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Abstract

The quest for precision and control at a quantum level continues to chal-
lenge and inspire researchers. It is a prerequisite for quantum control to have
a high-fidelity state preparation. We are working to improve our molecular-
ion state preparation by state-selective ionization using resonance-enhanced
multi-photon ionization (REMPI). We demonstrated the ionization scheme
given by Mackenzie et al. [1], and we found the ionization threshold at
125625cm−1, which is shifted from the theoretical value due to a non-
vanishing electric field in the ionization region. To avoid this shift, we
developed an HV switch to mitigate the effect of the DC electric field from
the Time-Of-Flight Mass Spectrometer (TOF-MS) on the ionization energy.
We also developed a new approach for loading calcium through the molec-
ular beam, and for that, we designed a home-built oven and tested it in
our experiment. With these upgrades to our existing molecular beam setup,
we hope to achieve better quantum-state selectivity and improve our ability
to conduct experiments with trapped molecular ions. Due to unforeseen
circumstances, we had a small detour, where we delved into investigating
the application of confining two masses with a significant mass difference
in a dual-frequency trap. In this thesis, we simulated the behavior of two
ions trapped in a single-frequency trap, which aligns with the theoretical
predictions.
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Chapter 1

Introduction

Quantum mechanics is where classical physics principles break down, and phe-
nomena such as superposition and entanglement become prominent. The unique
properties of quantum mechanics govern atomic and molecular structures mar-
shaling our surroundings. Quantum information emerges as an evolutionary field
from the profound principles of quantum mechanics and represents a paradigm
shift in our understanding of information processing. However, that requires pre-
cise and coherent control of the system. Researchers have achieved this control on
atomic ion systems[2]. A famous example is optical atomic clocks[3], which have
revolutionized our ability to perform precision measurements.

Such a precise control has been demonstrated on molecules and molecular ions
in the last few decades[4–7]. Molecules are advantageous over atoms due to their
rich internal structures with multiple degrees of freedom and a wide range of mass
and sizes. Their rich structure allows larger tunability, e.g., superpositions with
enhanced coherence time. Polar molecules have a high susceptibility to electric
fields, and microwave fields can drive internal rotational states. The rich internal
structure of ultracold molecules, including many long-lived spins and rotational
and vibrational levels, make them perfect candidates for ‘qubits.’ Molecules exhibit
stronger and tunable interactions; coherently manipulating a quantum system of
ultracold molecules (≲1mK) with high precision can facilitate various quantum
information applications, such as molecular metrology[8], quantum computing,
quantum communication, quantum simulation[9], and many-body physics[10].

Quantum effects become more prominent at ultracold temperatures. However,
cooling molecules is more complicated than cooling atoms. Atomic ions are gener-
ally laser-cooled to their ground state[11], which is impossible for most molecular
ions due to their complex internal structure. Instead, molecular ions are sympa-
thetically cooled by co-trapping them with a suitable laser-cooled ion[12]. How-
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CHAPTER 1. INTRODUCTION 12

ever, sympathetic cooling cools only external degrees of freedom. One needs to use
state-selective photoionization[13], buffer-gas cooling[14], or chemically bonding a
cold atom with a neutral for cooling internal degrees of freedom[15, 16].

Considering the complexity of molecules, which allows a wider variety of inter-
actions and the vast availability, they can be exploited in quantum simulations
and quantum computing, metrology. Our research group aims to produce molec-
ular qubits using N+

2 molecules. As N+
2 is a homonuclear molecule, electronic

charge distribution is symmetric, resulting in a vanishing permanent dipole mo-
ment[17]. Due to zero dipole moment, rovibrational transitions are electric-dipole
forbidden in the electronic ground state. Hence, N+

2 is an ideal candidate for
the implementation of qubits and clocks[9]. We use a home-built time-of-flight
mass spectrometer (TOF-MS) to optimize the state-selective ionization of the N+

2

molecule. We intend to use Ca+ ions for sympathetic cooling of N+
2 molecular ions

and for molecular-state detection based on coherent motional excitation.

1.1 Nitrogen molecule

Homonuclear molecules like H2 and N2 typically do not exhibit an “infra-red”
spectrum. Although this is true, it shows “electric-dipole-forbidden” transitions,
which are spectrally extremely narrow. This intriguing phenomenon arises due to
a quadrupole arrangement characterized by four regions with varying charge den-
sities. This configuration resembles two spatially separated electric dipoles. When
subjected to a uniform electric field, these dipoles oscillate nearly in phase, induc-
ing nuclear vibration but not excitation. However, in general, an electromagnetic
field has a phase shift over a molecule, which causes the dipoles to oscillate slightly
out of phase, leading to vibrational excitation. Because the molecule’s size is sig-
nificantly smaller than the electromagnetic wavelength, the resulting phase shift
remains minimal, resulting in weak electric-quadrupole vibrational transitions.

This unique behavior has sparked significant interest in high-precision measure-
ments and precision spectroscopy. Until 2016, such transitions were exclusively
observed in neutral molecules. However, Germann et al.,[18] reported on the
observation of electric-quadrupole-rotation-vibration transitions in the Nitrogen
molecular ion, N+

2 , directing new avenues for exploration in the field of molecular
spectroscopy. Understanding these electric-quadrupole transitions offers profound
insights into molecular dynamics and provides a deeper understanding of funda-
mental principles governing molecular behavior.
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We are interested in the X2Σ+
g electronic ground state of the N+

2 molecular ion,
which can be obtained from the X1Σ+

g electronic ground state of the N2 neutral
molecule with an electronic configuration 1σ2

g1σ2
u2σ2

g2σ2
u3σ2

g1π4
u by removing an

electron from the 3σg orbital. The schematic of energy levels of the Nitrogen is
shown in the 1.1. To obtain the nitrogen molecular ion, we use a Resonance-
Enhanced Multi-Photon-Ionization (REMPI) scheme; for details, see section 1.3.

1.2 Supersonic expansion

High temperatures present a barrier to observing coherent phenomena that stem
from the wave-like nature of particles, motivating the development of techniques
for cooling matter to temperatures where macroscopic quantum behavior dom-
inates. However, cooling molecules pose unique challenges due to their complex
structures, as they lack suitable electronic transitions for direct laser cooling, which
necessitates alternative methods based on collision mechanisms such as buffer-gas
cooling, supersonic expansion, sympathetic cooling, and evaporation.

In supersonic expansion, the pulsed valve generates packets of cold molecules.
The process exploits the hydrodynamic phenomenon of gas flowing from high pres-
sure to vacuum to achieve natural cooling[19]. Initially, the gas is held at a small
volume before the nozzle at temperature T0 (300 K) and pressure P0 (1-2 bar).
When the nozzle (100 µm) opens, the gas enters the chamber, which is evacuated
by a pump, maintaining a particular background pressure Pb (10−8 mbar). Values
in apprentices are our own typical experimental values. As the gas flows from the
higher pressure P0 to the lower pressure Pb, it accelerates, and subsequent expan-
sion occurs until the flow meets the boundary condition imposed by the background
pressure Pb. This results in decreased enthalpy, which follows the cooling of the
gas to lower temperatures. The process is ideally isentropic but cannot produce
a complete ensemble with a low spread of momentum vectors everywhere solely
through expansion. Instead, the velocity magnitude becomes uniform while the
spread of momentum vectors is small.

We use the state-selective ionization in our experiment(for more details, see
section 1.3), which is more effective when molecules are sufficiently cold, and the
ground state population is maximal. Thus to produce molecules with narrow
energy distributions, we use the supersonic expansion.
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Figure 1.1: This is schematic of the energy level of N+
2 in its electronic ground

state (not to scale) [9]. N denotes the rotational level. For N > 0, the levels split
into spin-rotation component(J = N ± S, where S = 1/2). The energy levels
further split into hyperfine structures due to the interaction with nuclear spin

(|J − I| < F < J + I, where I = 2)
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1.3 REMPI

Resonance-enhanced multi-photon ionization (REMPI) is a versatile technique
used in spectroscopy and quantum-state preparation. A fundamental step in cre-
ating a qubit is preparing it in a definite state. This is done in our experiment
by ionizing neutral molecules to the desired state of the ion. REMPI, with its
control over quantum states through laser manipulation, offers a valuable tool for
precisely preparing and manipulating quantum states. The REMPI is associated
with the photoabsorption of two or more photons [20].

In REMPI, the molecule absorbs photons matched to the energy gap between
its ground and excited states, thereby ensuring that the ionization process taps di-
rectly into the molecular spectroscopy of the species in question. This “resonance-
enhanced” absorption is followed by the absorption of additional photons that
lead to ionization. The selectivity of the REMPI process comes from the fact that
molecular spectroscopy is directly involved in the ionization process. One common
REMPI process is the 2+1 REMPI, where a two-photon process is used to excite
the intermediate neutral state. Its efficiency is fundamentally proportional to the
square of the light intensity, a parameter that is impracticably small with conven-
tional light sources. However, modern pulsed lasers evade this issue by producing
a high photon density, making ionization efficiencies of 10% or greater feasible
[20], especially where the overlap between the laser and molecular gas beams is
maximal.

Nitrogen cation (N+
2 ) has garnered interest for quantum control experiments

due to its symmetric structure and low reactivity, making it a good candidate
for studying the dynamics of quantum-state preparation via REMPI. Different
2+1’ REMPI ionization processes have been employed for N+

2 , as showcased in the
works of Mackenzie et al.[1] and Gardner et al. [21] (Figure 1.2). Mackenzie et
al.[1] uses 202nm photons to excite N2 to an intermediate state and then ionize
it to N+

2 using 375nm photons. However, the 2+1 ionization in this scheme using
only 202nm photons is not state-selective. The non-selective part will significantly
contribute as this wavelength is more energetic than 375 nm. An alternative
approach, proposed by Gardner et al.[21], suggests using uses 255nm photons to
excite N2 to an intermediate state and then ionize it to N+

2 using 212nm photon.
A single-color, 2+1, non-selective process is energetically forbidden in this scheme.
For that, state selectivity is expected to improve with this scheme.
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Figure 1.2: REMPI methods for ionizing N2.
(a) Mackenzie et al., X1Σ+

g (ν = 0) −→ a′′1Σ+
g (ν = 0) −→ X2Σ+

g (ν = 0) [1].
(b) Gardner et al., X1Σ+

g (ν = 0) −→ a1Πg(ν = 6) −→ X2Σ+
g (ν = 0) [21].

