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Quantum computers based on crystals of trapped ions are a prominent technology for quantum
computation. A unique feature of trapped ions is their long-range Coulomb interactions, which can be
exploited to realize large-scale multiqubit entanglement gates. However, scaling up the number of qubits,
N, in these systems, while retaining high-fidelity and high-speed operations, is challenging. Specifically,
designing multiqubit entanglement gates in long ion crystals of hundreds of ions involves an NP-hard
optimization problem, rendering scale-up not only a technological challenge, but also a conceptual
challenge. Here we introduce a method that mitigates this challenge, effectively allowing for a polynomial-
time design of fast, robust, and programmable entanglement gates, acting on the entire ion-crystal. We
show that while the number of simultaneous entanglement operations scales asN2, the gate duration scales
as N, leading to a scaling advantage. We use our methods to investigate the drive-power requirements and
susceptibility to noise and errors of these multiqubit gates. Our method delineates a path toward scaling up
quantum computers based on ion-crystals with hundreds of qubits.
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I. INTRODUCTION

Trapped-ions are a leading quantum computation plat-
form due to their accurate control, long-range connectivity,
and long coherence times. Despite their all-to-all con-
nectivity, linear ion crystals of growing lengths present
increasing difficulty in implementing high-fidelity and
high-speed entanglement gates. Some trapped ion scale-
up architectures overcome this challenge by interconnect-
ing separate ion crystals, either by ion shuttling between
segments in a quantum charge-coupled device architecture
[1–3] or by photonic interconnects [4–6]. However, both
approaches to scalability will benefit from working with
longer ion crystals as their basic building block, taking full
advantage of the inherent long-range connectivity of the
ions and its expected benefits [7–11].
Quantum information processing devices, based on crys-

tals of 10 to 100 s of trapped ions, have recently been
proposed and implemented [12–16], overcomingkey hurdles

such as crystal stability, cooling, and coherence. However, a
prominent open challenge is the design and implementation
of high-fidelity, programmable multiqubit entangling gates
in these large-scale systems. In trapped-ion quantum com-
puters, entanglement is mediated by the normal modes of
motion of the ion crystal.As the number of ions increases, the
motional spectrum becomes denser, which complicates the
gate design. This challengemanifests itself as a quadratically
constrainedNP-hard optimizationproblem [7,17], that scales
asN2 with the number of ionsN, making the implementation
and the study of feasibility, performance, and scaling of such
multiqubit gates a formidable challenge.
Crucially, solving, or approximately solving, this opti-

mization problem enables the implementation ofmultiqubit
entangling gates that offer programmable simultaneous
interactions between all qubit pairs in the ion-crystal.
Specifically, for a N qubit register and given a desired
set of ðN

2
Þ ¼ NðN − 1Þ=2 real-valued qubit-qubit couplings,

φnn0 , with n; n0 ¼ 1;…; N, these gates couple to multiple
modes of motion of the ion-crystal and generate the logical
operation,

UMQðφÞ ¼ exp

 
i
XN
n;n0>n

φnn0XnXn0

!
; (1)

with Xn a Pauli-x operator acting on the nth qubit.
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Such gates, with arbitrary control of φnn0 , together
with local single-qubit rotations, form a universal gate
set. Moreover, these gates have been shown to be
advantageous in improving the performance and reduc-
ing circuit depth over a wide variety of quantum
computation applications, to mention a few: Improved
thresholds for quantum error correction, improved per-
formance of optimization problems, reduced depth for
the quantum Fourier transform, quantum volume cir-
cuits, Clifford circuits, N-qubit Toffoli gates, as well as
for a wide range of random unitaries [8–11,18–24].
In recent years, several frameworks have been proposed

for engineering entangling gates in large trapped-ion
crystals, all making use of additional drive parameters,
such as temporal or frequency-domain modulation of the
gate’s driving field’s amplitude [8,25] or phase [26–28], to
address the quadratically growing constraints of achieving a
target entangling map, φnn0 , while minimizing drive power.
One common approach is to focus on a small subset or a
set of disconnected pairs of ionswithin a larger crystal, such
that the number of quadratic constraints per ion reduces
significantly and efficient solution methods become avail-
able [29–34]. Another line of work demonstrates the
efficient construction of solutions for general entanglement
maps, which are not necessarily power-optimal [8]. Finally,
some studies employ custom or standard gradient-based
minimization algorithms to obtain optimized solutions
under the full set of constraints [25,28,35–37].
Our contribution here is twofold. First we introduce a

toolbox, coined large-scale fast (LSF), for designing
multiqubit gates of the form of Eq. (1) for qubits based
on ion crystals of up to 100 s of qubits. Some of these tools
can work in conjunction and enrich the previous methods
above, while others are unique to LSF. Second, we make
use of these techniques to investigate the physical proper-
ties of these gates, for gates of up to N ¼ 100 ions.
Particularly, we show that while the multiqubit gates
implement OðN2Þ entanglement operations, their minimal
duration, Tmin, below which general high-fidelity gate
solutions cannot be found, scales linearly in N, constitut-
ing a scaling advantage. Furthermore, we derive and
demonstrate an estimate of the power required to drive
general gates in long crystals, and show it is directly
deduced from the entanglement map, φ. Lastly, we
introduce common error sources, e.g., motional modes
frequency drifts, whose influence can be modeled within
the physical framework used to derive LSF, and investigate
how these errors scale with the properties of the ion crystal
and gate drive, providing design and calibration tolerances
for large-scale trapped ions processors.
The remainder of the paper is ordered as follows: in

Sec. II we introduce the physical framework, formulate the
gate-design problem and describe operational aspects of
LSF; in Sec. III we highlight the physical limits and
scaling of laser power and Tmin with the number of ions

and entanglement structure complexity; in Sec. IV we
perform an error analysis survey of common error mech-
anisms and describe their scaling with gate-time and
number of ions; in Sec. V we demonstrate other physical
properties of an LSF solution through a specific stabilizer-
code gate example in a 49-ion chain. The next sections go
into the details of the LSF method: in Sec. VI, we describe
the derivation of the LSF method; and in Sec. VII we
describe the result of a benchmark test comparing the time-
to-solution between our algorithm and competing
common-use algorithms.

II. FORMULATION OF THE
GATE DESIGN PROBLEM

Trapped ion quantum computers use the normal modes
of motion of the ion crystal as a phonon bus, which
mediates interactions between the ion qubits. This is
performed by driving the motional sidebands of the ion
crystal, which generates spin-dependent forces. A canoni-
cal example of this method is the Mølmer-Sørensen (MS)
gate [38,39]. In recent years there have been many
proposals and demonstrations which were focused on
improving the utility and fidelity of MS gates. These
methods are, at large, based on modulating the spin-
dependent displacement forces by applying a non-static
gate drive ΩnðtÞ. While various signal representations may
be used, here we analyze the problem in the spectral
domain [40–43]. That is, we use the Fourier representation
over the frequency grid, that is symmetrically detuned
around the qubit transition frequency, ω0 and spans the
frequencies, ωm ¼ ðm0 þmÞ π

Tg
, with Tg the designated

gate time, and m and m0 integers. The drive acting on the
nth qubit is expressed as

ΩnðtÞ ¼ Ω sinðω0tÞ
�X

m

rðcÞnm cosðωmtÞ þ rðsÞnm sinðωmtÞ
�
;

(2)

with rðc=sÞnm corresponding to the amplitude of tone ωm
driving ion n at the cosine or sine quadratures and Ω a
characteristic Rabi frequency. The spectral approach taken
here is general in terms of the possible qubit drives, and
offers conceptual advantages over alternative representa-
tions, as it is easier to manipulate analytically [44] and
provides physical intuition. Our approach is relevant to any
form of qubit encoding; e.g., ground state, optical or
metastable qubits [45] as well as mixed-species crystals,
qubit drive; e.g., Raman, optical or laser-free, and archi-
tecture; e.g., global beam [46,47] or individually con-
trolled ions.
Applying such drive results in an interaction

Hamiltonian of the form (ℏ ¼ 1),
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HI ¼ Ω
XN
n¼1

Xn

XN
j¼1

ηjO
ðnÞ
j ða†jeiνjt þ H:c:Þ

×
XM
m¼1

½rðcÞnm cosðωmtÞ þ rðsÞnm sinðωmtÞ�
;

(3)

with aj a bosonic annihilation operator of the jth phonon
normal mode of motion of the ion-crystal, at frequency νj.

The ion-phonon coupling is ηjO
ðnÞ
j , with ηj the Lamb-

Dicke parameter of the jth mode of motion and O an

orthonormal participation matrix such that OðnÞ
j is the

participation of the nth ion in the jth mode of motion.
Various assumptions and approximations are used in

order to derive the interaction in Eq. (3) (given in full
detail in Appendix A), most importantly the Lamb-Dicke
approximation, i.e. assuming that η2jð2nþ 1Þ ≪ 1, and a
rotating wave approximation used to omit unwanted
coupling to the qubit carrier transitions, i.e. Ωn ≪ ν.
Some of these approximations can be made more
accurate by appropriately constraining the qubit modu-
lations, ΩnðtÞ [7,40,41] (see Appendix B).
The evolution due to HI is analytically solvable, yield-

ing a combination of qubit-dependent displacements of the
phonon mode and qubit-qubit entanglement,

UIðtÞ ¼
YN
j¼1

Dj

 XN
n¼1

Xnα
ðnÞ
j ðtÞ

!
ei
P

φnn0 ðtÞXnXn0 ; (4)

with Dj a displacement operator of the jth phonon mode.

