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Abstract

Atomic clocks use atomic transitions as frequency references. The susceptibility of the atomic
transition to external fields limits clock stability and introduces systematic frequency shifts. Here, we
propose to realize an atomic clock that utilizes an entangled superposition of states of multiple atomic
species, where the reference frequency is a sum of the individual transition frequencies. The
superposition is selected such that the susceptibilities of the respective transitions, in individual
species, partially cancel leading to improved stability and a reduction in the corresponding systematic
shifts. We present and analyze two examples of such combinations. The first uses the optical
quadrupole transitionsina °Ca™~174Yb ™" two-ion system. The second is a superposition of optical
quadrupole transitions in one #Sr™ ion and three 2?Hg* ions. These combinations have reduced
susceptibility to external magnetic fields and blackbody radiation.

Atomic clocks are composed of three main components. An electromagnetic oscillator, an atomic reference to
which the oscillator locks; i.e. a narrow atomic transition, and a frequency counter which translates the number
of oscillator periods to a time unit. The atomic reference is usually carefully chosen to have as little as possible
coupling to varying conditions in the environment which can lead to systematic frequency shifts. These
systematic shifts can be generally divided into two categories. The first is due to the susceptibility of the atomic
transition to different kinds of environmental electromagnetic fields such as the ambient magnetic field or
blackbody radiation [1-3]. The second kind of clock shifts are relativistic and emanate from the fact that the
atoms are not investigated in an inertial frame in which they are at rest. Here examples include second-order
Doppler shifts or the gravitational red-shift [4]. While relativistic shifts relate to the proper time of the atoms, the
first kind however can be reduced not only by trying to minimize background electromagnetic fields, but also by
reducing the differential susceptibility of the clock transition to different electromagnetic perturbations. The
blackbody radiation shift, for example, can be reduced by choosing a particular atomic transition with a small
differential polarizability [1]. Alternatively, it was recently proposed to suppress blackbody radiation shift by
using two different atomic clocks and a frequency comb to generate a ‘synthetic’ frequency which is largely
insensitive to the presence of electric fields [5].

Reducing the susceptibility of atomic superpositions to electromagnetic perturbations has been the focus of
intensive research in the context of quantum computing. Here, the motivation is to improve the coherence of
multi-qubit superpositions for the purpose of metrology. One of the most successful methods for prolonging the
coherence times of superpositions is the use of decoherence-free subspaces [6]. In this approach entangled
superpositions of different states have reduced susceptibility to noise, leading to multi-second coherence
times [7, 8].

We propose to use several atomic transitions in different species, each ticking with it own environmentally-
sensitive frequency. These transitions are chosen such that their susceptibilities compensate each other in an
entangled superposition leading to significantly reduced sensitivity to environmental fields. The idea of
combining different materials with opposite susceptibilities in clocks dates back to the work of John Harrison in
the eighteenth century [9]. Harrison revolutionized the fields of timekeeping and navigation by building a
marine chronometer based on a bi-metallic balance spring to compensate for temperature variations of the
spring constant.
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Figure 1. (A) Schematic illustration of a two-species combination clock. The clock operates using the two clock lasers of the individual
transitions. An optical frequency comb is used to compare the phase of the frequency sum of the two lasers to that of an entangled
superposition. (B) The quantum circuit of gates for preparation of the clock entangled state and the final parity check allowing for
clock interrogation.

The phase of a multi-species entangled state will evolve at a frequency which is a linear sum of the different
frequencies of individual transitions. It is thus possible to construct an atomic clock superposition that will
evolve at a frequency of an ultra-violet transition, however, no ultra-violet laser will be involved in the clock
operation. Instead, the superposition phase would be compared to the linear sum of frequencies of the clock
lasers of the different transitions using an optical frequency comb. Figure 1(A) shows a schematics of our
method. Inquiry the phase of the two-species superposition serves as a ‘mechanical differential’ in analogy with
the device that is used in vehicles which allows the two wheels to rotate at different frequencies while keeping the
average rotation frequency fixed.

Maximally entangled multi-atom states can, in principle, be used to surpass the frequency estimation
accuracy attainable with uncorrelated atoms (standard quantum limit) and reach the Heisenberg limit [10].
However, as pointed by Huelga et al [11], in practice, clock stability is ultimately limited by the finite coherence
time of the system. For uncorrelated Markovian noise the two cases will give the same result. Nevertheless, in the
some cases of correlated noise, one can sill gain by cleverly engineering the proper entangled state [7, 12, 13].

