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Preface

What is the way to the abode of light?
And where does darkness reside?
Can you take them to their places?
Do you know the paths to their dwellings?

Job 38: 19,20

The present book is an attempt to create an impression of the contempo-
rary optical spectroscopy of semiconductor nanostructures. It reviews new
trends and notable progress attained in the field at the beginning of the
third millennium. Nearly a decade ago G.E. Pikus and I published the book
Superlattices and Other Heterostructures: Symmetry and Optical Phenomena.
It had been written at the time of rapid transformation of research activities
in semiconductor physics from bulk materials to systems of low dimensional-
ity. At present nanophysics has become an established area which continues
to accelerate and provides a fundamental base for tremendous technological
developments. In order to keep pace, I decided to write a completely new
book on optics of semiconductor nanostructures.

The new book reflects the success achieved during the recent decade
in various optical studies of semiconductor nanostructures. Now the one-
and zero-dimensional structures, quantum wires and quantum dots, are pre-
sented on an equal footing, alongside of superlattices and two-dimensional
systems, heterojunctions and quantum wells. New concepts and phenomena
included into consideration are exciton polaritons in resonant Bragg struc-
tures and photonic crystals, the strong Rabi splitting in quantum microcavi-
ties, trions, micro-photoluminescence of localized excitons in quantum wells,
zero-dimensional excitons in quantum dots, giant magneto-optical effects
in semimagnetic nanostructures, interface-induced lateral optical anisotropy,
quantum-confined Pockels effect, chirality effects in carbon nanotubes, pola-
riton-polariton scattering in the microcavities, etc. Moreover, in connection
with the increasing interest in spintronics, special attention is paid to spin-
related concepts and spin-dependent phenomena, including the spin split-
ting of electron and hole subbands, fine structure of excitonic levels, optical
orientation of free-carrier spins and exciton angular momenta under inter-
and intraband photoexcitation, sensitivity of the Zeeman spin splitting to
the content, size and shape of a nanostructure, spin relaxation mechanisms,
spin quantum beats, spin dynamics of exciton polaritons in the microcavi-
ties, circular photogalvanic and spin-galvanic effects in quantum wells. The
organization of the book consisting of eight chapters is presented in Sect. 1.4.

Naturally, the present treatment was inspired by the book Symmetry and
Strained-Induced Effects in Semiconductors by G.L. Bir and G.E. Pikus as
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well as by my previous book with G.E. Pikus. For me, these three books
are aligned in a kind of trilogy. Firstly, this is so because I feel greatly priv-
iledged to belong to the physical school founded by my teacher G.E. Pikus
who, together with A.G. Aronov and G.L. Bir, after introducing me to the
world of theoretical physics taught, guided and supported me. Secondly, be-
cause, in each of the books, both the phenomenological and the microscopical
description of physical phenomena is performed with emphasis on the sym-
metry analysis and the method of invariants, and the power of symmetry
considerations is demonstrated.

I gratefully acknowledge that I learned and understood much of what fol-
lows due to my close research cooperation with M.M. Glazov, L.E. Golub,
S.V. Goupalov, A.V. Kavokin, A.Yu. Kaminskii, A.A. Kiselev, A.I. Nesvizh-
skii, M.O. Nestoklon, S.A Tarasenko and M.M. Voronov, having grown up
within the same school of theoretical physics; they represent the younger
generations of physicists. Who knows, maybe some of them will write a book
on sophisticated “nano-opto-bio-electronic” systems of the future. Then the
trilogy would convert into a tetralogy.

Special thanks goes to my coauthors of the short textbook Optical Proper-
ties of Semiconductor Nanostructures by L.E. Vorobjev, E.L. Ivchenko, D.A.
Firsov and V.A. Shalygin, published a few years ago in Russian. Perhaps,
without that encouraging experience I would have never made the decision
to write this monograph.

St. Petersburg E.L. Ivchenko
February 2004
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1 Kingdom of Nanostructures

Let him lose himself in wonders as amazing in their
littleness as the others in their vastness.
Of these two Infinites of science, that of greatness is
the most palpable...
But the infinitely little is the least obvious. Philosophers
have much oftener claimed to have reached it, and it is
here they have all stumbled.

Blaise Pascal: Pensées

Due to continued progress in nanotechnology, novel semiconductor structures
are fabricated with subnanometer accuracy and precisely controlled the elec-
tronic and optical properties. This progress in nanoscale engineering, as well
as an improved understanding of the physical phenomena at the nanometer
scale, have contributed to the rapid development of low-dimensional physics
of semiconductors. At present a certain system of concepts and terms is ac-
cepted in this field of solid state physics. First of all the following vocabu-
lary of semiconductor nanoscience has been developed: Quantum Well (QW),
QW structure, Single and Double QWs, Multiple QWs (MQWs), Superlat-
tice (SL), Quantum Wire (QWR) and Quantum Well Wire (QWW), Quan-
tum Dot (QD) or Quantum Box, Nanocrystal, Antidot, Quantum Microcav-
ity, Photonic Crystals, Porous Semiconductor Material, Nanoclaster, Nan-
otube and, particularly, Carbon Nanotube, Type-I and Type-II Heterostruc-
tures, δ-Doped Structure, Strained Structure, Nanocontacts, ... The nomencla-
ture of novel quantum states in nanostructures includes Quantum-Confined
states of free charge carriers and excitons, Subbands and Minibands, Folded
Acoustic Phonons, Confined Optical Phonons, Interface Phonon Modes, Low-
Dimensional Magnetic Polarons, Composite Fermions, Edge States in the
Quantum Hall Effect.

In this chapter we briefly discuss the typical nanostructures progress-
ing in the order from Two-Dimensional (2D) to One-Dimensional (1D) and
Zero-Dimensional (0D) systems. Size-quantization and modification of energy
spectra of quasi-particles in nanostructures are considered in Chap. 2.

1.1 Multilayered Heterostructures: Quantum Wells and
Superlattices

The Quantum Well (QW) is a system in which the electron motion is re-
stricted in one direction, thus producing the quantum confinement. In other
words, the energy spectrum in one of the quantum numbers changes from
continuous to discrete. For quantum confinement to be observable, the size
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of a well must be less than the electron mean-free-pass length. This require-
ment imposes constraints on the well’s geometric size, the sample quality and
temperature.

The simplest 2D object on which the quantum confinement effects were
revealed and studied are silicon-bases Metal-Oxide-Semiconductor (MOS)
structures with a triangular confining potential formed at the semiconductor
boundary and single GaAs/Al1−xGaxAs heterojunctions where a confining
potential is created in the GaAs layer at the heterostructure boundary. It is
on these structures that the quantum Hall effect, an unexpected and remark-
able phenomenon occurring in a 2D electron gas, was discovered. However, in
the following we will mainly concentrate on multilayered structures without
built-in electric fields.

Fig. 1.1. Band diagrams of single type-I (a) and type-II (b) heterojunctions.

We start with a single heterojunction between two compositional semicon-
ductors A and B, as illustrated in Fig. 1.1. In the figure, the higher and lower
broken lines show the coordinate dependence of the conduction-band bottom
and the valence-band top in the direction of the principal axis z, or the growth
direction. One or both constituent materials can be alloy semiconductors, for
instance, ternary solid solution Al1−xGaxAs or Cd1−xMnxTe. Different exa-
mples of A/B heteropairs are GaAs/Al1−xGaxAs, In1−xAlxAs/Ga1−yAlyAs,
InAs/AlSb, Ga1−xInxAs/InP, CdTe/Cd1−xMnxTe, Zn1−xCdxSe/ZnSySe1−x,
ZnSe/BeTe, ZnSe/GaAs, Si1−xGex/Si and so forth, where the subscripts x, y
or 1 − x, 1 − y show the fraction of atoms of particular kind at sites of the
crystal lattice or one of its sublattice. By definition, in type-I heteropairs the
band gap of one material, the material A in Fig. 1.1a, lies inside the band gap
of another material. In this case the potential wells for the electrons and holes
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are located in the same layer, e.g., GaAs layer in the GaAs/Al1−xGaxAs het-
erostructures with x < 0.4. The potential-barrier heights coincide with the
conduction- and valence-band offsets, ∆Ec = EB

c −EA
c and ∆Ev = EA

v −EB
v .

The sum ∆Ec +∆Ev equals the difference ∆Eg between the band gaps EB
g

and EA
g . In the technologically important GaAs/Al1−xGaxAs heterosystem,

the ratio ∆Ec/∆Eg is about 0.6.
In type-II structures the conduction-band bottom is lower in one layer,

the layer A in Fig. 1.1b, whereas the valence-band top is higher in the neigh-
boring layer B. It is clear that in type-II multilayered heterostructures, like
GaAs/Al1−xGaxAs with x > 0.4, InAs/AlSb or ZnSe/BeTe, the electrons and
holes are confined within different layers. A special case of type-II behavior
is a heterostructure, e.g. InAs/GaSb, where the top EA

v of the valence band
in layer A lies above the bottom of the conduction band, EB

c . Heteropairs
with one of the materials being a gapless semiconductor (e.g. HgTe/CdTe)
are referred to as a type-III heterostructure.

Fig. 1.2. Band diagrams of single QW (a) and single barrier (b) structures. Ve,h

are, respectively, the conduction- and valence-band offsets, or barrier heights.

A type-I double heterojunction B/A/B represents a single QW structure if
EA
g < EB

g , see Fig. 1.2a, and a single barrier structure if EA
g > EB

g , Fig. 1.2b.
In the former case the inner layer A forms a potential well size-quantizing
the electron and hole states. In the latter, the layer A prevents free carriers
from free exchange between the left- and right-hand-side layers B. It is clear
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that a type-II double heterojunction is a single QW structure for one sort of
carriers, say, for electrons, and, at the same time, a single barrier structure
for charge carriers of the opposite sign. The structure with the confining
potential shown in Fig. 1.2a is a rectangular QW. By varying properly the
composition along the growth direction, one can produce wells of another
shape, e.g., parabolic, triangular, etc.

Fig. 1.3. Band diagrams of double-barrier (a), triple-barrier (b) and double-QW
(c) structures.

A natural extension of a single barrier structure is double- and triple-
barrier structures illustrated in Figs. 1.3a and b. Similarly, the concept of
the single QW can be extended to double QWs (Fig. 1.3c), triple QWs and
structures containing a set of QWs (Fig. 1.4). A periodic system of QWs
separated by barriers thick enough to make them impenetrable for charge
carriers is called Multiple Quantum Wells (MQWs). As regards electronic
properties of MQWs, each of QWs is isolated from others. However, the elec-
tronic excitations within individual QWs can be coupled by electromagnetic
fields and the presence of many wells affects noticeably optical characteristics
of the structure. As the barriers get thinner, carrier tunnelling from one well
to another becomes possible and, as a result, the quantum-confined states, or
subband states, of an isolated well transform into miniband states. In that way
the concept of MQWs transmutes into the concept of SuperLattice (SL). The
miniband formation becomes actual when the SL period d = a+ b is smaller
than the mean-free-path length, or phase-coherence length, in the growth di-
rection. This length can be dependent on the sort of carriers, particularly,
due to difference in the electron and hole effective masses. Therefore, the
same periodic QW structure can be a SL for electrons which have, as a rule,
a smaller effective mass and MQWs, or thick-barrier SL, for heavy holes. In
this case the holes can also travel along the growth axis. However this motion
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has no a coherent character and can be described as a series of incoherent
tunnelling hoppings between neighboring wells. As the barrier thickness con-
tinues to decrease, the minibands corresponding to particular subbands of a
single QW begin to overlap. Such UltraThin SLs, e.g. (GaAs)n(AlAs)m, with
the layer thicknesses being usually not in excess of three-four monomolecular
layers (n,m = 2 ÷ 4), behave as an anisotropic bulk crystal whose proper-
ties, however, differ substantially from those of the original materials. Strictly
speaking, the definition of a SL presupposes that the layer thicknesses a and
b must exceed the crystal-lattice constant in order to allow one to apply
the effective mass approximation, or the envelope function method, for the
description of electronic states. Nevertheless, it is instructive to include the
ultrathin SLs, and even the compound (GaAs)1(AlAs)1 = GaAlAs2, into the
field of vision in the low-dimensional physics as the limiting case of a SL with
d→ 0.

d

b a

Fig. 1.4. Band diagram of a periodic structure consisting of the alternating well
and barrier layers with the thicknesses a and b, respectively. It is called a multiple
QW structure, if the barriers are thick, or a SL, if the barriers are thin.

Similarly to the above classification of heterostructures by the band align-
ment schemes, each SL belongs to one of three types, labelled type-I, II and
III. The SLs consisting of alternating layers of different materials are called
compositional. QWs and SLs were initially produced by choosing heteropairs
with practically equal lattice constants a0, for example, GaAs/AlGaAs pair.
The structures with the lattice mismatch ∆a0/a0 less or equal ≤ 0.01 are
called unstrained, or lattice matched. Progress in growth technology has made
it possible to obtain dislocation-free structures out of materials with notice-
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ably different lattice constant. In this case at least one of the layers, A or
B, must be thin enough, and the crystal lattices match because of internal
stresses which result in a compression of one of the adjacent layers and a ten-
sion of the other. The QWs and SLs with ∆a0/a0 ≥ 0.01 are called strained.
In spin SLs one or both layers A and B contain magnetic impurities or ions,
e.g., CdTe/CdMnTe. Besides the compositional SLs produced by varying the
composition, one can prepare SLs by modulation doping with a donor and an
acceptor impurity (modulation doped SLs). The examples are a n-GaAs/p-
GaAs SL and a nipi SL formed by n- and p-doped layers with intrinsic layers
i between them. By varying smoothly the composition, one can produce SLs
with wells and barriers of arbitrary shape, for instance, saw-tooth lattices
with triangular wells. Keldysh [1.1] was the first to propose a superlattice by
deforming a crystal with a strong standing acoustic wave. Esaki and Tsu [1.2]
suggested instead composition modulation or selective doping, a method suc-
cessfully implemented. In 1971, Kazarinov and Suris formulated a pioneer
idea of a novel semiconductor laser, making use of stimulated light emission
in a semiconductor SL by electrons making transitions between two levels
of the different wells and emitting photons. This photon-assisted tunnelling
mechanism, which does not involve the valence-band holes, had remained a
purely theoretical prediction for over 20 years. The successful work on far
infrared lasers based on this idea and called the quantum cascade lasers was
reported in [1.6].

In addition to periodic structures, it is possible to produce and study ape-
riodic SLs. The Fibonacci SL may serve as an example of such a structure. It
contains two basic elements (or blocks) A and B. In the first realization [1.3]
the basic elements were composed nominally of (17 Å AlAs)-(42 Å GaAs)
and (17 Å AlAs)-(20 Å GaAs), respectively. The Fibonacci sequence, Sj , of
order j is obtained from the blocks A and B following the rules: S0 = A,
S1 = AB, Sj = Sj−1Sj−2 (j ≥ 2). In particular, S2 = ABA, S3 = ABAAB...
The sequence Sj (j ≥ 2) comprises Gj elements A and Gj−1 elements B, Gj
being the jth Fibonacci number given by the values G0 = G1 = 1 and the
recurrent relation Gj = Gj−1+Gj−2. Particularly, G2 = 2, G3 = 3, G4 = 5, ...
As j increases the ratio Gj/Gj−1 converges toward τ = (1 +

√
5)/2. The Fi-

bonacci SLs are, in some sense, an intermediate case between periodic and
disordered 1D potentials. They reveal interesting and striking features in the
band structure, wave-function localization and optical transitions [1.4].

1.2 Quantum Wires and Nanotubes

Technologically, the step from the 2D QW structures fabricated by thin-film
growth down to one dimension is complicated. While several growth tech-
niques are well suited to produce planar multilayer systems, the fabrication
of Quantum Wire (QWR) structures in which charge carriers are quantum
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confined in two dimensions is a very challenging task. The first methods sug-
gested and attempted allowed to grow 1D structures called Quantum Well
Wires (QWWs), i.e., 2D carrier-confinement structures in which carriers can
move freely only in one direction. For example, a QWW can be prepared as a
result of the lateral structuring of a QW by means of lithographic processing
with etching and regrowth. The dimensionality of a 2D QW can be also re-
duced by using a special electrode configuration or strain lateral gradients to
constrict the free carriers to a quasi-1D channel. Patterned interdiffusion and
implantation locally alter the band gap of a QW also allowing fabrication of
a QWW.

Fig. 1.5. (a) Typical cross-sectional TEM image of a V-shaped GaAs/AlGaAs
QWR. (b) Schematic illustration of the QW crescent and the upper interface. Grey
and dark stripes symbolize interface roughness. From [1.9].

Among methods suggested and attempted to fabricate QWRs different
from QWWs, the growth on vicinal substrate has been suggested and at-
tempted [1.7]. Another method that is utilized for growing uniform single
and multiple semiconductor QWRs relies on deposition of thin layers on V-
grooved substrates [1.8]. Figures 1.5a and 1.5b show a typical Transmission
Electron Microscope (TEM) image of a V-shaped GaAs/AlGaAs QWR and a
demonstrative illustration of the interface geometry [1.9]. The V-grooved sub-
strates with a V-groove period of 2 or 4 µm were prepared by photolithogra-
phy and wet chemical etching on (001)±0.1%-oriented GaAs substrate along
the [11̄0] direction. Before epitaxial growth, the substrates were cleaned ultra-
sonically by organic solvent and additionally etched. This allowed to reduce
greatly the interface roughness on the initial V-grooved substrates and im-
prove uniformity of the grown QWRs. Epitaxial growth was performed with
MetalOrganic Vapor Phase Epitaxy (MOVPE) system. The AlGaAs cladding
layer grows to form a very sharp corner between two {111} crystal planes.
The GaAs quantum well grows faster along the [001] direction, which results
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in the formation of a crescent-shaped QW at the bottom of the groove. The
GaAs to AlGaAs upper interface is composed of three clear crystalline facets,
one (001) and two (311)A. The lateral tapering in the thickness of the QW
crescent provides lateral variation in the effective band gap due to the in-
crease in the carrier confinement energy with decreasing QW thickness. This
lateral variation results in a 2D confining potential of the V-grooved QWR.
By repeating the growth process it is possible to obtain vertically stacked
multiple GaAs/AlGaAs QWR structures [1.10].

An effective Molecular Beam Epitaxy (MBE) technique called Cleaved
Edge Overgrowth makes possible fabrication of a T -shaped intersection of
two QWs, or a T -shaped QWR [1.11,1.12]. In this method, after conventional
growth of a single QW, double QWs or MQWs on a [001] oriented substrate,
the structure is further cleaved along the [110] direction and overgrown on
the cleaved edge by a perpendicular QW and a barrier layer. Figure 1.6
shows a cross-sectional transmission electron micrograph of the multiple T -
shaped GaAs/AlGaAs QWRs (a) and a schematic cross-sectional view of
the QWR laser structure (b). One can see from Fig. 1.6a that T -shaped
QW intersections are indeed located at the cleavage plane. The quantum
mechanical bound states of an electron at two intersecting QWs are discussed
in Sect. 2.2.2.