The displacements, αðnÞj , and entanglement phases, φ, are

directly computed from the system parameters ηj, O
ðnÞ
j , νj,

and the qubit drives, Ωn (see Appendix A).
The evolution in Eq. (4) gives rise to the gate design

problem, namely obtaining the set of qubit drives, fΩngNn¼1

such that at the gate time, t ¼ Tg, all the displacements

vanish, αðnÞj ¼ 0 and such that φnn0 ðTgÞ take predetermined

values, φðidealÞ
nn0 , corresponding to a desired entangling gate.

Gate design solutions which make use of a minimal
driving power are typically preferable: they are better
aligned with the approximations used to derive HI; some
sources of error scale with the drive power; and physical
realizations are often limited by the drive power.
Thus, the gate design problem becomes a norm-

minimization problem, under quadratic and linear
constraints:

r̂¼ arg min
r
krk subject to

(
αðnÞj ðTgÞ¼ 0 ∀ j;n

φðTgÞ¼φðidealÞ
nn0 ∀ n;n0

;

(5)

with j; n; n0 ¼ 1;…; N. Crucially, the αðnÞj s scale linearly
in the Ωns. Additional constraints, typically also linear in
the Ωns may be imposed in order to improve the accuracy
of HI and to improve the gate’s resilience to various
sources of error and noise, e.g., calibration errors of the νjs
(see Appendix B).
The entanglement phases, φnn0 scale quadratically in the

Ωns, giving rise to NP-hard constraints [17,48]. These
constraints can be arranged into a linear constraint matrix
L with kernel K and a set of real-valuedM ×M symmetric
quadratic constraint matrices Ann0 . The form of the Ann0s
arises naturally in the derivation of UI in Eq. (4) (see
Appendix A).
A simpler representation of Eq. (5) follows from the

restriction of the drive into the space spanned by K, by
applying the transformation Ann0 → Ann0 ¼ KTAnn0K. The
optimization problem can be redefined as

R̂¼ arg min
R

kRk subject to RTAsR¼φðidealÞ
s : (6)

With s ¼ 1;…;N c an ordering of the double index nn0,
N c ¼ ðN

2
Þ is the number of two-qubit pairings and RT ¼

ðRT
1R

T
2 � � �RT

NÞ defined such that ðRnÞl, is the amplitude
associated with the lth vector in K driving the nth ion. As

are the set of NM̃ × NM̃ symmetric sparse matrices,
written such that RTAsR ¼ RT

nAnn0Rn0 and M̃ ¼ dimK.
The norm in Eq. (6) used to evaluate jRj is intentionally

left undefined, as different physical realizations corre-
spond to different choices of norm. In what follows below,
we make use of the standard Euclidean norm.
By using the “R” notation the gate design problem

assumes the form of that described in Ref. [7], for
homogeneously driven ions. Other realizations of drive
configuration, such as beams that illuminate sections of the
ion chain also conform to the form of Eq. (6) [49].
In the adiabatic limit, i.e. for a gate time Tg much

larger than the inverse motional modes density, the Ann0s
become approximately diagonal and satisfying the quad-
ratic constraints is trivial (see Appendix C). However
due to the crowding of the mode frequencies in large ion
crystals this results in impractically slow gates. Indeed as
2πΔν̄ · Tg → 1, with Δν̄ the average spacing of motional
mode frequencies, the tones of the driving field strongly
interact with many modes and the coupling matrices are
in general dense, making the optimization problem
nontrivial.
Before continuing to an analysis of multiqubit gates,

we briefly give an account of operational aspects of LSF
(followed by a detailed account in Secs. VI and VII).
LSF operates by transforming a special seed solution of
the gate-design problem, coined a zero phase solution
(ZPS), into an approximate solution of the optimization
problem in Eq. (6), with a polynomial-time process that
has two main parts—a step that converts the ZPS to a
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solution satisfying the quadratic constraint, and then a set
of norm-reduction steps. This process can be performed
with several seed ZPSs. Thus, the “hardness” of the
problem is transformed to the task of generating a finite
set of ZPSs, which might be inefficient, after which
generating a solution for each ideal target, φðidealÞ

s s, is
done efficiently.

III. SCALABILITY IN LARGE ION CRYSTALS

We use LSF in order to investigate the performance and
scaling laws of multiqubit entanglement operations in
large ion crystals. To this end we consider many trapped
ions systems which vary in number of ions, gate duration,
entanglement target, and drive spectra, among other
examples.
First, we consider the total Rabi frequency required to

drive an entanglement gate, which we quantify by

jrj≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

n;m ðrnÞ2m
q

. Since the gate design stems from

an NP-hard problem, one would expect that predicting
the required total Rabi frequency, before solving the
optimization problem, to be challenging. Nevertheless
such a prediction is useful as it can inform circuit
construction and as an a priori stopping criteria for the
norm-reducing process.
As a benchmark we recall the expression for the Rabi

frequency which is required to drive a single mode MS

gate, ΩMS ¼
ffiffiffiffiffiffiffiffi
jφMSj

pffiffiffiffi
2π

p
ηT
, where φMS is the entanglement phase,

and η ∝ ν−1=2 is the Lamb-Dicke parameter corresponding
to the mode of motion at frequency ν. This expression is
valid in the adiabatic limit, i.e. for Tg ≫ ν−1;Δν−1. We
then generalize ΩMS to a system in which the target φnn0 is
native, i.e. it can be implemented with a global driving
field. This is achieved in the case where the normal modes
of motion of the ion crystal are the eigenvectors of the
matrix φnn0 [7], and each mode accumulates a phase that is
the corresponding eigenvalue. We incorporate this change
by replacing φMS ↦

PN
j¼1 jφjj, where fφjg are the

eigenvalues of φnn0 . This sum is known as the nuclear
norm of the matrix φnn0 . Furthermore we replace ηwith the
average η over all modes of motion. When we go beyond
native targets, we replace all the elements of φnn0 with their
absolute value. Lastly, for independently driven ions we
expect the power to scale linearly with N. Thus, we
conjecture an estimate, Ωnuc,

Ωnuc ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nkφknuc

p
ffiffiffiffiffi
2π

p hηiTg

; (7)

with k · knuc the nuclear norm of a matrix with its elements
taken in absolute value, and k a constant which depends on
the choice of implemented linear constraints (e.g., addi-
tional linear constraints ensuring gate robustness).

To test the predictive power of Ωnuc, we generated a
large set of entanglement maps for an equidistant crystal
of 50 trapped 40Caþ ions, with an ion spacing of d ¼
5 μm and a fixed gate time of Tg ¼ 780 μs, that drive the
crystals transversal (radial) modes of motion. These maps
are grouped into several categories—structured maps
include configurations where the entangling pattern fol-
lows a defined geometry or purpose, such as all-to-all,
cluster-state, surface-code, pairwise, and single pair
couplings. In these maps, the entangling phase between
specific pairs is set to either 0 or π=4, according to the
group pattern. Moreover, we draw subsets of size N0 < 50
and repeat the gate with the pattern applied only to the
ions in the subset. In contrast, unstructured maps are
generated by assigning a nontrivial entangling phases to
randomly selected pairs. For some groups we drop the 0
or maximal-entangling phase assertion and assign differ-
ent pairs a randomly drawn phase within the range
½−π=4; π=4�. For each entanglement target we generated
solutions from five different ZPS’s and averaged the
resulting jrj values. Here and in the results below,
solutions to the optimization problem are obtained such
that the total deviation from the quadratic constraints,P

s ðφs − φðidealÞ
s Þ2, is at most 10−4, which loosely cap-

tures the gate’s infidelity.
The results are summarized in Fig. 1, where each point

corresponds to a specific φnn0 example, and color is
indicative of the entangling map category. For each such
point the resulting drive amplitude, jrj, is compared with
the prediction Ωnuc. Remarkably, the data collapse shown
in Fig. 1 implies that the details of the mode structure and
frequency are largely irrelevant to the required Rabi
frequency. The analogy to a globally driven system
provides an intuitive explanation: Driving the ions inde-
pendently is equivalent to an effective “reshaping” of the
participation of each ion in each of the normal modes, such
that the resulting reshaped mode participation map fits the
required spin coupling map. While this picture is intuitive,
it could not have been verified without the ability to
compute optimal, multi-mode, entanglement gates on large
ion-crystals, afforded by LSF.
The factor k, empirically set to be 0.78 from a fit to the

data, is applicable when only the bare gate constraints are
applied. With the inclusion of additional constraints, that
aim at robustifying the gate against noise (e.g., reduce gate
sensitivity to changes in mode frequencies), this factor
assumes larger values, reflecting the additional cost
associated with the inclusion of more conditions, see
Appendix D.
It should be noted that our estimation is heuristic,

specifically it assumes that the modes of motion of the
ion crystal are global, i.e. that in general all ions are
coupled to each other. Indeed, it is easy to come up with
cases in which ions vibrate independently from each other
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and ion-ion entanglement is impossible, e.g., Refs. [3,15],
yet the nuclear norm estimate will not diverge.
We remark that while the eigenvalues of φ play a crucial

role in determining the gate drive power, they trivially
also carry information about the amount of entanglement
generated by the gate. Indeed, for small values of φ
the average single-qubit von Neumann entropy scales
as the Frobenius norm squared of φ, i.e. the sum over
its eigenvalues squared (see Appendix E), S̄VNðφÞ≈P

n φ
2
n ¼ kφk2F. For these norms we have the bound,

kφkF ≤ kφknuc, showing that the drive power puts a bound
on the average entanglement entropy generated by
the gate.
Following thevalidation of Eq. (7) for a single ion-crystal

and specific gate time, we proceeded to a comparison
between systems of differing ion-count and gate-times.
With our choice of harmonic basis to the gate drive, faster
gates contain less frequency components in the vicinity of
mode frequencies, that resolve the crystal motional modes.
This naturally leads to a controllability limit over the
individual phases acquired by different modes, and con-
sequently limits the accessible entangling map space.
Indeed, in the single-tone, far-detuned regime (δ ≫ Δνj),
a nearly uniform detuning from all motional modes gives
rise to localized phonon wave packets and correspondingly
local entangling interactions between ions [50–52]. A
natural timescale to separate the different regimes is the
average mode density,