1.4 TOF-MS

Time-Of-Flight Mass Spectrometry (TOF-MS) has taken a vital path in discov-
ering isotopes of different elements, proving itself a pivotal technique in analytical
chemistry. Today, it is a prevalent tool in many scientific disciplines. The funda-
mental idea of TOF-MS is that ion velocities disperse over time according to their
different m/z ratios when subjected to the same potential energy. Mass analysis
is based on the time of flight from ionization to detection.

Time dispersion in mass spectrometry was first introduced with the develop-
ment of TOF-MS in 1946 by the groundbreaking work of Stephens [22]. However,
they could achieve mass resolution of 20amu and 21amu only. In 1955, the ground-
breaking work of W.C. Wiley and I.H. McLaren [23] introduced a revolutionary ion
gun in a non-magnetic TOF-MS, improving mass resolution dramatically. They
used a double-field ion source, which allowed for more precise control over ion ac-
celeration by adjusting the separations and the electric fields of electrodes. It was
achieved to maximize the focusing effect of the ion gun by analyzing the relation-
ship between the initial spatial and kinetic energy distributions of the ions and
their time of flight. This allowed the spectrometer to have a relative abundance of
adjacent mass units well beyond the 100 atomic mass unit. It advanced the time of
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flight analysis, offering high-resolution mass spectrum analysis with little physics
restriction. However, there were still constraints on initial velocity and spatial
dispersion, which Mamyrin [24] addressed in 1966 using the reflector, which delays
the ion extraction and space focus approach. Deconstructing previous constraints,
TOF-MS pushed to the mass resolution of 3000amu.

The measurement of ion flight duration demonstrates the principle of TOF-MS
over a predetermined distance. It demonstrates the significant progress in en-
hancing the resolving power, sensitivity, and speed of TOF-MS compared to the
developments in ion gating approaches and detecting systems. The employment
of orthogonal acceleration and ion mirrors [24], among other innovations in spatial
and energy-focusing techniques, has significantly improved the accuracy and effi-
ciency of TOF-MS and allowed for high-resolution mass spectrometry over a broad
mass range with lower ion loss. TOF-MS is based on two fundamental ideas. The
first is the temporal focusing of particles with the same m/z ratio but different
initial positions and momenta. The second is the differential acceleration of par-
ticles with various m/z ratios in static electric fields. Accelerated ions will focus
at a specific time on a plane perpendicular to the accelerating field.

For our project, we use Wiley and McLaren’s design [23] (see Figure 1.3). The
distance between the repeller and the extractor electrodes is a, x is the distance
from the position where the ion is formed, and the extractor electrode, b is the
distance between the extractor and the accelerator electrodes, and c is the free-
flight distance to the MCP detector. The time it takes to travel distance x, b, and
c is tx, tb, tc, respectively. aa, ab, ac are the accelerations in the regions a, b, and c.
Vext is the potential on the extractor electrode, Vrep on the repeller, and Vacc on
the accelerator electrode. Following this nomenclature,

aa =
z |Vext − Vrep|

ma
, (1.1)

Where z is the charge on the ion and m is the mass of the ion. To avoid confusion,
we take the absolute value of the voltage difference as the ion accelerates in the
direction of the force. The initial velocity of the ion is assumed to be zero. The
time ion takes to travel distance x,

tx =

√
2x

aa
, (1.2)

In the region between the extractor and the accelerator, the initial velocity will
be governed by the acceleration from the previous region.

ub = aata, (1.3)
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Figure 1.3: This schematic of a TOF-MS is based on a Wiley and McLaren
design [23]. Ions are created between the repeller and extractor electrodes (the
black dot) and accelerated towards the extractor due to electric field difference

and further accelerated towards the accelerator. From there, ions perform a free
flight until the detector.

The potential on the accelerator electrode is zero (Vacc = 0). Thus the acceler-
ation in this region will be,

ab =
z |Vext|
mb

, (1.4)

Using the Newtonian equations, we get the quadratic equation for the time tb,
but only one solution for tb is possible as the other will give a negative time. Thus
the time ion takes to travel distance b,

tb =
−ub +

√
u2
b + 2abb

ab
, (1.5)

For the free flight, the initial velocity will be

uc = ub + abtb, (1.6)

As there is no field, there will be zero acceleration, and the time taken by the
ion to travel in this region will become,

tc = c/uc (1.7)

The total time-of-flight of the ion will be,

t = tx + tb + tc (1.8)



Chapter 2

Experimental System

2.1 Vacuum setup

The experimental setup is core to the investigation of N+
2 ion; it represents

a realization of advancements and design considerations aimed at improving the
capabilities of ion trapping and mass spectrometry analysis. The setup was mainly
designed and built by Idan Hochner, a Ph.D. student in our group, before I arrived
at the group. During my time in the group, I upgraded the system by adding two
gate valves. The first valve was tactically placed to protect the Micro-Channel-
Plate (MCP) detector during the venting process from potential contaminants in
the air, and the other was required to attach the molecular beam to the ion-
trapping setup to facilitate seamless integration between the two systems. Figure
2.1a shows the solid works design with the new upgrades for this experiment. In
addition, I designed and built a Ca oven that is mounted on the pulsed valve to
introduce calcium (not shown in Figure 2.1a). For more details about the oven,
see section 3.3.

The foundation of the design is rooted in need for a highly controlled environ-
ment for producing and trapping ions. The setup is constructed as a dual-chamber
vacuum system, integral for maintaining a high vacuum to minimize unwanted in-
teractions with air or other contaminants. This clean environment is essential for
the unrestrained operation of the molecular beam and ion-trapping mechanisms.
The first chamber is maintained at a pressure of 10−8 mbar (pulsed valve is off)
achieved by using an Edwards NEXT730D turbo-molecular pump and nXDS15i
scroll pump. This chamber contains an Amsterdam Piezo Valve (APV) mounted
on the XYZ stage, which can be controlled externally. Supersonic expansion
through this pulsed valve provides a cold molecular beam with a narrow veloc-
ity distribution that is critical for our studies. The pressure in the valve chamber

19
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typically increases to 10−5 mbar when the valve is open. The second chamber con-
tains the home-built TOF-MS to detect ions. The TOF-MS was built according
to Wiley and McLaren’s design [25]. Both chambers are connected by a skimmer,
which maintains differential pressure between the two chambers. This helps main-
tain the integrity of the pressure in the TOF-MS chamber (10−8 mbar), allowing
uninterrupted mass spectrometer analysis. In addition, the skimmer collimates
the molecular beam to the TOF chamber.

For the time-of-flight mass spectrometer, the electrodes are made of nickel metal
grid spot welded on the stainless steel ring with distance a∼4 cm, b∼1 cm, c∼60
cm. The detector is the multi-channel-plate (MCP) (Photonis, chevron MCP 40-
12-10-8 D 46:1). It can be tuned to 2kV, and the voltage on the anode is 2.5kV.
The N2 is ionized around x∼2 cm from the extractor electrode (see Figure 1.3).

Figure 2.1: (a) Experimental system showing the molecular beam and TOF cham-
bers connected by a skimmer, the MCP detector, and the pulsed valve on its XYZ
translation stage. (b) Optical setup diagram. The Nd: YAG produces 532nm
light to pump two dye lasers (SHG/THG). The fundamental beam of the dye
lasers (750nm/606nm) is read by a wavemeter for monitoring. The main outputs
(375nm/202nm) are combined and focused into the vacuum chamber.
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2.2 Laser System

The second chamber has a window for laser access. We use dye lasers to get
the wavelengths we want, where the gain medium is organic dyes used to produce
coherent light. The main advantage of using dye lasers is tunability, as the output
wavelength can be tuned over a wide range of the electromagnetic spectrum by
changing dyes and adjusting optics[26]. Also, they have a relatively high power
output. Currently, we are using the 2+1’ scheme from Mackenzie et al.[1].

To produce wavelengths from Mackenzie et al.[1], we use SHG of ND:YAG pulse
laser, which gives 5ns pulse at a rate of 10Hz. To produce 202nm for the excitation
of N2, we use the third harmonic generation (THG) of a dye laser (Lioptech,
Liopstar, 3:1 Rhodamine 6G: DCM, in ethanol). To produce 375nm light for
ionization, we use the second harmonic generation (SHG) of a dye laser (Lioptech,
Liopstar, styryl 8, in ethanol). To minimize the ionization by 202nm, we use
a polarizer and polarizing beam splitter (Figure 2.1b) to give a relatively lower
output energy from the THG. 202nm and 375nm beams are focused in the second
vacuum chamber.

Dye preparation:

• For 202nm:

1. Take 1ltr ethanol in the reagent bottle (2000ml or any glass bottle for
chemistry purposes).

2. Put 0.045g of Rhodamine 6G and 0.15g of DCM.

3. Fill up the ultrasonic bath with water such that after putting the bottle,
the dye level is below the water level.

4. Sonicate for 1hr.

5. If the dye particles are still there, repeat the last step.

• For 375nm:

1. Take 1ltr ethanol in the reagent bottle (2000ml or any glass bottle for
chemistry purposes).

2. Put 0.15g of Styryl 8 (LDS 751).

3. Repeat 3-5 from above.

Note: Higher concentrations of dyes may damage the cell.
Changing dyes:
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1. Empty all the dye from the circulators through the pipe below the dye bot-
tles.

2. To wash out the remains of dye, put ethanol in dye bottles, circulate it for
2-3 minutes, and take it out.

3. Repeat step two, 3-4 times until all the dye gets out.

4. Now pour 900 ml from the prepared 1ltr dye solution for the Pre-amplifier
dye bottle.

5. In the remaining 100ml, add 900ml of ethanol and sonicate for another hour.

6. Use this for the amplifier dye bottle.

Dye Maintainance:

• Periodic checking

1. Monthly check the dye level in the dye bottle; if it is less than the mark,
add ethanol until it reaches up to the mark.