Carbon is a rare element that possesses the ability to form a wide variety
of network-like sp2 structures which can be looked upon as graphitic sheets
curved in order to eliminate the dangling bonds. In particular, these network-
like nanostructures include such nanoclusters as the fullerene molecule C60,
single carbon cages other than C60, e.g., C70, and multishell fullerenes, as well
as carbon nanotubes, or carbon fibers. It is established that an arc discharge
can produce either fullerenes or nanotubes by changing the conditions of
the discharge. In fact, with the discovery by Iijima [1.14] of carbon nanotube
structures, a new class of materials with the 1D dimensionality, or QWRs, has
been introduced. The nanotubes are made of coaxial graphite cylinders, see
Figs 1.7b and 1.7a. Each cylinder can be visualized as the conformal mapping
of a 2D honeycomb graphene lattice (Fig. 1.7a) onto its surface. Multiwalled,
or multiwall, carbon nanotubes consist of several concentric cylinders of the
hexagonal network arranged around each other. In what follows we concen-
trate on singlewalled, or single-shell, nanotubes consisting of one cylinder.

A singlewalled nanotube is specified by a 2D hexagonal lattice vector L
called the chiral, or circumferential, vector. Such a nanotube is obtained by
rolling a graphite sheet along the vector L and joining one end of the vector
to the other end as shown in Fig. 1.7. Thus, the length of circumference is
L = |L| and the radius of the cylinder is L/(2π). Each perfect carbon nan-
otube is translationally periodic along the tube principal axis with the period
being dependent on the vector L. Particular nanotubes with the chiral vec-
tor being parallel or perpendicular to one of elementary hexagon sides, see
dashed and dotted lines in Fig. 1.7a, are called armchair and zigzag nan-
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Fig. 1.6. (a) Cross-sectional bright-field transmission electron micrograph of a
multiple T-shaped QWR structure taken in the [1̄10] zone axis, i.e., with the electron
beam aligned along the wire axis. Dark areas correspond to GaAs or GaAs-rich
regions. (b) Schematic cross-section of the QWR laser structure. The MQW layer
consists of 22 GaAs QWs separated by Al0.35Ga0.65As barriers as illustrated in the
magnified part of the QWR region. From [1.13].

otubes, respectively. Other nanotubes are characterized by a screw rotation
symmetry and called the chiral nanotubes.

Introducing topological defects, pentagons, heptagons and octagons, in
the carbon hexagonal network, one can connect different single-walled nan-
otubes to form three-terminal nanotube heterojunctions, in particular, T
and Y junctions, which can be useful in nanoscale electronic devices, see
[1.16,1.17] and references therein.

1.3 Nanocrystals and Quantum Dot Structures

Quantum Dots (QDs) are nanoinclusions of one material inside another ma-
terial. A semiconductor QD provides charge carrier confinement in all three
directions and behaves as an artificial atom. Initially, QDs as well as QWRs
were fabricated by the lateral structuring of QWs, including lithographic
patterning and etching, selective intermixing by implantation and interdif-
fusion, strain-induced lateral confinement, growth on patterned substrates,
see details in the book [1.18]. Here we discuss in more detail two other
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Fig. 1.7. (a) The hexagonal 2D lattice of a graphite monoatomic layer (graphene).
A carbon nanotube is uniquely determined by the chiral vector, L, shown by a solid
arrow. Long-dashed and dotted vectors give rise to armchair and zigzag nanotubes.
(b) A graphene sheet rolled up to form a zigzag nanotube. (c) A rolled graphene
sheet representing chiral carbon nanotubes. From [1.15].

fabrication techniques for QDs, namely, Stranski-Krastanow growth of self-
organized QDs [1.19–1.21] and formation of nanocrystals in semiconductor
doped glasses [1.23].

There are three possible modes of heteroepitaxial growth, namely, Frank-
van der Merve, Volmer-Weber and Stranski-Krastanow, representing respec-
tively ‘layer-by-layer’, ‘island’ and ‘layer-by-layer plus island’ modes. The
particular growth mode for a given heteropair depends on the interface en-
ergies and on the lattice mismatch. Experimental results and theoretical
analysis [1.22] show that, in the lattice-mismatched InAs/GaAs system, the
Stranski-Krastanow mode is realized. At the initial stage, the growth oc-
curs layer by layer to form a wetting layer with the microscopic thickness
of one or two monomolecular layers. With increasing InAs deposition three-
dimensional (3D) coherent strained islands appear which can have the shape
of a pyramid with a square base as illustrated in Fig. 1.8. For a dilute system
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Fig. 1.8. Geometry of an InAs pyramid on an InAs wetting layer (WL) deposited
on a GaAs(001) surface.

of islands, the elastic interaction between them via the strained substrate
may be neglected. As the total InAs coverage increases and the system of is-
lands transforms from dilute to dense, the elastic interaction between islands
becomes essential, and a quasi-periodic array of self-organized islands with a
narrow dot size distribution is formed. Therefore, the dense array of QDs is
ordered both in shape, orientation, size and lateral arrangement.

An array of coherently strained InAs islands being covered and buried by
the deposited GaAs creates a strain field in the surrounding GaAs matrix.
When the next layer of InAs is grown, the modulated strain field pushes In
ad-atoms on the surface towards buried islands resulting in vertical stacking
of InAs islands in multisheet structures (vertically coupled QDs). With in-
creasing separation-layer thickness the vertical correlation of InAs islands is
lost because the surface strain field due to the underlying dots becomes too
weak to influence the growth kinetics.

Figure 1.9 shows a TEM image of a CdSe nanocrystal in a glassy dielectric
matrix. The sample was prepared by diffusion-controlled phase decomposi-
tion of an oversaturated solid solution. This three-stage technique makes it
possible to vary the size of the grown nanocrystals in a controlled manner
from some tens to thousands of Angstroms, but they are too small to form
continuous bands of electronic state and represent a special class of QDs.
Moreover, it is established that CdS and CdSe nanocrystals prepared by this
method have nearly spherical form, small dispersion in size and retain the
wurtzite crystalline structure.

As predicted in [1.25, 1.26], the cleaved edge overgrowth can be also em-
ployed to produce QDs at the juncture of three orthogonal QWs. The growth
of the initial QW, the first cleave and overgrowth on the (110) plane used to
obtain a T -shaped QWR are followed by the second cleave and overgrowth
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Fig. 1.9. High-resolution TEM image of a CdSe nanocrystal. The nanocrystal
shape is close to spherical, the framework for Cd and Se atoms is a wurtzite lattice.
From [1.24].

on top of the (11̄0) plane. Such twofold cleaved edge overgrowth QDs have
been realized in the GaAs/AlGaAs system using MBE [1.27].

1.4 Structure of the Book

The book is organized as follows: Chapter 1 which maps out the continuously
expanding kingdom of semiconductor nanostructures is followed by Chap-
ter 2 describing methods to calculate electron, exciton, phonon and photon
states in various nanostructures. The consideration is based on the envelope-
function approximation which provides a satisfactory accuracy and, on the
other hand, allows a transparent physical interpretation. Other chapters are
focused on particular fields of optical spectroscopy of nanostructures.

Chapter 3 deals with the reflection, propagation, absorption and trans-
mission of light waves in nanostructures near the fundamental absorption
edge. We focus the attention on coupling of excitons with electro-magnetic
field and show that the concept of exciton polariton undergoes a substantial
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modification in nanostructures. We calculate successively the reflection and
transmission coefficients from a single quantum well, multiple quantum wells,
periodic arrays of quantum dots and two-dimensional superlattices. Two final
sections of Chapter 3 are devoted to electro- and magneto-optics.

Chapter 4 presents results on intraband optical spectroscopy including
intra- and intersubband optical transitions in n- and p-doped periodic het-
erostructures and infrared dielectric response of undoped superlattices.

In Chapter 5 we review different aspects of photoluminescence spec-
troscopy emphasizing the role of excitons in the secondary emission of semi-
conductor nanostructures. We start with the description of macro- and micro-
photoluminescence spectra of localized excitons in undoped and modulation-
doped quantum wells. Then we give a comprehensive introduction into optical
spin orientation of free carriers and polarized photoluminescence of excitons
under polarized photoexcitation. The description of polarized photolumines-
cence necessitates a detailed information about the electron and exciton spin-
relaxation mechanisms, the g factor of free carriers and the fine structure of
excitonic levels in low-dimensional systems. The chapter ends by describing
the giant lateral optical anisotropy of type-II heterostructures.

Chapter 6 surveys various mechanisms of light scattering. We shall see
that the semiconductor nanostructures offer new possibilities and enrich the
Raman effect by scattering from intersubband excitations, confined and in-
terface optical phonons as well as folded acoustic phonons.

Chapter 7 gives an account of nonlinear optical properties of nanostruc-
tures summarizing the studies of two-photon absorption, four-wave mixing
and second-harmonic generation. Next, we describe optical properties of
quantum microcavities. We discuss the energy dispersion and the Rabi split-
ting of low-dimensional exciton polaritons and then turn to nonlinear optical
response of the microcavities. The chapter concludes with the description
of angle-resolved polarization-dependent stimulated polariton-polariton scat-
tering in quantum microcavities.

In Chapter 8 we give a consistent introduction to the physics of photo-
galvanic effects in noncentrosymmetric systems and summarize the results of
recent theoretical and experimental studies on the circular and linear photo-
galvanic effects, the spin-galvanic effect and the photon drag effect in two-
and one-dimensional structures.

In Conclusion (Chap. 9) we estimate perspective for low-dimensional
physics of semiconductors, as a whole, and for the optical spectroscopy, in
particular. The tables of characters of irreducible representations for some
relevant point groups are presented in Appendix.





2 Quantum Confinement in Low-Dimensional
Systems

So when Joseph came to his brothers,
they ... took him and threw him into the cistern.
Now the cistern was empty; there was
no water in it.

Genesis 37: 23,24

Nanostructures such as QWs, SLs, QWRs and QDs today constitute the main
platforms for electronic structure engineering, or quantum-mechanical engi-
neering. This calls for an efficient description and prediction of the electron
energy spectra. At present different sophisticated microscopical approaches
and atomistic theories have been proposed and developed to compute the
free-carrier states in bulk semiconductors and semiconductor heteronanos-
tructures. They are mostly based on empirical or first-principles pseudopo-
tential and tight-binding methods. However, up to now the latter methods are
not omnipotent and all-powerful. As in the past development of the physics
of bulk semiconductors, the approximate continuum (not-atomistic) theories,
by virtue of their simplicity and ease of interpretation, are by far the most
popular methods for calculating the properties of electrons in semiconductor
nanostructures. They are in the order (i) the effective mass approximation
in case of a simple electronic band structure, (ii) the effective Hamiltonian
approach for degenerate bands, and (iii) the envelope-function theory in the
multi-band k · p models (e.g., the Kane model). In these methods of calcu-
lation, first, within each homogeneous layer of a multilayered structure or
within a homogeneous region of lower dimensionality in QWR and QD struc-
tures, the solution is written as a linear combination of bulk wave functions.
Then the sets of envelope functions in different regions are matched at the
heterointerfaces by applying appropriate boundary conditions. In this chap-
ter we will consider quantum confinement of electronic and excitonic states
and modification of vibrational spectra in various nanostructures of different
dimensionalities. The consideration is based on the approximate continuum
methods but, from time to time, if it is pertinent we will refer to theoretical
results obtained by using the refined atomistic theories.
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2.1 Charge Carriers in Quantum Wells

2.1.1 Size-Quantization of Electrons with Simple Parabolic
Energy Spectrum

Calculation of electron states in semiconductor nanostructures performed in
the effective-mass approximation often looks like practical training in the
quantum mechanics. Let us consider an A/B QW structure consisting of the
well layer A sandwiched between two barrier half-subspaces B. For example,
the materials A and B can be GaAs and AlxGa1−xAs. For a simple isotropic
and parabolic conduction band, the electron envelope function is separable
and can be written as

ψ(r) =
1√
S

eik‖·ρϕ(z) . (2.1)

Here z is the structure growth axis, k = (kx, ky) is the 2D wave vector char-
acterizing the electron’s free motion in the interface plane (x, y) and S is the
structure in-plane area. Notice that since translational invariance in the plane
(x, y) is preserved, the space-group theorems concerning the k conservation
apply to kx and ky but not to the z-component kz. In the effective-mass
method the z-dependent envelope satisfies the following Schrödinger equa-
tion inside the well

− �2

2mA

d2ϕ(z)
dz2

+
�2k2

‖
2mA

ϕ(z) = Eϕ(z) , (2.2)

where mA is the electron’s effective mass in the material A. It is instructive
to start from the electron states and energy spectrum in an idealized case of
infinitely high (impenetrable) barriers. In this approximation, the envelope
ϕ(z) vanishes outside the QW and the boundary conditions are given by as

ϕ(±a/2) = 0 , (2.3)

where a is the well thickness and, since the origin of the coordinate system
is chosen at the QW center, the points ±a/2 are located at the interfaces.
The system under consideration is invariant under the mirror reflection z →
−z. Therefore the totality of solutions of the Schrödinger equation splits
into sets of even and odd functions of z, which can be written as C cos kz
and C sin kz, respectively, where C is the normalization factor. Taking into
account the boundary conditions (2.3) we obtain that the electron wave-
vector z-component, kz ≡ k, is size-quantized and the allowed values of k and
E are as follows

k =
νπ

a
, E(k‖) =

�2

2mA

[(νπ
a

)2

+ k2
‖

]
, (2.4)

where ν = 1, 3, ...2n+ 1... for even solutions and ν = 2, 4...2n... for odd solu-
tions. The corresponding electron quantum-confined states are labelled as eν.
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The energy spectrum E(k‖) consists of the parabolic branches Eeνk‖ , called
subbands, which are shifted vertically with respect to each other. The electron
total energy is the sum of the confinement energy Ez = (�2/2mA)(νπ/a)2

and the kinetic energy Exy = (�2/2mA)(k2
x + k2

y) of the electron free motion
in the (x, y) plane.

Now we turn to a finite barrier height V = EB
c − EA

c . Then the super-
structure potential of a square QW B/A/B is

V (z) =
{

0 for − a/2 < z < a/2 ,
V for z < −a/2 or z > a/2 . (2.5)

In QW structures with finite values of V , the envelope ψ(r) is nonzero both
in the A and B layers. Due to the translational symmetry, the components
kx, ky are the same inside and outside the well. The equation for ϕ(z) in the
barrier layers is

− �2

2mB

d2ϕ(z)
dz2

+

(
�2k2

‖
2mB

+ V

)
ϕ(z) = Eϕ(z) . (2.6)

Except for the fact that the masses mA and mB may be different, the equa-
tions (2.2, 2.6) are identical to those solved in quantum-mechanics textbooks
for a particle confined in a 1D square-potential well. In general, there are two
kinds of solutions to (2.2, 2.6). When E − V − (�2k2

‖/2mB) is positive, the
solutions within each layer are linear combinations of two plane waves and
their energy spectrum is continuous, even for a fixed in-plane wave vector
k‖. In case of negative values of E − V − (�2k2

‖/2mB), which is considered
below, the function ϕ(z) is a linear combination of plane waves exp (±ikz)
inside the well, and exponentially decays as exp (±æz) in the left and right
barriers, respectively, where

k =
(

2mAE

�2
− k2

‖

)1/2

, æ =
(

2mB(V − E)
�2

+ k2
‖

)1/2

. (2.7)

Since the potential (2.5) possesses reflection symmetry, the functions ϕ(z)
have a certain parity. For even solutions, one can write

ϕ(z) =
{

C cos kz , if |z| ≤ a/2,
D exp [−æ(|z| − a/2)] , if |z| ≥ a/2, (2.8)

The coefficients C and D are found from the normalization condition∫
ϕ2(z) dz = 1 (2.9)

and boundary conditions that relate the envelopes ϕA, ϕB and their deriva-
tives (dϕ/dz)A, (dϕ/dz)B on both sides of the interface between the mate-
rials A and B. The most popular are the so-called Bastard boundary condi-
tions [2.1, 2.2]
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ϕA = ϕB ,
1
mA

(
dϕ

dz

)
A

=
1
mB

(
dϕ

dz

)
B

. (2.10)

They ensure continuity of the envelope ϕ(z) and the particle flux across the
interface. For the solution (2.8) the boundary conditions lead to the following
two linear homogeneous equations for C and D

C cos k
a

2
= D , − k

mA
C sin k

a

2
= − æ

mB
D . (2.11)

After some algebra we obtain the transcendental equation for the energy of
even solutions

tan k
a

2
= η ≡ mA

mB

æ
k
. (2.12)

For odd solutions, the envelope ϕ(z) has the form

ϕ(z) =
{

C sin kz , if |z| ≤ a/2 ,
D sign{z} exp [−æ(|z| − a/2)] , if |z| ≥ a/2 , (2.13)

and the energy is found from

cot k
a

2
= −η . (2.14)

The coefficient C is derived from the normalization condition (2.9) and can
be presented as

C =

√
2
a

[
1 ± sin ka

ka
+

1
æa

(1 ± cos ka)
]−1

, (2.15)

where the sign ± corresponds to the even and odd solutions. By using (2.12)
and (2.14) one can reduce the above expressions for C to

C =

√
2
a

[
1 +

2
(1 + η2)a

(
η

k
+

1
æ

)]−1

, (2.16)

which is valid for solutions of both parities. It is known that in a symmetrical
1D well there is always at least one quantum-confined state. Therefore, for
a finite value of V , the electron energy spectrum contains a finite number of
subbands eν (ν = 1...N) and continuum of states with E− (�2k2

‖/2mB) > V .
For the case of coinciding effective masses, mA = mB, the dispersion Eeνk‖ is
parabolic with the same mass as in the bulk compositional materials. If the
difference between mA and mB is relatively small, the subband dispersion is
close to parabolic.

It is worthwhile to analyze the transition from a finite to an infinite barrier
height. For this purpose we take kx = ky = 0 and assume V to be high enough
and satisfy the condition
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V � �2

2mA

(π
a

)2

. (2.17)

Then, for the ground state e1, we can replace æ by æ0 =
√

2mAV/�2, rewrite
(2.12) in the form cot (ka/2) = (mBk/mAæ) ≈ (mBk/mAæ0) and consider
the ratio k/æ0 as a small parameter. For the state e1, in the zero-order
approximation we obtain ka/2 = π/2 or k = π/a which coincides with (2.4)
derived in the limit V → ∞ for ν = 1. In the first-order approximation we
find

k ≈ π

a

(
1 − mB

mA

2
æ0a

)
and

Ee1 ≈ �2

2mA

(π
a

)2
(

1 − mB

mA

4
æ0a

)
. (2.18)

If the masses mA and mB are comparable in the order of magnitude the
criterion for validity of (2.18) is the inequality æ0a� 4. It follows then that
the concepts “high barrier”, “low barrier” are relative and, for a wide well,
equation (2.18) is valid even in heterostructures with relatively small band
offsets.