Tν ¼
NπP
jΔνj

≡ πðΔν̄Þ−1; (8)

proportional to the average reciprocal group velocity
v−1g ðωÞ [53] of phonons in the ion-crystal. As the mode
density grows linearly, on average, with the crystal size, so
does Tν. We define the dimensionless quantity ρ ¼ Tg=Tν

as the ratio between the gate time and the average mode-
density time-scale. This dimensionless parameter provides
a consistent framework for comparing systems of different
sizes. The drive amplitude is rescaled by Ω�

nuc ¼ Ωnuc · ρ,
which replaces the explicit gate-time dependence in Eq. (7),
with the characteristic time Tν. Ω�

nuc is a fixed amplitude
estimator per ion-crystal.
This universal scaling is demonstrated in Fig. 2, where

results from ion crystals with N ¼ 20 to N ¼ 100 collapse
onto a single curve when plotted as a function of ρ. Within
each color group (indicating system size), each point
represents a specific entangling operation and gate dura-
tion, averaged over five optimization runs. From Eq. (7)
we expect the normalized gate amplitude to scale as ρ−1,
shown by the unity slope dashed black line. The data
collapse provides compelling evidence for a nontrivial
property: given a physical description of the ion crystal, a
target gate time, and a desired entangling operation, one
can estimate the required drive amplitude without solving
the gate-design problem in full.

FIG. 1. Correlation between the solution drive amplitude
and its estimator Ωnuc for 150 different phase maps on a single
N ¼ 50 ion crystal. Color indicates the category of the multiqubit
coupling maps. These include structured maps (e.g., all-to-all),
where N or a subset of ions follow a defined entangling pattern,
and unstructured maps, where phases are randomly assigned to
ion pairs. Phases are either restricted to f0; π=4g or drawn from
the continuous range ½−π=4; π=4� for random-phase maps. The
dashed line indicates perfect correlation, jrj ¼ Ωnuc.

FIG. 2. Summary of gate-design results obtained by our
method. The total required Rabi frequency is plotted as a
function of rescaled gate time for ion crystals of different length,
indicated by color. Each point corresponds to a different
entanglement operation. The horizontal axis shows the dimen-
sionless gate time ρ ¼ Tg=Tν, where Tν is the average mode-
density timescale defined in Eq. (8). The vertical axis shows the
total Rabi frequency jrj normalized by the nuclear-norm based
estimator Ω�

nuc ¼ Ωnuc · ρ. With this rescaling, solutions for
different crystal sizes and entanglement maps collapse onto a
single curve. The black dashed line indicates the expected
scaling of jrj ∝ 1=ρ.
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Another emergent universal feature is the threshold
below which no feasible solution can be found. These
breakdown points, marked by vertical dashed lines, cluster
around ρ ¼ 2.9. Attempts to design gates of shorter
durations consistently fail: these solutions require signifi-
cantly higher drive power than anticipated from Ωnuc, and
many exceed the accepted gate error threshold (marked by
×). This signifies a minimal gate time Tmin ≃ 2.9 · Tν

which scales linearly with the crystal size. It is worth
noting that Tmin is exemplified here only using dense
entangling maps involving all ions. Gates faster than Tmin
do exist for entangling maps that couple only a part of the
crystal [42,53].

IV. ERROR SCALING

Beyond the scaling of resources with crystal size, an
equally important consideration is how tolerable noise
levels scale for gates involving many ions. To address this,
we apply our formalism to analyze the impact of three
dominant error mechanisms: drifts in the motional-mode
frequencies, drive amplitude fluctuations, and motional
heating, and quantify their respective contributions to gate
infidelity. These processes are well known as dominant
contributions in the noise budget of trapped-ions entan-
glement gate demonstrations [54,55]. Here, we quantify
their impact in crystals of tens of ions. These sources
of error remain within the analytic framework of LSF,
and can be modeled as modifications of the quadratic and
linear matrices that determine mode displacements and
entangling phases at gate time, or of the gate drive itself.
Errors that are beyond the analytic model, e.g., higher-
order Lamb-Dicke terms, are a subject of future research.
For small error terms and mode temperatures n̄j ≪ 1,

the total gate infidelity, E ¼ 1 − F, with F the gate fidelity,
can be expressed as a sum of displacement and phase
errors [26,56]:

E ≈ Eα þ Eφ ¼
X
n;j

1

4
kαðnÞj ðTgÞk2 þ

X
n;n0

Δφ2
n;n0 ; (9)

with Δφn;n0 ¼ φn;n0 ðTgÞ − φðidealÞ
n;n0 ðTgÞ.

Motional-mode frequency drifts: In the case of radial
modes, such drifts can arise from shifts in the resonance
frequency of the Paul trap rf resonator. The single-ion
radial secular frequency scales as νx ∼ Vrf , with Vrf the
voltage of the oscillating field that generates the trapping
pseudo-potential. A drift in this voltage, ΔV, shifts all
radial mode frequencies according to νjx → νjx þ ΔV · δjx
with δjx susceptibilities with a weak dependence on j. The
resulting phase and displacement errors can be estimated
by recalculating the integrals in Eqs. (A5) and (A6) with
the shifted frequencies. Figure 3 illustrates these errors for
multiple gate solutions, each designed to generate a GHZ
state. The solutions are grouped by ion number, with colors

ranging from blue (10 ions) to brown (60 ions). The error
parameter Δν is normalized by the gate time Tg, which
facilitates the collapse of error curves with different gate
times onto similar trends for a given crystal size. This is
demonstrated by two solutions per crystal size: bright-
colored curves correspond to faster gates with Tg ¼ 2Tmin,
and dark-colored curves to slower gates with Tg ¼ 3Tmin.
Brown dashed curves correspond to gates in the 60-ion
chain where only a subset of ions participate (according to
color). These error curves closely match those of fully-
connected gates on smaller crystals of the same number of
participating ions.
This data show that the gate errors under this noise

model scale quadratically in the frequency error,

EΔν ≈ kNcðΔνTgÞ2: (10)

Here, Nc ¼ NðN−1Þ
2

is the number of ion-ion couplings
and k is an additional (N- and Δν-independent) constant.
This constant is fitted from the data to k ≈ 4.5 (inset)
showing the scaling of the quadratic coefficient with
Nc (red). The gate can be made robust to this type of
error by including appropriate linear constraints, shown in

FIG. 3. Gate fidelity, F, due to a drift in the trap rf voltage,
estimated for gates generating GHZ states for ion-crystals of 10
to 60 ions. Gate times of Tg ¼ 2 · Tmin (light) and 3 · Tmin (dark)
collapse to similar trends when rescaling the frequency error by
Tg (horizontal). Dashed colored-brown lines show gates on 60
ions where only a subset (of size coded by the color) of the ions
are entangled, forming a sub-crystal size GHZ state. Inset: A
quadratic approximation of the infidelity, with filled circles
showing the quadratic coefficient for varying crystal size, with
(blue) and without (red) additional linear constraints aiming at
reducing the gate sensitivity to such drifts. Both coefficients
scale almost linearly with the number of bipartite couplings in
the gate, Nc ∼ N2, yielding a constant slope of approximately 2.
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Refs. [7,40,41] and Appendix B, which are shown to
reduce k to ≈1.0 (blue).
Drive amplitude fluctuations: For laser driven ions, such

fluctuations can arise, e.g., from instabilities in the laser
intensity or beam pointing. To model this effect, we rescale
the spectrum driving ion n as rn → rnð1þ ϵÞ, where ϵ
denotes the relative amplitude change. Since the displace-
ment integrals are linear in r, and solutions are limited to
K ¼ kerðLÞ, this rescaling of rn does not cause displace-
ment errors. Amplitude fluctuations, however, do cause
phase errors that can be written as

Eφ ¼
X
s

ðRð1þ ϵÞAsRð1þ ϵÞ −RAsRÞ2

¼ ð4ϵ2 þ 4ϵ3 þ ϵ4Þ
X
s

φ2
s : (11)

For homogeneous stochastic noise ϵ ∼ Pϵ, the powers of
ϵ in Eq. (11) are replaced by the corresponding distribution
moments. For Gaussian noise, E½ϵ2n� ¼ σ2nð2n − 1Þ!!,
yielding the expected error,

Eφ ¼ ð4σ2 þ 3σ4Þ
X
s

φ2
s :

Figure 4 shows the expected error for crystals of size
10–60 ions. Filled circles represent averages over 300
Gaussian samples per variance σ2, while solid curves
follow the analytic prediction. For maximally entangling
gates (e.g., Clifford multiqubit gates), and under the
assumption of small noise variance, the error scales as

