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Preface

We receive most of the information about the surrounding world via vision. As a result, optics
has become the cornerstone of physics research at the same time that modern science was born,
starting at least as early as Galileo’s telescope and the experiments of Newton and Hooke.
Electromagnetism became the first field theory and radio waves have connected the continents.
The advent of quantum physics, in the beginning, was also paved with optics experiments,
from the photoeffect to the spectra of stars. Later on, lasers became an indispensable tool and
even an integral part of popular culture. Interaction of electromagnetic waves with matter
is also an essential tool, from taking an X-ray image in a hospital to the characterization of
materials in a lab. Very often, the setup involves several electromagnetic wave emitters, and it
becomes an important question how these emitters will interact with electromagnetic waves:

independently, or collectively. Collective light-matter interaction is the central subject of this

book.

The incredible abundance of electromagnetic phenomena across different areas of science
has led to the variety of terms, languages and traditions. Science has become scattered. I have
had the luck to work closely with amazing colleagues from various communities studying very
related phenomena, from radio physics to the physics of metamaterials, semiconductor physics,
and atomic optics. I was really puzzled by how different the languages are and how little
people from different communities interact with each other. It took quite an effort to bridge
quantum and classical understandings of the Purcell effect (faster spontaneous emission in a
cavity), although the results were already well-known in the literature. Quantum optics people
would not read books or papers by radiophysics or x-ray people and vice versa. I am guilty
of that as well. There are very basic collective interaction effects for X-ray diffraction theory,
such as the Borrmann effect of suppression of absorption, that seem to be completely forgotten

and have to be rediscovered each time when seen in experiments. The superradiance, collective
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enhancement of spontaneous emission in emitter arrays, is now seeing a renaissance of research.
At the same time, there is not much collaboration between the specialists on various times of

emitters, such as real atoms and artificial atoms (quantum dots).

The current book aims to bridge these communities at least partially by considering some
basic effects of collective light-matter interactions occurring in various arrays of emitters from a
hopefully universal viewpoint. In the first part, I will focus on the linear response regime, that
is realized either for very low light intensity (below single photon) or for classical light in the
linear optics regime. I will discuss collective enhancement and suppression of the light-matter
interaction strength, the difference between strong and weak coupling regimes, Purcell effect,
vacuum Rabi splitting. I know there is a little chance of success, as elucidated by the XKCD
comic in Fig. 1. The whole concept of a textbook might vanish in the age of AIl. But I still
think it is worth a try. The book does not require knowledge of advanced quantum mechanics
or quantum electrodynamics. It is mostly sufficient to know free-space electrodynamics at the

undegraduate level.
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Chapter 1

Introduction

This book deals with light interaction with arrays of emitters. The central idea is illustrated
in Fig. 1.1. If the emitters are far from each other in space, or they are very different, they
will interact with light independently. That is, each emittert will absorb and emit photons as
if the others were not present, see Fig. 1.1(a). On the other hand, if emitters are similar to
each other and interact with the same photonic modes, collective enhancement or suppression
of emission becomes possible, as illustrated in Fig. 1.1(b,c) for two emitters. This happens

because of either constructive or destructive interference of photons from different emitters.

Such an idea of collective emission is rather basic. It can be implemented in practice for
very different systems of emitters, that we will discuss in the following Chapter 2. We also
stress, that the picture in Fig. 1.1 is entirely classical. That is, it applies in the same way, for
example, for classical antennas and for two-level atoms. There exist purely quantum effects,
that can not be seen for antenna arrays, such as Dicke superradiance, that do not have a
exact classical analogues. However, the understanding of the essential idea of constructive and
destructive interference and even doing actual research on emission be emitter arrays does not
require much knowledge of quantum mechanics or quantum electrodynamics. However, there

is still a lot to study, even in the case of classical model.

It is instructive to compare the optical model of array of emitters coupled to propagating
photons, or to photons trapped in a cavity, with, for example a condensed matter model
of atoms bonded by chemical bonds in solids. First, the photon emitted by an emitter can
propagate and be later reabsorbed by another emitter at a large distance. As such, the coupling

of atoms via propagating photons can be fong—ranged. The characteristic differences between
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Figure 1.1: Schematics illustration of (a) independent emission of light from different emitters (b) constructive
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interference, enhancing rate and intensity of radition from the two emitters, (c¢) destructive interference,

suppressing rate and intensity of radiation.

coupled emitters can be easily on the order of microns, exceeding the length of chemical
bonds by 5 orders of magnitude. Second, the emitted photon can just fly away without
any reabsorption. As such, the photon-induced coupling in arrays of emitters is typically
described by non-Hermitian coupling matrices, rather than usual Hermitian Hamiltonians
in solids. Nowadays one often calls these matrices non-Hermitian Hamiltonians. They can
be decomposed into two parts, the Hermitian one, responsive for the coupling between the
emitters, and the anti-Hermitian one, responsible for the loss. The concept of non-Hermitian
Hamiltonian is rather subtle and requires a lot of care, however, it is an important and useful
idea that we will discuss in detail. Third, contrary to the most condensed matter setups, one
usually studies not current response to the electric field, but optical response functions. For
example, this can be the photon reflection spectrum, showing photon reflection probability
depending on its frequency. The spectral positions of the resonances in the reflection spectra
will provide energies of the excitations in the emitter array, and the linewidth of the resonances

will provide their decay rate.

In this book, we will discuss all these features of collective light-matter interaction in detail.
We will start by showing how the interaction depends on the spacing between the emitters,
on the type of the photonic modes they interact with and on their number. The remaining
chapters will be focused on the more quantum effects, such as Dicke phase transition and

superradiant bursts.



Chapter 2

Overview of experimental systems

Let us now discuss several practical realizations of ordered arrays with multiple emitters that
exhibit collective coupling to light. In order for collective coupling to be manifested, the
emitters must share the same optical mode. Typically, in this book we will imply a waveguide
quantum electrodynamics setup, where the photonic mode propagates in one spatial dimension
along the waveguide and is trapped in the two remaining dimensions, perpendicular to the
waveguide axis. Such an array is illustrated in Fig. 2.1. Later on, in Chapter 9, we will also
consider emitters interacting with a photon mode that is trapped in a cavity in all three

dimensions.

We start by defining the main parameters, characterizing the structure. The first important
parameter is the characteristic emission frequency wy is in resonance with photons. For an
ideal two-level atom, this frequency is determined just by the difference between the energies
of the ground and excited states. In practice, emitters can be far from the two-level atom
approximation, but the characteristic resonance frequency can still be introduced. The second
obvious parameter is the number of resonant emitters in the array N. Two more parameters
are the photon emission rate and the emission directionality. In particular, it is important
to distinguish between the coupling of the emitter to the resonant photonic mode and the
coupling to all other modes. Suppose the emitter has been excited to a certain resonant level.
After a certain time, the level will get de-excited, for example, by the spontaneous emission of
a photon. However, the photon can be emitted both into the resonant waveguide mode (with
the rate 7 ,.,1p) and into free space (with the rate ) . In the first case, the photon has a larger

chance to propagate along the waveguide, and then to be reabsorbed by another emitter, and
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Figure 2.1: Schematics illustration of an array of N emitters, coupled to the waveguide photon mode

thus contribute to the collective coupling between the distant emitters. In the second case of
free-space radiation, the chances that the photon will be reabsorbed by another emitter quickly
decay with the distance between the emitters. From now on, we will make a strong simplifying
assumption that the emission into the free-space mode with the rate v does not contribute to
the collective coupling: all emitted into free space photons are lost. This assumption will also
allow us to incorporate all other decay and dephasing mechanisms of the emitter into the rate
~: since the free space photons are never reabsorbed, they can be just considered lost. This is
a rather strong simplification. In realistic structures, the interaction via the free-space modes

can also be important, and more details on that can be found in [1-3].

Under the stated assumptions, the main parameter, characterizing the efficiency of the

emitter coupling to the waveguide photons, is the g-factor,

_ (2.1)
YD + Y

By definition, it is the fraction of the emission going into the waveguide mode and contributing
to the collective coupling. The closer this factor is to unity, the stronger the interaction of the
single emitter to the waveguide modes, and the stronger the collective coupling between the

emitters will be manifested.

2.1 Practical implementations

Figure 2.2 compares resonant frequencies (a), coupling efficiencies 5 and typical numbers
of emitters N (b). Table 2.1 presents the numerical values of these parameters for several
representative systems. This compilation is not full and aims to demonstrate the variety of
various structures rather than to list all possible systems. What is important, however, is that

all the systems in Fig. 2.2 share a lot of basic physics that will be discussed later in the book.

In addition to giving the values of wy, 5, and N we also try to distinguish between the

4
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Figure 2.2: Comparison of various resonant structures with emitter arrays (a) spectral range and (b) coupling

efficiency to the waveguide 8 vs number of emitters.

systems that are strongly sensitive to the quantum nature of light and the classical systems.
The former, quantum ones, can be thought of as two-level atoms, that can host only one
photon excitation. The latter, classical ones, can host many photon excitations at the same
time. The quantum systems change their optical response after having absorbed a photon,
since there is no room for a second one to be absorbed— which means that they exhibit
strong optical nonlinearity at the level of an individual photon. In another words, they operate
in the quantum nonlinear optics regime [4]. The latter, classical, structures have room for
multiple photon excitations, and do not manifest such a strong optical nonlinearity. The two
types of structures also call for different theoretical frameworks. The “quantum” structures in
principle, require a quantum electrodynamical description when subjected to more than a single
photon excitation. The classical structures can be, as expected, described by a usual classical
electrodynamics, that is, Maxwell equations with resonant polarizabilities. It is important
to note, that the word “quantum” is overloaded in physics literature and can imply different
systems. Depending on the particular field of study, “quantum” can refer to the light and
matter excitations, and it is usually not explicitly stated which ones are meant. For example,
semiconductor quantum dots are true artificial atoms that can not host a lot of excitations
at the same time and that operate in the quantum nonlinear optics regime. On the other
hand, semiconductor quantum wells, where the electrons and holes are trapped only in one
spatial dimension, are quantum in a sense of quantum confinement of electron and hole motion
perpendicular to the well surface, but they do not exhibit a strong quantum nonlinear response.

The reason is simple: electrons and holes can still freely propagate along the quantum well
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Number of Transition radiative decay Coupling
Material system resonant emitters, energy, rate, efficiency,
N hwo Y1ip/27 B
quantum electrodynamics regime
atom cloud + nanofiber 1+103 1.5 eV 5.2 MHz 10—2
Trapped atoms + waveguide 1+3 1.4 eV 4.6 MHz 0.5
2D atomic array 1+2 1.6 eV ~ 4 MHz ~ 0.5
Superconducting qubits 10 0.03 meV (7 GHz) 10 + 100 MHz 0.999
Quantum dots 1 1.4 eV 0.2 GHz 0.99
Si vacancies in diamonds 2 1.7 eV 100 MHz ~ 0.5
Organic molecules 1 1.6 eV 30 MHz 0.2
classical electrodynamics regime
Quantum well arrays 1100 1.5 eV ~25 MHz (0.1 meV) ~0.1+0.5
Plasmonic multilayers 110 1.5 eV 0.2 eV ~ 0.5
Resonant dielectric metasurface 1 ~2eV 10 neV=+0.2 eV <1
multilayered 2D materials 1-+10 1.6 eV ~0.25 THz (1 meV) ~0.1-+05
Iron nuclei 1100 1.44 x 10% eV 0.1 MHz (1 neV) ~ 0.5

Table 2.1: Parameters of different state-of-the-art platforms waveguide quantum electrodynamics. The indicated
numerical values are approximate and have been taken from Refs. [6], [7], [8], [9],[10], [11],[12],[13], [14],[15],
[16],[17],[18] respectively. For iron nuclei the data scales as yip ~ 1/2% where z = cosf is the incidence angle

and is given for z = 1072,

surface, which means that there are a lot of degrees of freedom, so a lot of photons can be

independently absorbed at the same time.

Importantly, when probed by a single photon, both quantum and classical structures share
a lot of the same physics. Indeed, a single photon has no other photon to interact with, so the
quantum nonlinearity, if any, is not manifested. In this regime, the quantum emitter arrays
can even be described by the same Maxwell equations with resonant polarizabilities as the
passive optical structures, for example, arrays of holes in dielectric slabs, or arrays of metallic

nanoparticles, showing plasmonic resonances, or classical radiofrequency resonators.

There are also several other important distinctions between emitter platforms. First, the
operating spectral range can be very different. The low-frequency side of the spectrum is
occupied by the microwave structures, that is superconducting qubits and their classical
counterparts, radio-frequency resonators. The type of superconducting qubits typically used in
quantum optical setup are so-called transmon qubits [5]. In a nutshell, these can be thought of
as electromagnetic resonant circuits with embedded Josephson junctions, that provide very
strong anharmonicity of the energy spectrum. They can be made very coherent and are (almost)
ideal two-level atoms, that operate in the microwave spectral range. The parameters of the
qubits, such as resonant frequency, can be controlled externally. The disadvantage of the
superconducting qubits is that they have to operate at very low temperatures, on the order
of 10 mK. This is determined by the condition kgT < hwy, the noise due to the background

microwave radiation has to be freezed out.
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The most high-frequency resonant emitters, where collective effects have been actively
studied, that I am aware of, are arrays of nuclei, featuring ~-ray resonances with the photon
energy in the order of 10 keV [19-21]. These are studied in crystals, where the nuclei are trapped
in the lattice nodes, and do not move even when absorbing a highly energetic v-quantum. As
a result, the energy is not lost due to the recoil, as it would happen for an atom in free space.
This is termed Mossbauer effect. As a result, the y-rays exhibit sharp resonances. The system
of resonant nuclei in crystals is probably the first one, where the resonant collective interaction
of light with emitters has been studied experimentally. Naturally, most of the research has
been focused on the optical frequency range, where one can study various natural and artificial
atoms. The natural atoms are typically rubidium and cesium and the articifial atoms are

semiconductor quantum dots. There also exist organic molecules as well as defects in crystals.

Figure 2.2(b) shows a tradeoff between the coupling efficiency and the number of emitters,
see . Namely, one can either create arrays with just a few emitters, controllably strongly coupled
to the waveguide mode, or one can compromise with the coupling efficiency per single emitter
but increase the emitter number. For example, one can trap atoms in optical tweezers, and
then move the trapped atoms close to the optical waveguide or organize them in a free-space
lattice. At the moment, such studies are still limited to tens or hundreds of atoms. Another
approach is to prepare a magnetooptical trap with a cloud of free atoms, where their positions
are not fixed in space. The efficiency of coupling to the given photonic mode 5 will then be
weaker. On the other hand, such cloud can include thousands and tens of thousands of atoms,

so that the product SN will still be considerable.

We also note, that the setup of Fig. 2.1 does not necessarily require an optical waveguide.
[ts main property is that the emitters share a common propagating photonic mode. However,
this can be realized in free space, provided that emitters do not scatter light to the side, see
Fig. 2.3. How to realize such unidirectional scattering? One of the ways is to create an ordered
two-dimensional periodic array of emitters, with the lattice spacing a smaller than the light
wavelength A, as shown in Fig. 2.3(b). In such case, the waves scattered sideways will interfere
destructively and cancel each other. The array can scatter light only forward or backwards.
The interaction of such an array with light is described by exactly the same equation as an
interaction of individual emitter with the waveguide mode. We will consider such arrays
in more detail in Sec. 4. They can be realized as lattices of trapped atoms [8] or arrays of

plasmonic or dielectric nanoparticles. An ultimate case of such an atomic array is presented

7



2.2. ADDITIONAL READING AND REFERENCES

@ (b)
hw hw

Figure 2.3: (a) nonperiodic array of atoms scatters light in all directions (b) periodic two-dimensional array

scatters light only forward or backward

by a so-callel two-dimensional quantum materials, such as MoS,. Those feature sharp optical
resonances and can be stacked together [22]. One can also realize nuclei multilayers, resonantly

scattering y-rays [23].

2.2 Additional reading and references

Review on quantum well structures vs nuclei multilayers: A. Poddubny and E. Ivchenko,

“Resonant diffraction of electromagnetic waves from solids (a review)”, Phys. Solid State 55,

905923 (2013)

Review on waveguide QED: A. S. Sheremet et al., “Waveguide quantum electrodynamics:

collective radiance and photon-photon correlations”, Rev. Mod. Phys. 95, 015002 (2023)

Introduction into superconducting qubits: P. Krantz et al., “A quantum engineer’s guide to

superconducting qubits”, Applied Physics Reviews 6, 021318 (2019).


https://doi.org/10.1134/S1063783413050120
https://doi.org/10.1134/S1063783413050120
https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1063/1.5089550
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Chapter 3

Scattering on a single emitter

In this chapter, we consider a most basic problem: interaction of propagating light at a certain
frequency w with the system, having a single optical resonance at the frequency wy. The
possible setup, corresponding to this model, is schematically illustrated in Fig. 3.1 — it consists
of a waveguide, where photons propagate in one dimension either forward or backward, with
the constant velocity ¢, coupled to a two-level atom. However, an actual physical realization
can vary. It can involve different types of light emitters in place of the resonant system. For
example, as described in the previous chapter, one can consider a plane electromagnetic wave
normally incident upon a flat semiconductor quantum well. The equations describing light

reflection in such a setup would be the same up to the change of notation.

Before proceeding to the actual calculation, it is important to think what can happen with
incoming light wave at the frequency w depending on the relation w and the system resonance
frequency wy. If the light is strong from the resonance, we can expect no interaction. Indeed,
due to the energy conservation law, the light can not be absorbed by the emitter. On the other
hand, if w and wy are close, some interaction can take place. The photon can be absorbed,
and after that, it can be reemitted back into the waveguide with some probability. As a result,

there is a possibility that light can be reflected backward with a certain reflection coefficient r.

Our goal will be to calculate the value of this reflection r depending on the spectral detuning
w — wp. By doing this, we will also clarify what is large and what is strong detuning, that it,
at which value of |w — wy| the reflection can be neglected. Moreover, we will also show that
the properties of the system change when it can interact with propagating photons. In fact,

our calculation, despite being mostly based on classical Maxwell equations, will allow us to
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3.1. BRUTE-FORCE APPROACH

Eyel? t Eyel??
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Figure 3.1: Schematics of light reflection and transmission from a resonant scatterer.

find the rate of spontaneous emission into the waveguide.

3.1 Brute-force approach

3.1.1 Wave equation
Let us consider a monochromatic electromagnetic wave at the frequency w, propagating in one

direction z at the frequency w with the velocity c. It then satisfies the usual wave equation

2

B(:) + ?B(:) =0, (3.1)

where ¢ = w/c is the light wave vector. When writing Eq. (3.1) we do not write explicitly
the dependence of the electromagnetic field £ on two other spatial coordinates x,y. In the
simplest description one can assume E(x,y,z) = E(z)f(x,y), where f(x,y) describes the
mode polarization and the spatial distribution in the transverse direction. We assume that
those are not affected by the interaction with the emitter, so that transverse and longitudinal
degrees of freedom can be separated and it suffices to consider just a single scalar equation
(3.1). Now, in order to describe the light interaction with the emitter, we need to introduce

external polarization P(z) into the wave equation

2

%E(z) + ¢*E(z) = —4n¢*P(2) . (32)

Here, P(z) is the electromagnetic polarization, induced in the waveguide material, due to the
presence of the emitter. By definition, this polarization is in general nonzero within the emitter
but quickly vanishes outside. We will now make the next approximation and assume that the

emitter is small as compared to other spatial scales in the problem, namely, small as compared
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CHAPTER 3. SCATTERING ON A SINGLE EMITTER

to the light wavelength A = 27 /q. Then, the polarization can be approximated by a d-function

P(z) = pd(2) (3.3)

where we introduced the emitter dipole moment p and assumed that the emitter is placed at
z = 0. The problem is still not quite well defined: we need to specify how to calculate the value
of p. Here comes another approximation of the linear response. We say that the emitter dipole
moment is nonzero only in the presence of the electric field, and that it is linearly proportional
to this electric field, that is

p=aE(0), (3.4)

where « is the emitter polarizability and E(0) is the electromagnetic wave at the position of
the emitter z = 0. The actual value of o depends on the microscopic properties of an emitter.
For example, for an actual atom, it has to be calculated quantum-mechanically. Given «, the

system of equations Egs. (3.1)—(3.4) becomes complete and can be solved analytically.

3.1.2 Emitter polarizability
The goal of this book is to describe the general properties of resonant light-emitter interaction,
without going into the microscopic details of the emitter. As such, we can make a following

strong assumption about «: it is a complex function with a resonance at w = wy,

a(w) = wo—;:’—w : (3.5)
where a and v are two new real parameters. The parameter a characterizes the strength of
the resonance. The  characterizes the resonance damping because of some other mechanisms,
unrelated to the resonant interaction with the photon mode in the waveguide. For example,
such term can be related to the spontaneous emission of photons in another optical modes, or
it can phenomenologically describe the dephasing because of the interaction with the modes in
the environment of the emitter. The perfect emitter corresponds to the limit v — +0. In the
simplest quantum mechanical description of a two-level atom, wy corresponds to the energy
difference between the levels |1) and |2), wy = Ey — Ey, and a = d?/h, where d is the matrix
element of the atom dipole moment in the direction along the electric field polarization o,
d*> = e2|(1|(o - r)[2)|?, and e is the electron charge. However, these details depend on the

particular type of the emitter and will not be important for the following consideration.
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We note, that Eq. (3.5) is valid only in the vicinity of the resonance, for w close to wy. For

large detuning it is necessary to add at least one more counter-rotating term,

a(w) = 5 a— ; (3.6)
Wo—w—17 Wwo+w-+1y

that is maximal at w = —wy — iy. However, we will neglect this term from now on, since we
assume |w — wp| < w,wp. As an exercise, you can check that Eq. (3.6) satisfies the general

Kramers-Kronig relationships for the permittivity.

Solving the wave equation

We are now in position to find light reflection coefficient r and transmission coefficient z. Let
assume that an electromagnetic wave with the amplitude Ej is incident from the left and is
scattered on the emitter. Everywhere for z # 0 the right-hand side of Eq. (3.2) is absent and
the solution can be presented as a superposition of right- and left-going plane waves exp|+igz|.

This means that
Eo(el%* +re™4%) 2 <0
E(z) = (3.7)
Eytel?, 2> 0,

were, r and t are the light reflection and transmission coefficients. In order to find the values

of r and t we need to apply the boundary conditions at the emitter position z = 0.

The first of these boundary conditons is the continuity of the electric field, E(—0) = E(40),
that yields
l+r=t. (3.8)

The second of the boundary conditions is obtained by integrating Eq. (3.2) for z from —dz
to 0z around the point z = 0 and then setting dz to 0. Since the right-hand side of Eq. (3.2)

contains a d-function, it will not be zero even for 4z = 0. The result yields

dE dE
— - — = —47q? .
dz lz=40 dz l2=—0 Tap (3.9)
which means that
4 2
gt +r—1)=—— 4% 4y, (3.10)

Wy — w — 17y
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CHAPTER 3. SCATTERING ON A SINGLE EMITTER

Substituting ¢t = 1 + r, we find

2mqa
ir = — 1 3.11
ir - i’y( +7) (3.11)
which results in
r(w) = b t(w) et (3.12)

Tty Y T G i)

with
Y1p = 27qa . (3.13)
The total probability that the photon will be reflected or transmitted is given by |r(w)|?

and |t(w)|?, respectively. We note, that this probabilities do not in general sum up to unity:

2
A — /y/le

2 2
r|*+ |t =1- A, .
Ir e+ 1 w0 + (7]

(3.14)
Only for v = 0 one has |r|? + [¢|*> = 1, which is the photon flux conservation law. In general,
photon can be lost with a probability A. This allows us to better understand the physical
sense of the parameter v: it describes nonradiative losses in the emitter and emission into
other photonic modes rather than into the waveguide. Reflection, transmission and absorption

spectra |r(w)|?, [t(w)|* and A(w) are plotted in Fig. 3.2(a).

As expected, away from the resonance one has r(w) — 0 and t(w) — 1, that is, the system
is transparent. At the perfect resonance condition, when w = wy and additionally v = 0, the
probability that photon is transmitted is zero, t = 0. At the same time, r = —1, that is, the
photon will be reflected with 100 % probability and with a m-phase shift. This can be also seen
from Fig. 3.2(b), showing real and imaginary parts of r versus w: for v/y;p = 0.1 the real part
almost reaches minus unity at the resonance. The 7 phase shift originates from the processes

of absorption and reemission by the atom.

In order to understand the physical meaning of the parameter v, it is instructive to compare
Eq. (3.12) with our starting Eq. (3.5). The original equation had a resonance at w = wy — i,
and we now know + is some damping parameter of the system (see also Appendix A). We

will call it the internal decay rate. The reflection coefficient, obtained taking into account the
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Figure 3.2: (a) Reflection, transmission and absorption spectra for a single resonant emitter. (b) Real

and imaginary parts of the reflection spectrum. Calculation has been performed following Eqgs. (3.12) for

~v/mp = 0.1.

system interaction with light, has a resonance at

w=uwy—iy—iyp. (3.15)

As such, yip can be interpreted as an extra damping rate the emitter acquires due to the
interaction with the waveguide photons. It turns out to be the rate of spontaneous radiative
decay rate of the emitter into the waveguide. We note, that the expression Eq. (3.13) has been
obtained by using an entirely classical electromagnetic calculation. The only quantumness will

be encoded in the resonance strength a.