One should bear in mind that, for semiconductors with the simple band
structure, the most general boundary conditions are (see, e.g., [2.3–2.7])

ϕA = t11 ϕB + t12 ϕ̇B , ϕ̇A = t21 ϕB + t22 ϕ̇B , (2.19)

where

ϕ̇A = l

(
∂ϕ

∂z

)
A

, ϕ̇B = l
mA

mB

(
∂ϕ

∂z

)
B

,

l is an arbitrarily chosen microscopic length introduced in order to get the
matrix elements tij dimensionless. The matrix t̂ is unimodular, i.e., it sat-
isfies the condition t11t22 − t12t21 = 1 (to within an overall complex phase
factor), to insure that the electron flux is continuous. For a sharp heterointer-
face A/B, the determination of the matrix t̂ is beyond the competence of the
envelope-function theory. Therefore the chosen set of components tij is either
postulated or carried out by means of comparison with experiment or results
of calculation performed in the frame of some microscopic model. Clearly, the
Bastard boundary conditions (2.10) is a special case of the general conditions
(2.19) with t11 = t22 = 1, t12 = t21 = 0. They are in a satisfactory agreement
with the microscopical calculations in linear-chain tight-binding and empiri-
cal pseudopotential models [2.5]. Note that instead of solving the Schrödinger
equation within each layer and sewing the solutions at the interfaces by us-
ing the boundary conditions in the form (2.10) one can equivalently use the
Hamiltonian

H = − ∂

∂z

�2

2m(z)
∂

∂z
− �2

2m(z)

(
∂2

∂x2
+

∂2

∂y2

)
+ V (z) ,
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defined in the whole space. Here m(z) is a discontinuous function jumping at
the A/B interface from mA to mB.

If the carrier spectrum is anisotropic but the normal, z, to the interface
is directed along one of the principal axes 1, 2, 3 of the effective-mass ten-
sor, then the above equations for the electron energy are valid with minor
modifications. Particularly, for z ‖ 3, the quantum-confinement energy Ez
is governed by the effective masses mA

3 ,m
B
3 while the kinetic energy Exy is

governed by the masses mA
i ,m

B
i with i = 1, 2. If the carrier spectrum is

anisotropic and the normal z is directed in an arbitrary way with respect
to the principal axes 1, 2, 3, then in the coordinate frame x, y, z the electron
effective Hamiltonian within the well,

H =
∑
ij

�2

2
k̂ik̂j
mA
ij

with k̂j = −i
∂

∂xj
,

contains nondiagonal components of the reciprocal effective-mass tensor
mA
ij

−1. In this case, the solution of Schrödinger’s equation can be also repre-
sented in the form (2.1). However, here,

ϕ(z) = exp
[
−i

(
mzz

mxz
kx +

mzz

myz
ky

)
z

] (
C1eikz + C2e−ikz

)
. (2.20)

For simplicity, we omit the superscript A indicating the effective mass in the
layer A. The electron energy is given by

E =
�2k2

2mzz
+ Exy , (2.21)

where

Exy =
�2k2

x

2mxx

(
1 − mxxmzz

m2
xz

)
+

�2k2
y

2myy

(
1 − myymzz

m2
yz

)

+
�2kxky
2mxy

(
1 − mxymzz

mxzmyz

)
.

In a QW structure, a value of k2 is quantized. Just as in (2.4), for infinitely
high barriers, k = νπ/a.

The space confinement, or size-quantization, of hole states for the simple
valence-band structure is treated in the same way, the hole subbands are
labelled hν. Fig. 2.1 illustrates the size-quantized electron subbands e1, e2
in the conduction band and subbands h1, h2 in the valence band. For semi-
conductors with degenerate valence bands, the calculation of hole energy
spectrum presents a more complicated procedure discussed in the next sub-
section.
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Fig. 2.1. Band diagram of a single QW and the electron energy dispersion in the 2D
conduction and valence subbands. The arrows indicate possible optical transitions,
namely, (1) direct intraband intersubband transitions, see Sect. 4.1, (2) indirect
intrasubband transitions (Sect. 4.3), (3) transitions from quantum-confined to con-
tinuum states, and (4),(5) direct interband transitions (Sect. 2.6).

2.1.2 Luttinger Hamiltonian. Heavy- and Light-Hole Subbands

If we ignore the spin and spin-orbit interaction (the nonrelativistic approxi-
mation), the bottom conduction and top valence Γ -states in GaAs-like semi-
conductors are characterized by s- and p-type symmetries. The corresponding
orbital Bloch functions are designated S(r) ≡ S andX,Y,Z. They form bases
of the irreducible representations A1 (Γ1) and F2 (Γ15) of the point group Td
(see Appendix). However, one has to bear in mind that these functions are pe-
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riodical with the periodicity of zinc-blende structure, say, X(r + ai) = X(r)
with ai being the primitive lattice vectors. The inclusion of the spin degener-
acy doubles number of states at the Γ point: ↑ S, ↓ S (the spinor irreducible
representation Γ6) for the conduction band and ↑ X, ↑ Y, ↑ Z, ↓ X, ↓ Y, ↓ Z
for the valence band. The spin-orbit interaction leads to splitting of the six
degenerate valence states into the quartet

|Γ8,+3/2〉 = − ↑ X + iY√
2

, (2.22)

|Γ8,+1/2〉 =

√
2
3

↑ Z− ↓ X + iY√
6

,

|Γ8,−1/2〉 =

√
2
3

↓ Z+ ↑ X − iY√
6

,

|Γ8,−3/2〉 = ↓ X − iY√
2

,

that transforms according to the spinor representation Γ8, and the doublet

|Γ7,+1/2〉 =
1√
3
[↑ Z+ ↓ (X + iY )] , (2.23)

|Γ7,−1/2〉 =
1√
3

[− ↓ Z+ ↑ (X − iY )]

that forms the spinor representation Γ7. We use the canonical bases for the
representations Γ8, Γ7, they transform under operations of the Td group as
the spherical functions Y3/2,m (m = ±3/2,±1/2) and Y1/2,m (m = ±1/2). By
analogy with spin-orbit splitting of the p-level of a hydrogen atom, the states
Γ8, Γ7 are ascribed to those with the total angular momentum J = 3/2, 1/2
and its z-components m = ±3/2,±1/2 and m = ±1/2, respectively. This
explains the notations of the corresponding basic functions in (2.22, 2.23).

The effective Hamiltonian for electrons in the valence band Γ8 is a 4×4
matrix and, in the basis (2.22), has the form

H(Γ8) =

⎡
⎢⎢⎣
F H I 0
H∗ G 0 I
I∗ 0 G −H
0 I∗ −H∗ F

⎤
⎥⎥⎦ , (2.24)

where

F = (A−B) k2
z +

(
A+

B

2

)
(k2
x + k2

y) , (2.25)

G = (A+B)k2
z +

(
A− B

2

)
(k2
x + k2

y) ,

I = −
√

3
2

[
B(k2

x − k2
y) − 2 i

D√
3
kxky

]
,

H = −Dkz(kx − iky) ,



2.1 Charge Carriers in Quantum Wells 23

and x, y, z are the principal axes [100], [010] and [001]. This matrix, called
the Luttinger Hamiltonian and depending on three band parameters, A,B
and C, is derived in the second-order k · p perturbation theory or in the
method of invariants. It describes the energy spectrum and electron (hole)
states in the vicinity of the point k = 0 in the band Γ8 of zinc-blende-
lattice semiconductors (e.g., GaAs, InP, CdTe, ZnSe) and in the band Γ+

8

of centrosymmetric diamond-lattice semiconductors (Ge, Si). Notice that the
symmetry forbids odd terms in the expansion of the Hamiltonian in powers of
k in centrosymmetric crystals but allows such terms in Td crystal classes. The
linear- and cubic-in-k contributions to the effective Hamiltonian are discussed
in Sect. 2.6.

The dispersion equation Det||H(Γ8)
m′m − Eδm′m|| = 0 is reduced to

[
(E − F )(E −G)− | H |2 − | I |2

]2
= 0 .

Its solutions are

Ehh,lh =
F +G

2
±

√(
F −G

2

)2

+ |H|2 + |I|2 (2.26)

= Ak2 ±
√
B2k4 + (D2 − 3B2)

(
k2
xk

2
y + k2

yk
2
z + k2

zk
2
x

)
.

For most semiconductors with a zinc-blende lattice the band parameter A is
negative. As a result, the effective masses �2k2/(2Ehh,lh) are negative as well.
Sometimes, instead of working in the electron representation with negative
masses, it is more convenient to use the hole representation with positive
masses and replace H(Γ8) by −H(Γ8). The energy in the latter representation
will be labelled by the superscript ‘h’. Thus for hole dispersion we have instead
of (2.26)

Ehhh =
�2k2

2mhh
, mhh =

�2

2(|A| −
√
B2 + C2f)

, (2.27)

Ehlh =
�2k2

2mlh
, mlh =

�2

2(|A| +
√
B2 + C2f)

,

where

C2 = D2 − 3B2 , f =
k2
xk

2
y + k2

yk
2
z + k2

zk
2
x

k4
.

Usually values of A,B and D/
√

3 are close to each other because the k · p
coupling of the Γ8 valence band with the lowest conduction band Γ6 is the
strongest. As a result, the hole branch labelled ‘hh’ has a small dispersion
and hence large mass, it is referred to as the heavy-hole subband. The other
branch labelled ‘lh’ is known as the light-hole subband. Note that the heavy-
and light-hole subbands are 3D bands and have nothing in common with the
size-quantized subbands in QWs and QWRs.
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The Luttinger Hamiltonian (2.24) can be conveniently presented in the
following invariant form [2.8]

H(Γ8)(k) =
(
A+

5
4
B

)
k2 −B

∑
i

J2
i k

2
i −

D√
3

∑
i′ �=i

{Ji′Ji}ski′ki (2.28)

=
�2

2m0

⎡
⎣−(

γ1 +
5
2
γ2

)
k2 + 2γ2

∑
i

J2
i k

2
i + 2γ3

∑
i′ �=i

{Ji′Ji}ski′ki

⎤
⎦ .

Here i, i′ = x, y, z, Ji are the matrices of the angular-momentum operators
Ĵi in the basis Y3/2,m, the curly brackets with the subscript s mean the
antisymmetrization: {MN}s = (MN + NM)/2 for any operators or matri-
ces M and N . The complete set of 4×4 matrices constructed from products
of Ji is presented in Table 2.1. In the method of invariants, these matrices
can be considered as objects transforming according to representations of
the Td group. Particularly, the matrices Ji and J3

i form equivalent bases of
the representation F1 (pseudovector) and the matrices Vi and {Ji+1Ji+2}s
transform according to the representation F2 (vector). The three matrices J2

i

form a basis of the reducible representation which is reduced to A1 +E. The
invariant matrix is the sum J2

x + J2
y + J2

z which is equal J(J + 1)I, where
J = 3/2 and I is the 4×4 unit matrix with the components Ii′i = δi′i. As a
basis of the representation E one can use the pair

√
3(J2

x−J2
y ), 2J

2
z −J2

x−J2
y .

Finally, the matrix {JxJyJz}s is attributed to the representation A2 (pseu-
doscalar). The matrices Ji, J3

i , Vi and {JxJyJz}s are odd and the matrices
J2
i , {Ji+1Ji+2}s are even under time inversion operation. The dimensionless

constants γj called the Luttinger (or Kohn-Luttinger) band-structure param-
eters are connected with the constants A,B,D by

�2

2m0
γ1 = −A , �2

m0
γ2 = −B ,

�2

m0
γ3 = − D√

3
. (2.29)

Table 2.1. Matrices Ji and their products for the representation Γ8 in the basis

Y3/2,m (m = 3/2, 1/2,−1/2,−3/2). The used notations are Vi = {Ji(J
2
i+1−J2

i+2)}s,

{JxJyJz}s = {Jx{JyJz}s}s.

Jx =

⎡
⎢⎢⎣

0
√

3/2 0 0√
3/2 0 1 0

0 1 0
√

3/2

0 0
√

3/2 0

⎤
⎥⎥⎦ , Jy =

⎡
⎢⎢⎣

0 −i
√

3/2 0 0

i
√

3/2 0 −i 0

0 i 0 −i
√

3/2

0 0 i
√

3/2 0

⎤
⎥⎥⎦ ,

Jz =

⎡
⎢⎢⎣

3/2 0 0 0
0 1/2 0 0
0 0 −1/2 0
0 0 0 −3/2

⎤
⎥⎥⎦ ,
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J2
x =

⎡
⎢⎢⎣

3/4 0
√

3/2 0

0 7/4 0
√

3/2√
3/2 0 7/4 0

0
√

3/2 0 3/4

⎤
⎥⎥⎦ , J2

y =

⎡
⎢⎢⎣

3/4 0 −√
3/2 0

0 7/4 0 −√
3/2

−√
3/2 0 7/4 0

0 −√
3/2 0 3/4

⎤
⎥⎥⎦ ,

J2
z =

⎡
⎢⎢⎣

9/4 0 0 0
0 1/4 0 0
0 0 1/4 0
0 0 0 9/4

⎤
⎥⎥⎦ ,

2{JyJz}s =

⎡
⎢⎢⎣

0 −i
√

3 0 0

i
√

3 0 0 0

0 0 0 i
√

3

0 0 −i
√

3 0

⎤
⎥⎥⎦ , 2{JzJx}s =

⎡
⎢⎢⎣

0
√

3 0 0√
3 0 0 0

0 0 0 −√
3

0 0 −√
3 0

⎤
⎥⎥⎦ ,

2{JxJy}s =

⎡
⎢⎢⎣

0 0 −i
√

3 0

0 0 0 −i
√

3

i
√

3 0 0 0

0 i
√

3 0 0

⎤
⎥⎥⎦ ,

J3
x =

⎡
⎢⎢⎣

0 7
√

3/8 0 3/4

7
√

3/8 0 5/2 0

0 5/2 0 7
√

3/8

3/4 0 7
√

3/8 0

⎤
⎥⎥⎦ , J3

y =

⎡
⎢⎢⎣

0 −i7
√

3/8 0 i3/4

i7
√

3/8 0 −i5/2 0

0 i5/2 0 −i7
√

3/8

−i3/4 0 i7
√

3/8 0

⎤
⎥⎥⎦ ,

J3
z =

⎡
⎢⎢⎣

27/8 0 0 0
0 1/8 0 0
0 0 −1/8 0
0 0 0 −27/8

⎤
⎥⎥⎦ ,

Vx =

⎡
⎢⎢⎣

0 −√
3/4 0 −3/4

−√
3/4 0 3/4 0

0 3/4 0 −√
3/4

−3/4 0 −√
3/4 0

⎤
⎥⎥⎦ , Vy =

⎡
⎢⎢⎣

0 −i
√

3/4 0 i3/4

i
√

3/4 0 i3/4 0

0 −i3/4 0 −i
√

3/4

−i3/4 0 i
√

3/4 0

⎤
⎥⎥⎦ ,

Vz =

⎡
⎢⎢⎣

0 0
√

3/2 0

0 0 0 −√
3/2√

3/2 0 0 0

0 −√
3/2 0 0

⎤
⎥⎥⎦ ,

2{JxJyJz}s =

⎡
⎢⎢⎣

0 0 −i
√

3/2 0

0 0 0 i
√

3/2

i
√

3/2 0 0 0

0 −i
√

3/2 0 0

⎤
⎥⎥⎦ .

The method of invariants readily allows to write down a deformation-
induced contribution to (2.28), the so-called Bir-Pikus Hamiltonian, as

H(Γ8)
u =

(
a+

5
4
b

)
Tr{û} − b

∑
i

J2
i uii −

d√
3

∑
i′ �=i

{Ji′Ji}sui′i , (2.30)
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where û is the strain tensor with the components ui′i and a, b, d are the
deformation potential constants. The Zeeman Hamiltonian in the band Γ8

reads
H(Γ8)

B = 2µB
[
KJ · B + q(J3

xBx + J3
yBy + J3

zBz)
]

(2.31)

and is characterized by two dimensionless coefficients K and q. Here B is
the magnetic field and µB is the Bohr magneton. Note that the difference
between γ2 and γ3 as well as nonzero value of q are due to the cubic symmetry
of the zinc-blende lattice. The warping of the valence band, or the angular
dependence of mhh,mlh, is directly related to the difference between γ2 and
γ3. In the frequently used isotropic approximation, γ3 is identified with γ2 in
which case the warping vanishes. In the effective Hamiltonian approach, the
electron wave function is expanded in the Bloch states near the extremum
point, here the Γ point, and written as a sum

Ψ(r) =
∑
m

Φm(r) |3/2,m〉 (2.32)

of products of the smoothly-varying envelope functions Φm and the Γ -point
Bloch functions |3/2,m〉, see (2.22).

In QW structures, the envelope functions Φm presented as a four-component
column Φ satisfy the matrix Schrödinger equation

HΦ(r) = EΦ(r) , (2.33)

where the effective Hamiltonian H is the Luttinger Hamiltonian H(Γ8)(k̂)
with the superstructure potential V (z) included into the diagonal, k̂ = −i∇.
The simplest boundary conditions for the envelopes Φm(r) are

ΦA = ΦB , (v̂zΦ)A = (v̂zΦ)B , (2.34)

where v̂z is the normal component of the velocity operator

v̂z =
1
�

∂H
∂kz

. (2.35)

In this subsection the consideration is restricted to zinc-blende-lattice QW
structures grown along the direction [001]. QWs grown along low-symmetry
directions are treated in Sect. 3.1.6. We start from quantum-confined va-
lence states with zero in-plane wave vector, kx = ky = 0. Since in this case
the non-diagonal elements of the Luttinger Hamiltonian vanish, heavy- and
light-hole states are size-quantized independently and form two series of sub-
bands, heavy-hole (hhν) and light-hole (lhν) subbands. At the same time the
boundary conditions (2.34) reduce to (2.10). The hole quantum-confinement
energies Ehhν and Elhν are found from (2.12, 2.14) by substituting into these
equations the hole masses and the valence band offset. For each state only
one envelope Φi(z) is nonzero so that the heavy-hole states are characterized
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by the angular momentum component Jz = ±3/2 whereas, for the lh states,
Jz = ±1/2. Therefore, one has

Ψhhν,±3/2(r) = ϕhhν(z) |3/2,±3/2〉 , (2.36)
Ψlhν,±1/2(r) = ϕlhν(z) |3/2,±1/2〉 ,

where the envelopes ϕhhν(z), ϕlhν(z) are given by (2.8, 2.13).
For nonzero values of the in-plane wave vector k‖, the off-diagonal terms

of the Luttinger Hamiltonian mix the heavy- and light-hole states and give
rise to large nonparabolicities of the hole subbands [2.9–2.14]. In QWs with
perfect interfaces, the in-plane motion may be factorized out of the envelope
function

Φ(r) = ei(kxx+kyy)F (z) , (2.37)

where F is a four-component column, z and k‖-dependent. With no magnetic
field, the solutions of (2.33) at each subband hhν, lhν and in-plane wave
vector k‖ are twofold degenerate. It is accepted to label the hole subbands
as Ehhν,k‖ , Elhν,k‖ referring to the subband index hhν or lhν at k = 0.

In symmetrical QWs, it is possible to classify the two degenerate states
by a parity number p = ± under the mirror reflection z → −z. It follows then
that, for the hole state with parity p, the four-component envelope F (z) can
be presented as [2.11,2.13]

Fp(z) =

⎡
⎢⎢⎣

F3/2,p(z)
F1/2,−p(z)
F−1/2,p(z)
F−3/2,−p(z)

⎤
⎥⎥⎦ . (2.38)

Particularly, this means that, if the component F3/2,p is even (p = +), then
the component F1/2,−p is odd. In other words, the mth component of the
column Fp(z) has parity pm given by

pm = (−1)3/2−m p .