EΔr ≈ 2πσ2Nc; (12)

with Nc the number of nontrivial ion-ion couplings. Thus,
the variance of the noise must decrease inversely with Nc,
which grows, at most, quadratically with N.
Motional heating: Heating of secular ion motion is a

common dephasing process that limits coherent control in
ion-crystals. It typically increases with decreasing ion-
electrode distance, and is more severe in room-temperature
vs cryogenic traps. Following the analysis of [57], the
contribution ofmotional heating to gate error is bounded by

EΓ ≤
X
n;n0;j

Γj

����
Z

Tg

0

α�ðnÞj ðtÞαðn0Þj ðtÞ dt
����; (13)

whereΓj is the heating rate (in quanta per unit time) ofmode
j. The rate depends both on the electric noise power spectral
density SEðωÞ and the spatial correlation of electric-field
noise across the ions [58],

Γj ¼
e2

4mω2
j

X
n;n0

OðnÞ
j Oðn0Þ

j Sðn;n
0Þ

E ðωjÞ; (14)

with

Sðn;n
0Þ

E ðωÞ ¼
Z

dτ e−iωτhEðnÞðτÞEðn0Þð0Þi;

the cross-spectral noise density function. If the noise is

perfectly correlated, Sðn;n
0Þ

E ðωÞ≡ SEðωÞ, then only the
center-of-mass (COM) mode contributes to the expression
Eq. (14). For a more realistic scenario, we consider a noise
model with SEðωÞ ∝ ω−1 and exponentially decaying

correlations, such that Sðn;n
0Þ

E ðωÞ ∝ ω−1e−jxn−xn0 j=ζ, with ζ
the correlation length of the ions at positions xn. Figure 5
shows the gate fidelity due to motional heating, for gates
that generate GHZ states in ion-crystals of 10 to 60 ions.
Since theminimal gate time increaseswithN, we isolate the
effect of noise correlations by rescaling the COM-mode
heating rate to 0.02 quanta per gate time. When noise is
strongly correlated, ζ ¼ 150 μm (blue, red), the fidelity
decreases approximately linearly with N. By contrast, for
short-range noise correlations, ζ ¼ 1 μm (bright blue), the
error approaches quadratic scaling withN. We quantify this
behavior in Fig. 5 by fitting the heating-induced error to a
power law, EΓ ¼ 1 − F ≈ ANp. For short-range electric-
field correlations, the fitted exponent p ≃ 1.88 reflects
the contribution of many motional modes, whereas for
long-range correlated noise the error is dominated primarily
by the COM-mode and the scaling is closer to linear.
Although the sum in Eq. (13) runs over indices
n; n0 ¼ 1; ::; N, not every ion couples equally to every
mode in a given gate. As a result, the scaling is not purely
quadratic (as would be expected if all modes contributed
independently), but instead interpolates between linear and
quadratic scaling depending on the correlation model.
Similarly to motional-mode frequency drifts above, robust

FIG. 4. Gate infidelity due to fluctuating laser amplitude. For
each crystal size, the drive amplitude was rescaled by 1þ ϵ with
ϵ ∼N ð0; σ2Þ. Filled circles correspond to numerical averages
(mean of 300 samples), while solid lines show the expectation
value of Eq. (11).
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gates (blue) are compared to non-robust gates (red), and
show a reduced sensitivity to heating-induced errors.

V. ANALYSIS OF AN EXAMPLE:
SURFACE CODE STABILIZER

We demonstrate solutions obtained by our method
and highlight certain aspects of them via an example.
Specifically, we outline the entanglement gate required for
stabilizer measurements in surface codes. Here we con-
sider a 49 ions crystal, entangling 33 ions using a single
pulse. Figure 6 shows the formation of the stabilizer (top-
left panel), with ions straightforwardly mapped into a 7 ×
7 square grid, forming nine plaquettes that can be used to
evaluate the X-parity of the plaquette vertices (a similar
construction can be made for Z-parity stabilizers). In this
mapping some ions remain uncoupled (orange) and can be
used in subsequent operations; some form the edges of
plaquettes (blue) and some are designated as ancilla qubits
(dark blue). It was shown in Ref. [59] that a surface code
stabilizer measurement can be implemented with a single
multiqubit MS gate. Note, however, that our coupling
map between ions involved in a stabilizer measurement
is not all-to-all; rather it takes the form of a “cross.” This
is in fact more efficient as it requires fewer nonzero

entanglement phases. Indeed the nuclear norm of the cross
coupling map is two times lower than that of the all-to-all
coupling.
Here we assume an equally spaced crystal of 40Caþ ions

with an inter-ion distance of 5 μm. Qubits are mapped onto
the ground-state Zeeman 5S1=2 manifold and are assumed
to be driven with a 400 nm laser field using a Raman
transition, which couples the ions through transverse
motional modes at frequencies between 3 and 3.5 MHz.
We convert different ZPS’s into solutions for this particular
gate problem and compare their properties. The obtained
solutions exhibit infidelity below 1 × 10−4, as defined in
Eq. (9). The middle panel of Fig. 6 provides an example of
a drive spectrum obtained for four participating ions,
labeled in the upper-right panel as 4 (purple), 7 (green),
42 (blue), and 46 (red). The dark-blue vertical lines
correspond to motional-mode frequencies of the 49-ion
crystal in one of the radial directions. The spectrum
describes a pulse of duration T ≈ 640 μs. Nonetheless,

FIG. 5. Infidelity due to motional heating. Main frame: heat-
ing-induced errors for GHZ gates in crystals of 10–60 ions. To
remove the trivial gate-time scaling, the COM-mode heating rate
is normalized to 0.02 quanta per gate time. Results are shown for
correlated noise (ζ ¼ 150 μm, spanning most of the crystal) and
short-range correlated noise (ζ ¼ 1 μm). Solutions including
motional error minimization linear constraints (blue) are com-
pared with unconstrained solutions (red). Solid lines are power-
law fits to the heating-induced error, EΓ ¼ 1 − F ≈ ANp, with
the fitted exponent p shown in the legend. Inset: error growth
with gate time in a 20-ion crystal. Errors increase linearly with
Tg, as expected from Eq. (13), with robust gates (blue) showing
roughly half the error rate.
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FIG. 6. Single-pulse surface-code stabilizer gate in a 49-ion
crystal. Top-left: mapping of a linear 49-ion crystal onto a 7 × 7
square grid forming nine surface-code plaquettes. Dark-blue ions
denote ancilla (node) qubits, light-blue ions form plaquette
edges, and orange ions are uncoupled spectators. Upper-right:
identification of four representative participating ions used in the
spectral analysis. Middle: drive spectrum for these four ions
during a single gate pulse. Vertical dark-blue lines indicate
transverse motional-mode frequencies of the 49-ion crystal.
Bottom: corresponding ion-resolved drive amplitudes, showing
higher power assigned to ancilla ions, reduced power on edge
ions, and vanishing drive on non-participating ions.
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we obtain solutions for this problem setup for gate times
down to T ≈ 320 μs. For comparison, to produce the same
operation using sequential all-to-all two-qubit gates within
T ≈ 640 μs requires that each two-qubit gate will have a
duration of 15 μs.
The obtained solution exhibits efficient use of the drive,

manifested in two ways. First, the power assigned to each
ion correlates with its participation in the gate. A repre-
sentative drive amplitude solution is presented in the
bottom panel of Fig. 6. Node ions (dark-blue) exhibit
the highest drive amplitude, while edge ions (light-blue)
are driven with lower amplitude, with a minor reduction
for ions connected to a single qubit. The non-participating
orange ions are trivially shut off.
A second property relates to how the total entangling

phase is accumulated through all participating modes.
Since the total entangling phase of an ion pair is weighted
by the pair’s participation in each mode [Eq. (A6)], it is
beneficial for the solver to entangle an ion pair through
modes in which both ions participate substantially.
Because there are ∼N2=2 pairwise constraints but only
N modes, such efficient combinations are not guaranteed
to exist. Nonetheless, the solver finds efficient patterns, as
exemplified in the spectrum in Fig. 6. The background
color of the four spectra represents the participation of
that ion in each mode, also summarized in the upper-
right mode-participation matrix, where colored frames
highlight the participation structure. In all cases, the solver
assigns most power near modes where the ion participates
substantially.
The factor-of-N mismatch between the number of ion

pairs and the number of motional modes implies that
modes cannot be uniquely assigned to individual pairs. As
a result, multiple ion pairs inevitably accumulate entan-
gling phase through the same modes, generating unwanted
cross-entanglement: a disconnected pair may acquire
phase through a given mode even though it is not intended
to be entangled. In typical solutions, this is mitigated by
enforcing cancellation of the total entangling phase of
disconnected pairs, rather than suppressing phase accu-
mulation through each individual mode.
This mechanism is illustrated in the top-left panel of