In another word, equation (3.15) can be sought as the complex resonant frequency of the
emitter, renormalized by its interaction with the propagating photons. We note, that in fact
mp can depend on w, via the factor ¢ = w/c in Eq. (3.13). The parameter a itself can be

w-dependent itself. However, since we are dealing with spectrally narrow resonances, one can
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CHAPTER 3. SCATTERING ON A SINGLE EMITTER

usually neglect this dependence and assume that

Y (W) = v(wy) = 2mwpa(wo)/c . (3.16)

This corresponds to the so-called Markovian approximation. It is usually valid when the
parameters of the medium surrounding the resonant system slowly vary with frequency on the
scale of the resonance linewidth. In the following chapters, we will also consider the situations
in which the emitter is strongly coupled to the cavity mode when the Markovian approximation

can break down.

3.2 Green function approach

We will now find the same answer in a bit more general way, using the Green function for the

Helmholtz equation, We will now use the Green function of the Helmholtz equation,

d*G(z, 2)

1z T Gz, 7)) = —4n¢?5(z — ), G(2, ') = 2mige'?* =1 | (3.17)

that is derived in Appendix B. Using this Green function, the solution of Eq. (3.2) can be

presented as
E(z) = Eye'”® — 4mq? /dz’G(z, VP (2) = Eye'’® — 4ng? /dz’G(z, pd(z—2")  (3.18)

which results in

E(2) = Epe' + 2rigpe'” (3.19)

where the first term in the left-hand side presents the incident wave and the second term is the

wave scattered by the emitter. Given Eq. (3.4) and Eq. (3.5) we write
(wop — iy —w)p =aE(0). (3.20)
Since E(0) = Ey + 2migp, we find

(wp — iy — imp — w)p = aky (3.21)
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where 7,p is the same y;p as in Eq. (3.13). This equation allows us to find p and after

substituting the result into Eq. (3.19) we obtain an electric field
i71p aE(0)

E(2) = By(el® 4 reld¥l)  p = : , = _ : 3.22
() = Eo( ) wo—w—i(y+mp) " wo—w—i(y+ ) .

The answer is exactly equivalent to the one obtained in the previous section. In particular,
Eq. (3.21) can be seen as the equation of motion for the emitter under the influence of the
driving with the electric field Ey. The complex frequency wy — iy — iy1p, entering Eq. (3.21),
is the same as (3.15) and it can be seen as the emitter resonance frequency renormalized by

the interaction with light.

The advantage of our derivation using the Green function over the derivation in the previous
section is that it is much more general. First, we can apply it for emitters interacting with a
more complex electromagnetic environment, not just with photons in a waveguide with linear
dispersion. In this case we would just need to know the Green function G(z, z’), solving for
the electromagnetic field in the point z induced by the point dipole z’. Similarly as in this
chapter, such Green function can be calculated independently beforehand and does not depend

on the properties of the emitters themselves. Equation Eq. (3.21) will then become
[wo — iy — G(0,0) — w]p = aky (3.23)

where G(0,0) is the field in the origin. Second, Eq. (3.21) can be generalized for an array of N
emitters with dipole moments p,,, resonance frequencies w(()m), internal decay rates v(™) and

resonance strengths z,,. It will then become a linear system of equations
N
[w(()m) - 17(m) - w}pm - Z G(Zma zn)pn = amEO(Zm) : (324)
n=1
If we introduce the matrix H,,;, = O (wom — 1Y) — G(2m, 2n), we can rewrite Eq. (3.24) as
N
Z HppnDn — wpm = amEo(zm) - (3.25)

n=1

The matrix H,,, is a generalization of the complex eigenfrequency Eq. (3.15) to the emitter

array. We will extensively study its properties in the following chapters, and we will show that it
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CHAPTER 3. SCATTERING ON A SINGLE EMITTER

can be interpreted as an effective Hamiltonian of the array, interacting with the electromagnetic
environment. It is also relatively straightforward to further generalize this equation to a full

3D problem and to include the vector polarization degree of freedom of the emitters.

3.3 Summary

To summarize, in this chapter we have calculated the reflection, transmission and absorption
coefficients for light, scattering on a single emitter. We have also calculated the spontaneous
decay rate of an emitter into the waveguide modes. This was done in two ways: (a) by directly
solving the wave equations with the resonant emitter polarizability and (b) by using the Green
function approach. The latter one can be readily generalized for a more complex setting,

including N > 1 emitters. Such a system will be considered in the next chapter.
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3.4 Additional reading

Kramers-Kronig relationships and analytical properties of susceptibility: L. Landau and E.
Lifshits, Statistical physics, Course of theoretical physics pt. 1 (Butterworth-Heinemann, 1980),
SS123.

Light reflection from a quantum well: F. Tassone et al., “Quantum-well reflectivity and

exciton-polariton dispersion”, Phys. Rev. B 45, 6023-6030 (1992)

Light reflection from a cavity coupled to the waveguide: M. F. Yanik et al., “Stopping Light
in a Waveguide with an All-Optical Analog of Electromagnetically Induced Transparency”,
Phys. Rev. Lett. 93, 233903 (2004)

Light reflection from an atom: A. Asenjo-Garcia et al., “Exponential improvement in
photon storage fidelities using subradiance and “selective radiance” in atomic arrays”, Phys.

Rev. X 7, 031024 (2017)

22


https://doi.org/10.1103/PhysRevB.45.6023
https://doi.org/10.1103/PhysRevLett.93.233903
https://doi.org/10.1103/PhysRevX.7.031024
https://doi.org/10.1103/PhysRevX.7.031024

Chapter 4

Two-dimensional arrays

In the previous chapter we have derived light reflection and transmission coefficients for a single
emitter, coupled to the waveguide (3.12). In this section, we will demonstrate that similar
equations can be applied for a light incident upon a square periodic array of emitters with the
spacing smaller than the light wavelength. Such correspondence is valid when light diffraction
is not possible, that is, when the array is periodic with the period a < A, see Fig. 2.3. The
main difference between the two-dimensional and one-dimensional cases will be the resulting
expression for v1p, that will depend both on the linewidth of the individual emitter and on
the lattice spacing. Also, the resonant frequency of the emitter array will be shifted from the

resonance frequency of the individual emitter wy.

The problem of light reflection on a planar array of scatterers is well-known in classical
optics [1-3], as we have already mentioned in Chapter 2. The results in the next section apply
both to natural atoms and to artificial “atoms”, such as metallic nanoparticles with plasmonic
resonances [4], dielectric and semiconductor particles, e.g. made of silicon, that have the Mie
optical resonances [5, 6]. The main difference of the setup based on natural atoms is the
strong nonlinearity: they can change their optical response for a second photon already after
absorbing a first one [7]. However, if only a single photon reflection is considered, we can still

use the same equations.

4.1 Reflection calculation

We will now calculate the reflection coefficient for the light incident on a periodic array of atoms

located in the points 7;, forming a square lattice. We will use the discrete dipole approximation
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Figure 4.1: (a) Dependence of the collective radiative decay rate yop Eq. (4.8) on the ratio of the square lattice
period a to the light wavelength at the atomic resonance Ag. (b) Color map shows the light reflection spectra
depending on the ratio a/Ag. Thick black line shows the collective resonance frequency &y Eq. (4.8), solid cyan

line shows the analytical answer found using Eq. (4.9).

8], that generalizes Eq. (3.24) from a scalar case to the full vector case case:

p; = a[Eo(r;)) + Y _ G(ry —r))py], (4.1)
i

Here, p; is the electric dipole moment of the atom number 7,

_ 3ic? Yo (4.2)
2w3 wy —w — (v +7) '

«

is the single atom polarizability, characterized by the resonance frequency wy, radiative decay

rate vy and nonradiative decay rate v, Ey is the electric field of the incident wave and

N2 52 eiwr/c
G (1, 0) = (5“” + <;> 8:17,@93”) 4qr (4:3)

is the electromagnetic tensor of the Green’s function at the frequency w satisfying the equation

rottot G = (w/c)?G + 6(r). The details on the Green function derivation are given in

Appendix C and the resonant polarizability Eq. (4.2) is derived in Appendix D.

The first term in Eq. (4.1) describes the polarizability of the atom by the incident wave and
the second term accounts for the sum of electric fields emitted by all other atoms. We consider

for simplicity the case when light is incident in the normal direction, so that Ey(r;) = Ey. Due
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to translation symmetry, we then have p; = p. In this case Eq. (4.1) is readily solved yielding

o«
1-Ca

p=aE, « (4.4)

where

C = dr (%)2 S Guulr) (4.5)

is the so-called interaction constant describing light-induced coupling between the given atom
and all the other atoms in the array. Hence, the coefficient a in Eq. (4.4) is the polarizability,
renormalized by collective coupling between the atoms. The amplitude light reflection and
transmission coefficients from the array r and ¢ can be found by summing the field emitted

from all the dipoles in the normal direction. The results read [9, 10]

2miw
=06 =1+, 4.6
r = a, r (4.6)

We consider the array with a < A, when all the diffracted waves are evanescent. In this case,

the reflection and transmission coefficients reduce to

179D Wy —w — 1y
r = t=

S Wo—w—i(y+ep) & —w—i(y+7p)

(4.7)

that reminds reflection and transmission coefficients Eq. (3.12) of just one atom, coupled to
a waveguide. Here, yop is the collective radiative decay rate of the atomic array and wy is
the resonance frequency modified by the collective coupling with light (that can be viewed as

cooperative Lamb shift), given by

370N
1673

370A]
1673

CAJQ = Wy — Re C, YoD = Yo + ImC'. (48)

The explicit expression for C' and the derivation details are presented in Appendix E. In the
limit when the spacing between the atoms is much smaller than the light wavelength, one can
show that

27w S+ (w/e)?S

C =~ 4.9
= T 5 , (4.9)

where S & 9.03/a® and S’ &~ —3.90/a. Substituting Eq. (4.9) into Eq. (4.8) we find that [11,
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12]
32

dma?

V2D = Y0 (4.10)

Hence, the decay rate of the two-dimensional array exhibits cooperative enhancement with the
factor of the order of number of atoms per wavelength square: the denser the array the larger
its cooperative decay rate. Figure 4.1(a) presents the dependence of the collective radiative
decay rate yop on the ratio of the array period to the light wavelength a/)\. For a small period,
the array exhibits a superradiant behavior, 7op > 7p. The radiative linewidth quickly decays
with the growth of lattice spacing and for a/\g > \/W ~ 0.5 the structure becomes a
subradiant one, yop < 9. This enhancement of the collective radiative decay rate has been
observed experimentally for the quantum wire arrays [12] and quantum dot arrays [2], but
detailed studies of collective light-matter coupling were prevented by the strong inhomogeneous
broadening. Much more experimental progress has been made for metamaterials and, recently,

optical lattices of cold atoms, each individually trapped by a tweezer [13].

Figure 4.1(b) shows the light reflection spectrum depending on the array period. The
spectrum exhibits a resonance at the frequency @y. The resonance position is shifted from the
original resonant frequency wy due to the collective coupling. This shift can turn to zero at
a/Xo ~ 0.2 and a/\g ~ 0.8. The first zero is resproduced also by a semianalytical expression
Eq. (4.9), as canbe seen from a cyan cyrve in In this case the peak value of the reflection
coefficient is reached at the bare atomic resonance, w = wy. The possibility of high reflection
from the ordered atomic array is a striking result of the collective coupling. In practice, more

than 90% reflection can be achieved already for a 10 x 10 atomic lattice.
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4.2 Additional reading

Light reflection of a square array of emitters: E. L. Ivchenko and A. V. Kavokin, “Light
Reflection from Quantum Well, Quantum Wire and Quantum Dot Structures”, Sov.Phys.Solid
State 34, 968-971 (1992),E. Shahmoon et al., “Cooperative resonances in light scattering from
two-dimensional atomic arrays”, Phys. Rev. Lett. 118, 113601 (2017)

Consideration of multiple layers of emitters: E. L. Ivchenko et al., “Exciton Polaritons in

Quantum-Dot Photonic Crystals”, Phys. Solid State 42, 1756-1765 (2000).
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Chapter 5

Scattering on two emitters

We will now proceed to the next chapter, where we will consider light interaction with N = 2
resonant emitters. The fundamental questions to be answered in this chapter are as follows:
How should the multiple-emitter system be treated? Will the interaction be stronger or weaker
than for a single emitter? What will be the spontaneous decay rate of the emitters? Let us
start with the illustrative case of N = 2 emitters, located at the points z; = 0 and 2z, = d.
This problem is already rich enough to illustrate a lot of basic physics.

Let us first assume that the emitters are characterized by the resonant frequencies w(1’2),

radiative decay rates 7&113’2)

. and internal decay rates v that all can in general be different.
How should we proceed to evaluate, say, light reflection coefficient from both emitters ry.?
Based on the results in the previous chapter, we could start to decompose electric field between
the emitters into plane waves, similar to Eq. (3.7). However, this will be more involved since
we would now have to include 3 regions: the leftmost of the first emitter, z < 0, between the
emitters, 0 < z < d, and to the right of the second emitter, z > d. The electric field will be
characterized by four complex amplitudes In total. This amplitude is to be determined by the
two boundary conditions at each of the emitter positions. Such a procedure is quite tractable
for a computer but rather cumbersome, especially if one has N > 2 emitters. It is rarely used

in practice. We will now present two alternative ways to find the same answer, which are more

compact and easier to generalize for larger N.
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5.1. MULTIPLE SCATTERING APPROACH

5.1 Multiple scattering approach

Following Egs. (3.12) we can introduce reflection and transmission coefficients ry 5, t; 5 for
each emitter. Then we calculate the reflection coefficient can be calculated as sum of multiple

scattering processes as below illustrated Here, three terms correspond to light having bounced

Ttot = T1 —i—tlfrle e —|—t%r1r262i@ + ...
—0 0O

Figure 5.1: Illustration of the geometric series to calculate light reflection coefficient from the two emitters.

zero, once and twice between the emitters, respectively, before being reflected back. At each
roundtrip, the reflection amplitude gets a factor ry75 exp(2ip) where ¢ = wd/c is the light
phase while propagating between the two emitters. As a result, we obtain a geometric series,

that can be summed analytically:

t%rgem“”
Thot =T1 + ———— . 5.1
tot ! 1-— 7“17’262190 ( )
In a similar fashion one can also obtain a transmission coefficient through both emitters
tltgew
ttot — (52)

1— 7’1T2€2i90 )

Interestingly, the reflection coefficient Eq. (5.1) is not symmetric with respect to first and second
emitter, while the transmission coefficient Eq. (5.2) is symmetric. This is not a coincidence but a
result of a general principle of time-reversal invariance, also related to Lorentz reciprocity. This
principle, when applied to our one-dimensional setup, states that while reflection coefficients for
light incident from the left and from the right of the structure can be different, the amplitude
transmission coefficients from the left to the right and from the right to the left are the same.
Swapping the two emitters is equivalent to swapping the direction the light is incident from.

Such symmetry holds in the linear optics regime unless an external magnetic field is applied.

The multiple scattering procedure can be, in principle, readily generalized for an arbitrary
number of emitters, but it is still slightly inconvenient. Thus, we will consider two more

approaches later in this chapter.

Figure 5.2 shows the reflection spectra dependence on the distance between the emitters,
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CHAPTER 5. SCATTERING ON TWO EMITTERS

encoded by the phase ¢ = wod/c. It is clear that the distance matters much. For ¢ = 0, 7, 2,
corresponding to d = 0, Ag/2, \g (Ao is the light wavelength at the emitter resonance frequency),
the spectrum has a single Lorentzian peak. The half-width at half-maximum for this peak is
equal to 2yip, twice larger than for a single emitter; compare Fig. 3.2(a) and Fig. 5.2(a). For
intermediate values of 0 < ¢ < 7 the peak is in general asymmetric. The value of ¢ = 7/2
corresponds to a single symmetric peak with significantly lower spectral width than for ¢ = 0, 7.
This overall behavior can be understood from a basic argument of constructive and destructive
interference for light exhibiting multiple scattering events; see Fig. 5.1. For ¢ being an integer
number of 7, all the waves going from emitter 1 to emitter 2 and back interfere constructively
with each other. Hence, the overall reflection is enhanced as compared to that for one emitter.
This is the essence of the collective enhancement effect. For ¢ = /2, the interference is

destructive, and the reflection is suppressed.

0.6 1 =2

-5 0 5
(w —wo)/7D (w —wo)/1D

Figure 5.2: Reflection spectra for three specific values of ¢ = wgd/c and the dependence of the reflection spectra

on . Calculation has been performed for v = 0 and identical emitters.

There are also sharp, narrow dips in the reflection spectrum when ¢ is close to 0 or 7, but
not exactly equal. To understand them better, in the next chapter we will develop a more

involved technique of eigenmode decomposition for the reflection and transmission coefficients.
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5.2. NON-HERMITIAN HAMILTONIAN METHOD

5.2 Non-Hermitian Hamiltonian method

We will now present in detail the Non-Hermitian Hamiltonian method that was already briefly

mentioned in the previous chapter. To this end, we generalize Eqgs. (3.2)—(3.4) for our system:

2

N
@E(z) + ¢*E(z) = —4ng? Z 5(z — 2n)pn
n=1

where

o™

Pn = n E<Zn)
w((] ) - iy ()

are the corresponding dipole moments. Similarly to Eq. (3.18) we find

N
E(2) = Eye'?” + Z G(z, 2n)Dn
n=1

Substituting Eq. (5.5) into Eq. (5.4) we obtain

N
Z Hmnpn — WPpm = amE()eiqzm .
n=1
with

H,,, = (w(()m) _ i’}/(m))émn _ amG(2m7 Zn)

(m) (m) eldlzm =z

= (WO - iV(m))(Smn — 71D

Y

(5.3)

(5.4)

(5.5)

(5.7)

being the effective Hamiltonian matrix. We stress, that the matrix Eq. (5.7) is (i) non-Hermitian,

(ii) symmetric and (iii) in general depends on the light frequency w via the wave vector ¢ = w/c.

We will further discuss its properties in the following chapter 5.3.

Now, the dipole moments p,, can be found from the linear system of equations (5.6). It is

instructive to introduce the matrix Green function of the emitter array, defined as an inverse

of the matrix in the left hand-side of (5.6)

G () = [(H(w) _ wi)‘l}mn

(5.8)



CHAPTER 5. SCATTERING ON TWO EMITTERS

(1is the N x N identity matrix) . With the help of the Green function we write
N
D = Z GnGm Foe' %™ (5.9)
n=1

In order to find light reflection and transmission coefficients 7, and ti,;, one substitutes

Egs. (5.9) into Eq. (5.5) and takes the limits z < z; or z > 25, respectively. Thus,

E| = Ee 4 1y Eoe'? (5.10)
z<z1
E = tyo1 Foe'? | (5.11)
z2>2z2
with
= ( )7$) 2y ( )VYS)
— 19(zm+2zn J— 19(Zm —2Zn
Tot = n;ﬂe g Grn)s tow = 14 n;:f Do Grnn () (5.12)

Equations (5.12) are valid for arbitrary N. We leave it as an excercise to prove, that for

particular case of N = 2 they reduce to Eq. (5.1) and Eq. (5.2).

5.3 Complex eigenmodes

As has been mentioned in the previous chapter, the effective non-Hermitian Hamiltonian (5.7)
does in general depend on the light frequency. This dependence comes from several places.
First, as has been already mentioned in Chapter 3, even the coefficients a, y1p and v can
depend on w. Typically, they change much only when w changes by large value on the order
of ¢/R, where R is the characteristic emitter size. There is an exception of so-called giant
atoms, that are essentially superconducting qubits with the size on the order of the wavelength.
There the y1p(w) dependence is fast [1]. However, usually it is slow and can be neglected. The
second place, where H,,, depends on w, is the phase factor expliw|z,, — z,|/c] = exp(iwd/c)
for the considered case of N = 2 emitters . This factor changes when the w variation is on the
order of ¢/d, that is inverse flight time of light between the two emitters. Typically, for small
emitters 0z < d, so ¢/d > ¢/R and the dependence of this factor on w is more important.
Still, due to the large light velocity typically R/c < vip, the flight time is much smaller than
the spontaneous emission time. Equivalently, one can say that the scale at which exp(iwd/c)

changes is much larger than the resonance linewidth v;p. For example, for superconducting
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5.3. COMPLEX EIGENMODES

qubits coupled to the waveguide one has vyip ~ 10 MHz x 27 and wy ~ 10 GHz x 27 > vp.
Even if the spacing between the qubits is on the order of the light wavelength A = 27¢/wy
at the qubit resonance frequency, the photon flight time will be on the order of 27 /wy and
much shorter than 27/vip, see e.g. Ref. [2]. As such, one can safely neglect the frequency

dependence of exp(iwd/c) and set
Hypn(w) = Hppn(wo) | (5.13)

where wy is the emitter resonance frequency. By doing this we also assume that the spread of
the resonance frequencies is small, |w(()1) - w((f)l < w(()l’Q), so it does not matter which exactly
wp we choose in Eq. (3.16). Equation (3.16) is termed Markovian approximation. It is very
general, and it means that the photon (or general reservoir) dynamics is much faster than the
dynamics of the emitters that we are interested in. We will now show that the Markovian

approximation considerably simplifies the analysis. Later on, in Sec. 5.6, we will also look

beyond this approximation.

Once the Markovian approximation is done, the system Eq. (5.6) can be solved by expanding
pn over the collective eigenmodes of the frequency-independent Hamiltonian H,,,. There is,
however, one important caveat. The Hamiltonian Eq. (5.7) is non-Hermitian, but it is still
complex-symmetric. We will introduce the eigenvectors IM(LV) and eigenfrequencies w® in the

conventional way:

N
> Hyuthl) = wyl) (5.14)

n=1

but the caveat will reveal itself in the unconjugated orthogonality condition [3]:

N
Sl = b, (5.15)
n=1

The condition (5.15) for the Hamiltonian with the property H,,, = H,, is different from the

usual condition

N
> G =6, . (5.16)
n=1
for the usual Hermitian Hamiltonian , H,,, = H, . It can be still derived by exactly the same
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CHAPTER 5. SCATTERING ON TWO EMITTERS

way. Multiplying Eq. (5.14) by ¢# and summing over m we find

N N
> Huth 0 = w Y il (5.17)
n,m=1 n=1
On the other hand, if we write
N
> Hpntol) = w0 (5.18)
n=1
multiply by #” and summing over m we find
Z Hpp ) ep®) —w“)zw S (5.19)
n,m=1
Substracting Eq. (5.19) from Eq. (5.17) we find
N
S U — ) = 0. (5:20)
n=1

which leads to Eq. (5.20): the modes are orthogonal once their eigenfrequencies are different.

Given the condition Eq. (5.15) we can expand the solution of Eq. (5.6) in the usual way:

N
w V|q — (v) igzm
_ EOZ O (v|alq) = Z;vﬁn a, e . (5.21)
where we have introduced an unconjugated scalar product notation (v|u) for the left-hand-side
of Eq. (5.15) and also for the overlap (v|a|q) of the incident plane wave exp(igz,,) with the mode
v weighted by the emitter radiative decay rates. This allows us to express the reflection and
transmission coefficients in terms of eigenmodes. Equations (5.12) then acquire an especially

simple form if all decay rates are the same, fyg) = Yp:

Fion(w) = if: ol WD sy =14 Z il V|q> (5.22)

w®) —w
v=1

The advantage of Eqs. (5.22) is that they clearly show that the reflection and transmission
spectra have resonances at the collective eigenmode frequencies. To be more precise, the

spectra |Tor (W), |tiot (w)|* Will have resonances at w close to Rew” with linewidths of | Im w”.
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5.4. PURCELL ENHANCEMENT

The states with low | Imw,| will be manifested as sharp resonances.

5.4 Purcell enhancement

Before considering the case of two identical emitters, it is instructive to look closer first into
two different emitters, with different resonant frequencies and different values of y;p. The

effective Hamiltonian Eq. (5.7) then becomes

Q. @ : ip
wy’ —1 —ivipe
= "o o , (5.23)
—i ip (2) s (2)
Y1ip€ Wo I'"Mp71p

For simplicity we set v = 0 in this chapter. Let us assume that the spectral detuning between
the two resonance frequencies is large, or, to be more precise,

1 _ 2 (1) (1,2)
O .

