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Part 1
Thesis Introduction

Back in the 20tB century, quantum mechanics (QM) was the new, revolutionary,
counter-intuitive theory that stimulated the minds of philosophers and scientists
alike. It provided an explanation to observed phenomena (e.g. the photoelectric
effect) that was remarkably different from classical predictions. For about a
century scientists examined this theory and tested it experimentally, reaching
the conclusion that, although not all physical problems are solved, this theory
provides a more comprehensive explanation to experimental observations, and
yields reliable predictions.

QM aspects are apparent in the evolution of a massive system usually when
some of its degrees of freedom are well isolated from its environment. Front-
runner examples are superconducting circuits, cold molecules, cold atoms, trapped
atomic ions etc. In this thesis, I will, focus on the latter. These systems are
somewhat “simple” quantum mechanical systems, and the developed theory of
the previous century allows to theoretically predict their behavior well. One ev-
idence of the relative quantum-simplicity of cold atoms is the ability to account
only for small number of atomic energy levels or quantum states. The simplest
quantum entity is the two-level system, in which two energy levels of the atom
can be isolated and well addressed with minimal coupling to other levels.

As consistently happens with new and exciting physical theories, once they
are established, yield reliable predictions and are accepted as accurate enough,
technological uses begin to emerge, and applications for the new understanding
of the world are found. With trapped ions, two dominant applicative fields
emerged: Quantum Information Processing (QIP) and Precision Measurements
(PM). Both these fields benefit from the well-developed methods for trapping,
cooling and manipulating the internal quantum states of atomic ions, many of
which are summarized in [1].

The basic building block of QIP is the qubit (QUantum-BIT), which is no
other than a two-level quantum system. Here, the qubit can be encoded in any
two levels within the entire subspace our ion (e.g. two electronic spin half states
or states chosen from two optically separated orbitals). Quantum information
is encoded in the amplitude and phase of the two-level superposition, and in the
quantum correlations between many qubits, also known as “entanglement”. The
ability to quantum-mechanically manipulate a register of these qubits allows
for QIP computational devices that can perform new type of algorithms, with
efficiency advantage over classical computers that is exponential in the register
size [2, 3]. This is the big promise of (“digital”) quantum computation. However,
in order to obtain this control over a large quantum register and to exploit the
full quantum characteristics of it, one needs (as mentioned above) to isolate the
system from undesired environmental effects, that may cause the loss of deter-
ministic control of the register quantum state. This is termed “decoherence”,
and is characterized by a time scale for loss of coherent control of the quantum



state - the decoherence time. Long decoherence time has been the main moti-
vation for a race towards the best platform for quantum computation for over
50 years, and it is still ongoing. Examples are superconducting qubits coupled
via microwave resonator [4], photos coupled through beam-splitters [5], Ryd-
berg atoms coupled through the Rydberg dipole dipole interaction [6], trapped
ions coupled through their Coulomb repulsion [3] ete. In addition to choosing a
different physical quantum system, different methods were theoretically devel-
oped and experimentally demonstrated in order to extend the coherence time
of a quantum register, e.g. decoherence free subspaces (DFS), Dynamical De-
coupling (DD) and quantum error correction [7]. As a part of my Ph.D work,
I participated in two experiments aimed at improving the fidelity and prolong-
ing the coherence time for one type of operations on a trapped ions quantum
register, a two-qubit entanglement operation, and making it more robust to
undesired environment noise and drifts [8, 9]. However, this is not the topic I
choose to focus on in my thesis.

In PM, the second field trapped ions are among its leading platforms, rather
than isolating the ions from any effect other than the experimentalist’s control,
the goal is to controllably expose the ions to their environment. By measuring
the dynamics or difference in the ion’s final state with respect to its initial one,
one can obtain information about its environment. The ion can be an excellent
probe for some “standard” measurable quantities of interest, such as forces ap-
plied on it [10, 11] or electromagnetic fields at its position [12, 13|, it can be
used as a very precise, accurate and absolute clock ticking at optical frequen-
cies [14, 15, 16], and perhaps shed some light on more “exotic” phenomena as
well, e.g. dark matter particles interacting with it, testing whether fundamental
constants are really constants in time of in space or testing invariance of our
physical laws to spacial rotations [17]. Here, the goal is to improve and perfect
the control of the ion’s exposure to the desired part of the environment, while re-
ducing all undesired effects altering the ion’s quantum state, erasing the desired
signal (causing decoherence) or disguising as a signal (adding systematics).

In the work I present here, I walked on the interface between these two fields.
On one hand, I focused on the second goal - using trapped ions as probes for
PM. On the other hand, I wanted to import and modify the well-developed
techniques and operations aimed at isolating the ions from undesired environ-
mental effects or enhancing the fidelity of the controlled operations developed
for the field of QIP. This was not a trivial import, as the QIP techniques are
aimed at completely decouple the ion from any interaction that is not applied by
the experimentalist, and by definition, it implies that interesting environmental
effects are canceled as well.

Below I will describe five experiments, utilizing the aforementioned concepts
of DD [18] and entangling operations based on the celebrated Mélmer-Sérensen
scheme [19, 20], in order to increase a measurement’s Signal to Noise Ratio
(SNR), either by increasing the amplitude of the desired signal or reducing the
undesired noise, and in some cases both.

The notion of DD can be phrased as the application of a (usually time
dependent) known Hamiltonian on a quantum system. This Hamiltonian is



chosen such that the evolution of the system, which is the combined known
evolution and the environment unknown and possible noisy evolution, mimics
an evolution decoupled from the noise in the environment at specific times.
This concept originated from the idea of Hann’s spin echo [21] in NMR, and
since migrated to be a vital tool in atomic physics for quantum manipulation,
measurements and information processing. Here, I used DD in order to mitigate
uncontrolled noises, mainly magnetic field noise, that might reduce the precision
and sometimes even completely overshadow the effects I was interested in. In
some experiments I had modified the standard two-level DD and generalize it
to a multi-level DD sequence.

Entanglement between ions is a key ingredient in the theoretical concept of
quantum computers. In order to use the quantum advantage of computation
power exponential in the qubit register size, one needs to be able to navigate in
the large Hilbert space of the register, and this space includes mainly entangled
states between the qubits. In a different setting, entanglement may provide a
bypass to some previously considered limits of measurement uncertainty. By
using N quantum probes independently (or alternatively, a single probe and N
repeated measurements), one can reduce the uncertainty of the quantity being
measured by v/N corresponding to the Standard Quantum Limit (SQL). How-
ever, when utilizing entanglement or quantum correlation between N multiple
quantum probes, the uncertainty can be reduced by a factor between v/N and
N, the latter correspond to the Heisenberg quantum limit [22], which is the low-
est theoretical limit to measurement uncertainty allowed by quantum mechan-
ics. This idea was experimentally demonstrated previously only in a Ramsey
spectroscopy setting [23]. In my experiment I proposed and demonstrated this
uncertainty reduction in Rabi spectroscopy for the first time.

The experiments I performed are partially proof of principle experiments
and partially actual measurements of quantities of interest (some with the best
precision to date). In addition to showing the specific measurements and proto-
cols, I believe that the main message of my work is that the fields of QIP goes
hand in hand with the field of quantum metrology and PM. If one’s quantum
system is insensitive to the environment but sensitive to one’s control, it is a
good qubit for information storing and manipulating. If one’s system is sensi-
tive to the environment, it is a probe, and clever choice of the control scheme
may make it an excellent probe. The latter is the thread weaving my ideas and
experiments presented here together.
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Part 11
Trapped %Sr'system,
characteristics and toolbox

1 Ion trap apparatus and ion manipulation

1.1 Linear Paul trap

Our ions are trapped in a linear Paul trap [24]. The trap is composed of six
cylindrical electrodes. Two, called the endcaps, are facing each other and are
held in a DC potential. They define the a direction of the trap potential, also
termed the axial direction. Since they are held at a constant potential, they
confine the ions in the axial direction. The other four electrodes are arranged in
two opposite pairs. One pair has a voltage oscillating at radio-frequency (RF)
of ~ 21 MHz, while the other two are held in a DC potential. Since the RF
frequency is much faster than the ion response time to the changing forces the
potential can be modeled as an effective quadratic potential in the b—e¢ plane,

also referred to as the radial plane, such that {EL, 13, é}are an ordered triplet, and

is called a pseudo-potential (since in is not actually a DC potential). A sketch
of our trap is given in Fig 1.

Trapped
ion

Figure 1: Schematic sketch of our linear Paul trap configuration

The motion of the ions in the pseudo-potential has been investigated thor-
oughly and is well understood [1]. Trapped ion chains systems can be laser-
cooled to very low temperatures and are therefore localized to few nm. In ad-
dition, they can be moved using controlled voltages. These characteristics and
more, entitle ion traps with the reputation of an excellent quantum experiments
platform. Details on our specific trap design can be found in |25, 26].
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1.2 Imaging system

The ions fluorescence is collected and detected in an optical imaging system.
The same optical setup allows us both to image the ions’ fluorescence for state
detection and address a single ion out of the chain using the same optical system.
The new imaging system uses a fast EMCCD camera to detect fluorescence from
the ions, which is used to analyze which ion is in which state. Using this camera,
when detecting the ions state, information of both the number of ions that are
fluorescing and which ion is fluorescing are readily read from the camera output.
More about the imaging system can be found in ref. [27].

2  88Srt ion

Sr is an earth-alkali metal, with atomic number of 38 - second column in the
periodic table of elements. When ionized, it remains with one electron in its
outer shell, and as such it shows a level structure similar to that of the hydrogen
atom - first column in the periodic table of elements. We use 83Sr*, which has
no nuclear spin, and hence does not have hyperfine splitting. The relevant levels
of the 8Sr ion are plotted in Fig. 2.

Energy A
5P3(8ns) == Dipole
2 \ transition
1033
5P1(8ns) p=——=, <
2 1092nm N\ 4Ds(390ms)
Dipole 2
transition
D\pf?lle 422nm — 4D3(435ms)
transition 2
674nm Quadrupole
(Clock) transition
ﬁ/ !
mg ==
551 2
E ms=—i

Figure 2: 33Srt relevant level structure, along with the coupling laser wave
lengths, transition type and levels life-times.

The 55'% < 4D 5 transition, driven by a 674 nm laser, is a dipole forbidden
but quadrupole allowed transition, and therefore it is a narrow transition, with
linewidth of about 0.4 Hz. For that reason, this transition in earth-alkali metals
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such as 3SrT is used as a reference for optical atomic clocks. This transition can
be interrogated with the help of a strong closed dipole transition, SS% > 5P%,
that is used for state fluorescence detection.

Notation remark: From this section and on, we will use the Dirac notation
in order to denote the ion levels corresponding to the ground and excited Zeeman
manifolds of the optical clock transition. The left symbol in the ket will be
either S or J, corresponding to the ground 55% or the excited 4D 5 manifolds,
respectively. S and J will in general be used to denote manifolds with total
angular momentum of half or higher, respectively. The right number in the ket
will be the angular momentum projection number of the corresponding level.
When not specified, this number will be denoted as mg or m ; for the ground and
the excited states, respectively. As an example, the state !S, —%> is the state

in the 555 ground state Zeeman manifold, with quantum projection number

_ 1

2.1 TIon basic manipulation
2.1.1 Ton state initialization

At the beginning of most experiments, the ion is initialized in one of the 55%
levels, e.g. ’S, %>, with optical pumping using the 422 nm dipole transition. A
circular-polarized 422 nm light couples only the ‘SS%, —%> sub-level the SP%
manifold, from which it can decay to either 55 1 sub-level. After pulse time of
hundreds of us, the ion is pumped to the m 1= % state with high probability
(better than 99.9%), a state that is not coupled to the 5P level.

2.1.2 Ion state detection

The ion state can be projectively-measured using fluorescence selective detec-
tion. An ion in either ‘S, —%> or ‘S, %> will fluoresce 422 nm light when shined
upon with linearly polarized 422 nm light, as this light couples both levels to the
dipole strong transition 55 1= PS 1 However, the same light would essentially
not be scattered if the ion is in a state |J,m ) in the excited state manifold.
That means that shining 422 nm laser on the ion acts as a measurement, pro-
viding information whether the ion is in one of the S manifold sub-levels or not.
When the ion is used as a two-level system with one level in the 55 1 level and
one level in the 4D 5 level (optical qubit), this measurement will provide one
bit of information, whether the ion is in the S or the J manifolds. Averaged
over many realizations, the population of the ion in each of the state can be
extracted. If the ion is used as a two-level system encoded in the two Zeeman
states of the the S manifold (Zeeman qubit), one of these states first needs to
be transferred to one of the J sub-levels using the 674 nm laser (see below),
and then a 422 nm detection can be applied. This method is referred to as
electron-shelving [28].

13



2.1.3 Zeeman transition manipulation

A grounded RF electrode is located below the trap electrodes, and can be driven
with an oscillating current. This current generates an oscillating magnetic field
at the ion position, which couples to the spin of the ion. This field is used to
rotate the ion’s total angular momentum. In the S manifold, it couples the
two {|S,ms)},,, sub-levels, and can induce rotations in the sub-space spanned
by them. In the J manifold, the RF magnetic field rotates the J = % angular
momentum within the {|.J;m,)},, = subspace.

2.1.4 Optical transition manipulation

A narrow linewidth 674 nm laser addresses the trapped ions in the trap. The
laser’s fast linewidth is smaller than 30 Hz over a few minutes, and as such it
could resolve the different |S,mg) <> |J,m ) transitions, which for the quan-
tization magnetic field we apply - about 3 G, are separated by few MHz. The
laser frequency is varied using acousto-optic modulators (AOM’s) in order to
tune it close to a specific transition. The frequency source of the AOM is either
a direct-digital synthesizer (DDS) for precise and stable operation or a voltage
controlled oscillator (VCO) for locking in-servo correction. Both the frequency
and the phase of the laser can be controlled via the frequency and phase of the
RF voltage applied to the AOM.

This beam has two configurations - single and global addressing. In the single
addressing configuration, A focused 674 nm (about 3 um waist) illuminates
one of the ions in the chain, essentially manipulating only this single ion. In
the global beam configuration, a different beam, focused less tightly (about 20
pm waist) compared to the single addressing beam, illuminates all the ions in
the chain homogeneously. This beam can be sent from two directions, with
45°between them. The 674 nm laser beams configuration is illustrated in Fig.
3.

14
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Figure 3: 674 nm laser beam configuration.

Left: The trap RF electrodes are marked as blue solid lines, while the endcaps
are the red solid lines. The left sketch shows the two global beams from top
view of the trap, as the pink thick arrows. These beams should shine equally
on all the ions (three empty circles) in the chain. Unless stated otherwise,
quantization axis aligns with beam 1. Right: a side view of the trap, and the
single ion addressing beam is shown as a pink arrow, which is perpendicular to
the plane spanned by the two global beams.

2.1.5 1092 nm laser repump

The SP% level can spontaneously decay to both the 55% level and the 4D 3 level.
The ratio of the decay to these states is approximately 17:1 correspondingly[29].
In order to maintain ion fluorescence on the strong dipole transition for either
cooling or detection, a repump laser, at 1092 nm close to resonance with the
dipole transition 4D 3 & SP% repumps the ion population out of the 4D 3 Zee-
man manifold.

2.1.6 1033 nm laser repump

As is seen from Fig. 2, the 4D 5 level is a meta-stable level, with lifetime of
about 390 msec. Every experiment we do concludes with state selective flu-
orescence detection which projects the ion either on the S 1 manifold - when
fluorescence is detected - or on the 5D% manifold, when it is dark. In both
cases, the ion needs to be restarted to a known pure state, in order to maintain
reasonable experimental duty cycle. Therefore, following any state detection,
a 1033 nm repump laser pulse, close to resonance with the dipole transition
5Dg — 5P% repumps the ion back to the 58% manifold. Both the 5Dg > SP%
and 5P% < 5S L are dipole transitions, and therefore this pumping happens on
the time scale of tens of ns.

15



2.2 Ion advanced manipulation

2.2.1 Cooling the ion

5P3
N 2
— 1033 nm
— > (J/
~ < < S
S —> 422 nm > <’/ — 4Ds
T\ S S \eo 3
S\SS —/— S bo
--- < BN S > > 408 nm 674 nm
S N SN\ D>
<)\ < SN AS 551 n=2
D — <y v 2
/\ \ \/ ;’ --------------------------------- n=1
;’ Y e n=0

Figure 4: Sideband cooling scheme.

The plot demonstrates the continuous wave sideband cooling configuration. The
lasers operating continuously are the 674 nm, 1033 nm and the 422 nm. The
674 nm is tuned to the red sideband of some specific transition between the
58 1 level and the 4D5 level. The 1033 nm repump then works between the
4D5 level and the 5P3 level. As the ion builds population in the 4Ds chosen
level this population i is then transferred to the 5P3 Since the 5P3 level is fast
decaying (see Fig. 2), it decays quickly to a random superp051t10n of the 55 1
sub-levels. Since the 674 nm laser is tuned to a transition coupling only one of
the 55 1 levels, a 422 nm optical pumping laser is operated(see subsection 1.3.1).
The ion is then cascading down the harmonic motional energy states, until it
reaches the zero point motion. The process then stops since the red sideband
674 nm laser does not couple the ion to an excited transition.

Even though the ion trap is dynamic (section 1.1), it can be approximated as
a static 3D harmonic potential. In our experiments, we will focus on the ion
motion in the axial direction. In order to manipulate the ion in the quantum
regime, it needs to be cold. In trapped ions systems, it is possible to cool
them very close to their motional ground harmonic state. More accurately, the
ensemble averaged phonon number in the axial direction can satisfy (Rgzia) <
1. This is done with the resolved side-band cooling method [30]. The ions are
initially cooled using laser Doppler cooling technique [31]. An off-resonance 422
nm laser light is shined upon the ion. The light scattering rate depends on the
ion velocity through the Doppler shift. In our system, this process cools the
ion, and the ion’s temperature reaches a temperature of about 2 mk, about a
factor of four above the Doppler limit, Tpoppier = % where v is the natural
linewidth of the transition. As mentioned above, for some applications the ion
should be cooled even further, to its ground motional state. To this aim, a
sequence of resolved sideband cooling pulses is being used sequentially to the
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Figure 5: Ion response to 674 nm laser pulses tuned close to the red and the
blue sidebands after sideband cooling.

The blue(red) dots are population in the D level for different detuning from
the blue(red) sideband transition after sideband cooling. It is apparent that
the red sideband transition is quenched in comparison to the blue sideband
transition, which indicates that the ion was indeed cooled. In this experiment
we got (Nggpial) ~ 0.11.