Fig. 7, which shows the time-resolved entangling phases
for ion pairs along a selected node (highlighted in the
inset). Blue traces correspond to connected pairs and red
traces to disconnected pairs; lighter curves show mode-
resolved contributions, while darker curves represent the
total phase summed over all modes. Although the total
phase of disconnected pairs (dark red) is constrained to
vanish at the gate time, it is composed of nonzero positive
and negative contributions from different modes, resulting
in oscillatory phase evolution during the gate.
From an efficiency standpoint, the solver suppresses

these unwanted contributions by keeping the mode-
resolved phases of disconnected pairs smaller than those

of connected pairs. This is quantified by the histograms
shown to the right of the panel, which collect pair-mode
phase magnitudes from ten independent solutions.
Disconnected pairs (red) exhibit a narrower distribution
than connected pairs (blue), indicating that parasitic mode-
mediated couplings are kept small. This reduces the fraction
of the total drive power that must be allocated to cancel
unwanted phases, improving overall gate efficiency.
The bottom panel of Fig. 7 shows how this efficiency

degrades as the gate time is reduced. To quantify this
effect, we define an efficiency score for each ion pair that
measures how strongly its entangling phase is accumulated
through modes in which both ions participate. The mode-
participation weights, wnn0

j ¼ jOðnÞ
j Oðn0Þ

j j, are normalized
to span ½0; 1�,

FIG. 7. Accumulation and suppression of entangling phases
through shared motional modes. Top-left: time-resolved en-
tangling phases for ion pairs along a selected node (highlighted
in the inset). Blue traces show phases for connected ion pairs;
red traces correspond to disconnected pairs. Darker curves
indicate total entangling phase summed over all modes.
Disconnected pairs acquire nonzero intermediate phases that
cancel at the gate time. Top-right: histograms of pair-mode
entangling phases collected from ten gate solutions, comparing
connected (blue) and disconnected (red) ion pairs. Discon-
nected pairs exhibit a smaller spread, indicating efficient
suppression of unwanted couplings despite shared mode
participation. Bottom: efficiency score, Snn0 , for connected
ion pairs as a function of the total gate time. Thin traces
correspond to individual connected links, with shaded regions
indicating the spread across different optimized solutions. The
bold curve shows the average link efficiency.
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w̃nn0
j ¼ wnn0

j −minjwnn0
j

maxjwnn0
j −minjwnn0

j

; (15)

and are used to define the efficiency,

Snn0 ¼
P

jw̃
nn0
j jφðjÞ

nn0 j
kφnn0k1

: (16)

The efficiency scores of individual connected links are
plotted as a function of gate time, with shaded regions
indicating the spread across different optimized solu-
tions, and the bold curve showing the average efficiency
S̄nn0 . For long gate times, the efficiency remains approx-
imately constant, indicating that the additional degrees of
freedom available do not lead to more efficient mode
usage. As the gate time is reduced, the efficiency
decreases, reflecting suboptimal phase allocation due
to reduced controllability. No solutions are found within
the 10−4 tolerance for gate times below T ≈ 320 μs,
consistent with Fig. 2.

VI. DERIVATION OF THE
LARGE-SCALE FAST METHOD

In providing approximate solutions to Eq. (6), LSF takes
two steps: First, solutions to the quadratic problem Rconv
are efficiently converted from a special seed vector Z
called a “zero phase solution.” Z is a nontrivial solution to

a special case of the quadratic problem with φð0Þ
s ¼ 0 for

all s ¼ 1;…;N C. A set, fZg, is accumulated once and
prior to the solution of any general φ. Second, the norm of
Rconv is minimized iteratively while adhering to the
constraint φ until an optimized solution RLSF is reached.

A. Conversion of Z into Rconv

A basic property of the zero-phase problem is that any
solution Z remains a valid solution when scaled by a
real number λ. We exploit it to construct a “converted”
solution, Rconv ¼ λZþ D, with jDj assumed small,
detailed below. For a large enough λ small deviations
from the ZPS generates arbitrarily large entanglement
phases, that scale as λjZjjDj. We linearize the quadratic
constraints in the D-vicinity of λZ and obtain a set of N C
linear equations for D,

φs ¼ 2λZTAsDþOðϵÞ; (17)

with the assumption jDTAsDj ≤ ϵ for all s ¼ 1;…;N C
and ϵ is the acceptable gate error, which we typically
specify to be 10−4. The set of linear equations defined by
Eq. (17) yields the solution,

Rconv ¼ λZþ λ−1M−1
pinvφ; (18)

with M∈RN C×NM̃ a matrix whose elements are given by
Ms;j ¼ 2ðZTAsÞj and M−1

pinv its pseudo-inverse. To ensure
that the quadratic constraints are satisfied up to an
accuracy ϵ we choose λ that enforces the consistency
condition,

����
�
1

λ
M−1

pinvφ

�
T
As

�
1

λ
M−1

pinvφ

����� ≤ ϵ; (19)

for all s ¼ 1;…;N C.
Figure 8 shows the conversion and optimization proc-

esses outlined above for the simple case of a single
quadratic constraint, i.e. N C ¼ 1, and two amplitudes,
r1 and r2. Specifically we use A1 ¼ diagð1;−2Þ and
φ1 ¼ 2, such that the constraints are satisfied along a
hyperbola (dashed black) in terms of the two amplitudes,
r1 (horizontal axis) and r2 (vertical axis). Zero-phase
solutions extend from the origin to arbitrarily large
amplitudes (dashed gray). We use a large zero-phase
solution, λZ (bright green arrow), such that a small
deviation from it, D (dark green arrow), explores various
values of φ1. Indeed a converted solution, Rconv (green
arrow), generating the desired target is found close by.

FIG. 8. Simple example of the LSF method for a single
quadratic constraint. We choose N C ¼ 1 and two tone ampli-
tudes r1 (horizontal axis) and r2 (vertical axis), specifically
A1 ¼ diagð1;−2Þ and φ1 ¼ 2. The constraint becomes a hyper-
bola (black dashed), and the colored contours show other
possible values of φ. Our optimization rescales the zero-phase
solutions, here by λ ¼ 3, and uses the high density of contours
around λZ, (light green arrow), such that only a small excursion
by D (bright green arrow) is required to convert Z to a solution
satisfying the constraints, Rconv. The locally ideal solution, RLSF
(blue arrow), is obtained by local minimization steps along the
solution manifold, φ1 ¼ 2, composed of norm-reducing and
error-reducing sub-steps (inset).
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B. Minimization of Rconv norm

To reduce the solution norm, we define an iteration
on R,

Rðnþ1Þ ¼ RðnÞ þ DðnÞ: (20)

Here Rð0Þ ¼ Rconv is the converted ZPS. DðnÞ is a
correction term computed at each iteration and is built
from two sub steps,

DðnÞ ¼ δkD
ðnÞ
k þ δ⊥D

ðnÞ
⊥ ; (21)

which are computed and applied in sequence. Particularly,

DðnÞ
k is a norm-reducing step and DðnÞ

⊥ is an error reducing

step. The iteration terminates and RðnÞ ¼ RLSF if DðnÞ is
unable to significantly reduce the solution norm under the
prescribed constraints.
To compute either correction DðnÞ

x we linearize the
constraints equations similarly to Eq. (18) to produce
the following set of equations:

ΘðnÞ
x ¼

�
ΔφðnÞ

s

αx

�
¼
�
2RðnÞ⊤As

RðnÞ

�
Dx≡MðnÞDx : (22)

With MðnÞ ∈RðN Cþ1Þ×NM̃, and ΘðnÞ
x ∈RðN Cþ1Þ, gener-

alizations of M and φ from Eq. (18) respectively.
Furthermore, αx controls the orientation Dx.
Performing the steps in sequence, first a norm-reducing

step is derived by setting αk ¼ −jRðnÞj, enforcing a step in
a direction minimizing the current solution norm. A
solution to Eq. (22) is found using the pseudo-inverse

DðnÞ
k ¼ ½MðnÞ

pinv�⊤ΘðnÞ
k , and the resulting constraint error is

expressed as a polynomial in δk,

εðn;kÞφ ¼
X
s

εðn;kÞφ;s ;

εðn;kÞφ;s ¼
	
φs −

	
RðnÞ þ δkD

ðnÞ
k

⊤

As

	
RðnÞ þ δkD

ðnÞ
k




2
:

(23)

δðnÞk is found by solving εðn;kÞφ ðδkÞ ¼ ϵn:r, providing the
largest step size which yields an error equal or below ϵn:r,
an excess “norm-reducing” error term which is allowed
to occur after the norm step. For the error-reducing
step, Eq. (22) is re-applied, with RðnÞ replaced by

RðnÞ þ δðnÞk DðnÞ
k , and α⊥ ¼ 0, which guarantees the result-

ing norm of Rðnþ1Þ is only second-order sensitive to

jδ⊥DðnÞ
⊥ j. This time, the resulting constraint error εðn;⊥Þ

φ is

minimized by solving ∂δ⊥ε
ðn;⊥Þ
φ ¼ 0, with εðn;⊥Þ

φ defined

similarly to Eq. (23). As both εðn;kÞφ and εðn;⊥Þ
φ are fourth

and third polynomials in δk=⊥, straightforward algebraic

methods, particularly Ferrari’s and Cardano’s methods

[60], are applied to solve for δðnÞk and δðnÞ⊥ , respectively.
To accept the step we require the step error to be below

the gate acceptable error rate, that is εðn;⊥Þ
φ < ϵ. If the error

does not meet the gate error threshold, the step is discarded
and a smaller norm-reducing step is calculated by decreas-
ing ϵn:r. Execution is halted when either ϵn:r or the relative
norm change k1 − Rðnþ1Þ

RðnÞ k are reduced below a predefined
tolerance value.

C. Aggregation of zero phase solutions

As our method relies on the existence of ZPS’s, these
should be obtained at the outset. Therefore, before solving
any specific gate (given by φðidealÞ), we first search
for nontrivial solutions to the homogeneous prob-
lem ZAsZ ¼ 0; ∀ s.
ZPSs are produced in a similar iterative procedure.