. . (2
|w W& =ity + iyl > g

Then we can expect that the effects of the collective interaction between the two emitters are
weak. Formally, this means that the eigenfrequencies of Eq. (5.23) can be found using the
second-order quantum mechanical perturbation theory. In particular, the complex resonance
frequency of the first emitter, slightly renormalized due to the interaction with the second one,

can be written as o @
2ip
~1) (1) . (1) Y1p 71D €
Wo =Wl Tt @) (5.24)
Wy —wy —1Yp T 1Yp

Equation (5.24) is quite instructive. It tells us that both the radiative decay rate —Imw and
the resonance frequency are changed by the interaction. The first effect, radiative correction to
the resonance frequency has analogy to the Lamb shift in vacuum quantum electrodynamics.
The second effect is the correction to the decay rate of the emitter in the presence of another

one,
oW (2) 21 |

I?lgdo =1+ Im—5; (;lDe. O @ Lt Relr 2(w§)e??] (5.25)

71D Wy —wy —IYp T 1INp

where
iy
ro(w) = ORRNCR (5.26)
Wo W —1Yp

is the reflection coefficient of the second emitter. The factor in the right-hand side of Eq. (5.25)

is the ratio of the decay rates of the first emitter in the presence of the second one and without
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CHAPTER 5. SCATTERING ON TWO EMITTERS

the second one. It can be termed as a generalized Purcell factor. In his seminal work [4] Purcell
understood that the spontaneous decay rate is different for an emitter in vacuum and in a
cavity. Now the term Purcell factor is used to describe the modification of the spontaneous
decay rate in any structured electromagnetic environment. In this paragraph, the environment
is provided by the second emitter. However, in principle the second part of Eq. (5.24) is
valid for emitter near any mirror. For example, in Ref. [5] the authors have measured the

modification of the radiative lifetime the presence of a planar dielectric mirror.

The answer Eq. (5.24) can be also recovered without involving the concept of non-Hermitian
Hamiltonian, directly from the resonances of the reflection coefficient of the two emitters. The
central idea here is that the collective eigenmodes correspond to the complex poles of the
collective linear response function, for example, of the reflection or transmission coefficient
for the two emitters. We see from Eq. (5.2) that the resonance condition for the reflection or

transmission of light through two emitters is given just by
1 —rirgexp(2ip) = 0. (5.27)

Equation (5.27) is just the usual condition for the Fabry-Pérot resonance in the cavity, made
of two mirrors with the reflection coefficients r; and r,. However, if we take into account
that in our case the mirrors are resonant, we will also find “for free” the collective eigenmode
frequencies. Indeed, if we substitute

(1)

= Tip (5.28)
o0
“o W — 1Yp

into Eq. (5.27) and solve for w for fixed ry, we recover
W= wy— ifyﬁ))(l + ree??) | (5.29)

in exact agreement with Eq. (5.24),Eq. (5.25).

It is also instructive to plot reflection spectra for two unidentical emitters, with 'y%) > 'yﬁ))

as function of their spectral detuning w(()l) - w(()z). This is done in Fig. 5.3. Since fy%) > ”yﬁ)),
away from the first emitter resonance it does not contribute much to the reflection and one has

Ttot &= T9. Closer to the resonance the presence of the first emitter is manifested as a specrally
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5.5, SUPER- AND SUBRADIANT MODES FOR N =2

0.8
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Figure 5.3: Reflection spectra for two unidentical emitters with v,5 = 7y;. Different curves correspond to

different values of (wél) — wéz))

following Eqgs. (3.12) for v =0, ¢ = 0.

/ 783), indicated on graph on top of the curves. Calculation has been performed

narrow resonant feature. This feature is, in general, asymmetric and its shape depends on the
detuning. Such asymmetric spectral lines are very typical when there exist several resonances
with different spectral linewidths in the system and is termed as Fano resonance. This follows
original work of Ugo Fano on interference of different ionization processes in atomic physics [6]
but is now often used in a much broad (maybe, too broad), context. More details on Fano

resonances in optical settings can be found in Ref. [7].

5.5 Super- and subradiant modes for N =2

We will now illustrate the non-Hermitian Hamiltonian approach above for two identical coupled
emitters . Since their eigenfrequencies will be the same, the interaction effects will be even
stronger than in the previous section. They can no longer be treated perturbatively. To find
the eigenmodes we will diagonalize of the effective non-Hermitian Hamiltonian matrix Eq. (5.7),
that assumes the form

wo — 1 + —iype'¥
- o —i(vp +7) 71D ' (5.30)

—iype'? wo — i(yip + )
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CHAPTER 5. SCATTERING ON TWO EMITTERS

We remind that ¢ = wyd/c is the phase gained by light between the two emitters and plays

the role of the dimensionless distance. The eigenfrequencies are given by
Wi = wy — iy — i(y1p £ 11pe) . (5.31)

and the eigenvectors correspond to symmetric and antisymmetric excitation, [1,41]/v/2.
Equations (5.31) show, that both the real and imaginary parts of the two decay rates are

renormalized by the interaction:
Rews =wp £ yipsing , —Imwy = v+ yp(1l £ cosyp) . (5.32)

Figure 5.4 shows how the real and imaginary parts of the eigenfrequencies depend on the
distance between the emitters. Clearly, they exhibit an oscillating behavior. Indeed, the
complex off-diagonal terms in Eq. (5.30) have both real and imaginary part. These parts
correspond to dispersive (also called exchange) coupling and dissipative coupling, that tend to
split real and imaginary parts of the eigenfrequencies, respectively. Such type of oscillating
behavior of collective modes has been first observed in Ref. [8] for two trapped ions. Similarly
to the case of a single emitter, we interpret the terms y;p(1 4 cos¢) as the radiative decay
rates of the two coupled emitters. As a sanity check, we see that the decay rates state positive.
In other words, Imw, < 0, which means that the eigenexcitations of the system, o< exp(—iwt),
decay in time. The special case, similar to Fig. 5.2 is when ¢ = 0 (¢ = 7). In this case the
decay rate for the symmetric (antisymmetric) mode wy ( w_) is equial to 27v,p, twice larger
than for an individual emitter. This mode can be called a collective superradiant mode of the
two emitters: constructive interference between radiation of the two emitters leads to twice
large radiative decay rate. The concept of superradiance has been initially put forward by
Dicke [9] in a broader context of N emitters and many photon excitations, we will encounter it
many times in this book. The antisymetric mode for ¢ = 0 (symmetric mode for ¢ = 7) is
completely dark, that is, its radiative decay is zero. When the distance between the emitters is
changed, and deviates from an exact value of 0, 7, 27, the dark states stops being completely

dark and becomes subradiant:

2

—Imw_=~+ %”ym for p < 1. (5.33)
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—— symmetric sssss antisymmetric

—~
o
~—
—_

o
o o
0

Re (ws —wp)/7v1D
o
(é)]

2 0“‘ ‘0
0" “‘
15 3 K
. o R L)
=) S K
é_\‘ .O. .
> ; S
3 1 R 4
g
— ” .
! O 5 .0 “
- - *
. g
R
K X
K 3
".0 ‘Q.“
0 PAd 1 1 1 1 A
0 0.2 0.4 0.6 0.8 1

/o

Figure 5.4: Real (a) and imaginary (b) parts of the eigenmodes of two coupled emitters. Calculated following
Egs. (5.31) for v = 0.

If the other decay channels are weak v < vip, one has |Imw_| < 7p and, according to
Eq. (5.22), the mode will be seen as a sharp resonance in the reflection spectrum. It is this
subradiant state resonance that is behind the narrow dips in the reflection spectra in Fig. 5.2(a)

for ¢ close to 0, .

For those more used to quantum mechanics description of the spontaneous emission, there
is another simple way to explain collective enhancement or suppression of light emission. Let
us use the Fermi Golden rule to calculate the radiative decay rate:

oo

or [ dk,
—2Imw(”):% S IV P (g — helk) (5.34)

— 00

Here, My, is the matrix element for the interaction of the plain electromagnetic wave exp(ikz)
with the given mode. That, Eq. (5.34) represents the sum of the probabilities of emission
of waveguide photons. For simplicity we also in Eq. (5.34) assume v = 0. The reason of

the factor 2 in the left-hand-side is that the emission rate is twice the imaginary part of the
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CHAPTER 5. SCATTERING ON TWO EMITTERS

eigenmode frequency: if ¢ oc exp(—iw®™t), then || o< exp(—2Imw™t). In order to actually
use Eq. (5.34) we also need to calculate Mk(f'). We define it as

N
MY =g Y ekdmy () (5.35)

m=1

where hg is the photon-emitter interaction strength. Since we know that for the two emitters

) = [1, £1]/v2 we get

ME = %(1 + oty | (5.36)
and
—2Imw® = 2—92 (1 + cos C‘}Lal) . (5.37)
c c
If we identify
mp = g*/c (5.38)

as a spontaneous decay rate of a single emitter in the waveguide, we recover exactly the

radiative decay rates from Eq. (5.32).

5.6 Non-Markovian effects

In this section, we will go beyond the Markovian approximation usually used in this book.
Namely, we will solve Eq. (5.27) for the collective modes of the two emitters without assuming

that they are closed to each other:
1 —r?exp(2iwd/c) = 0. (5.39)

Here, we explicitly write ¢ = wd/c and we are going to take the dependence of ¢ on w
into account. For simplicity, we assume both emitters to be the same and we remind that

r =ivip/[wo —w —i(y+p)]. Substituting explicit expressions for r(w) into Eq. (5.39) we find

Wy = wy — 17 — iv1p F imp exp(iw+d/c) . (5.40)
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5.6. NON-MARKOVIAN EFFECTS
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Figure 5.5: Eigenmodes (5.41) of two coupled oscillators beyound the Markovian approximation. Calculated
for y1p/wo = 0.02,y = 0 and varying wod/c = 0...7w. Aarrows indicate the direction of increasing d the values

of v and mode parity sign + are indicated near each curve.

Compared to Eq. (5.31), these are now transcendental equations to solve for complex wy. The

solution can be formally written as

Wi = o + iC—CiW,, {q:%?d exp (ﬂ’%dﬂ . @0 =wo— iy — i - (5.41)
Here, W, (z) is the so-called Lambert W-function, found as solution of W (z) exp[W (2)] = z.
Importantly, it is a multibranch function, characterized by the integer index v. Thus, there are
infinite eigenmode solutions for two oscillators! Where do the additional modes come from?
The answer is simple — the extra modes are just the Fabry-Pérot modes in the cavity, formed
by two emitters, acting as resonant mirrors. There is, in principle, an infinite amount of such
modes, so we should not be surprised much. Indeed, at larger |v| > z the main term in W, (z)
asymptotic expression is 2wiv. Being substituted in Eq. (5.41) this gives a set of Fabry Pérot
modes separated by 2mc/d.

At small spacing d, when photon flight time d/c is much less than the spontaneous emission
lifetime 1/71p, the argument of the Lambert functions is small, and one can use the approximate

expression Wy(x) ~ z. Both solutions of Eq. (5.41) then reduce to

d vod .
Wi A2 Qg + i< {:F%D exp (1WL>} ~ Wy £ iyipe? . (5.42)
c c

This is equivalent to the usual Markovian approximation answer Eq. (5.31). For v # 0 and
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CHAPTER 5. SCATTERING ON TWO EMITTERS

d < ¢/v1p the rest of the solutions will be strongly detuned from wy by the frequency ~ ¢/d.

The complex spectrum of eigenmodes plotted for varying d following Eqs. (5.41) is shown
in Fig. 5.5. For low values of d, when y;pd/c < 1, there only two eigenmodes in the spectra
vicinity of the resoance |w — wy| < v1p, which are just the usual solutions Eq. (5.31). When
the phase wyd/c = ¢ changes, the imaginary and real parts of these two modes oscillate and
they rotate around the point wy — ivip, just as shown in Fig. 5.4. This is manifested by
spirals in the middle of Fig. 5.5. For large values of d, however, additional Fabry-Pérot modes
appear “from infinity”, and the eigenspectrum becomes much more complex. Thus, even
the seemingly simple problem of two coupled oscillators becomes quite involved beyond the

Markovian approximation!

More details on the complex energy spectrum and Fabry-Pérot modes of a finite-size slab

can be found in [10].

5.7 Summary

To summarize, we have seen that the problem of light scattering on just two emitters is
surprisingly rich. The reason behind this is multiple scattering of light from the emitters
with constructive or destructive interference. Depending on the distance of the emitters, the
difference between their resonant frequencies, and their radiative decay rates, one can realize
totally different regimes of interaction. The two-emitter problem can illustrate a large part of
the collective interaction effects. We will, however, see in the next chapter that there are also

some effects that are uncovered for larger arrays with N > 2.
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5.8. ADDITIONAL READING

5.8 Additional reading

Fano-like resonance for cavity side coupled to a waveguide: S. Fan, “Sharp asymmetric line

shapes in side-coupled waveguide-cavity systems”, Appl. Phys. Lett. 80, 908 (2002)

Fano resonances in photonics: M. F. Limonov et al., “Fano resonances in photonics”, Nat.

Photonics 11, 543-554 (2017).

A detailed discussion of original Purcell work [4] on spontaneous emission: M. Glazov et al.,

“Purcell Factor in Small Metallic Cavities”, Phys. Solid State 53, 1753 (2011)
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Chapter 6

2 x 2 non-Hermitian Hamiltonian

In the previous chapter, we have seen, that non-Hermitian effective Hamiltonians H,,, naturally
arise when considering a problem of emitters coupled by light, i.e. by the processes, when
photon is emitted by an atom n and reabsorbed by an atom m. The goal of this chapter will
be to study the properties of the non-Hermitian Hamiltonians in a bit more detail, without the
focus on the particular setup of a one-dimensional emitter array. We will consider the generic
situation, where two emitters, that can in principle be different, are coupled to exactly the
same electromagnetic mode. This can be realized, for example, when emitters are located in
resonance with the same photonic mode of a cavity. As illustrated in Fig. 6.1, this mode will
induce both collective dissipation for the emitters, when energy is emitted in the far field, and
dispersive coupling, when a photon emitted from the first emitter will be reabsorbed by the

second one and vice versa.

6.1 Derivation of the Hamiltonian

Let us again rewrite the general equation (5.7) for N = 2, assuming that the Green function
G(2m, zn) = G, i.e. it does not depend on the emitter positions. This can be realized when for

example emitters are placed close to each other, or in the different antinodes of the standing

W(()l) - aG —a;G p1 P1
. =w . (6.1)
asG wy —asG | \p2 D2

Here, we assumed that the only decay mechanism comes from the emission of photons into the

mode, so we have set internal decay rates v to zero. It instructive to symmetrize the problem
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6.1. DERIVATION OF THE HAMILTONIAN

ocIij§/
x Re G

_/—\ .
1 2
— - O

Figure 6.1: Schematic illustration of two emitters coupled to the same electromagnetic enviroment. Real part
of the elecrtromagnetic Green function Re G is responsible for the dispersive coupling, imaginary part Im G is

responsible for the collective dissipation.

Eq. (6.1) by changing the unknowns to ¢1 2 = p12/,/a12. For a two-level atom emitters,
these amplitudes 1), o describe the coherences between the ground and excited states. We also

explicitly The system Eq. (6.1) is then transformed to

wy —1 — 1,/
Hip = wip, H = 1 84! g Y172
g—iymy2 w2—in

, (6.2)

2) —ay 2 Re G are the resonant frequencies of two coupled emitters (both are real),

where wy 9 = wol’
shifted due to their interaction with photons by a;» Re G. The parameter g = —,/a;a; Re G
describes the dispersive part of the coupling and the real parameters v; 2 = —a1 2 Im G describe
the dissipation. The form Eq. (6.2) makes the distinction between the dispersive (exchange)

and dissipative parts of the effective non-Hermitian Hamiltonian especially clear. We can write

T

“rod [V v
H = Hexen + Haissy Hexen = ,  Hges = —1

g w2 V2 V2

(6.3)

The dissipative part is a rank-1 matrix, which is a direct consequence of the fact that the
dissipation is due to the emission into a single photonic mode. In a more general case, the
number of terms in the expansion of the dissipative part of the effective Hamiltonian is equal

to the number of independent decay channels [1].
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CHAPTER 6. 2 x 2 NON-HERMITIAN HAMILTONIAN

6.2 Exceptional points. Strong and weak coupling

The eigenfrequencies wy of Eq. (6.2) are given by

: N2
wi w2 7+ Wy —wy — iy +1 .
Wy = 12 2—1%2%1\/5, D:( L 271 72) + (g —iv/mr)?.  (6.4)

Figure 6.2 plots the dependence of the real (a) and imaginary parts (b) of the eigenfrequencies
on the dispersive coupling strength ¢ for the case of zero detuning, when w; = wy. We have
also chosen 7, = 0, which means that the dissipative part of the coupling matrix element
g —iy/M7: in Eq. (6.2) is exactly zero. Even then, the problem is not trivial and there are
two qualitatively different coupling regimes. For |g| < 71/2 = 1, the coupling is weaker than
the half-difference between the imaginary parts of the complex eigenfrequencies. As a result,
the coupling leads to the renormalization of the decay rates, Imwy in Fig. 6.2(b), but the
real parts stay equal to zero. As a sanity check we see that Imw; < 0: the eigenexcitations
of the system, o exp(—iw+t), decay in time. In the opposite case, |g| > 71/2 = 1, the real
parts of the eigenfrequencies are split and imaginary stay the same. This regime of large
dispersive coupling is similar to usual avoided crossing of levels in Hermitian problems. In the
case when both decay rate and dispersive coupling are present, the parameter range when the
coupling is stronger than the decay rates is called strong coupling regimes. It means that the
excitations can be coherently transferred between the emitters, and the transfer rate is faster,
then the rate of dissipation. The opposite case of small g is called the weak coupling regime.
In the very strong coupling regime, one can think of the eigenstates of the non-Hermitian
Hamiltonian as hybridized even and odd combinations of the excitations of first and second
emitter, [1)1,5] = [1,41]/+/2. In the weak coupling regime with g < ;5 it is easier to think

of the eigenstates as independent modes, [1,0] and [0, 1].

The transition between the strong and weak coupling regimes goes through the exceptional
point, that is seen as square-root singularities in Fig. 6.2 at ¢ = £1. Not only two eigenvalues
are the same at the exceptional point, but also the eigenvectors coalesce and the Hamiltonian

matrix becomes degenerate.
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6.3. FRIEDRICH-WINTGEN CONDITION

(a) w1 :0, w9 :07 Y1 :2, Y2 =0

2 T T
15+ Strong Weak Strong .
coupling coupling coupling
05 ~ \ ]
\

g

—Im W+
-

Figure 6.2: Real (a) and imaginary (b) parts of the eigenfrequencies (6.4) depending on the coupling strength

g. Calculation has been performed for zero detuning, w(() ) = w(() ) and for ~v9 = 0. Dashed red lines in (a) show

the asymptotic description in the strong dispersive coupling limit, w4+ = +g¢. Blue shading indicates the weak

coupling regime. Other calculation parameters are indicated on graph.

6.3 Friedrich-Wintgen condition

Figure 6.3 shows the dependence of the complex eigenfrequencies wi on ¢ in a slightly more
general scenario. Not only the eigenfrequencies w; and w, are detuned from each other, but
also 7, > 0, so that there is an extra off-diagonal dissipative coupling term /7172 in Eq. (6.2).
One can then see in Fig. 6.3 that there is a special point when one the imaginary part of one
of the eigenvalues turns to zero. This point can also be found analytically from Eq. (6.4). If
we denote /D = z + iy, we need y = (v + 72)/2 to have real-valued solution. This yields to

the condition

Y1+ 72

ReD = z? —4* ImD = 2xy, with y = 5

(6.5)

Finding x from the first equation and substituting in the second one, we find

/B =) 66

ReD — (z° — y?) <g—
71— 2
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CHAPTER 6. 2 x 2 NON-HERMITIAN HAMILTONIAN

(a) wy =-0.5, wy =0.5, y1 =1, 72 =0.2
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/\

m /
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Figure 6.3: Real (a) and imaginary (b) parts of the eigenfrequencies (6.4) depending on the coupling strength g.
Calculation has been performed in the detuned case, \(Dél) — (I)(()Q)| = 1. Red dot indicates the Friedrich-Wintgen
condition Eq. (6.7), where the imaginary part of one of the eigenmodes is exactly zero. Dashed red lines in (a)
show the asymptotic description in the strong dispersive coupling limit, w+ = 4+g. Thin horizontal lines show
the eigenfrequencies assuming no coupling between the emitters. Other calculation parameters are indicated on

graph.

which leads to

Viva(wr —w2) = g(n — 1) - (6.7)

This is a so-called Friedrich-Wintgen condition, named after the authors of Ref. [2]. Currently,
it is often used in the context of so-called bound states in continuum in photonic structures [3],
where it describes destructive interference of decay via two different decay channels. In the
previous chapter, discussing two emitters coupled to the same waveguide mode, we have already
encountered such points with Imwy = 0 and associated them with dark states see Fig. 5.4 for
d=0,\/2,\. There we considered identical emitters with no detuning, w; = wy and 7, = 7.
The The Friedrich-Wintgen condition then reduces to just g = 0, zero dispersive coupling. This
is exactly the case for d = 0, A/2, A, when the Green function o iexp(27ip) = iexp(27id/\) is

purely imaginary. Thus, the dark states present a particular realization of the Friedrich-Wintgen
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condition.

6.4 Summary

To summarize, in this chapter, we have learned that even the seemingly simple problem of two
emitters coupled to the same electromagnetic environment can be nontrivial. Depending on the
spectral detuning between the emitter resonances, their decay rates, and the dispersive coupling
strength, one can realize both strong coupling regimes when excitations of both emitters can be
hybridized by hopping from one emitter to another and back, and the weak coupling regimes,
when the excitations dissipate faster than hopping and thus stay localized. Transitions between
the two regimes goes through exceptional points. There are also special cases, when the decay
rate of one of the modes becomes exactly zero, i.e. the mode is dark and does not dissipate in

the environment.
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CHAPTER 6. 2 x 2 NON-HERMITIAN HAMILTONIAN

6.5 Additional reading

More on symmetry of 2 x 2 non-Hermitian Hamiltonians in optics [4] .

Discussion of non-Hermitian Hamiltonian for a general system: W. Suh et al., “Temporal
coupled-mode theory and the presence of non-orthogonal modes in lossless multimode cavities”,

IEEE Journal of Quantum Electronics 40, 1511-1518 (2004) .
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Chapter 7

Light interaction with N > 2

periodically spaced emitters.

The goal of this chapter will be to study the collective light interaction with N > 2 emitters,
arranged in the periodic array and coupled to the waveguide mode, see Fig. 7?7. Some of the
phenomena, such as the formation of collective super- and sub-radiant eigenmodes, will be
essentially the same as in the case of N = 2. The super-radiant modes will just get brighter,
and the subradiant modes will just be darker for a larger number of emitters N. However,
there will also be new phenomena for long periodic arrays. We will show, that light can see a
long periodic array of emitters either as an effective medium, where the interaction will be
averaged over all the emitters, or as a resonant periodic photonic crystal. In the first case the
whole array can be described by some effective permittivity, in the second case, the photonic
band gap will form, similarly to band gaps for electrons in usual crystals. The description of

such interaction of light with arrays will require different theoretical tools.

7.1 Collective super- and subradiant modes for N emit-

ters

Let us again look for the eigenstates Eq. (5.7) in the case of the periodic array, when wyz,,/c =
em, and ¢ = wpd/c is still the phase gained by light between the two emitters.

N
wWopm — 110 »_ €M p, = wp,, m=1,2...N, (7.1)

n=1
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7.1. COLLECTIVE SUPER- AND SUBRADIANT MODES FOR N EMITTERS

b .0 O O

Figure 7.1: Periodic array of resonant scatterers coupled to the waveguide.

where wvarpi = 27d /) is the phase gained by light propagating between the two neighboring
emitters. In this chapter, we will focus on specific case of the Bragg-spaced array. when

d=M\/2,s80 p =m.

We start by rewriting the coupled equations using the fact that ¢ = 7

N
WoPm — 171D Z(—l)m+"pn = WP, m=1,2...N, (7.2)
n=1

Next, we make the substitution (—1)"p,, = X,» which leads to

N N
onm—i’YlDZXn = —ivipA =wxm, m=1,2... N, A:ZXn- (7.3)

n=1 n=1
The same equations describe the systems with d = 0, A\, 2\ .... Next, we can sum the equation

(7.3) over m:

(w+1iyipN —wy)A =0. (7.4)

From this we find that if A # 0 than w = wy — iy1pN. For the solution with w = wg — iy1p N
we find from Eq. (7.3) that all y,, are the same. For the solution with A = 0 Eq. (7.3) means

that w = 0. Hence, there is a symmetric solution of Egs. (7.3) with

X1=X2=-..-Xn, and w = wy —iNvp (7.5)

and N — 1 solutions with eigenfrequency w = wy , where eigenvectors satisfying the condition
N
an =0, and w=wy . (7.6)
n=1

The first solution demonstrates collective enhancement of the spontaneous emission rate,
—Imw = N~;p. This is a Dicke superradiant mode: the radiative decay rate N~;p for this

mode grows proportionally to the number of emitters N. Such collective enhancement of the

26



CHAPTER 7. LIGHT INTERACTION WITH N > 2 PERIODICALLY SPACED
EMITTERS.