Doppler cooling process. This technique uses a narrow transition (the 674 nm
clock transition in our case), so it could resolve the different motional sidebands
in the ion’s spectrum. The idea in its simple form is to excite the ion to a
higher internal state but lower external motional state optically. Then induce
fast decay of the ion from the internal excited state to the internal ground
state, while maintaining the motional state unchanged, due to small Lamd-
Dicke parameter. The result of this sequence is that the ion loses one quanta
of motion every cycle and therefore cools. This process is repeated multiple
times, and it stops when the ion is in its ground state. When that happens, the
first pulse cannot excite the ion, since the ion is in its lowest motional state,
and cannot be excited to a state with lower motional state. The ion therefore
stays in the motional ground state. This sequence can be performed in pulses
configuration, or in a continuous wave (CW) configuration. This sequence is
illustrated in Fig. 4.

Laser cooling was already demonstrated in our setup [26]. A hallmark for
this close to ground-state cooling is a suppression of excitation when the laser
is tuned to the red sideband and an enhancement of population transfer when
tuning the laser to the blue sideband. An experimental example for this obser-
vation is given in Fig. 5. As seen, while the blue sideband is excited, the red
sideband is strongly suppressed.
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Figure 6: Frequency configuration for a Sorensen-Molmer gate.

2.2.2 Coupling internal and external ion states

Some desired quantum operations involve manipulation of ions quantum state
in a correlated manner - entangling operations. In simple terms, an entangled
state of multiple trapped ion chain means that by knowing the state of one
ion we gain some information about the state of the others. Therefore, the
production of an entangled state must somehow involve a correlated operation
on the ion chain as a whole, and not only on single ions. The first suggestion
for an deterministic entanglement creating operation in trapped ion chains was
purposed by Cirac and Zoller [2]. Since the ions in a trap repel each other due to
the strong Coulomb force between them, their motion is described in the normal
modes basis. As a result, a single harmonic motion mode would be shared by
more than a single ion. Cirac and Zoller’s suggested to use this mutual motion
in order to couple the ions’ internal states. This idea was a breakthrough in the
theoretical concept of quantum computing using trapped ions. Later on, an ions’
temperature-independent entangling method was proposed - Molmer-Sorensen
method [19].

In this method, the ions are excited by two laser frequencies. The frequencies
are close to resonance with the first red and blue sidebands of a collective ion
chain motional mode, corresponding to an optical transition. Below we briefly
describe this process for a two-ion chain. We denote the relevant two-ion states
as |g or e, g or e,n), where e,g denote the two internal states in the optical
transition and n denotes the number of motional quanta in the specific ion chain
motion mode. We denote the laser frequencies as wy = wo=+ (v + €), where wy is
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the optical transition resonance frequency, v is the motional mode frequency and
€ is the deviation from resonance with the sideband. The frequency configuration
is plotted in Fig. 6. These two frequencies add up to twice the optical transition
frequency 2wp, and match the energy difference between the state |gg,n) and
the state |ee, n) for any n. However, each laser frequency does not resonate with
any transition on its own. That means that the internal transition |gg) — |ee)
in this laser configuration is possible only by exciting a collective motion. As the
frequencies are tuned off resonance from the motional sidebands, the resulting
ion motion obeys the beating of a driven harmonic oscillator. By choosing the
laser pulse time carefully, the lasers couple the internal state of the ions to their
shared motional state during the evolution, and this evolution is times to stop
at a point in time where the motional state of the ions is the same as the initial
one, and decoupled from their internal state, which is entangled. This gives rise

to the transitions: )

l99,n) = —=[lgg,n) +i|ee,n)],

S

2

1 )
lge,n) = —= [lge, n) +ileg,n)],

2

leg,n) — [leg,n) +i|ge,n)],

2

lee,n) — —={lee,n) +ilgg,n)].

sl sl 9

2
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Part II1
Precision measurements involving
optical-based methods

3 Introduction

In this part I will describe two experiments, employing optical pulses for the
purpose of enhancing a desired physical signal and/or reducing the undesired
noise signal affecting the measurement. In the first experiment, optical pulses
were used in order to both enhance an AC signal in the ion’s superposition phase
oscillating at the pulses frequency, and mitigate oscillating signals at different
frequency. Using this technique, referred to as “quantum lock-in” or DD, we
measured small AC forces acting on our ion, which were translated to super-
position phase via the Doppler effect. In the second experiment, we used a far
detuned regime of the well known Mdélmer-Sérensen laser pulse scheme, in order
to create an entangling rotation of two qubits. Using this entangling rotation
in a two-qubit subspace, we demonstrated Rabi spectroscopy type measure-
ment of the ions’ transition frequency close to the Heisenberg limit - the lowest
uncertainty allowed by quantum mechanics. We also demonstrated close to
Heisenberg limited measurement of the frequency difference between two ions,
using the same method.

4 Quantum lock-in force sensing using optical clock
Doppler velocimetry

The main article can be found in [11].

4.1 Abstract

In this work we present a method for measuring off-resonance oscillating forces
using a trapped 33Sr* ion. Since the ion is trapped in a harmonic trap, there is
a linear relation between the amplitude of the force applied on the ion and the
ion’s amplitude of motion. When the ion is prepared in an optical superposition,
due to the Doppler effect, the relative phase between the ion and the laser
oscillates at the ion’s motion frequency. By applying a sequence of echo pulses
at frequency matching the force frequency, this phase, instead of not averaging
out, is accumulated over multiple oscillation cycles. This is a use of the well-
known quantum lock-in technique, and here it allows measurement of forces
which oscillates at frequency far (three orders of magnitude) from the trap
resonance frequency. We report frequency force detection sensitivity as low as

1

1.3 x 10720N . Hz " =.
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4.2 Driven undamped harmonic oscillator

A classical particle in a driven undamped Harmonic oscillator abides the equa-
tion for the oscillator position x (¢):

i+ @2nf)le = % sin (27 frt + &) -

where f; is the oscillator frequency, m is the particle mass, Fy is the AC force
amplitude and f,, is the drive frequency. The solution for the initial conditions
z(t=0)=z(t=0)=0is

Fy
Ar?m (ff — f3)

From this solution, one can learn that the force amplitude is proportional to the
oscillatory motion amplitude, and that they are related through a scale factor
inversely proportional to ( - f;) As a result, by measuring the amplitude of
motion, one can detect the force applied on the particle. It is also evident that if
the driving force frequency is close to the oscillator frequency, i.e. f; ~ fi,, the
force sensitivity increases, since small forces will induce large motion amplitudes.
If on the other hand, f; > f,,, the sensitivity for force detection reduces as f7.
In some cases, the difference between f; and f,, is constrained due to various
reasons, limiting for example f; to be high while slower forces are to be measured.
In this case, the motion amplitude is reduced, and therefore the signal to noise
is reduced as well, yielding poor sensitivity in the use of the oscillator as a
force detector. In this work, we demonstrate a method to enhance this signal
to noise with the use of the quantum-mechanical properties of a trapped ion as
the oscillator that can allow for the detection of off-resonance forces.

x(t) =xosin 27 fmt + &) = sin (27 frt + &o) - (1)

4.3 Doppler effect and optical superposition phase
4.3.1 General two level atom

We assume a two level atomic ion, with levels |g),|e), separated energetically
by an optical frequency, wegy, defined in the rest frame of the ion. Initializing at
lg) and applying a laser § pulse with frequency w ~ wey, will result in the state
Y (t=0)= % (lg) + le)). We define the detuning 6 as 0 = w — weg. We now
assume that 0 < weq,w, so we can use the rotating wave approximation [32].
Turning off the laser light and letting the ion evolve within the rotating frame

of the atom, the evolution of the state is

00 = (0 -+ ).

where

6 (t) :/0 5 (7 dr.

21



If the ion moves in a one dimensional oscillatory fashion in a direction that has
a non-zero projection on the laser k vector, in the ion’s frame of reference the
laser light will be modulated due to the Doppler effect. Assuming laser frequency
w(t) ~ weg with k number at angle x from the atomic line of motional, and
assuming oscillatory velocity for the atom of v (t) = wvgcos (27 fi,t + &), the
time varying detuning between the atom and the laser is

§(t,&0) = w (t) — weyg = kvg cos (x) cos (27 frt + &) + O (),

where 0 (t) represents noise in the laser frequency, the ion resonance frequency
or both. The corresponding superposition phase is

o (t, &) = /0 [kvg cos (x) cos (27 fnt + &o) + On (8)] dT =

t

- 21:}0 cos (x) (sin (27 fint + &o) — sin (&) + 0 Sy (7) dr.

This can be written in terms of the motional amplitude, xq:

@ (t, &) = kxg cos (x) (sin (27 fnt 4+ &o) — sin (&p)) + /0 Sy (1) dr. 2)

We denote @poppier (t,€0) = kxg cos (x) (sin (2w ft + &) —sin (§o)) and we de-
note Gnoise (t) = fg On (7)dr. From Eq. 2 we conclude from measuring the
amplitude of kxgcos (x), while knowing k and y, the value of 2y can be ob-
tained. Using Eq. 1, we can then obtain Fp, the force amplitude.

4.4 Signal enhancing using the quantum lock-in technique

4.4.1 Phase estimation averaging scale

Since @poppler () = PDoppler <t+ j%n)’ the relative uncertainty in the force

scales as

AFy A
x
Fo V' N - kxg cos (x)
where A¢ is the uncertainty of a single phase estimation and N is the num-
ber of averaged phase estimations. In order to reduce the relative uncertainty,

one could increase the signal amplitude in the denominator. To that aim, we
employed the quantum lock-in technique [33].

4.4.2 The quantum lock-in technique main concept

In the quantum lock-in technique, we generate an external modulation to our
detuning, in the form of f (¢). The implementation of this modulation is carried
out by timed optical m pulses. As a result, the phase of the superposition
becomes:

b (t o) = / £ ()6 (r,60) dr
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In our experiment we chose the modulation to be in the form of:

£ (t,7,n) = rect (t)

2nt

@(t)+2§:(—1)k®(t— 2k —1)7)] .
k=1

This is a square modulation between the values of 1 and —1, at a period of 4r.
An example for n = 4 is illustrated in Fig. 7.

ft,,n) At 2T 2T 2T T
1

~+V

Figure 7: Schematic representation of the modulation function f (¢, 7, n).
The modulation function alternates between values of 1 and —1, as shown by the
red horizontal lines. This modulation function is created by a periodic sequence
of m pulses, between two Ramsey § pulses, as is schematically shown at the
bottom. Here, a four pulse sequence is shown in which the pulses are applied at
time intervals of 7 and 27, as shown in the top.

If we assume that dy (¢) has very small spectral overlap with f (¢,7,n), for
example if dy (¢)changes slowly on 7 time scale, then the change of sign in
f (t,7,n) will mitigate the noise term in ¢ (¢), that is fg ft,mn)dn (1)dr = 0.
From this point and on, we will neglect the effect of §, unless stated otherwise.
That is:

0 (t,&0) = kvg cos (x) cos (27 fint + &o)
We now divide the use of the modulation f (¢) into two cases:

Case I: The motional phase &, is known

In this case, a time delay can be inserted to the application of the function
f (t,7,n), such that the function applied is f (t + %,T, n) In addition, if

the interval time 7 = ﬁ is chosen, then we get f (t + #}’%,7—7 n) <0 (t, &) =
|0 (t,&0)|- The value of ¢ (¢,&p)can be readily computed:
¢

t
6(t.c0) = [ 16 (r,€0)] dr = kuo cos (v) / o8 (27 frT + &) dr.

0 0
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We will assume now that t=n- 2f + 1, where t < f . Since the period of
|cos (27 fint + &o)lis 2—, we can write

e et
o (t,&0) = kvg cos (x) n/o sin (27 f,,7) d7 +/ ) |cos (27 frT + &o)|dT | =
Ly ey

2n
27 fim,

n-%m+f
= kg cos (x) l +/ ' |cos (QmeT+§0)|dT] =

"2fm

n~ﬁ+t~
= 2nkxq cos (x) + kuvg cos (x) |cos (27 frT + &o)| dT

1

If in addition we choose £ = 0 in the interrogation time, we get
o (t) = 2nkxg cos (x) -

Here, by increasing the interrogation time, i.e. increasing n, we can increase the
phase signal that we measure, and reduce the relative uncertainty of our force
measurement, that will scale as

ARy A
Fo = 2n-v/N-kxgcos(x)

Case II: The motional phase £, is unknown

Unlike the previous case, here we assume the & is evenly dlstrlbuted over ex-
periment realizations. Therefore, the average of ¢ (¢ fo (r',7,n)d (7')dr’
over N realizations vanishes as N increases. However instead of measuring the
phase itself, we can use the fact that ¢ (¢) enters the quantum state as et® ()
and therefore we can measure the coherence of our state, i.e. <ei¢(t)>, where the
average is over experimental realizations, which translates to an average over
the motional oscillation phase ;. The coherence will depend on the amplitude
of the force in a non-linear way, and from coherence measurement at different 7
values, one could extract the phase oscillation amplitude, and therefore get an
estimate for the force amplitude.

4.4.3 Theoretical model for the superposition phase

The analytic expression for the phase ¢ (¢, £y) = kvg cos (x) fozw’” f ' myn) cos (2m frn + &) dT
where n is an even integer is (calculated in [33]):

cos (27 frnt + & + n%) sin (27 frunT — n3) sin? (27”;’”)

cos (27 f,T)

o (t,&) = —4kxo cos (x)-
(3)
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For &g =0, 17 — ﬁ we get as expected:

. cos (27rfmn7 + ng) sin (27rfmnT - ng) sin? (WT””T)
o(t)= lim |—4kxocos(x)- =

T cos (27 f,,7)

_ m TN . o (T : sin (21 frunt —n3) | _
= 4kzxycos (5” + n5)51n (Z) cos (x) T_lf% [_ cos (27 fynT) -
—2 2/ 4 m

1 1
2 n

= 2nkx cos (x)

4.4.4 Theoretical model for the superposition coherence

We assume that the phase of the force &, varies with each realization of the
experiment, and it is uniformly distributed between 0 and 27. With this as-
sumption, we compute the average <ei¢(t’5°)> € for an even integer n:

< ib(t) >5 —
o

x 4kxg cos () cos (27rfmn7 +& + ng) sin (27rfmn7 — ng) sin? (wT”T)

1
27 J_ . P cos (27 fnT) %0

We use the identity

us

Jo(@) =5 | exp(iveos () dy.

2 J_ .

where Jy is Bessel function of the first kind, and we finally get

. 1/ sin (271 frun7) sin? ( 22dmT
(o) = o [ feos (.o déo = o | A cos () aﬂ%m52 )

(4)

4.5 Force detection experiment with ¥Sr™ trapped ion
4.5.1 Experimental system description

Our simplified experimental apparatus scheme is shown in Fig. 8.

In our experimental implementation of the force detection method described
above, our atomic ion is #Sr*, and we choose|g) = |S, —1) and |e¢) = [J, 1) in
the 55 1 and 4D 5 Zeeman manifolds respectively. Our axial trap frequency is
ft = 1.13 MHz and our ion is Doppler cooled to roughly 2 mK.
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Figure 8: Simplified Experimental apparatus.

A trapped ®8Sr* ion (pink full circles) is oscillating in the axial direction of a
Paul trap (red and blue solid lines) under the influence of an oscillating
voltage applied on the endcap electrodes (red solid lines). An interrogation
laser is directed at 45° degrees angle with respect to the ion’s motion.

4.5.2 Motional phase & is known

Experimental sequence

Our experimental sequence, based on Ramsey-type spectroscopy scheme, is as
follows:

1.

First, and throughout the experiment, we apply an oscillating force on
the ion, at frequency of f,, = 1013 Hz. We do that by combining an
oscillating voltage with the DC endcap voltage in our trap.

We begin the experimental sequence with initializing our ion in the ;,;; =
|g) state using optical pumping (see section 2.1).

Next, we trigger our sequence to begin with a specific force phase &y, such
that & is a controlled parameter.

At the trigger signal, we operate a 7 laser pulse on the transition |g) < |e),
and obtain the state

w<t=o>=%<|g>+|e>>.

We now turn on the modulation F' (t,7,n) by applying laser 7 pulses on
the transition |g) <> |e) at times (25 — 1) 7 when j = 1,2, ...,n. We choose
n to be an even number of pulses. This choice allows us to alternate
the phase of the pulses between 0 and m, such that pulse errors can be
eliminated to leading order. After time of 2n7, our state becomes

Y (t=2n1) = % <|g> + ¢t (2nT:80) |e>) .
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Figure 9: A typical Ramsey fringe, data and fit, for the case where &; is known.

6. In order to measure ¢ (t), we apply a second 7 laser pulse driving the
transition |g) <> |e), with laser phase ¢'. The resultant state is

winterrogation =
’ / nr Y /
R <¢’ Bnr o) 20 ) g} ie = gy <¢ Bnr o) 20 ) €)

7. We now measure whether the ion is in the |g) or the |e) state, by applying
a 422 nm laser pulse, and measuring the ion fluorescence. The probability
for no fluorescence detection is given by:

¢ (2n7, &) + ¢’>

: = 5 056207 ) + 9)

P (Dark|¢’, T, &, n) = sin® ( =373
By Scanning the value of ¢’ we obtain a Ramsey fringe, from which the
phase ¢ (2n7, &) can be extracted by a maximum likelihood fit. An ex-
ample for such fringe is given in Fig. 9.

Results

In the experiment, we scanned the parameters ¢’ and &yin the way described
above, for a n = 10 modulation pulses. We now define ¢ = ¢ (2n7,&)+¢'. The
function q@(gzﬁ’ ,€0) was plotted from the results of the scans of ¢’ and £, and
was fitted to the theory. From this fit, the parameter xy in Eq. 1 was extracted,
and from this parameter we could infer the force amplitude applied on the ion
at f,, = 1013 Hz. The results and the fit to the theory are presented in Fig. 10.

The measured phase is in a good agreement with the theory. From the
fit to the theory we estimate xy = 59.8 & 0.3 nm, and correspondingly Fy =
4.3240.02 x 10~ N. We note here that this oscillation amplitude is about an
order of magnitude below the optical wavelength (674 nm) whereas the phase
acquired is larger than m. The total experiment time was about 9 Hours, and
taking that into account, we estimated the sensitivity for the entire experiment
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Figure 10: ¢ as a function of & and 7, for n = 10 echo pulses.

duration as 3.6 x 10~19 N-Hz 2. However, the experiment results presented in

figure 10a can be considered as a calibration, at the end of which the optimal
parameters 7 and &, are found. Therefore, the best sensitivity is reached when
measuring at these values alone. We estimate that sensitivity by taking into
account only the Ramsey fringe attained at these values. This single fringe
experiment duration is about 19 s, and the force uncertainty for this fringe
alone is 3 x 1072! N. Therefore the estimated sensitivity is 1.3 x 10720 N-Hz ?