1. The combination clock

We begin by describing our general scheme and discuss in detail the quantum protocol that can be used in the
case of a two-ion combination clock . Our scheme is a generalization of the Ramsey spectroscopy method similar
to the case of identical ions in a maximally entangled state [14, 15].

An N-ion, multi-species, atomic register is prepared in a superposition of two states
= %(l G) + e¥|E)). Where |G) = HIN |fik””> and [E) = [TV |s,-k’m/) are tensor products of states in the
ground and excited state manifolds of the different ions. Here s and fcan be either the ground or excited states of
the clock transition in ion i of species k, and (m, m') are the quantum numbers of the exact state in the ground or
excited states manifolds of the transition (e.g. Zeeman or hyperfine state). The clock frequency is
Q= Z,N wf’m’m/, where /zwf-"m’m' = E(ls,-’”")) — E(| fik’m')) and E is the energy of the state. Notice that with our
k,
1

definition w?™ can be negative if ion i is prepared such that | ff”‘) is the excited state and |s™) is the ground
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state of the clock transition. The total frequency is thus a linear sum of the clock transition frequencies of all the
ions in the Coulomb crystal.

After an interrogation time t = 7 the phase between the atomic superposition and corresponding linear sum
oflocal oscillators (i.e. clock lasers), 67, is obtained in the following way. A 7/2 carrier pulse is applied to all ions
in the crystal with their corresponding clock lasers followed by state detection and parity analysis [7]. The parity
measurement result (i.e. the probability to measure an even number of ions in the excited state minus the
probability to measure odd number) will be given by P = cos 67. A following change to the frequency of one of
the clock lasers can lock the linear sum of frequencies to the entangled superposition.

Comparing with the case of a single clock-ion species, the use of multi ion-species increases experimental
complexity due to the need of having a set of all the lasers, including narrow-linewidth clock lasers, that are
necessary for each of the ion-species. On the other hand, some of the technical aspects such as single-ion
addressing and detection are simplified owing to the spectral distinguishably between species. Comparing with
logic spectroscopy schemes [16, 17], the combination clock does not involve motion-sensitive operations after
the initial preparation stage.

The experimental sequence for the specific example of a two species two-ion crystal is depicted in figure 1(B).
The entanglement of two different ion species was recently demonstrated [18, 19]. As a simple example, we begin
with the two ions in the ground state of their internal state |g4), |g®) as well as in the ground state of one of their
normal modes of motion |0). After applying a blue-sideband 7/2-pulse to ion A, we entangled the internal state
ofion A with the motion of the two-ion crystal. Next we apply a red-sideband (RSB) 7-pulse on ion B which
entangles the internal states of the ions while disentangling the internal states from motion. In the rotating-
frame with respect to the sum of atomic transition frequencies wy + wpg, the resulting state is

18g%)10) = —=(gg")10) + Ie’g") 1)
/2 \/5
gL(lgAg% + el%aede?))|0). (1)

m N2

Here ¢, = ¢y + (04 + Op)tine With 4 p as the detunings of the two lasers from their corresponding atomic
transitions and ¢, is a constant phase for zero interrogation time resulting from finite pulse times, light shifts,
etc. The two-ion entangled state acquires a phase which is the sum of the two transition frequencies times the
interrogation time 7. This phase difference with respect to the sum of both clock laser frequencies is measured by
am/2 carrier pulse on each ion with its own clock laser, followed by state detection and parity analysis. In the case
of more than two ions, the procedure to generate the desired initial state will require multi-ion entangling gates
like the Melmer—Sorensen gate [20]. The rest of the scheme would follow the same lines as described above.

The combined two-ion clock is equivalent to a single atom with wy = ws + wpand with measured error
signal § = 94 + Op. One way to experimentally retrieve the stable clock frequency is by sum frequency
generation using a nonlinear crystal where the two lasers are independently stabilized to cavities. Here, in
principle, it is enough to feedback on only one of the lasers while making sure that both are sufficiently close to
resonance. A more practical way is to work with correlated lasers which may be derived from a frequency comb.
In this case we can write the two lasers frequenciesas wy = N - wgrand wg = M - wg where Nand M are integers
and wg is the comb repetition rate. Here the comb offset frequency is assumed to be set to zero. The error signal
from the experimental interrogation 6y = 6g(n + m) is then fed-back to stabilize wp, to the value thatlocks
6 = 0. The extension of the locking of the comb to the linear sum in the case of more than two species is
straightforward.