The fact that the Luttinger Hamiltonian is invariant under both time and
space inversion allows to relate the even and odd solutions with the same k‖
by

Ψ−(r) = ĴK̂Ψ+(r) . (2.39)

Here it is assumed that the time inversion operator K̂ acts both on the en-
velopes Φm(r) and the Bloch functions |Γ8,m〉 whereas the space inversion
operator Ĵ acts only on the envelopes, ĴΦm(r) = Φm(−r). The operator K̂
is defined by

K̂u = −iσyu∗ , (2.40)

where u is an arbitrary spinor function and σy is the Pauli matrix. In partic-
ular,
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K̂ |Γ8, 3/2〉 = − |Γ8,−3/2〉 , K̂ |Γ8, 1/2〉 = |Γ8,−1/2〉 , (2.41)
K̂ |Γ8,−1/2〉 = − |Γ8, 1/2〉 , K̂ |Γ8,−3/2〉 = |Γ8, 3/2〉 .

A typical calculated hole energy spectrum is illustrated in Fig. 2.2 for a
GaAs/Al0.5Ga0.5As QW of the width a = 200 Å. Neglecting the off-diagonal
terms in the Luttinger Hamiltonian, i.e., neglecting the heavy-light-hole hy-
bridization, the hhν and lhν hole subbands are parabolas, see (2.25),

Ehhνk‖ = E0
hhν +

(
|A| + |B|

2

)
k2
‖ and Elhνk‖ = E0

lhν +
(
|A| − |B|

2

)
k2
‖ ,

where E0
jν = Ejν,k‖=0 (j = hh, lh). The valence-subband coupling leads to

anticrossing of these parabolic subbands and even to nonmonotonical dis-
persion for some of them. The nonparabolicity in the hh2, lh1 subbands is
considerably larger than that in the hh1 subband because of the mutual re-
pulsion of the hh2, lh1 subbands arising from the small energy separation
between them.

The boundary conditions (2.34) ignore the anisotropy of chemical bonds
at an interface. In fact, the point symmetry of a perfect GaAs/AlAs(001) in-
terface, or of a CA/C′A′(001) interface between the zinc-blende-lattice semi-
conductors CA and C′A′, is C2v. For this point group, the heavy-hole (hh)
and light-hole (lh) states at k‖ = 0 transform according to equivalent spinor
representations and, hence, interface-induced lh-hh mixing is allowed even
for zero in-plane wave vector. In [2.16, 2.17] this kind of mixing was postu-
lated by including additional terms in the boundary conditions for the hole
envelope functions. In a matrix form, the proposed boundary conditions for
the envelopes Fm(z) at k‖ = 0 are written as

FA = FB , (v̂zF )A = (v̂zF )B − i
2√
3

�

a0m0
tl-h{JxJy}sFB , (2.42)

where x ‖ [100], y ‖ [010] The prefactor with Planck’s constant �, free electron
mass m0 and the lattice constant a0 (assumed to be the same for CA and
C′A′) is introduced to characterize the lh-hh mixing by the dimensionless
real parameter tl-h. The mixing under consideration has a nonrelativistic
nature and is due to the interface-induced mixing of |X〉 and |Y 〉 orbital
Bloch functions under normal hole incidence. In [2.18] a tight-binding model
has been used to relate the microscopic parameters with the coefficient tl-h.
The tight-binding estimation of tl-h = 0.44 is in reasonable agreement with
experiment on anisotropic exchange splitting of excitonic levels in type-II
GaAs/AlAs SLs (Sect. 5.5.1). The additional term in the boundary conditions
(2.42) plays a decisive role in the formation of interface optical anisotropy of
heterostructures with no common atom (Sect. 3.1.7) and a large role in the
quantum-confined Pockels effect (Sect. 3.4.3). Different theoretical aspects of
the heavy-light-hole mixing at zinc-blende (001) interfaces under normal hole
incidence were also analyzed in [2.19–2.26].
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Fig. 2.2. Calculated in-plane energy dispersion of holes for the top-most valence
subbands in a GaAs/Al0.5Ga0.5As QW of the thickness a = 200 Å. The horizontal
dashed-and-dotted line indicates the Fermi level position, EF , corresponding to the
2D hole density ps = 2 × 1011 cm−2. The vertical arrows illustrate direct optical
transitions accompanied by photon absorption (solid) or emission (dashed). The
shaded areas demonstrate the anisotropy of the hole energy spectrum: the curves
bounding these areas correspond to the dispersion along the [100] and [110] in-plane
directions. From [2.15].
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2.1.3 Effect of Nonparabolicity on the Confinement Energy

Effects of energy dispersion in bulk constituent semiconductors on quantum
confinement of electrons and holes in nanostructures are naturally taken into
account in multiband envelope-function theories. In a N -band model, the
electron wave function is presented, similarly to (2.32), as a sum

Ψ(r) =
N∑
n=1

Φn(r) |n〉 , (2.43)

where |n〉 are the Bloch functions at the extremum point, here the Γ -point
k = 0, and N equals the number of involved basic states |n〉. The model
effective Hamiltonian H(k) is a N ×N matrix divided into three parts: the
diagonal matrix H(0) containing the energies E0

n at k = 0, the matrix H(1)

describing the k ·p and spin-orbit coupling between the chosen set |n〉 that is
treated exactly, and the matrix H(2) which takes into account by perturbation
theory the coupling between the chosen set and remaining (remote) Bloch
states. Among different k · p models used for description of electronic states,
it is worth to mention (i) the 6×6 Luttinger model, Γ v8 +Γ v7 , of the coupled Γ8

and Γ7 valence bands [2.8, 2.27, 2.28], (ii) the Kane model [2.29–2.32] with a
8×8 Hamiltonian acting in the eightfold space Γ c6 +Γ v8 +Γ v7 of the conduction
states Γ6 and the valence states Γ8, Γ7, and (iii) the 14-band model [2.33–2.35]
with a Hamiltonian H14×14 acting in the space of states in the Γ6, Γ8, Γ7

conduction bands and Γ8, Γ7 valence bands. Here we will apply the Kane
model to demonstrate strengths of the multicomponent envelope-function
theories and go beyond the parabolic-band approximation in calculations of
conduction-band states.

The 8-band Kane model applied here explicitly takes into consideration
the k · p mixing between the lowest conduction band Γ6c and the highest
valence-band Γ8v, Γ7v states and ignores coupling with other bands, H(2) = 0.
Following Suris [2.36] we present the electron wave function in the form

Ψ = u S + vx X + vy Y + vz Z , (2.44)

where u(r) and v(r) are scalar and vector spinor envelope functions. In terms
of u and v, the Schrödinger equation is conveniently written as follows

Eu = −iP k̂ · v , (2.45)(
E + Eg +

∆

3

)
v = iP k̂u+ i

∆

3
σ × v .

Here E is the electron energy referred to the conduction band bottom Γ6,
k̂ = −i∇, Eg is the band gap, ∆ is the spin-orbit splitting of the valence
band and

P = i
�pcv
m0

, pcv = 〈S|p̂z|Z〉 . (2.46)
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By using the second equation of (2.45) one can express the vector spinor v
via the gradient ∇u as

Pv =
�2

2m(E)
∇u− i

�2

4m0
[g(E) − g0](σ ×∇)u , (2.47)

where

1
m(E)

=
2
3
P 2

�2

(
2

Eg + E
+

1
Eg +E +∆

)
, (2.48)

g(E) = g0 −
4
3
m0P

2

�2

∆

(Eg + E)(Eg + E +∆)
.

Substituting (2.47) into the first equation of (2.45) we naturally come to a
second-order differential equation for the conduction-band envelope

�2k̂2

2m(E)
u = E u . (2.49)

Therefore, in a bulk material the electron dispersion equation is

2m(E)E = �2k2

or

E(E + Eg)(E +Eg +∆) = P 2k2

(
E + Eg +

2
3
∆

)
. (2.50)

Note that m−1(0) and the difference g(0)−g0 describe the valence-band k ·p
contributions to the inverse effective mass and the g factor at the bottom of
the conduction band (Sect. 5.3.3). Expanding the energy of the conduction
band, Ec(k), to k4 we obtain from (2.50)

Ec(k) ≈
�2k2

2m∗

(
1 − 3 − 2η + η2

3 − η

�2k2

2m∗Eg

)
, (2.51)

where m∗ = m(0) and η = ∆/(Eg + ∆). It should be mentioned that in
(2.45) the term �2k2/(2m0) is dropped because it is comparable with the
contribution of neglected remote bands. The generalized Kane model contains
this dropped term as well as the quadratic-in-k term H(2). However, this
modification deprives the model of its main asset, namely, the possibility of
expressing all spectral parameters in terms of a limited number of the model
constants.

The simplest boundary conditions for the envelope functions are the con-
tinuity of the spinor u(r) and of the normal component of the vector Pv(r)
at the interfaces. For a QW structure with the growth axis along z, they
reduce to

uA = uB , PA (vz)A = PB (vz)B , (2.52)
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where PA, PB are values of P in materials A and B. One should bear in
mind that if the energy E is referred to the conduction band bottom in the
material A then, for the material B, the variable E in (2.45, 2.48, 2.49) must
be replaced by E−EB

c . The more general form of boundary conditions in the
Kane model is analyzed in [2.37] (see also [2.38]).

For the states at kx,y = 0, spinor solutions of (2.48) can be presented in
the form

us(z) = f(z) cs, (2.53)

where f(z) is a scalar function and c1/2 = ↑, c−1/2 = ↓ are the spin-up and
spin-down columns, respectively. In this case the boundary conditions take
the form

fA = fB ,
1

mA(E)

(
df

dz

)
A

=
1

mB(E)

(
df

dz

)
B

(2.54)

which differs from the Bastard conditions (2.10) by using the energy-dependent
(nonparabolic) effective masses instead of those at the conduction band
bottoms, mA and mB. Hence, the electron quantum-confinement energy at
kx = ky = 0 satisfies the transcendental equations (2.12) and (2.14) where
the fixed parameters mA,mB are replaced by the energy-dependent functions
mA(E),mB(E).

2.2 Electron States in Quantum Wires and Nanotubes

In a QW, a free carrier can freely move in two directions. From this a QW
structure is said to be a 2D system, or a quasi-2D system taking into account
that the size-quantized states have a finite extension in the third direction as
well. Now we turn to a brief overview of electron states in QWRs, or systems
of the dimensionality d = 1, where the free motion is possible only in one
direction.

2.2.1 Cylindrical and Rectangular Quantum Wires

In this subsection we consider the kind of QWRs in which one material, A,
is surrounded by another material, B. In the effective mass approximation,
the 1D-electron envelope function is written in the factorized form

ψ(r) =
1√
L

eikzzϕ(x, y) , (2.55)

where z if the QWR principal axis and L is its length. Sometimes, they use
the cylindrical coordinates, ρ =

√
x2 + y2 and φ (the azimuth angle), rather

than x, y. For QWRs, the boundary conditions (2.10) are changed to

ϕA = ϕB ,
1
mA

(N · ∇ϕ)A =
1
mB

(N · ∇ϕ)B , (2.56)
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where N is the normal to the dividing surface between materials A and B.
In a cylindrical QWR, the electron states are characterized by a particular

z-component, M , of the angular momentum. For the axially-symmetric states
with M = 0, the function ϕ(x, y) ≡ ϕ(ρ) is expressed via the Bessel functions
J0(x) and K0(x) as follows

ϕ(x, y) =
{
C J0(kρ) , if ρ ≤ R ,
D K0(æρ) , if ρ ≥ R ,

(2.57)

where R is the wire radius, k and æ are related with the energy E by the
equations

k =
(

2mAE

�2
− k2

z

)1/2

, æ =
(

2mB(V − E)
�2

+ k2
z

)1/2

(2.58)

similar to (2.7). Taking into account (2.56) we have D = CJ0(kR)/K0(æR)
and come to the following equation for the electron energy

J1(kR)K0(æR)
J0(kR)K1(æR)

=
æmA

k mB
. (2.59)

In a QWR with an infinite confining potential, when the wave function at
the boundary can be set to zero, this equations reduces to J0(kR) = 0. The
first three zeros of the function J0(x) are 2.405, 5.520 and 8.654.

Let us now consider a less symmetrical QWR, namely, a QWR with the
rectangular cross-section ax × ay along the axes x and y. In structures with
infinitely high barriers, one has

ϕ(x, y) = ϕνx
(x; ax)ϕνy

(y; ay) , (2.60)

where

ϕν(x; a) =

√
2
a

{
cos (νπx/a) for odd ν ,
sin (νπx/a) for even ν . (2.61)

Each electron subband is labelled by two quantum numbers νx, νy. The energy
of an electron in the state (νx, νy, kz) is given by

Eeνxνykz
=

�2

2mA

[(
νxπ

ax

)2

+
(
νyπ

ay

)2

+ k2
z

]
. (2.62)

In the Kane model the electron states are described by the scalar and
vector envelopes, u and v, satisfying equations (2.47, 2.49) and boundary
conditions

uA = uB , PA (N · v)A = PB (N · v)B . (2.63)

One can present the spinor wave function u(r) in the general form as

us(r) = [f(r) + i σαhα(r)] cs , (2.64)
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where cs (s = ±1/2) are the spin-up and spin-down states and, for kz =
0, f(r), hα(r) are real functions. Symmetry of a nanoheterosystem imposes
restrictions on coordinate dependence of these functions. In particular, in
cylindrical wires, f(r) ≡ f(

√
x2 + y2) while the three functions hα(r) are

identically equal to zero because there exist no polynomials
∑
l,m Cl,mx

lym

which transform as pseudovector components with respect to operations from
the point group D∞h. Taking into account the nonparabolicity in the Kane
model, the equation for the electron energy in the state with M = 0 is
obtained from (2.59) by substituting mA(E),mB(E) instead of mA,mB.

For the conduction-electron state at the lowest-subband bottom kz = 0
in a rectangular QWR, the envelopes u,v are independent of z and, hence,

f(r) ≡ f(ρ) = f(x2, y2) , hz(ρ) = xyM(x2, y2) , hx(r) ≡ hy(r) ≡ 0. (2.65)

In the case of a quadratic cross section, one has

hz(ρ) = xy(x2 − y2)F (x2, y2) , (2.66)

where F (x2, y2) = F (y2, x2). The continuous envelopes f(ρ) and h(ρ) ≡
hz(ρ) satisfy equation (2.49), they are coupled at the interfaces by the con-
tinuity condition for the normal component of the spinor vector Pv related
to ∇u by (2.47). This condition imposes the continuity requirement on the
two following linear combinations of the derivatives ∇f and ∇h:

µ

(
Nx

∂f

∂x
+Ny

∂f

∂y

)
− G

2

(
Nx

∂h

∂y
−Ny

∂h

∂x

)
, (2.67)

µ

(
Nx

∂h

∂x
+Ny

∂h

∂y

)
+
G

2

(
Nx

∂f

∂y
−Ny

∂f

∂x

)
,

where Nx, Ny are components of the 2D unit vector N normal to the A/B
boundary, and µ = m0/m(E) , G = g(E) − g0. In [2.39] the ground-state
solutions |e11, s〉 of (2.49) in a wire of the cross section 2a×2b were calculated
using the free relaxation technique described in [2.40]. The envelopes f(ρ)
and h(ρ) calculated for the GaAs/Al0.35Ga0.65As QWR 80 Å × 120 Å are
shown in Fig. 2.3 as contour maps. The origin of the coordinate system (x, y)
is chosen in the wire center. Due to the rectangular symmetry, see (2.65), it is
enough to present the variation of f and h only in the quadrant x, y > 0. The
function f(x, y) has the maximum value fmax ≈ 7 × 10−3 at the center and
monotonously decreases with increasing the radial distance ρ. In accordance
with (2.65) the function h(x, y) is zero if x = 0 or y = 0. It follows from (2.66)
that for coinciding a and b this function should vanish also at the diagonal
x = y and have opposite signs at the points (x, y) and (y, x). One can see in
Fig. 2.3 areas of opposite signs in the map of h(x, y) in spite of a remarkable
difference between a and b. As a result, in every quadrant the function h(x, y)
exhibits a maximum and a minimum. As compared with fmax, the extremum
values of h(x, y) are smaller by three orders of magnitude.
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Å
Å
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Å
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Fig. 2.3. Contour plots of the envelopes f(x, y) and h(x, y) for the electron lowest
subband e1 (at the bottom, kz = 0) in a 2a × 2b rectangular GaAs/AlGaAs QWR
with a = 40 Å and b = 60 Å. [2.39]
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In QWRs with a confining potential of complicated shape, e.g., in V-
shaped QWRs, the electron and hole states are calculated by direct solution
of the full 2D Schrödinger equation, see [2.41].

2.2.2 T-shaped Quantum Wires

We consider a T-shaped QWR consisting of a cleaved QW of the thick-
ness a and an overgrown QW of the thickness b, see inset in Fig. 2.4a. As
compared to the QWR structures discussed in the previous subsection, the
confining potential in T-shaped wires has openings so that free carriers are
classically unbounded in such structures. However, the quantum mechan-
ics allows formation of bound electron or hole states at the T intersection.
The binding energy, ε1D, of a 1D state is defined as an energy difference
Ee1(max{a, b}) − E1D between the lowest 2D-electronic state in the wider
QW and the 1D-state under consideration. Here Ee1(a) is the e1-subband
quantum-confinement energy in a single QW of the thickness a. The solid
line in Fig. 2.4a shows the calculated dependence of the energy of the low-
est wire-like electron state on the width b at fixed a = 50 Å in the T-shaped
GaAs/Al0.35Ga0.65As structure. Physically, it is clear that, with changing the
width b, the electron wave function is redistributed between the cleaved and
overgrown QWs. For b→ 0, the energy E1D asymptotically approaches that
of a 2D electron in the overgrown well (indicated in Fig. 2.4a by the dotted
horizontal line). In the opposite case, with b increasing and becoming much
larger than a, the electron penetrates more and more into the cleaved well
and E1D → Ee1(b). The binding energy ε1D is represented in the figure by
the dashed line. Note that ε1D is not an analytical function of b since at the
point b = a the meaning of the lowest 2D state changes. It is this point at
which the binding energy, or the 2D-1D separation, reaches a maximum. Ac-
cording to Kiselev and Rössler [2.42], this simple criterion, i.e., the equality of
the minimum energy values of 2D states in cleaved and overgrown QWs, can
be applied to much more complex structures fabricated by the cleaved edge
overgrowth technique. The probability density of the lowest electron states
in the QRW with a = b = 70 Å is shown in Fig. 2.4b.

Some modifications of the conventional T-shaped structure can lead to an
enhanced 2D-1D separation. One of the possibilities is the double T-shaped
structure where two individual intersections are close enough to each other
to permit ‘bonding’ and ‘antibonding’ 1D states. It is interesting to compare
the tunnelling exponents that govern the coupling of 2D states in the cleaved
QWs and of 1D states in the double T-shaped structure. According to (2.7),
for the former coupling, it is exp (−æ2DLb) with Lb being the width of the
barrier layer between two cleaved QWs and

æ2D =
√

2mB(V − Ee1)/�2 .

The similar quantity exp (−æ2DLb) for the wire-like states is represented by
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Å
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Å

Fig. 2.4. (a) The dependence of the energy of the lowest electron state in a
GaAs/Al0.35Ga0.65As T-shaped structure (shown in inset) on the width b of the
cleaved QW (solid) for a fixed width of the overgrown QW, a = 50 Å. The quantum-
confinement energies of the lowest electron states e1 in the cleaved and overgrown
QWs are represented by dotted lines. The 2D-1D difference is shown as a dashed
line. (b) The electon probability density for the wire-like electron state in the struc-
ture with a = b = 70 Å. From [2.42].

æ1D =
√

2mA(Ee1 − E1D)/�2 .