4.5.3 Motional phase &, is unknown

The experimental sequence for this experiment is very similar to the known &g
case. Steps 1-2 are identical. Step 3 has no meaning, since in this case £y cannot
be a control parameter. The outcome is that in the different realizations, &y is
distributed uniformly between 0 and 27. The rest of the experimental steps are
the same, but this time the probability P (Dark|¢’) in step 7 should be averaged
over all realizations, meaning over £,. Using Eq. 5, we can write:

(P (Dark|¢')), =

- % - % (cos (¢ (2n7) + ")), =

(cos (6 (2n7)))¢, cos (¢/) — (sin (6 (2n7))) ¢, sin ()] -

N =
|
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According to sub-subsection 2.4.4, the term (sin (¢ (2n7))),, vanishes, and we
are left with

: 2 (27 fp T
sin (27 f,,nT) sin (T)

cos (27 fnT)

(P (Dark|¢')), = %f%Jo 4kxq cos () - cos (¢).

This expression reflects a constant phase for the Ramsey fringe, up to a 7 phase

shift due to the sign of the Jy () coefficient. We denote C (7,n) to be the fringe
contrast function:

sin (27 f,,nT) sin® (WT’"T)

cos (27 fnT)

C(r,n) = Jo | 4kxzocos (x) -

The force amplitude can be extracted from the fringe contrast function. Typical
fringes for different 7 values are shown in figure 11.
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Figure 11: Typical Ramsey fringes for the case where £, is averaged.
Four fringes were taken for different 7 values in the modulation function, for
n = 10 pulses. As the variance of ¢ (2n7,&y) grows for different 7 values, it
could get to a point where the contrast vanishes (bottom left fringe). However,
when the variance gets larger, the contrast absolute value increases, but with
an overall 7 phase shift for the fringe. This revival of contrast is a result of the
Bloch sphere equator having a topology of a circle.

Results

The experiment was carried out for n = 10, 20 pulses. The time 7 was scanned,
and the contrast extracted from the Ramsey fringe of each value of 7 was fit to
the contrast function C' (7,n). The results are shown in figure 12.
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Figure 12: Measured Ramsey fringe contrast for different modulation times 7
and fit to theory for n = 10, 20 pulses.

From the fits in figure 12 we could estimate the amplitude of the ion motion
to be g = 58.0 £ 1.5 nm and xy = 57.5 + 2.0 nm for n = 10, 20 pulses respec-
tively. From these measurements we could infer force amplitude of 4.3 0.1 x
10719 N and 4.340.2 x 10~ N respectively. The sensitivity in this experiment
was 0.9 x 10~ 18and 1.0 x 10~'® N-Hz "2 for n = 10, 20 pulses respectively. This
results agrees with the force measured in the case where & is known.

4.6 Conclusions and outlook

In this experiment we proposed and demonstrated a method aimed at detecting
small forces applied on a trapped ion mechanical oscillator. An optical dynam-
ical decoupling sequence was applied, modulating the ion’s quantum superpo-
sition phase. That in turn allowed both filtering out unwanted noise different
spectrally from the force spectrum, and enhance the signal from the force itself.
Using this method, we demonstrated an increased force sensitivity far from the
mechanical resonance. The idea presented here does not apply only for Doppler
shifts measurement, and can be used to measure any effect leading to oscillating
transition frequency. For example, similar method was used for measurement
of laser frequency noise [34], and recently for placing bounds on theoretical
model for beyond the standard model effects, such as dark matter candidates
[35], where the optical transition leads to unprecedented experimental bound at
large modulation frequencies.

5 Heisenberg-limited Rabi spectroscopy

The main article can be found in [36].
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5.1 Abstract

The use of entangled states was theoretically shown to improve the fundamental
limits of spectroscopy to beyond the standard-quantum limit. In this work,
rather than probing the free evolution of the phase of a prepared entangled
state with respect to a local oscillator (LO), we probe the evolution of an,
initially separable, two-atom register under an Ising spin-Hamiltonian with a
transverse field. The resulting correlated spin-rotation spectrum is twice as
narrow as compared with uncorrelated single ion Rabi spectrum. We implement
this Heisenberg-limited Rabi spectroscopy scheme on the optical-clock electric-
quadrupole transition of ®¥Sr* using a two-ion crystal. We further show that
depending on the initial state, correlated rotation can occur in two orthogonal
sub-spaces of the full Hilbert space, yielding Heisenberg-limited spectroscopy
of either the average transition frequency of the two ions or their frequency
difference from the mean frequency. The use of correlated spin-rotations can
potentially lead to new paths for clock stability improvement.

5.2 Theoretical background
5.2.1 Rabi spectroscopy

We assume a (pseudo) spin half system. We define the Rabi Hamiltonian as
Hr = h[Qroy + d0.]. (5)

This Hamiltonian generates rotations in the spin-half system {||),|1)}. Initial-
izing the spin system in |})and letting it evolve under Hp for time 7, = &
(m pulse) will yield some probability P (|1) |4, 2g) to measure our system in the
state |1) at the end of the evolution. Scanning the parameter § will lead to a
resonance spectrum of P (|1) |0, Qr), centered around 6 = 0. From this spec-
tra the resonance parameters of the system (e.g the resonance laser frequency)
corresponding to § = 0 can be estimated. This rotation can be visualized on a
Bloch sphere. A general pictorial rotation in the Bloch sphere for an arbitrary
initial state is shown in Fig. 13.

The spectral form of P (|1) |, 2r) is presented in Fig. 14. For a 7 pulse, the
functional form for the spectrum is

2
1+ () )

2
1+(%)

A main characteristic of this spectral shape is the fact that its width is dictated
by QR.

P([1)16,r) = (

(6)

31



—> |nitial state
—> Final state
Rotation axis |-z} = |0)
—> Rotation path
|3 = (10) — i11) =)= — (10}~ 1))
V== -t —x)=— —
V2 vz

1 1
=—(0)+1]1 - i
|} ﬂ(l )+ 11) Iy)—ﬂ(|0)+l|1))

|z) = 11)

Figure 13: Bloch sphere representation of Rabi Hamiltonian.
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state [1) for operation time 7 = & (7 pulse).

5.2.2 Two-spin Ising Hamiltonian

We assume a system composed of two % spins. We denote the two basis states
of each spin as {|}),|1)}. The spins can be initialized in any of the states
{4 D S 1) 5 111) 3. The Hamiltonian governing the system evolution is an
Ising-type interaction Hamiltonian with a transverse field:

Hr=h{QoyRoy+04 (0. @I +I®0.)+6_ (0, @] -1I®0,)], (7)
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where 0,,0y,0, are the Pauli matrices, I is the 2 x 2 unity matrix and A is
Planck constant divided by 27. The term Qo ® o, represent an Ising type
interaction between the spins. The term §; represents the two-spin-average
magnetic field along the z axis, and the term §_ accounts for half the magnetic
field difference between the two spins. The Hamiltonian H; commutes with
the operator o, ® o,. Therefore, it conserves the parity of the state. Stated
differently, the Hamiltonian #H; does not mix the even {|]l), |[11)} and the odd
{41), 1)} subspaces. In addition, the even and odd subspaces are degenerate
under the operation of (6, ® I — I ® 0,) and (0, ® I + I ® 0,) respectively. As
a result, superpositions of the states {|L]), [T} ({[{1),[1))}) are invariant to
change in 6_ (d4).

5.2.3 Correlated two spin Rabi spectroscopy and the Heisenberg
limit
The Hamiltonian H; can be used as a spectroscopic tool, similar to Hz. Depend-
ing on the initialized state, this spectroscopic tool can be sensitive to the average
frequency between the ions, or to the difference between the two ions’ frequen-
cies. Initialized in the |]J) state and operating the Hamiltonian for time 7 = QLI,
leads to a probability to measure the state [11) denoted as P (|11) |64, Q7). The
function P (|11) |4, Q2;) is a spectrum in d,, centered around 6y = 0. Due
to the operator (o, ® I + 1 ® 0,), this spectrum is narrower compared to the
single spin case of Eq. 6 by a factor of two. The spectral shape will be given

now by
2
sin <’27 1+ (%j) )

2
25
1+ (%)
and a comparison between P (|1)]d,Qgr) and P (|11) [04,8y) for Qf = Qg is
presented in Fig. 15.

P (1) 104+,Qr) =
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Figure 15: Comparison between Rabi spectrum of a single ion and two correlated
ions for Q7 = Qg.

The theory above is also valid when working in the odd subspace, by replac-
ing

) = 1),
[T =11,

0 — 6.

This factor of 2 reduction in width in Fig. 15 is a manifestation of the

Heisenberg-limit. If we would use the Hamiltonian Hr ® Hpg for the two spin
case, that is, operate Hr on each spin in an uncorrelated manner, it would be
equivalent to performing the same experiment on one spin twice. Taking the
average of the two spin measurement outcomes will yield uncertainty improve-
ment that scales as /2. This corresponds to the standard quantum limit (SQL).
However, in the correlated case, the use of correlation between the spins leads to
a reduction of the uncertainty that scales as 2, which is a factor of v/2 improve-
ment over the SQL. That is the Heisenberg limit, which is a fundamental limit
in quantum mechanics. We define an experimental measure for the closeness of
a spectrum to the Heisenberg limit by « in the fitting function

sin (
P (|State) |5,Q) = A

F1+ (3))
—~, (8)
1+ ()

where €Q is the correct Rabi frequency, 7 is the pulse duration, § is the parameter
being scanned and 1 < o < 2 is a parameter defining the degree above the SQL

for the measurement (2 corresponds to Heisenberg limit). A is a fit parameter
correcting for experiment imperfections.
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5.3 Experimental methods
5.3.1 Experimental apparatus

In our experiment we used two trapped 8fSSrJrions in a linear Paul trap. The
pseudo-spins levels are D= 3Y = 1) (see notation remark
in section 2). The ions are ground-state cooled and can be addressed with the
quadrupole transition 55 1= 4D5 674 nm laser both globally and in a single

addressed manner (see sectlon 2.1. 4) A simple scheme of the apparatus is shown
in Fig. 16.

Figure 16: Experimental apparatus scheme.

Two ions trapped in a linear Paul trap (a) are addressed with two clock-
transition laser beams. A global beam addresses both ions equally (b) and
a tightly focused single-ion addressing beam can be tuned to address ions in-
dividually (c). A magnetic field of 3.1 G is aligned along the global beam
propagation direction (not marked in the figure). An objective lens (d) focuses
the single-ion addressing beam onto the ion-crystal. The same objective lens
collects fluorescence from the ions at 422 nm used for state readout. The two
wavelengths are separated with a dichroic mirror (e). The fluorescence light
is focused on an EMCCD camera (f) camera images of two and a single fluo-
rescing ions are shown (g). The single-ion addressing beam passes through a
double AOM system in a XY configuration, allowing fast 2D scan of the beam’s
position and fast shifting of the beam from one ion to the another (h).
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The ions are detected using an EMCCD camera. Each of the states |}]), [{1), [T4), |[T1)
can be individually detected on the camera.

5.3.2 Hamiltonian #; generation

We generate the evolution described by the Hamiltonian H; by realizing Molmer-
Sérensen interaction [20]. The two ions are illuminated by the 674 nm global
beam operating at two frequencies defined as

wir =wox(v+e)—4,
where wy = M is the average of clock transition carrier frequency of the
ion 1 and ion 2, v is the axial trap frequency, € is a symmetric detuning and §
is an asymmetric detuning from the sideband transitions. The laser frequency
configuration and the relevant ion levels are shown in Fig. 17. The laser coupling
to the red and blue sidebands has the coupling constant 7€), where 7 is the
Lamb-Dicke parameter and €2 is the carrier laser coupling of the [|) « |1)
transition. When taking the limit of ¢ > 77(27 the laser is largely-detuned from
the sideband and the single-ion coupling is suppressed. The two ions’ coupling

. . . . . Q)?
is then dominant, and we get the two-ion Ising coupling 2; = Q We define
the center laser frequency as the average wy = % = wp — 0. Under these
1 2
Wo—%o

notations, 61 = wg —wr, and 0_ = ~05
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Figure 17: Molmer-Sorensen laser configuration.

The horizontal lines color code refers to different harmonic oscillator (trap)
states, while the vertical arrows’ color code mark the laser frequencies. The
bottom framed left (right) inset show the effective coupling between the even
(odd) subspace’s levels for very large e. When ¢ is large, the levels of the
odd (even) subspace can be adiabatically eliminated, leaving the system as an
approximate two level system. The even (odd) subspace can then be used as a
probe for 64 (5-).

5.3.3 Creating clock-transition frequency difference between the two
ions

In order to vary the parameter §_ we used the single-addressing 674 nm beam
operating off-resonance by §;s ~ 3.5 MHz from the clock transition. The beam

was illuminating only one ion at a time, and light-shifting its frequency. The

light-shift magnitude is Ay = (Szgj)z, where €5 is the Rabi frequency for the

carrier transition of the light—shiftisng beam. By changing its power, that is,
changing ©;,, we could scan A, and in turn scan the difference of the ions’
transition frequency. We note that in this method we change both the ions’

average frequency corresponding to 6 = AT’ and the frequency difference cor-
responding to 0_ = AQ“. In this work we scanned A;;/27 in the range of

~ 0 — 800 Hz, corresponding to £;5/27 in the range of ~ 0 — 100 kHz.

5.4 Results
5.4.1 Validity of our model - correlated Rabi Oscillations

The first experiment we performed was a correlated Rabi oscillations in both
the even and odd subspaces. This results verifies that we are in fact applying a
good approximation to H; on our two pseudo-spin system, and that #; indeed
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Figure 18: Correlated Rabi oscillations.
The figure shows the population of the corresponding subspace oscillating while
the other subspace population remains small. The latter is a result of adiabatic
elimination. Each subspace oscillation can be viewed as a rotation in a Bloch-
sphere of the corresponding two-level system.

does not mix between the even and odd subspaces. We initialized our spin
system both in the |]]) and in the |1) states, and applied our Molmer-Sérensen
bi-chromatic beam for various times, and after each experiment we measured
the state of the ions, and we averaged over 300 realizations. Here we chose
€ =6 x 1) = 17.4 kHz. The results are shown in Fig. 18. From the results,
it appears that the oscillation contrast is about 90%, meaning that 10% of the
population escaped the specific subspace.

5.4.2 Insensitivity to different parameters in the odd and even sub-
spaces

The next experiment was aimed at testing the different subspaces as spectroscopy-
probes for the different parameters §; and 6_. Here we showed that the even
(odd) subspace is sensitive to d4(d_) while being insensitive to 0_(d4). We first
performed a large scan of §; for an initial state [{|) and |{1). We performed a
7 pulse, for values of d4 from —e to €. In this scan € = 27 x 25.5 kHz ~ 10n{2.
The scan results appear in Fig. 19.

From Fig. 19a it is apparent that indeed the even subspace is sensitive to
04, the average ion frequency. This sensitivity is shown by the sharp peak and
dip in the population of |}}) and |11) respectively. In contrast, in Fig. 19b the
same scan interval shows a flat response, proving that indeed the odd subspace
is insensitive to §;. This sensitivity spans over a large set of § values between
+e. The response at § values on the scale of € is due to the fact that when
approaches +¢, one of the global laser beam frequencies is driving a single-ion
motional sideband. This effect is then dominating the ions evolution, and the
approximation of H; does not hold.
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Figure 19: Large ¢, scan for initial state |||} and []1).
The data was shifted to be symmetric around §; = 0, and the solid lines are
calculation results with no fit parameters. The discrepancy between simulation
and data in is due to in population leaking to the complementary subspace owing
to experimental imperfections. The shaded gray area illustrates the difference
in sensitivity to d4 in both subspaces, and the inset is a magnification of that
scan interval. In both measurements € = 27 x 25.5kHz ~ 107).

We continued by testing the sensitivity to d_. In this experiment, we per-
formed a scan of _ and 4, and we plot a two dimensional map of these two,
when initializing in [{]) and in [{1). The results are presented in Fig. 20.

In Fig. 20a and 20b, we show that the even subspace is insensitive to pure
difference between the ions’ frequencies. However, in our system we did not scan
6_ by itself, but scanned A;, using our light-shift method. Therefore we scanned
both §_ = %AZS and d4 = |%Als‘ together. The positive values of J_ originate
in light-shifting one of the ions, and the negative values comes from light-shifting
the other. That creates the same average frequency shift, but opposite frequency
difference. From the symmetry of these maps around %Als = 27w x 40 Hz we
can infer that indeed the even subspace is insensitive to d_. The 40 Hz offset
comes from a constant frequency difference between the ions resulting from
stray magnetic field gradient. Fig. 20c and 20d show the sensitivity of the
odd subspace to d_. It shows a peak centered at A;;, = 27 x 40 Hz which is
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Figure 20: Sensitivity to d_ for initial state ||}) and [{1).

insensitive to 0.

5.4.3 Uncertainty close to the Heisenberg limit

The final aspect of the Hamiltonian H; we wanted to demonstrate is the uncer-
tainty reduction in the resonance frequency estimation with respect to a single
ion experiment. In addition, we wanted to show that both §; and §_ are mea-
sured with Heisenberg-limited uncertainty using the even and odd subspaces
respectively. The measurement was implemented by operating with H; for a 7
pulse time when initializing at |}) , |{1), and scanning delicately the parameter
04 and d_. The results are shown in Fig. 21.
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Figure 21: Heisenberg limited spectroscopy of the average and difference be-
tween the ions’ frequencies.

Heisenberg-limited spectroscopy. (a) Comparison between the spectra for the
cases of a single ion ||) — |1) (red and orange full circles for the right and left ion
respectively) and two ions correlated spectroscopy |[1)) — [11) (blue full circles).
All spectra were shifted to center around 6 = 0 due to small shifts (10’s of Hz)
and fitted to the model of Eq. 8 (solid blue line). (b) Comparison between the
frequency-difference spectra of two ions in an uncorrelated (red full circles) and a
correlated (blue full circles) measurement. In the uncorrelated case the average
frequency of the two ions was measured on each ion separately as a function of
d_, and both populations were averaged to give the measurement result (See
supplementary material). The spectra were also shifted to center around §_ = 0.
Insets: Comparison between the normalized uncorrelated case fit, the product
of the two single ion fits in the uncorrelated case and the normalized correlated
fit for both ¢4 and J_ scans. As seen, the single ion case is the widest, but holds
two data points for each scanned parameter value, and therefore estimation of
the resonance frequency can be performed with v/2 reduction in the uncertainty.
This can be manifested spectrum-wise by taking a spectrum of the probability
of both ions excited (solid purple line). In this case the spectrum is /2 narrower
than the single ion case, but not all measurements are included, thus matching
the resonance frequency uncertainty to the two, uncorrelated, ions case. The
correlated case clearly yields the narrowest spectrum with the same number
of measurements and therefore a v/2 improvement in the frequency estimation
uncertainty due to shot-noise.