2.3 Control hardware

Figure 2.2: A TOF pulse sequence generated by the OPX+.(Not to scale)



CHAPTER 2. EXPERIMENTAL SYSTEM 23

The APV, pump laser, and MCP detection window are operated by Quantum
Machines’ OPX+, which also synchronizes other devices like shutters, power me-
ters, wavemeters, etc. It is a programmable control hardware for ’synchronized
multi-channel pulse sequences, pulse parametrization, real-time classical calcula-
tions, complex flow control with real-time decision-making, and ultra-low latency
feedback’ [27]. It can be operated using a Python script, and we can save the
output data as a CSV file. We use OPX+ (see Figure 2.2 for our pulse scheme)
to trigger the valve for 10µs; lasers are triggered after 315µs (the time it takes the
molecular beam to reach the ionization region). The laser starts lasing, and the
Pockel cell releases the beam and outputs a trigger voltage, which is then received
by the OPX+. After receiving this trigger, the OPX+ triggers the Scope and the
MCP simultaneously with no delay for taking measurements. MCP pulse width
indicates a measurement window taking into account the time-of-flight of ions to
the MCP. The reason behind taking input from Pockel’s cell is there is a jitter
of 3ns from actually triggering the laser and getting the output, which is then
reduced to 1ns by this method.
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Results

3.1 REMPI

3.1.1 Time-of-flight of N+
2

To get our first TOF signal, we set our 202nm laser at the Q-transition as it
is the strongest transition (see Figure 3.3) and looked at the arrival times of ions
using our TOF-MS. We observed a strong peak at 8.05µs (Figure 3.1), which we
assigned to the N2

+. To validate this, we moved the wavelength away from the
resonance, which decreased the signal. Also, we increased the valve open time,
delivering more N2, which increased the signal. In Figure 3.1, the first peak at 0 is
the signal from the laser, and the peak at 8.05 µs is the N+

2 signal. For the small
signal around 1.5 µs, we can use the mass dependence on TOF from Eq. 1.2,

m =

(
TOFM

TOFN2

)2

∗mN2 = 0.972amu (3.1)

According to this, we can assign this peak as a H+ ion.

Apart from the mass and charge of an ion, the TOF signal depends on TOF-MS
physical parameters such as the electrode distances (a, b, and c) and the applied
voltages (Vext, Vrep), see Figure 1.3. Also, the initial position where the ion is
created (x) differs for each ion as they have a small spatial distribution in the
ionization region. While we can accurately determine the voltages applied on the
electrodes, the physical dimensions of the home-built TOF-MS are only estimated.
Moreover, if we try to use the analytical derivation of section 1.4, these physical
parameters become “effective” parameters. Lastly, the ionization position could
deviate due to the misalignment of the laser. We performed a measurement to
extract the “effective” physical parameters of our TOF-MS. We measured TOF

24
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Figure 3.1: Signal on the MCP from N+
2 ions created in the TOF-MS. The x-axis

is the time-of-flight, and the y-axis is the signal in Volts.

values for different Vext and Vrep voltages (see Figure 3.2). We globally fitted the
experimental results to the analytical equation for the TOF (Eq. 1.8) with the
physical parameters as fit parameters. The values are given in the caption of Figure
3.2. This calibration measurement can interpolate and extrapolate the TOF for
different TOF voltages.

Figure 3.2: TOF values for different Vext and Vrep voltages. Dashed lines are
the results of a global fit to the analytical TOF equation 1.8. The best fitting
parameters for our system we found are a = 3.75cm, b = 0.8cm, c = 60.05cm.

As we mentioned earlier, the ions formed have a spatial distribution; as they
reach the extractor electrode, they will have a large spatial distribution. This
spread depends on the initial velocity before the acceleration of the ion[28]. To
counteract this delay, we can choose the delay between the repeller electrode and
the extractor by changing Vext and Vrep values such that ions of a particular m/z
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will focus sharply at the detector plane. We have all the parameters we need from
the simulation we ran for Figure 3.2. Optimizing values of Vext and Vrep, using
these parameters, will help us to have a minimal dispersion in the time-of-flight
despite the initial position of the ion for the given m/z.

3.1.2 2+1 REMPI spectrum

We performed the scan of 202nm laser to get the REMPI spectrum of N2,
which reveals the transition between the electronic ground state to the electronic-
intermediate state. We blocked the 375nm laser during this process. Figure 3.1
shows the signal from TOF-MS for one measurement. While scanning, we took
multiple measurements for a single wavelength. As the number of ionized molecules
is proportional to the intensity of the signal, we had two options to analyze the
data in Figure 3.1: extracting the maximum peak or calculating the area under
the curve. We tried both methods to see which one is the better. In the S(0)
transition region, the area method is better than the maximum method by ∼10%
(comparisons have been made based on standard deviation). Thus, since both
methods give roughly the same results, we used the maximum, which is a more
straightforward method to implement.

Figure 3.3: MCP signal as a function of the 202nm laser wavenumber showing
resonances in the N2 spectrum. Black and red curves are two different methods to
analyze the MCP signal (see text for details).

Our REMPI spectrum results match with Mackenzie et al.[1]. In Figure 3.3, the
most prominent peak belongs to the Q(J) transition; electrons jump from the lower
electronic state to the higher electronic state without changing the rotational state
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(∆J = 0). Other peaks represent the S transition where the rotational state of the
higher electronic state is higher by two than the lower electronic state (∆J = +2).
For S-transitions, we know the initial and final rotational state, but in the case
of Q(J), resolving the rotational state is not possible due to the linewidth of our
laser. Hence, it is not state-selective. As the S(0) transition is the most dominant
from the state-selective transitions, we will use it for the 2+1’ REMPI scheme.

We took the REMPI spectrum at different valve open timings; the result is
represented in Figure 3.4. We can see that for opening times longer than 54µs,
and the is almost the same. This happens due to the saturation of N2 molecules,
i.e., on increasing the valve open time, N2 density remains constant after one point.

Figure 3.4: The effect of valve open time on the REMPI spectrum. The big peak
is the Q(J) transition, while the small peak is the S(0) transition. Wavelength is
that of the THG dye laser fundamental.

3.1.3 2+1’ REMPI

To observe the 2+1’ REMPI scheme from Mackenzie et al.[1], we proceeded with
the 54µs valve open time and set the first photon to the wavelength where we get
the S(0) transition and use low enough power to excite the N2, which helps us put
restrictions on ionizing the molecule. We scanned the 375nm laser to look for a
step-like function in the intensity of the signal after passing the ionization threshold
(see Figure 3.5). As in REMPI, for the second transition to make N+

2 , the electron
moves from one Rydberg state to another. The ionization channel opens as the
molecule gets high enough energy. We observe the 2+1’ signal at a low steady state,
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starting to increase after 125625 cm−1 and reaching a higher steady state. Whereas
2+1 is constant throughout the measurement. Below the ionization threshold, the
2+1’ signal is lower than the 2+1 signal, indicating inhibition of 202nm photons
by 375 nm photons. We scanned 330 wavenumbers, repeating the measurement
ten times for each wavenumber. For N+

2 , the vibrational and rotational ground
state term value is ∼ 125666 cm−1 [1]. The shift we see here from theoretical
value is most likely due to the presence of the DC electric field in the ionization
region. Thus, we plan to use a fast HV switch to switch on the fields just after the
ionization.

Figure 3.5: State-selective ionization of N2. The spectrum of 2+1’ (black) and
2+1 (orange) schemes. While measuring the 2+1 scheme, the 375nm laser was
mechanically blocked. Scattered points are actual data, and a solid line represents
the moving average of actual data.

3.2 HV Switch

3.2.1 Testing of the switch

We are using GHTS60 High Voltage push-pull switch from BEHLKE. The switch
is triggered using OPX+ at 10 Hz. The output of the OPX+ is 1.1V at high
impedance. However, the trigger input for the HV switch must be at least 2V(at
max 5V) with low impedance. Thus we have to build a circuit that converts low
voltage from the OPX+ to high voltage while changing the impedance to low.
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Figure 3.6: Measurement of the switch delay. Red is the trigger, and yellow and
white are the output from two HV switches.

The input voltage is given with the high-voltage power supply. To check the
delay between the trigger and the output from the switch, an N2891A 70MHz
Differential probe by KEYSIGHT at 1000:1 attenuation was used. The switch
was checked for the triggers with various frequencies. We observed a delay of
228.66 ± 0.28 ns with a rise time of 23.38 ± 0.32 ns for one switch and a delay of
234.57± 0.62 ns with a rise time 27.06± 0.12 ns for the other. The ion takes 6µs
to leave the ionization region, so even with the delay of 230ns, we get sufficient
time to turn on the electric field for spectroscopic measurements.

3.2.2 Assembly

Figure 3.7: Schematic of high-voltage switch implementation.
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We plan to keep both the repeller and the extractor electrode at 0V. We have to
use 2 switches, one for the repeller and the other for the extractor, as the switch
has a single input and output. After making all the connections shown in figure
3.7, the first step would be to perform a measurement to scan the delay between
the ionization and switching the electrodes, and selecting the delay will make sure
that the electric field does not affect the ionization while preventing ion loss.

3.3 Calcium oven

3.3.1 Design

Currently, ions are loading to the ion trap using an oven located near the ion
trap (in the future, the ion trap will be connected to the molecular beam setup
after the TOF chamber). Here, we are experimenting with a new way to load
ions using the molecular beam. A new home-built oven is designed in such a way
that it will spray calcium atoms, which a molecular beam will further carry to
the trap. The oven will be located in the valve chamber, ∼1 meter away from
the ion trap. The red part (oven) in Figure 3.8a is a 316L stainless steel very
thin tube that contains solid calcium, our source. We chose stainless steel due to
its high electrical resistivity, 74 µΩ·cm. The oven and electrical connections are
separated by 316L stainless steel thick connectors (green part in Figure 3.8a) with
low thermal conductivity (14.0 - 15.9 W/m·K) to avoid excessive heating of the
electric circuit (copper wires).