Thus, there is a range of barrier widths Lb where coupling of well states is
negligible and, at the same time, the interaction of the wire-like states is
strong.

Langbein et al. [2.43] calculated and optimized the confinement energies
for electrons and holes in T-shaped QWRs using the effective-mass approx-
imation for the simple conduction band and the six-band envelope-function
theory (the Luttinger model) for the valence bands Γ8, Γ7. They showed that
the conduction-band 1D state is confined more or less equally in different
arms of the T-intersection, while the lowest valence-band state is more ex-
tended along the overgrown QW. This is a direct consequence of the isotropic
conduction-band mass and the anisotropic valence-band mass. Moreover, due
the large and anisotropic hole effective mass, the 1D valence-band states are
only weakly bound at the T-shaped intersection.

Calculations of bound states in other opened QWR structures can be
found in [2.44] (H-shaped structure, or double QW connected by a bridge
grown from the well material), [2.45, 2.46] (barrier-modulated wires), [2.47]
(L-shaped QWRs).
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2.2.3 Carbon Nanotubes

We recall that a carbon nanotube is conceivable as a single hexagonal layer
cut and rolled up into a cylinder. Thus, we start from the electron structure
of a 2D graphite, or graphene. The carbon atoms in a graphene plane form a
bipartite hexagonal lattice which can be divided into two sublattices A and
B. The 2D basis vectors with the angle 120◦ between them can be defined by

a = a(1, 0) , b = a

(
−1

2
,

√
3

2

)
, (2.68)

where a is the lattice constant equal
√

3 times the interatomic distance d =
1.44 Å [2.48], and the coordinate system x, y in (2.68) is chosen in such a way
that x ‖ a, y ⊥ a and by > 0. The 2D reciprocal lattice is also hexagonal
with the first Brillouin zone being a hexagon (Fig. 2.5).

Fig. 2.5. 2D Brillouin zone of graphene.

We choose one of the B sites as the origin (0,0) of the coordinate system.
Its three nearest A neighbors are located at the points

r1 =
a√
3
(0,−1) , r2 =

a√
3

(√
3

2
,
1
2

)
, r3 =

a√
3

(
−
√

3
2
,
1
2

)
. (2.69)

In the tight-binding theory, the electron wave function in the state with the
wave vector k is written as

ψk(r) =
∑
Rα

Cα(k) exp [ik · (R + τα)]φ(r − R − τα) . (2.70)

Here R is the 2D translational vector which enumerates the unit cells, α
enumerates two carbon atoms in the unit cell belonging to the sublattices
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A and B, τα is the position of the atom α within the unit cell and φ(r)
is an atomic π orbital. The coefficients CA(k) and CB(k) written as a two-
component column Ĉ(k) satisfy the following matrix equation

HĈ = EĈ ,

where, in the nearest-neighbor approximation, the 2×2 effective Hamiltonian
is given by

H =
[
E0 h

∗

h E0

]
, h(k) = γ0

3∑
n=1

exp (ik · rn) , (2.71)

γ0 is the nearest-neighbor transfer integral, E0 is the diagonal energy which
in the following is set to zero. Substituting rn from (2.69) into the exponents
one obtains [2.49,2.50]

h = γ0

(
e−ikya/

√
3 + 2eikya/2

√
3 cos

kxa

2

)
. (2.72)

The energy dispersion is given by E±(k) = ±|h(k)|. An important point is
that the energy equals zero at each vortex of the 2D Brillouin zone (points
K and K ′), particularly at the left and right vortices

K =
4π
3a

(−1, 0) , K ′ =
4π
3a

(1, 0) . (2.73)

Near these points the dispersion is linear, namely, E±(k ≈ K) = ±γ|k−K|.
At zero temperature the states with negative energies are occupied (valence
band) whereas those with positive energies are empty (conduction band).
Thus, a graphene is a zero-gap 2D crystal in the sense that the conduction
and valence bands consisting of π states touch at the K and K ′ points.

Turning now to carbon nanotubes we write the circumferential vector as

L = naa + nbb , (2.74)

where na, nb are integers, and expand the electron effective Hamiltonian for
a graphene sheet in the vicinity of the points K and K ′ [2.51, 2.52]. In the
following we define k and k′ as wave vectors referred respectively to the
points K and K ′ and assume the products ka, k′a� 1 to be small. Then, in
the second order in ka or k′a, the nondiagonal matrix element (2.72) of the
Hamiltonian H is given by (see [2.53,2.54])

h(k,K) = γe−iθ

[
k⊥ − ikz +

a

4
√

3
e3iθ (k⊥ + ikz)

2

]
(2.75)

near the K point and

h(k′,K ′) = γeiθ

[
−k′⊥ − ik′z +

a

4
√

3
e−3iθ (k′⊥ − ik′z)

2
]

(2.76)



40 2 Quantum Confinement in Low-Dimensional Systems

near the K ′ point. Here γ = (
√

3/2)γ0a, θ is the angle between the vector L
and the basis vector a. The subscripts z,⊥ indicate components of a vector
referred to the axes lying in the graphene plane and related to the vector L
so as z ⊥ L and kz ⊥ L, k⊥ ‖ L. In the same approximation the energy
spectrum near the K point is given by

Ec,v(k,K) = ±|h| (2.77)

≈ ±γ
{
|k| + a

4
√

3|k|
[(
k3
⊥ − 3k⊥k2

z

)
cos 3θ +

(
k3
z − 3k2

⊥kz
)
sin 3θ

]}
,

where |k| =
√
k2
⊥ + k2

z , the upper and lower signs represent the conduction
(subscript c) and valence (subscript v) bands, respectively. The similar spec-
trum near the K ′ point is obtained by changing k⊥ → −k′⊥, kz → k′z, θ → −θ
in agreement with the time inversion symmetry requirement Ec,v(k,K ′)
= Ec,v(−k,K).

In a carbon nanotube specified by the vector L the electron wave function
satisfies the cyclic boundary condition Ψ(r) = Ψ(r + L). This enables one to
find the allowed discrete values of k⊥ as

k⊥ =
2π
L

(
n− ν

3

)
; k′⊥ =

2π
L

(
n+

ν

3

)
, (2.78)

where n is an integer 0,±1,±2... characterizing the angular momentum com-
ponent of an electron, L = |L| = a

√
n2
a + n2

b − nanb, and ν equals one of
three integers: 0,±1 determined by the presentation of the sum na + nb as
3N + ν with integer N . In the effective-mass approximation, the electron
envelope functions can be written in the form

ψc,v(z;n, kz) =
einϕ

√
2π

eikzz

√
LCN

Ĉc,v(n, kz) , (2.79)

where LCN is the nanotube length and ϕ is the azimuth angle. The two-
component columns Ĉc,v are eigenvectors of the 2×2 matrix Hamiltonian
(2.71), given by

Ĉc =
1√
2

[
h∗/|h|

1

]
, Ĉv =

1√
2

[
1

−h/|h|

]
(2.80)

with h defined by (2.75) for the 1D K-valley and by (2.76) for the 1D K ′-
valley where K,K ′ are the z-components of the vectors K,K ′.

The dispersion in the conduction and valence subbands is obtained by
substituting (2.78) into (2.75, 2.76 or 2.77). In the linear approximation, the
conduction and valence band spectra are given by

Ec,v(n, kz;K) = ±γ

√(
2π
L

)2 (
n− ν

3

)2

+ k2
z , (2.81)

Ec,v(n, k′z;K
′) = ±γ

√(
2π
L

)2 (
n+

ν

3

)2

+ k′z
2 .
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It turns out that, for ν = 0 when na + nb is a multiple of 3, a carbon nan-
otube is gapless (metallic, or semimetallic) since the valence and conduction
subbands with n = 0 still touch each other: Ec,v(0, kz;K) = ±γ|kz|. For
ν = ±1, a nanotube is semiconducting with the band gap ∆ = (4πγ/3L). In
the following we focus on the nanotubes characterized by a finite band gap
and assume ν �= 0.

According to (2.77), for small values of kz satisfying the condition |kz| �
|k⊥| in the K valley and similar condition in the K ′ valley, the electron
spectrum has a parabolic form with terms linear in kz

Ec,v(n, kz;K) = ±
(
∆n

2
+

�2k2
z

2mn
+ βnkz

)
, (2.82)

Ec,v(n, k′z;K
′) = ±

(
∆′
n

2
+

�2k
′2
z

2m′
n

+ β′
nk

′
z

)
,

where
∆n = 2γ|k⊥| , ∆′

n = 2γ|k′
⊥| , (2.83)

mn =
�2|k⊥|
γ

, m′
n =

�2|k′⊥|
γ

, (2.84)

βn = −
√

3
4
γa|k⊥| sin 3θ , β′

n =
√

3
4
γa|k′⊥| sin 3θ , (2.85)

and k⊥, k′⊥ are defined in (2.78). Note that the identity Ec,v(n, kz;K ′) =
Ec,v(−n,−kz;K) follows directly from the time inversion symmetry.

In the presence of an external magnetic field B, the electron energy is
modified just by changing k⊥, k′⊥ from (2.78) into

k⊥ =
2π
L

(
n− ν

3
+

Φ

Φ0

)
; k′⊥ =

2π
L

(
n+

ν

3
+

Φ

Φ0

)
, (2.86)

where Φ is the magnetic flux passing through the cross section of a carbon
nanotube, Φ = BzL

2/(4π), and Φ0 is the magnetic flux quantum, ch/e. Now
the consequence of time inversion symmetry takes the form

Ec,v(n, kz;Φ;K ′) = Ec,v(−n,−kz;−Φ;K) .

Chirality (or spirality) of a nanotube manifests itself in a particular cou-
pling between the angular momentum as described by n and the directed
translational motion as described by kz: due to the linear-in-kz terms in
(2.82) or, in general, due to odd-in-kz terms in (2.77) the energy has a con-
tribution which depends both on the sign of kz and the sign of n (propeller
effect).

It is interesting to analyze how this particular coupling disappears for
zigzag and armchair tubes which are achiral from the symmetry point of
view. In zigzag tubes, the angle θ between the circumferential vector L and
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the vector a is an integer multiple of 60◦, sin 3θ is zero and odd-in-kz terms
in (2.77, 2.82) vanish. In armchair tubes, the angle θ equals 30◦+N ·60◦ with
N integer leading to one of the following three relations between na and nb:
na = 2nb or nb = 2na or nb = −na. This means that the sum na + nb is an
integer multiple of 3 and the parameter ν is zero. As a result values of |k⊥|
become independent of the sign of n, and the coupling between signs of n
and kz in the odd-in-kz terms vanishes. This follows also from the symmetry
considerations. In Sect. 8.6 we will show that the odd-in-kz terms in the
electron energy spectrum govern the chirality effects in carbon nanotubes.

It is worth to mention that, in actual nanotubes, σ and π bands of
graphene are slightly mixed due to the presence of a finite cylinder curvature.
This will lead to a small band-gap for the metallic nanotubes and a possible
shift in the minimum position of the conduction band and the maximum po-
sition of the valence band in the 1D Brillouin zone. Moreover, local twists and
bends may have an additional effect on electronic structure [2.55]. Reich et
al. [2.56] compared the nearest-neighbor tight-binding approximation for the
electron dispersion in graphene and carbon nanotubes with first-principles
calculations and the tight-binding dispersion including up to third-nearest
neighbors. They concluded that the nearest-neighbor tight-binding disper-
sion predicts the electronic energies correctly only for a very limited range
of wave vectors. In order to establish the theoretical similarities between Si
and C, Fagan et al. [2.57] performed first-principles calculations for a hy-
pothetical material, silicon nanotubes. The band-structure calculations show
that, similar to carbon structures, they may present metallic (armchair) or
semiconductor (zigzag and mixed) behaviors.

2.3 Size Quantization in Quantum Dots

Different schemes are used for calculation of electronic states in QDs. They
depend on the dot shape and size which, in their turn, are determined by the
growth conditions, see the book [2.58] and references therein. Theoretically,
the shape of a dot was modelled by spheres [2.59], cones [2.60], pyramids
[2.61, 2.62], disks (or cylinders) [2.63, 2.64] and lenses [2.65]. The dots made
from a QW heterostructure through a series of masking and etching steps
are modelled by a continual lateral confining potential, as a rule a parabolic
lateral potential (parabolic QDs) [2.66].

2.3.1 Rectangular and Spherical Quantum Dots

The simplest models are rectangular and spherical QDs with infinite barriers
treated in the isotropic-effective-mass approximation. Similarly to (2.60), the
envelope function of an electron confined in a ax × ay × az rectangular QD,
or a quantum box, is a product
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ψ(r) = ϕνx
(x, ax) ϕνy

(y, ay) ϕνz
(z, az) (2.87)

of three envelopes (2.61) describing the size-quantization in one particular
direction, respectively x, y or z. The electron energy levels are

Eeνxνyνz
=
π2�2

2mA

[(
νx
ax

)2

+
(
νy
ay

)2

+
(
νz
az

)2
]
. (2.88)

The electronic states in a spherical QD dot are characterized by the elec-
tron orbital angular momentum l. The lowest-energy electron state corre-
sponds to l = 0. For an infinitely high barrier, the ground-state electron
wave function has the form

ψs(r) = f(r) |s〉 , f(r) =
1√
2πR

sin (πr/R)
r

, (2.89)

where the spin index s assumes the values ±1/2 and the Bloch function
|s〉 = csS. The confinement energy is

E =
π2�2

2mAR2
. (2.90)

Refining the procedure by finite barriers we obtain for the ground state

f(r) =
C

r

{
sin kr for r ≤ R ,

e−æ(r−R) sin kR for r ≥ R ,
(2.91)

where C is a normalizing factor and k,æ are defined by (2.58) taken at kz = 0.
The eigenenergies satisfy the equation

1 − kR cot kR =
mA

mB
(1 + æR) . (2.92)

In the Kane model, the influence of nonparabolicity is reduced to a replace-
ment of mA,B by mA,B(E), the scalar envelope us(r) ≡ f(r)cs is given by
(2.91), and the vector envelope is determined from

Pvs(r) =
�2

2

[
1

m(E)
r

r
− i

g(E) − g0
2m0

(
σ × r

r

)] df
dr

cs .

The product V R2 should exceed some critical value to allow at least one
confined state. For mA = mB ≡ m∗, this critical value equals

(V R2)cr =
π2�2

8m∗ .

It is worth to mention that, for the ground electron state in a rectangular
box (the point symmetry D2h), all four functions in (2.64) are nonzero and
allow the representation
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f(r) = f(x2, y2, z2), hx(r) = yz Mx(x2, y2, z2) ,

hy(r) = zxMy(x2, y2, z2), hz(r) = xy Mz(x2, y2, z2) ,

where f and Mα are arbitrary functions of x2, y2 and z2.
A confined-hole state formed from the four-fold spin-degenerate band of

Γ8 symmetry (the hole spin J = 3/2, its projection m = ±3/2,±1/2) cannot
be characterized by any definite value of the hole orbital angular momentum
L. In the spherical approximation for the Luttinger Hamiltonian (γ2 = γ3 ≡
γ), this is the total hole angular momentum F = J + L which serves as a
good quantum number. The hole state is, therefore, (2F +1)-fold degenerate
due to the projection Fz of the angular momentum F along an arbitrary
axis, z.

For the ground state we have F = 3/2, Fz = ±3/2,±1/2. Orbital states
with L = 0, 2 are involved in the formation of this four-degenerate state.
Following (2.32) we present the hole wave functions at the ground level as

ψ
(h)
Fz

(r) =
∑
m

Rm,Fz
(r) |3/2,m〉 . (2.93)

As a function of r and Ji, the matrix R̂(r) with the components Rm,Fz
must

be a spherical invariant. There are only two linearly independent invariants,
r2I and (J · r)2, which can be constructed from products of the bilinear
functions rirj and the 4×4 basic matrices presented in Table 2.1. Therefore,
one has for the matrix R̂(r) inside the dot [2.67–2.69]

R̂(r) =
1√

4πR3/2

{
f0

( r
R

)
− f2

( r
R

) [(
J · r

r

)2

− 5
4

]}
. (2.94)

The radial functions fl(x) are defined as

fl(x) = C

[
jl (φx) − (−1)l/2

j0 (φ)
j0
(√
βφ

) jl
(√

βφx
)]

, (2.95)

where jl(x) are the spherical Bessel functions, C is determined by the nor-
malization condition

1∫
0

[
f2
0 (x) + f2

2 (x)
]
x2 dx = 1 ,

β is the light-to-heavy hole mass ratio (in the spherical approximation), φ is
the dimensionless parameter which determines, according to

Eh =
�2φ2

2mhhR2
, (2.96)
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the hole quantum-confinement energy at the ground state. For the infinite
barrier potential the envelope function should vanish at r = R which leads
to a simple equation [2.59]

j0(φ) j2
(√

βφ
)

+ j2(φ) j0
(√

βφ
)

= 0 . (2.97)

Note that the spherical Bessel functions allow the representation

jl(x) =
√

π

2x
Jl+1/2(x)

and the first three of them are

j0 =
sinx
x

, j1 =
sinx
x2

− cosx
x

,

j2 =
(

3
x3

− 1
x

)
sinx− 3 cosx

x2
.

For β → 1, the light- and heavy-hole subbands in a bulk semiconductor merge
to form one four-fold degenerate band. In this hypothetic limit the envelope
function is spin-independent and, for the ground state, coincides with the
electron envelope (2.89).

2.3.2 Parabolic Quantum Dots

Vertical QDs are artificial semiconductor ‘atoms’ produced by a combination
of MBE and nanolithography. They are MBE-grown QW structures with a
lateral confining potential due to electrostatic gates or some etching process-
ing. The confinement along the growth direction z is much stronger than in
the x-y plane. This allows to separate the vertical and in-plane motions and
approximate the electron envelope by

ψ(r) = Φ(x, y)f(z) , (2.98)

where f(z) is one of the subband functions (2.8, 2.13) in a 2D QW, Φ(x, y)
describes the in-plane confinement. In many vertical QDs the lateral poten-
tial, to a good approximation, has a cylindrical symmetry with a parabolic
profile. For these dots, the function Φ satisfies the Schrödinger equation for
a 2D harmonic oscillator[

− �2

2m∗

(
1
ρ

∂

∂ρ
ρ
∂

∂ρ
+

1
ρ2

∂2

∂ϕ2

)
+

1
2
m∗ω2

0ρ
2

]
Φ(ρ, ϕ) = EΦ(ρ, ϕ) . (2.99)

Here m∗ is the in-plane electron effective mass, the last term in the square
brackets is the 2D confining potential expressed via the oscillator characteris-
tic frequency ω0 and we use the cylindrical coordinates. The function Φ(ρ, ϕ)
is separable into azimuthal and radial parts
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Φ(ρ, ϕ) =
eimϕ

√
2π

R(ρ) , (2.100)

where m is the angular momentum component along z. The radial function R
satisfies (2.99) where the operator ∂2/∂ϕ2 is changed by −m2. The solutions
have the form [2.66]

Rnρ,m(ρ) =

√
2nρ

(nρ + |m|)!