Due to magnetic field drifts between experiments, these results are composed
of ten different scans, where for each parameter d; or j_ value 50 experimental
repetitions were averaged. The data of each scan was fit, and then shifted such
that its peak corresponded to 4 = 0 and J_ = 0. Therefore, only an estimate
for the spectrum width can be extracted from the results in Fig. 21. By fitting
the spectra presented in Fig. 2la to Eq. 8 we get a = 1.92 + 0.02 for the
correlated spectrum and a = 1.01 £ 0.01 for the uncorrelated spectrum. This

41



validates our understanding of the theory, and places our correlated rotation
close to the Heisenberg limit for uncertainty.

The fit of the spectra in Fig. 21b gives v = 1.78 = 0.03 for the correlated
spectrum and o = 0.88 = 0.02 for the uncorrelated case. Here again the fit
suggests that the correlated case is better than the SQL, however this fit is
in less agreement with theory due to lower number of measured points and
intensity noise in the single addressing beam.
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Figure 22: Two-ion correlated and single ion Rabi spectroscopy.(a,b,c)
Rabi spectroscopy in the two ion correlated case, single ion for ion 1 and ion 2
respectively. The data (blue full circles) is taken from a single frequency scan
out of the ten superimposed in figure 21.
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5.4.4 Demonstration of improved sensitivity

In order to prove our claim for possible spectroscopic improvement due to our
Heisenberg limited spectroscopy, we compared two frequency scans across our
ions’ resonance out of the ten mentioned in section 5.4.3 and estimated the
error in the center frequency measured with a single ion and a correlated two
ion spectroscopy. The results are shown in Fig. 22.

Here, both uncorrelated and correlated experiments’ pulse time is equal.
Each frequency point is the average over 50 experimental realizations, and is
assumed to be projection noise limited. The shaded area marks the 95\% con-
fidence uncertainty in the center of the spectrum from a maximum-likelihood
fit. This interval is 10.3 Hz for the correlated case, and is compared to 21.3 Hz
and 18.7 Hz for ion 1 and ion 2 respectively, proving improvement in the uncer-
tainty for the correlated case. the insets show the corresponding theoretical fit
shifted to be centered around zero for a 200 Hz span, emphasizing the smaller
uncertainty in the correlated case by the shaded gray area.
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Part IV

Precision measurements involving
radio-frequency-based methods -
the J? trilogy

6 Introduction

6.1 Section overview

In this part I will describe three different proposals and experiments, employing
large-spin dynamical decoupling sequences - a tool that was developed by me
and my group, to measure and cancel energy shifts in an atomic level with total
spin higher than % In section 7, I will present a method to measure quadrupole
shifts in the excited state of an ion trapped in a linear Paul trap. Using this
scheme we measured our ion’s clock-transition excited-state quadrupole moment
to the best precision known today. In section 8 I will describe a collaboration
with several theoretical and experimental groups from Australia and the United
States, in which we proposed and demonstrated an experimental method to mea-
sure frame-dependent shifts in the excited state of an atom. As current theory
predicts that the energy levels of an atomic level should be space-orientation
independent, this proposal aims at finding or placing bounds on beyond the
standard model theories. In section 9 I will report on an experimental approach
to cancel the quadrupole and linear Zeeman shift in clock transition. Such shifts
are inhomogeneous, and thus are among the reasons for the common use of only
single-ion frequency references in atomic-ions based optical clocks. Diminishing
this inhomogeneity help paving the path towards the use of multiple ion chains,
potentially leading to more precise and stable clock operation.

6.2 Origin of J?> — 3J? energy term

We assume a spin J, with a Hamiltonian respecting the mutual eigenvectors of
2and J.: |J, M)y _y41..7—1.5 - A tensor coupling in the form of
0H = Z Aiiqiq; (9)
1,]=T,Y,2
is added to the Hamiltonian, where ¢; = {¢s,qy,q.} are the components of a
3-dimensional spacial vector-operator (e.g. position or momentum of a particle)
and A;; are coupling constants that are small compared to other parameters in

the Hamiltonian, such that § H can be treated as a small perturbation. 6 H can
be rewritten in a different way:

SH = S A4n? (10)
ke{—2,—1,0,1,2}
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where A}, are linear combinations of the Aj;s and Tlf) are second degree spher-
ical tensors. First order perturbation theory predicts a change of in the eigen-
values of the Hamiltonian as follows:

OE (m) = (J,m| 6H |J,m) = (J,m| Y AT | J,m) .
k

Using Wigner-Eckart theorem, we can write:
(Fom| Y AT |om) = 37 Ag(Jom, 2, k [ J,m) (T T ||7),
~—_———
¥ * Clebch-Gordan

where (J|| T ||.J) is the reduced matrix element that is independent of k. From
here we can see that only k& = 0 contributes, since in order for the term to not
vanish, we need to have a match between the two quantum numbers from the
left and right hand sides: m +k = m — k = 0. Therefore, we can write that
the only operator contributing to the energy shift is

5Heff = AOTO(Q) = 1210 (72 - 3(]5) .
In angular momentum basis, this operator takes the form:

SHepp= S [Jyma) (Joma| AgT{? [ J,ma) (J,ma| =

my,msa

= A0 Y (2oma 2,0 [J,ma) (J| T8 1 T) | J,ma) (T, ma| =

miy,msa

0 unless mi=mo»

= Aoy (Jom, 2,0 |Jm) (T3 (| J) | J.m) (J,m]
Therefore, we can conclude that in the angular momentum basis §H.sy is diag-
onal. In addition, the Clebch-Gordan coefficients in the diagonal elements are

in the form
(Jym, 2,0 |J,m) = f(J) [J(J+1) = 3m?],
where f is some function of J. Taking all of the above, we obtain the operator
form of 0Hcyy:
SHeops =k (J) (72—3.15). (11)

where 1 = Ao f (J) (J| T |1.7).

The derivation above leads to the conclusion that any small perturbation in
the form of Eq. 9, can be treated to first order as the total angular momentum
operator in Eq. 11.

45



6.3 Hamiltonian description of a spin J > % under mag-
netic field with a 6H.;; term

6.3.1 Free evolution

We assume a spin J > % system, with an associated magnetic moment ﬁ =

7J7. The spin is coupled to magnetic field § = B.Z at its position, and
therefore evolves according to the free linear magnetic Hamiltonian

Hl:’yJBZJZ. (12)

In addition, we assume that the spin interacts with its environment in the form
of Eq. 9, and therefore an additional quadratic term in J, in the form of Eq.
11 is added:

H, =« (72 -3J%). (13)

The total free evolution Hamiltonian is the sum of the terms in Eq. 12 and Eq.
13:
Hy=H;,+H,=

:WBZJZ+/@(72—3JZ). (14)

6.3.2 Drive operation term

We add an experimental control to the Hamiltonian, in the form of a magnetic
AC drive, with frequency w}éF, phase ¢; and amplitude B, (t)Z. The drive
adds the time-dependent Hamiltonian term

H ;= ~;B, (t)cos (wI‘QFt — gZ),]) J.

We denote v B, (t) = 2hQ7 (t), where 7 (t) is the time-dependent spin J Rabi

frequency. We now limit ourselves to two operation modes of B (t), B (t) = 0

and B (t) = By, corresponding to Q7 (¢) = 0 and Q7 (t) = . In addition, we

assume that

fYJBz
h

'VJBZ

—whr =0, <Y < + whp. (15)

The full spin J Hamiltonian reads

HJ:er+Hd:

— 7B J, 4 (72 —3J2) + 2097 (1) cos (whpt = 65) Jo. (16)

6.3.3 Interaction picture Hamiltonian

We now move to the interaction picture with respect to the drive, i.e. with
respect to the Hamiltonian H = Awy,J .. The interaction Hamiltonian reads:

_;H
Hj;=e lﬁtHJ@

i H
*h

t_f—
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=vyB.J.+k (72 - 3J3)—|—2HQJ () cos (whpt — @) e Whrt Jmei“’éFth—hwl‘éFJz =
=hosJd.+k (72 - 3J§)+2hQJ () cos (wihpt — ¢1) (cos (whpt) T +sin (wipt) Jy)

where in the last step we used the fact that e‘iwl{thJZJxei“’féFth acts as a
rotation of J, around z. According to Eq. 15we can take the Rotating Wave
Approximation (RWA), and neglect terms that rotate with frequency 2wy . we
are left with the interaction Hamiltonian

H™ = 16,J. + h (72 = 372) + B (1) (cos (67) T, +sin (65) J,) . (17)

7 Atomic Quadrupole Moment Measurement Us-
ing Dynamic Decoupling

Published article can be found in [13].

7.1 Abstract

We present a method that uses multi-level dynamic decoupling of trapped ®8Sr™
to distinguish small frequency shifts that depend on m? , where my is the
projection of angular momentum J along the quantization axis, from large noisy
shifts that are linear in m,, such as those due to magnetic field noise. Using this
method we measured the electric-quadrupole moment of the 4D 5 level in 88Sr+

to be 2.97370:03%¢ aZ. Our measurement improves the uncertainty of this value
by an order of magnitude compared to previous measurements and thus helps
mitigate an important systematic uncertainty in 88Sr* in based optical atomic
clocks. In addition, our measurement verifies complicated many-body quantum
calculations.

7.2 Atomic quadrupole shift

7.2.1 Electric energy multipole expansion

The electric energy of a charge distribution p () centered around the point
« = 0 and under an electric potential V' (x) is given by:

Uz/p(?)V(?)d?:

:/p(7) V(@) aoy— 7 VV(Y)I?ZMZWJ aiavxj

=0
We write the first three terms of the expansion:

Umono = V(?)‘?:o /p(?) d7

—_—
monopole moment (scalar)
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Ugi = — VV (@)|2—o - / (7)) AT

| S —
dipole moment (vector)
0*V
Uquad ; 02,075 | »_, /P( ) @i

quadrupole moment (tensor)

7.2.2 Electric energy of a bound electron in external field

We assume an electron bound in an atom positioned at 7 = 0, under an ex-
ternal static electric potential V' (7) The quadrupole moment of an electronic
state in an atom is a measure of its deviation from perfect spherical symmetry.
While S orbitals have a spherically symmetric electronic wave functions (and
therefore spherical charge distribution), different orbitals e.g. the D orbital have
a finite electric-quadrupole moment as their leading order deviation from spher-
ical symmetry. Transitions in the atom will not be affected by the monopole
term since all atomic levels have the same total charge, and since the atomic
Hamiltonian preserves parity, no atomic eigenstate has a finite dipole moment.
Hence we conclude that the leading order shifts in atomic transitions due to an
external static electric potential are quadrupole shifts.

Quantizing the classical multipole expansion above, we see that the operator
leading to quadrupole shifts has the form in Eq. 9:

2
sy =S 2V

) 1
i 6%‘181‘] T ( 8)

Z=0

where x; are the electron position operators with respect to the nucleus. Since
quadrupole energy shifts results from external electric field gradient across the
atomic-length scaled electronic charge distribution, the resulting energy shift is
usually small in comparison to other shifts, e.g., the Zeeman shift. Therefore,
according to section 6.2 we can treat it as a perturbation and write it in the
form of Eq. 11:

§H = hQ (72 - 3J§) : (19)
7.2.3 Quadrupole shift of an atomic-ion trapped in a linear Paul trap

We now focus on the case of an ion trapped in a linear Paul trap. Here, the
ion is held in the trap axis (@) direction by a trapping DC harmonic potential.
The physical parameters in ) in this case are derived in [37]. Following this
derivation, we write:

_1dE, ©(y,J)

hQ_4 da J(2J —1)

[3cos? (B) — 1 + esin® (B) cos (2a)] (20)
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Figure 23: Trap and quantization axes and quadrupole shift relevant angles.
Left: Trap electrode from a view parallel to @, along with the definition of the
angle a. The horizontal dashed line is at right angle with @, and is in the plane
defined by the quantization axis Z and the trap axis, and the slanted dashed lines
define the b and ¢é directions of the trap. Right: Trap electrode from a different
observation angle, showing the definition of the trap axis, the quantization axis
and the angle between them, 5.

where FE, is the electric field in the trap axial direction, df; is the directional
derivative of E, in the a direction, © (v, J) is the quadrupole moment of the ~
orbital with J angular momentum and projection quantum number mj; = J, 8
is the angle between the ion’s quantization axis and the trap axis, « is the angle
between the z principle trap axes and the @ — 2 plane (in case of cylindrical
symmetry of the trap around z, o can be set to zero) and ¢ is a measure of the
deviation from cylindrical symmetry, i.e. difference between the x and y axes.
The angles o and 8 and the directions @ and Z are shown schematically in Fig
23.

7.3 Quadrupole shift measurement scheme
7.3.1 Hamiltonian and experimental operations

We begin from a Hamiltonian similar to the one described in section 6.3.3 in Eq.
17, where we take the quadratic term to be the quadrupole shift with magnitude

Q:
Hy = hé,J. +hQ (72 = 372) + B (1) (cos (65) T +sin (67) T,)

We now define two operation modes:

1. Free mode:
In this mode, we do not operate the drive, meaning Q (¢) = 0. The
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evolution operator in this case is
Uy (r) = exp [i (3,77 +Qr (72 -372))]. (21)

where 7 is the evolution duration.

2. Pulse mode:
In this mode, we operate the drive with a constant amplitude Q7 = Q,
and for short pulse times 7 on the order of Qlo Here, we neglect the

evolution caused by the free part in H ; because gT'; < 1 and Q% < 1, and
we are left with

Up (¢,7) = exp [iQ7 (cos (¢) I + sin (¢) J )] - (22)

7.3.2 Dynamical decoupling sequence building block

With the two operations from section 7.3.1, we can build a sequence that will let
an initial spin state evolve only according to the quadrupole shift contribution
hQ (72 — Z’)Jﬁ)7 and eliminate the influence of the magnetic field part hd; J ..

We choose the RF field phase to be ¢ = 0, or ¢_ = 7 such that the pulse

evolution operator becomes U, (¢+,7) = exp [£iQ7J;]. For a specific pulse

time equals 7, = &-, we get a m pulse operation U, (¢+) = exp [tind,]. Our

sequence building block is then the four operations

Upp = Uy (1) Up (¢-) Uy (27) Up (64.) Uy (7) -

In order to understand the evolution, we write it explicitly:
Upp, = exp {z (5JTJZ + QT <72 — 3J§))}

= ...exp [—inJ ] exp [Z <2UTJZ +2QT1 (?2 - 3J2))} exp [imd z]...

Operator rotation of 7 around x direction, J,—-J,

o €XD [z (5(,7.12 +Qr (72 - 3J§))] -
— exp {z (4QT (72 - 3J§))} . (23)

Here we used the fact that the operation exp [—inJ,]J, exp [inJ,] is an op-
erator rotation of J, around the x direction with rotation angle 7, therefore
J. — —J,. We conclude that using this pulse scheme, and under the assump-
tion that ¢ is a slowly changing function with respect to this sequence duration,
we can eliminate the magnetic field contribution and let an initial spin state
evolve under the quadrupole part alone.
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7.3.3 Full quadrupole shift experimental sequence

In order to measure the quadrupole shift of a trapped ion, i.e. evaluate (), we
can perform a Ramsey experiment using the operation in 23. The sequence is
shown schematically in Fig. 24.

S

. . . m
e”T]x e_”T]JC e_”T]JC E

A T T
T T T T

Figure 24: Quadrupole shift measurement Ramsey sequence.
The sequence begins with a 3 Ramsey pulse, preparing an equal superposition
of two different |m| states. next, the sequence building block from section 7.3.2
is applied a number of times, so quadrupole shift phase is accumulated. Fi-
nally, a second Ramsey 7 maps superposition phase into population that can
be measured.

It begins by initializing the spin J state in an equal superposition of two
different m states, mq,mo such that |mq| < |mal:

€
V2

This is the first 5 in the Ramsey sequence. Then, we operate with the operator
in Eq. 23 n times, such that:

[Vinit) = (I;m1) + |J,ma)) .

[t (nT)) = exp {z (4Qn7 (72 — 3J3>)} [Yinit) =

V2

Neglecting global phase, we write this state as

exp [i (4QnT (J (J +1)))] (exp [—i (12QnTm3?)] |J,m1) + exp [—i (12QnTm3)] |J,m2)) .

[ (nT)) = % (|J, mi) + exp [—i (12Qn7' (m% — m%))} |J, m2>) .
The next step is mapping the phase difference between the |J,m;) and |J, ma)
states onto their population (this is the second Ramsey 7 pulse), and finally
project the resulting superposition onto the {|.J,m1),|J,mz2)} basis. The final
superposition phase is the result of the quadrupole shift alone, and by scanning
the sequence parameters (e.g. n7 or a second Ramsey 7 phase) we can measure
the quadrupole shift parameter Q.
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7.4 Experimental measurement of quadrupole shifts in the
clock transition of ®Sr* ion trapped in a linear Paul
trap

7.4.1 Quadrupole shift in 88Sr™

As mentioned above, in our experiments we use a single ®¥Sr* ion trapped in
a linear Paul trap. We performed the sequence described in sections 7.3.2 and
7.3.3 on the |J,m ) manifold. The ions are held in place by a combination of
oscillating and DC electric fields. The oscillating electric field’s gradient averages
to zero over time, and therefore contributes negligible quadrupole shift to this
manifold. However, the DC potential holds the ion in a constant electric field
gradient, and therefore shifts the |J,m ) level frequency. From the appearance
of J i in Eq. 19, we see that this quadrupole shift depends on m; quadratically.
Fig. 25 shows a schematic frequency shift illustration of each |J, m ;) manifold in
4D f%, resulting from the magnetic first order Zeeman effect and the quadrupole
shift.

Energy
)il
5 _5 5
. 3= 23 3 2
4D s L 2 — 2 2
) 33T S
_5_2 101
-2 "z 2
Zeeman splitting ‘ ‘Quadrupole splitting
Linear with m Depends on m?

Figure 25: Schematic energy dependence on m for Zeeman and quadrupole shift.

In this experiment we operate at a constant magnetic field of typically 3 G
at the ion position in order to split all orbitals to their Zeeman manifolds,
resulting in a linear Zeeman frequency difference between |J,m ;) and |J,m’;),
when |m; —m/;| =1 of roughly 5.04MHz.

7.4.2 Measurement of

In order to perform the RF pulse operation in Eq. 22, we needed to measure
Q. We measured it by the following sequence: First, we optically pumped
our ion to the |S, f%> state. Then, an optical m pulse drove the ion to the
state |J,my). Next, a RF pulse with duration time 7 is applied, such that the
evolution operator obeys Eq. 22. Finally, a second optical 7w pulse drove the
transition from some |J,m’ s}, where m/; could be equal or different from m, to
one of the|S, mg) states, followed by projective measurement on the {|S),|J)}

92



subspace, yielding a bright (ion fluorescence) or dark (no ion fluorescence) result.
The results are spin g Rabi oscillations, and they are presented in Fig. 26.