We mounted the calcium oven in front of the APV in the first chamber, which
delivers the N2 into the system. However, there is a possibility of excess calcium
blocking the opening of the valve. Also, we don’t want our vacuum system to get
filled up with unnecessary calcium as that might harm other system parts, e.g.,
the skimmer and turbo pump. Thus, we built a chamber around our oven (yellow)
made up of stainless steel. This chamber has two holes, the smaller one for N2

beam to enter and another for the exit of N2 along with Ca. We use ceramic
material (Blue) to avoid the current flow to the chamber and hold the oven. To
adjust the distance of the oven from the N2 beam, we have small rods (brown) on
which the chamber can slide.

3.3.2 Cleaning

For cleaning the homemade Ca oven, we used Deconex 36-Intensive with a neu-
tral pH and mixed it with the deionized water at a ratio of 1:100. We put the parts
in an ultrasonic bath for half an hour, then washed them again with the deionized
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(a) (b)

Figure 3.8: a) Schematic of the Home-built oven design. b) Picture of the part
that we have manufactured in-house.

water only for another half an hour. After that, we thoroughly cleaned the part
with a stream of deionized water to get rid of residual dirt or leftover detergent.

3.3.3 Testing of the oven

We built a small vacuum setup to check the calcium oven. The pressure of
the vacuum system was maintained at 10−7 mbar. After turning on the oven, the
pressure increased to 10−4 mbar due to the heating of the oven, and it took around
half an hour to go back to the 10−7 mbar. To observe the vaporized calcium, the
calcium was excited from 1S0 state to 1P1 state using 422nm laser, which gives
atomic fluorescence[29]. The current was set to 10A to heat the oven, and the
wavelength was scanned from 420nm to 424nm. We observed the fluorescence at
422.791784(22)nm.

3.3.4 Preliminary searches for Ca+ TOF-MS signal

After installing the Ca oven in front of the APV valve, we used the molecular
beam to carry the calcium to the ionization chamber, where the 202nm laser ionizes
both the Ca and N2. As TOF-MS has a mass resolution of 250 and more, we can
use it to detect the Ca ion. We expect to see two peaks in the signal on the MCP.
As we know, mass depends on the square of the time traveled (Eq. 1.2). Our
TOF-MS is already calibrated by the N2 peak at 8.05µs, so we expect to find a
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(a) Vacuum setup (b) Calcium Fluorescence

Figure 3.9: Testing the calcium oven using laser fluorescence.

signal that belongs to Ca+ by using the relation given in the Eq. 3.2. We hope to
see the Ca+ peak at 9.62µs.

TOFCa =

(√
mCa

mN2

)
∗ TOFN2 = 9.62µs (3.2)

First, we had to check if the N2 beam was the same without the Ca oven. Our
aperture for the molecular beam to enter the oven can affect the beam properties.
We observe the reduction in the N+

2 signal. For effective selective ionization, the
ground state population should be maximum; this means the molecular should
be sufficiently cold. However, the oven is in the way of the molecular beam, and
the molecules hit the walls of the oven, causing an increase in the temperature of
molecules. In Figure 3.10, we see multiple peaks in the hot spectrum (measure-
ments taken with the oven) and with the 2:1 alternating intensity pattern. From
this, it is evident that the molecular beam is hot. Furthermore, for our experi-
ment, we need S(0) transition. However, from Figure 3.10, we can see the S(0)
peak is submerged in the Q(J) peak. Thus, we have decided instead of having a
small aperture for N2 to pass to keep open the sides facing the valve and to the
skimmer. We still need to verify that this will reduce the molecular collisions and
hence retrieve the molecular beam to its colder state.

Furthermore, we tried to look for the Ca signal. However, with no success yet.
In the last few weeks of my project, I worked to increase the 375nm laser power
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to its original state (5mJ at full power of ND:YAG). With this increased power,
we expect to have a better chance of observing the Ca signal on the TOF-MS.

Figure 3.10: 2+1 REMPI spectrum. Blue is the measurements without the oven,
Orange is with the oven, and Green is the background noise.
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Dual Frequency

Due to the unexpected start of hostilities in Israel, we found a bit of a plot twist,
a swift change of scenery back home. In the absence of being in a lab, we started
working on an important computational project that will help us in our future
endeavors. Whether under the glow of lab lights or the glow of our computer
screens, science must go on!

4.1 Generic paul trap

There are different methods to trap an ion, such as Penning traps, multipole
traps, and optical dipole traps. The workhorse for quantum-information applica-
tions is definitely the Paul trap, and this is the type of trap we are using in our
lab. This project explores the capability of the Paul trap to confine two atomic
ions with significantly distinct masses, e.g., the Ca+ and I+2 atomic and molecular
ions with masses of 40u and 254u, respectively. The conventional traps use the
single-frequency trapping method, which fails at such disparate mass ions (typi-
cally, masses up to ∼X3 are stable in the same trap). We would like to investigate
a dual-frequency Paul trap to maintain stable trapping conditions for the ions
with a large mass difference. This work is inspired by the work of Trypogeorgos
et al.[30], which considered the confinement of two ions with extremely different
masses (e.g., an atomic ion and a nano-particle). Here, we try to test the feasibility
of this work to more moderate mass differences.

In a symmetric linear Paul trap shown in 4.1, GND (blue) and DC (green)
electrodes are kept at rf-ground whereas rf voltage (VRF ) is applied at frequency
Ω on the RF (red) electrode. Electric potential is quadratic in the region close to
the trap center and only has a radial component,

34
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Figure 4.1: Schematic of trap electrode design. Taken from [31].

V(x, y, t) =
VRF

2

(
1 +

x2 − y2

R′2
0

)
cos(Ωt). (4.1)

Here, R0 is the center-of-trap to electrode distance and R′
0 = ϵR′

0
R0, where ϵR′

0

is a geometrical factor (for hyperbolic electrodes ϵR′
0

= 1). Degeneracy of the ion’s
radial modes arises due to the cylindrical symmetry of a radial potential (Eq. 4.1).
A dc voltage (VBIAS) on the GND (blue) electrode removes this degeneracy,

U1(x, y, t) =
VBIAS

2

(
1 +

x2 − y2

R′2
0

)
, (4.2)

In linear Paul traps, radial trapping is done by the rf electric fields while the
axial (z-direction) trapping is carried by a constant (dc) voltage (VDC) that is
applied on the DC electrodes (green). The static potential near the trap center
created is,

U0(x, y, z, t) =
VDC

Z ′2
0

[
z2 − 1

2

(
x2 + y2

)]
. (4.3)

Here, Z ′
0 = ϵZ′

0
Z0, is the effective center-of-trap-electrode distance. From these

rf and dc electric potentials, we get the classical equations of motion for an ion
with mass m and charge e in the form of a Mathieu equation [32],

üi + ui

[
ai + 2qi cos(Ωt)

] Ω2

4
= 0, (4.4)
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Where ui is the displacement of the ion from the trap center along axis i = x, y, z.
Whereas, ai and qi are trap parameters given by,

ax/y = − 4e

mΩ2

(
VDC

Z ′2
0

∓ VBIAS

R′2
0

)
, az =

8e

mΩ2

VDC

Z ′2
0

qx = −qy =
2eVrf

mR′2
0 Ω2

, qz = 0.

(4.5)

The analytical approximate solution (second order) looks like [33],

ui ≈ Ai

cos (ωit + ϕi)

[
1 +

qi
2

cos(Ωt) +
q2i
32

cos(2Ωt)

]
+

ωi

Ω
qi sin (ωit + ϕi) sin(Ωt)

 .

(4.6)

Most often, we use the first-order analytic approximation,

ui ≈ Ai cos (ωit + ϕi)

[
1 +

qi
2

cos(Ωt)

]
. (4.7)

The ion’s motion is described by the secular motion with the frequency ωi ≈
Ω
2

√
ai + q2i /2, amplitude Ai and with the phase ϕi and the micromotion part with

frequency Ω ± ωi with an amplitude Aiqi
2

(see figure 4.3).

We used Python’s ’odeint’ solver (see Appendix A) to find the motion of a single
trapped ion and compared it with the second-order analytical approximation.

Figure 4.2: Motion of a single ion trapped in a Paul trap with the parameters,
ax = ay = −0.001, az = 0.001, qx = −0.1, qy = 0.1. The orange line is the
numerical integration of Eq. 4.4 while the blue line is the analytical approximation
of Eq. 4.6.

We see that in a linear Paul trap confinement of the ion in the radial axes(i =
x, y), the energy is distributed between secular motion and micromotion; as both of
them are kinetic, the total energy is purely kinetic. Furthermore, the confinement
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in the z-axis is purely harmonic, with an equal distribution of kinetic and potential
energy. The total kinetic energy in along each axis is Ei = 1

2
(Aiωi)

2 with an
amplitude of Ai. From figure 4.3, it is evident that secular and micromotion
frequencies calculated using numerical methods match analytical calculations.

Figure 4.3: The blue line is the Fourier transform of the motion of a single ion
trapped in a Paul trap derived by numerically integrating Eq. 4.4 ω is the secular
frequency and Ω ± ω is the micromotion frequency.

We now continue to solve the dynamics of two ions trapped in a single-frequency
Paul trap(see Appendix A). Since the two ions are charged, they will experience a
Coulomb force, and their equations of motion will look like this,

üi,j + ui,j

[
ai,j + 2qi,j cos(Ωt)

] Ω2

4
+

e2

4πε0mj

uj − uj′

r3ab
= 0. (4.8)

Here, j is an index of ion ‘a’ or ion ‘b’ for which we calculate the dynamics, and
j
′
is the index of the other ion, rab is the distance between two ions, mj is the mass

and ε0 is the vacuum permittivity. This will give us 6 equations of motion, 3 for
each ion. The simulation of the motion of two ions by slightly disturbing them in
one direction is shown in Figure 4.4. There are mainly 4 cases:

• Same masses

When two ions with identical masses are displaced in the same direction
by the same distance (here, 1nm), they exhibit in-phase motion with the
same frequency at the same amplitude. In the radial direction(i = x, y),
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the energy is distributed in secular and micromotion. The frequency of the

secular motion is1, ω−,i = Ω
2

√
q2i
2

+ ai, as for m1 = m2, qi,1 = qi,2 ≡ qi and
ai,1 = ai,2 ≡ ai. The frequency of a micromotion is ωi ± Ω. In the axial
direction, both ions perform harmonic motion with frequency1 ω−,z = Ω

2

√
az

as qz = 0.