—_
o
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o

0 0.2 0.4 0.6 0.8 1
Array period, d/\(wy)

Eigenfrequency, Re(w — wq)/yip Decay rate, -Im w/yp

Figure 7.2: From Ref. [1]. Imaginary (a) and real (b) parts of the complex eigenfrequencies of the array of
N = 10 atoms coupled to a waveguide depending on the period of the array d. Shaded areas (b) show the
edges of the polariton band gaps. Each value of d/X corresponds to N = 10 eigenvalues.

spontaneous decay rate is the most basic effect of dissipative interaction in the emitter arrays.
All the other modes Eq. (7.6) have zero decay rates, and hence can be termed as dark modes.
These super- and sub-radiant modes can be seen as generalization of the modes (5.32) for

N = 2 emitters for the particular case of p = 7.

We now consider a more general case of arbitrary spacing. We plot in Fig. 7.2 the complex
eigenfrequencies of Eq. (7.2) for N = 10. As already expected after examining the two-emitter
case in Fig. 5.4, the eigenfrequencies for an array oscillate with the array period d. At
d = 0,)0/2, Ao there is one superradian state and N — 1 dark states. When the period is

detuned from this condition, the dark states acquire nonzero decay rates.

How does this picture depend on N7 For the superradiant state, the answer is already
known and trivial, w = wy — iN7y;p. The scaling of the decay rates for subradiant states with
N is less trivial. The answer can be found using the Fermi Golden rule, similar to the case of
N = 2 emitters, considered in Sec. 5.5:

—0o0

N
> dk ;
—2Imw = 27?/ %|M;€|25(w0 —clk|), M= ng_l ey (7.7)

Here, M, is the matrix element of the interaction of the state 1, with photon with wave vector

k , wp is the emitter resonance frequency, d is the array period, g is the coupling constant. We
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Preetts

Figure 7.3: Schematics of the spatial profile of the most superradiant (left) and most subradiant modes (right).

can also rewrite the decay rate as

N
1 .
—2Imw = EMg, My=yg g "y, o = wod/c. (7.8)

m=1

Let us now calculate the decay rate for the states with

(superradiant state) , (7.9)

—1/2
m(m —1/2) (most subradiant state for wod/c < 1) (7.10)

Here, we assume that N > 1. The states are illustrated in the Fig. 7.3. We have already proved
that Eq. (7.9) is the eigenstate. We give here Eq. (7.10) for the subradiant state without proof.
The derivation can be found in Ref. [2] and it can be also easily checked numerically that is
the darkest state. It is also easy to see that Eq. (7.10) satisfies the condition Zzzl U = 0.
The sign oscillations, described by the factor (—1)™, lead to the destructive interference of the
photon emission from different emitters and suppress the overall decay rate. We will present
another qualitative argument for the solution Eq. (7.10) later in this chapter, when we will
analyze the polariton dispersion in the periodic arrays. For the Dicke superradiant state, the
decay rate calculation is trivial and yields My = ¢gv/N and —2Imw = 2N~1p. As expected,
the radiative decay rate is enhanced ox N because of the constructive interference of the waves
from different emitters. For the subradiant states, the calculation is slightly more involved:

We first find ' ‘ .
\/i (elga + el<p(N+1) — eiNe _ 1) o

My = — sin —
° VN (e%¢ +2cos Zele + 1) 2N

(7.11)

and then we expand this answer up to the linear terms in the small parameter . The result

reads

_igV2e
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which results in the decay rate

7% (wod/c)?

9Tmw =
mw SN\3

7p (most subradiant state) , (7.13)

where v1p = ¢g?/c. This answer can also be found in Ref. [2]. It means that the subradiant
state becomes darker for larger N very quickly. The reason for such a quick suppression can be
intuitively understood as follows. First, the state Eq. (7.10) oscillates with a 7-phase difference
between neighboring sites, which suppresses the light-matter coupling matrix element M,.
Second, it is also close to zero at the border of the structure, see Fig. 7.3. Since the radiative
decay goes through the edges of the array, this state kind of stays away from the edges, which
gives an extra power of N in denominator. One can quickly check this by calculating the decay
rate for example for a simpler trial function of v, = (—1)"/v/N, that will be parametrically
larger. It has been proved in Ref. [3] that such 1/N3 scaling of the radiative decay rate is
universal. In special cases of arrays with tailored dispersion, the decay rate can decrease with

N even faster; see the review [1] and references therein.

7.2 Transfer matrix method

7.2.1 (General approach

t%eiqr(z—L)
—_—
roeiaz —>
-
% } >
0 L z
(b)
e—iqr(z—L)
tEe*iq’z -
- roeiar(z=L)
e =
0 ) g

Figure 7.4: Definition of reflection coefficients .., r—, and transmission coefficients t_,, ¢, of light, incident

upon the scatterer with length L from left (a) and right (b) half-spaces, respectively.

The approaches, presented above, were suitable either for just several emitters, or for

periodic arrays. It is instructive to present one more method, the transfer matrix method, that
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7.2. TRANSFER MATRIX METHOD

is suitable for both periodic and nonperiodic structures of arbitrary length. It also allows for a

very efficient numerical implementation.

Let us consider the scattering of light on a general object, see Fig. 7.4. The electric
field to the left and to the right of the object can be presented as a linear combination of

right-propagating (E_,) and left-propagating (E. ) waves:

By e + By el (2 <0)
E(Z): lft—> 1ft<— (7‘14)
E:lrght — lqr L) + E;ght — —lqr(Z—L) (Z > L) )

where ¢,; are light wave vectors from the left and from the right of the scatterer. Now we
introduce the 2 x 2 matrix 7', that relates the plane wave amplitudes by

Eri Ee
ght,— _T left,— ‘ (715)

Eright « B,
The beauty of the transfer matrix method is the easiness with which it can be applied to
an array of scatterers 1,2,... N, characterised by their individual transfer matrices T} ... Ty.
Equaton Eq. (7.15) can be just applied in a cascaded way: we express the field after the N-th
scatterer via the field between scatterers N and N — 1, the field between scatterers N and
N — 1 via the field between scatterers N — 1 and N — 2 and so on until the field before the

first scatterer. Formally, this just means the product of the transfer matrices:

Tt = TnTn1 ... ToTy (7.16)

the matrix through the whole array is given by a product of the matrices of the individual
scatterers, taken in reverse order, from the last one to the first one. So we are now in position
to find this total transfer matrix 7. How do we use it for something useful, such as reflection

and transmission coefficients through the structure?

To this end, we just rewrite the transfer matrix definition. If the wave with unitary
amplitude is incident from the left and propagates to the right, so that Fig . = 1 and

Eiet . = 0, we have

T = , (7.17)
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where 7. is the reflection coefficient and ¢_, is the left-to-right (or forward) transmission
coefficient. At the same time, for the wave incident from the right, and propagating to the left,

we find

T = . (7.18)
t, 1

where r., and t_, are the corresponding reflection and transmission coefficients. It is straight-
forward to check, that the conditions Eq. (7.35), Eq. (7.18) are satisfied by the transfer

matrix

1 [ttt —rore, ro

T="— : (7.19)

We note here, that in mirror-symmetric structure r.. = r,. Moreover, as has been already
mentioned in Sec. 5.1, when time-reversal symmetry holds (which is even in the presence of

nonradiative losses), one has t_, = ¢t_,. In this case, the transfer matrix is unimodular, 7" = 1.

In turn, this allows us to find reflection and transmission coefficients given the transfer

matrix:
1o, . 1
Te, = ——— = —.
< Tho' - 159

)

(7.20)

We will now demonstrate the transfer matrix method’s strength for the emitters array. To
this end, we will need two ingredients, the matrix that describes the propagation between the
emitters for a distance d and the matrix that describes the scattering. The free propagation

matrix is given by

elad 0
ﬂree = 0 g (721)
€

is the transfer matrix for the free waveguide propagation in the basis of propagating waves,
where ¢ = w/c. It is diagonal, so there is no wave scattering, and the right- and left-going
waves acquire the same phase ¢d, see also Eqgs. (7.15). In order to describe scattering on a
single emitter, we use the reflection and transmission coefficients from Eq. (3.12) in Eq. (7.19);
ro.=ro =1 and t, =t_ =t. The result reads

1 (2= 7 11D

Ties = — , = - , t=14r. 7.22
e BT R o (7.22)

is the resonant matrix of a scatterer. Armed with Eq. (7.22),Eq. (7.21), the cascaded product
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rule Eq. (7.16), we can now calculate the transfer matrix through the arbitrary array and
then find its reflection and transmission coeffieints from Eq. (7.20). In periodic arrays, this

calculation can also be done analytically, as we will show in the next section.

7.3 Polariton dispersion

In a periodic array of emitters, the scattering on each unit cell will be characterized by the
transfer matrix

T = Tiree T res (723>

where The and Ties were derived in the previous section and are given by Eq. (7.21) and

Eq. (7.22). In particular, this means that the waves before and after the n-th emitter are

related by
ET Ef
=TT (7.24)
E o E;

On the other hand, we can use the Floquet-Bloch theorem, that states that in translationally

periodic structure the eigenstates are periodic with the lattice spacing up to the phase factor:

B [ B
= exp(iK) : (7.25)
B B,

where K is the quasimomentum. For simplicity, we have absorbed the period of the structure
into the definition of K. Hence, the exp(iK) is the eigenstate of the transfer matrix and we

can find it from the characteristic equation

Ty, — e T,
det | " 2o =0 (7.26)
Ty Th — el

This yields a quadratic equation
MK 2T T 4 det T =0, (7.27)
which, given that detT"= 1, can be rewritten as

1
cos K = §TrT. (7.28)
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For the periodic array of emitters we can use Eq. (7.22) and Eq. (7.21) to find

sin gdv1p

cos K =cosqd — ———— .
Wy — W — 1%

(7.29)

This answer has been obtained in [4] for the array of quantum wells. Equation (7.29) has
an interesting property: the radiative decay rate, present in the resonant denominators in
Eq. (7.22), has disappeared from the denominator in the second term. In another words, for
v = 0 the right-hand side of Eq. (7.29) is purely real, there is no radiative decay term! This
has a deep physical meaning: there is no radiative decay in the infinite array of emitters
in the infinite periodic waveguide. In a finite array, the radiative decay occurs through the
emission through the edges. However, an infinite array has no edge! Every emitted photon will
eventually be reabsorbed, the emitted again by another emitter, and so on. Such a cascade of
emission and reabsorption events lead to a formation of a hybrid polariton wave, that in the
ideal periodic structure does not exhibit any radiative decay. This result is known since the
beginning of the XX-th centure as the Ewald-Oseen cancellaton theorem (it means cancellation
of the radiative decay) [5]. Here we encountered a particular manifestation of this theorem for

resonant one-dimensional structures.

The dispersion law Eq. (7.29) can also be obtained strtaight from Egs. (7.1), without
resorting to the transfer matrix method. Because of the translational symmetry, we can look

for the solution of Eqs. (7.1) for N — oo in the form

wm = ¢OeiKm- (730)

Next, we set m = 0, ¢y = 1 and obtain the equation

(wo —w) —imp Z elelnlHikn — (7.31)

n=—oo

The series can be evaluated as

-1

- olelnlHEn _ - olelnlHEn _ 1 expli(p — K)
2 (Z > ) T explilp + K)] T 1—explilp — )]

n=—oo n=—oo

Substituting the result into Eq. (7.31) we can recover Eq. (7.29).

We have plotted the dispersion law K (w) in Fig. 7.5. Thick curves present two polariton
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Figure 7.5: Dispersion law in the array of emitters. Calculation has been performed for ¢ = 0.157 and

'le/wo = 1072.

dispersion branches, the upper one and the lower one, that are separated by the avoided
crossings at K = ¢ = twyd/c. This avoided crossings occur between the light dispersion
curve (shown by thin read lines) and the atomic resonance at w = wy. They lead to the
formation of the polariton band gap between the upper and lower disperion branches: this is
the spectral region without solutions with real K, corresponding to (w —wp)/7y1p = [0. .. 4] for
the parameters of Fig. 7.5. Any wave, incident upon the infinite array in this spectral range,
will be fully reflected. In X-ray physics, this region is also termed as Restsrahlenband. The
now-familiar Markovian approximation would mean disregarding the frequency dependence
of the phase factors ¢d in Eq. (7.29); qd — qod = ¢ = wod/c. In this approximation the light
dispersion lines in Fig. 7.5 would be vertical, since this it corresponds to assuming infinite

slope, given by the speed of light.

Equation Eq. (7.29) can be further simplified when the emitters are close to each other, so
that the phase factors K < 1, gd = wd/c < 1 are small. We can then approximate cos K as
1 — K?/2 and sin ¢qd as gd. The result assumes the form

K? = (“"—d)2seﬁ<w> (7.32)

Cc

where
27D c

cer(w) =1+ o —)wd (7.33)
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Figure 7.6: Dispersion law in the array of emitters. Calculation has been performed for wod/c = 0.57 and
wod/c = 0.977 (take y1p/wo = 1072).

The form of Eq. (7.32) is the same as the form of the light dispersion law in the homogeneous
structure with the permittivity eeg(w). Thus, the function e.g(w) is termed as an effective
permittivity. The second resonant factor in the permittivity is proportional to A\/d, that is,
it is enhanced with the density of emitters in the array. Similarly to the original dispersion

equation, the effective permittivity does not contain v;p term in the resonant denominator.

We compare in Fig. 7.6 the dispersion curves calculated from Eq. (7.29) and in the effective
medium approximation for two values of the array period. Surprisingly, the effective medium
approximation works well even for a large period wod/c = 0.57, see the red curves. However,
it fails to a close-to-Bragg period , wod/c = 0.977. The solid dispersion curves show an an
additional band gap that is missed in the effective medium approximation. The effective
medium approximation also allows us to estimate the transmission coefficient through the
structure as |ty|? oc exp —2N Im K. We can evaluating Im K from Eq. (7.32) and Eq. (7.33)

assuming that the second term inEq. (7.33) is much smaller than unity. The result is

2Nvyy1p
(w—wo)?+72

tn(W)]2 =e°P, OD= (7.34)

where OD is the so-called optical density. The spectral dependence of the OD is just a
Lorentzian, centered at the resonance frequency. Impotantly, the linewidth of the Lorentzian is

determined solely by the nonradiative decay.

Figure 7.7 compares the transmission coefficient calculated numerically (solid curves) and

analytically following Eq. (7.34) (dashed curves). One can see that the effective medium
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apprximation works well for large values of v (panel b), but fails for v < yip.

(w—wo)/MD

Figure 7.7: Transmission spectra from the periodic structure for different values of N. Calculation has been
performed for the spacing wod/c = 7, 70/wo = 2 x 1072 and v/vp = 0.1 (a), v/yp = 2 (b). Solid lines
have been calculated exactly, dotted lines correspond to the optical density approximation, Eq. (7.34). The

calculation demonstrations that the OD approximation works well for a large ratio v/v1p.

7.3.1 Reflection and transmission from a periodic structure
In the previous section we found the light dispersion in a periodic array. Now, we can also find
analytically reflection and transmission coefficients for a periodic array. We start again with
the transfer matrix through one period of the structure, written in the form

1 t% — T% T

: (7.35)

-7 1

Figure 7.8: Schematics of light reflection and transmission from a structure with IV scatterers.
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(see also (7.22)). The eigenvalues of the transfer matrix are given by exp(+iK') with 2 cos K =
TrT. Now we will also need the the eigenvectors of the transfer matrix C' o that are defined as

TC) 5 = K, 5. Using the explicit transfer matrix definition we find

C ! S —
12 = , Q12 = 1 — fotiK -
1,2

(7.36)

Next, we use the boundary conditions. On the left of the structure, the field amplitudes are
given by Er, = (, ) and on the right side the field amplitudes are Ep = ('Y ). The transfer

matrix connects fields on the left and on the right
TNE, = Eg. (7.37)

In order to calculate TV we expand the electric field in terms of the eigenvectors Cf 5 ,

as — T a,—r
Ep=Cifi+Cofs, fi=-— = N, Jo = - (7.38)
a; — ag a1 — az
Next, we can write
ER = TNEL = CleiKNfl + CQGiiKNfg . (739)
Since Er = (*)) we find
e iKN el EN
fi=-2N =T (7.40)
a1 — ag a1 — G2

Combining Eq. (7.40) and Eq. (7.38) and solving them for ry, ty we obtain analytical

expressions for the reflection and transmission coefficients.

B r1sin(NK) A t1sin K
N sin(NK) — tysin[(N — DK] "N~ sin(NK) — ¢y sin[(N — 1)K]

(7.41)

7.4 Bragg-spaced arrays

When analysing Fig. 7.6 in the previous section, we have already seen that the effective medium
approximation fails for wod/c close to m (or, in another words, period d close to A(wp)/2).

Indeed, the situation when the atomic resonance frequency and array period d satisfy or are
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close to the resonant Bragg condition,
d= %)\(wo), m=12..., (7.42)

deserves a special attention. In this case, the incident wave exhibits not only resonant reflection
from each individual atom, but also the Bragg diffraction: waves reflected from different atoms

interfere constructively.

Bragg diffraction in arrays of resonant scatterers has been studied in very different setups.
Probably, historically the first platform is presented by natural crystals, such as iron, where
sharp resonances with the widths on the order of neV exist for v-rays (fuw =~ 14 keV) exhibiting
Mossbauer scattering on the nuclei. Such crystals are experimentally studied since the 1960s,
see the reviews Refs. [6, 7]. One has also considered artificial Bragg lattices for y-rays, made
from alternating layers of different isotopes [8]. This field has recently experienced a lot of
progress [9-12] with the advent of high-brilliance synchrotron radiation sources , see also
a review[13]. While initially the researchers have mainly studied the angular dependence
of the reflectivity instead of its spectral properties [8], modern technologies have enabled
high-resolution spectroscopic demonstration of Bragg reflection from nuclear multilayers [14].
In the 1990s, it has been independently proposed to use Bragg-spaced lattices of semiconductor
quantum wells [15, 16] and optical lattices of cold atoms [17] for light. Some other examples
of Bragg-spaced lattices with resonant scatterers include ring resonators [18], metallic gratings
with plasmonic resonances [19] and dielectric cylinders with Mie resonances [20]. A detailed
comparison between cold atom systems, semiconductor lattices and Mdssbauer isotopes can be
found in the review [21]. It has also been theoretically suggested to consider Bragg lattices
of atoms [22] and superconducting qubits coupled to the waveguide [23]. The modification
of Bragg conditions for scattering of light from an array of atoms into the guided modes
of a waveguide has been analyzed in Ref. [24]. Large Bragg reflection from atomic arrays
trapped near a one-dimensional waveguide have already been demonstrated experimentally in

the groups of J. Laurat [25] and E. Polzik [26].

In order to see the enhancement of the reflection under the Bragg condition, we plot in
Fig. 7.9 the reflection spectra depending on the ratio d/A(wp). The calculation shows two
ranges with large reflection coefficient, corresponding to the two band gaps, where the reflection

coefficient is large (these are the same band gaps as in Fig. 7.6 and in Fig. 7.10). As expected,
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the band gap width increases when the array period approaches the resonant Bragg condition
Eq. (7.42).

N =20, yip/wy =0.02, v/yip =1

12 -

0.9
10.8

10.7
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10.6
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2/ A(wo)

0.3
0.2
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0.8
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Figure 7.9: Reflection coefficient from a resonant periodic structure vs period. Calculated for for N = 20,

Y1p/wo = 1072, v = yip.

To gain more quantitative insight, we examine the polariton dispersion law in the close-to-
Bragg regime in Fig. 7.10. Figures 7.10(a),(b),(c) present the polariton dispersion law w(K)
calculated for the periods close to the Bragg value for m = 1. The first panel corresponds to
the situation when the period is smaller than the Bragg value. The dispersion features two
band gaps: the polariton band gap below the atomic resonance (we have already seen in in the
effective medium approximation), and the photonic band gap at the frequency satisfying the
Bragg condition wd/c = w. Figure 7.10(c) presents an opposite scenario where the Bragg band
gap is located below the polariton one. In the Bragg case, illustrated in Fig. 7.10(b), the two
band gaps fuse with each other and form a wide Bragg polariton band gap around the atomic

resonance.

The polariton dispersion law Eq. (7.29) in the vicinity of the resonance can be approximately

described by the following equation

Kd —wo\* [ Dbrage )
== j:\/<w wo) - (ﬁ) 7 (7.43)
T Wo wWo

where is the half-width of the polariton band gap

271pWo
—

ABragg = (7.44)
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Figure 7.10: Reproduced from [1]. Polariton dispersion in the atomic arrays with different periods. Panels
(a,b,c) correspond to three different values of d/dpyagg, indicated in the graph. Bragg and polariton band gaps
are indicated. Panel (d) shows the dependence of the band gap positions on the period of the array. Calculation

has been performed for y1p/wy = 0.03 and v = 0.

The gap half-width Ag,.g, exceeds the radiative linewidth of the atomic resonance of yip by
the large factor ~ \/m . Hence, the light incident upon the Bragg-spaced array will exhibit
a strong reflection in the wide spectral range wy — Aprage < W < Wy + Aprage. However, this
Bragg band gap will be manifested in reflection only if the number of atoms of the array is

large enough, exceeding

1
N* ~ EV wo/%D . (745)

Indeed, the phase gained by light between two atoms in the Bragg-spaced array is an integer
multiple of . So, at the first glance, the distance does not matter and the Bragg-spaced array

is equivalent to the array with d = 0. This results in the reflection coefficient

_ INvip
Wyp — W — 1(")/—|-N’)/1D) ’

rn(w) (7.46)

with the collectively enhanced radiative decay rate Nvyip. Equation (7.46) could be formally
obtained from (7.41) replacing sin(N — 1)K/sin K by —(N — 1)/N, which is valid for K ~ 7.
Such approximation corresponds to a single collective superradiant mode contributing to

the light reflection. However, such superradiant approximaton assumes the validity of the
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Markovian approximation when the time of flight of photons through the array Nd/c is smaller
than the inverse lifetime of the superradiant mode 1/(Nvp). When the total length of the
structure exceeds the wavelength in ~ /wy/7ip/m times, as specified by Eq. (7.45), the time
of flight of photons can no longer be ignored [27] and the waveguide-mediated interaction
between the atoms stops being instantaneous. Namely, for N > %\/m the reflection
coefficient is close to unity inside the Bragg band gap and quickly decays outside the gap, see
Fig. 7.11.

Figure 7.11: Reflection spectra for a resonant periodic structure for different values of N. Vertical lines show
the edges of the polariton band gap w — wp = £+/2vowo /7.

7.5 Borrmann effect

It is instructive to consider light propagation through thick absorbing Bragg structures, with
large N and v > vip > Apage. Figure 7.12 compares transmission, reflection and absorption
spectrum. We also plot in Fig. 7.12(a) by dashed curves the effective medium result Eq. (7.34).
Surprisingly, the effective medium approximation works quite well despite the large spacing
between the emitters. It correctly predicts the Lorentzian dip in the transmission coefficient.
However, it fails to grasp the sharp transmission peak, centered at wy. The same peak is
also manifested by a sharp dip in the absorption spectrum in Fig. 7.12(c). Thus, right at the
resonance, the Bragg structure transmits light better and absorbs light less then what could

be expected from the naive effective medium approximation.

The origin of this phenomenon is the so-called Borrmann effect, first discovered experi-
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Figure 7.12: Transmission (a), reflection (b) and absorption (c) spectra for a resonant periodic structure for

different values of N.Calculation has been performed for v/41p = 20 and ~;p/wp = 2 x 1072,

mentally as anomalously high transmission of X-rays through natural crystals [28]. In the
considered system, right at the frequency wq the light forms a standing wave, and the nodes of
this wave are centered at the emitter position [29]. As such, there is less incident field at the
emitters, and hence there is less light absorption and more transmission. To demonstrate this,
we plot in Fig. 7.13 the electric field distribution at resonance (a) and off-resonance (b) for the

wave, incident from the left. The calculation has been done by the transfer matrix method:

. . Ef 1
E(zn < 2 < 2p1) = B @1575) 4 B e7ialzm2n) = . (7.47)
Lo rv(w)

It is clear, that in the resonant case (a) the standing wave is formed, that decays with distance
much slower. The Borrmann effect can be seen as one of the first experimental confirmations
of the dynamical diffraction theory, that predicts the standing wave formation. The detailed
analysis and closed-form analytical expressions for the absorption dip in the emitter array due

to the Borrmann effect could be found in [30].

Such an anomalous transmission effect also exists in nonresonant systems, for example, a
stack of layers ABABAB... with different refractive indices. It is most prominent if the layers
A are much thinner than the layers B, and if only layers A are absorbing. Then there will be a
characteristic peak in the transmission spectrum at the edge of the photonic band gap, where

the field nodes are centered in the layers A.
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Figure 7.13: Electric field distribution at resonance (a) and off-resonance (b), showcasing the Borrmann effect.
The frequencies and field transmission coefficients are indicated on the plot. Thin vertical lines show the emitter

positions. Calculation has been performed for N = 50, v/y1p = 20 and y1p/wp = 2 x 1072,

7.6 Summary

To summarized, in this chapter we have learned about collective super- and sub-radiate modes

of the arrays with multiple emitters and we have also learned how to calculate their reflection
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and transmission coefficients. Another important concept we introduced has been the dispersion
of the collective polaritonic modes K (w): the band gaps of the dispersion correspond to the
maxima of the reflection coefficient. The band gaps can arise due to the resonance at the
atomic resonance frequency, due to the Bragg diffraction in a periodic lattice, and due to the
interplay of these two effects as well. The latter happens in periodic resonant Bragg structures,
where the Bragg condition is satisfied at the resonant frequencies of the emitters. Bragg
structures show especially strong reflection and also non-Markovian features in their collective

eigenmodes.
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7.7 Additional reading

Photonic crystals: J. D. Joannopoulos et al., Photonic crystals. Molding the flow of light.
(Princeton University Press, 2008).