Below we analyze two examples of combinations which involve two optical transitions that have opposite
sign in their differential scalar polarizabilities such that the BBR shift is considerably reduced. This is one of the
more difficult systematic shifts to mitigate because, for a given polarizability, it requires the evaluation of the
BBR fields with high accuracy. As shown below, other differential shifts due to electromagnetic moments can be
either reduced (e.g. first-order Zeeman) or enhanced (e.g. electric quadrupole shifts (QSs)). It should be
mentioned that this method is not limited to the combination of optical transitions only. It is also possible to
combine optical clock transitions with a microwave hyperfine transition in an entangled superposition. Here the
resulting effective clock frequency is very similar to that of the optical component, however the magnetic
susceptibility of the combination superposition can be controlled when working at a high magnetic field
between the Zeeman and Paschen—Back regime. In this regime the effective g-factor of the hyperfine transition
can be smoothly tuned by the magnetic field to null the superposition first-order magnetic susceptibility.

We note that the use of entangled states is not always necessary. In many cases one can start with non-
entangled states which have a significant overlap with the desired entangled state. If the part orthogonal to the
desired clock superposition dephases quickly it will yield no parity signal. In this case, the measurement of parity
will yield the same information as before, however at the cost of lower contrast and thus lower signal-to-noise
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ratio [21]. The advantage here would be the lower technical complexity as an entangling operation will not be
necessary.

2. ©Ca*-174Yb* combination clock
The first combination clock we examine is composed of the electric quadrupole transition 4S; /, — 3D3 , in 4
Ca* and the same electric quadrupole transition; 6S; /, — 5Ds /2; in 74Yb™. This seems like a particularly nice
combination since the two transitions are driven using fairly accessible wavelengths of 732 and 436 nm
correspondingly; while the effective frequency at which this clock superposition rotates corresponds to an
effective wavelength of 273 nm (1090 THz) and lifetime of ~50 ms limited by the Yb™ transition. This effective
wavelength is very close to that of the 27 Al optical clock (267 nm) with the advantage that no UV light has to be
used in order to drive this transition. Furthermore the magnetic moments of these two transitions are the same
to within a fractional difference of 102, so superpositions with states containing an equal number of states with
opposite projections along the magnetic field direction can have almost zero magnetic susceptibility. But most
importantly, the differential static polarizability of these two transitions are very similar in magnitude but have
opposite signs [22] and therefore a superposition of the two species can have a significantly smaller susceptibility
to blackbody radiation. Up to normalization, the specific superposition we consider here is

|Ca; S1.1)|Yb; St _1) + |Ca; D3 1)|Yb; D3 _1). @

22 272 272 272

Below is an analysis of the different systematic shifts for this combination clock.

2.1. First-order Zeeman

The first-order Zeeman shift due to a uniform magnetic field for this superposition is almost zero as both
superposition parts have a total zero magnetic moment, up to a small (10 ) difference between the bound
electron g-factor in the two cases. Magnetic-field gradients, however, will still contribute a first-order sensitivity
to magnetic field. Here the magnetic field gradient can be measured, and subsequently nulled, by preparing the
superposition

|Ca; S1 1)|Yb; S

11 1) +1Ca; S1_1)[Yb; S
2°2 2 2

). 3)

1 _1 11
272 22
Here as well, the different g-factors need to be taken into account or the same specie should be used for this
procedure. A similar superposition has been previously used to estimate and compensate magnetic field
gradients to the 20 mHz level [8] which translates into a fractional uncertainty of 2 x 10~"7. One can further
improve on this uncertainty by interlacing experiments in which the spin direction of both ions is reversed, thus
time-averaging out the gradient effect in the same manner that first-order Zeeman shift is commonly averaged

over [23].

2.2.Second order Zeeman

Other optical clocks such as '7'Yb™ benefit from the possibility of a clock transition which is first-order
insensitive to the magnetic field. In most of these cases this happens due to the hyperfine interaction between the
electron and the nucleus. This first-order insensitivity then comes at the expense of a relatively large second-
order Zeeman shift (typically 10° or more larger than in the first-order sensitive case). Here, since the first-order
insensitivity results from careful engineering of the clock superposition, the clock superposition amplitudes do
not depend on the magnetic field value. A change in the magnetic field will not result in a change of the magnetic
moment of the superposition states and hence no second order Zeeman shift. The small second order Zeeman
shift will be, as in first-order sensitive clocks, due to the fine-structure (FS) coupling in each of the transitions.
The order of the second order Zeeman will be