When two identical masses are displaced in opposite directions by the
same distance (here, 1nm), it exhibits out-of-phase modes in all axes. The

secular motion has a frequency1, ω+,i = Ω
2

√
q2i
2

+ 3ai as for same masses
qi,1 = qi,2 ≡ qi and ai,1 = ai,2 ≡ ai. The frequency of a micromotion in the
radial axis will be ωi±Ω. In the axial direction, both ions perform harmonic
motion with frequency1 ω+,z = Ω

2

√
3az as qz = 0.

In the problem of ions with two equal masses, we have two frequencies,
ω+ corresponding to out-of-phase mode, and ω− corresponding to in-phase
mode. These modes correspond to the stretched and center-of-mass modes
of the ions, respectively.

• Different masses

When two ions with different masses are displaced, they oscillate with the
frequency1,

ωi,± = Ω

√√√√q2i,1 + q2i,2 + 4ai,1(1 + µ) +
√

((q2i,1 + 4ai,1) − (q2i,2 + 4ai,2))2 + (4ai,1)2µ

16
.

(4.9)
in the radial direction (i = x, y). Where, ωi,+ is out-of-phase frequency and
ω− is in-phase frequency. And µ = m1

m2
. Whereas in the axial direction,

ωz,± =
u0

m

(
1 + µ±

√
1 + µ2 − µ

)
. (4.10)

Where, u0 = eVDC

Z2
0

When µ > 1 (In our case µ = 1.428). However, in the case

of different masses, these two modes are not separable. In this case, these
two modes are coupled and not related to COM anymore.

1Frequency calculations are done by Dror Einav, master’s student in our group
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(a) Two ions with the same mass (40amu, Ca+ ions) disturb from their equilibrium
position in the same direction by 1 nm.

(b) Two ions with the same mass (40amu, Ca+ ions) disturb from their equilibrium
position in the opposite direction by 1 nm.

(c) Two ions with different masses (Ca+ and N+
2 ions, 40amu, and 28amu respectively)

disturb from their equilibrium position in the same direction by 1 nm.

(d) Two ions with different masses (Ca+ and N+
2 ions, 40amu, and 28amu respectively)

disturb from their equilibrium position in the opposite direction by 1 nm.

Figure 4.4: Motion of two ions trapped in a Paul trap, this calculation is done
with parameters, Ω = 24MHz,R′

0 = 0.716mm,Z ′
0 = 9.04mm,VDC = 500V, Vrf =

500V , these parameters are taken from [31]
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4.2 Dual-frequency Paul trap

We want to investigate the possibility of the dual-frequency trap to maintain sta-
ble conditions for trapping two ions with larger mass differences. For the dual-
frequency trap, Eq. 4.1 will become,

V(x, y, t) =
1

2

[
Vrf1 cos(Ω1t) + Vrf2 cos(Ω2t + ϕ)

](
1 +

x2 − y2

R′2
0

)
. (4.11)

Where there are two RF voltages Vrf1 and Vrf2 applied at frequency Ω1 and Ω2.
This will result in the equation of motion of an ion trapped in a dual-frequency
trap,

üi + ui

[
ai

Ω2
1

4
+ 2q1i

Ω2
1

4
cos(Ω1t) + 2q2i

Ω2
2

4
cos(Ω2t)

]
= 0, (4.12)

ax/y = − −4e

m1Ω2
1

(
VDC

Z ′2
0

∓ VBIAS

R′2
0

)
, az =

8e

m1Ω2
1

VDC

Z ′2
0

q1x = −q1y =
−2eVrf1

m1R′2
0 Ω2

1

, q1z = 0,

q2x = −q2y =
−2eVrf2

m2R′2
0 Ω2

2

, q2z = 0.

(4.13)

Thus for two ions trapped in a trap, the equation of motion will be,

üi,j + ui,j

[
ai,j

Ω2
1

4
+ 2q1i,j

Ω2
1

4
cos(Ω1t) + 2q2i,j

Ω2
2

4
cos(Ω2t)

]
+

e2

4πε0mj

uj − uj′

r3ab
= 0.

(4.14)
To check if this is correct, we did a simulation for Ca+ and N+

2 ion(see Appendix
A) with Ω1 = Ω2 and Vrf1 = Vrf2 , and results matched with figure 4.4. Now we
have to scan the Ω2 and corresponding Vrf2 to find the stable parameters.
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Discussion

We performed the simulation to find the best conditions to improve the precision
of the time of flight. It corroborates the refined nature of ion manipulation in the
TOF-MS. We can enhance the ion focusing by carefully choosing the Vext and Vrep.
It mitigates the effect of the spatial distribution and maximizes the precision of
mass spectrometry.

We have also performed measurements for single-photon ionization (2+1 REMPI)
using 202nm while 375nm was blocked. We observed the 2+1 REMPI spectrum of
the N2, and from there, we got the S(0) wavelength, which we require for our fur-
ther expedition. We also calibrated the valve opening timings and found the peak
intensity stabilizes for 54 µs due to the nitrogen saturation. Further, we performed
a 2+1’ REMPI spectrum by reducing the power of the S(0) transition to avoid non-
selective transition. We observed a step-like function when a 375 nm laser passed
the ionization threshold. We see that 2+1’ ionization starts at the value 125625
cm−1, possibly due to the DC extraction field, as the electric fields, which extract
the molecular ions into a detector, are constantly present in the ionization region.
This also leads to a reduction in the state selectivity of ionization due to an inho-
mogeneous electric field environment. Detailed measurements for the effect of the
DC extraction field on ionization energy can be found in Idan Hochner’s master’s
thesis and Mackenzie et al.[1]. We plan to implement the high-voltage switch into
the existing system to mitigate the electric fields during the ionization pulse and
characterize the effect of the voltage switching on the ionization state selectivity.
The preliminary tests of switches show that the delay and the rise time in the
switch’s response are acceptable. We plan to keep the repeler and extractor elec-
trodes on 0V and then activate the electric field post-ionization. Also, as discussed
in section 3.1, we plan to switch the REMPI wavelengths explained in Gardener
et al.[21] to get much better state selectivity. We will characterize this scheme
compared to the old one.

41
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The novel oven design we have implemented promises to load Calcium will help
us to load Calcium ions using the molecular beam. This promises to enhance the
ion trapping efficiency. The homemade oven is designed so that its distance from
the valve is adjustable. Also, it will help us mitigate the unnecessary accumulation
of Calcium in the system. We observed the fluorescence by Calcium, confirming
the working of the oven. However, we observed a decrease in the N+

2 signal as well
as with the oven in the way the molecular beam is not sufficiently cold. We need
to upgrade the design so that molecular collisions with the oven will be reduced,
thereby preserving the ground state population. This will help us enhance the
S(0) transition of the Nitrogen. We also need to increase the power output of the
375nm laser, as the current output is less than the optimal required for efficient
ionization. By accomplishing this, we desire to improve the ion-loading process.

In our theoretical project, we aim to tackle the possibility of a Dual-frequency
Paul trap to achieve stable conditions for confining two ions with substantial mass
discrepancies. Preliminary results confirm the accuracy of our theoretical model
for the Dual-frequency Paul trap when we use equal frequencies and rf voltage for
Ca+ and N+

2 . The subsequent step will be, scanning the values of Ω2 and Vrf2

to find the necessary stable conditions. This exploration will help us advance the
operational scope of the Paul trap by presenting the significant advancement in
precision ion trapping.

Though the journey ahead is extensive, this project lays the groundwork for the
new pathways for future investigations to enhance the field of the quantum control
of complex molecules and precision ion-trapping.
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Appendix A

Code for Simulation of
Dual-frequency

A.1 Simulation of one ion in a trap

1 # %%

2 import numpy as np

3 import matplotlib.pyplot as plt

4 import math

5 import scipy as sp

6 from scipy.integrate import odeint

7 from math import pi

8 import time

9 from scipy.fft import rfft , rfftfreq ,fft , fftfreq

10

11 # %%

12 def dvdt(input , t, a):

13 x, vx, y, vy, z, vz = input

14 a = [vx,-x*(a[0][0]+2*a[1][0]* np.cos(a[2]*t))*((a[2]) **2)/4,

15 vy,-y*(a[0][1]+2*a[1][1]* np.cos(a[2]*t))*((a[2]) **2)/4,

16 vz,-z*(a[0][2]+2*a[1][2]* np.cos(a[2]*t))*((a[2]) **2) /4]

17 return a

18

19 # %%

20 t0 = np.linspace(0, 1e-3, 100000) # [sec] time of simulation

21

22 #[[a_x ,a_y ,a_z],[q_x ,q_y ,q_z],Omega]

23 a = [[ -0.001 , -0.001 ,0.002] ,[ -0.1 ,0.1 ,0] ,2*np.pi *26.5*1 e6]

24

25 y0 = [8e-10,0,8e-10,0,8e-10 ,0] #[x0 ,vx0 ,y0 ,vy0 ,z0 ,vz0], intial

conditions = [x position , x velocity , y position , ...]