— 52 —-1/2 —1/2 = 5/2

— 100 _ 100

g g 50

= 50 =
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& 15)
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o 0 —~ 50

pulse time [usec] pulse time [psec]

Figure 26: J = % Rabi oscillations.

Left: Transition between ’4D%,m% = —g and ‘4D%,m% = g> induced by
RF pulses. The vertical axis shows the measured population in all 4D 3
manifold levels but the level stated in the legend. The population oscillated
between fully be in |J, —%>t0 fully be in |J, %>, where in between the
population is spread among the other levels in the manifold. Right:

s .. L1 1 5
Transition between the two superpositions - (|7, =)+ |J,—2)) and
% (|,3) + |7, 2)). Both top and bottom plots show data from the same
experiment, separated for clarity. Both plots agree with g = 27 x 43 kHz.

From these measurements we obtain )y =~ 27 x 43 kHz, corresponding to
Tr = & = 11.63 ps.

0

7.4.3 Measurement of the electric field gradient df;“

Our trap is taken in the harmonic approximation, meaning its DC electric po-
tential energy is

1dE,
U=-
4 da

where a, b, ¢ are Cartesian coordinates, in which the a coordinate is in the di-
rection is the trap axis and ¢ is the electron charge. This DC potential energy
translates to an axial trapping potential energy, in the form of

(b2 +c? — 2a2) q, (24)

1 2
U= 5 M%axial®

Equating the second derivative with respect to a in both forms gives

2
dF, _ M%axial )

da q
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Therefore, knowing the mass of our ion and measuring the trapping frequency,
we can obtain “Ze The mass of 8¥Sr+ ion is m ~ 87.9 amu ~ 1.46 x 10~?°kg.
We measured the trapping frequency by applying AC electric-fields with projec-
tion on the trap axial direction with different frequencies, and simultaneously
measure fluorescence from the ion’s 422 dipole transition. When the ion is mod-
ulated at the trap frequency, a sharp dip should be observed in the fluorescence.

The results are given in Fig. 27.
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Figure 27: DC electric field gradient calibration.

(a) Ion fluorescence in a single scan of AC electric field frequency. The flu-
orescence drops when the modulation frequency matches the trap frequency,
resulting in a sharp dip. The width of the dip is on the order of a few kHz’s.
(b) Ion fluorescence as a function of the modulation frequency for different trap-
ping voltage on the endcap electrodes. (c) Final calibration matching endcap
voltage to its corresponding axial trapping frequency and DC electric field gra-
dient. The measurement agrees with the quadratic dependence of the voltage
on the trapping frequency.
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7.4.4 Measurement of the quantization-trap axis angle

The quantization axis is defined by a static magnetic field applied on the ion
using three pairs of Helmholtz coils. Coil 1 is used for the main quantization
field of about 3 G and it defines the quantization direction. Coils 2 and 3 apply
weaker magnetic field and they are normally used to compensate for external
stray fields. We measure the magnitude of the magnetic field at the ion position
by performing RF Rabi spectroscopy on the Zeeman manifold {‘S, —%> , 1S, %>}
In the first step, we made sure that the magnetic field in the ions position is
parallel to the plane spanned by the normal to coil 1 and coil 2. This was
achieved by scanning the current running through coil 3 while the current in
coils 1 and 2 was fixed, and finding the minimum of the Zeeman splitting. The
result of this measurement appears on Fig. 28.

\ e Frequency vs. current ]'
N118|e — = = Fit to ay/T+ ({z — 0)/d)? ,
T . .
=116 K
[&] \ ,
= \ ,

0] \\ .
=114 . K
2 \ .
LI_ \\ 1/
1.2 S
0 01 02 03 04 05
Current [A]

Figure 28: Magnetic field plane calibration, frequency vs current through coil 3
and fit.

From the fit’s minimum point we found the current in coil 3 that will produce
a magnetic field in the plane of coils 1 and 2. After this measurement, we were
able to change the magnetic field varying only the current through coil 2, and
calibrate the change of 5. This calibration process is shown in Fig. 29.
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Figure 29: Scanning magnetic field angle.

Left: Directions of coils 1 and 2 with respect to each other and the trap. Right:
(top) 55 1 Zeeman manifold for probing the magnetic field magnitude in the ion
position. (bottom) By keeping the magnetic field component corresponding to
coil 1 (black arrow) fixed, varying the current in coil 2 leads to perpendicular
magnetic field component (red arrow). By measuring the resulting magnetic
field magnitude at the ion position (length of blue arrows) the angle 8 can be
calculated, with respect to the minimal magnetic field.

The result of this calibration are shown in Fig. 30. Note that the measured
angle is not necessarily 5. The measured angle is the angle between the magnetic
field and the direction normal to coil 1. However, 3 is the angle between the
magnetic field and the trap axis. Therefore, there is an unknown offset angle,
X0, yet to be found.

7.4.5 Quadrupole Ramsey experiment

In order to measure quadrupole shifts we followed these steps:
1. We began by preparing the superposition
1

NG J,—;>+ J,—;>>. (25)

The ion was first optically pumped to the ’S, —%> in the ground state

manifold. Then , a 674 nm laser Z pulse drove the ion state to an equal

superposition —= (‘S, —%> + ‘J, —%>) was followed by a 674 nm laser w

V2 2
pulse between the states |S, —%> and ‘J, —%) The result of these opera-
tions was the state in Eq. 25. The choice of m; = —% and mo = —g for

the parameters in section 7.3.3 gives the largest quadrupole shift signal
proportional to |[m? — m3|.

2. Next, we performed the RF DD sequence from section 7.3.2, with inter-
pulse time 27. Depending on the total interrogation time, the sequence
was performed once or twice. According to section 7.3.3, the resulting
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Figure 30: Current-angle conversion.
Left: Frequency vs. current in coil 2 results and fit to theory. Right: Resultant
current to angle conversion.

state was

1
J, 2> + exp

1
Iw(T)>\@<

(e (8- ()
" )

where we define T' = 4n7 the total interrogation time.

)

J, —;> +exp[—i(3-6QT)]

3. After the Ramsey time, we performed a second Ramsey 7 pulse. A 674
nm laser 7 pulse drove the |J, —g) — ‘S, —%> transition, leaving the
ions in the state % (|7, =3) +exp[=i (3-6QT)]|S,—%)). This m pulse
was done with opposite phase with respect to the first 7 pulse on the
|J7—%> > ’S,—%> transition, done in the first Ramsey 7 pulse above.
That was in order to avoid additional laser phase in the superposition.
The second Ramsey pulse was then performed on the transition |J, —%> >
|S, —%>, with phase x,such that the resulting state was the detection state
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(neglecting any global phase)

Wder) = cOS (36622T_X>

1
s-1).

4. Finally, the state of the ion was measured using fluorescence-selective de-
tection, differentiating between the |S, mg) manifold and the |J,m ;) man-
ifold. The probability to measure the ion in the |J, —%> state is given by

e (
Steps 1-4 were averaged over 300 experimental realizations for each of different x

and T values. Fig. 31 show the quadrupole shifts measured results for different
times and electric field gradient values.

2 2

o) v (107 )

2 2 2

J,—1>> :1+}cos((3-6QT—X)). (26)
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Figure 31: Quadrupole shift measurement.

(a) Ramsey phase as a function of Ramsey time. Full circles are Ramsey phase
measurement, extracted from a maximum likelihood fit to a Ramsey fringe
obtained by scanning x, the second Ramsey pulse phase. The inset shows
such a fringe, where the horizontal axis is the phase x and the vertical axis
is P (’J, f%>) in percent. Each color corresponds to a different electric field
gradient. For each electric field gradient value a linear curve was fit to the data,
such that the slope corresponds to the frequency difference between |J7 :I:%> and
J, :I:%> Since we were interested in the frequency, the interception of each lin-
ear fit was subtracted from the data. A non-zero interception point accounts
for experimental imperfections since extrapolation to zero electric field gradient
should yield vanishing quadrupole shift according to Eq. 20. (b) Quadrupole
shift frequency as a function of electric field gradient. Each point correspond to
the slope obtained from a linear fit in (a).

7.4.6 4D 3 level quadrupole moment measurement

Finally, we used the ability to measure independently the parameters dfla, ,

and the scheme described above to measure the quadrupole frequency @) in order
to measure the quadrupole moment © (D, %) For that aim, we measured the

quadrupole shift Q (df;”, ﬂ) for ten df;“ values and sixteen [ values. We then
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extracted the quadrupole moment © (D, E) using a maximum likelihood fit to

2
the model

dE, dE, .
! (da’5> =A - (3cos® (B— B) — 1+ Csin* (B)), (27)
in accordance to Eq. 20, where A, B and C are fitting parameters. Here C'
parametrizes the asymmetry in the radial trapping frequencies. The entire data
set along with the corresponding maximum likelihood fit is shown in Fig. 32.
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Figure 32: Final data set for quadrupole moment measurement.

The plot shows 159 data points, for 16 different 8 values and 10 different %
values. From this fit the value of © (D, %) is extracted.

The final value of the quadrupole moment is 2.97370 2% ea where e is the

electron charge and ag is the Bohr radius. Here we quote the statistical un-
certainty of our measurement. In addition to statistical uncertainty, our mea-
surement may be affected by systematic effects. These include second order
Zeeman splitting and perhaps magnetic fields that oscillate synchronously with
our dynamical decoupling sequence. The second order Zeeman is evaluated to
be 0.5 Hz for our quantization field, and is below our measurement accuracy.
We did not synchronize our experiment to any external trigger, and therefore
we claim that synchronous magnetic field effects are negligible. The obtained
value for the quadrupole moment agrees with theoretical calculations, and is
1.2 0 from the only previous measurement. A summary of values from previous
works appears in table 1.

| Experiment | This work: 2.97370-03% | | Previous measurement: 2.6 & 0.3[38] |
| Theory | 3.048[39] | 2.94 4 0.07[40] | 2.935 £ 0.017[41] \

Table 1: Comparison between our result and previous work.
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8 New methods for testing local Lorentz invari-
ance violation with atomic systems

Published article can be found in [42]. This work was done in collaboration
with M. S. Safronova and S. G Porsev from the University Of Delawere, V. A
Dzuba and V. V Flambaum from the University of New South Wales and with
H. Héffner from the University of California.

8.1 Abstract

We present a broadly applicable experimental proposal to search for the violation
of local Lorentz invariance (LLI) with atomic systems. This scheme uses DD
sequence similar to the one described in section 7.3.2 and can be implemented in
current atomic clocks experiments, both with single ions and arrays of neutral
atoms. Unlike the experiment measuring the quadrupole shift, the proposed
scheme uses RF for both the DD sequence and the initial and final 3 Ramsey
pulses. This allows the scheme to be performed on systems with no optical
transitions, and therefore it is also applicable to highly charged ions which
exhibit particularly high sensitivity to Lorentz invariance violation. Here we
show the results of an experiment measuring the expected signal of this proposal
using a two-ion crystal of 88Sr* ions.

8.2 Lorentz invariance violation term in atomic bound
electronic states

Local Lorentz Invariance (LLI) is a fundamental postulate of physics, underlying
current physical laws. It states that the results of any local non-gravitational
experiment are independent of the velocity and the orientation of the free falling
apparatus [17]. Experiments testing LLI are usually analyzed in the context of
an effective theory called the Standard Model Extension (SME) [43]. According
to this effective theory, a transition frequency of a bound electron in an atom
can be used for local Lorentz invariance tests. These are the so-called “clock
comparison tests” [44, 45]. According to the SME, additional terms are added
to the bound electron Hamiltonian [46], where the one that effects the electron
energy to first order has the form:

(Sj:I = éijpipj'

Here p; is the electron momentum operator in the ¢ = z,y, z direction, and C’ij
are frame dependent coefficients, i.e. their value changes with orientation with
respect to some fixed frame of reference. According to section 6.2, Assuming
that @j are small, in order to find the energy shift of an electronic level with J
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total angular momentum, we can translate this additional term to the addition
of the operator
6H = h\ (J* —3J2), (28)

where A is an orientation-dependent angular frequency.

8.3 Proposal for LLI test with atomic systems
8.3.1 Earth rotation as a resource

Our system consists of an electron bound in an atom. The electron is in an
atomic eigenstate having total angular momentum J. A constant magnetic field
determines the orientation of this electronic wave-function in space. As time
passes, the earth rotates around itself and the direction of the magnetic field
rotates accordingly. Therefore, orientation dependent coefficients in the atomic
Hamiltonian will exhibit a modulation at the sidereal frequency [46]. A in Eq.
28 is one such coefficient, and we conclude that repeated interrogation of these
coefficients can lead to measuring LLI violation effects, and if these effects are
not detected, then the measurement uncertainty can bound the magnitude of
such effects.

8.3.2 System Hamiltonian

The Hamiltonian of the spin J system is given by
H=~B.J, +h(Q+\) (72 - 3J§) + 210 (1) cos (wrrt — &) Ja,

similar to the one from section 7.3.1, except for the addition of the A amplitude.
Similar to the quadrupole shift measurement, wrp ~ %, and therefore the
rotating frame Hamiltonian (taking the RWA) is given by

Hin = h8J. +11(Q + \) (72 —3J2) + 5O (1) (cos (9) T, +5in (9) J,) . (29)

Same as in section 7.3.1, we assume that Q7 (¢) is allowed to have the values
0 and Qy > 4,Q, A, leading to the corresponding pulse and free operational
modes. From here on, we will use the notation x = @ + .

8.3.3 Pulse sequence

In order to measure a change in A\, we propose a DD sequence that uses the
sequence building block described in section 7.3.2. However, unlike the exper-
imental sequence that was used for measuring the quadrupole shift in section
7.3.3, here we initialize the spin state in an eigenstate of J, with eigenvalue
my = m:

Next, application of the operator exp [z%JI] is carried out by an RF pulse.
This operation drives the state |J,m) to the state exp [i5J] |J,m), which is
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an eigenstate of the operator J, with fim eigenvalue. This eigenstate is a su-
perposition of all J, eigenstates. As an example, for J = g and m = —2, we

2
get
s 3
*Jz:| sy TS ) T
exp [z > J, 2>
1 5 5 3 3 1 1 3i 3 5.5
=-—\|in/z|,—=)——=\|J,—= ) —i|J,—= ) —|J,= ) ——|J, = —|J,= ).
[Val3) -Gk ) -l - ) )
This comprises the first & Ramsey pulse of the interrogation.

After this first Ramsey pulse, a sequence of pulses exp (£imJ,) is operated.
The change from J, to J is achieved by fast switching of the RF drive phase in
a phase-coherent fashion. The reason for this change is to follow CPMG pulse
protocol [47], which makes the decoupling from the magnetic field noise more

resilient against rotation angle error. The 7 pulses sequence is similar to the
sequence in Fig. 24, with the J, — J, modification. As a result, this sequence

n
can be summarized in the operator exp [Z (4;<;T (72 - 3JZ))] where 2n is the

pulse number and 7 is half the inter-pulse time. Taking T = 4nt the total
interrogation time, we get the DD sequence operator

Upp = exp i (T (72 -372))]. (31)

The Ramsey sequence ends with a second 7 pulse, with x phase with respect to
the first one. The operator applied here is exp [i5 (J cos (x) + Jy sin (x))]. In
an ideal scenario, x should be 7. However, it is possible to correct for constant
residual magnetic field phase due to e.g. imbalance in echo arms with a different
value of x. Finally, the population in the initial state |J,m) is detected by a
674 nm 7 pulse to the S manifold followed by detection pulse, and provides the
signal from our measurement. The entire sequence operator with x = 7 has the
compact form of

Upyn = oxp [~i5 0| exp [i (7 (72 = 352) )| exp [i150.] =

= exp [i (wT (72 -372))], (32)

where we used the fact that exp [—ing] J ., exp [ngx] = —J, and the ex-
pected measurement signal is then given by this operator expectation value:

Py [T, x =7] = ‘(J,m|exp [Z (nT (72 — 3J§>>} |J,m>‘2 =

= ’(J,m|exp [—3ZRTJ12]] |, m)’2 (33)

In this work, one candidate identified to have relatively large X is Yb' in an
F1 state. Therefore, we computed the signal Py, [¢T, x] for different J =7 and

2
different m values. The results are shown in Fig. 33.
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Figure 33: Theoretical calculation of Pz ., [KT’,X]
(a,b,c,d) Top:  Theoretical calculations of P%ym [T, x] for m =
:I:%, :I:%, :I:g, :I:% respectively. Bottom: Corresponding Ramsey fringe for y = 7
and kT € [0, 7].

The figure shows that the |m = %> exhibits the steepest slope in the Ramsey
fringe, and therefore this state will have the optimal sensitivity to x. In order
to work around this optimal point, the quadrupole shift @) together with the
total interrogation time 7' can be tuned using magnetic field angle or electric
field gradient amplitude (see Eq. 20 in section 7.2.3).
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Figure 34: Experimental verification of our theoretical model compared to the
calculated model.

Left, middle: Experimental results of the sequence in section 8.3.3 on a
two-ion chain. Both the Ramsey time 7" and the final pulse phase x are
scanned. Here, the main contribution to & is due to the quadrupole shift Q.
Right: Theoretical expected results for 4D3 level of 88Srtwith m = —2. The
results show good visual agreement with the expected results. The contrast is
lower, mainly due to residual magnetic field noise and spontaneous decay.

8.3.4 Experimental verification of the theoretical model and the ex-
perimental sequence

In order to verify our understanding of the sequence and the theoretical model,
we performed a proof-of-principle experiment, in which we observed the signal
Ps s [kT, x| of the 4D5s Zeeman manifold of *3Sr™*. The results and the corre-
spon(ilng theoretical calculations are shown in Fig. 34. Here, we scanned both
the experiment time and Y, the final Ramsey pulse phase. The effect measured
here is dominantly the 8¥Sr™ 4D5 level quadrupole shift, due to the poor sensi-
tivity of our ion to LLI violation offects. From this experiment we conclude that
our theory is valid, and that this experimental procedure could be performed
with more than a single ion.