Review on periodic Bragg-spaced structures: A. Poddubny and E. Ivchenko, “Resonant
diffraction of electromagnetic waves from solids (a review)”, Phys. Solid State 55, 905-923
(2013).

Analytical results for subradiant states in emitter arrays M. R. Vladimirova et al., “Exciton

polaritons in long-period quantum-well structures”, Semiconductors 32, 90-95 (1998).

Subradiant states in arrays of emitters: Y.-X. Zhang and K. Mglmer, “Theory of subradiant
states of a one-dimensional two-level atom chain”, Phys. Rev. Lett. 122, 203605 (2019)

Proposal of subradiant states for quantum memory: A. Asenjo-Garcia et al., “Exponential
improvement in photon storage fidelities using subradiance and “selective radiance” in atomic

arrays”, Phys. Rev. X 7, 031024 (2017)

Non-Markovian effects and Borrmann effect in resonant Bragg structures A. V. Poshakinskiy
and A. N. Poddubny, “Quantum Borrmann effect for dissipation-immune photon-photon

correlations”, Phys. Rev. A 103, 043718 (2021).

References

YA, S. Sheremet, M. I. Petrov, I. V. Torsh, A. V. Poshakinskiy, and A. N. Poddubny, “Waveguide
quantum electrodynamics: collective radiance and photon-photon correlations”, Rev. Mod.
Phys. 95, 015002 (2023).

2Y .-X. Zhang and K. Mglmer, “Theory of subradiant states of a one-dimensional two-level
atom chain”, Phys. Rev. Lett. 122, 203605 (2019).

3Y .-X. Zhang and K. Mglmer, “Subradiant emission from regular atomic arrays: universal
scaling of decay rates from the generalized bloch theorem”, Phys. Rev. Lett. 125, 253601
(2020).

“E. L. Ivchenko, “Excitonic polaritons in periodic quantum-well structures”, Sov. Phys. Sol.
State 33, 1344-1346 (1991).

SM. Born and E. Wolf, Principles of optics: electromagnetic theory of propagation, interference

and diffraction of light (Elsevier, 2013).

75


https://doi.org/10.1134/S1063783413050120
https://doi.org/10.1134/S1063783413050120
https://doi.org/10.1103/PhysRevLett.122.203605
https://doi.org/10.1103/PhysRevX.7.031024
https://doi.org/10.1103/PhysRevA.103.043718
https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1103/PhysRevLett.122.203605
https://doi.org/10.1103/PhysRevLett.125.253601
https://doi.org/10.1103/PhysRevLett.125.253601

REFERENCES

6Y. Kagan, “Theory of coherent phenomena and fundamentals in nuclear resonant scattering”,
Hyperfine Interactions 123, 83-126 (1999).

7J. Hannon and G. Trammell, “Coherent ~-ray optics”, Hyperfine Interactions 123, 127-274
(1999).

8A. 1. Chumakov, G. V. Smirnov, A. Q. R. Baron, J. Arthur, D. E. Brown, S. L. Ruby, G. S.
Brown, and N. N. Salashchenko, “Resonant diffraction of synchrotron radiation by a nuclear
multilayer”, Phys. Rev. Lett. 71, 2489-2492 (1993).

9R. Rohlsberger, K. Schlage, B. Sahoo, S. Couet, and R. Riiffer, “Collective lamb shift in
single-photon superradiance”, Science 328, 1248-1251 (2010).

1OR. Rohlsberger, H.-C. Wille, K. Schlage, and B. Sahoo, “Electromagnetically induced trans-
parency with resonant nuclei in a cavity”, Nature 482, 199-203 (2012).

1J. Haber, X. Kong, C. Strohm, S. Willing, J. Gollwitzer, L. Bocklage, R. Riiffer, A. Palffy,
and R. Rohlsberger, “Rabi oscillations of x-ray radiation between two nuclear ensembles”,
Nature Photonics 11, 720-725 (2017).

12J. Haber, J. Gollwitzer, S. Francoual, M. Tolkiehn, J. Strempfer, and R. Rohlsberger, “Spectral
control of an x-ray L-edge transition via a thin-film cavity”, Phys. Rev. Lett. 122, 123608
(2019).

13R. Rohlsberger and J. Evers, “Quantum optical phenomena in nuclear resonant scattering”,
in Topics in applied physics (Springer Singapore, 2021), pp. 105-171.

14J. Haber, K. S. Schulze, K. Schlage, R. Loetzsch, L. Bocklage, T. Gurieva, H. Bernhardt,
H.-C. Wille, R. Riiffer, I. Uschmann, G. G. Paulus, and R. Rohlsberger, “Collective strong
coupling of x-rays and nuclei in a nuclear optical lattice”, Nature Photonics 10, 445-449
(2016).

15E. L. Ivchenko, A. I. Nesvizhskii, and S. Jorda, “Bragg reflection of light from quantum-well
structures”, Phys. Solid State 36, 1156-1161 (1994).

16F. Tvchenko, A. Nesvizhskii, and S. Jorda, “Resonant bragg reflection from quantum-well
structures”, Superlattices and Microstructures 16, 17-20 (1994).

I, H. Deutsch, R. J. C. Spreeuw, S. L. Rolston, and W. D. Phillips, “Photonic band gaps in
optical lattices”, Phys. Rev. A 52, 1394-1410 (1995).

I8M. F. Yanik, W. Suh, Z. Wang, and S. Fan, “Stopping Light in a Waveguide with an All-
Optical Analog of Electromagnetically Induced Transparency”, Phys. Rev. Lett. 93, 233903
(2004).

76


https://doi.org/10.1023/A:1017059504169
https://doi.org/10.1023/A:1017011621007
https://doi.org/10.1023/A:1017011621007
https://doi.org/10.1103/PhysRevLett.71.2489
https://doi.org/10.1126/science.1187770
https://doi.org/10.1038/nature10741
https://doi.org/10.1038/s41566-017-0013-3
https://doi.org/10.1103/PhysRevLett.122.123608
https://doi.org/10.1103/PhysRevLett.122.123608
https://doi.org/10.1007/978-981-15-9422-9_3
https://doi.org/10.1038/nphoton.2016.77
https://doi.org/10.1038/nphoton.2016.77
https://doi.org/10.1006/spmi.1994.1101
https://doi.org/10.1103/PhysRevA.52.1394
https://doi.org/10.1103/PhysRevLett.93.233903
https://doi.org/10.1103/PhysRevLett.93.233903

CHAPTER 7. LIGHT INTERACTION WITH N > 2 PERIODICALLY SPACED
EMITTERS.

R, Taubert, D. Dregely, T. Stroucken, A. Christ, and H. Giessen, “Octave-wide photonic band

gap in three-dimensional plasmonic Bragg structures and limitations of radiative coupling”,
Nat. Comm. 3, 691 (2012).

20M. V. Rybin, D. S. Filonov, K. B. Samusev, P. A. Belov, Y. S. Kivshar, and M. F. Limonov,
“Phase diagram for the transition from photonic crystals to dielectric metamaterials”, Nature
Communications 6, 10102 (2015).

21A. Poddubny and E. Ivchenko, “Resonant diffraction of electromagnetic waves from solids (a
review)”, Phys. Solid State 55, 905-923 (2013).

2. R. Haakh, S. Faez, and V. Sandoghdar, “Polaritonic normal-mode splitting and light
localization in a one-dimensional nanoguide”, Phys. Rev. A 94, 053840 (2016).

Y. S. Greenberg, A. A. Shtygashev, and A. G. Moiseev, “Waveguide band-gap N-qubit array
with a tunable transparency resonance”, Phys. Rev. A 103, 023508 (2021).

24B. Olmos, C. Liedl, I. Lesanovsky, and P. Schneeweiss, “Bragg condition for scattering into a
guided optical mode”, Phys. Rev. A 104, 043517 (2021).

N. V. Corzo, B. Gouraud, A. Chandra, A. Goban, A. S. Sheremet, D. V. Kupriyanov, and
J. Laurat, “Large Bragg reflection from one-dimensional chains of trapped atoms near a
nanoscale waveguide”, Phys. Rev. Lett. 117, 133603 (2016).

2H. L. Sgrensen, J.-B. Béguin, K. W. Kluge, 1. Iakoupov, A. S. Sgrensen, J. H. Miiller, E. S.
Polzik, and J. Appel, “Coherent backscattering of light off one-dimensional atomic strings”,
Phys. Rev. Lett. 117, 133604 (2016).

2TA. V. Poshakinskiy, A. N. Poddubny, and S. A. Tarasenko, “Reflection of short polarized
optical pulses from periodic and aperiodic multiple quantum well structures”, Phys. Rev. B
86, 205304 (2012).

2@G. Borrmann, “Die Absorption von Rontgenstrahlen im Fall der Interferenz”, Zeitschrift fiir
Physik 127, 297-323 (1950).

29A. V. Poshakinskiy and A. N. Poddubny, “Quantum Borrmann effect for dissipation-immune
photon-photon correlations”, Phys. Rev. A 103, 043718 (2021).

30M. M. Voronov, E. L. Ivchenko, V. A. Kosobukin, and A. N. Poddubny, “Specific features in
reflectance and absorbance spectra of one-dimensional resonant photonic crystals”, Physics
of the Solid State 49, 17921802 (2007).

31J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and R. D. Meade, Photonic crystals. Molding
the flow of light. (Princeton University Press, 2008).

7


https://doi.org/10.1038/ncomms1694
https://doi.org/10.1038/ncomms10102
https://doi.org/10.1038/ncomms10102
https://doi.org/10.1134/S1063783413050120
https://doi.org/10.1103/PhysRevA.94.053840
https://doi.org/10.1103/PhysRevA.103.023508
https://doi.org/https://doi.org/10.1103/PhysRevA.104.043517
https://doi.org/10.1103/PhysRevLett.117.133603
https://doi.org/10.1103/PhysRevLett.117.133604
https://doi.org/10.1103/PhysRevB.86.205304
https://doi.org/10.1103/PhysRevB.86.205304
https://doi.org/10.1007/BF01329828
https://doi.org/10.1007/BF01329828
https://doi.org/10.1103/PhysRevA.103.043718
https://doi.org/10.1134/s1063783407090302
https://doi.org/10.1134/s1063783407090302

REFERENCES

32M. R. Vladimirova, E. L. Ivchenko, and A. V. Kavokin, “Exciton polaritons in long-period
quantum-well structures”, Semiconductors 32, 90-95 (1998).

33A. Asenjo-Garcia, M. Moreno-Cardoner, A. Albrecht, H. J. Kimble, and D. E. Chang,
“Exponential improvement in photon storage fidelities using subradiance and “selective

radiance” in atomic arrays”, Phys. Rev. X 7, 031024 (2017).

78


https://doi.org/10.1103/PhysRevX.7.031024

Chapter 8

Chiral light-matter interaction

So far, we have considered a symmetric situation, where an excited atom can emit a photon
to the left into the waveguide and to the right into the waveguide with an equal rate of
Y- = Y = 71p/2. The transmission coefficients of right- and left-going photons, ¢_, and ¢,_,
have also been the same. The condition t_, = ¢, is related to the time-reversal symmetry.
This symmetry holds in the linear optics regime, and if no magnetic field is applied to the
system. In this chapter we will consider a chiral waveguide situation, when the symmetry is
broken by the external static magnetic field B that is transverse to the waveguide. The first
implication will be the preferential emission in one of the directions, either to the left or to
the right, depending on the sign of the magnetic field, v_, # . ,as illustrated in Fig. 8.1 and
the second implication will be asymmetric transmission, ¢_, # ¢, . We will first illustrate the
microscopic origin of this directionality, and then we will consider collective effects in the chiral

regime.

— ®B - oB TA.’B
X e Ve
~— ) ®B OB

z

Figure 8.1: Directional light emission from an atom above and below the waveguide, controlled by the direction

of the transverse magnetic field B.
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8.1. SPIN-MOMENTUM LOCKING: PHOTONIC BICYCLES
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Figure 8.2: (a) Bicycle analogy to Fig. 8.1: Illustration of connection between rotation and parallel motion by

cyclists, going in different direction (b) the wheel is jammed and can not move if upper and lower surfaces are

exactly the same, so that inversion symmetry z — —z holds.

8.1 Spin-momentum locking: photonic bicycles

The directionality of the emission and transmission, announced above, relies on peculiar
polarization properties of the electromagnetic field, that propagates in the waveguide. This
field travels freely along the waveguide direction z, E(x, z) o exp(ik,z), but decays outside
the waveguide E(x,z) o exp(—k|z|), where k > 0. As a result, the electrin field of the

electromagnetic mode can be written as
E(z,z) x eg(k,) exp(ik, — kl|z|) , (8.1)

where the polarization vector ey, depends on the sign of k.. It turns out that one can make
meaningful conclusions about the wave polarization based just on one property: electromagnetic
wave has to be a transverse one, div E = 0. Due to the y — —y reflection symmetry of the
problem, we can distinguish between the two independent types of waves polarization: those
with eg, = epr = 0,e0, # 0 (odd with respect to the reflection) and those with e, = 0
(even with respect to the reflection). We are only interested in the latter waves, which have
nonzero electric field components both along the propagation direction and in the direction
perpendicular to the waveguide. For planar waveguides, these are termed as TM- or p-polarized

waves [1].
Substituting Eq. (8.1) into the condition div E = 0 we find

LI
o _ Tz signx . (8.2)
€0,z K

ik,ep, — ksign|z|eg, = 0 or

The condition Eq. (8.2) is very important due to the presence of the factor of i. It means, that
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CHAPTER 8. CHIRAL LIGHT-MATTER INTERACTION

the wave has, in general, an elliptical polarization in the xz plane, containing the propagation
wave vector. The sign of ellipticity depends both on the propagation direction (sign of k,) and
on the point of observation (above or below the waveguide, sign of ). Above the waveguide
for the right-going wave field is rotating counter-clockwise, and the left-going field is rotating

clockwise in the xz plane; and below the waveguide, it is the opposite situation.

This peculiar “transverse circular” polarization is a feature of all general vector surface
waves with transverse polarization, that propagate in one direction and decay in another
one. For example, it also applies to surface plasmon polaritons [2, 3|, elastic waves or to the
waves on the surface of the sea. I can recommend trying the following experiment: if you
float horizontally on the sea surface close to the shore and look at the sea bottom, you will
notice that the water waves incoming into the shore do not just move you up and down, but
actually carry you along the ellipse (the experiment of course should be done by competent
enough swimmers). Transverse circular polarization should be distinguished from a true circular
polarization of plane waves in free space. If the wave propagates along z, the transverse means
electric field rotation in the xz plane, containing the propagation direction and the usual one
means that field rotates in the xy plane. In yet another reformulation, the surface waves carry
transverse angular momentum, and the usual circularly polarized waves carry longitudinal
angular momentum [4]. The connection of the rotation sign to the propagation direction is

termed spin-momentum locking.

The essence of spin-momentum locking could be understood from a simple bicycle analogy,
as shown in Fig. 8.2(a). The bicycle moves because the wheel rotation on a surface is converted

to parallel motion. Namely, the motion velocity v can be written as

v=7rXxQ (8.3)

where 7 is the vector connecting the wheel center to the ground and €2 is the pseudovector of
the angular velocity. The velocity in Eq. (8.3) flips sign when the wheel rotation direction is
changed , €2 — —€ and when the sign of » changes, that is, the bicycle is riding on the ceiling
rather than on the floor (do not try to repeat this experiment!). The “normal” circularly
polarized waves, when the wave carries angular momentum along its propagation direction,
would be described as a propeller, not a bicycle. Notable, the propeller can work in free space,

while the bicycle requires a ground (or a ceiling) to move. If the symmetry between the ground
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and the ceiling is not broken, that is, if the situation is symmetric with respect to the z — —z
reflection, the wheel of our bicycle will be jammed. The wheel that experiences an equal
friction with the floor and the surface will not go anywhere, see Fig. 8.2(b). So symmetry

breaking, implied by 7 # 0 in Eq. (8.3), is essential for a bicycke effect.

This bicycle analogy has an exact one-to-one correspondence with the atom emission in
Fig. 8.1, with the difference that wheel rotation €2 is replaced by the magnetic field B. In order
to understand that we would need to know some basics of dipole emission: the intensity of
emission of a dipole d into the mode with the electric field E at the dipole point is proportional
to

I(k.) o |d - E*(k,)]? . (8.4)

The origin of the conjugation in Eq. (8.4) can be understood by those familiar with quantum
mechanics: the radiation leads to creation of a photon, which means that it involves Ef
component of the quantized electric field operator, containing E*. In the presence of a
transverse magnetic field B || y the energy levels of the atom are split by the project of angular
momentum on the y axis. As such, the dipole moment d (technically, the matrix element of
the dipole momentum operator, calculated between the ground and excited states), will be
elliptically polarized, d,/d, = i{sign B,. Substituting the field (8.1),(8.2) into Eq. (8.4) we

find immediately, that the emission will be directional,
I(k,) — I(—k,) o< Esign Bk, signz . (8.5)

Equation Eq. (8.5) can be written in a symmetric form
k x B x Az (8.6)

where Az || x is the shift of the atoms in the vertical direction, with respect to the waveguide
center (see Fig. 8.1). Equation (8.6) is a complete analogy to our bicycle equation (8.3). For
a example, an atom located just at the center of a symmetric waveguide would not emit
directionally, just like the symmetrically jammed wheel in Fig. 8.2(b) will not go anywhere.
Thus, we just proved that the spontaneous emission to the left and to the right directions, v,
and v_,, would be different. This is the essence of the chiral quantum optics [5]. In the next

section, we will analyze how this affects the light transmission coefficients through an array of
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atoms, coupled to the waveguide.

8.2 Chiral atom-light interaction

In order to calculated the transmission and reflection coefficient for a light through a waveguide,
chirally coupled to an atom, we can generalized the Green function methods, Eq. (3.21),Eq. (3.22).
Let us assume that the atomic wavefunction is given by |¢)) == |g) + ¢|e) and d,e = (g|d|e) is
the corresponding matrix element of the dipole momentum operator. In the dipole approxima-

tion, the interaction with the electric field is described by the Hamiltonian
Hint = —d . EO . (87)

We write the incident electric field amplitude Ej at the position of an atom as a superposition

of left- and right- going waves with the amplitudes £, and F_,
Ey=ey(—k.)E_e ™" +ey(k,)E_e ", (8.8)
The equation motion for the excited state wavefunction is then given by
[wo —w —imp — V)Y = [dey - €0(—Fk2)E— + dey - €9(+Fk,) E] (8.9)

When writing Eq. (8.9) we included into the left-hand side the total radiative decay vip and
the phenomenological damping v. Without these terms, these is just a Schrodinger for the
excited state amplitude ¢, transition energy wy = £, — E, and the interaction Hamiltonian

given by Egs. (8.7),(8.8). The emitted electric field is given, in turn, by

Ei = Eg+Egor,  Eoar = 2mige(k,)[dye-eo(k.)]e'?0(2)+2mige (—k. ) [dye-eo(—k.)]e 20(—2),

(8.10)
where 0(z) is the Heaviside step function. Compared with Eq. (3.22), we needed to take into
account different amplitudes of emission into the forward and backward directions. We now
obtain the value of ¢ from Eq. (8.9) and substitute it into Eq. (8.10) and find the reflection
and transmission coefficients,

_kz : Esca kz : Esca
re = &l E) top, =14 Solh) P ; °, (8.11)
— —
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that are given by

i\/ V=T (8.12)

wo —w —i(yp + )

T<_):

- wo —w —i(7p +7) ' '

The radiative decay rate is given by yip = (7- + 7.)/2. In the nonchiral case, when
Y- = Y = 71D, these expressions reduce to Eq. (3.12). When the wave is incident upon the

structure from the left, the reflection coefficient stays the same,

but the transmission coefficient becomes different ,

" _WO_W—i%(’V%_%—)_iV
< wo — w —i(y1p + )

Ll (8.15)

The reflection coefficient through an array of emitters can now be readily calculated by
using the transfer matrix method. It assumes an especially simple form in the totally chiral

structure, where

ttotal,—> = tl,—>t2,—> cee tN,—> ) (816>

where ¢;_, is the transmission coefficient through the j-th emitter., That is, in the absence of
backreflection, v, = 0, the transmission coefficient is given just by a product of individual
emitter transmission coefficients. Interestingly, this expression is the same as the effective
medium approximation, Eq. (7.34). Indeed, the effective medium approximation assumes
that the light averages out the inhomogeneities of the system, and does not experience any

backreflection. In the chiral case, the effective medium answer becomes exact.

Since Eq. (8.16) describes an independent transmission of light through multiple emitters,
the collective coupled modes of the multiple emitters, are not formed in the totally chiral case.
This can also be seen when comparing Eq. (8.16) for N = 2 with Eq. (5.2) we obtained for in
the nonchiral case. There, the collective super- and sub-radiant modes were found as poles of
the denominator of the transmission coefficient, see Eq. (5.27), 1 — ryro exp(2ig). In the chiral
case, this denominator is absent, 1 = ro = 0. In other words, the formation of collective modes

is a result of multiple scattering of light between the emitters, and in the chiral case, this is not
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Figure 8.3: Dispersion law in chiral arrays depending on the ratio v_, /v._. Calculated for y1p/wp = 1072 and
wod/c =7/2.

possible. Interestingly, however, as we will see later in this book, there exist collective effects

in chiral structures that appear in the quantum nonlinear regime.

Let us now calculate the dispersion law of the waves, propagating in the periodic chiral
array. To this end, we substitute Eq. (8.12)—(8.15) for the reflection and transmission coefficient
into general expression for the transfer matrix Eq. (7.19) and then we solve Eq. (7.26) for
det[T — exp(iK)] = 0. We note, that the simpler equation, cos K = TrT'/2, is inapplicable in

this case,since t_, # t._ in a chiral structure, so that detT" # 1. The results reads

SN @ + X SIn . where y = £ and ¢ = wd/c. (8.17)

K) =
w(K) =wo+mp cos K —cosp 14+¢

We plot in Fig. 8.3 the result of numerical solution of Eq. (8.17) for the three following cases:
Vo > Yo, Y < Yo and v, # 7. The calculation demonstrates that in the chiral case the
two avoided crossings for forward and backward going polaritons become unequal. In the

extreme limiting cases v, /v_, — 0 or 7, /7. — 0 only one of these avoided crossings survives.

8.3 Summary

In this chapter we learned that electric field of the waves, propagating in a waveguide, has
a peculiar chiral polarization when this waves leak outside the waveguide: the electric field
rotates in the direction containing the normal to the waveguide and the propagation direction.

Such “transverse circular” polarization is very different from the usual circular polarization
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for free-space plane waves, and it can lead to a directional light-matter interaction when a
magnetic field is applied to the structure. Collective effects in the strongly chiral regime are

suppressed due to the absence of light multiple scattering on different atoms.

86



CHAPTER 8. CHIRAL LIGHT-MATTER INTERACTION

8.4 Additional reading

Review on chiral light-matter interaction: A. Aiello et al., “From transverse angular momentum

to photonic wheels”, Nature Photonics 9, 789-795 (2015)

Review on chiral quantum optics: P. Lodahl et al., “Chiral quantum optics”, Nature 541,

A473-480 (2017)

Details on collective light-matter interaction in an array of atoms, chirally coupled to a
waveguide: D. F. Kornovan et al., “Transport and collective radiance in a basic quantum chiral

optical model”, Phys. Rev. B 96, 115162 (2017).
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Chapter 9

Arrays in a cavity

So far in this book, we have considered the interaction of emitter arrays with the travelling
photons. This chapter will be devoted to arrays interacting with a single confined photon mode,
trapped in a cavity. Since photons will be confined in all three spatial dimensions instead of
just two, the light-matter coupling strength can become even larger. In particular, it becomes
possible to realize the strong coupling regime, previously considered in Chapter 6. Our goal
will be to examine how the transition between the strong and weak coupling regimes depends
on the parameters of the cavity (such as the quality factor) and on the parameters of the
emitter array. In particular, we will show that the light-matter coupling strength in a cavity

can also be collectively enhanced.

