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HMF model
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Equations of motion
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Equilibrium phase transition
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Waterbag
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Equilibrium
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Quasi-stationary states
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Power law
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Separation of time scales

Initial Condition

Vlasov’s Equilibrium

Boltzmann’s Equilibrium

τv = O(1)

τc = N δ
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relaxation
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Klimontovich equation
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From Klimontovich to Vlasov
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HMF Vlasov equation
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Vlasov fluid-I
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Vlasov fluid-II
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Stirring
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Allowed moves

YES
NO !!
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Coarse graining for two-level distr.

MicrocellMacrocell

ν microcells of volume ω in a macrocell. A macroscopic configuration has ni microcells

occupied with level f0 in the i-th macrocell (the remaining are occupied with level 0). The

distribution is coarse-grained on a macrocell, f̄(θ, p). The total number of occupied

microcells is N , such that the conserved total mass is mass =
R

f(θ, p)dθdp = Nωf0
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Lynden-Bell entropy
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Maximal Lynden-Bell entropy states
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Velocity PDF
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Non equilibrium phase transition
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Tricritical point
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Magnetization plot
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Negative heat capacity
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Analytical results
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Mean-field equilibria
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Numerical verification
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Free Electron Laser
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Quasi-stationary states
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On a first stage the system converges to a quasi-stationary state. Later it relaxes to

Boltzmann-Gibbs equilibrium on a time O(N). The quasi-stationary state is a Vlasov

equilibrium, sufficiently well described by Lynden-Bell’s Fermi-like distributions.

Quasi-stationary-states in Hamiltonian mean-field dynamics – p.30/35



Vlasov equation

In the N → ∞ limit, the single particle distribution function
f(θ, p, t) obeys a Vlasov equation.
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= δAx − 1

2π
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f sin θ dθdp .

with A = Ax + iAy =
√

I exp(−iϕ)
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Vlasov equilibria

Lynden-Bell entropy maximization
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Z
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f̄ = f0
e−β(p2/2+2A sin θ)−λp−µ

1 + e−β(p2/2+2A sin θ)−λp−µ
.

Non-equilibrium field amplitude
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q

A2
x + A2
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dpdθ sin θf̄(θ, p).
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Results
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Conclusions

Mean-field Hamiltonian systems with many degrees of freedom display interesting
statistical and dynamical properties.

Non equilibrium quasi-stationary states arise “naturally" from water-bag initial
conditions. Their life-time increases with a power of system size.

Vlasov (non collisional) equation correctly describes the “initial" dynamics.

Lynden-Bell maximum entropy principle provides a theoretical approach to
quasi-stationary states.

The results are derived for mean-field systems, but some of them are expected to be
valid also for decaying interactions.

Quasi-stationary-states in Hamiltonian mean-field dynamics – p.34/35



References

M. Antoni and S. Ruffo, Clustering and relaxation in long range Hamiltonian dynamics, Phys. Rev.
E, 52, 2361 (1995).

Y.Y. Yamaguchi, J. Barré, F. Bouchet, T. Dauxois, S. Ruffo, Stability criteria of the Vlasov

equation and quasi-stationary states of the HMF model, Physica A, 337, 36 (2004).

A. Antoniazzi, F. Califano, D. Fanelli, S. Ruffo, Exploring the thermodynamic limit of Hamiltonian

models, convergence to the Vlasov equation, Phys. Rev. Lett, 98 150602 (2007).

A. Antoniazzi, D. Fanelli, S. Ruffo and Y.Y. Yamaguchi, Non equilibrium tricritical point in a

system with long-range interactions, Phys. Rev. Lett., 99, 040601 (2007).

J. Barré, T. Dauxois, G. De Ninno, D. Fanelli, S. Ruffo:Statistical theory of high-gain

free-electron laser saturation, Phys. Rev. E, Rapid Comm., 69, 045501 (R) (2004).

A. Campa, T. Dauxois and S. Ruffo : Statistical mechanics and dynamics of solvable models with

long-range interactions, Physics Reports, 480, 57 (2009).

Quasi-stationary-states in Hamiltonian mean-field dynamics – p.35/35


	Plan
	HMF model
	Equations of motion
	Equilibrium phase transition
	Waterbag
	Equilibrium
	Quasi-stationary states
	Power law
	Separation of time scales
	Klimontovich equation
	From Klimontovich to Vlasov
	HMF Vlasov equation
	Vlasov fluid-I
	Vlasov fluid-II
	Stirring
	Allowed moves
	Coarse graining for two-level distr.
	Lynden-Bell entropy
	Maximal Lynden-Bell entropy states
	Velocity PDF
	Non equilibrium phase transition
	Tricritical point
	Magnetization plot
	Negative heat capacity
	Analytical results
	Mean-field equilibria
	Numerical verification
	Free Electron Laser
	Quasi-stationary states
	Vlasov equation
	Vlasov equilibria
	Results
	Conclusions
	References