(
ρ

l0

)|m|
exp

(
− ρ2

2l20

)
L|m|
nρ+|m|

(
ρ2

l20

)
, (2.101)

where l0 is the natural harmonic oscillator length scale,
√

�/(m∗ω0), nρ =
0, 1, 2... is the radial quantum number, m = 0,±1,±2... is the quantum num-
ber for angular momentum component and Lmn+m(ξ) is the associated La-
guerre polynomial

Lmn+m(ξ) =
(n+m)!

n!
eξξ−m

dn

dξn
(e−ξξn+m) . (2.102)

The energy levels of the 2D oscillator are

Enρm = (2nρ + |m| + 1)�ω0 . (2.103)

It follows then that the 2D parabolic potential forms shells, or degenerate or-
bitals including ±m and spin degeneracy. The shells N = 1, 2, 3... are equally
spaced in energy with the intershell spacing �ω0 and the degeneracy 2N .

Let the parabolic potential be anisotropic,

V (x, y) =
1
2
m∗(ω2

xx
2 + ω2

yy
2) ,

where the resonant frequencies ωx and ωy are different. The solutions are, as
before, separable

Φ(x, y) = Φnx
(x;ωx) Φny

(y;ωy) ,

where nx and ny are non-negative integers enumerating the eigenstates of a
1D oscillator,

Φn(x;ω0) =
1

π1/4(2nn!l0)1/2
Hn

(
x

l0

)
exp

(
− x2

2l20

)
,

l0 =
√

�/(m∗ω0) and Hn(ξ) is the Hermite polynomial

Hn(ξ) = (−1)neξ
2 dn

dξn
e−ξ

2
.

The energy in the state (nx, ny) is given by [2.70]

Enx,ny
= �ωx

(
nx +

1
2

)
+ �ωy

(
ny +

1
2

)
.
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At ωx = ωy ≡ ω0, this set of levels reduces to the equidistant set �ω0(nx +
ny + 1) equivalent to (2.103).

The above results are simply extended to the problem of an electron in a
parabolic QD subject to a magnetic field B ‖ z. In this case the eigenenergies
are given by [2.71,2.72]

Enρm(B) = (2nρ + |m| + 1) �

√
ω2

0 +
1
4
ω2
c +

m

2
�ωc , (2.104)

where ωc = |e|B/m∗c is the cyclotron frequency. This equation can be un-
derstood taking into account that, in the presence of magnetic field, two
additional terms

1
8
m∗ω2

cρ
2 − i

�ωc
2

∂

∂ϕ
=

1
8
m∗ω2

cρ
2 +

m

2
�ωc

appear in the electron effective Hamiltonian in (2.99). Therefore, as com-
pared to (2.103) one should add the term (m/2)�ωc to the energy Enρm and
change the oscillator resonance frequency ω2

0 by [ω2
0 + (ω2

c/4)]1/2 which gives
immediately (2.104).

For calculation of hole energy levels in a parabolic potential one needs
to take into account the valence-band mixing. Pederson and Chang [2.66]
proposed to expand the in-plane envelopes in terms of heavy-hole oscillator
states. In this basis the light-hole block of the Luttinger Hamiltonian is not
diagonal. However, the advantage of such a formulation is that all matrix
elements can be calculated analytically. Then the energy spectrum is found
by using a standard numerical diagonalization technique.

2.3.3 Cone-, Lens- and Pyramid-Shaped Quantum Dots

The first step of the calculation of InAs/GaAs or InGaAs/GaAs QDs formed
on a wetting layer is to approximate pyramids with a square base by cones or
lenses having the same height, h, and base surface. For a cone on the wetting
layer of thickness d, the confining potential is modelled by the function

Vcone(ρ, z) = V [1 − θ(z) θ(d− z) − θ(z − d) θ[h(1 − ρ/ρ0) + d− z]] ,

where ρ0 is the base radius. The products of Heaviside functions in square
brackets define the wetting-layer and cone regions. A lens is modelled as a
part of a sphere with fixed height h and radius at the base ρ0. The radius of
the sphere R is related to h, ρ0 by R2 = (R− h)2 + ρ2

0, or R = (h2 + ρ2
0)/2h.

The resulting confining potential is given by

Vlens(ρ, z) = V
{
1 − θ(z) θ(d− z) − θ(z − d) θ[R2 − (z − d− h+R)2 − ρ2]

}
.

It is clear that Hamiltonians with the above confining potentials are not sep-
arable in z and ρ and full 3D numerical diagonalization is needed to solve the
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problem. However, complete numerical approaches justify the use of separable
approximate treatments [2.60, 2.65], the latter being by far more physically
intuitive. For illustration, we consider the adiabatic approximation applied
by Wojs et al. [2.65] to calculate the electronic structure of a lens-shaped QD.
They take advantage of the fact that the electron wave function is strongly
confined to the lowest subband of the wetting layer and write the function in
the separable form

ψ(ρ, ϕ, z) =
eimϕ

√
2π
Rm(ρ)fρ(z) , (2.105)

where fρ(z) is a slowly varying function of ρ and m is the angular momen-
tum component along z. The functions fρ(z) and Rm(ρ) satisfy the separate
equations [

− �2

2m∗
∂2

∂z2
+ V (ρ, z)

]
fρ(z) = E0(ρ)fρ(z) , (2.106)[

�2

2m∗

(
−1
ρ

∂

∂ρ
ρ
∂

∂ρ
+
M2

ρ2

)
+ E0(ρ)

]
Rm(ρ) = ERm(ρ) .

For simplicity, the effective masses in the structure are assumed to be material
independent, mA = mB ≡ m∗. The calculation starts with finding energy
E0(ρ) corresponding to the electron motion in the z direction for a given
thickness of the A layer,

a(ρ) =
√
R2 − ρ2 + d+ h−R .

Next, the radial motion in the potential E0(ρ) is solved for each angular
momentum component m. The electron energy spectrum of a lens-shaped
QD In0.5Ga0.5As/GaAs with h = 44 Å, ρ0 = 180 Å, d = 16 Å consists of five
shells, almost degenerate and almost equally spaced with intershell spacing
of �ω0 = 30 meV [2.66]. Thus, the energy spectrum is well approximated by
the cutoff spectrum of the parabolic lateral potential.

Strain caused by the differences in the lattice constants a0 of dot and
matrix materials is decisive for Stranski-Krastanow self-organized growth.
On the other hand, the strain distribution in and around dots modifies the
electron band structure, due to deformation potential and piezoelectric fields.
To illustrate, we remind the strain distribution in pseudomorphic slab and
sphere. The term ‘pseudomorphic’ is used for heterostructures when they
are lattice mismatched to their substrate, and the strain is accommodated
entirely elastically without relaxation via dislocations and other defects. If
the slab extends along the x and y directions the outer material B imposes
the strain

uxx = uyy =
a0(B) − a0(A)

a0(A)
≡ u‖ (2.107)
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onto the inner material A, a0(A) and a0(B) being the lattice constants of bulk
materials A and B. Since the slab can freely extend in the growth direction
the stress along z is absent,

σzz = C11uzz + C12(uxx + uyy) = 0 ,

and one finds
uzz = −2C12

C11
u‖ ,

while the shear strain is zero and the outer material remains completely
unstrained. Here C11 = Cxxxx, C12 = Cxxyy are the elastic stiffness constants.
In general, the stiffness tensor C relates the stress and strain components by

σkl = Cklmnumn , (2.108)

For cubic crystal classes, it has three linearly independent components: Cxxxx,
Cxxyy and Cxyxy ≡ C44. Furthermore, in isotropic materials these three co-
efficients are related by 2C44 = C11 −C12 and then the stress-strain relation
is written in terms of the Poisson ratio ν = C12/(C11 + C12) and the Young
modulus E = (C11 − C12)(1 + ν).

For a pseudomorphic sphere of the radius R, under the simplifying as-
sumption of isotropic materials and material-independent elastic constants,
the strains are [2.61]

uin
rr = uin

θθ = uin
ϕϕ =

2
3
u‖

1 − 2ν
1 − ν

,

uout
rr = −2uout

θθ = −2uout
ϕϕ =

2
3
u‖

1 + ν

1 − ν

(
R

r

)3

,

where the superscripts in, out refer to the inner (A) and outer (B) materials
and we present the strain tensor components in the spherical coordinates,

urr =
∂ur
∂r

, uθθ =
1
r

∂uθ
∂θ

+
ur
r
,

uϕϕ =
1

r sin θ
∂uϕ
∂ϕ

+
uθ
r

cot θ +
ur
r
.

One can check that components of uin and uout at the dot surface, r = R,
satisfy the conditions

(uin
r − uout

r )|r=R = u‖R ,

a0(A)(1 + uin
θθ) = a0(A)(1 + uin

ϕϕ) = a0(B)(1 + uout
θθ ) = a0(B)(1 + uout

ϕϕ ) .

The strain distribution of a 3D dot of arbitrary shape and elastic proper-
ties cannot be presented in a closed analytical form but has to be solved
numerically [2.61].
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The strain gives rise to deformation-potential and piezoelectric contribu-
tions to the electron effective Hamiltonian. The former contribution is taken
into account by including the Bir-Pikus Hamiltonian (2.30) for the Γ8 valence
band or the similar 6×6 matrix Hu for the valence bands Γ8 +Γ7 considered
together. For the conduction band Γ6, this contribution is a scalar depending
on the hydrostatic components of the strain,

δEc = C1 (uxx + uyy + uzz) , (2.109)

where C1 is the conduction-band deformation-potential constant. In crystals
with a zinc-blende lattice, the shear strain induces a piezoelectric polarization
P with

Pi = eijkujk ,

eijk being the piezoelectric tensor and having only one linearly independent
component exyz ≡ e14. The strain-induced polarization creates fixed charges

ρ(r) = −divP (r) (2.110)

and gives rise to the piezoelectric potential acting both on electrons and holes.
Equation (2.110) reduces the symmetry of the electron Hamiltonian to C2v

even when the tensor uij possesses the C4v point symmetry.

Fig. 2.6. 3D view of the isosurface (the probability of finding the electron inside is
70%), and cross section with isolines (30%, 70%, and 96% probabilities of finding
the electron inside) of the squared electron ground-state wave function for an InAs
QD. The cross section is a (010) plane through the dot center. From [2.61].

In Fig. 2.6 the calculated electron ground-state wave function in a pyra-
mid QD is shown in a perspective view and in a (010) cross section [2.61].
The isosurface containing 70% of the wave-function probability lays almost
completely within the dot. In [2.61] the calculation is performed in the simple
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band model for both electrons and holes. A systematic theoretical investiga-
tion of electronic properties of InAs pyramid QDs in the frame of the eight-
band k · p theory is presented in [2.62]. It is shown that the electron ground
state is mainly represented by s-type Bloch functions with the envelope u in
(2.44) while the hole ground state is almost completely described by p-type
Bloch functions with the envelopes vx, vy, vz. The first and second electron
excited levels are two slightly split states with p-like envelopes, the energy
separation between them is approximately proportional to the pyramid base
length, b, in agreement with the proportionality between the piezoelectric
potential and b. No remarkable intermixing of the confined-electron states
with wetting-layer states is found. In contrast to the effective-mass calcula-
tion using the same strain distribution, the eight-band theory leads to the
hole ground-state functions pronouncedly elongated along [11̄0]. Also the hole
excited states in this theory are very different from previous effective mass
results with respect to both the wave-function shapes and the level separa-
tions. The holes are generally confined to the bottom of the pyramid and
do not reach the tip. However, experiments on Stark effect spectroscopy on
InAs/GaAs self-assembled QDs [2.73] show that the hole is localized towards
the top of the dot, above the electron, an alignment that is inverted rela-
tive to the predictions of previous calculations. This unexpected finding can
be understood assuming that the nominally InAs dots contain significant
concentration of Ga and have a graded In1−xGaxAs composition, with x
decreasing from base to apex. Sheng and Leburton [2.74] address the issue
of electron-hole alignment inversion in pyramidal QDs. They use the eight-
band strain-dependent k · p effective Hamiltonian and consider three types
of QDs, namely, pyramidal, truncated pyramidal and lens-shaped. Different
models of Ga concentration profiles are analyzed, including dots containing
five In1−xGaxAs monomolecular layers at the bottom with intervals 10% and
dots with variable number of In0.75Ga0.25As monomolecular layers. For struc-
tures with sizes studied experimentally, the theory allows to obtain inverted
electron-hole alignments that are consistent with the experiment for several
Ga diffusion profiles. However, the inverted alignment is not a universal prop-
erty of self-organized QDs, but ultimately depends on diffusion profile and
dot size that are imposed by fabrication processes, including the nominal
composition of the dot layer, the growth temperature, composition changes
during capping, post-growth annealing, etc. A microscopic pseudopotential
description [2.75] also strongly suggests that to obtain accurate agreement
between theory and experiment one needs to adopt a model that includes
some Ga in-diffusion within the QD.

In [2.76] experimental and theoretical tools were used interactively to
determine the geometric and compositional parameters and the resulting
electronic properties of InGaAs/GaAs self-organized alloy QDs, grown by
Metal-Organic Chemical Vapor Deposition (MOCVD) with nominal 50% In
content and a deposition of four monolayers. Theoretically, an atomistic em-
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pirical pseudopotential model was used as an alternative to the commonly
used effective-mass and k·p envelope-function approximations. The QD struc-
tural model with best agreement between measured and predicted electronic
properties of the studied samples is a truncated cone with height 35 Å, base
diameter 200 Å, and top diameter 160 Å, having a nonuniform, peaked com-
position profile with average 60% In content.

In contrast to InAs and GaAs crystals, GaN and related nitride alloys gen-
erally have a hexagonal (wurtzite) structure, which leads to strong build-in
piezoelectric fields in heterostructures, of the order of MV/cm. Electronic
structure of nitride-based QDs, namely, GaN/AlN and InxGa1−xN/GaN
QDs, was calculated for hexagonal prisms (prismatic QDs) and truncated
hexagonal pyramids [2.77,2.78], respectively by using a multiband k ·p model
and a tight-binding method.

2.4 Spin Splitting of Electron Subbands: Bulk- and
Structure-Inversion Asymmetry

It is well-known that, in centrosymmetric crystals, the electronic state at
each band n and wave vector k is at least twofold degenerate (the so-called
Kramers degeneracy, or spin degeneracy). In crystals lacking a center of inver-
sion, the Kramers degeneracy of the Bloch states is lifted except for special
points or lines in the Brillouin zone. Particularly, in zinc-blende-lattice semi-
conductors like GaAs, InAs, ZnSe, CdTe, etc. (the class Td) the conduction
band Γ6 and the valence band Γ8 are, respectively, twofold and fourfold de-
generate at the Γ point. However, away from this point the conduction and
valence bands are split into nondegenerate spin branches, even at zero mag-
netic field. The spin-dependent Hamiltonian can be constructed by expanding
the effective Hamiltonian in powers of k and applying the method of invari-
ants mentioned above in connection with the invariant form of the Luttinger
Hamiltonian (2.28). For the Td-symmetry crystals, one can show that the
spin-dependent term in the conduction-band Hamiltonian appears starting
with k3 [2.79]

Hc3 = γc
[
σxkx(k2

y − k2
z) + σyky(k2

z − k2
x) + σzkz(k2

x − k2
y)
]
, (2.111)

where σi are the Pauli matrices. For the band Γ8 the main contribution is
given by a similar expression

Hv3 = γv
∑
i

Jiκi , (2.112)

where Ji are the 4×4 matrices defined in Table 2.1 and we use the notation

κx = kx(k2
y − k2

z) , κy = ky(k2
z − k2

x) , κz = kz(k2
x − k2

y) .
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In contrast to the conduction band, the constant γv has a nonrelativistic
nature. Indeed, this constant equals 2/3 of the similar constant in the 3×3
Hamiltonian for the nonrelativistic valence band Γ15. Besides (2.112), the
valence-band Hamiltonian expanded up to third order in k contains four
relativistic terms, a linear-in-k term

Hv1 = γv1
∑
i

Viki

and three cubic terms

δHv3 = γ′v3
∑
i

J3
i κi + γ′′v3k

2
∑
i

Viki + γ′′′v3
∑
i

Viki

(
k2
i −

k2

3

)
.

In heterostructures, QWs or SLs, grown from zinc-blende-lattice semi-
conductors, the spin-dependent Hamiltonians contain both linear and cubic
terms. Particularly, in (001)-grown QWs with symmetrical interfaces (D2d

point-group symmetry) the linear-k spin-dependent term in the conduction
subband e1 has the form [2.80]

HBIA = β1(σyky − σxkx), (2.113)

where x‖[100], y‖[010] and β1 is a constant. This term can be obtained
from the cubic-k term (2.111) describing the removal of spin degeneracy
of the conduction-band states in a bulk semiconductor. Really, taking into
account the quantum confinement effect we can replace in (2.111) kz and
k2
z by the average values 〈kz〉 = 0 and 〈k2

z〉 �= 0, respectively, and arrive at
(2.113) with β1 = γc〈k2

z〉. Here the symbol 〈klz〉 means the expectation value∫
ϕe1(z)k̂lzϕe1(z)dz, ϕe1(z) is the electron envelope function (2.8) at the low-

est subband e1 and k̂z = −i∂/∂z. Since the term HBIA is due to the lack
of inversion symmetry in the bulk material it is called the Bulk Inversion
Asymmetry (BIA) term which explains the subscript BIA. Sometimes it is
also called the Dresselhaus term [2.81].

In heterostructures with asymmetrical superstructural potential (the C2v

point group) there exists another spin-dependent contribution

HSIA = β2(σxky − σykx) (2.114)

which is called the Structure-Inversion Asymmetry (SIA) term, or the Rashba
term. The structure asymmetry can be related with non-equivalent normal
and inverted interfaces, external or built-in electric fields, compositionally
stepped QWs etc. The spin-orbit interaction term in the form of (2.114)
was first predicted in [2.82, 2.83] for bulk polar hexagonal crystals with the
wurtzite structure (the C6v point symmetry). Nature of the similar term in an
asymmetrical 2D system has been analyzed by different authors ( [2.84–2.90],
see also [2.91] and references therein). Note that anisotropic orientation of
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chemical bonds at the interfaces gives rise to an additional contribution to
the linear-k Hamiltonian, even in symmetrical QWs [2.92, 2.93]. This is the
so-called Interface Inversion Asymmetry (IIA) term. Since it has the same
structure as the contribution (2.113), they can be described together by one
inseparable Dresselhaus term with the common parameter β1.

It is convenient to introduce the Cartesian coordinates x′‖[11̄0], y′‖[110],
z‖[001] which allow to write a sum of the BIA and SIA terms in the form

Hc1(k) =
1
2

(β−σx′ky′ − β+σy′kx′) , (2.115)

where β± = 2(β2 ± β1) and from now on k ≡ k‖. Introducing the effective
Larmor frequency Ωk (at zero magnetic field) by

Hc1 =
�

2
σ · Ωk (2.116)

and comparing with (2.115) we obtain

Ωk,x′ = β−ky′/� , Ωk,y′ = −β+kx′/� , Ωk,z = 0. (2.117)

Thus, in the parabolic approximation the resulting energy dispersion is

Ee1k = E0
e1 +

�2k2

2m∗ ± 1
2

�Ωk ,

with the spin splitting given by

∆E = �Ωk =
√
β2

+k
2
x′ + β2−k2

y′ . (2.118)

If only one of the constants β1, β2 is nonzero then β2
− = β2

+ ≡ β2, and the
splitting �Ωk = βk is angular independent. Figure 2.7 illustrates the electron
dispersion Ee1k (a,d) and contours of constant energy in the kx-ky plane
for different relations between β1 and β2 (b,c,e). For β1 �= 0, β2 = 0 and
β1 = 0, β2 �= 0 the dispersion has the same shape and consists of the well
known shifted parabolas in all directions, displayed in Fig. 2.7a. However, the
Rashba- and Dresselhaus spin-orbit coupling, or coupling between the spin
and wave vector, results in different spin orientation of the eigenstates.