(gupmB)*
Afyy, = OB

> 4
hAEgs @

where gis the electron dimensionless magnetic moment, yip is Bohr magneton, Bis the magnetic field, h is
Plank’s constant and A Egs is the FS splitting in the D manifold. The FS splittingin Ca™ is AEgs/h = 1.82 THz
andin Yb™ itis AEgs/h = 42 THz. This means that the second order Zeeman will be dominated by Ca™.
Working ata field of 10~* T we get

(14 x 109
Bho ™ T e ¥ 2 HE ©)




10P Publishing

NewJ. Phys. 20 (2018) 123026 N Akerman and R Ozeri

One can measure the average magnetic field by preparing the superposition

[Ca; S1 _1)|Yb; S1 _1) + |Ca; S1 1)|Yb; S1 1). 6)
272 272 22 272

Here it is likely that the magnetic field will be measured with at least 10> accuracy, allowing for a clock frequency
error as low as 2 mHz which translates into a fractional uncertainty below 2 x 10718,

2.3. Electric QS
The QS of this clock superposition will be due to the quadrupole moment of the D level of both ions since the
orbital has no electric quadrupole moment. The QS of |D% , mj)levelis given by [24]

1 OE, 3

Af, = e|p 5__4mf3 2 1 7
fQ—EaZ (aE)T(COS(ﬁ)—)- (7)

Here, ©(D, % is the D level quadrupole moment and (s the angle between the quantization axis set by the
magnetic field and the quadrupole axis set by the trap geometry, where we assume full radial (cylindrical)
symmetry. In the case of two ions in the trap, the equilibrium positions of the ions are +z;, symmetrically
positioned around the potential minimum along the trap axial direction. This results in an electric field gradient
that is twice larger than the case of a single ion.

Using a,iz = 1000 V mm~? and taking the case where 3 = 0 as a worst case scenario, the QS for the
ID, m = ) willbe
2
ea; 1000
Af. = 20 2.08 + 1.34) = 1156 Hz. 8
fo= 3ot ) ®)

This result is rather large due to the constructive addition of the entangled superposition and the position of the
ions in the trap. In order to calibrate the QS one can place the ions in the superposition

|Ca; D3 1)|Yb; D3 _1) + |Ca; D3 3)|Yb; D3 _3). )

272 272 22 272

Which, in the absence of magnetic moment evolves solely due to the QS [7]. In this case the QS will be factor of
two larger as compared with that of the clock superposition above. Here a value of 3 can be chosen to minimize
(null) the QS. Moreover the QS can be eliminated by averaging over different magnetic sub-levels [3]. For the
case of the D5, level, only the m; = 1/2 and m; = 3/2 states are required.

2.4.Blackbody radiation shift
The blackbody shift is due to the scalar differential polarizability of the clock transition; Acy. The blackbody
radiation creates a varying electric field at the ion position E, ;. The shift of the clock transition is given by

AAQ = %EfmsAas(l + ). (10)

Here Ay is the differential static polarizability between the two clock transition states. The dynamic correction
factor 7 takes into account the effect of BBR fields not being static but rather peaked ataround 10 m (30 THz) at
300 K. This dynamic correction factor is typically small (=10~ to 10~2) and we will therefore neglect it in the
following. The effective differential static polarizability of the superposition above (for the purpose of frequency
shift calculation) will therefore be the sum of the two polarizabilities of the two transitions involved.

The differential polarizability for the above 45, ;, — 3Ds ), transition in Catis Aa, = —44(1) ao3
[—73(2) x 107*! Jm? V=2][2, 25]. This value is similar to the Ca™ 45,/ — 3Ds ; clock transition which is
investigated as an optical clock in several labs [26—29]. The corresponding differential polarizability on the same
clock transitionin Yb"is Aa, = 36(2) a2 [59(3) x 10~*! Jm? V-2][30]. The differential polarizability of the
Ca'- Yb" combination clockis Aas = —8(2) a) [—14(4) x 10~*! Jm? V~2]. This is a significant reduction in
the expected BBR shift by around a factor of 5. The expected shift to the clock transition at T = 300 Kis 70 (20)
mHz corresponding to a fractional frequency shift of 7(2) x 10~"7. With better measurement of the this
polarizability and a 5% accuracy in estimating the BBR field power, the BBR uncertainty of this clock will be in
the 10" range.

2.5.Second order Stark shift due to trap fields
Trap fields will induce frequency changes due to the differential polarizability of the transition. Trap fields are
mostly due to uncompensated micromotion or inherent micromotion that results from ion thermal motion in
the pseudo-potential. Here, since the trap fields have a well-defined direction both the scalar and the tensor part
of the differential polarizability will play a role.