Beginning from a (pseudo-) random vector z0 of unit-
length, a linear correction ζðnþ1Þ is obtained for zðnÞ
through the set of equations:�

zðnÞAzðnÞ

0

�
¼
�
MðnÞ

zðnÞ

�
ζðnþ1Þ: (24)

Here the correction is forced to be perpendicular to
the current vector zðnÞ, owing to the rescaling property of

homogeneous solutions. MðnÞ
s ¼ 2zðnÞAs is similarly the

linear term around zðnÞ, and a correction term ζðnþ1Þ is
obtained through the pseudo-inverse of ðMðnÞ; zðnÞÞ. The
vector zðnÞ is updated according to:

zðnþ1Þ ¼ 1

jzðnÞ − λðnþ1Þ
min ζðnþ1Þj

	
zðnÞ − λðnþ1Þ

min ζðnþ1Þ


: (25)

With λðnþ1Þ
min being the value that minimizes the normal-

ized error term gðλÞ,

gðλÞ¼ 1

jjzðnÞ−λζðnþ1Þjj2
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
s

jðzðnÞ−λζðnþ1ÞÞAsðzðnÞ−λζðnþ1ÞÞj2
r

: (26)

A ZPS is adopted from zðnÞ once it satisfies the
constraint to an acceptable level,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
s

jzðnÞTAszðnÞj2
r

< ϵZPS; (27)

where ϵZPS is typically close to machine accuracy. An
emerging observation is that, for a given vector Z, a
sequence of subsequent solutions Z1;Z2;… can be system-
atically constructed by repeatedly applying the steps
described in Eq. (24) onward [even after satisfying
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Eq. (27)], since each iteration effectively searches for ZPSs
in directions orthogonal to those previously identified.
Finally, a computational shortcut is available for aggre-

gation of ZPS through the exploitation of a global drive.
Since the zero phase gate respects the mirror symmetries
between ions along a chain, it can be obtained for a chain
where all ions are illuminated homogeneously, as
described in Ref. [7]. A global drive represents a version
of the problem with a factor of N less constraints (and
individual degrees of freedom), providing a quadratic
speedup with respect to an individual-addressing gate
problem.

VII. ALGORITHM BENCHMARK

To evaluate the resource efficiency of our proposed
method in generating solutions, we conducted a bench-
mark comparison between our algorithm and commonly
used optimization routines (available in Python’s SciPy
package [61]). For each quadratic problem defined
by a unique set As, we applied the competing algorithms
to obtain an optimized solution for Eq. (6), while
maintaining consistent memory and CPU constraints.
As alternative optimization approaches, we considered
two competing algorithms. The first is the conjugate
gradient algorithm, an unconstrained optimization
method that minimizes a cost function balancing the
phase error Eφ ¼Pnm Δφ2

nm, with the drive power term
C ¼ λEφ þ jrj2. The weighting parameter λ is determined
based on the predicted optimal drive power, as discussed
in the following section. The second is the trust-region
constrained optimization method, which enforces the
constraint Eφ < ϵ while minimizing r2. We provided
routines for exact gradient and Hessian calculations
wherever they improved the convergence speed of either
method. These two specific algorithms outperformed
other minimization algorithms in their class on a test
problem, and therefore were singled out in a preliminary
comparison.
The set of benchmark problems was created as a two

dimensional grid of system size N and gate-time factor
r ¼ T=Tmin, with Tmin the minimal gate-time for a given
crystal length (as detailed in Sec. III). For each parameter
pair Pi ¼ Ni; ri · TminðNiÞ, a corresponding set of quad-
ratic matrices AsðiÞ was derived, defining the constraints
for the competing algorithms’ degrees of freedom. To
maintain consistency, the LSF method was initialized at
Rconv, a transformed ZPS solution. To ensure fair evalu-
ation, we allowed each competing algorithm to start from
two initial conditions: a randomly generated guess and
the same Rconv used in LSF. We tracked execution time,
gate fidelity and solution power at each iteration through-
out the optimization process until convergence, and
compared these performance trends for comparison of
the different methods. Figure 9 summarizes the

benchmark results, illustrating the average time to sol-
ution τ versus system size N. The averages were
computed across varying gate-time ratio parameters r,
with error bars representing one-sided standard devia-
tions. All algorithms demonstrate a power-law relation-
ship with system size N, with the LSF method (purple)
showing consistently shorter solution times compared to
trust-region constrained optimization and conjugate gra-
dient optimization initiated with either a random guess or
Rconv. The inset provides convergence trends observed
for a 30-ion system with different gate durations. Darker
lines represent averages of multiple (lighter-colored)
instances. Convergence time is defined as the earliest
point at which the optimization achieves a value within
5% of the final result while maintaining an error below
the threshold ϵ ¼ 10−4. We attribute the improved per-
formance primarily to the explicit control of error
through the regulation of δk and δ⊥. This is reflected
in Fig. 9 as a smooth progression toward the solution, in
contrast to the corrective or destructive updates and
plateau-like behavior that lead to erratic convergence
in gradient-based and trust-region methods.

VIII. SUMMARY

Here we present a systematic framework for the design
of large-scale multiqubit entangling gates in trapped-ion

FIG. 9. Benchmark comparison of time-to-solution for
different optimization algorithms: the LSF method (purple),
conjugate-gradient and trust-constraint optimizers starting from
a random point (red and green respectively); and same optimizers
initialized from Rconv (blue and orange). Results are shown for
ion-crystals of different lengths. Solid markers denote the
average run time of gate-design problems, while lighter markers
of the same color correspond to individual instances with varying
gate times. The two right-hand panels show representative
optimization trajectories for a 30-ion system: solution power
(top) and quadratic error (bottom). These traces compare the LSF
method (purple) with trust-constraint (orange) and conjugate-
gradient (blue) optimizations initialized at Rconv starting point.
Bold curves indicate the averaged trajectory constructed from all
recorded optimization runs. Dashed vertical lines mark the
average time-to-solution for each algorithm.
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systems. We introduce a collection of theoretical and
numerical tools, collectively referred to as the LSF method,
which enables the efficient construction of general multi-
qubit gates in ion crystals comprising up to hundreds of
qubits. Building on this framework, we use LSF to inves-
tigate the physical properties and scaling behavior of multi-
qubit gates as the system size increases. In particular, we
derive an estimate for the solution norm and, consequently,
for the required drive amplitude Ωnuc, which is shown to
depend on the nuclear norm of the target entanglement map
kφnn0 knuc. Furthermore, we identify a minimal gate time
TminðNÞ that scales linearly with the number of ions in a
crystal, below which no high-fidelity multiqubit gate sol-
utions can be found within our framework.
Exploiting this method, we conduct a noise-induced

gate-error study focusing on three dominant error mech-
anisms: motional-mode frequency drifts, drive-amplitude
jitter, and motional heating. We derive data-driven
models for the expected gate error and analyze how
these errors scale with increasing chain lengths and
participating ions. These models provide a practical link
between empirically measured noise levels and the
maximum system size that can support gates of accept-
able fidelity. Other error sources, particularly those
introducing terms that do not commute with the
Lamb-Dicke Hamiltonian, require independent treatment
via full Hamiltonian simulations. We note that for high-
amplitude solutions produced by our method, interactions
with the qubit carrier, and consequently higher-order
terms in the Magnus expansion, cannot be neglected and
must be verified or compensated to ensure valid gate
solutions. Such dedicated noise analyses are also essen-
tial for assessing the suitability of multiqubit gates in the
context of quantum error-correction protocols, especially
with regard to noise propagation through large entangling
operations and the resulting hierarchy of effective noise
operators.
Finally, we demonstrate that the proposed optimization

routine improves the time-to-solution by approximately an
order of magnitude compared to the best available alter-
natives, rendering the offline compilation of circuits
involving tens of ions and many multiqubit gates a realistic
task. While further speedups are possible through imple-
mentation in compiled languages or GPU-accelerated
routines, such optimizations lie beyond the scope of this
work. The optimizer itself is robust and readily generalizes
to incorporate additional linear and quadratic constraints.
In particular, these extensions can be used to relax the
current treatment of linear constraints (via null-space
transformations) by instead allowing their controlled
minimization to an acceptable tolerance, as well as to
include additional quadratic error terms in the objective
function alongside the quadratic phase constraints [26,62].
Moreover, the framework extends to scenarios with
degenerate or overlapping drives, where control fields

are applied to multiple ions simultaneously, whether by
design or due to crosstalk.
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APPENDIX A: MODEL DERIVATION

We detail the derivation of the model used to formulate
the optimization problem in Eq. (6). In our analysis
below we rely on and generalize the derivations provided
in [7].
We consider a general spectrum of tones which drive

independently N trapped ions. Without loss of generality,
the driving applied to different ions may be regarded as
composed of the same tones, differing only by the tone
amplitudes. These tones are placed symmetrically around
the single qubit transition frequency, ω0. The field driving
the nth ion is

wnðtÞ ¼ cosðω0tþ ϕ0Þ

·
XM
m¼1

h
rðcÞnm cosðωmtÞ þ rðsÞnm sinðωmtÞ

i
: (A1)

That is, each spectrum contains 2M components at
frequencies fω0 � ωmgMm¼1. The amplitude of the cosine

(sine) mth tone pair illuminating the nth ions is rðcÞnm (rðsÞnm),
such that all N ×M tone pairs have the same average
phase, which generates a correlated rotation around the
Pauli sinðϕ0Þσx þ cosðϕ0Þσy axis. For simplicity we
assume that ϕ0 ¼ π=2 such that the relevant Pauli operator
is σx. The motional mode phase space trajectories gen-
erated by the cosine and sine quadrature are relatively
rotated by π=2.
All in all this is captured by the lab-frame Hamiltonian