The spin orientation of split states at different k can be visualized by
indicating the direction of the effective Larmor frequency Ωk which provides
the relevant quantization axis for spin at given k. The spin orientations for
purely Rashba and purely Dresselhaus coupling are schematically shown in
Fig. 2.7b and 2.7c by arrows. It is assumed that β1 is negative and β2 is posi-
tive. For the Rashba contribution the effective Larmor frequency and, hence,
the spin is always perpendicular to the corresponding k-vector (Fig. 2.7b).
If the Dresselhaus term is dominant, the angle between k-vector and spin
depends on the crystallographic orientation of k.
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1

2

1 2

Fig. 2.7. Schematic 2D electron band structure with k-linear terms for the C2v

symmetry for different strengths of the SIA and BIA contributions and the dis-
tribution of spin orientations at the 2D Fermi energy. (a) shows the case of only
Rashba (b) or Dresselhaus (c) spin-orbit coupling, and (d, e) represent the case
of simultaneous presence of both contributions. Arrows indicate the orientation of
spins.

In the presence of both Rashba and Dresselhaus spin-orbit terms, rele-
vant for the C2v symmetry, the [11̄0] and [110] axes become strongly non-
equivalent. For k ‖ [110], the eigenvalues of the Hamiltonian are then
given by Ee1 = �2k2/2m∗ ± (β1 + β2)k and, for k ‖ [11̄0], by Ee1 =
�2k2/2m∗ ± (β2 − β1)k. This anisotropic dispersion is sketched in Fig. 2.7d.
The corresponding contours of constant energy together with the spin orien-
tation for some k-vectors are shown in Fig. 2.7e.

At low electron energies the spin splitting due to the linear-in-k term
dominates. At higher energies relevant to high temperatures or large concen-
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trations, the cubic-in-k term can be important as well. For the (001) QW
structures the two Dresselhaus contributions to Ωk,i, linear and cubic, can
be written as

Ωk,x = −Ω1 cosϕ−Ω3 cos 3ϕ, Ωk,y = Ω1 sinϕ−Ω3 sin 3ϕ, Ωk,z = 0, (2.119)

where

Ω1 =
2γc
�

k

(
〈k2
z〉 −

1
4
k2

)
, Ω3 =

γc
2�

k3 ,

k2 = k2
x + k2

y and ϕ is the angle between k and the axis [100]. For the [111]
structures, one has

Ωk,x = Ω1 sinϕ , Ωk,y = −Ω1 cosϕ , Ωk,z = −Ω3 sin 3ϕ ,

where x ‖ [112̄], y ‖ [1̄10], z ‖ [111], ϕ is the angle between k and [112̄], and

Ω1 =
4γc√
3�

k

(
〈k2
z〉 −

1
4
k2

)
, Ω3 =

√
2
3
γc
�
k3 .

For the [110] structures, one has

Ωk,x = Ωk,y = 0 , Ωk,z = Ω1 cosϕ−Ω3 cos 3ϕ ,

where x ‖ [1̄10], y ‖ [001], z ‖ [110], ϕ is the angle between k and [11̄0], and

Ω1 =
γc
�
k

(
〈k2
z〉 −

1
4
k2

)
, Ω3 =

√
3
4
γc
�
k3 .

The Rashba term can be presented in an invariant form as

HSIA = β2(σ × k) · N , (2.120)

where N is the unit vector directed along the normal to the interface. In a
symmetrical QW subject to a homogeneous electric field F ‖ z, the constant
β2 can be crudely estimated as [2.90]

β2 =
P 2

3

{
∆(2Eg +∆)
E2
g(Eg +∆)2

|e|F

+
(

∆

Eg(Eg +∆)
− ∆′

E′
g(E′

g +∆′)

)[
ϕ2
e1(a/2) − ϕ2

e1(−a/2)
]}

,

where the band parameters Eg,∆ and E′
g,∆

′ refer to the well and barrier
bulk materials, respectively, the parameter P is defined in (2.46), ϕe1(z) is
the envelope calculated in the presence of electric field, and ±a/2 are the
interface coordinates.

The BIA contribution to the valence band effective Hamiltonian respon-
sible for removal of spin degeneracy of the hole subbands can be obtained by
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averaging the linear and cubic terms, H1v and Hv3+δH3v, over the quantum-
confined states hhν or lhν calculated neglecting the spin splitting. Note that
this procedure applied to the nonrelativistic term (2.112) does not lead to
linear-k splitting of heavy-hole states because the off-diagonal components
Ji;±3/2,∓3/2 equal zero. The Rashba spin splitting in 2D hole systems was
analyzed by Winkler [2.95]. At small values of k, the heavy-hole spin split-
ting is of third order, in qualitative difference with the conduction-band and
light-hole states in QWs.

Entin and Magarill [2.96] have derived the effective Hamiltonian for elec-
trons confined near the curved surface and showed that the curved system has
an additional spin-dependent term. For example, in a spherical QW where
electrons are confined in a thin spherical layer of the radius R, the spin-orbit
term is proportional to

σ ·
(

R

R2
× p̂

)
,

where
p̂ = oθp̂θ + oϕp̂ϕ , p̂θ = − i

R

∂

∂θ
, p̂ϕ = − i

R sin θ
∂

∂ϕ
,

and the vectors oθ, oϕ, oR = R/R compose the orthogonal basis in the
spherical coordinates.

Linear-in-k spin splitting of electron subbands in QWRs is described by
a Hamiltonian

H1 = (σ · β) kz , (2.121)

where z is the principal axis of the wire and β is a constant vector, its nonzero
components are determined by symmetry of the structure. The effective Lar-
mor frequency defined according to (2.116) is equal to 2βkz/�. Depending on
the sign of kz it is directed parallel or antiparallel to the fixed direction of β.
This is the main difference with QWs where the direction of Ωk is indepen-
dent of k only in asymmetrical QWs in the particular case β1 = ±β2 when
either β+ or β− vanish. In [2.97] a simple 3D model of an asymmetric QWR
is introduced in which the Rashba spin-orbit coupling (2.121) is derived from
a realistic description of the bulk semiconductor electronic structure.

2.5 Electrons, Photons and Phonons in Superlattices

The effective-mass method, the formalism of macroscopic electrodynamics
for photons, the dielectric model for optical phonons and the approximation
of a homogeneous elastic medium for acoustic phonons allow a generalized
description of the quasi-particle propagation in a semiconductor SL. We con-
sider an infinite SL made up of alternating layers A and B with thicknesses
a and b, respectively, and hence with the period d = a + b. The state of a
generalized quasi-particle is described by the generalized envelope
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e−iωt+iq·ρϕ(z) ,

where z is the SL principal axis, ρ is the in-plane component of the 3D
radius-vector r, q is the in-plane component of the quasi-particle wave vector.
Within each homogeneous layer the z-dependent envelope ϕ(z) is a linear
combination of two exponential functions,

ϕ(z) = F+eikAz + F−e−ikAz within the layers A

and
ϕ(z) = G+eikBz +G−e−ikBz within the layers B .

The coefficients F±, G± may depend on the layer number. At the interfaces
the function ϕ(z) satisfies the boundary conditions

ϕA = ϕB , CA

(
dϕ

dz

)
A

= CB

(
dϕ

dz

)
B

. (2.122)

Physical meaning of the function ϕ(z) and the coefficients CA,B as well as
the relation between the wave vectors kA, kB and the frequency ω, or the
energy E = �ω, will be discussed with reference to electrons, photons and
phonons after deriving the dispersion equation for a generalized quasi-particle
propagating in a SL. Let us present the function ϕ(z) and its derivative as a
two-component column

ϕ̂(z) =
(
ϕ
ϕ̇

)
, ϕ̇j ≡

Cj
CA

1
kA

dϕ

dz
(j = A,B) . (2.123)

The transfer matrix through the layer (z0, z) is a 2×2 matrix that relates the
columns (2.123) at the points z and z0, namely,

ϕ̂(z) = t̂(z, z0)ϕ̂(z0) .

The transfer within a homogeneous layer A or B is realized by the matrix

t̂(z, z0) =
[

cos kl N̄−1 sin kl
−N̄ sin kl cos kl

]
, (2.124)

where l = z− z0, N̄ = 1 in the layer A and N̄ = (CBkB)/(CAkA) ≡ N in the
layer B. Note that the transfer matrix is unimodular: Det t̂ = 1.

According to the Bloch theorem one can seek eigensolutions satisfying the
condition

ϕ̂(d) = T̂ ϕ̂(0) = eiKdϕ̂(0) ,

where K is the wave vector characterizing the propagation of a quasi-particle
along the principal axis z, T̂ is the transfer matrix through a SL period, it is
a product t̂At̂B of the transfer matrices through the layers A and B. As the
first step in deriving the dispersion equation relating K and ω, we rewrite
the above condition in terms of the components Tij as follows
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Det
[
T11 − eiKd T12

T21 T22 − eiKd

]
= 0 .

Taking into account the unimodularity of T̂ we can present this equation in
the form

cosKd =
T11 + T22

2
. (2.125)

By direct matrix multiplication we obtain

T̂ = t̂At̂B =
[

cos kAa sin kAa
− sin kAa cos kAa

] [
cos kBb N−1 sin kBb

−N sin kBb cos kBb

]
=

[
cos kAa cos kBb−N sin kAa sin kBb ........

........ cos kAa cos kBb−N−1 sin kAa sin kBb

]
.

For the sake of brevity the off-diagonal components which do not enter into
(2.125) are replaced by omission points. Substituting the expressions for T11

and T22 into (2.125) we finally arrive at

cosKd = cos kAa cos kBb−
1
2

(
N +

1
N

)
sin kAa sin kBb . (2.126)

Now we pass on to particular cases and start with electrons in a short-
period SL. In this case ϕ is the electron envelope function in the effective-
mass approximation, ω = E/�, the coefficients in the boundary conditions
are given by

CA =
1
mA

, CB =
1
mB

, N =
mA

mB

kB

kA
.

For the states with the energy E lying below the barrier V , one has
kA = k, kB = iæ, see (2.7), and the dispersion equation can be conveniently
rewritten in the form

cosKd = cos ka cosh æb +
1
2

(
η − 1

η

)
sin ka sinh æb , (2.127)

where η is introduced in (2.12). In the reduced zone scheme values of K
lie within the limits from −π/d to π/d. At a fixed value of q, for instance
at q = 0, the energy spectrum E(q,K) consists of alternating allowed and
forbidden minibands. For SLs with thick potential barriers, the lower allowed
minibands with E < V are narrow and lie near the electron size-quantized
levels in a QW of the same thickness a. As the barrier thickness b decreases
the allowed minibands widen at the expense of the convergent forbidden
minibands. In the limit b→ 0 the miniband character of the electron energy
spectrum transforms into the parabolic dispersion of an electron in the host
material A.

In order to analyze the dispersion at small values of K we can rewrite
(2.127) in the following equivalent form
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1 − cosKd =
1
2

sin ka sinh æb f1f2 ≡ F , (2.128)

f1 = tan k
a

2
− η tanh æ

b

2
, f2 =

1
η

cot k
a

2
+ coth æ

b

2
.

For |K| � π/d one has

E ≈ Eeν +
d2

2F ′K
2 , (2.129)

where ν is the miniband index, Eeν is the energy at K = 0 defined by the
equations f1 = 0 or f2 = 0, F ′ is the derivative dF (E)/dE at E = Eeν .
Notice that, in the limit b → ∞, the equations f1 = 0, f2 = 0 coincide with
(2.12) and (2.14) for the confinement energy in a single QW. It follows from
(2.129) that the electron effective mass for the motion along z is related to
F ′ by

Mzz = F ′�2/d2 . (2.130)

For SLs with barriers thick enough so that exp(æb) � 1, the allowed mini-
bands can be described by

E(K) ≈ Eeν + (1/F ′)(1 − cosKd) .

As regards the dependence of E on q, it is parabolic if mA = mB, as in
the bulk host materials. For mA �= mB, the in-plane dispersion has a quasi-
parabolic character with the effective mass slowly varying within the interval
between mA and mB.

Next we consider the normal light waves in an optical SL with the layers
A and B characterized by the local isotropic dielectric functions æA(ω) and
æB(ω). For completeness we write down the Maxwell macroscopic equations

curl B =
1
c

∂D

∂t
, curl E = −1

c

∂B

∂t
,

divD = 0 , divB = 0 .

Here E and D are the electric-field and electric-displacement vectors related
by D = æj(ω)E, and we use the form of material relation where the magnetic
induction B coincides with the magnetic field H. The space dispersion, or
the dependence of æA,B(ω) on the light wave vector q, is neglected. As a
rule, in what follows we omit the variable ω and use the notation æA,B. For a
monochromatic light wave the operator ∂/∂t may be replaced by the factor
−iω. Within each separate layer A or B the solution is a linear combination
of plane waves exp [i(q · ρ ± kA,Bz)], where

kA = [(ω/c)2æA − q2]1/2 , kB = [(ω/c)2æB − q2]1/2 . (2.131)

We fix the coordinate system x, y with x ‖ q in which case the 3D wave
vectors (qx, qy,±kA,B) lie in the plane perpendicular to the y axis.
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In a structure with isotropic layers, there are two types of Bloch solutions,
or normal light waves, namely, TE waves (s-polarized waves) with E ‖ y
and B lying in the (x, z) plane, and TM, or p-polarized waves with B ‖ y.
Obviously, for TE waves, the electric field Ey plays the role of the generalized
envelope ϕ(z). It follows from continuity of the tangential components Ey and
Bx and from the relation Bx ∝ ∂Ey/∂z, that Ey|A =Ey|B and (∂Ey/∂z)|A =
(∂Ey/∂z)|B. Therefore, for the TE-polarized light waves, we have CA = CB

and N = kB/kA.
Similarly, for TM waves, the role of ϕ(z) is played by By, the first bound-

ary condition is By|A = By|B, and from continuity of Ex ∝ æ−1
j (∂By/∂z) we

obtain the second boundary condition

1
æA

(
∂By
∂z

)
A

=
1

æB

(
∂By
∂z

)
B

,

i.e., CA = æ−1
A , CB = æ−1

B , N = (kBæA)/(kAæB). The dispersion equation
for both TE- and TM-waves is given by the canonical equation (2.126).

In the long-wavelength approximation, when |kA|a, |kB|b, |K|d � 1, the
optical SL may be considered a homogeneous uniaxial medium with the ef-
fective dielectric tensor

æxx = æyy =
æAa+ æBb

a+ b
, æzz =

(
a

æA
+

b

æB

)−1

(a+ b) . (2.132)

This result can be obtained by expanding the trigonometrical functions in
(2.126) in powers of kAa, kBb,Kd. However, it can be also derived in a simple
way if we take into account that, in the long-wavelength limit, the fields E
and B change very little within each layer. The electric field Ey is continuous
at the interface and the difference of its values in the neighboring layers may
be ignored. The displacement Dy is approximately constant within each layer
but its values jump at the interface from DA,y = æAEy to DB,y = æBEy. The
electric displacement averaged over the period is given by

D̄y =
a DA,y + b DB,y

a+ b
=

æA a+ æB b

a+ b
Ey ,

which agrees with the expression (2.132) for æyy. If we take into account the
continuity of the normal component Dz of the displacement field and the rela-
tions EA,z = Dz/æA, EB,z = Dz/æB, we obtain for the average (macroscopic)
field

Ēz =
a EA,z + b EB,z

a+ b
=
a æ−1

A + b æ−1
B

a+ b
Dz ,

in agreement with the above expression for æzz.
Equation (2.126) for TM-modes suggests an important limiting case real-

ized for
q2 �

(ω
c

)2

|æA,B| . (2.133)
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In this case the retardation effects are negligible, one can use the approxima-
tions

kA, kB → iqx , N → æA

æB
,

and obtains, instead of (2.126), the secular equation for the so-called interface
modes [2.98,2.99]

cosKd = cosh (qxa) cosh (qxb) (2.134)

+
1
2

(
æB

æA
+

æA

æB

)
sinh (qxa) sinh (qxb) .

Taking into account the condition (2.133) the above equation can be derived
from a scalar potential φ(r) which determines the electric field E = −∇φ if
the retardation is neglected. In this approximation the magnetic field is zero.
Within each A and B layer, the Laplace equation ∆φ(r) = 0 is fulfilled by
the exponential functions exp (iqxx± qxz). Thus, the generalized envelope
ϕ(z) reduces to the potential φ and one indeed has kA = kB = iqx. The
boundary conditions are φA = φb and æA(dφ/dz)A = æB(dφ/dz)B which
leads to CA = æA, CB = æB, N = æB/æA and, finally, to (2.134).

For a SL with thick layers, qxa, qxb→ ∞, this equation reduces to

1 +
1
2

(
æB

æA
+

æA

æB

)
=

(æA + æB)2

2 æA æB
= 0 .

This is nothing more than the well-known equation æA(ω) + æB(ω) = 0 for
surface modes at a single interface between semiconductors A and B. It has
solutions only if there are frequencies for which the dielectric functions æA(ω)
and æB(ω) have opposite signs. To illustrate we consider the surface optical
phonon. Let ω lie in the region of optical-phonon resonance frequency of the
host material A. Then, one has

æA(ω) = æ∞
Ω2
LO − ω2

Ω2
TO − ω2

,

where ΩTO, ΩLO are the resonance frequencies of transverse and longitudinal
optical phonons. For simplicity, the dielectric function of the B material is
assumed to be independent of ω and equal to the high-frequency dielectric
constant of the A material, æ∞. Then, the frequency of the surface wave is
Ωs =

√
(Ω2

LO +Ω2
TO)/2. If ΩLO − ΩTO � ΩTO, the value Ωs lies at the

midpoint between ΩLO and ΩTO.
For a SL with the thick B layers, qxb → ∞, and the A layer of finite

thickness, we obtain from (2.134)

cosh qxa+
1
2

(
æB

æA
+

æA

æB

)
sinh qxa = 0 .
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These are mixed left- and right-hand-side surface modes coupled because of
the finite thickness a [2.100]. For the above simple model, the eigenfrequencies
are given by

ω2 = Ω2
s ±

1
2
(Ω2

LO −Ω2
TO)e−qxa .

Particularly, if ΩLO −ΩTO � ΩTO, we have

ω = Ωs ±
1
2

(ΩLO −ΩTO) e−qxa .

Now it is clear that the interface mode in a SL with finite a and b is a surface
excitation transferred from one interface to another and propagating in that
way along the SL principal axis.

The last problem involving wave propagation in SLs and related to the
canonical equation (2.126) concerns folded acoustic phonons. Here we restrict
ourselves to longitudinal acoustic phonons propagating along the principal
axis z. The role of ϕ(z) is played by the lattice displacement uz(z) along z. In
the elastic limit the dispersion relations of the constituents are linear, namely,
ωA(q) = sAq and ωB(q) = sBq, where sA,B is the longitudinal sound velocity.
Therefore, kA and kB in the generalized description equal ω/sA and ω/sB,
respectively. The first boundary condition is the continuity of uz while the
second condition follows from the continuity of the stress tensor component
σzz related to the strain tensor component uzz = ∂uz/∂z by σzz = λuzz. Here
λ is the elastic stiffness constant Czzzz which can be expressed via the bulk
density ρ and the longitudinal sound velocity s: λ = ρs2. Since the second
boundary condition is rewritten as

λAuzz|A = λBuzz|B ,

we have
CA = λA , CB = λB , N =

λBkB

λAkA
=
ρBsB
ρAsA

,

and equation (2.126) takes the form [2.99,2.101]

cosKd = cos
(
aω

sA

)
cos

(
bω

sB

)
(2.135)

− 1
2

(
ρBsB
ρAsA

+
ρAsA
ρBsB

)
sin

(
aω

sA

)
sin

(
bω

sB

)
.