To the extent that the trap rf fields are identical on both ions then the scalar polarizability of the transition is
suppressed by the same factor that is mentioned in the BBR section. A difference in the rf amplitude the two ions
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experience is likely. Firstly, any stray field orthogonal to the trap axis will tilt the two ion crystal and displace the
ions into different rf regions. This is because the radial pseudo-potential depends on mass and therefore the two
ions experience different radial restoring forces. Secondly, any inhomogeneous axial rf fields will lead to a
difference too. However, with the minimization of micromotion this residual shift should be at least as small as
in the case of each of the two clocks when operated on a single ion.

The tensor polarizability of Ca™is —27.0(4) x 10~*! Jm? V=2 [2]. The tensor polarizability of Yb™ is
—136(22) x 107*' Jm? V=2 [31]. Therefore, the combined tensor polarizability of this clock transition is
—163(22) x 10~*!' Jm2/V2 The amplitude of rf fields that the ions experience can be minimized to the 10 V m™
level. The order of magnitude of tensor shifts expected is therefore in the few 10’s pHz corresponding to
fractional uncertainty in the 10~ '* level. Furthermore, the tensor shift depend on the 1 level and magnetic field
direction, here the projection of the electric field, rather than the electric field gradient along the magnetic field
direction is used. This means that the same average of measurements along different magnetic field directions or
different m levels that nulls the QS will null the tensor polarizability contribution as well.

3. 885r"—3 x 22Hg™" combination clock

The second combination we look into here is motivated primarily by the desire to reduce BBR shifts as much as
possible by reducing the combination differential scalar polarizability. The differential polarizability
Aa; = —47.938(71) x 1074 Jm? V-2[22] of the S,/ — Ds ; electric quadrupole transition at 674 nm in 38
Sr* isabout 3 times larger and opposite in sign than the differential polarizability A, = 15 x 1074! Jm? V2
[22] of the same transition in 2°?Hg* at 282 nm. Thus, a superposition of a single #3Sr* and three 2*?Hg* ions
would significantly reduce Aa,to ~—3 x 1074 Jm? V=2,

ISr; S1.1)[Hg; S1_1)|Hg; S1_1)|Hg; S 1)

+1Sr; Ds 1) |Hg; Ds _1)|Hg; Ds _1)|Hg; Ds ). (11)

The effective frequency at which this superposition rotates is 82 nm (3634 THz)—deep in the extreme UV. The
expected shift to the clock transition at T = 300 K is below 20 mHz corresponding to a fractional frequency
shift of 5 x 107 '®, With better measurement of the differential polarizability and 10% accuracy in estimating
the BBR field power, the BBR uncertainty of this clock will be in the 10~ '* range.

The rest of the systematic shift analysis here is rather similar to the one presented above for the 4°Ca™
Yb" combination clock. In short: the first-order Zeeman shift due to a uniform magnetic field for this
superposition is canceled as both superposition parts have a total magnetic moment close to zero (up to the
possible difference in the g-factors on the order of 10 ). Moreover, with this particular spatial ordering of spin
states, the sensitivity to magnetic field gradients will be suppressed as well and only second order spatial
magnetic field variation would cause a shift. The FS splittingin Hg* is AEps/h = 451 THzandin Sr'itis
AEgs/h = 8.4 THz and therefore second order Zeeman shifts will be dominated largely by Sr* and can
therefore be estimated using equation (4) tobe Af,,, ~ 0.2 Hz. Here as well, an entangled superposition can be
used to measure the average magnetic field on the clock array. Evaluating it at the 10~ level, leads to a systematic
shift of the order of 2 x 10~"?. The QS in this case will be rather large due to the large crystal and is estimate to be
around 5 kHz for the same conditions considered above.

In conclusion, we propose and analyze the use of entangled states composed of multi ion-species for
realizing an optical clock with reduced systematic shifts and improved stability. As concrete examples we
proposed two different combinations. A “°Ca*—~174Yb* two ions clockand a 38Sr"—3 x 292Hg" four-ion
crystal. Both these examples are expected to operate with a significantly reduced BBR shift. Our approach opens
anew dimension to choosing suitable atomic clock references. Instead of merely scanning the periodic table for a
suitable transition in different atomic species, we propose to search for the suitable linear combination of
transitions, in different species which would have the lowest susceptibilities to environmental conditions.
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