9.1 Empty cavity response

9.1.1 Reflection, transmission and Fabry-Pérot modes

Let us start by analyzing the light transmission and reflection through an empty Fabri-Perdt
cavity that is formed by two identical mirrors with reflection coefficient r ;1o and transmission
coefficient tir0r, Separated by a distance d. For simplicity, we also assume that mirrors are

symmetric, that it, their reflection and transmission coefficients are the same for the light
tmirror

T'mirror ro
mirror

B SE——

d

Figure 9.1: Schematics of light reflection from a double-sided cavity.
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incident from the left and from the right. We have already learned in Chapter 5, how to
calculate the reflection and transmission coefficient through two scatterers by summing all the
multiple scattering amplitudes. In the considered case the scatterers are just cavity mirrors,

and the results for reflection and transmission coefficients Eq. (5.1), Eq. (5.2) assume a simple

form
2 2ip 2 i
: T'mi (& : (&
mirror’ NMIrror mirror
Ttot = Tmirror + . tiot = . 9.1
tot mirror 1 7"2 62“’0 » Utot 1 7’2 62“" ) ( )

mirror mirror

where ¢ = wd/c is the phase gained by light between the two mirrors. We plot the reflection
and transmission spectra |ry|?> and |ti]? vs frequency in Fig. 9.2. When calculating the
spectra in Fig. 9.2 one needs to take care that the reflection and transmission coefficients
Tmirror aNd tiror are not independent. First, if there is no loss in the mirrors, their absolute
amplitudes are related by the flux conservation condition, |ruiror|* + |[tmirrer|> = 1. Second, a

general lossless centrosymmetric scatterer satisfies a more subtle condition

Re(r“”“)::o. (9.2)

t*

mirror

This condition can be easily verified either numerically or analytically. For example, it
is clear that the reflection coefficients for a single resonant emitter Eq. (3.12) satisfy this

condition for v = 0. Thus, in our calculation in Fig. 9.2 we assumed that ry.o, is real and

tmirror = 17/ 1 — 12, which automatically satisfies Egs. (9.2).

The results demonstrate, that when the mirrors get better (|rmior] — 1 and tpiror — 0)
the spectra consist just of series of sharp peaks and dips at the frequencies of the Fabry-Pérot

modes w,,, corresponding to the condition

dl
Enl r m=1,2,3 (9.3)
C

Away from the mode resonance almost all the light gets reflected and nothing gets through
the cavity. However, exactly at the mode resonance frequency, if the mirrors are lossless,
|7 mirror|? + |tmirror|> = 1, there is a possibility of 100-% transmission of light through the structure
with zero reflection. This might seem counterintuitive, since two mirrors should transmit less
light then one. However, the possibility of a stopover in the middle and multiple roundtrips
with constructive interference results in a 100-% transmission probability. Nevertheless, the

width of the transmission peak decreases as the mirrors improve.
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One can obtain the following approximate expressions for Egs. (9.1) in the vicinity of each

resonance Eq. (9.3) that read

. (m) i (m)
1Ycav W, + 1eay — W
tiot = _C?m) s Trot = 1+ ot = : (Ejn) (9.4)
wm - 1’)/@&\7 - w wm - 1'70av - w
where the parameter
oy wm(1—|r? Win
i = enllITD (9.5

2m 2Qm
determines the half-width of the resonant reflection dip or transmission peak. It can be
interpreted as the decay rate of the cavity mode, that is finite due to the photon escape through

the mirrors, where (), is the mode quality factor.

We note, that expressions Eq. (9.4) have a striking similarity to the reflection and transmis-
sion coefficient of a resonant emitter, coupled to a cavity, Egs. (3.12). The only difference is
that reflection and transmission coefficients are swapped: for a cavity, far away from resonance
there is 100-% reflection and no transmission, and for the resonant emitter the situation is
reversed. In both cases the coefficient have a resonance in the complex plane, and the imaginary

part of the complex resonance frequency describes the rate of the mode decay.

9.1.2 Empty cavity Green function
We have learned in chapter Sec. 5, that in order to describe the interaction of an array of
emitters with an electromagnetic field it is convenient to the electromagnetic Green function.
Thus, it is instructive to find the Green function for a cavity, which will enable us to consider
light-emitter interaction in the next section. We will again assume that the cavity is formed by
two identical mirrors, characterized by the amplitude reflection coefficients 7o and located
at z = +£d/2. We already know, that without the mirrors, for 7o = 0, the Green function is
given by Eq. (B.6)

Go = 2migel?**'1 (9.6)

where ¢ = w/c is the light wave vector at the frequency w. Now we are interested to find the

Green function in the presence of the mirrors.
We will look for solution in the form

G(z,2) = Go+ fo (2P + f_(2)e % (9.7)
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where Gy is given by Eq. (9.6) and Gg(z, 2’) describes the effect of the mirrors. The G term
will include the contribution of waves reflected from the mirrors and making a number of
roundtrips inside the cavity. In order to find this term, we will write the boundary conditions

at the mirrors. At the right mirror, z = 4+d/2 we find
Tmirror(fﬁeiqd/z + eiq(d/2—z’)) _ f<_e—iqd/2 ) (98)

In the left-hand side, we have r times the amplitude of the waves propagating towards the
mirror. The first term, ¢%%2, stems from G and the second term stems from e'9*=#'l in
Eq. (9.6). Similarly, in the left-hand side we have the amplitude of the wave reflected from the
mirror and propagating to the right.

In a similar fashion, the boundary conditions at the left mirror, z = —d/2, are:

Tmirror(ﬁ—eiqd/z + eiq(d/2+z’)) - fqeiiqd/2 . (99)

(a)

T I T I T ﬁ T ﬁ
= T"mirror =0.20
0.5 — Pmirror =0.50
— Tmirror =0.90
0 /I\ I | \V/
0.5 1 1.5 2 2

r(w)[?

0 ) 3 3.5
(b)
Cj§0.5 .
0 . . . ! . .
0 0.5 1 1.5 2 2.5 3 3.5

wd/(mc)

Figure 9.2: Light reflection (a) and transmission (b) spectra through a Fabry-Pérot cavity, calculate for different

mirror reflection coefficients, indicated on graph.
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wC&V
i /'\
= h s

Figure 9.3: Schematics of a two-sided cavity coupled to the propagating photons

The system of two linear equations Eq. (9.8) and Eq. (9.9) yields the amplitudes f_, ..

Substituting them into Eq. (9.7), we obtain the answer for the total Green function:

2F
1—72

d

G(z,2') = 2miq |11 4 [cosq(z+2) +Tcosq(z—2)]|, 7= rmimere®. (9.10)

Now we are prepared to describe an array of emitters in the cavity, which will be done in the

next section.

It is also instructive to simplifying the general expression for the Green function Eq. (9.10)
when w is in the spectral vicinity of the given cavity mode w,,. Tho this end, we expand

1/G(0,0) in Taylor series around the resonance at w = w,,, which result in

2y, COS 2 COS ¢z, m=1,3,5...,

(m ~
Wi — W = Teav sin ¢z sin ¢z, m=2,4,6...

G(z,7') = 2mq (9.11)

9.1.3 Input-output theory for an empty cavity

It is instructive to present a bit more quantum description of a cavity mode coupled to the
enviroment. The derivation below is essentially the quantum input-output theory developed
by Gardiner and Colett [1]. But at the moment we try to focus less on the quantum properties

of light and more on the general properties of a system losing energy to the reservoir.

Let us consider a cavity mode with the frequency we.., that interacts with a reservoir of
photons with continuous spectrum wy = clk|, see Fig. 9.3. The coupling to to reservoir is
described by the coefficient h that is proportional to the amplitude transmission coefficient of

the cavity mirrors. The Hamiltonian of the problem reads
1
H = wcava(];(lo + Z wkazak + ﬁ Z(h,ta,tc + hkach) s (912)
k k

For simplicity, the Planck constant A is set to unity, L is the normalization length w;, = ck is
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the frequency of the photon with the wave vector k, ¢ is the mode velocity in the reservoir,
Y=L ffooo dk/(2m). Here, weay is the cavity resonance frequency, aq is the cavity photon
annihilation operator, a, is annihilation operator of the reservoir photon with the wave
vector k, and we also assume t < we,, S0 that we can use rotating wave approximation.
One of the reservoir modes is pumped with the frequency wi, = ck;, and the amplitude
Qin, A (1) = O juyn| /Ce_i“iﬂtain. Our goal is to obtain the equations for the amplitude of the field

inside the cavity, and for the field scattered from the cavity.

We start with the Heisenberg equations of motion for the operators ay and ay:

da() 1

— = —1Weay@o — 1—=h ay , 9.13
dt VL ; g (9.13)
da ) o1,

d_tk = —lway, — lﬁ 100 - (9.14)

In what follows, we are interested only in the classical properties of the field, so we assume
that the operators ag, ai can be replaced by complex numbers. The main problem with these
equations is that they deal with a continuum of modes outside the cavity. However, since
photons outside of the cavity do not scatter and exhibit a linear spectrum, the dependence on

k can be hidded into the already known Green function of photons in free space.

We start by doing the Fourier transform and introducing the frequency and position

dependent amplitudes of the field outside the cavity:

a(z,t) = Zeikzak(t) = Zeik’z /OO (;—:ak(w)e_w . (9.15)

k

Without the cavity, the field is given by

ain(z> t) = Z eikzék,\winVce_thain - aineikin(z_d) . (916)
k

The Fourier transform of Heisenberg equation (9.14) for the field outside the cavity reads

(w — clk|)ar(w) = %h};ao(w) | (9.17)

We solve it as
1 1

ap(w) = —ﬁwk—_whz%(w) + Ok wrn | /e 20 (W — Win ) Qi - (9.18)
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Here, we have added the second term by taking into account that without the field emitted
into the reservoir from the cavity the field amplitude should be given just by Eq. (9.16). Since
Win — Ckin = 0, the second term in Eq. (9.18) does not change the left-hand-side of Eq. (9.17)
and Eq. (9.18) still remains a solution. We can now use Eq. (9.16) and calculate the field in
the real space:

eil~cz

1
_\/f;wk—w

a(z,w) = hiag(w) + 270 (w — Wiy )aime = . (9.19)
Next, we are going to assume that the coupling coefficients weakly depend on the photon wave
vector, h, &= h. This approximation is valid when a reservoir has a linear spectrum and the
transmission coefficient through the mirrors varies with frequency slowly, on the frequency
scale smaller than the cavity linewidth. Essentially, this is the same Markovian approximation
for the coupling to the reservoir. In this approximation, we can express the sum over k via the
photon Green function
1 oikz i

G(z,w) = 7 > o Ee”'Z'/C . (9.20)
k

that has been introduced in Appendix B:
a(z,w) = —VLG(z,w)h*ap(w) + 216 (w — win)aze™™* | (9.21)

see in particular Eq. (B.12).

In a similar way, we transform the equation (9.13) for the amplitude of the field inside the

cavity into the frequency domain:

1
(W — Weay)ag(w) = ﬁha(z =0,w). (9.22)

Next, we express a(z = 0,w) via Eq. (9.21) and obtain

’G(z = L (W — win)a;
(W — Weay)ao(w) = —|h]|*G(z = 0, w)ap(w) + \/th o( in) Qin - (9.23)

We now use the Markovian approximation once again and assume that the Green function

varies slowly with the frequency:

G(z=0,w) = G(z = 0,wea) , (9.24)
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which allows us to rewrite Eq. (9.23) as

1
(W — Weay + 1Yeav)o(w) = —=h270(w — Win)in (9.25)

VL

where

h 2
Yeav = |h,|2 Im g(Z = O7wcav) = |_| (926>
c
is the cavity decay rate. Comparing with Eq. (9.5) for m = 1, we can establish the connection
between the amplitude h and the mirror transmission coefficients, h = \/2weayC|tmirror| (We

used |t2 | =1- |rr2nirror|)'

mirror

There is also an alternative way to calculate 7..,. We can use the Fermi Golden Rule as

the rate of photon escape from the cavity due to the coupling to the reservoir,

1 1 > dk
2Yeay = -= 271'; Z|h]25(wcav —clk]) = 27r]h|2 /_Oo ﬁd(c]/d — Weay)
[e’s) 2 h 2
= |h|2/ dko(clk| — weay) = ‘c‘ . (9.27)

Transforming Eq. (??) back into the time domain we find

d /
1% - (wcav - i'ycav)ao + %'Ycavain(t) . (928)

The field outside the cavity in the time domain is found from Eq. (9.21):

a(z,t) = —iy/ —e@lE/ e g0 (1) 4 qyetkinz—iwnt (9.29)
c

We now also choose the gauge where h = h* is real and also rescale the amplitude of the field
inside the cavity as ag = —agv/L/c. The transformed equations for the field inside and outside

the cavity become

.da . ~
ld_to = (wcav - 1'.)/cav>a0 - ’YcaV@in(t) (930)
a(z,t) = i\/%avei“‘zvc_mdo(t) + qy ez Tiwint (9.31)

The system of equations Eq. (9.30),Eq. (9.31) allows us to solve the scattering problem
without explicitly dealing with the continuous specturm of the modes outside the cavity. In

particular, for the monochromatic input field a;,(t) = ai, exp(—iwint) we readily find the field
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Figure 9.4: Schematics of light reflection from a two-level atom inside a cavity.

inside

v eay (9.32)

Qg = Qin B
Weav — Yeav — Win

and then Eq. (9.31) yields the reflection and transmission coefficients,

r— cav t=147 (9.33)

Weav — Win — 1Ycav

that are equivalent to Eqs. (3.12).

9.2 Purcell factor in a cavity

Let us now consider a more complicated problem of an emitter in a cavity. In particular, we
are going to place an emitter in the center of a symmetric cavity, see Fig. 9.4. The emitter has
a resonance frequency wy and decay rate y;p. Our goal is to demonstrate, that the emitter
interaction with the cavity mode changes both the frequency and the decay rate, or, in a more
fancy words, they are renormalized by the light-matter interaction. The phenomenon of the

modification of the radiative decay rate is termed as Purcell effect [2].

How to address this problem? We are going to use an approach we already established in the
previous chapters, in particular, when we considered emitter near a single mirror. Resonance
frequencies of a coupled system can be found as poles of the response function. In particular, let
us calculation the reflection coefficient of the emitter in a cavity. We already now, that without
the cavity reflection and transmission coefficients of the emitter are given by Eqs. (3.12), that

we also recast below for convenience

Wy —w — 1y

r(w) = Mp y
wo —w —i(y1p +7)

= - 9.34
wo —w —i(yp + ) ( )

) =1+ r(w) =

Now we can obtain the reflection coefficient from the combined system mirror+emitter4+mirror
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by first calculating the reflection coefficient from emitter and the right mirror

Pmirrort>

mirror i

e (9.35)
1— TTmirror€ ®

and then from the whole cavity:

142
s ;

/m1rror i el (936)
1—r Tmirror€ ¥

T = Tmirror T

where ¢ = wd/c (compare with approach in Sec. 5 and in particular Fig. 5.1).

We can now find the resonance frequency is found from the condition that the denominator
of Eq. (9.36) is equal to zero, which leads to

w—wo—l—iv__il—kreis"

. — (9.37)

The same answer could have been obtained even faster, if we use the cavity Green function

Eq. (9.10) we just derived. Then we can just use the general answer

1
w—wp+iy= ﬁq%DG(O’ 0) (9.38)

where G is given by Eq. (9.10) (compare with Eq. (3.23)), which immediately yields Eq. (?7?).
2do: unify factors in definition of G

Note that, in general, Eq. (9.37) is a transcendental equation to be solved for w because the
right-hand side can depend on w. In the now-familiar Markovian approximation, we assume
that the environment response is faster than the system dynamics, that is, is slowly changes in
frequency. In this we can neglect the frequency dependence of the right-hand-side and evaluate
it at w = wg. Then the imaginary part of the right-hand-side provides the radiative decay rate
of an emitter in a cavity and the real part yields the correction to the emitter frequency. In
the next section we are going to analyze the regime, when the strong coupling with the cavity

mode is realized, and the Markovian approximation breaks down.

9.3 Collective Rabi splitting

Let us now consider N identical emitters with resonant frequencies wy, radiative decay rates

Y1p, and zero nonradiative decay rates placed in the center of a symmetric cavity and located
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Figure 9.5: Schematics of N emitters coupled to a cavity mode

at the close points z,. We assume that the emitter-emitter distance is much smaller than the
photon wavelength, the cavity size d satisfies the condition we,,d/c = 7. Our goal is to obtain

the frequencies of the coupled system emitter+cavity photons.

In order to find the resonance frequencies of the coupled system, we can write the coupled

dipoles equations in the absence of the external field

N

1

(wo = W)pn = 5= Y, G20, 20 )p0 - (9.39)
n'=1

2mq
We will use Eq. (9.11) for the Green function. Since the emitters are close to each other, we find
G (2, zn) = const(n,n’) = G. Then we can sum all the equations Eq. (9.39) over n =1... N
and find

N
2N cav
(wo — iy —w)P = P _p p=N"y (9.40)
Wcav w 1 2Q n=1

Assuming that P # 0 we can divide Eq. (9.40) by P and recover Eq. (9.41). On the other
hand, if P = 0, the right-hand-side of Eq. (9.39) is zero and so w = wy. It is now clear that the
weak coupling approximation corresponds to ignoring the resonant frequency dependence in
the right-hand side of Eq. (9.40) and setting w = wy. This can be done only if this dependence

is weak, that is, if () is low so that the cavity resonance is spectrally broad enough.

In total, the system of equations Egs. (9.40) should have N + 1 eigenmodes, corresponding
to N modes of emitters hybridized with one mode of the cavity. The two eigenmode frequencies

are given by

Wo + Weay — 177 — 17, Wo — Weay — 17y + 17 2
w:t — cav 2 cav :i: 2N’}/1chav o < cav 2 CaV) 7 (941)

They describe the mode of the emitter array hybridized with the cavity mode. For v = 0 and
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zero detuning wy = weay and Q > 1 the modes exhibit the collective vacuum Rabi splitting of
20V N = 2v/2N1pWeay (9.42)

. Importantly, the splitting between the modes w4 is collectively enhanced by the factor of
V/N. Here we introduced the coupling strength between a single atom and a single photon
9 = V/271DWeay - The answer Eq. (9.41) corresponds to the single-excited states of a so-called
Tavis-Cummings model [3].

The remaining N — 1 modes are the degenerate dark modes w, = wy, corresponding to
P = 0. They are called dark since they do not couple to light and have zero radiative decay
rate, Imw = 0 for v = 0.

It is also instructive to see how Eq. (9.41) transforms in the weak coupling regime. For
simplicity, we assume zero detuning, wy = Weay. Then the answer can be obtained by just

setting w in the right-hand side of Eq. (9.40) to wy:

2N Y1DWeay .7 :
wo—iy—iﬂzwo—w—l =wy—iy(1+ NCY), (9.43)
’YCB,V ’YC&V
Here we have again written explicitly Yeay = Weav/(2Q) and introduced the single-atom
cooperativity C'
2
c=-1 (9.44)

" YearY
that describes the ratio between the single atom emission in the photonic modes and into the
other channels. Equation tells us that the decay rate of the atom in the cavity is enhanced due
to the Purcell effect. The enhancement increases proportionally to the number of atoms N,

which is a typical feature of a collective superradiant mode.
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9.4 Additional reading

Light-matter interaction in microcavities: A. Kavokin et al., Microcavities (Clarendon Press,

Oxford, 2006)
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Chapter 10

Array of quantum emitters

Starting from this chapter, we will proceed to the quantum optical regime. No longer can the
emitters be considered as classical oscillators, but their quantum nature becomes important.
This can be already seen from a simple model of a quantum emitter is a two-level atom with
two states, the ground state |g) and the excited state |e) . When an atom absorbs a photon an
electron is excited and the atom’s optical response changes completely: a second photon can no
longer be absorbed. Thus, such an atom presents an inherently nonlinear optical system. This
demands a separate quantum description. However, many of the collective effects described in
the previous chapter survive, and also new effects, such as Dicke superradiance, appear in the
quantum regime. In this chapter we will present a theoretical description for an array of atoms

collectively interacting with light and we will describe several basic effects.

10.1 Jaynes—Cummings model

We start the discussion with writing down the basic Hamiltonian describing an array of atoms

interacting with a single photonic mode:
H - Hat + thot + Hint . (101)

Here H,i, Hpnot and Hiy are the Hamiltonians of atoms, photons, and their coupling, respec-

tively:

N
H, = wy Z aj-oj, Hphot = Weav@ @, Hypg =g Z(ao} + aTaj) ) (10.2)
j=1 ‘

J
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J}\ gj) = |e;) and ojle;) = |g;) are the atomic raising and lowering operators acting in the space
of each atoms ground |g;) and excited states |e;), wy and wesy, are the atom and cavity photon
resonance frequencies and the constant g describes atom-photon coupling. We use the rotating

wave approximation and disregard the terms o aoj, aTUJT-.

It is instructive to study the eigenstates of the coupled atom-photon system already in the
simplest case of one atom N = 1. This corresponds to the exactly solvable Jaynes-Cummings
model, introduced in Ref. [1]. To solve the model we notice that the Hamiltonian commutes
with the operator of the total number of excitatons in the system a'a + ofo. Thus, the number
of excitations m = 0, 1,2 is a good quantum number. We look for the general eigenstate with
m excitations

m = Alm — 1,¢e) + Blm, g) (10.3)

as a superposition of a states with m — 1 cavity photons and excited atom or m photons and

atom in the ground state. The Schrodinger equation in the subspace with m excitations reads

W m
Hiby = wib,  Hyp = weae(m — 1) + 0o gvm : (10.4)

gVm  Weay

and the eigenfrequencies are given by

2
Wi+ = Weay(m — 1) + % + \/ng + (%) : (10.5)

The spectrum is schematically illustrated in Fig. 10.1. It is formed by avoided crossings of the
many-photon resonances with the atomic resonance. The Rabi splitting between the resonances
increases with the number of excitations o« 1/m. This means that the more photons are in the

cavity the stronger their electric field and the stronger the light-matter coupling.

10.2 Collective Dicke states and Tavis-Cummings model

We are now ready to proceed to the case of N > 1 emitters. This is in general a very complicated
problem since the Hilbert space grows as 2%. However, it can be simplified in the considered

case when all the emitters are the same.

In order to make use of the symmetry between the emitters we introduce the collective
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Figure 10.1: Schematic illustration of energy spectrum in the Jaynes-Cummings model [1], describing a two-level

atom in a cavity

(pseudo)spin raising and lowering operators J.:

N N

dog=J., > o=, (10.6)

j=1 j=1

This operators satisfy the usual algebra of the momentum operators, in particular [J, J_| =
2iJ,. Using the collective spin operators the Hamiltonian Eq. (10.2) assumes the following

form:
NWO
2 )

Hy = wol. + Hie = g(aJy +a'J_). (10.7)

In order to understand its spectrum we remember that the total momentum in the system of
N spins-1/2 can take the following values:

J=N/2,N/2—1... (10.8)

Figure 10.2 illustrates the possible states of the atomic array and their degeneracies, character-
ized by their total momentum and its projection on the z axis for the particular case of N = 4.
The value of collective spin projection onto z axis M encodes the number of excitations in the

system: M = —N/2 (+N/2) corresponds to all atoms being in the ground (excited) states.

Of all the states in Fig. 10.2, the most important are the N + 1 states with Jiox = N/2.
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Y C—

J=2) J=1 J=0

Figure 10.2: Ilustration of a Dicke ladder of states for N = 4 emitters

The reason is that if we start with all atoms in the ground state |Jiot = N/2, M = —N/2),
only this subset will be excited due to the symmetry of the problem, because the interaction

H,,¢ with light preserves Jio. It is worth writing them down explicitly;

\M:—%,J:%> =10) = [g192- - 9n), (10.9)
1

|M:—%+1,J:%>E—N<|€lgggN>+|g1€2gN>++|gng€N>),

‘M:—%—}—2,J:%>E;<|6162...9N>+’9162...€N>+...+...‘€192...€N>),
N(N —1)

We can see that this Dicke states correspond to symmetric combinations with one atom excited,

two atoms excited, and so on.

The spectrum of the Hamiltonian (10.7) can be found exactly [2]. It assumes the most

simple form in the case of zero detuning, when wy = weay. We can then write

NC«JO

Ejnz = wol, + + V29|l [Jelmarsr = (J =M +1)(J + M) . (10.10)

Let us consider the particular case of just one excitation. In this case we have M = —N/2 + 1
and either Jioy = N/2 or Jioy = N/2 — 1 (see Fig. 10.2). The first case corresponds to
Enja,—nj241,+ = wo £/ Ng and the latter to N — 1 degenerate states En/a—1,—n/2+1 = wo. This

is agrees with the results we have obtained before in Sec. 77 in the strong coupling regime. For
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Jiot = N/2 we see the collectively enhanceed Rabi splitting, and the states with Jio, = N/2 — 1
are the degenerate dark states that do not interact with light. The states with Jix < N/2
are in general degenerate. We will discuss them in more detail in Chapter 12 when we will

consider subradiant states.

The agreement between the results of the semiclassical description in Sec. 77 above and the
quantum description is not a coincidence. When we have just one photon in the system, the
results are generally the same as in a semiclassical model. The reason is that the anharmonicity
of the two-level atom potential is not manifested for one excitation: one photon does not
encounter another photon to interact with. There is however one important difference: in
Sec. 7?7 we were able to obtain a quasistationary states that have a finite lifetime. The quantum
description in this section considers a closed system with a purely Hermitian Hamiltonian and
infinite lifetimes, all energies are real. However, there is a way to consider quantum systems

with dissipation. We will do that in the next section.