(ℏ ¼ 1),

H ¼ H0 þ V

H0 ¼
XN
j¼1

�
νj

�
a†jaj þ

1

2

�
þ ω0

2
σðjÞz

�

V ¼ 2 Ω
XN
n¼1

σðnÞx cosðkxn − ω0tÞ

·
XM
m¼1

h
ðrðcÞn Þm cosðωmtÞ þ ðrðsÞn Þm sinðωmtÞ

i
; (A2)

with aj the annihilation operator associated with jth

normal mode of motion, at frequency νj, σ
ðnÞ
i the i-Pauli

operator acting on the nth ion, k the driving field’s wave
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number, xn the position operator of the nth ion and Ω a
characteristic Rabi frequency. Clearly the last parenthesis
in Eq. (A2) can be written as a single cosine term with a
phase, however this form preserves a crucial aspect of our
formulations, i.e. the exclusive linear and quadratic
dependence on the amplitudes. Furthermore, here we have
assumed that the drive couples to motional modes along
one principal direction of the trap, such that the summation
on modes is up to N (and not 3N), this assumption can be
easily relaxed [33].
By using a conventional set of approximations, namely

the rotating wave approximation inΩ=ω0, the Lamb-Dicke
approximation, and by neglecting carrier-coupling terms
the lab-frame Hamiltonian is converted to the interaction
Hamiltonian,

HI ¼ Ω
XN
n¼1

σðnÞx

XN
j¼1

ηjO
ðnÞ
j

	
a†je

iνjt þ H:c:



·
XM
m¼1

	
rðcÞnm cosðωmtÞ þ rðsÞnm sinðωmtÞ



; (A3)

with OðnÞ
j the normalized participation of the nth ion in the

jth mode of motion, such that
PN

j¼1O
ðjÞ
n OðjÞ

m ¼ δn;m, and
ηj the single-ion Lamb-Dicke parameter associated with
the jth mode of motion (it is sometimes conventional to

define ηðnÞj ¼ ηjO
ðnÞ
j ).

The Hamiltonian in Eq. (A3) can be rearranged in
the form, HI ¼

PN
n¼1

PN
j¼1 ζ

ðnÞ
j ðtÞσðnÞx aj þ H:c:, with

ζðtÞ a time dependent function read-off directly from
Eq. (A3). That is, it has only σx spin operators and
is linear in the mode raising and lowering operators,
it is therefore analytically solvable. Specifically its
Magnus expansion vanishes after the second order.
The resulting unitary evolution operator is the well-
known combination of spin-dependent displacement
of the motional modes and spin-exclusive correlated
rotation,

U ¼
YN
j¼1

Dj

 XN
n¼1

σðnÞx αðnÞj

! YN
n;m¼1

eiφn;mσ
ðnÞ
x σðmÞ

x ; (A4)

with DjðαÞ ¼ expðαa†j − α�ajÞ a displacement operator

which translates the jth mode by αðnÞj , with,

αðnÞj ¼ −iηjOðnÞ
j Ω

·
XM
m¼1

Z
t

0

dt0eiνjt0
h
rðcÞnm cos ðωmt0Þ − rðsÞnm sin ðωmt0Þ

i
;

(A5)

and entanglement phases,

φn;m ¼ rTnAn;mrm

An;m ¼ −Ω2
XN
j¼1

η2jO
ðnÞ
j OðmÞ

j

 
Acos;cos
j Acos;sin

j

Asin;cos
j Asin;sin

j

!

ðAf;g
j Þ

m;l
¼ −

Z
t

0

dt1

Z
t1

0

dt2 sinðvj½t1 − t2�Þ
· ½fðωmt1Þgðωlt2Þ þ fðωmt2Þgðωlt1Þ�;

(A6)

with rn ¼ ðrðcÞn ; rðsÞn Þ.
Using the definitions in Eqs. (A5) and (A6) we observe

that mode displacement is linear in the field amplitudes
while the two-qubit rotation phase is quadratic in them.
While the linear constraints resulting from the former are
discussed in Appendix B, the quadratic constraints result-
ing from the latter lead to the optimization problem
in Eq. (6).

APPENDIX B: GATE HARMONICS
AND LINEAR CONSTRAINTS

We discuss convenient choices for the tones fωmgMm¼1

and show how to write the degrees of freedom in a form
that by-construction satisfies the linear constraints.
Driving the entanglement operation with a multi-tone

representation of the field carries a lot of physical
intuition. Specifically, it is beneficial to choose the tones
ωm in the vicinity of the mode frequency band fνjgNj¼1

,
since the coupling between tones and modes scales
inversely with their frequency difference. Thus in our
demonstrations above we choose ω1 slightly below the
smallest tone frequency and ωM (assuming they are
ordered) slightly above the largest frequency, defined
precisely below.
We expect the field amplitude to vanish before t ¼ 0 and

after t ¼ Tg, therefore a convenient choice of tones is the
harmonic basis, i.e. ωm ¼ 2π

T hm, with hm ∈N the tone
number. We note that the harmonic choice simplifies the
evaluation of the integrals in Eqs. (A5) and (A6).
In the main text we state that the optimization problem

needs to satisfy both linear and quadratic constraints,
however the former may be solved by-construction.
Indeed, in order to ensure that at the gate time, t ¼ Tg,
the state of the motional mode is the same as in t ¼ 0 we
therefore require that the displacement operators in
Eq. (A4) are unit operators. This ensures that an initial
state in which the qubit and motion degrees of freedom are
decoupled, remain decoupled after the operation. This is
satisfied by requiring that,

LEE PELEG et al. PRX QUANTUM 7, 033021 (2026)

033021-14



αðnÞj ðTÞ ¼ 0 ∀ j; n ¼ 1;…; N: (B1)

While Eq. (B1) naively containsN2 constraints, they can
all be solved by restricting rn ∈ kerðLÞ for all n ¼ 1; ::; N,
with,

Lj;m ¼
�R

t
0dt

0 cosðνjt0Þcosðωmt0Þ m¼ 1;…;MR
t
0dt

0 sinðνjt0Þsinðωmt0Þ m¼Mþ1;…;2M
;

(B2)

and j ¼ 1;…; N. This restriction removes the linear
requirement from the optimization problem in Eq. (5).
Furthermore, the matrices An;m and Aj can be easily
transformed to the kernel space of L such that their
dimension is reduced and their evaluation is faster. The
kernel space can be either found exactly or approximately
under some infidelity tolerance [30].
The entanglement operation can be endowed with

additional properties that ensure its robustness to various
sources of errors and noise such as unwanted coupling to
the carrier, and other transitions, pulse timing errors,
phonon-mode heating, phonon frequency drifts etc.
These may be added as additional rows of the matrix L [7].
Out of these properties, decoupling of the carrier

transition is useful in order to improve the approximation
used to derive Eq. (A3). A convenient way of doing so is
by letting the driving fields rise and fall continuously at

t ¼ 0 and t ¼ Tg, respectively, with the choice r
ðcÞ
n ¼ 0 for

all n ¼ 1; ::; N, which further simplifies all of the expres-

sions above. Here we set rn ↦ rðcÞn ¼ 0 and for simplicity

identify rn with rðsÞn and Aj with Asin;sin
j . We remark that

with this choice the drive profile is not time-symmetric,
while there are known advantages for using a time-
symmetric drive [32].
Through the study we apply commonly two additional

linear constraints, improving the pulse robustness to
timing error (Tg → Tg þ δT) and normal mode drift
νj → νj þ δνj, which we name Cardioid and Nuoid con-
straints, respectively, following Ref. [40]. These are

derived by enforcing additional constraints on αðnÞj ðTÞ.
Cardioid constraints are obtained by requiring

dαjðTgÞ
dδT ¼ 0jδT¼0

; ∀ j, leading to 2N additional linear
constraints for the real and imaginary part of each mode:

Re½LðcarÞ
j;m � ¼ gðωmTÞ cosðνjTÞ

Im½LðcarÞ
j;m � ¼ gðωmTÞ sinðνjTÞ

gð·Þ ¼
�
cosð·Þ; m ¼ 1;…;M

sinð·Þ; m ¼ M þ 1;…; 2M
: (B3)

Normal mode robustness is obtained by a complemen-
tary requirement

R
T
0 αjðτÞdτ ¼ 0. This results in the

following matrix element:

Re½LðnuÞ
j;m � ¼ ωmT

ω2
m− ν2j

− ðω2
mþ ν2jÞcosðνjTÞfðωmTÞ

ðω2
m− ν2jÞ2

þ 2νjωm sinðνjTÞgðωmTÞ
ðω2

m− ν2jÞ2

Im½LðnuÞ
j;m � ¼ ωmT

ω2
m− ν2j

þ 2νjωm cosðνjTÞgðωmTÞ
ðω2

m− ν2jÞ2

þðω2
mþ ν2jÞsinðνjTÞfðωmTÞ− 2νjωm

ðω2
m− ν2jÞ2

fð·Þ; gð·Þ ¼
�
sinð·Þ;cosð·Þ; m¼ 1;…;M

sinð·Þ;sinð·Þ; m¼Mþ 1;…;2M
: (B4)

APPENDIX C: TRIVIAL SOLUTION
IN THE ADIABATIC LIMIT

In the slow gate limit, Δν̄Tg ≫ 1 satisfying the quad-
ratic constraints is trivial and any bipartite qubit-qubit
coupling can be achieved. Here we prove this directly by
constructing such a solution. In this limit it is helpful to
choose spectral tones containing frequencies of the form
ωs ↦ ωj;s ¼ νj þ 2π

T s with s∈N. We have doubled the
index s to ðj; sÞ for convenience. Since Tg is large we can
safely assume that the tone ωj;s couples exclusively to
mode j and satisfies the linear constraints by construction.
Furthermore, with this choice the matrices Aj become
diagonal, i.e. each of the tones coupled to mode j
contributes to the entanglement phase independently,
and scales as s−1. In other words ðAjÞðj0;s0Þ;ðj00;s00Þ ∝
δj;j0δj;j00δs0;s00 ðs0Þ−1 [40].
We are required to generate NðN − 1Þ=2 bipartite

entanglement phases φn;m, with 1 ≤ n < m ≤ N. We do
so by designating a unique tone to each phase. Since these
tones do not interfere (whether they are driving distinct or
the same mode of motion) then we simply need to scale the
drive amplitudes accordingly. Specifically, to satisfy the
constraint on φn;m we choose an arbitrary mode which
couples to both ions. Without loss of generality this can
always be the center of mass mode, jCOM. We drive both
ions with the same tone ωj;s setting j ¼ jCOM and
s ¼ N · nþm, and set its amplitude driving both ions

to be
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN·nþmÞφn;m

OðnÞ
jCOM

OðmÞ
jCOM

r
.