8.3.5 Calibration of pulse frequency and time

In order to perform the experimental sequence described in section 8.3.3, we
need to know g and the RF resonance frequency *2=. Moreover, in order to
maintain the applicability of our sequence to various dlfferent atomic systems,
we would like to perform measurements of these quantities which are limited to
the same tools used in the sequence itself. We show that this can be done by
a calculated model for large spin Rabi oscillations and Rabi spectroscopy. The
results of such measurements for 4D 3 level of ®¥Sr™ with m = —% are shown in
Fig. 35. In both the Rabi spectroscopy and the Rabi oscillations experiments,
the ion was initialized in the |J, —%> state. In the Rabi spectroscopy, after

initialization, a RF pulse with duration of 7 ~ Qlo is applied, with angular
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Figure 35: Measurement of {0y and wgp.
Left: Rabi spectroscopy on spin J = 5 . Right: Rabi oscﬂlatlons on spin J =
In both cases the ion’s state was 1n1t1ahzed to ]m = —5 ) state in the 4D5 mam—
fold. Red full circles are measurements results and black solid line is theoretical
fit. The RF frequency was measures to be wrpr = 27 x 4.65 MHz, and the RF
Rabi frequency was measured to be Qg = 27 x 55 kHz.

frequency wgrp. After the pulse, the population of the initial state ’J, —%) is
detected. The experiment is repeated for different values of wrpr, and fitted

to theory, from which the resonance frequency wrp = "’f:z is extracted. In
the Rabi oscillations experiment, after initialization, a resonant RF drive at
frequency wrp = '”,fz is applied for varying duration time 7. At the end of

the pulse the initial state |.J, —%> population is detected. Again, the correct
() is extracted from the fit to the theoretical model. The theoretical model is
calculated as

P (m) = |[(J,m|exp [i (AT, + 0J.) 7] |J,m)[?. (34)

For the Rabi spectroscopy, we choose 2 = Q4 and we scan §, and for the Rabi
oscillation we choose 6 = 0 and we scan §2.

8.3.6 LLI violation term sensitivity

We calculate the sensitivity of our method. We assume no systematic drifts, and
under this assumption our measurement results can be described as a random
variable Y = %Zz;l r;, where x; represents the number of ions detected in
the |J,m) state after the ¢’th experimental realization, where n is the number
of realizations. Each z; is therefore a number between 0 and N an experiment
performed with N ions. We denote the change in A that can be observed between
different measurements as A\, and it is given by

AN = (‘”‘ZEV]>_1 VIE[Y],

where E [Y] is the expectation value of Y and V [E[Y]] is the variance E [Y].
Here, we assume that V [} | x;] > 1, and therefore we can use /V [E [Y]] as
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projection noise uncertainty. In the experiment described above, the detected
signal is a function of kT (see Eq. 33). We denote this function here as F (kT),
and it is the z}s binomial parameter. Therefore, we can write that

V[E[Y]]:\/F(nT)(l;F(/QT))N’

and
E[Y]=NF (sT).

We find that

Next, we denote kT = £ and we write

F(E1-F(©)
VNnTEF (€)

AN =

Assuming that the total experiment time is dominated by the Ramsey interro-
gation time (no “dead time”) then we can denote 7 = nT the total integration
time, and we write

F(§ 1A -F(9))
VNTTEF (§)

In our proposal for Yb' we use F (¢) = Pz ., (€, m). The calculated values for
the different m s states are:

AN =

rad

VNTT’
rad

vVNT ’
rad

VNTT’

rad

VNTT

, in order to reduce sensitivity to

my = —>§% ~ 0.15 rad, AX =0.10

3
g
\

— & ~0.17 rad, AX=0.11

— 5% ~ 0.20 rad, AX =0.17

3
<
|

— 5% ~ 0.22 rad, AN =0.28

<
|
NI ot N W

Here &,,, was chosen to maximize ‘d%F €3

additional experimental noise that might reduce the contrast of F (§).

8.3.7 Comparison to previous proposals and bounds

In [48] a different method for measuring A was proposed, relying on a DFS be-
tween two ions. In this proposal, a superposition of two ions is formed that is
insensitive to linear Zeeman splitting drifts common to both ions, but is suscepti-
ble J z type operators. We would like to compare the sensitivity of our proposed
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sequence to this previous proposed method. Using the notation described above
and since in [48] the ions are prepared in the two-ions superposition:

AN A A P AN I A
\/§ 7m1_2 , Mo = am1_2 , My = 2 )

2
we get the Ramsey fringe form of
N (1)
Nll=z] = (= .
(GRON)

Note that here, each experimental realization result has only two options, and
therefore E [Y] = F (§). Assuming full Ramsey contrast, we get

F(§):;<1+sin

rad

NVTT

Although this result scales better with the number of spins, it is much more
difficult to scale experimentally beyond two ions.

The best bound in the electron sector to date is set by the experiment in
[49]. Here, the bound is inferred from a comparison between two single "*Yb™
clocks, where the quantization axes of the two clocks were perpendicular. This
bound is in the 1072! scale. Taking our example of Yb' with no nuclear spin,
we obtain:

AN =0.083

Ryt = 21 x 5.1 % 101 x O —

AR 1
SACH = = 312 x 107
O 7 2w x 5.1 x 1015 8 VNT
This implies that 10 days of averaging (864000 seconds), with Ramsey inter-
rogation time of 7" = 1 seconds and modest atom number of N = 10 already

yields a bound of AC’SQ) < 1.1 x 10721, better than the best bound to date.

8.3.8 Compatible systems and method advantages

The experimental method described above for measuring LLI violation effects
can be applied in different atomic systems:

First, The sequence applies independently on each one of the atoms, i.e.
requires only local operations. Therefore, it does not require entanglement and
correlation between different atoms. Due to this fact, it can be implemented even
with a single ion in a trapped YbTexperiment, a system that already exists and
running. In addition, the fact that no correlations are needed and yet magnetic
field drifts can be avoided, leads to the potential use of large atomic ensembles,
such as in lattice clocks, for this LLI violation test.

Second, since the entire interrogation of the ion is done using RF, even ions
that do not exhibit strong or any usable optical transitions can be candidates
for this test. This can be done by means of logic spectroscopy [50], where the
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internal state of the ion can be read by a second ion via their mutual motion.
This does not require an optical transition, and can be done by a magnetic
field gradient [51, 52]. The relaxed requirement for optical transitions opens
this proposal to the world of highly charged ions (HCI), that can exhibit high
sensitivity to LLI violation effects.

We also note that since the interrogation operations are done with RF that
exhibits long wavelength, they have reduced sensitivity to heating of the trapped
atoms. Therefore, even if both in initialization and detection optical transitions
might be needed, optical pumping and repeated detection can increase the fi-
delity of these operation against heating.

9 Quadrupole shift cancellation using RF contin-
uous dynamical decoupling

9.1 Abstract

In this work we present a method that uses RF magnetic field pulses in order
to cancel the quadrupole shift in trapped ions clock transition. Due to the fact
that quadrupole shifts in a single ion are affected by charges in its vicinity it
is inherently an inhomogeneous broadening mechanism in trapped ion chains,
limiting current optical ion clocks to low signal to noise ratio of a single probe
ion. Canceling this shift at each interrogation of the clock transition frequency
allows the use of NV > 1 ions in these clocks, thus reduces the statistical uncer-
tainty in the clock frequency by v/N according to the standard quantum limit.
Our sequence relies on the tensorial nature of the quadrupole shift, and thus also
cancels other tensorial shifts, such as the tensor ac stark shift. We demonstrate
our sequence experimentally on three and more 88Sr* ions trapped in a linear
Paul trap, using correlation spectroscopy. We show reduction of quadrupole
shift difference between ions to < 20 mHz’s level, where other shifts such as rel-
ativistic Doppler shift limit our spectral resolution. In addition, we show that
using radio-frequency dynamic decoupling we can also cancel differences in the
magnetic field between different ions.

9.2 Single ion vs multi-ion frequency reference
9.2.1 Signal to noise ratio in optical atomic clock operation

Trapped atomic-ions are excellent frequency references. Many of them exhibit
narrow optical transitions, they can be localized and controlled to very good
degree, they can be cooled to their ground state and more. Due to these favor-
able characteristics, some of the best clocks today are based on a single trapped
atomic ion. The ion is usually reduced to an approximated two-level system,
where the optical frequency reference is the frequency difference between these
two levels and all the other levels are to be avoided (e.g. with repumping) or
used for operations other than frequency interrogation (e.g. initialization and
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detection). These systems are extensively studied, and their systematic and
statistical shifts are known. The interrogation process of the ion is always done
by

1. initialization of the ions to a known (usually ground) state (typically using
dissipative process like optical pumping) that is one of the two levels in
its clock transition.

2. Interrogation of the ion’s clock transition and a local oscillator frequency
difference by a spectroscopy scheme (e.g. Rabi or Ramsey).

3. Projection of the final ion’s state on one of the two levels by detecting
which state the ion ends up in.

The use of projective measurement in step 3 limits the SNR. Both in Ramsey and
Rabi spectroscopy the optimal working point to measure is when the probability
to detect each of the two levels at the end of the interrogation is equal. The
SNR can be calculated as £, where y is the measurement expectation value and
o is it’s standard deviation. Here, assuming projection noise, the measurement
can be described as a Bernoulli random variable Y with parameter p = 0.5.

Therefore, the SNR of a single frequency interrogation is SNR = ——x05___ —

1x0.5(1—0.5)
1. In order to extract information about the frequency difference between the
transition frequency and the local oscillator, the measurement must be repeated
and averaged over time to increase the SNR. However, that lets in dynamical
noise sources, decreasing the clock stability. Another approach for increasing the
SNR is to use multiple frequency references simultaneously at each interrogation.
Then, if they are identical, the measurement is described by a random variable
Z = % >"Y; that is, Z is the mean of N > 1 identically independent Bernoulli
random variables with parameter parameter p = 0.5. Here, NV is the number of
frequency references. The signal to noise is then SNR = 0%5) =+/N.

/& %0.5(1-0.5

This approach is the drive behind neutral atomic references, such as in lattice
clocks [53, 15, 54, 55], where N = 103 to 10° atoms. However, these systems
encounter other systematic shifts, that limit the performance of the clock, and
make it difficult to reach the ideal stability originating in the projection noise
analysis above.

9.2.2 Multiple atomic-ion reference

As was mentioned in section 9.2.1, using more than a single frequency refer-
ence can improve the signal to noise. However, the references must be identical,
meaning they oscillate at the same frequency. Otherwise, each reference should
be addressed differently, and their frequency difference has to be monitored.
This will complicate the clock operation since it cannot be addressed with a
single optical beam, decrease the SNR compared to the ideal case stated above
and might even create ambiguity in the signal averaging. The effect of different
frequencies exhibited by different references in the same clock is referred to as
inhomogeneous broadening. Due to the fact that all ions of the same kind are
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inherently identical, difference between identical-ions transitions can only arise
from their different environment. Most of the atomic-ion based clocks use a
single ion probe in order to avoid this difficult problem of providing identical
environment to ions at different positions. Inhomogeneous broadening mech-
anisms in trapped atomic ions include magnetic field spatial dependence, ion
velocity spatial dependence (leading to difference in second order Doppler be-
tween different ions) black-body radiation spatial dependence and more. The
dominant mechanism, however, which is (almost) inherent to trapped ions is
the quadrupole shift.

9.2.3 Quadrupole shift in a multi-ion chain

The quadrupole shift physical parameters are described in Eq. 20. Even in
the case where (3,a,J are the same for all ions, it is difficult to produce a
uniform gradient in electric field. As an example, in linear Paul trap, unless
extensive effort is made to do differently, the trapping potential is to a good
approximation harmonic in the trap axis direction. That means that each ion
feels the same electric field gradient df;“ originating from the trap, and therefore
the trap electrodes do not contribute to the inhomogeneity in the quadrupole
shift. However, in addition to the potential from the trap electrodes, each ion
feels the charges of the other ions in the trap. Assuming k trapped ions in a
linear chain, such that the i’th ion is located at the equilibrium position a; along
the trap axis a. The ions have identical charge ¢ and mass m, and therefore the
DC electric potential at the i’th ion position is given by

q 1 .
V(a;) = ; m + ?qmwgaf + (terms independent of a;) .

where w, is the trap axial frequency, m is the ion mass and gy is the vacuum
permittivity. Differentiating this expression twice with respect to a; gives:

dE,
2 a;)) =2
7o (i)

1 2
q -+ (35)
Amco =1 lai — a4 q

We show the inhomogeneity through an example of three ions. In a three-ion
chain, choosing the center ion position as acepter = 0, the positions of the left,

center and right ions are ajopp = —1, acepter = 0, right = l respectively.

Computing the electric field gradient of each of the ions, we get

2
a mwa

dE _ dE, — _ 2 9
da (aleft) ~ “da (aright) T Ameol3 X 8 + q

(36)
B, _ 2 a
ao (acenter) = rom X 2+ m;d

In order to estimate the magnitude of the inhomogeneity in this example, we
need to know [. The distances of three trapped ions forming a linear chain in a
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harmonic trap are given in [56]. From here we can compute I:

" 3
1 =1.0772 — ] . 37
x (47r50mw2) (87)

Plugging it into Eq. 36, we get

dE, _ dE, - mwi
da (a]eft) ~ da (arlght) ~ 2.8 X P

; (38)

2
mw,

dEq ~
S (acenter) ~ 4.2 X P

meaning % (acenter) & 5 x % (aright)' From section 7.4.5 we find that
2

Vv
mm?2

for standard trapping parameters, m:;“ can vary between 10’s and 100’s

in ®3Sr™, meaning the inhomogeneity can amount to several Hz or more. For
88Sr™, the optical frequency is about 4.4 x 10'* Hz, and therefore 1 Hz leads to
a relative frequency shift between different ions of % ~ 2 x 10718,

9.3 Scheme for cancellation of quadrupole shifts using RF
pulses

9.3.1 Full Hamiltonian description

An ion-based optical clock employs optical transitions as frequency references.
Therefore here, unlike sections 7 and 8, both ground state and excited state
in the clock transition should be considered. As in many ion-based clocks, we
assume the ground state has no quadrupole moment, and therefore exhibits no
quadrupole shift. Our method is constructed for Ramsey-type spectroscopy, in
which laser light only addresses the ion in the beginning and end of the se-
quence. Therefore, for clarity, we will construct Hamiltonian and operators for
the Ramsey interrogation time between these two pulses, not accounting for
transitions between the ground and excited states. We assume two spin sub-
spaces, spin J > % and spin S = %, such that they act on completely orthogonal
spin sub-spaces {|.J,m)},, and {|S,ms)},, . respectively. In Consistency with
the above described experiments, we denote the angular momentum operator
acting on S (J) subspaces with the symbols S (J), and these operators leave
a spin state |S,mg) (|J,ms)) it its corresponding subspace. Each spin has its
own associated magnetic moment denoted by ;T; = 'ysg and ;T} =7 J7. Fol-
lowing the same Hamiltonian construction in section 7.3.1, we obtain the total
Hamiltonian

Hiotal = hwoptls + Bz (752 +7582) + hQ (72 —~ 3J§)

ct2hcos (whpt — ¢g) (g () To + Qs (t) Sz)+2hcos (wipt — ¢s) (Cy (t) {I —i)— Cs(t)Sy)
39
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where Iy = 2, [J,my) (J,my|, wopt is the optical transition frequency be-
tween the {|J,m)},,  and {|S,ms)},,  manifolds at B, =0, Q; (t) = v B (t),
Ci (t) = B2 (t) where B and B? are the RF magnetic field amplitudes cor-
responding to fields at frequencies W}QF and w}%F respectively and ¢ is J or S.
Following the same assumptions in previous sections, €; (¢) and C; (t) can have
two values: 0 and Qf or Cf respectively. Since fiwgptly commutes with all spin
operators, in the following we disregard it. We choose w# and w3, to be close
to resonance with the magnetic separation of the spin J and spin S respectively,
meaning wi p ~ % and w3, ~ 2 =12 Since we do not account for transitions
between the S manifold and the J manifold, we can separate the Hamiltonian

into two parts:

Hj; = B.v;J.+hQ (72 — 3J§>+2hQJ (t) cos (wIJ%Ft — qu) J.+2hC (t) cos (wf;Ft — ¢s) I,

Hg = B.vsS. + 21Qs (t) cos (whpt — ¢.7) Sz + 2hCss (t) cos (whpt — ds) Sy
Note: Due to the fact that the quadrupole shift exists only in the J manifold,
in the following we will describe the quadrupole cancellation sequence only in
this manifold, meaning using H; alone. In addition, For this section, we set
Cy(t)=Cs(t)=0.

9.3.2 J subspace operations

We analyze the case of Q7 (t) = Q7. We move to the interaction picture with
respect to the Hamiltonian H = hw,zJ

. vy 4 .
H}nt:(f lhtHJelht_H:

= By J.+hQ (72 - 3J§)+2hcos (whit — ¢) (Qg e—iwfw“szeiwi’w“z) e

— h6yJd+hQ (72 - 3J3)+zhcos (whpt — @) [QF (cos (whpt) To +sin (whpt) J,)] -

where we defined 6; = % — W} Assuming wi > Qf > Q, 67, we can take

the rotating wave approximation for H; with respect to the fast rotating wgrp
and we obtain

H = 16, J, + hQ (72 —3J2) + Y] (cos (6) Jo +sin (6) J,). (40)
Unlike in section 7.3.1, here we define three operation modes:

1. Free mode:
In this mode, we do not operate the drive, meaning Q; () = 0. The
evolution operator in this case is

UfJ (1) = exp [z (5JTJZ—|—QT (72—3J§>>} . (41)
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2. Pulse mode:
In this mode, the RF drive is operated for a short time 7, such that the

evolution due to the Hamiltonian terms 6;J, + @ (72 — BJE) in Hy is
negligible. Therefore, in this mode the evolution takes the form

Ub] (¢,7) =exp i ()7 (cos (¢) I, + sin (¢) Jy))]-

3. Continuous mode:
In this mode, the drive operates for longer time 7, such that the terms

or7d, +Q <72 — 3J§) cannot be neglected. In order to understand the
evolution, we split the Hamiltonian HY" to two parts, H7"" = Hgiaq +
H,zr, where

Haiag (6) = h2 (cos (6) Iz + sin (6) J,)+hQ <72 2 (2 4+ (cos (9) T+ 5in (9) Jy)Q)) ,

(42)
is diagonal in the {72, cos (@) J 5 + sin (¢) Jy} mutual basis, and

Hogy (6) = By - — ShQ (cos (6) T +sin (6) 7, ),

has only off diagonal elements in this basis. As a result, H,ys does not
contribute to the energy of an eigenstate from this basis to first order in
Q@ or 7, and therefore can be neglected. The continuous mode evolution
can be therefore approximated to be according to Hy;,g, and the evolution
takes the form of

T

U/ (¢,7) = exp [ih

Hgyiag (¢)} .