26

27 st = time.time()

46
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28 sol = odeint(dvdt , y0 , t0 , args = (a,)) #solver

29 et = time.time()

30

31 # %%

32 # results:

33 xt = sol[:, 0] # x(t) [m]

34 vxt = sol[:, 1] # vx(t) [m/s]

35

36 yt = sol[:, 2] # y(t) [m]

37 vyt = sol[:, 3] # vy(t) [m/s]

38

39 zt = sol[:, 4] # z(t) [m]

40 vzt = sol[:, 5] # vz(t) [m/s]

41

42 # plotting:

43 plt.figure ()

44 fig = plt.figure(figsize =(15 ,6))

45 plt.title("Single ion position vs time using Odeint")

46 plt.xlim (0,5)

47 plt.plot(t0*1e6 , xt*1e9 , ’-’, label=’numeric x’)

48 plt.plot(t0*1e6 , yt*1e9 , ’-’, label=’numeric y’)

49 plt.plot(t0*1e6 , zt*1e9 , ’-’, label=’numeric z’)

50

51 plt.xlabel(’t [us]’)

52 plt.ylabel(’ui [nm]’)

53 plt.legend ()

54 plt.savefig("position_vs_time_using_Odeint")

55

56 plt.show()

57

58 # %%

59 #analytical solution

60 A = [8.4e-10 ,7.6e-10,8e-10]

61

62 q = np.array ([ -0.1 ,0.1 ,0])

63 a = np.array ([ -0.001 , -0.001 ,0.002])

64 Omega = 26.5*1 e6

65

66 omega = (Omega /2)*np.sqrt(a+(q**2) /2)

67

68 x = []

69 y = []

70 z = []

71

72 for t in t0:

73 x.append(A[0]*( np.cos(omega [0]*2* pi*t)*(1+(q[0]/2)*np.cos(

Omega *2*pi*t)+((q[0]**2) /32)*np.cos(2* Omega *2*pi*t))+(omega [0]/

Omega)*q[0]*np.sin(omega [0]*2* pi*t)*np.sin(Omega *2*pi*t)))
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74 y.append(A[1]*( np.cos(omega [1]*2* pi*t)*(1+(q[1]/2)*np.cos(

Omega *2*pi*t)+((q[1]**2) /32)*np.cos(2* Omega *2*pi*t))+(omega [1]/

Omega)*q[1]*np.sin(omega [1]*2* pi*t)*np.sin(Omega *2*pi*t)))

75 z.append(A[2]*( np.cos(omega [2]*2* pi*t)*(1+(q[2]/2)*np.cos(

Omega *2*pi*t)+((q[2]**2) /32)*np.cos(2* Omega *2*pi*t))+(omega [2]/

Omega)*q[2]*np.sin(omega [2]*2* pi*t)*np.sin(Omega *2*pi*t)))

76

77 x = np.array(x)

78 y = np.array(y)

79 z = np.array(z)

80

81 # %%

82 #comparison between analytical and computational solution

83

84 fig , ax = plt.subplots (1,3, figsize =(24, 4))

85 fig. suptitle("Single ion , Comparison between analytical and

computational solution using odeint", fontsize =15)

86

87

88 ax[0]. plot(t0*1e6 ,x*1e9 , label="Analytical")

89 ax[0]. plot(t0*1e6 ,xt*1e9 , label="Numerical")

90 ax[0]. legend(loc=’upper left’)

91 ax[0]. set_ylabel(’t [us]’)

92 ax[0]. set_xlabel(’x[nm]’)

93 ax[0]. set_xlim (0,3)

94

95

96

97 ax[1]. plot(t0*1e6 ,y*1e9 , label="Analytical")

98 ax[1]. plot(t0*1e6 ,yt*1e9 , label="Numerical")

99 ax[1]. legend(loc=’upper left’)

100 ax[1]. set_ylabel(’t [us]’)

101 ax[1]. set_xlabel(’y[nm]’)

102 ax[1]. set_xlim (0,3)

103

104

105 ax[2]. plot(t0*1e6 ,z*1e9 , label="Analytical")

106 ax[2]. plot(t0*1e6 ,zt*1e9 , label="Numerical")

107 ax[2]. legend(loc=’upper left’)

108 ax[2]. set_ylabel(’t [us]’)

109 ax[2]. set_xlabel(’z[nm]’)

110 ax[2]. set_xlim (0,3)

111

112

113 ax[0]. set_title("x position")

114 ax[1]. set_title("y position")

115 ax[2]. set_title("z position")

116

117 plt.savefig("Analytical_vs_computational_Odeint")
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118

119

120 # %%

121 q = np.array ([ -0.1 ,0.1 ,0])

122 a = np.array ([ -0.001 , -0.001 ,0.002])

123 Omega = 26.5*1 e6 #rf frequency

124 #secular frequency

125 omega = (Omega /2)*np.sqrt((a+(q**2) *(0.5+(a/8))+(q**4) /128) /(1-(q

**2) *((3/8) +(5*a/16))))

126

127 # %%

128 # FFT:

129

130 N = len(xt)

131 xf = rfft(xt)

132 yf = rfft(yt)

133 zf = rfft(zt)

134 sample_rate = 1/(t0[1]-t0[0]) # [Hz]

135 xrf = rfftfreq(N, 1/ sample_rate)

136

137 plt.figure ()

138 fig = plt.figure(figsize =(10 ,6))

139

140 plt.plot(xrf ,np.abs(xf),label = "x")

141

142 # plt.plot(xrf ,np.abs(yf),label = "y")

143 # plt.plot(xrf ,np.abs(zf),label = "z")

144 plt.plot(omega [0]*np.array ([1 ,1]), [0,np.max(np.abs(xf))],’--’,

label = "$\\ omega$ (Secular frequqncy)")

145 plt.plot(( omega [0]+ Omega)*np.array ([1 ,1]), [0 ,0.032*np.max(np.abs(

xf))],’--’,label = "$\\ Omega +\\ omega$")
146 plt.plot((-omega [0]+ Omega)*np.array ([1 ,1]), [0 ,0.035*np.max(np.abs

(xf))],’--’,label = "$\\Omega - \\ omega$")
147 plt.legend ()

148 # plt.xlim (0.7e6, 0.875 e6)

149 # plt.xlim (2.725e7, 2.74e7)

150 # plt.ylim ( -0.01e-5 ,0.125e-5)

151

152 # print(omega [0], Omega)

153

154 plt.title(’Spectrum ’)

155 plt.xlabel(’Frequency[Hz]’)

156 plt.ylabel(’Amplitude ’)

157 plt.savefig("FT_single_ion_position_vs_time_using_Odeint")

158

159 plt.show()
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A.2 Simulation of two ions in a trap

1 # %%

2 import numpy as np

3 import matplotlib.pyplot as plt

4 import math

5 import scipy as sp

6 from scipy.integrate import odeint

7 from math import pi

8 import time

9 from scipy.fft import rfft , rfftfreq ,fft , fftfreq

10

11 # %%

12 #starting from random position

13 # t = 0

14 q_a = 1.6e-19 #charge of a

15 q_b = 1.6e-19 #charge of b

16 m_a = 40*1.672621898e-27 #mass of a

17 m_b = 28*1.672621898e-27 #mass of b

18

19 #constant for the coloumbic force

20 const_a = q_a*q_b/(m_a *4*pi *8.854187817*1e-12)

21 const_b = q_a*q_b/(m_b *4*pi *8.854187817*1e-12)

22

23 #other parameters

24 e = 1.60217663e-19

25 v_dc = 500

26 v_rf = 500

27 O = 24*2* np.pi*1e6

28 Z_0 = 9.04*1e-3

29 R_0 = 0.716*1e-3

30

31 #for mass a

32 a_xa = (-4*e*v_dc)/(m_a*(O**2)*(Z_0 **2))

33 a_ya = a_xa

34 a_za = -2*a_xa

35

36 q_xa = (2*e*v_rf)/(m_a*(O**2)*(R_0 **2))

37 q_ya = -q_xa

38 q_za = 0

39

40

41 #for mass b

42 a_xb = (-4*e*v_dc)/(m_b*(O**2)*(Z_0 **2))

43 a_yb = a_xb

44 a_zb = -2*a_xb

45

46 q_xb = (2*e*v_rf)/(m_b*(O**2)*(R_0 **2))
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47 q_yb = -q_xb

48 q_zb = 0

49

50 #defining all ’a’ and ’q’ values for both masses in as a list

51 aqO = [[a_xa ,a_ya ,a_za],[q_xa ,q_ya ,q_za],O,[a_xb ,a_yb ,a_zb],[q_xb ,

q_yb ,q_zb]]

52

53 #to get initial positions of ions

54 # wx_a = (aqO [2]/2)*np.sqrt(aqO [0][0]+( aqO [1][0]**2) /2)

55 # wy_a = (aqO [2]/2)*np.sqrt(aqO [0][1]+( aqO [1][1]**2) /2)

56 wz_a = (aqO [2]/2)*np.sqrt(aqO [0][2]+( aqO [1][2]**2) /2)

57

58 # wx_b = (aqO [2]/2)*np.sqrt(aqO [3][0]+( aqO [4][0]**2) /2)

59 # wy_b = (aqO [2]/2)*np.sqrt(aqO [3][1]+( aqO [4][1]**2) /2)

60 wz_b = (aqO [2]/2)*np.sqrt(aqO [3][2]+( aqO [4][2]**2) /2)

61

62 r_a = np.cbrt(q_a*q_b /(2*np.pi *8.854187817*1e -12*( m_a)*(wz_a **2)))

63 r_b = np.cbrt(q_a*q_b /(2*np.pi *8.854187817*1e -12*( m_b)*(wz_b **2)))

64

65 # initial conditions = [x0_a ,vx0_a ,y0_a ,vy0_a ,z0_a ,vz0_a ,x0_b ,

vx0_b ,y0_b ,vy0_b ,z0_b ,vz0_b]

66 y0 = [1e-9,0.0,1e-9,0.0,1e-9+ r_a/2,0.0,1e-9,0.0,1e-9,0.0,1e-9-r_b

/2 ,0.0]

67

68 # %%

69 print(r_a ,r_b)

70

71 # %%

72 def dvdt(input , t, a):

73 x_a , vx_a , y_a , vy_a , z_a , vz_a , x_b , vx_b , y_b , vy_b , z_b ,

vz_b = input

74

75 r_ab = np.sqrt (((x_a -x_b)**2) +((y_a -y_b)**2) +((z_a -z_b)**2))

76

77 a = [vx_a ,-(x_a*(a[0][0]+2*a[1][0]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_a *(x_a -x_b)/r_ab**3,

78 vy_a ,-(y_a*(a[0][1]+2*a[1][1]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_a *(y_a -y_b)/r_ab**3,

79 vz_a ,-(z_a*(a[0][2]+2*a[1][2]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_a *(z_a -z_b)/r_ab**3,

80

81 vx_b ,-(x_b*(a[3][0]+2*a[4][0]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_b *(x_b -x_a)/r_ab**3,

82 vy_b ,-(y_b*(a[3][1]+2*a[4][1]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_b *(y_b -y_a)/r_ab**3,

83 vz_b ,-(z_b*(a[3][2]+2*a[4][2]* np.cos(a[2]*t))*(a[2]**2)

/4)+const_b *(z_b -z_a)/r_ab **3]