10.3 Weak coupling: collective spontaneous emission

In the previous section we considered an array of emitters resonantly coupled to the mode
of a perfect cavity with infinite lifetime. Here, we will consider an entirely opposite setup of
waveguide QED. Instead of being trapped in a cavity the photons will freely propagate and
have a continuum spectrum wy = ck where k is the photon wave vector. As such, they can
carry the energy away from the atoms. This obviously leads to the energy dissipation. What is
important, however, that the dissipation will be collective, since the same propagating photon
can be coupled to several atoms. Moreover, the photons will also mediate the coupling between

the atoms.

We start by writing the photon Hamiltonian
Hphot = Zwka;ak (10.11)
k

and the interaction Hamiltonian

2mw —ikz; * ikz;
Hiw = =Y\ =7 lde " jaf + d*e"ao]] (10.12)
>

Here, d is the dipole matrix element describing atom-photon coupling and L is the normalization
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length; >, = L [*°_dk/(27). The polarization degrees of freedom are disregarded for simplicity.

Since the photons can carry energy away, the atoms are generally in a mixed state and
should be characterized by a density matrix p. We show in Appendix F, that such a matrix
satisfies the Lindblad master equation [3, 4]

dp .
— = —91p Zlm G(zj, zj1) a}aj,p(t) + p(t)a}aj, - QUjp(t)O‘;,] —1i[H, p]. (10.13)
7'

ot
Importantly, this master equation features collective dissipation: the decay terms are nonlocal.

The Hamiltonian

H=—yp Y ReG(z,z)00; (10.14)
JJ’
describes the dispersive photon-mediated coupling between the atoms due to the photon
exchange. Here,
I dk eik(z—z’) i
/ = [ ks _ alwlzi—zil/c 10.15
9z #,w) aso | or W —w — 1A o ’ ( )

— o0

is the photon Green function. The master equation can also be rewritten as

0 :
a—? = 291D Z Im G(zj, 21, wo)ajp(t)a} —i(Hegp — pHy), (10.16)
§d

where we have isolated the quantum jump term and the effective non-Hermitian Hamiltonian

2
9
Heg = —fo Z G(2j, 2y, WO)UJTUJ-/ (10.17)
3.3’

that describes the dynamics in the absence of quantum jumps. Identifying the single atom
spontaneous emission rate in the cavity as vip = g2 /c, ( wher gy = v/2mwod) we see, that the
non-Hermitian Hamiltonian generalizes the non-Hermitian Hamiltonian we obtained before

(Eq. (3.25)) for the multiple excited case.

This Lindblad master equation assumes that without the atom-photon interaction the
photons in a waveguide are at vacuum. Otherwise, if photons are described by some effective
nonzero temperature, the decay to the reservoir is enhanced due to the stimulated emission.
One has also to include the processes where the photons are absorbed from the waveguide. It is

also possible to generalize the master equation for the case when the photons in the waveguide
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are in a squeezed state [5].

We note that while we have presented the derivation for the waveguide with linear dispersion,
the general form of the master equation remains the same also for more complicated setups if
the photon Green function is properly calculated. Such a more general derivation is contained

in Appendix F.

It is also instructive to consider the case when all the atoms are either close to each other
z; = 0 or separared by a wavelength z; = 2mc/wy, so that G(z;, z;;) = —iyip. In this case there

is no photon-mediated dispersive coupling and only collective dissipation remains

H=0,Hyg=—inp, (10.18)

% = Yip[2J_p(t) Sy — JiJ_p(t) — p(t) T+ J], (10.19)

where the collective spin raising operators J+ have been introduced in the previous section,
Eq. (10.6). Equation (10.19) would be also the same if the atoms are placed in the bad cavity
with low cooperativity, so that the cavity dynamics can be eliminated. It describes the collective
spontaneous emission of the atoms in the environment, when all the emitted photons interfere
constructively. This constructive interference leads to the Dicke superradiance that will be

described in the next chapter.
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10.4 Additional reading
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Chapter 11

Dicke superradiance

In the previous chapter we have developed theoretical approaches to describe collective light-
matter interaction in the quantum regime. We are now ready to apply these approaches and
consider the basic collective quantum effect, Dicke superradiance [1]. We start in Sec. 11.1
with the original Dicke formulation of a problem of collective spontaneous decay for an initially
fully excited atom array. Next, in Sec. 11.2 we will proceed to the Dicke phase transition, that

happens in driven systems.

11.1 Superradiant burst

Let us assume, that at t = 0 the array of emitters is fully excited, that is, it is in the state
with the total momentum J = N/2 and momentum projection M = N/2 (see Fig. 10.2). After
that, the atoms will start to spontaneously emit photons. The main finding will be that the
emission rate in the array is faster than the rate v;p for a single atom by a factor o« NV and the

peak emission intensity is larger by a factor of N2.

The emission dynamics is described by the Lindblad master equation (10.19). The master

equation is readily solved numerically. The rate of photon emission is given just by
I(t) =2yipTr (J_pJy) , (11.1)

since each quantum jump corresponds to a photon being emitted. The results of numerical

calculation of emission dynamics are presented in Fig. 11.1. We see, that instead of a slow
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Figure 11.1: Superradiant burst in the Dicke model. The curves show time-dependent emission intensity for

different numbers of emitters. Dotted curve presents the semiclassical result Eq. (11.8).

monotonous decay for a single atom, I(t) = 2yip exp(—271pt), the intensity develops a short
and high superradiant burst. At t = 0 the intensity is given by just I(t = 0) = 2Nv;p, which
corresponds to an uncorrelated spontaneous emission, with the intensity just proportional to

the number of atoms. However, later on, the emission becomes coherent and fast.

The dynamics of the superradiant burst can be described analytically in a semiclassical

approximation [2]. We start by looking for the solution in the form

N
= pulM)(M (11.2)
M=1

where pj; are the populations of the Dicke states Eq. (10.9) and rewrite the master equation

in this basis as
apM

ot =2yp(J = M)(J + M + 1)(py+1 — pumr) (11.3)

Next, we introduce the average spin projection (M). Each act of spontaneous emission
corresponds to a transition one step down the ladder of Dicke states, decreasing M by one.
If we assume that the projection is a good quantum number, we can just apply Eq. (11.11)
directly to describe its dynamics

9(M)

S = =2p(J = (M) + (M) + 1), (11.4)

where J = N/2 and the initial condition reads (M (t = 0)) = N/2. The solution of this
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differential equation yields

N (N — e21pt(1+N) + 2)
(M) = 2 N + e271pt(1+N) ' (11.5)

The rate of emission then becomes

OM) _, (N+1)  NiPmily)

ot — “ND N (N —|—e2’YlDt(1+N))2 ’ (11.6)

By solving the condition % = 0 we can find the expresion for the emission maximum

YpIn N
= 11.7
PN+ 1) (11.7)
and rewrite the intensity as
N 4 1) 1

1(t) Z’m( ) (11.8)

2 cosh®[2yin(N + 1)(t — tp)] |

Equations (11.7), (11.8) clearly show the speedup of the emission dynamics and the enhancement
of the peak emission intensity. The result of the calculation following Eq. (11.8) is shown in
Fig. 7?7 by the dotted curve that qualitatively agrees with the full master equation simulation.
The error results from the fact that Eq. (11.4) where M has been replaced it by the averaging
value, does not fully capture the actual distribution of M. More detailed modern discussion of

the analytical approaches to the superradiant burst in various setups can be found in Ref. [3].

11.2 Dicke phase transition

The Dicke superradiant burst phenomenon is a speed-up of emission from an excited system
that then evolves freely, without an external driving. In this section, we describe another

collective phenomenon, Dicke phase transition, that happens for a driven system [4, 5].
We consider an array of atoms, that are coupled to the same photon mode and subjected
to a resonant periodic driving, described by the interaction term
N
V=Qp) (05" +olet) (11.9)
j=1

where the Rabi frequency i characterizes the driving strength. In the frame, rotating with
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Figure 11.2: Dicke phase transition in the driven array of N atoms. Solid curve show the dependence of the
collective spin components S, and .S, on the drive strength calculated numerically from the master equation
Eq. (11.11), dotted lines present the analytical results Egs. (11.17). Calculation has been performed for N = 20.

the frequency wq the driving term becomes time-independent, and assumes the following simple

form

V =205J, . (11.10)

Here, J, = Zj.vzl(aj + O’;) /2 is the collective spin operator, introduced in the previous chapter.

The master equation for the density matrix then assumes the following form

) .
a_i = in(2J_pJy — Jod-p — pJed_) — 2Qr[S. o], (11.11)

it differs from Eq. (10.19) that we considered before by the presence of the driving term.

Before proceeding to the rigorous numerical solution it is instructive to analyze Eq. (11.11)
in the semiclassical approximation. This approximation applies to large number of atoms, and
large expectation values of the momentum projection operators J, (o = z,y, z), when they

can be approximated by the complex numbers:
Sa = (Ja), SaSs = (JaJs) . (11.12)

In order to derive the semiclassical equations we start from the following exact operator for

114



CHAPTER 11. DICKE SUPERRADIANCE

the operators J, that follows from Eq. (11.11):

Jo=Tr [Ja%] =iTr ([V, Julp) + 12T Jad - — T J_Jo — Jud i J_) . (11.13)

In particular, we find

J. = 2QpJy — 2vipJyJ_ (11.14)

In the limit of J > 1 we can neglect the communator between J, and J_ and write 2J,J_ =

JoJ +J_J+2J, =~ J.J_+ J_J,, which results in
J. = 2QpJ, — 27ip(JoJ_ + J_Jy) = 2QpJ, — 2yp(J2 + J2) . (11.15)

Next, we replace the operators and their products by the corresponding expectation values
following Eq. (11.12). This procedure results in the following system of coupled equations for
the collective spin [5]:.

Se = 2MpS:Ss | (11.16)
S, = —20&S. + 271pS.S, ,
S, = 2QrS, — 271p(S2 + 57) .

The equations have a following transparent interpretation. The driving term 1z acts as
an effective magnetic field along x axis, leading to the spin rotation about this axis. The
spontaneous emission leads to the decay of the spin towards the point S, = S, = 0, while
preserving the length of the spin vector S} + 57 + S = (N/2)* = const. The competition
of the driving and the spontaneous emission can lead to the interesting spin dynamics. The

stationary point of Eqs. (11.16) reads

Of
02

c

Q
Sy =0,5=—, S.=—/1- (11.17)
Qe
It shows that when Q < Q., (2. = Nvyip), there exists a stationary nontrivial solution for the
spin. The point €2 = (). corresponds to the disipative first-order phase transition , where S, has
a square-root singularity. We remind, that the value of S, describes the population inversion

for the array; S, = —N/2 (+N/2) corresponds to all atoms being in the ground (excited) state.
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The dependence of the spin projections on the driving strength is shown in Fig, 11.2. Solid
curves present the numerical solution of the master equation Eq. (11.11), while dotted curves
show the analytical semiclassical result Eq. (11.17). The calculations are in good agreement

despite the fact that the array is relatively small and has only N = 20 atoms.

The same system of equations also describes an array of atoms in a cavity, with v;p being
replaced by the single-atom decay rate of the cavity mode v. When the driving strength (g is
above the critical frequency €., the system of nonlinear equations Eq. (11.16) has a long-living
oscillating solution [6]. This solution oscillates with the frequency QJW and decays with

the rate on the order of ~.

In Ref. [5] it has been noted, that in order to properly define the macroscopic limit for
the array of atoms, when J = N/2 > 1, the decay rate has to be additionally renormalized,
that is, divided by a factor on the order of N [5], v — v/N. After such a renormalization, the
oscillating solution becomes long-living, its decay rate scales as v/N. This solution has been

termed a so-called time-crystalline phase [5].

Such a phase transition has been experimentally observed in Ref. [7] for a Bose-Einstein
condensate of atoms in an optical cavity. The so-called oscillating time-crystalline phase,

predicted in Ref. [5], has been experimentally observed in Ref. [8].
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11.3 Additional reading

Reviews on superradiance: A. V. Andreev et al., “Collective spontaneous emission (Dicke
superradiance)”, Soviet Physics Uspekhi 23, 493 (1980) M. S. Feld and J. C. MacGillivray,
“Superradiance”, in Coherent nonlinear optics: recent advances, edited by M. S. Feld and
V. S. Letokhov (Springer Berlin Heidelberg, Berlin, Heidelberg, 1980), pp. 7-57,M. Gross
and S. Haroche, “Superradiance: An essay on the theory of collective spontaneous emission”,

Physics Reports 93, 301-396 (1982)
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Chapter 12

Multiple-excited subradiant states

In the previous sections, we considered the collective quantum dynamics in the array of
two-level atoms, focussing on the symmetric superradiant Dicke states. Ho However, the full
Hilbert space size for an array of N two-level atoms scales as 2V, while the Dicke-type models
have probed only a reduced N + 1-dimensional space of symmetric states. The abundance
of unexplored physics becomes especially evident for subradiant states: to paraphrase the
beginning of Tolstoy’s “Anna Karenina,” all superradiant states are similar to each other, but
all subradiant states are different. The question “what is the darkest state?”, that we focused

on, is apparently harder than the question “what is the brightest state?”.

To be more precise, the photons emitted from a subradiant state interfere destructively
so that the rate of spontaneous emission from an array becomes smaller than that for an
individual atom. There are many different inequivalent ways to realize such destructive
interference — the Hilbert subspace of dark states in atomic arrays with multiple excitations
is highly degenerate, and there are many linearly independent wavefunctions with destructive
interference. Understanding dark states is useful because arrays of quantum emitters coupled
to photons are a promising platform for deterministic quantum information processing, and
knowledge of how to control the spontaneous emission rate can help to enhance the excitation

lifetime [1].

We will start this section by re-examining the subradiant states in the Dicke model, and

then will proceed to the more complicated waveguide QED model.
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Figure 12.1: Tlustration of a Dicke ladder of states for N = 4 emitters. Curvy arrows illustrate spontaneous
emission processes, that conserve the total momentum J. The lowest-energy states with given J are dark states,

because spontaneous emission from them is not possible.

12.1 Subradiant states in the Dicke ladder

Let us consider the spontaneous emission of photons from an array of identical two-level atoms.
As discussed in Sec. 10.2, it is instructive to describe such an array in the basis of states with
a given total momentum J and momentum projection M. All possible states for an array
of N = 4 atoms are illustrated in Fig. 12.1. If all the atoms are the same, the spontaneous
emission process preserves the spherical symmetry, that is, it conserves the total momentum J.
As such, the spontaneous emission processes can be considered independently for sets of states
with different J. For a given J, emission of a photon decreases M by unity. The lowest-M
state for a given J, however, is dark: there are no more atomic states with the same symmetry
to decay to, and spontaneous emission is impossible. There exist C’]LVN/ 2 such dark states,
including the ground state [2], that form the kernel of the jump operator J_ [3, 4]. The picture
Fig. 12.1 immediately shows that there are no subradiant states with the fill-factor more than
1/2 (with M > 0). This is a very general finding. It is not restricted to the Dicke model and,

as will be discussed in the following section, is also applied to the waveguide QED setup [2, 5].

12.2 Subradiant states in waveguide QED

Let us answer a following question:
“what is the darkest (least radiant) state with a given amount of excitations?” for an array of

emitters coupled to the waveguide.
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In order to better explain the question and the answer, we start from the simplest case of
N = 2 two-level atoms, interacting with photons in the waveguide, see Fig. 12.2. As discussed
in Chapter 5, the subradiant state for the two atoms with the spacing smaller than half of the

wavelength is the dimer state,
|dimer) = 45 (o] — 01)(0) , (12.1)

that is an antisymmetric superposition of the single-excited state of each of the atoms
[Fig. 12.2(a)]. Here |0) is the ground state of the array and o' are the atomic raising operators,

w_»

so this dimer state has a superposition of just two single-excited states. Due to the sign,
the photon emission processes from the two atoms interfere destructively. The spontaneous
emission lifetime 7 for the state Eq. (12.1) has been calculated in Sec. 5, Eq. (5.32). The
answer is recalled below

1

1
— = —min|l — cos |, (12.2)
T T1

and contains an interference term where ¢ = wyd/c is the phase gained by light between the
two atoms. Here, 71 = 1/(271p) is the lifetime for a single atom. Clearly, when ¢ is close to an
integer number of 27 (the spacing d is an integer number of wavelengths A), the two interfering
terms in Eq. (12.2) cancel each other and the lifetime 7 becomes longer than 7; by a factor on

the order of 1/p2, 1/(p — 2m)?, etc.

While this subradiant dimer state is almost trivial and well known [6], answering the
question “what is the darkest state?” becomes harder in an array with more than N = 2
atoms, even for just a single excitation. For example, for NV = 3 atoms there are two candidates
for the darkest single-excited state, o< (o] — 0)[|0) and o (o] + ok — 261)|0), and it is not
immediately obvious which linear combination has the longest lifetime. In 2019, Molmer and
Zhang [7] presented a general answer for the 1D problem for the subradiant single-excited state

[see Fig. 12.2(b)]:

N
) ]2 mo [TV, 1\] 4
|standing wave) = ”N m§:1( 1)™ sin [N (m 2)} a).|0), (12.3)

where v = 1 for the darkest state and the lifetime decreases with v = 1,2,... as 1/v?. We
have discussed this in more detail in Sec. 7.1. The answer Eq. (12.3) is relatively intuitive:

first, the factor (—1)™ ensures destructive interference of emission from different atoms, second,
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(a) (b)

Figure 12.2: (a) Subradiant dimer: two atomic excitations destructively interfering in photon emission, see
Eq. (12.1). (b) Subradiant standing wave [7], Eq. (12.3). (c) Subradiant dimer product Eq. (12.5), [2, 5].

the excitation amplitude decays towards the edge of the array, which further suppresses the

probability of photon escape from the array.

Another important prediction of Refs. [7, 8] was that the ansatz Eq. (12.3) remains valid
for more than one excitation, if the fill-factor of excitations is small, f < 1. To be more precise,
the darkest state with several excitations can be obtained as a fermionized antisymmetric
combination of the standing waves Eq. (12.3) with different values of v. Indeed, the problem of
photons propagating in a one-dimensional array and coupled to atoms under certain conditions
can be mapped to the problem of interacting hard-core bosons. The interaction is provided by
the strong anharmonicity of the two-level atom potential. However, the fate of fermionization
and the structure of the darkest states in the strongly excited regime remained unclear. In the
Ref. [9], it has been predicted that for two excitations and four atoms, the dark states differ
strongly from Eq. (12.3). It has also been found that these double-excited subradiant states
manifest as sharp resonances in the two-photon inelastic scattering spectra, in the same way
as single-excited states can be seen as resonances in single-photon reflection and transmission

spectra.

In light of our results [9], the validity region for the fermionized ansatz by Zhang and
Mglmer [7, 8] thus was a puzzle. There were several types of discrepancies. First, the dispersion
of polaritons in the waveguide QED is strongly nonparabolic. Fermionization is applicable
only to hard-core bosons with parabolic dispersion. For polaritons, this is an approximation,
valid only near the edge of the Brillouin zone, k ~ 7/d, as can be seen from Fig. ??7. As such,
while the darkest states could be described by the ansatz, it has been shown that the general

subradiant state wavefunction becomes chaotic due to the nonparabolic dispersion [10].

The second discrepancy with fermionization was related to bound states. When the period
of the array was close to 1/12 of the light wavelength at the atom resonance, d = /12, the
numerical calculations indicated that the darkest state was not the fermionized standing wave
state but the bound state of two photons [11]. This puzzle can be resolved by analyzing the

dispersion of bound pairs £(K) in the infinite array. The bound state wavefunction can be
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approximated by
bound) = > eKtmtmg, ol ol [0), (12.4)

m1~ ma
mi,ma

where K = k; + ko is the center-of-mass wave vector. The amplitude ®,,, _,,| describes the
relative motion of the two particles, it decays as |m; — my| increases. One can analytically
prove that for d = \/12 the effective mass of the bound pairs diverges, 9*?E/0K? = 0 at
K = m/d [12]. As such, the bound pairs become heavy, it becomes hard for them to escape
the array, and the spontaneous emission time increases. More detailed calculations of the

dispersion of the bound photon pairs can be found in Refs. [13, 14].

Another discrepancy with the prediction of the fermionization ansatz occurs at large
excitation fill factors, when the fermionization breaks down. It was found that with the increase
in the number of excitations, the darkest subradiant states transform from antisymmetrized
products of plane waves to the product of localized dimer excitations [2], see also Fig. 12.2(c):

) 1
|mmmw:§mw}wM@—dy4@4—@w» (12.5)

Another finding was that when the number of excitations is above half the number of emitters
(fill factor f above one-half), dark states do not exist. This result is obvious for N = 2 atoms,
where the state Eq. (12.5) with f = 1/2 is a totally occupied symmetric state o|o3|0), but
was less obvious for a general N. For N = 4 atoms, the double-excited state corresponds to
f =1/2 fill factor, and this is exactly the state we first found in Ref. [9]. Another interesting
feature of the answer Eq. (12.5) is that the dimers are formed by nearest atoms, e.g., that
the state o< (o] — o})(8 — 1)|0) is darker than the one o (o] — oi)(c) — 01)[0). This can be
explained intuitively by the fact that the closer the two excitations in a dimer are, the longer
the spontaneous emission lifetime, see Eq. (12.2). Thus, the product state of the smallest

possible dimers, formed by adjacent atoms, maximizes the lifetime.

For a single excitation, the eigenstates can be readily probed as resonances of the light
reflection and transmission coefficients. This has been systematically done for subradiant
states in an array of superconducting qubits coupled to the waveguide in Refs. [15, 16]. More
details on these experiments can also be found in the review [17]. Predicted dimer states with
two excitations were recently observed experimentally in an array of four superconducting

qubits in experiments done by Gerhard Kirchmair’s group [18]. Two excitations for four qubits
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Figure 12.3: Adapted from Ref. [5]: (a) Illustration of an equidistant array of multi-level atoms coupled via

photons in a waveguide. (b,c) Schematics of trimer and tetramer states in the array. Each red-blue line from

site j to site j' in the diagrams corresponds to a subradiant dimer excitation a;- — UJT,.

correspond exactly to the f = 1/2 fill factor.

Very recent theoretical results by a group from the University of Padova, Italy, indicate that
such dimer states are also relevant for two-dimensional atom arrays [19]. According to their
findings, the most subradiant state in this setup is well described by a coherent superposition

of all possible quantum dimer coverings: a resonating valence bond (RVB) liquid state.

In 2024 the answer Eq. (12.1) has been generalized to an array of waveguide-coupled
multilevel atoms with an anharmonic potential [5], illustrated in Fig. 12.3. The result was
that for strong anharmonicity, the darkest possible states are, in general, multimer excitations
that depend on the number of levels per atom, the number of atoms in the array, and the
excitation fill factor. While a general eigenstate is an entangled one, there exist eigenstates
that are products of dimers, trimers, or tetramers, depending on the size of the system and
the fill factor. At half-filling, these product states acquire a periodic structure with all-to-all
connections inside each multimer and become the most subradiant ones. For example, for

N = 6 three-level atoms, the darkest state is the trimer state
[trimer) = (o] — 03)(0} — ) (0} — o) x (o} — ol)(0od — o) (0} - 0})[0) , (12.6)

as illustrated in Fig. 12.3(b). Figure 12.3(c) illustrates the quadrumer subradiant state, which

is the darkest for N = & four-level atoms.

In two-level atom arrays with chiral one-way atom-photon coupling, somewhat similar
steady-state patterns have been theoretically predicted already in Ref. [20]. However, contrary

to the product states studied here for the non-chiral setup, the states in Ref. [20] are entangled.
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12.3 Additional reading

Observation of a double-excited subradiant state for 4 qubits coupled to a waveguide: [18]

Multiple-excited subradiant states: Y.-X. Zhang and K. Mglmer, “Theory of subradiant
states of a one-dimensional two-level atom chain”, Phys. Rev. Lett. 122, 203605 (2019),
A. V. Poshakinskiy and A. N. Poddubny, “Dimerization of many-body subradiant states in
waveguide quantum electrodynamics”, Phys. Rev. Lett. 127, 173601 (2021), J. Shi and A. N.
Poddubny, “Multimer states in multilevel waveguide QED”, Phys. Rev. A 110, 053707 (2024)

Localized subradiant states: R. Holzinger et al., “Control of localized single- and many-body

dark states in waveguide QED”, Phys. Rev. Lett. 129, 253601 (2022).

References

'A. Asenjo-Garcia, M. Moreno-Cardoner, A. Albrecht, H. J. Kimble, and D. E. Chang,
“Exponential improvement in photon storage fidelities using subradiance and “selective
radiance” in atomic arrays”, Phys. Rev. X 7, 031024 (2017).

2A. V. Poshakinskiy and A. N. Poddubny, “Dimerization of many-body subradiant states in
waveguide quantum electrodynamics”, Phys. Rev. Lett. 127, 173601 (2021).