9.3.3 Quadrupole shift cancellation pulse sequence

Assuming desired Ramsey time T, the proposed quadrupole shift cancellation
sequence evolution Uy i1 (T') is as follows:

T e T T m T m
J o J J J J —
Useq (T) = Uy (3) Up (ﬂ-’ 2Q0J> U <_27 3) ue (2’ 3) Up (O7 295) .
(43)

In order to calculate the resulting operation and verify the quadrupole shift
cancellation, we write these evolution operators explicitly and use the fact that
J operators are generators of rotations:

UsJeq (T) =
— exp {z (a,ng + Q% (72 - 3J§))]
... €Xp [—igJI}
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e XD {z (Qg (72 - ; (J2+ Ji)) - QggJyﬂ exp [z (Qr‘g <72 - g (J2 + Ji)) + Qgr‘;Jy)]

... €Xp [Zng} .

First, we note that the arguments of the two exponents in the fourth line com-
mute with each other. Therefore, we can write

Udeq (T) =
— exp {z (5J§JZ ¥ Q% (72 - 3J2))]

T
... €Xp {—7,5.]3;}

.. €XD {z (QT (;72 —(J2+ Ji)))}

K
...€Xp [25.]4 .

Next, we use the fact that exp [fi%Jz] Aexp [ngz] is a rotation of the opera-
tor A around the x axis with a rotation angle of 7, and therefore J. — J, and
Jr — J,. We therefore write

Udeq (1) =
— exp {z <5J§JZ + Q% (72 - 3J§))]
exp [z (QT <§72 — (2 4+ Ji)))} .

Finally, the arguments of the two remaining exponents commute, and therefore
we write:

Useq (T) =
= exp {z (6J§JZ + Q% (72 ~3J2) + QT (372 — (- ch))ﬂ _
— exp [z <5J§JZ +QT (72 — (24 T2 - Ji)))} .

By definition, 72 — (Jg + Jf/ — Jz) = 0, and therefore the resulting operator
takes the form

e (1) = exp [i (5,7 |.

and the quadrupole shift is eliminated.
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9.3.4 Quadrupole shift and 15t order Zeeman shift cancellation

In the previous section, we showed that applying the sequence in Eq. 43 cancels
the quadrupole shift. However, the resulting evolution can still be affected
homogeneously by magnetic field drifts and inhomogeneously by magnetic field
difference between different ions. Since in an optical clock operation we are
interested in the transition frequency between the ground and excited levels,
the magnetic field shift phase we should regard is the relative phase between
these levels. Therefore, we first need to analyze the phase due to magnetic shift
between the optical transition levels. To this aim, we turn to the magnetic part
of the free evolution in Eq. 39:

Hmag = B. (vsJ: +75S5:) + hQ (72 - 3J§) ,

Applying the sequence in section 9.3.3 reduces the evolution to be according to
the effective Hamiltonian

2
Hrerﬁag = hwoptIJ + B, <7J@ (t - 3T> J. + ’YSSz> s

where here © is the Heaviside step function. The magnetic phase shift amounts
to:

1 [T , 2 , T , 1 1
¢mag = ﬁ o BZ')/J@ t — gT dt JZ+ o BZ’YSSZdt = ﬁBz g')/JTJz +'YSTSZ .

In order to eliminate this phase, one can use RF 7 pulses using the second drive
term in 39, 27icos (Wt — ¢s) (Cy (t) Iz + Cs (t) Sz). Following the same steps
in section 9.3.2 applied for Hg taken in the interaction picture with respect to
H' = hw} 8., and taking the RWA assuming wh, > C5 > Q, 2225 — w9 =
ds, we get that the interaction Hamiltonian in the S manifold becomes:

HE" = 658 + hC§ (cos (¢5) Sy + sin (¢5) Sy) -

T

Therefore, similar to section 9.3.2, applying this drive for duration time 7 = 5
0

yields the pulsed evolution operator
Ups (¢s) = exp (im (cos (¢ps) Sz + sin (¢s) Sy)) - (44)
Applying this 7 pulse at times %T < t; < T and the pulse U; (—¢g) at time

to = T performs the rotation S, — —S, twice, at times t;and t5. The evolution
is therefore according to the operator:

e 2 h g
Pmag = ﬁ/o B.v,0 (t’ - 3T) dt'J, +/0 B.vsS.dt’ —/ B.ysS.dt' =

ty

1 1
- ﬁBz |:3’YJTJZ +’YStlsz — s (T - tl) Sz:| -
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1 1
- ﬁBz |:3’YJTJZ +’YS (2t1 - T) Sz:| .

Considering an initial superposition |¢;nt) = % [|S,mg) + |J, my)], the final

superposition phase is:
exXp <i¢mag> |¢im’t> =
1 B, B,
=5 [0 (1255 o - 1) ) 151m) + exp (1250 ) 1)

In order to eliminate this magnetic phase, we need to demand:

vsB.mg B.yymg
V5PN (o oy = 2 p
po =T an
1/ vomy
t == 17T 45
Sh 2<375m5+> (45)

We note that when 37"S ”;js > 1, this time exceeds the experiment interrogation

time. In this case, the additional 7 pulse should be applied in the J manifold
instead of the S manifold.

9.3.5 Theoretical limits to continuous sequence

In both DD sequences described in sections 9.3.3 and 9.3.4, the approximated
Hamiltonian in Eq. 42 was used for continuous pulse operation. In this section,
we quantify the residual shifts from deviation from this approximation. In
order to obtain the resulting shift from the continuous operation, we compare
the entire actual continuous DD part of the evolution with its approximated
form. The actual evolution is

Uact =

...eXp [fing}

. exp zg (6,7 +@Q (72 -37?) - Qg.]y)} exp H (6,7 +Q (72 —37%) + Qb’Jyﬂ
. eXp [zgh} _
— exp z:g (=050, +@Q (T2 -372) - Q‘O’Jzﬂ exp [zg (050, +@Q (T2 =372) + Qng)} ,
and the approximated evolution is o
Uspp = exp [ngT (72 Rt J;‘;)ﬂ . (47)

We compare the two by numerically evaluating the complex expectation values
(Jymy| Uger | J,my) and (J, mg| Ugpp |J, my). First, we compare the square abso-
lute value of these quantities, |(.J,m.s| User |.J,m)|* and |(J, my]| Uapp |, my)?.
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Due to the fact that |J,m) is an eigenstate of Uy, but not of Uy, we would
like to verify that [(J,mj|Uset |J, mJH2 ~ 1, and only negligible population is
transferred to other |J,m/;) # |J,m ) states when operating with Ug;.

| - m=52] | - m=32] | - m=12]
_4 -3 -3
4><1Q L %10 1.5><10
- ,
S :
s oo .
32" 05p " -
(=} A "
& P
0 0 0
0 1 2 0 1 2 0 1 2
TIs] TIs] Ts]
(a)
m=1/2 a
m=3/2 e
102 m=5/2 /e
P
E ///////,/'./
— 10 et

(b)

Figure 36: Population lost and residual phase in continuous DD se-
quence. (a) Population lost for different m initial states. The plots show
numerically calculated 1 — |(m| U,y (T') |m)|* as a function of the time T, for
initial states |m) = [3),]3),|3). (b) Residual frequency f, scaling with p,
for different initial m states. The plots show slope extracted from of linear fit
t0 Gact (T) — Gapp (T) for m) = |3),|2), }%) vs different values of p{)y. The
fits are to third order polynomial in p. We note that here we show the shift’s
absolute value. The shift for state |m) = ‘%> has opposite sign with respect to
the other states.
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Sy _
ol
plex amplitudes (m| Uy (T)|m) and <(;n| Uapp (T') |m) for interrogation times
from T = 0s to T = 2s. For a mutual eigenstate |m) of J* and J., we
define <m‘ Uact (T) |m> = Tact €Xp (Z'd)act) and <m| Uapp (T) |m> = €Xp (i¢app)~
In the calculation we set 0 = 27 x 50kHz. We set the conservative values
d; = Q = 27 x 100 Hz, and calculate 1 — [(m|Uqpp (T') Im)|®. The result are
shown in Fig. 36a. Fig. 36a shows that this loss in contrast agrees with the

2 2
% = (%) , with a prefactor of order 10. These parameters
0 0

show that this amplitude deviation is small and can be neglected. We there-
fore need only to account for the phase acquired by the initial state. We turn
to evaluate the phase acquired by the initial state when Uye (T) or Ugpp (T)
are applied. Our figure of merit is |@act (T') — @Papp (T')]. Again, here we take
87 = Q := pQJ. Using these definitions, residual frequency shift f, arising from
the DD sequence corresponds t0 35 |@act (T) — @app (T)|. This derivative is es-
timated through a maximum likelihood fit to a linear function. Fig. 36b shows
the scaling of f,. as a function of p.

These calculation results exhibit a cubic scaling in p. As an example, for
pQo = 2 x 10 Hz, the residual shift from the continuous DD part in the sequence
is less than 40pHz, which means less than ~ 9.1 x 10720 relative frequency
shift. The population scaling of p? and the phase scaling of p? are both proved
mathematically in an appendix

We also calculated the expected shift for our DD sequence applied on three
ions with two parameters choices, in which @ # d;. The first was using
our evaluated experiment parameters: /2w = 28,42,28 Hz and 0,/27r =
—33,10, 53 Hz, including our magnetic field gradient and a possible imperfect
RF resonance calibration of 10 Hz. First, second and third numbers corre-
spond to ion 1 (left), ion 2 (middle) and ion 3 (right). The second was a
typical experimental parameters, where ); is the same as in our experiment
and ;5 /2m = 5,5,5 Hz. The resulting residual shift in mHz is given below.

We now assume for simplicity that % = p < 1. We calculate the com-
0

scaling of p® = (

oy

m =

Ion1 | Ion2 | Ion 3
Our experiment parameters | 0.63 1.5 0.92
Typical clock parameters 0.45 1.5 0.45

m =

poled

ITonl | Ion2 | Ion 3
Our experiment parameters | 0.23 | 0.89 | 0.17
Typical clock parameters 0.26 | 0.89 | 0.26

_ 1
m=3

Ton1 | Ion2 | Ton 3
Our experiment parameters | -0.85 | -2.4 -1.1
Typical clock parameters -0.71 | -24 | -0.71
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9.3.6 Off resonance magnetic field driving systematic shift

When w - is set to be on resonance with the Zeeman splitting % in the J
manifold, it also off-resonantly driving the S manifold. This is manifested in
the Hamiltonian as the driving amplitudes Cy (t) and Qg (t). Since Cj (t) is
turned on for a short time during the interrogation, its corresponding shift is
negligible. In contrast, g (¢) is set to €5 during most of the interrogation due
to the continuous nature of the DD sequence. As a result, the two states in the .S
ground manifold are shifted, in analogy to the AC Stark shift. This shift scales as

W, and is an unwanted frequency shift affecting the clock’s measured
frequency and originating in the cancellation sequence described above. In order
to mitigate this shift, one could first choose a lower driving field amplitude B,
and therefore reduce this shift quadratically. Another strategy uses the fact that
the ground state levels are shifted symmetrically around the zero magnetic field
energy. Two approaches can be taken. First, one could incoherently average
measurements of two transitions with different m levels, e.g.

1 3 1 3
’55;,2> <~ ’4Dg,2> and 55%,—2> 4 ‘4Dg,—2>

This technique is widely used in current optical atomic clocks to eliminate 15t
Zeeman shifts, but has the disadvantage of allowing magnetic field changes be-
tween interrogations. Second, additional RF pulses applied on the ground state
Zeeman manifold at specific times can eliminate phase accumulation originating
in such a symmetric shift, including magnetic field shifts and the shift mentioned
above. A third approach, is to add a second driving field during the continu-
ous operation of the w)]% p drive, in order to counter-shift the S manifold and
eliminate the effect of Q5. We note that all these methods can be incorpo-
rate together, and therefore reduce this off-resonant shift to be negligible (see
supplementary material of [57]).

9.4 Quadrupole and magnetic field shifts cancellation ex-
periment

9.4.1 Correlation spectroscopy

In order to show that our scheme works, we used correlation spectroscopy
[68, 59]. Here, instead of measuring the optical frequency of an ion indepen-
dently, only the difference between the resonance frequency of two ions is de-
tected. Since the quadrupole shift is inhomogeneous, two ions in an ion chain
consisting of more than two ions can have different quadrupole shifts, and there-
fore measuring the difference in their resonance frequency with and without ap-
plying our sequence can verify quadrupole shift cancellation. A major advantage
of correlation spectroscopy is that it relaxes the requirement for long coherence
time. The reason for that is the fact that the ions are measured with respect
to each other. Any common mode noisy operation is rejected - does not influ-
ence the average measurement outcome. That includes common magnetic field
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noise, laser phase noise, common Doppler shifts and so on. Below we analyze
the correlation spectroscopy signal for two ions.

Assuming two ions, ion 1 and ion 2, with corresponding resonance frequencies
w; between their two levels |S,mg), ,|J,ms),, where ¢ marks the ion number, 1
or 2. A simultaneous Ramsey experiment measuring both the ions frequencies,
will look as follows:

1. Both ions are initialized in their ground state:
o) = |S,ms); @[S, ms), .

2. Short 7 laser pulse with frequency wy, drives each ion to an equal super-
position:

hin) = % (1S, ms), +ilJ,my)y) @ % (1S, ms)y +i [ J,ms)y)

3. Free evolution of time 7 results in a phase shift 6,7 = (w; — wy) 7 for the
7’th ion:

1 ST Ik SoT

_ihr o 1 _id2r . ;9T
) = = (7 1S, ma), +ie'™F ) )@z (e7F |8 me)y +ieF | my), ) -

V2 V2

4. A second 7 pulse with the same frequency wy and with phase ¢ drives
each ion:

; ) - )
vbs) = (ie’g sin < 1T2+ ¢> S, ms)y + ie™'% cos < 1T2+ ¢> |J,7TLJ>1)®...

(—iei(ﬁ sin <62T2+ ¢> IS, ms), + ie™'% cos (627—;_ ¢> J,mJ>2) .
(48)

For a typical Ramsey experiment, the population of the excited state of each ion
in |13) would be measured. However, in case where ¢ is a random variable, due
to the fact that ¢ and ;7 contribute equally to the final state, averaging many
realizations would result in a loss of information about §; and d5. In case where
we are only interested in the frequency difference wy — wq, a different approach
can be used. We rewrite Eq. 48 in term of the two-ions states:

vb3) = (ieig sin <§172+¢)> <ieiq2> sin (62T2+ ¢>) 1S, mg); @[S, mg)y+...

L+ (—ie‘g sin (W)) <ie‘i§ cos (W)) 1S,ms)y @ |J,my)y + ...
o (ieig’ cos <51T2+ ¢>> <ieiq2> sin (W)) |J,my); @ ]S, ms)y + ...
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ot (ie‘ig Cos (51T2+ (b)) (z’e_lg cos <62T2+¢>> |J,mg)y @ [J,mg), .

Measuring the parity signal, i.e. subtract the probability to be in |S,mg); ®
|J,my),0r |J,my); ®|S,mg), from the probability to be in |S,mg); ®|S, ms)y
or |J,my); ® |J,my),, results in the signal:

SCOI“I‘ = P(|S> mS>1 X ‘Sa mS>2) + P(lJamJ>1 ® |J> mJ>2) A
o= P(|S,ms), @ |Jymy)y) + P(|J,my), ®@1[S,ms),) =

= % [cos (81 — d2) 7) + cos ((61 + d2) T+ 29)] .

Averaging over many realizations with random ¢, we obtain the parity signal:

<Sc0rr>¢ = % cos ((61 — d2) 7) = % cos ((wy —wa) 7). (49)

Note that this parity signal has a reduced contrast by a factor of two, but allows
for long coherence times as it does not depend on the random ¢, which could
arise from drifts e.g. in the laser phase, magnetic field and more.

9.4.2 Quadrupole shift inhomogeneity measurement using correla-
tion spectroscopy

We assume an ion chain having an odd number of ions. We denote the ions as
ion 1, ion 2 ... ion N, from one edge of the chain to the other edge, such that
ion % sits at position ¢ = 0, where a is a coordinate along the trap axial
direction @. A magnetic field in the form of B (a) = (By + Bja) 2 is applied at
the ions position, causing a different Zeeman splitting between different ions. In
addition, according to Eq. 35, different ions exhibit different quadrupole shifts.
These shifts are symmetric in position along a with respect to a = 0, and follow
a decreasing function with |a|. We can therefore write the frequency shift d; of
the ¢’th ion due to both Zeeman and quadrupole shifts as

hs; = (Bo + Bia;) (yymy + vsms) + hQ; (J (J +1) — 3m7) , (50)

where a; and @; are the ¢’th ion axial position and corresponding quadrupole
shift respectively. From Eq. 50 we can compute the absolute value of the relative
shift between the ions 7 and j, AJ; ;:

hAG;; = N6 — 65| = | Bu (a; — a;) (yymy + ysms) + 1 (Qi — Q;) (J (J + 1) —3m3)|,

hM; ; hQu; j

(51)
where M;; and Qu;; are the magnetic and quadrupole contributions to the
relative shift. According to Eq. 49, parity signal between the ions i and j
will have oscillations with frequency Ad; ;. We now demand that for all ¢ # j,
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Figure 37: Relative quadrupole and magnetic shifts in a three-ion configuration.

Top: fluorescence of three ions captured on a EMCCD camera, along with ions’
assigned numbers. Bottom: magnetic field (B) and quadrupole shift (Q) quali-
tative dependence on ion position\number. The sum of Zeeman and quadrupole
shift leads to Ady 2 < Adgs.

we have |M; ;| > |Qu;;|. This in turn allows us to write Ad; ; = |M; ;| +
sign (M; ; - Qu, ;) |Qu; ;|. Therefore, it guarantees that by comparing parity
measurements of pairs of ions located in symmetry with respect to a = 0,
both the relative Zeeman shift and the relative quadrupole shift can be inferred
independently. Due to the fact that M;; = —My11-int+1—; and Qu;; =
QUN+1—4,N+1—j, the relative quadrupole shift between ions ¢ and j will be given
by

1
|Quij| = 5 [(Adi; — AdN41-iN+1-5)] (52)

and the relative Zeeman shift is given by
1
[Mij] = 5 (A + AdN-41-i N+1-5)| (53)

An example for this ion pairs analysis in three ions is given in Fig. 37.
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9.4.3 Quadrupole shift cancellation results

Measuring frequency difference

Cancelling quadrupole shift

Iz

Jx

Figure 38: Quadrupole shift cancellation and measurement sequence.
Schematic description of experimental sequence for measuring and canceling
quadrupole shifts. Red rectangles mark optical § pulses. Other colors mark
RF rotation according to the bottom color code, which shows the operation as
defined in section 9.3.2 along with a schematic rotation direction denoted by
red arrow on an operator sphere.

In this first experimental demonstration of quadrupole shift cancellation, we
used a three 33Sr™ ion chain. The ions are denoted by numbers, from left to right
on the EMCCD camera image (see Fig. 37). In order to test our quadrupole shift
cancellation method, we compared two correlation spectroscopy experiments.
The first was a standard optical Ramsey experiment, and the second was an
optical Ramsey experiment incorporating our RF sequence in the Ramsey wait
time. The experimental sequences are laid out in Fig. 38.