84 return a

85
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86 # %%

87 t0 = np.linspace(0, 1e-3, 100000)

88

89 st = time.time()

90 sol = odeint(dvdt , y0 , t0 , args = (aqO ,))

91 et = time.time()

92

93 # %%

94 # results:

95 xt_a = sol[:, 0] # x(t) [m]

96 vxt_a = sol[:, 1] # vx(t) [m/s]

97

98 yt_a = sol[:, 2] # y(t) [m]

99 vyt_a = sol[:, 3] # vy(t) [m/s]

100

101 zt_a = sol[:, 4] # z(t) [m]

102 vzt_a = sol[:, 5] # vz(t) [m/s]

103

104 xt_b = sol[:, 6] # x(t) [m]

105 vxt_b = sol[:, 7] # vx(t) [m/s]

106

107 yt_b = sol[:, 8] # y(t) [m]

108 vyt_b = sol[:, 9] # vy(t) [m/s]

109

110 zt_b = sol[:, 10] # z(t) [m]

111 vzt_b = sol[:, 11] # vz(t) [m/s]

112

113 # plotting:

114 plt.figure ()

115 fig = plt.figure(figsize =(10 ,6))

116 plt.suptitle("Radial in -phase modes for two ions with smaller mass

difference")

117 # plt.title (" Radial in phase modes ")

118 plt.xlim (0,10)

119 plt.plot(t0*1e6 , xt_a*1e9 , ’-’, label=’numeric x_a’)

120 plt.plot(t0*1e6 , yt_a*1e9 , ’-’, label=’numeric y_a’)

121 plt.plot(t0*1e6 , zt_a*1e9 -r_a*1e9/2, ’-’, label=’numeric z_a’)

122 plt.plot(t0*1e6 , xt_b*1e9 , ’-’, label=’numeric x_b’)

123 plt.plot(t0*1e6 , yt_b*1e9 , ’-’, label=’numeric y_b’)

124 plt.plot(t0*1e6 , zt_b*1e9+r_b*1e9/2, ’-’, label=’numeric z_b’)

125

126 plt.xlim (0,5)

127 plt.xlabel(’t [us]’)

128 plt.ylabel(’ui [nm]’)

129 plt.legend ()

130 # plt.savefig ("

two_ions_diff_mass_position_vs_time_using_Odeint_radial_out_phase

")

131
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132 plt.show()

133

134 # %%

135 #plotting two ions

136

137 fig , ax = plt.subplots (1,3, figsize =(20, 4))

138 # fig. suptitle ("Out of phase modes for two ions with same mass",

fontsize =15)

139 fig. suptitle("In -phase modes for two ions with smaller difference

in their masses", fontsize =15)

140

141

142

143

144 ax[0]. plot(t0*1e6 ,xt_a*1e9 , label="$Ca^+$")
145 ax[0]. plot(t0*1e6 ,xt_b*1e9 , label="$N_2^+$")
146 ax[0]. legend(loc=’upper left’)

147 ax[0]. set_ylabel(’t [us]’)

148 ax[0]. set_xlabel(’x[nm]’)

149 ax[0]. set_xlim (0,3)

150

151

152

153 ax[1]. plot(t0*1e6 ,yt_a*1e9 , label="$Ca^+$")
154 ax[1]. plot(t0*1e6 ,yt_b*1e9 , label="$N_2^+$")
155 ax[1]. legend(loc=’upper left’)

156 ax[1]. set_ylabel(’t [us]’)

157 ax[1]. set_xlabel(’y[nm]’)

158 ax[1]. set_xlim (0,3)

159

160

161 ax[2]. plot(t0*1e6 ,zt_a*1e9 -r_a*1e9/2, label="$Ca^+$")
162 ax[2]. plot(t0*1e6 ,zt_b*1e9+r_b*1e9/2, label="$N_2^+$")
163 ax[2]. legend(loc=’upper left’)

164 ax[2]. set_ylabel(’t [us]’)

165 ax[2]. set_xlabel(’z[nm]’)

166 ax[2]. set_xlim (0,3)

167 ax[2]. set_ylim (1.5 , -1.5)

168

169 ax[0]. set_title("Radial motion(x-axis)")

170 ax[1]. set_title("Rdial motion(y-axis)")

171 ax[2]. set_title("Axial motion(z-axis)")

172

173 plt.savefig("

two_ions_diff_mass_position_vs_time_using_Odeint_in_phase")

174

175

176

177 # %%
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178

179 # FFT:

180 N = len(xt_a)

181 #mass a

182 xf_a = rfft(xt_a)

183 yf_a = rfft(yt_a)

184 zf_a = rfft(zt_a -r_a /2)

185

186 #mass b

187 xf_b = rfft(xt_b)

188 yf_b = rfft(yt_b)

189 zf_b = rfft(zt_b+r_a /2)

190

191 sample_rate = 1/(t0[1]-t0[0]) # [Hz]

192 xrf = rfftfreq(N, 1/ sample_rate)

193

194

195 # %%

196 plt.figure ()

197 fig = plt.figure(figsize =(10 ,6))

198

199 plt.plot(xrf ,np.abs(xf_a),label = "x_a")

200 plt.plot(xrf ,np.abs(yf_a),label = "y_a")

201 plt.plot(xrf ,np.abs(zf_a),label = "z_a")

202

203 plt.plot(xrf ,np.abs(xf_b),label = "x_b")

204 plt.plot(xrf ,np.abs(yf_b),label = "y_b")

205 plt.plot(xrf ,np.abs(zf_b),label = "z_b")

206

207

208 plt.legend ()

209 # plt.xlim(0,3e7)

210

211

212 fig.suptitle(’Two ions , Different mass’)

213 plt.title("Fourier transform of motion")

214

215 plt.xlabel(’Frequency[Hz]’)

216 plt.ylabel(’Amplitude ’)

217

218 plt.savefig("FT_two_ions_diff_mass_position_vs_time_using_Odeint")

219 plt.show()

220

221 # %%

222 Omega = 24*1e6

223

224 aa = np.array ([a_xa , a_ya , a_za])

225 qa = np.array ([q_xa ,q_ya ,q_za])

226 ab = np.array ([a_xb , a_yb , a_zb])



APPENDIX A. CODE FOR SIMULATION OF DUAL-FREQUENCY 55

227 qb = np.array ([q_xb ,q_yb ,q_zb])

228

229 # # two same masses

230 # omega = ((O/2)*np.sqrt (((qa**2) /2) + aa))/(2*np.pi) #in-phase

231 # omega = ((O/2)*np.sqrt (((qa**2) /2) + 3*aa))/(2*np.pi) #out -of-

phase

232

233 #two different masses

234 mu = m_a/m_b

235

236 #dror

237 omega_ip_a = (O*np.sqrt(np.abs(((qa**2)+(qb**2) +4*aa*(1-mu)-np.

sqrt (((qa **2+4* aa)-(qb **2+4* ab))**2+(4* aa)**2*mu))/16)))/(2*np.

pi) #in -phase

238 omega_op_a = (O*np.sqrt((qa**2+qb **2+4* aa*(1+mu)+np.sqrt (((qa

**2+4* aa)-(qb **2+4* ab))**2+(4* aa)**2*mu))/16))/(2*np.pi) #out -

of -phase

239

240 # #morigi

241 # omega_ip_a = wz_a*np.sqrt (1+(1/ mu)+np.sqrt (1+(1/( mu**2)) -(1/mu))

)

242 # omega_op_a = wz_a*np.sqrt (1+(1/ mu)-np.sqrt (1+(1/( mu**2)) -(1/mu))

)

243

244

245 # %%

246 plt.figure ()

247 fig = plt.figure(figsize =(10 ,6))

248

249 # plt.plot(xrf ,np.abs(zf_a),label = "z_a")

250

251

252 plt.plot(xrf ,np.abs(zf_b),label = "z_b")

253 plt.plot(xrf ,np.abs(zf_a),label = "z_a")

254

255 #dror

256 plt.plot(( omega_op_a [2])*np.array ([1 ,1]), [0 ,0.15*np.max(np.abs(

zf_a))],’--’,label = "$\\ omega$ (Secular frequqncy)")

257 plt.plot(( omega_ip_a [2])*np.array ([1 ,1]), [0,np.max(np.abs(zf_a))

],’--’,label = "$\\Omega +\\ omega$")
258

259 #morigi

260 # plt.plot(( omega_op_a)*np.array ([1 ,1]), [0,np.max(np.abs(zf_a))

],’--’,label = "$\\ omega$ (Secular frequqncy)")

261 # plt.plot(( omega_ip_a)*np.array ([1 ,1]), [0,np.max(np.abs(xf_a))

],’--’,label = "$\\Omega +\\ omega$ ")
262

263

264 plt.legend ()
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265

266

267 fig.suptitle(’Two ions , Different mass’)

268 plt.title("Fourier transform of motion")

269 # plt.xlim(0,2e6)

270 plt.xlabel(’Frequency[Hz]’)

271 plt.ylabel(’Amplitude ’)

272 plt.savefig("FT_two_ions_diff_mass_position_vs_time_using_Odeint")

273 plt.show()

274

275 # %%

276 plt.figure ()

277 fig = plt.figure(figsize =(10 ,6))

278

279 plt.plot(xrf ,np.abs(xf_a),label = "x_a")

280

281

282 plt.plot(xrf ,np.abs(xf_b),label = "x_b")

283

284 plt.plot(omega_op_a [0]*np.array ([1 ,1]), [0,np.max(np.abs(zf_a))],’

--’,label = "$\\ omega$ (Secular frequqncy)")

285 plt.plot(( omega_op_a [0]+ Omega)*np.array ([1 ,1]), [0 ,0.035*np.max(np

.abs(xf_a))],’--’,label = "$\\Omega +\\ omega$")
286 plt.plot((- omega_op_a [0]+ Omega)*np.array ([1 ,1]), [0 ,0.07*np.max(np

.abs(xf_a))],’--’,label = "$\\Omega - \\ omega$")
287

288 plt.plot(omega_ip_a [0]*np.array ([1 ,1]), [0,np.max(np.abs(zf_a))],’

--’,label = "$\\ omega$ (Secular frequqncy)")