APPENDIX D: EFFECTS OF ROBUSTNESS
ON GATE POWER

In the main text we show that the total gate power, given
by the nuclear norm Ωnuc depends linearly on the nuclear
norm of the target coupling matrix (and other parameters),
see Eq. (7), with k the linear proportionality constant. Here
we provide a heuristic argument for the numerical
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dependence of k on the robustness properties of the
entanglement operation, highlighted in the main text.
The framework for analytic analysis is multi-tone

adiabatic gate that couple to single modes of motion, as
was presented in Ref. [40]. In that work drive tones pairs
are symmetrically positioned around the red and blue
sideband of the motional mode of choice, i.e. with
frequencies, ωn;� ¼ ω0 � ðνþ nξÞ, with ω0 the qubit
transition frequency, ν the frequency of the mode of
motion of choice, ξ an additional detuning such that the
gate time is given by 2πξ−1 an n∈Z. With this formu-
lation, the gate is designed by constraints on the ampli-
tudes driving each tone pair.
Specifically, gates that are robust to timing errors

(among other sources of error) are generated by satisfying,P
n r

2
n=n ¼ 1 and

P
n rn ¼ 0 with the former ensuring a

desired entangling phase and the latter ensuring the
robustness property (coined Cardioid in Ref. [40]). The
total power,

P
n r

2
n is to be minimized subject to these

constraints. We do so in a Lagrange multiplier framework,
by minimizing the Lagrangian,

LCar ¼
X
n

r2n − λ

�X
n

r2n
n
− 1

�
− μ

�X
n

rn

�
: (D1)

One then solves the equations ∂rnLCar ¼ 0 under these
constraints. At the limit of the number of tones approach-
ing infinity, the solution to these equations converges to a
power

P
n r

2
n ¼ 1, which is the same result obtained in

absence of the robustness constraint. That is, presumably
this constraint does not incur an overhead of gate drive
power. However, one notices that this is true only in the
unphysical limit of infinite driving tones and that this
limiting solution in fact recreates the standard non-robust
version of the MS gate, shown in Fig. 10. A similar
example is presented for gates that are robust to calibration
errors of the motional mode frequency, given by the

constraints,
P

n r
2
n=n ¼ 1 and

P
n rn=n ¼ 0 (coined

Nuoid in Ref. [40]). Similarly, a Lagrangian is formed,

LNu ¼
X
n

r2n − λ

�X
n

r2n
n
− 1

�
− μ

�X
n

rn
n

�
; (D2)

and solution to ∂rnLNu ¼ 0 are found under these con-
straints. Here we get, at an infinite number of tones, a drive
power of

P
n r

2
n ≈ 1.25, showing an actual overhead in

terms of drive power in order to implement this robustness
property, shown as well in Fig. 10.

APPENDIX E: VON-NEUMANN ENTROPY
CALCULATIONS

There are many measures that can be used to quantify
the entanglement generated by UMQ. Here, for simplicity,
we choose the von Neumann single-qubit entropy, i.e. we
compute S̄VNðφÞ ¼

P
n SVN;n ¼ −Pn ρnlog2ðρnÞ, where

ρn is a density matrix formed by tracing out the nth qubit.
We perform this computation over the state UMQjþi⊗N,
where jþi is the þ1 eigenvalue of Xn.
Considering ρn, we have,

ρn ¼
1

2
exp

�
i
X
j;k≠n

φj;kZjZk

�

·
	
ei
P

k≠nZk jþnihþnje−i
P

k≠nZk

þ e−i
P

k≠nZk jþnihþ njeþi
P

k≠nZk



× exp

�
−iX

j;k≠n
φj;kZjZk

�
; (E1)

where jþ ni is the original product state with the nth qubit
absent, and we decomposed the state of the nth qubit into
jþi ¼ ðj0i þ j1iÞ= ffiffiffi

2
p

, and then replaced the values of Zn
with �1 accordingly. The resulting density matrix is an
equal weight sum of two non-orthogonal states, thus its
nonzero eigenvalues are given by λ� ¼ ð1� jSjÞ=2
with S the overlap between the states in absolute value.
It is trivial to show that here S ¼ jQk≠n cos

2ð2φn;kÞj≈
1 − 2

P
k≠n φ

2
n;k, where the approximation is a leading

order expansion in small values of φ.
Thus the two eigenvalues are

P
k≠n φ

2
n;k and

1 −Pk≠n φ
2
n;k.

We get,

SVN;n ¼ −ρnlog2ρn ≈
X
k≠n

φ2
n;k; (E2)

where again the approximation is in leading order in φ.
Thus we obtain, S̄VNðφÞ ¼

P
n;k φ

2
n;k, which is equal to the

Frobenius norm squared of the matrix φ.
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FIG. 10. Left: phase space trajectory of two-qubit robust gates
in the limiting case of infinite tones. In this limit the Cardioid
gate (blue) recovers the circular trajectory of the canonical MS
gate, which explains the vanishing cost of its robustness, while
the Nuoid gate (orange) has a distinct shape. Right: drive power
of the Cardioid (blue) and Nuoid (orange) gates as a function of
the number of tones. Indeed the Cardioid gate power converges
to 1, while the Nuoid gate power converges to 1.25, i.e. a finite
additional cost of the robustness.
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APPENDIX F: CHOICE OF EFFECTIVE
DEGREES OF FREEDOM

While fast gates are generally desirable, there are
scenarios where only slower gates are feasible, particularly
when drive power is limited or error-budget constrained.
With the nuclear norm of an entangling map scaling with
the number of participating ions, the minimum feasible
power-limited gate time scales as N2: one factor of N from
Tmin, and the other from limited optical power, as
jrj ∼ N=Tg. As the number of Fourier components is
linear in Tg, a naive gate construction would require M ¼
OðN2Þ frequency components, even though onlyOðNÞ are
likely required to control the phase of N modes. This
translates to a steep increase in both hardware complexity
and LSF memory usage, as each ion-pair constraint matrix
has size M2. A cost-efficient heuristic for eliminating less
effective degrees-of-freedom a priori is therefore required.
DOF reduction can be achieved either by zeroing

selected drive amplitudes ΩðnÞ
m in advance, or by introduc-

ing a dimensionality-reducing linear map L∈RM0×M with
M0 < M such that rn ¼ LKΩ(n). The first approach
compresses the drive signal representation; the second
reduces the size of the quadratic matrices while preserving
the linear constraint space defined by matrix K.
Particularly, we considered three heuristics:

1. Keeping exactly 2k evenly-distributed tones be-
tween each two modes (even dilution).

2. Keeping the 2k nearest tones around each mode
(mode-centric dilution).

3. Constructing L with 2kN rows based on the eigen-
vectors corresponding to the k largest positive and k
largest negative eigenvalues of each mode-phase
matrix KAjKT [see Appendix A, Eq. (A6)] (eigen-
values dilution).

To evaluate the effectiveness of DOF reduction, we
applied the proposed methods to a 25-ion gate design
problem and compared the resulting solutions to a refer-
ence solution using the full set of 805 tones, corresponding
to a gate time of Tg ¼ 6Δν−1< ≈ 32 ¯Δν−1. This gate time
was chosen to allow for additional robustness constraints,
resulting in 703 optimization DOFs within the kernel of
the linear constraint matrix—approximately 28 DOFs per
mode. Figure 11 shows the resulting drive amplitudes,
normalized by the amplitude of the reference (non-diluted)
solution Ωref , for the three dilution strategies: evenly
spaced tones (red), mode-centric tones (blue), and the
eigenvalue-based method (green), as a function of the
dilution parameter k ¼ #DOFs

N . In the even and mode-centric
strategies, tone selection is applied prior to imposing linear
constraints, resulting in fewer actual optimization DOFs
than the nominal k value suggests. Among the three, the
eigenvalue method most rapidly recovers the reference
amplitude Ωref ,using the two largest positive and two
largest negative eigenvectors per mode. This highlights

the benefit of selecting the most effective DOFs for
independently steering each mode’s phase contribution
to φn;m. The mode-centric method performs slightly worse,
consistent with the fact that the eigenvalue-derived DOFs
are concentrated near their respective modes in frequency
space. The even dilution method performs significantly
worse, demonstrating that enforcing a uniform distribution
of tones across the spectrum leads to suboptimal amplitude
solutions. Based on these results, we adopt the eigenvalue
method as the default tone dilution strategy for large-scale
gate optimization problems.
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