The figure of merit we compare between the two experiments is |Quq o
defined in Eq. 52. When no RF cancellation is applied, the expected result is
|Qu1 2| > 0, whereas the RF cancellation should ideally yield |Quq 2| = 0. Fig.
39 shows two parity oscillations, oscillating at Ady o and Ads o.

The parity oscillations contain 81 Ramsey time points, each with 1000 repeti-
tions obtained over total averaging time of roughly 4.5 hours. The measurement
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Figure 39: Parity fringes with and without quadrupole shift cancellation se-
quence.

Top and bottom correspond to the top and bottom sequences in Fig. 38, ap-
plied on the initial optical transition |S7 —%> ~ |D7 —%>, respectively. When
no quadrupole shift cancellation sequence is applied, two different parity fre-
quencies are apparent, d1 2(Orenge) # 03 2 (Blue). These frequencies were esti-
mated using a maximum likelihood fit to the data (solid line). The estimated
values are 012/2m = 40.79 £ 0.07 Hz and d32/27 = 48.14 + 0.07 Hz, corre-
sponding to |Qui 2| = 3.67 £ 0.1 Hz. In the case where the cancellation RF
sequence is applied, the two frequencies are d1,2/27 = 22.1729 + 0.14 Hz and
03,2/2m = 22.2715 £ 0.15 Hz. Here, we get |Quq 2| = 0.1 £0.2 Hz, which agrees
with zero within statistical uncertainty. The averaged frequency between the
two pairs of ions is different in the top and bottom plot. That is due to the fact
that in addition to canceling the quadrupole shift, the RF sequence cancels the
magnetic contribution in the |D, —%> level for % of the total interrogation time.

was done in an interlaced fashion between the quadrupole shift measurement
and the cancellation of the quadrupole shift sequences. Here, J = 92.6 kHz.
From the figure it is apparent that the quadrupole shift is diminished when
the cancellation protocol is used. In order to quantify this cancellation, we
repeated the experiment with the cancellation protocol with longer averaging
time and less points per fringe. In addition, we performed the protocol for two
optical superpositions that differ by their m; number: |S, —%> — }D, —%> and
‘S, —%) > |D, %> Results of this analysis are shown in Fig. 40.
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Figure 40: Correlations comparison after long averaging times.

(a,b) Correlations of ion pair 1,2 using transition between levels |S, f%> “
|D, f%> and |S7 f%> > |D7 %> respectively. (c,d) Correlations of ion pair
1,2 using transition between levels |S,f%> ~ |D,f%> and |S,f%> ~ fD, %)
respectively. Grey points mark the measured data in a single realization fringe,
empty circles are the averaged measurements over the entire experimental data
set and solid lines are a maximum likelihood fit to the averaged data, as a
guide to the eye. (e,f) Frequency Allan deviation for the transitions |S, —%> ~
|D,—32) and |S,—1) ¢+ | D, 1) respectively. The total integration time was 20.5
and 14 hours with 1200 and 626 frequency points for the transitions |S, —%) >
|D,—32) and |S,—3) < | D, ) respectively. In the |S,—3) <+ | D, —2)case, the
correlation frequencies are Ady o = 22.146 £ 0.024 Hz and Adz > = 22.168 £
0.024 Hz, agreeing within 1o. In the ‘S, —%> — |D, —%>case, the correlation
frequencies are Ady 2 = 66.722 £ 0.034 Hz and Ads o = 66.768 + 0.034 Hz, and
the agreement is within 1.3 0.

With longer averaging time, we could infer that under our protocol, the two
ion-pair correlations 1,2 and 3,2 agree within 1 and 1.3 standard deviations,
corresponding to 22 and 46 mHz, a relative difference of 5 x 10717 and 1.05 x
10716 over the optical frequency of 4.4 x 10'* Hz respectively. This difference
between correlations could be explained by other position dependent effects,
such as magnetic field term which is quadratic with position, position-dependent
ion velocity, letting relativistic Doppler effects cause inhomogeneous frequency
change or spatial dependent light shifts from laser light leaking to the trap.
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Cancelling magnetic field gradient and quadrupole shifts

US($=0) US(p=m)

Figure 41: Quadrupole and magnetic field shifts cancellation.
The sequence is illustrated using a color code similar to the one in Fig. 38,
with added ground state rotations. This sequence applies to cancellation of
quadrupole shift and magnetic field with the chosen superposition ’S, —%> +

‘D, —%>, and the pulse time %T is chosen according to Eq. 45 for the case of
88gqr .

9.4.4 Quadrupole shift and 1% Zeeman shift cancellation results

In the second experiment, we added two RF 7 pulses resonant with the |S ,— %> >
‘S, %> transition, in order to eliminate magnetic field shifts, according to the
premise of section 9.3.4. Here, we again compared a simple optical Ramsey
experiment with the cancellation sequence. The cancellation sequence is shown
in Fig. 41.

To show the scalability of our method, we performed this experiment on a
seven-ion chain. The results of the bare Ramsey sequence are shown in Fig.
42 along with an EMCCD image of the ion chain. These include all ion-pair
correlations.
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Figure 42: Seven-ion chain correlation spectroscopy Ramsey experiment.
Top left, right: Experimental sequence of an optical Ramsey experiment
schematics, and an EMCCD camera image of fluorescence from seven trapped
ions with their corresponding numbers. Bottom: 21 pair-wise correlations in
the ion chain. Each plot is titled with the two digits of its corresponding ions
correlations. As is seen, each pair of ions has a different relative frequency,
indicating high inhomogeneity in the ion chain.

From these results, we can infer that the ions’ frequencies are inhomoge-
neous. For a more quantitative statement, we determine this inhomogeneity by
computing the different shifts, magnetic and quadrupole and plot them as a
function of position. These results are shown in Fig. 43
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Figure 43: Seven-ion pairwise relative quadrupole are Zeeman shifts.
Here, we compute the Zeeman shift gradient using Eq. 53 and taking the ions
distances into account, and we get ~ 16 % In addition, we set the reference
level of the quadrupole shift to be zero for ion 4, and we can calculate the
relative quadrupole shift according to Eq. 52. We measure inhomogeneity of up
to 8 Hzfrom quadrupole shift alone.

These results show that for our system parameters, indeed the ions frequency
is different by relative change of up to 6 x 1073 due to magnetic field difference
and up to 2 x 10714 due to quadrupole shift difference. Next, we implemented
the sequence schematically shown in Fig. 41, and measured the corresponding
21 parity fringes. The results are presented in Fig. 44. From the compari-
son between the cancellation results and the bare Ramsey results it is evident
that using our Zeeman and quadrupole cancellation sequence diminishes the
inhomogeneity between the ions significantly.
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Figure 44: Quadrupole and Zeeman shifts cancellation results.

All 21 parity measurements of the seven-ion chain after a quadrupole and Zee-
man shifts cancellation sequence plot together. Color code matches the one
from Fig. 42. These results exhibit no oscillation at all, indicating that all ions
have the same frequency. At Ramsey times below 5 ms, the relative laser phase
between the two Ramsey optical 5 pulses is not yet completely randomized,
and therefore the averaged result in Eq. 49 does not fully describe the results
at short times. Fitting this data to the theory gives frequency consistent with
zZero.

9.4.5 Contrast dependence on RF sequences

The sections above prove that our sequences can indeed mitigate inhomogeneous
broadening due to quadrupole and Zeeman shift. However, in the above compar-
isons between bare Ramsey and cancellation sequences, we observed a decrease
in parity fringe contrast. We believe that this decrease comes a partial overlap
between the continuous DD sequence, in particular its Rabi frequency, and the
magnetic noise spectrum. The dynamical decoupling sequence mitigates noise
spectral components not resonant with it, but can act as a incoherent locking
amplifier for overlapping spectral components. We suspect that during this ex-
periment fast magnetic noise was present, and therefore was partially amplified
by the DD Rabi oscillation at Qf = 27 x 92.6 kHz. In order to check this hy-
pothesis, we performed a comparison between two realizations of an experiment
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Figure 45: Comparison between DD with two RF magnetic field amplitudes.
Top to Bottom: Parity fringes of ion pairs 1,2, 2,3 and 1,3 respectively. Grey
and blue full circles are parity measurements of 0 = 27 x 92.6 kHz and Qf =
27 x47.9 kHz respectively. Red and gray solid lines are theoretical corresponding
fits to the data.

similar to the one shown in Fig. 39, with different QJ values of 2w x 92.6 and
47.9 kHz. This comparison is displayed in Fig. 45

Quantitatively, we can compare these two measurements by comparing con-
trast and decay time fit parameters. This comparison is summarized in Fig.
46

This comparison reinforces our hypothesis that the contrast reduction is re-
lated to RF power. Moreover, it means that this contrast reduction can be
overcome by characterizing the magnetic field noise and choosing the right Rabi
frequency QF. We would like, to stress, however, that our lab conditions re-
garding magnetic field were not ideal for clock measurements, and in a typical
high precision clock experiment magnetic field noise is reduced to further extent
compared to the noise in our experiment. Without giving full noise analysis, in
our lab we have typically magnetic field noise of 100's of uG at 50 Hz, whereas
clock experiments are done in the few uG at 50 Hz.
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Figure 46: Contrast and decay time comparison between two RF amplitudes.
These results show that reducing the RF power of the DD sequence improves
contrast by a factor of roughly 20% and prolong the decay time by roughly
200 %.

10 Discussion and outlook

In my thesis, I described a number of experiments, all under the umbrella topic
of “quantum metrology”. The main message I want to convey in my thesis is
that QIP methods can provide important tools for quantum metrology, and
perhaps in some cases provide an easy bypass for otherwise very challenging
measurements. In particular, the notion of DD can be of importance to preci-
sion measurements, and even be used for the most accurate measurements, as in
optical atomic clocks. The concept of DD supposedly adds complications to a
frequency interrogation sequence. This may be different from the common view
of making everything as simple as possible, but here we show that it can have
an added value for either measuring or even eliminating systematic shifts in a
coherent way. I also want to emphasis that DD, which is now an integral part
of almost any QIP experiment, can be generalized from completely decoupling
qubits from their environment to partially decoupling a quantum system from
the environmental noise while leaving it a probe for the environment. I demon-
strated it here by using a large spin instead of the standard two level system as
a probe, and I showed that linear effects e.g. Zeeman shifts can be mitigated
while quadratic shifts are measured.

As an outlook, I would like to mention that the LLI test experiment is planed
to be performed by the group of Prof. Tanja mehlstdubler in PTB, Germany,
where it would be carried out on a chain of tens of Yb™ ions. It is projected
to give a better bound on LLI violation than the best bound to date, also
given by an experiment in the PTB. I would also like to mention that, although
without a complete experimental proposal, we believe that LLI tests with our
DD method could be performed on hot atoms in a vapor cell. This may improve
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the sensitivity with respect to cold atom experiments due to the atom number,
although much shorter interrogation times are possible.

I would also like to mention that the DD method used here in the context
of force detection is actually a way to measure small oscillatory changes in an
optical frequency. As such, it can be used for other purposes, such as dark
matter searches [35].

To conclude, I believe that the tools of quantum metrology, including those
taken from QIP like DD, provide a wide variety of building blocks, from which
control sequences performed on a quantum system can be composed, which
can increase precision and accuracy of measurements of physical quantities of
interests.

A Residual quadrupole and magnetic shift scal-
ing

We define: V = —2.J, — 322 (J2 — J2) and H = & (J* — 3 (I + J3)),
and we note that V' has zeros for its diagonal elements, while H is diagonal
with diagonal elements different from zero. Using these definitions we rewrite

the operators Uger and Ugpp:

QT
3

QT
3

Uget (T) = exp |i (V+H- Jz)] exp {z (V+H+J,)|, (54)

20T
Uqpp (T') = exp [z 0

H} . (55)

The latter has magnitude of unity due to the fact that |m) is an eigenstate

of H. We denote the H eigenvalue corresponding to |m) by h,,. With this
QT

notation, we write ¢gpp = 4= X 2Ry,

We now assume for simplicity that Q% = %{; = p < 1, and note that the
operators V', H and the number h,, are proportional to p. We now turn to
prove that the elements that contribute to the phase ¢qct — Papp With the lowest

power in p are proportional to p3QoT.

A.1 Theoretical proof for p? scaling

We examine the quantity (m| Uge (T') U;fpp (T) Im) = Tact €xp (¢ (Pact — Papp)) =
g (p,Q0,) + if (p,Qo,), where f and g are real functions describing real and

imaginary parts.

A.1.1 Reduction to imaginary part

We claim that the lowest power of p in a Taylor expansion of the phase ¢act—Papp
is equal to the lowest power of p in the Taylor expansion of the imaginary part
f. Since g(0,920) = 1 and f(0,) = 0 (see Eq. 46 and Eq. 47), we can
write g (p, Qo) = 1+ (powers of p), and f (p, Qo) = 0+ (powers of p). This leads

93



to the conclusion that the lowest power of p in the expansion of the phase of
<m| Uact UT

app
as f (p, Qo). Therefore, it is sufficient to prove that f (p,€y) does not contain a
linear or quadratic p term.

(T') |m), which is arctan (ggg(‘j; ), has the same lowest power of p

A.1.2 p3 scale

We now expand (m|U,+UJ (T)|m) in a Taylor series:

app

(m| UpetUS

app

1 Q()T ntk n k
m =3 (Z3> (m|(V+H = hpd +J.)" (V+H—hp,I = J.)" |m),
< nlk!

n
’ Tk

(56)
where I is the unity operator and where we defined T,,; as a sum coefficient.
Tni can be written as summation over terms proportional to

<m| [(H _ hmI)li sz'i (_Jz)jﬁ V""} [(H _ hmI)li+1 JJZ'i+1 (_JZ)J'{H V1111+1:| |m> ’
(57)
where for each i = 1,2,3,...,n+ k one and only one of {l;, j;, j/,v;} is 1 and the
rest are zeros, y . (ji) <mn, >, (4)) <kand Y, (l; +ji + j, +vi) =n+k.
‘We now prove two statements:
(*) All terms in which ), (v;) = 0 cancel out.
proof:
Since (J ) and (H — h,, I) commute, these terms can be written as: (m)| J=ii (—JZ)Zij’f (H — hmI)Zi by
In cases where ) . I; # 0, the above expression equals (m/| J=i (—JZ)Zij'; m) (hm — B>l =
0. In cases where ), l; = 0, the sum over all terms with n + k = d takes the
form X, ey (ml (1) (= J2)" [m) = m] (I — J.)" [m) = 0.
(**) Terms in which ), (v;) = 1 always vanish.
proof:
Due to the fact that (V') has only zeros as its diagonal elements, it transforms
a state |m) to a state orthogonal to it. On the other hand, both (H — h,,I) and
J . are diagonal in the |m) basis, and therefore transforms a state |m) to a state
proportional to it. As a result, the state (H — h,, )" J° (—J.)°V (H — hon D)™ JY (—Jz)cl |m),
for integer a, b, c,a’,b’, ', must be orthogonal to |m).
Statements (*) and (**) prove that all terms proportional to p vanish.
Ounly T, terms in which n + k is odd contribute to f (p, ). Therefore, we
prove that terms proportional to p? cancel out for odd n+k. Terms proportional
to p? are divided to three types:
1->,vi=0and > ;l; =2
Q—Zi’l}izl and le’tzl
3 - szlZQ and Zzll =0
Types 1 and 2 vanish due to the two statements (*) and (**) above. We
now deal with type 3. As is written above, only terms with odd n+ & contribute
to f (p, Q). We assume a term in Ty, in which n+k is odd and ), v; = 2 and
> ;li=0. We must have ). j;+ 3. ji = n+k — 2, and that means that either
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> ;jiisodd and ), ji is even, or ), j; is even and ), j/ is odd. In either case,
a similar term with switched ), j; and )", ji must appear in T}, and due to
opposite sign, these terms will cancel in summation.

A.1.3 Bound for the residual phase

We would now show that the phase ¢qct — @opp has a dominant part proportional
to p3QT. We will show it in an example for J = % spin and for the state
|m = g> We now look at all the imaginary terms in Eq. 56, meaning terms for
which n + k is odd, and are proportional to p3. These terms must be in one of
two forms:

L Am[(J)" V (J)" V (J.)" V (J.)" Im),
2. (m|(J)" V(J.)" (H = hpI) (J.)% V (J.)% |m).

Note that g1 + g2 + g3 + g4 = n + k — 3. In addition, these terms must have

even number of (—J,) and even number of (J,), because all terms that do not

satisfy this condition cancel in summation with a corresponding term in Tk,,.

We now calculate each of these two terms for some choice of g1, g2, 93, g4 for
5

Im = 3):

We begin with type 1 term. The operator V' couples a state |m) to the states
m—+1),|m+2),|m— 1), |m — 2), with the coefficients vy, —ym+1, Vm—m+2s Vm—m—1s Vm—m—2
respectively. We can therefore compute:

5 g1 g2 g3 94 5

5 g1+9a 3 g2 1 g3 1 g2 3 g3
3 1G) @) e (@) (B) ey

Next, we compute type 2 term:

Z> — (59)

(;)g1+g4 5) (;)gz+93‘| (60)

When we plug the numbers Vs_,s = p(—i%), Vi, = p(3\/§), Va,
p(iv2), h% — h% = —6p and h% — h% = —9p we obtain:

)-
A C 6 @) @
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3 g2+g3
V%HgV%%% (hg — h;) <2> + Vi sVs_ 1
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and

(m| (J )" V()" (H — hpD) (J )"V (J.)" |m) =

PO o)

These calculations show that both terms have the same sign. In addition,
we write that replacing each of the operators V and H —h 5 I with the operator

(h 1= h 5 ) I yields a more negative number for any choice of g1, g2, g3, g4:

5 5 5\ 91 +92+93+9a
9N ) 2
5 > p° (=27) (2>
(63)

<;‘ (107 (hy —hg) T(T)% (hy —h

WS ST -

places a conservative bound on the residual phase. This sum is easily calcu-
lated and is equal to
2\° QT 5 QT 5
. 3 0 0
- -2 2—— X = 2—— X =
v () (w5 0) (5 0) @
which is the sum of a linear and a bounded oscillating terms, both scale as p>.

To conclude, we proved that the residual frequency difference, f,, between
the operation of actual DD operator and the approximated one enters to leading

. o . 3 5
order as a linear combination of terms scaling as ‘S—QO, & QJ Qo, Q’Qo and

m QO, with an added bounded oscillating term. In addition, the statements (*)

and (**) also prove that r,.; deviates from 1 only as of p? to first order.

Note: For clarity, the proof assumed i = g— = p. A similar proof
0
holds when using p; = —O and py, = QJ, and the conclusion above is

still derived.
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