289 plt.plot(( omega_ip_a [0]+ Omega)*np.array ([1 ,1]), [0 ,0.035*np.max(np

.abs(xf_a))],’--’,label = "$\\Omega +\\ omega$")
290 plt.plot((- omega_ip_a [0]+ Omega)*np.array ([1 ,1]), [0 ,0.07*np.max(np

.abs(xf_a))],’--’,label = "$\\Omega - \\ omega$")
291

292

293 plt.legend ()

294 # plt.xlim(0,3e7)

295

296

297 fig.suptitle(’Two ions , Different mass’)

298 plt.title("Fourier transform of motion")

299

300 plt.xlabel(’Frequency[Hz]’)

301 plt.ylabel(’Amplitude ’)

302

303 plt.savefig("FT_two_ions_diff_mass_position_vs_time_using_Odeint")

304 plt.show()
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A.3 Simulation of two ions in Dual-frequency

Paul trap

1 # %%

2 import numpy as np

3 import matplotlib.pyplot as plt

4 import math

5 import scipy as sp

6 from scipy.integrate import odeint

7 from math import pi

8 import time

9 from scipy.fft import rfft , rfftfreq ,fft , fftfreq

10

11 # %%

12 #starting from random position

13 # t = 0

14 q_a = 1.6e-19 #charge on ion a

15 q_b = 1.6e-19 #charge on ion b

16 m_a = 40*1.672621898e-27 #mass of ion a

17 m_b = 254*1.672621898e-27 #mass of ion b

18

19 const_a = q_a*q_b/(m_a *4*pi *8.854187817*1e-12) #coloumb force

20 const_b = q_a*q_b/(m_b *4*pi *8.854187817*1e-12)

21

22 e = 1.60217663e-19 # electron charge

23 v_dc = 500 # DC Voltage

24 v_rf1 = 500 # RF voltage

25 v_rf2 = 500 # RF voltage

26

27 O_1 = 24*2*np.pi*1e6 # Frequency at which RF Voltage is applied

28 O_2 = 24.0011*2* np.pi*1e6 # Frequency at which RF Voltage is

applied

29

30 Z_0 = 9.04*1e-3 # Effective center -of -trap -electrode distance

31 R_0 = 0.716*1e-3 # Distance between center of the trap and the

electrode

32

33 #for mass a

34 a_xa = (-4*e*v_dc)/(m_a*(Z_0 **2)*(O_1 **2))

35 a_ya = a_xa

36 a_za = -2*a_xa

37

38 q_xa1 = -(2*e*v_rf1)/(m_a *2*( R_0 **2)*(O_1 **2))

39 q_ya1 = -q_xa1

40 q_za1 = 0

41

42 q_xa2 = -(2*e*v_rf2)/(m_a *2*( R_0 **2)*(O_2 **2))

43 q_ya2 = -q_xa2
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44 q_za2 = 0

45

46

47 #for mass b

48 a_xb = (-4*e*v_dc)/(m_b*(Z_0 **2)*(O_1 **2))

49 a_yb = a_xb

50 a_zb = -2*a_xb

51

52 q_xb1 = (2*e*v_rf1)/(m_b *2*( R_0 **2)*(O_1 **2))

53 q_yb1 = -q_xb1

54 q_zb1 = 0

55

56 q_xb2 = (2*e*v_rf2)/(m_b *2*( R_0 **2)*(O_2 **2))

57 q_yb2 = -q_xb2

58 q_zb2 = 0

59

60 aqO = [[a_xa ,a_ya ,a_za],[q_xa1 ,q_ya1 ,q_za1],[q_xa2 ,q_ya2 ,q_za2],

O_1 ,[a_xb ,a_yb ,a_zb],[q_xb1 ,q_yb1 ,q_zb1],[q_xb2 ,q_yb2 ,q_zb2],

O_2]

61

62

63 # wx_a = (aqO [3]/2)*np.sqrt(aqO [0][0]+( aqO [1][0]**2) /2)

64 # wy_a = (aqO [3]/2)*np.sqrt(aqO [0][1]+( aqO [1][1]**2) /2)

65 wz_a = (aqO [3]/2)*np.sqrt(aqO [0][2]+( aqO [1][2]**2) /2)

66

67 # wx_b = (aqO [3]/2)*np.sqrt(aqO [4][0]+( aqO [5][0]**2) /2)

68 # wy_b = (aqO [3]/2)*np.sqrt(aqO [4][1]+( aqO [5][1]**2) /2)

69 wz_b = (aqO [3]/2)*np.sqrt(aqO [4][2]+( aqO [5][2]**2) /2)

70

71 r_a = np.cbrt(q_a*q_b /(2*np.pi *8.854187817*1e -12*( m_a)*(wz_a **2)))

72 r_b = np.cbrt(q_a*q_b /(2*np.pi *8.854187817*1e -12*( m_b)*(wz_b **2)))

73

74 # initial conditions = [x0_a ,vx0_a ,y0_a ,vy0_a ,z0_a ,vz0_a ,x0_b ,

vx0_b ,y0_b ,vy0_b ,z0_b ,vz0_b]

75 y0 = [1e-9 ,0.0 ,0.0 ,0.0 ,1e-9+ r_a /2,0.0 ,0.0 ,0.0,0.0,0.0 ,- r_b /2 ,0.0]

76

77 # %%

78 r_a

79

80 # %%

81 def dvdt(input , t, a):

82 x_a , vx_a , y_a , vy_a , z_a , vz_a , x_b , vx_b , y_b , vy_b , z_b ,

vz_b = input

83

84 r_ab = np.sqrt (((x_a -x_b)**2) +((y_a -y_b)**2) +((z_a -z_b)**2))

85

86 a = [vx_a ,-(x_a *(((a[3]**2) /4)*a[0][0]+((a[3]**2) /4)*2*a

[1][0]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[2][0]* np.cos(a[7]*t)))+

const_a *(x_a -x_b)/r_ab**3,
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87 vy_a ,-(y_a *(((a[3]**2) /4)*a[0][1]+((a[3]**2) /4) *2*a

[1][1]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[2][1]* np.cos(a[7]*t)))+

const_a *(y_a -y_b)/r_ab**3,

88 vz_a ,-(z_a *(((a[3]**2) /4)*a[0][2]+((a[3]**2) /4) *2*a

[1][2]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[2][2]* np.cos(a[7]*t)))+

const_a *(z_a -z_b)/r_ab**3,

89

90 vx_b ,-(x_b *(((a[3]**2) /4)*a[4][0]+((a[3]**2) /4) *2*a

[5][0]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[6][0]* np.cos(a[7]*t)))+

const_b *(x_b -x_a)/r_ab**3,

91 vy_b ,-(y_b *(((a[3]**2) /4)*a[4][1]+((a[3]**2) /4) *2*a

[5][1]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[6][1]* np.cos(a[7]*t)))+

const_b *(y_b -y_a)/r_ab**3,

92 vz_b ,-(z_b *(((a[3]**2) /4)*a[4][2]+((a[3]**2) /4) *2*a

[5][2]* np.cos(a[3]*t)+((a[7]**2) /4) *2*a[6][2]* np.cos(a[7]*t)))+

const_b *(z_b -z_a)/r_ab **3]

93 return a

94

95 # %%

96 t0 = np.linspace(0, 1e-4, 10000)

97

98 st = time.time()

99 sol = odeint(dvdt , y0 , t0 , args = (aqO ,))

100 et = time.time()

101

102 # %%

103 # results:

104 xt_a = sol[:, 0] # x(t) [m]

105 vxt_a = sol[:, 1] # vx(t) [m/s]

106

107 yt_a = sol[:, 2] # y(t) [m]

108 vyt_a = sol[:, 3] # vy(t) [m/s]

109

110 zt_a = sol[:, 4] # z(t) [m]

111 vzt_a = sol[:, 5] # vz(t) [m/s]

112

113 xt_b = sol[:, 6] # x(t) [m]

114 vxt_b = sol[:, 7] # vx(t) [m/s]

115

116 yt_b = sol[:, 8] # y(t) [m]

117 vyt_b = sol[:, 9] # vy(t) [m/s]

118

119 zt_b = sol[:, 10] # z(t) [m]

120 vzt_b = sol[:, 11] # vz(t) [m/s]

121

122 # plotting:

123 plt.figure ()

124 fig = plt.figure(figsize =(15 ,6))

125 # plt.suptitle ("two ions with large mass difference ")
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126 plt.title("Two ions with large mass differences")

127 # plt.xlim (0 ,30)

128 # plt.plot(t0*1e6, xt_a*1e6, ’-’, label=r’$Ca^+$ in x ’)

129 # plt.plot(t0*1e6, yt_a*1e6, ’-’, label=’$Ca^+$ in y’)

130 # plt.plot(t0*1e6, (zt_a -r_a/2)*1e6, ’-’, label=’$Ca^+$ in z ’)

131 # plt.plot(t0*1e6, xt_b*1e6, ’-’, label=’$I_2^+$ in x ’)

132 # plt.plot(t0*1e6, yt_b*1e6, ’-’, label=’$I_2^+$ in y ’)

133 # plt.plot(t0*1e6, (zt_b+r_b/2)*1e6, ’-’, label=’$I_2^+$ in z’)

134

135

136 plt.plot(t0*1e6 , xt_a , ’-’, label=r’$Ca^+$ in x’)

137 plt.plot(t0*1e6 , yt_a , ’-’, label=’$Ca^+$ in y’)

138 plt.plot(t0*1e6 , (zt_a -r_a/2), ’-’, label=’$Ca^+$ in z’)

139 plt.plot(t0*1e6 , xt_b , ’-’, label=’$I_2^+$ in x’)

140 plt.plot(t0*1e6 , yt_b , ’-’, label=’$I_2^+$ in y’)

141 plt.plot(t0*1e6 , (zt_b+r_b/2), ’-’, label=’$I_2^+$ in z’)

142

143 # plt.xlim (0 ,40)

144 plt.xlabel(’Time [$\mu$s]’)
145 plt.ylabel(’Position [$\mu$m]’)
146 plt.legend ()

147 plt.savefig("teo_ions_diff_mass_position_vs_time_using_Odeint")

148

149 plt.show()
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