3F. Damanet, D. Braun, and J. Martin, “Cooperative spontaneous emission from indistin-
guishable atoms in arbitrary motional quantum states”, Phys. Rev. A 94, 033838 (2016).
“N. Shammah, N. Lambert, F. Nori, and S. De Liberato, “Superradiance with local phase-
breaking effects”, Phys. Rev. A 96, 023863 (2017).

°J. Shi and A. N. Poddubny, “Multimer states in multilevel waveguide QED”, Phys. Rev. A
110, 053707 (2024).

SR. G. DeVoe and R. G. Brewer, “Observation of superradiant and subradiant spontaneous
emission of two trapped ions”, Phys. Rev. Lett. 76, 2049-2052 (1996).

7Y .-X. Zhang and K. Mglmer, “Theory of subradiant states of a one-dimensional two-level
atom chain”, Phys. Rev. Lett. 122, 203605 (2019).

8Y .-X. Zhang and K. Mglmer, “Subradiant emission from regular atomic arrays: universal
scaling of decay rates from the generalized bloch theorem”, Phys. Rev. Lett. 125, 253601
(2020).

%Y. Ke, A. V. Poshakinskiy, C. Lee, Y. S. Kivshar, and A. N. Poddubny, “Inelastic scattering
of photon pairs in qubit arrays with subradiant states”, Phys. Rev. Lett. 123, 253601 (2019).

125


https://doi.org/10.1103/PhysRevLett.122.203605
https://doi.org/10.1103/PhysRevLett.127.173601
https://doi.org/10.1103/PhysRevA.110.053707
https://doi.org/10.1103/PhysRevLett.129.253601
https://doi.org/10.1103/PhysRevX.7.031024
https://doi.org/10.1103/PhysRevLett.127.173601
https://doi.org/10.1103/physreva.94.033838
https://doi.org/10.1103/PhysRevA.96.023863
https://doi.org/10.1103/PhysRevA.110.053707
https://doi.org/10.1103/PhysRevA.110.053707
https://doi.org/10.1103/PhysRevLett.76.2049
https://doi.org/10.1103/PhysRevLett.122.203605
https://doi.org/10.1103/PhysRevLett.125.253601
https://doi.org/10.1103/PhysRevLett.125.253601
https://doi.org/10.1103/PhysRevLett.123.253601

REFERENCES

10A . V. Poshakinskiy, J. Zhong, and A. N. Poddubny, “Quantum chaos driven by long-range
waveguide-mediated interactions”, Phys. Rev. Lett. 126, 203602 (2021).

HY -X. Zhang, C. Yu, and K. Mglmer, “Subradiant bound dimer excited states of emitter
chains coupled to a one dimensional waveguide”, Phys. Rev. Research 2, 013173 (2020).

12A. N. Poddubny, “Quasiflat band enabling subradiant two-photon bound states”, Phys. Rev.
A 101, 043845 (2020).

13G. Calajé and D. E. Chang, “Emergence of solitons from many-body photon bound states in
quantum nonlinear media”, Phys. Rev. Research 4, 023026 (2022).

1B, Bakkensen, Y.-X. Zhang, J. Bjerlin, and A. S. Sgrensen, Photonic bound states and
scattering resonances in wavequide QED, 2021, arXiv:2110.06093 [quant-ph].

157, D. Brehm, A. N. Poddubny, A. Stehli, T. Wolz, H. Rotzinger, and A. V. Ustinov,
“Waveguide bandgap engineering with an array of superconducting qubits”, npj Quantum
Materials 6, 10 (2021).

16J. D. Brehm, R. Gebauer, A. Stehli, A. N. Poddubny, O. Sander, H. Rotzinger, and A. V.
Ustinov, “Slowing down light in a qubit metamaterial”, Appl. Phys. Lett. 121, 204001 (2022).

17A. S. Sheremet, M. I. Petrov, I. V. Iorsh, A. V. Poshakinskiy, and A. N. Poddubny, “Waveguide
quantum electrodynamics: collective radiance and photon-photon correlations”, Rev. Mod.
Phys. 95, 015002 (2023).

I8M. Zanner, T. Orell, C. M. F. Schneider, R. Albert, S. Oleschko, M. L. Juan, M. Silveri,
and G. Kirchmair, “Coherent control of a multi-qubit dark state in waveguide quantum
electrodynamics”, Nat. Phys. 18, 538-543 (2022).

G, Calajo, M. Tecer, S. Montangero, P. Silvi, and M. D. Liberto, Many-body quantum
dimerization in 2D atomic arrays, 2025, arXiv:2504.07207 [quant-ph].

20H. Pichler, T. Ramos, A. J. Daley, and P. Zoller, “Quantum optics of chiral spin networks”,
Phys. Rev. A 91, 042116 (2015).

2IR. Holzinger, R. Gutiérrez-Jauregui, T. Honigl-Decrinis, G. Kirchmair, A. Asenjo-Garcia,
and H. Ritsch, “Control of localized single- and many-body dark states in waveguide QED”,
Phys. Rev. Lett. 129, 253601 (2022).

126


https://doi.org/10.1103/PhysRevLett.126.203602
https://doi.org/10.1103/PhysRevResearch.2.013173
https://doi.org/10.1103/PhysRevA.101.043845
https://doi.org/10.1103/PhysRevA.101.043845
https://doi.org/10.1103/PhysRevResearch.4.023026
https://arxiv.org/abs/2110.06093
https://doi.org/10.1038/s41535-021-00310-z
https://doi.org/10.1038/s41535-021-00310-z
https://doi.org/10.1063/5.0122003
https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1038/s41567-022-01527-w
https://arxiv.org/abs/2504.07207
https://doi.org/10.1103/PhysRevA.91.042116
https://doi.org/10.1103/PhysRevLett.129.253601

Appendix A

Resonant susceptibility

Here, we provide more intuition intro Eq. (3.6) for the resonant emitter susceptibility. Let us
consider a toy model for an atom interacting with the electric field. The model represents a
charge ¢ with mass m moving in a harmonic potential mw32z?/2 with the resonance frequency

wo around a charge —q. The moving charge then satisfies the Newton equation of motion
mz — 2myz + mwiz = q[E(2)e ™ + E*(2)e™'], (A.1)

where the right-hand side is the force acting upon the atom because of the time-dependent
electromagnetic field E(z,t) = F(z)e ! + E*(2)e“!. We have also introduced a phenomeno-
logical friction force described by the coefficient . The dipole moment of the atom is given by
Prot = qz(t) and can be sought in the form py(t) = pexp|—iwt] + c.c. Solving Eq. (A.1) for
p(t) o< e ! we find

2
p=al, o= a (A.2)

mlws — w? — 2iwy]

It is easy to show that for 7 < wy Eq. (A.2) becomes equivalent to Eq. (3.6) with a = ¢*/(mwy).
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Appendix B

Green function for the Helmholtz

equation

Here we will find the Green function G(z) of the one-dimensional Helmholtz equation , satisfying

the equation
d®G(z)

S5+ @G () = —no(2) (B.1)

where ¢ = w/c is the light wavevector. At z — +oo, the Green function should describe the

outgoing wave, that is, it should satisfy the radiating boundary conditions.

We first note that for z > 0 or (z < 0) the right-hand side of Eq. (B.1) is zero. Hence, we

can choose the Green function in the form of plane waves, that satisfy the homogeneous wave

equation:
A+ A e % (2 >0)
G(z) = (B.2)
Bye" + B e (2 <0).
We also use the radiation boundary conditions A_ = 0 and B, = 0, that is we assume that

the answer can not contain any terms corresponding to the waves incident on the source, only
the terms propagating from the source. Due to mirror symmetry of the original equation

Ay = B_ = A and the Green function can be sought as

Ael?*, (2 >0) _
G(z) = = Aeld*l (B.3)
Ae™9%(z < 0) .

Now we need to satisfy the equation also at z = 0, that is, to find A. To this end, we can
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formally substitute the expression Ae'??l in the left-hand side. Using the identities

%M = sign z, % sign z = 2§(z) (B.4)
we find that
dﬁf) + 2G(2) = 2igAd(2) (B.5)
which results in the answer
G(z) = 2mige't! . (B.6)

The same answer for the Green function can also be obtained by calculating it in the
reciprocal space. To this end, we write

G(z) = / geiszk (B.7)

and substitute it into Eq. (B.1) which yields
Gr(¢® — k*) = —4mg* . (B.8)

Thus, the result reads

dk eikz
2

The expression in Eq. (B.9) has a singularity at & = ¢ and is generally not well defined. In
order to define it in a more proper way we need to assume the presence of some losses in the

system, that is, to set

q— q+iA (B.10)

with A > 0 and then take the limit A — 0. Physically, this means setting the radiation
condition that ensures the radiation being emitted away from the source. In order to calculate
the integral we extend the contour to include either the half-circle z = |R| exp(ip) that is either
in the upper half plane, with ¢ = 0...7 or in the lower half plane, with ¢ =0... — 7. The
half-circle is chosen in such a way that exp(ikz) is exponentially decaying, which means pper
half-plane for z > 0 or in lower half-plane for z < 0. Then the integral can be evaluated using

the Cauchy theorem. Depending on the contour, the integral is determined either by the pole
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APPENDIX B. GREEN FUNCTION FOR THE HELMHOLTZ EQUATION

at k = g + 1A or by the pole at k = —¢ — iA:

—2mi Res kSl—:Q - z>0,
G(z) = —2¢* x lim k=qtia (B.11)
A—=0 . z
2miRes z<0.
k?—q b .
=—q—iA
The sign “—” for z > 0 appears because the integral is taken counterclockwise, argz =0...7

Evaluating the residues we recover Eq. (B.6).

In what follows, it will be also prove one more Green function, using the rotating wave

approximation (RWA):

% dk eikz i z i
= I - — elwlzl/e B.12
g A0 27rwk—w—1A 27rwk—w—10 c ’ ( )

where wy, = ¢|k|. In order to prove this identity we write

dk elkz _ / dk elkz N / dk e1kz
mw, —w—10 ) 2mck —w —i0 o1 —ck —w — 10

—00 0 —00

_ 7 d/{f eikz N /O'O dk’ eikz
- 2w ck — w — 10 21 —ck —w — 10

—0o0 —0o0

w [dk o
_ / dk _ . (B.13)
c 21 k? — (w/e)? =10
Here, the key approximation was made in the second line, where we assume that the integration
can be extended from the half-infinite ranges to the whole frequency range. This means
assuming that the integral is determined only by the interaction with the photons with

frequencies close to w, which is the essence of the RWA.
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Appendix C

Electromagnetic Green function in free

space

In this appendix we will revisit the problem of dipole radiation in free space and derive its
electric field. We start from the Maxwell equations for the electric and magnetic fields E and

H at the frequency w [1, 2]:

rot B = %H, (C.1)

rot H = — 2 [E + 47pé(r)] , (C.2)
C

(C.3)

where the term pd(r) is the polarizability of a point dipole p located at the coordinate origin.

Calculating the curl of the first equation we arrive at
rotrot E(r) — ¢* E(r) = 47¢*ps(r) (C4)
where ¢ = w/c. The divergence of Eq. (C.2) is zero, which means that

div[E 4+ 47mpd(r)] = 0. (C.5)
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As a result, we can use the identity rotrot E = graddiv E — AFE in Eq. (C.4) and express
div E as —4m div pd(r). The result reads

(A+ ) E(r) = —4n(q* + grad div)d(r) . (C.6)

The solution of this equation

1
E(r) = ?(q2 + grad div)pg (C.7)

where g(7) is a Green function of a scalar wave equation .
(A +¢%)g = —4ng*s(r) (C.8)

It can be found by transforming the equation to the reciprocal space, similar to Eq. (B.9):

d3k elk”' dek elkrcosﬁ
2
= —4mq /(2%)3 2 —4mq? /dgo/sm@dﬁ/ PR (C.9)

Here we introduced the spherical coordinates with the polar and azimuthal angles 6 and .

Integrating over the angles, we obtain

(e 9]

L1 kdk elfr — g=ikr
g= 47r1q2;/ g (C.10)
0

The expression under the integral is an even function of k, so the integral can be extended

over the whole real axis:

1 [ kdk elfr — e-ikr
= 2rig? - . 11
g e / (2m)2 k% —¢? (C.11)

We deal with the singularity at & = 2 similar to the one-dimensional case, Eq.(B.11), by setting
q — q + 1A and taking the limit A — +0:
ikr ke—ikr

k
[ 27T1R€Sk apriN +27T1R€Sk 7

lq

9= onr 2rr

k_j : (C.12)

which results in

(C.13)



APPENDIX C. ELECTROMAGNETIC GREEN FUNCTION IN FREE SPACE

The electric field can be written as

igr

E(r) = (¢* + grad div)p (C.14)
or, after the tensor Green function G,g, as
o2 oiar
E, =Gupg, or G = <q2(5aﬁ + (%uaxl,) wal (C.15)
In what follows, it will be instructive to use one more representation of Eq. (C.13):
e / / &’k 27”q s G/ (C.16)

where p = (z,y). To prove this equation we can just check directly that Eq. (C.13) satisfies
Eq. (C.8):

(A2 // d*k 2mq v oikpin/ 22|

_ 27“(1 ko‘ olkp d? & L q2 — k2 V@R
/q2 — k2

= —4mq*5(2) // (gﬁl;eik"’ = —4ng*S(r) (C.17)

where in the second line we used the Green function of the 1D Helmholtz equation, obtained

in Appendix B.
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Appendix D

Emitter polarizability with radiative

corrections

In this section we consider the radiative corrections to the resonant polarizability of the
emitter interactign with photons in free space. We assume, that without the interaction the

polarizability is a resonant function of frequency

A

_. D.1
Wo —w — 1y (D-1)

Qp =

Our goal will be to show, that Eq. (D.1) is changed when the interaction of the emitter with

the photons is taken into account. The derivation is inspired by the review [3].

We start by writing the definition of the polarizability, that is, the relation between the
dipole moment p and the incident electric field at the dipole origin Ej:

p=okEy. (D.2)

The subtle point in Eq. (D.10) is the definition of E,. Strictly speaking, this should be the
total electric field at the dipole origin, and not the field of the incident wave. That is, in
Eq. (D.10) we forgot to include the field, emitted by the dipole. So it is better to make the

replacement

Ey— Ey+ G(O)pg R (DB)
where G(0) is the tensor electromagnetic Green function, defined by Eq. (C.15). The problem
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with this expression is however that the Green function diverges at the coordinate origin. If our
point dipole is actually a model for a small particle, with the size much smaller than the light
wavelength, it is physically reasonable to regularize the Green function by taking its average

over the particle volume V.

We will now obtain an approximate expression for Eq. (C.15) for gr < 1. This requires a

certain care, because
0% 1 47
— = ——0,80 DA4
O0ro,0zg T 3k (r) (D-4)

In order to prove this relation we notice that
1 1 2 9*  9*\1 1 4
dBr——=-=- Er| ==+ +-— —:—/d3 —47d =——. D.5
/ "2y T 3 / " (8x2 N 0y? - (9,22) r 3 rl=dmo(r)] 3 (D-5)
r<R r<R r<R

This allows us to write

d2 eiqr d2 1+ qu. _ @ — 1@
Gacx(r) = (q2 + @) , = (q2 + dl’2> 7“2 6 R (DG)
and
3 2 3
¢’ d 2q

Therefore, near the origin, the Green’s function can be represented as

. 4 2 3ror—ri
G(r) ~ Gi(r) + Go(r) + Gs(r) = —gm) + 3q tE—— <1, (DY)
The averaging results in
G- G- G (D.9)
1 — 3V7 2 — 3 ) 3 —
Susbtituting G(0) = G + G5 into
p = ao[Ey+ G(0)p] . (D.10)
and solving the resulting equation we find
p il Ey = oE,, (D.11)

- 1-— (@1 + 62)060
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APPENDIX D. EMITTER POLARIZABILITY WITH RADIATIVE CORRECTIONS

o= (D.12)
— 3 (%) a0+ 5700

If the radiative corrections are small, we can neglect their frequency dependence in the vicinity

of the resoance

A A
&= : % (N3 4 2i (wp)3 4w 4 (D.13)
wy—w—iy=F(£)°A  w—w—F (L) A+5A
This allows us to introduce the radiative decay rate of the emitter
21 fwp\3
=—(—]) A D.14
B 3 ( c > ( )
and to rewrite the renormalized polarizability in the form
3ic?
o= o , (D.15)
2wy Wo —w —i(70 +7)
with
- 47
Wy = wo + —A. (D16)

3V
being the resonance frequency, shifted due to the interaction with the photons. The term
47 /(3V) is a analogue to the Lamb shift in quantum electrodynamics, that naturally arises in
our simplified emitter model. From now on, in particular in Eq. (4.2) in the main text, we will

assume that this shift is already included in the definition of wy and will not write it explicitly.
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Appendix E

Lattice summation details

The sum in Eq. (4.5) can be readily evaluated directly for arrays with hundreds or tens of atoms,
occurring in practice [4]. .However, the convergence is relatively slow due to the far-field terms.
The commonly used approach to evaluate the lattice sum is the Ewald summation, which is
based on splitting the sum into two parts. The first part, corresponding to smaller values of r
in the near field zone, is evaluated in the real space, and the second part, corresponding to the

far field zone r 2 ¢/w, is Fourier transformed into the reciprocal space using the identity
Z -y 271 iy |z+ibp (E.1)
lr — 7, — kya? ’ '

where r = (r, 2), r; form a square lattice with the period «a, the reciprocal lattice vectors b

form a square lattice with the spacing 27/a, k, = \/(w/c)?> — b%. To prove this identity we
replace each term in the sum in the left hand side using Eq. (C.16):

Z elwlr—mrjl/c Z 27r1q 1k.p+j,/q27k2|z|
7 — 7, k'z

27T1q [oZ 12 ik
_ d2 > —k?|z| 1kp ik-7;
// V4 ]{;2 ((27r) Ze )
2 /32|, L 2mi :
// Lk 7qu 1k pHin/?—k?|z| — 25 b k) Z k_WlQelkb\zHlbp (E2)
b

pQ

where we used the Poisson summation formula

Zel’“m = 27r25 (k - —n> . (E.3)
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The easiest way to remember this formula is to take the limit ka — 0 when the summation
in the left-hand-side can be replaced by integration and it reduces to the usual identity

[ dz exp(ikz) = 2r6(k).

More details on the Ewald summation can be found e.g. in Ref. [5]. In our experience a
more efficient approach is the Floquet summation technique developed in [6]. Specifically, the
sum is given by Eq. (A37) of Ref. [6] that has to be complex conjugated and also multiplied by
47 to take into account the time dependence convention ¢/“! and a different definition of the
Green’s function used in Ref. [6]. We now discuss how to obtain the approximate expression
Eq. (4.9) in the main text. The first term 27iw/(ca?) is given by the term with b = 0 in
Eq. (E.1) multiplied by ¢?. It describes the radiative decay due to the emission of the waves
propagating normally to the array, where b = 0, or, in another words, results from far-field
radiative coupling between the atoms. The last term S/2 is given by the near field and can be

obtained by setting w in Eq. (4.5) to zero:

3x? — r? 9.03
N R =
r#0 r#0 r#0
For the square lattice this sum converges rapidly enough and can be calculated directly. The

term S’(w/c)?/2 results from the field in Eq. (4.5) in the intermediate zone between the far
field and the near field reads

S/(w/c)2 _ Z 1— (;U/T)Q eib-r+iwr/c . (E5>

2 m—r r

The term 1 — (x/7)? for the square lattice can be replaced by its angle-averaged value 1/2, and

iwVr2+z2/c iw|z|/c
I . (§] B e
S = };ﬂ%i% (Re E o 7 ) : (E.6)

Taking the Fourier transformation of the first term with the help of Eq. (E.1), we find
(27T1 '\/q2—b2|z iw|z|/c)

o—blzl
Z\/m B _23%( Z b |z|) (E7)

Let us first check the cancellation of the singular diverging terms o< 1/z in (E.7). To do this,

we can write it as

S" = lim lim
z—0 w—0
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APPENDIX E. LATTICE SUMMATION DETAILS

we can replace the summation by integration:

2w e b* o 1
— ~ bdb =—. E.8
a b /0 b || (E8)

b

Thus, the terms 1/z cancel each other and Eq. (E.7) has a finite limit of the order 1/a.

Numerical calculation for a square lattice yields to

“blel g .
S/:hm(z_f ¢ _)@ (E9)
b
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Appendix F

Lindblad master equation for an

emitter array

In this Appendix we will derive a master equation describing collective photon-mediated
coupling and dissipation for a one-dimensional array of two-level atoms coupled to a reservoir

of photonic modes. The system Hamiltonian reads
H = Hy + thot + Hing (Fl)

where

H() = Zon;rLO'n (F2)

is the atom Hamiltonian (o, being the atomic raising operators and wy the atom resonance

frequency),

Hphot = Zwkazak (F.3)
3

is the Hamiltonian of propagating photons with the frequencies w;, and
Hy = — Z V2mwildfi(z)0;a] + d*fk(zj)aka;] (F.4)
k,j

is the interaction Hamiltonian. Here d is the dipole moment and fi(z) are the electric field

eigenmodes and ay are the corresponding photon annihilation operators. In the particular case
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of photons propagating in a waveguide, we have

fr(z) = %exp(ik;z), wi, = c|k|, Z = / Ié;jf : (F.5)
L —00

where L is the normalization length.

It is convenient to rewrite the atom-photon coupling Hamiltonian in the interaction repre-

sentation

Hi ==Y gkl i (2))05afe 0" 4 fi(z))agole r0)] (F.6)
ko

where g, = \/27wd is the coupling constant.

The equation for the density matrix of a total system of atoms and photons reads

op _ .x
= —i[Him(t), p(t)] - (F.7)
ot
We are interested in tracing out the photons and obtain an effective master equation describing
the atom density matrix. To this end, we eliminate the reservoir dynamics by first integrating
Eq. (F.7) over t and then substituting the result back into Eq. (F.7):
t/
8,0 7 ITIT / /
L = —[Hl), | A Hunlt),p(t)] (F3)

0

Next, we assume that the reservoir dynamics is fast, so we can replace p(t') in the right-hand-side

by p(t):

t/

0

= ~[Hu(0). [ AHnlt).0)] (F.9
0

and average over the reservoir degrees of freedom. We assume, that the reservoir is in vacuum,

so the only nonzero average is

<aka2,> = 5k;k’ . (FlO)
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The result reads

_ <[Hmt() /dt [Hing (t )7p(t)]}> =2 /dt,[

0 kgg’ o
_ U;Uj/fk(zj)f;:(Zj/)eii(wkiwo)(t*t/)p(t) _ p(t)a;[o_jlfk(zj)f:(Zj/)ei(wkfwo)(tft’)

o 0,p()] i (25) () om0 il | (P11

=S,

We now again make the use of Markovian approximation, and replace gi — g2, which means
that the coupling takes place only with the close-to-resonant photons where wy ~ wy. Now we

can perform the integration over k
¢ ¢

ka(Zj)f;(Zj/)/dt'e_i(“"'_%)(t_t,) = ka(zj)f]:(zj’) /dt’e_i(“’“_io_“‘))(t_t/)
k 0

k

fk 2j) i ( z] .
= — za) (FU12
Z W — Wy — iG (25, 27) ( )
where we explicitly introduced the photon Green functioin
fk Zj fk ZJ
y <5 F.13
G(zj, zjr,wo) Zwk—wo— ( )

In a similar fashion, we can write

t/

ka(zj)fﬁ(zj')/dt/el ) 4G (2, 7)) = 1G7 (2, 2) - (F.14)
k 0

Here we restricted ourselves to the time-inversion symmetric case, when G(z;, zj:) = G(zj, 2;).

Using the equations above we can express the integrals in Eq. (F.11) via the Green function:

_ <[Hmt() /dt [Hint(t'), p t)H> = gng[

0

iolo,p(t)G(25, 2) — ip(t)a]0,G (25, 2) + 0,p(1) o], [iG (25, 27) —1G" (25, 2)]| . (F.15)

Here, as usual, —i0 means a complex number with a vanishingly small negative imaginary part,

that is introduced in order for the system to have non-vanishing losses. The Lindblad master
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equation assumes the form [1, 2]

dp g2 .
i _fo Z ImG(z;, z) [ajaj,p(t) + p(t)a}aj, - 2c7jp(t)0;,] —i[H, p], (F.16)
73’
where the Hamiltonian

2

g
H= _fo Z Re G(z;, zj/)a]T-aj, (F.17)

73’

describes photon-mediated coupling between the atoms. It is sometimes instructive to rewrite

the master equation as

dp 292 .
o TO ; Im G(z;, zj/)ojp(t)a;, — i(Hegrp — pHgﬁ), (F.18)

where

P
g
Hy = _fo Z G(z;, zjr)aj»aj, (F.19)
3.3’

is the effective non-Hermitian Hamiltonian. In particular case when the reservoir is presented

by the photons with linear dispersion we can use Eq. (B.12) for the Green function:

2

9. 90wl —zyle F.20
=7 9z 25) = —1 e : (F.20)

Identifying spontaneous decay rate in the waveguide as yip = g2/c we recover the usual effective

non-Hermitian Hamiltonian in the form

H.g = —iypeolzs—zrlie. (F.21)
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