[^h A _+Z7tv�Ghji	aJk�q fg[^aJx2nßàaYs=Z\_dk�q f�k�bVq\e	fgx�`Ab|_+a=x5q\e=_rq�_^a�b2�^bya	{g�¬x~sJ_^k�b|t¬]dZ f�tY[+h.sJ[df}a/q\x�fgx�k7e=[dx b2aYf}a�k�[w[dZ\tvfga=_+q bNx~sJ_^k�bdn�m?e	bGtvf�_+]^[da=_+{�`�_+q Z\f�©
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��e	b2Z\b`_Ô¦2acb�/�L¶«	_+a=tK3L¦ ã £¤ OS Û M�OM�P O n'm?e	bE`�_rq\Z f}©d) ¦83e+fJÚf�x5q e=b2a�tvf�_+]^[da=_+{gf�62byt¬awi	`�b2Z\fgky_+{g{}�Tgwq e=bVbyf}]db2aw�r_+{gi	byx_+Z\b�q e=b��Á_+s	s=Z [�©vfg`�_+q b��'bya	b2Z\]^fgbyx�[+h¶q e	bNx �wx~q by`H_+a=t¬q e=bVbyf}]db2aw�^b|k�q\[^Z7x�_+Z\b�q e	bNk�[wb�h�k2f}bya/q\x5[+h¶q e	b A _^Z\t	��hji	a=k�q\f}[da=x?fgaq e	bY��_+s=s	Z [�©vfg`�_rq b��5b2fg]^byavhji	a=k�q fg[^a=x�[+h�q\e	b8x �vx�q\b2`�«J��e=fgk7e�hj[dZ�q\e	fgx�s	i	Z\s*[dx bIk2_^a��Jb8�/fgb2�5byt@_^x�t	b2{}q\_�hji	aJk�q fg[^aJx2«®by_dk7e_rq�f�q7x�[r��aYZ b|x~s*byk�q fg�^bE]^Z\fgt¬sJ[df}a/q|n
WY¨�b�hjbyZ bya=k�b|x�f}aEq\b�©wqyc�z�e�n ´d´ n ª�l �BA `�b�q\e	[vtEhj[^Z¶k�[^aJx�q\Z i=k�q fg[^aE[+hwq\e	b A _^`�f}{}q [da	fg_^aNf}aG_�s=x~byi=tv[/x~s*byk�q Z7_+{+Z\b2s	Z\byx b2a/q7_rq fg[^a�n
WY³�x\x~fg]^a	`�byadq7x2cAµ�x b;q\e	fgx8s	Z\[^]dZ\_^` q [²]db2a	byZ\_+q b�byf}]db2avhji	aJk�q fg[^aJx8_^a=tâb2fg]^bya/�r_^{}i	b|xEhj[^ZIq e	bYtv[^i=�	{}b¬��by{}{�sJ[^q b2a/q\fg_^{�_+aJtk�[^`�s=_^Z b�q e=bC;diJ_+{gf�q��;[^h¶�d[^i	Z�Z\byx i	{}q\x?��f}q eYq e	[/x~bE[d�vq\_^f}a	b|tYi=x~fga	]Aq e=bG³�tvf�_+�=_+q f�kjiw��f�q7k7e	fga	]�`�b�q e=[wt�_^�J[r�db^n