Usually, in semiconductor SLs the parameter

ε =
ρBsB − ρAsA√
ρAρBsAsB

is small and (2.135) can be conveniently rewritten in the slightly modified
form
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cosKd = cos
[
ω

(
a

sA
+

b

sB

)]
− ε2

2
sin

(
aω

sA

)
sin

(
bω

sB

)
. (2.136)

Neglecting the term proportional to ε2 we obtain the dispersion relation

K = (kAa+ kBb)/d = ω/s̄ , (2.137)

which is that of a homogeneous medium with the average sound velocity

s̄ = (a+ b)
(
a

sA
+

b

sB

)−1

.

In the reduced zone scheme the straight line ω = s̄K is folded within the
first Brillouin zone of the SL, −π/d < K ≤ π/d, as shown in Fig. 2.8 by the
dashed curve. Allowance for nonzero value of ε results in the formation of
acoustic allowed and forbidden minibands. For small values of the mismatch
ε the width of the first forbidden miniband at K = 0 is found from the
condition

0 = −1
2

(ω
s̄
d− 2π

)2

− ε2

2
sin

(
ωa

sA

)
sin

(
ωa

sB

)

or ∆ω = 2 (s̄/d) |ε sin (ωa/sA)|. Here we took into account that, at ω =
s̄(2π/d), one has sin kBb ≈ sin (2π − kAa) = − sin kAa.

Fig. 2.8 schematically represents the dispersion of folded acoustic phonons
in a SL. The solid curve shows the spectrum at a nonzero value of the mis-
match ε. The dispersion branches, or acoustic minibands, are labelled by the
index l running through the integers 0,±1,±2... The branch outgoing from
the point ω = 0,K = 0 corresponds to l = 0, two next branches are labelled
by l = ±1 etc. Under such labelling the dashed curve in Fig. 2.8 is described
analytically by

ΩlK = s̄

(
|K|sign{l} +

2π
d
|l|
)
. (2.138)

Raman scattering of light by folded acoustic phonons is considered in Chap. 6.

2.6 Interband Optical Transitions

We shall now consider the optical transitions at the fundamental absorp-
tion edge in undoped semiconductors and semiconductor nanostructures. In
a semi-classical approach the electromagnetic field is treated classically while
the electronic subsystem is described quantum-mechanically. In the following
we use the Coulomb gauge with a zero scalar potential. In this gauge the
electric and magnetic fields, E and B, are expressed via the vector potential
A(r, t) by

E = −1
c

∂A

∂t
, B = curl A , (2.139)
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Fig. 2.8. Schematic representation of the dispersion of folded acoustic phonons in
a SL. Dashed and solid lines show the dispersion, respectively, for zero and nonzero
values of the parameter ε in (2.136).

where c is the light velocity in vacuum. For a plane monochromatic light wave
propagating in a homogeneous medium, one has

A(r, t) = A0e−iωt+iq·r + A∗
0e

iωt−iq·r , (2.140)

where q is the light wave vector and A0 is the amplitude related with the
energy flux I by

A2
0 =

2πc
nωω2

I , (2.141)

nω being the refractive index of the medium at the frequency ω. It is con-
venient to present the vector A0 as a product A0e of the real (positive)
scalar amplitude A0 and the polarization unit vector e satisfying the condi-
tion |e|2 = 1. We remind that for an elliptically polarized light wave the unit
vector e is complex. In an interband optical absorption process, the radiation
field transfers an electron from the occupied valence band to the unoccupied
conduction band. In other words, the photon absorption is followed by the
generation of an electron-hole pair. Here we treat the interband absorption
in the single-particle approximation neglecting the interaction between the
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photogenerated electron and hole. In the following section and other chapters
of the book we will go beyond this approximation and include the effects of
electron-hole Coulomb interaction, or excitonic effects, into consideration.

2.6.1 Transition Probability Rate

In linear optics, the perturbation operator of the electron-photon interaction
has the form

−e
c

1
2m0

[p̂ · A(r, t) + A(r, t) · p̂] ,

where p̂ is the momentum operator −i�∇. In the dipole approximation the
coordinate dependence of A is neglected and the perturbation operator takes
the form

− eA0

cm0

(
e e−iωt + e∗eiωt

)
· p̂ .

Using Fermi’s golden rule to second order perturbation one can write for the
optical transition rate

W
(d)
eν,hν′ =

1
Vd

2π
�

∑
smk

|M(eνs, vν′m;k)|2 δ(Eeνsk − Evν′mk − �ω) , (2.142)

where the matrix element of the one-photon direct transition hν′mk → eνsk
is given by

M(eνs, vν′m;k) = − eA0

cm0
e · peνs,vν′m(k) , (2.143)

peνs,vν′m(k) ≡ 〈eνsk|p̂|vν′mk〉 is the matrix element of the momentum oper-
ator taken between the single-electron conduction- and valence-band states,
and the indices ν, ν′ enumerate the quantum-confined electron states in QWs
(d = 2), QWRs (d = 1) and QDs (d = 0). The valence-band energy Evν′mk in
the δ-function describing the energy conservation law is given in the electron
representation. Note that it is related with the energy of the corresponding
hole state by Evν′mk = −Ehν′m̄,−k where the bar over m means the spin op-
posite to m. The transition probability rate (2.142) is related to unit volume
of the d-dimensional space, Vd being the macroscopic volume of the system,
namely, the 3D volume of a bulk semiconductor, the lateral area of a QW,
the wire length L for a QWR, and Vd → 1 for a QD. The vector k in (2.142,
2.143) is a d-dimensional vector, if d = 1, 2, 3, and this quantum number is
absent for 0D systems.

In what follows we focus the attention on direct optical transitions in
the vicinity of the Γ -point. Neglecting k dependence of the matrix element
peνs,vν′m we can write it as

peνs,vν′m = iνν′ pcs,vm . (2.144)

The first multiplier called the overlap integral is defined for a QW as
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iνν′ =
∫
ϕeν(z)ϕhν′(z)dz (2.145)

and similarly for QWRs and QDs. The second multiplier is the matrix element
of the momentum operator calculated between the Γ -point Bloch functions,

pcs,vm =
1
Ω0

∫
Ω0

u∗cs(r) p̂ uvm(r) dr , (2.146)

where Ω0 is the unit-cell volume.
If the spin splitting of electronic states is neglected the probability rate

is rewritten as

WQW
eν,hν′ =

e2

�cnω

I

m2
0ω

2
geν,hν′(�ω) i2νν′

∑
sm

|e · pcs,vm|2 , (2.147)

where geν,hν′(E) is the reduced density of states

geν,hν′(E) =
1
Vd

∑
k

δ(Eeνk − Evν′k − E) . (2.148)

To illustrate we consider the parabolic dispersion of the electron and hole
bands, or subbands, assuming

Eeνk = E0
c + Eeν +

�2k2

2me
, Evνk = E0

v − Ehν −
�2k2

2mh
,

where E0
c , E

0
v are the band edges in the well host material, Eeν and Ehν are

the electron and hole quantum-confinement energies. For this simple band
structure, we obtain the reduced densities of states

g3(E) =
1

4π2

(
2µeh
�2

)3/2 √
E − E0

νν′ θ(E − E0
νν′) , (2.149a)

g2(E) =
µeh
2π�2

θ(E − E0
νν′) , (2.149b)

g1(E) =
1
2π

(
2µeh

�2(E − E0
νν′)

)1/2

θ(E − E0
νν′) , (2.149c)

g0(E) = δ(E − E0
νν′) , (2.149d)

where µeh = memh/(me+mh) is the reduced effective mass, E0
νν′ is the band

gap attached to the pair of subbands eν and hν′,

E0
νν′ = Eg + Eeν + Ehν′ , (2.150)

and Eg = E0
c − E0

v . The fundamental absorption edge

EQW
g ≡ E0

11 = Eg + Ee1 + Eh1 (2.151)
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corresponds to the absolute valence-band maximum and conduction-band
minimum.

It follows from (2.149) that, in a QW, the density of states g2(E) looks like
a horizontal step. In a QWR, the dependence g(E) has a square-root peak
and is similar to that for electron states in a bulk semiconductor subject to
a quantizing magnetic field. In a QD, the energy level structure is discrete,
the isolated levels are somewhat broadened only due to finite lifetimes of
electrons and holes. The density of states for single electrons and holes is
defined by expressions similar to (2.148). Note however that, as compared
with (2.148), the single-particle density of states usually has an additional
factor of 2 to take into account the spin degeneracy.

2.6.2 Selection Rules

In QW, QWR or QD structures with isotropic, both electron and hole, effec-
tive masses in the well host material and infinitely high barriers, the envelope
functions ϕeν and ϕhν are identical and independent of the effective masses.
Since, by definition, each of the sets is orthonormalized, we come to the se-
lection rule

iνν′ = δνν′ . (2.152)

Thus, the optical transitions take place only between conduction and valence
subbands (or levels in QDs) with the coinciding quantum numbers.

For finite barriers, the shape of envelope wave function depends on the
effective masses and the sets of envelopes for electrons and holes are different.
Nevertheless, in many nanostructures, this difference is not dramatic and one
can use the following soft selection rules

iνν ≈ 1 and |iνν′ | � 1 for ν �= ν′ . (2.153)

If the confining potential has a center of symmetry, then the interband tran-
sitions between the states with envelopes ϕeν , ϕhν′ of opposite parity are of
course forbidden.

Now we turn to the selection rules imposed by the second multiplier in
(2.144). Table 2.2 presents the interband matrix elements e · pcs,vm calcu-
lated between the conduction-band states |Γ6, s〉 = αsS and the valence-band
states |Γ8,m〉 in the basis (2.22). The initial and final states, |vm〉 and |cs〉,
are both taken in the electron representation. The values presented in the
table should be multiplied by pcv/

√
2, where the interband matrix element

pcv is defined in (2.46).

Table 2.2. The interband matrix elements of the momentum operator,

e · pcs,vm, related to pcv/
√

2. Here e is the light polarization unit vector.

v, + 3/2 v, + 1/2 v, – 1/2 v, – 3/2
c,+ 1/2 – (ex + iey) 2ez/

√
3 (ex − iey)/

√
3 0

c, – 1/2 0 −(ex + iey)/
√

3 2ez/
√

3 ex − iey
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We remind that, in the electron and hole representations, the angu-
lar momenta of the valence states differ in sign and, therefore, the ma-
trix elements in these two representation are related by M(eνs, hν′m;k) =
M(eνs, vν′, m̄;−k). Now we take into account that, in QW structures, heavy-
and light-holes at kx = ky = 0 are quantized independently. By using Ta-
ble 2.2 and changing the sign of m we obtain the probability rates for the
generation of electron-hole pairs |eνs ; hhν,m〉 and |eνs ; lhν,m〉 in QWs

|M(eν,±1/2 ; hhν,∓3/2)|2 ∝ |ex ± iey|2 , (2.154)
|M(eν,±1/2 ; hhν,±3/2)|2 = 0 ,

|M(eν,±1/2 ; lhν,±1/2, )|2 ∝ 1
3
|ex ∓ iey|2 ,

|M(eν,±1/2 ; lhν,∓1/2)|2 ∝ 4
3
|ez|2 .

Similar equations for the interband transitions from the spin-orbit (so) split
valence band Γ7, in the basis (2.23), are as follows

|M(eν,±1/2 ; h, so, ν,∓1/2)|2 ∝ 2
3
|ex ∓ iey|2 , (2.155)

|M(eν,±1/2 ; h, so, ν,∓1/2, )|2 ∝ 2
3
|ez|2 ,

where the symbol h reminds that here we use the hole representation for
valence band states.

For the σ+ circularly-polarized light propagating along z, the following
equations hold

e =
ox + ioy√

2
, ez = 0 and |ex + iey|2 = 0 , |ex − iey|2 = 2 ,

whereas, for the σ−-polarized light, one has

e =
ox − ioy√

2
, |ex + iey|2 = 2 , |ex − iey|2 = 0 ,

where ox,oy are the unit vectors pointing in the directions x and y, respec-
tively. The selection rules for the interband photoexcitation of an electron
(eν, s) and a hole (hhν,m) in a QW for both linear and circular polarizations
are presented in Table 2.3. One can see that, under interband transitions, the
angular momentum component along z is conserved

s+m = M , (2.156)

where M = ±1 for the σ± polarization and M = 0 for the linear polarization
along z.

Table 2.3. Selection rules for interband optical transitions in QW structures.

Numbers give values of squared matrix elements |M(eν, s ; jν, m)|2 (j = hh, lh) in

relative units. |jν, m〉 is the valence band state in the hole representation.
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linear linear circular circular
s,m e ⊥ z e ‖ z σ+ σ−

ey = iex ey = −iex
1/2,−3/2 1 0 0 2

−1/2, 3/2 1 0 2 0
1/2, 3/2 0 0 0 0

−1/2,−3/2 0 0 0 0
1/2, 1/2 1/3 0 2/3 0

−1/2,−1/2 1/3 0 0 2/3
1/2,−1/2 0 4/3 0 0

−1/2, 1/2 0 4/3 0 0

2.7 Excitons in Semiconductors

2.7.1 Free Excitons in Bulk Crystals

Up to now we followed the single-particle Bloch scheme describing the in-
dependent motion of charge-carrying electrons and holes. The concept of
excitons proposed by Frenkel in 1931 [2.102] goes beyond the scope of this
scheme. The free exciton is an electron excitation which involves correlated
motion of electrons and holes, does not carry current, but does carry energy.
Frenkels’s original model is appropriate for molecular crystals. Due to inter-
molecular interaction, an excited molecule can induce an upward transition in
the neighboring molecule de-exciting itself. Thus, the molecular exciton can
move and an exciton band is formed. In addition to Frenkel excitons, there
are two other basic types of excitons [2.103]. In charge-transfer excitons, the
excited state is formed by an electron and a hole lying on neighboring atoms.
In the limit opposite to the Frenkel case and applicable for most semiconduc-
tors, the electron and hole are separated by many inter-atomic spacings and
one can use the effective mass approximation to calculate the exciton energy
levels and wave functions. This is the so-called Wannier-Mott exciton first
considered in [2.104,2.105].

The wave function of the Wannier-Mott exciton can be expanded in the
states of noninteracting electron-hole pairs as follows

Ψ exc =
∑

ske,mkh

Cske,mkh
|ske,mkh〉 . (2.157)

Here s,m are the indices identifying the conduction- and valence-band spin
branches, ke,h is the electron or hole wave vector, |ske,mkh〉 is the excited
state of the crystal in which only one conduction-band state |ske〉 is occupied
and only one valence state K̂|mkh〉 is empty. In fact, |ske,mkh〉 is a many-
particle state. Sometimes it is presented in the effective form of a two-particle
wave function



2.7 Excitons in Semiconductors 71

|ske,mkh〉 = ψcske
(re)ψhmkh

(rh) , (2.158)

where ψcske
(re) is the Bloch function for the electron in the conduction band,

and ψhmkh
(rh) is that in the hole representation obtained from the corre-

sponding electron Bloch function for the valence band by the time inversion
operator K̂ defined in (2.40). With the correspondence between the valence
states in the electron and hole representations properly established, the use
of (2.158) offers a number of advantages, rather than presents any difficulties.

By the envelope wave function of the exciton in the real-space represen-
tation, or the r-representation, one understands the function obtained by
inverse Fourier transform

ϕsm(re, rh) =
∑
kekh

ei(ke·re+kh·rh)Cske,mkh
. (2.159)

In terms of the two-particle wave function (2.158) the exciton wave function
takes the form

Ψ exc =
∑
sm

ϕsm(re, rh)ψ0
cs(re)ψ

h0
m (rh) , (2.160)

where ψ0
cs, ψ

h0
m are the Bloch functions at the extremum point, here the Γ

point.
In the effective mass approximation, the envelopes ϕsm(re, rh) satisfy the

two-particle (hydrogen-like) Schrödinger equation∑
s′m′

Hsm,s′m′
(
k̂e, k̂h

)
ϕs′m′(re, rh) = Eϕsm(re, rh) . (2.161)

Here E is the exciton excitation energy, i.e., the energy of the excited state
(2.157) referred to the energy of the crystal ground state |0〉 in which the
conduction band is empty and the valence band is completely filled. Other
notations are as follows: k̂e = −i∂/∂re, k̂h = −i∂/∂rh, Hsm,s′m′ (ke,kh) is
the effective Hamiltonian of the electron-hole pair, which for a homogeneous
semiconductor has the form

Hsm,s′m′(ke,kh) = δmm′He
ss′(ke) + δss′Hh

mm′(kh) (2.162)

+ δss′δmm′

(
Eg −

e2

æ|re − rh|

)
,

and which can be also written in a more compact and symbolic form as

H(ke,kh) = He(ke) + Hh(kh) + Eg −
e2

æ|r| . (2.163)

Here He and Hh are the effective single-particle Hamiltonians for the electron
and hole, r = re − rh, æ is the low-frequency dielectric constant whose dis-
persion is neglected. Equation (2.161) with the Hamiltonian (2.162) describes
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the state of the so-called mechanical exciton. The calculation of mechanical
excitons does not include the exchange interaction between the electron and
the hole in the exciton. This interaction as well as exciton-photon coupling
will be discussed in Chaps. 3, 5 and 7.

For the simple conduction- and valence-band structure, the exciton enve-
lope functions are hydrogen-like. For example, the ground-state exciton, or
1s-exciton, is described by the envelope

Ψ exc
1s (re, rh) =

eiK·R
√
V

ϕ1s(r) , ϕ1s(r) =
e−r/aB√
πa3

B

. (2.164)

Here V is the crystal volume, R is the exciton center of mass,

R =
mere +mhrh
me +mh

, (2.165)

me,h is the electron or hole effective mass, aB is the exciton Bohr radius

aB =
æ�2

µehe2
, (2.166)

and the reduced effective mass µ = memh/(me+mh). The exciton excitation
energy is

E = Eg − EB +
�2K2

2M
, (2.167)

where the exciton translational mass M = me +mh, and the binding energy
for the 1s-exciton, or exciton Rydberg, is given by

EB =
µehe

4

2æ2�2
. (2.168)

2.7.2 Free Exciton in a Quantum Well

The two-particle Hamiltonian describing the exciton in a QW includes su-
perstructure potentials (2.5) for the electron and the hole

H(ke,kh) = He(ke) + Hh(kh) + Eg −
e2

æ|r| + Ve(ze) + Vh(zh) . (2.169)

For the two-particle envelope ϕ(re, rh), the first Bastard boundary condition
(2.10) takes the form

ϕ(re, rh)|ze=z− = ϕ(re, rh)|ze=z+ ,

ϕ(re, rh)|zh=z− = ϕ(re, rh)|zh=z+ ,

where z− and z+ are the left- and right-hand interface boundaries. The second
boundary condition (2.10) taking into account the particle-flow continuity
transforms to
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vez

(
k̂e

)
ϕ
]
ze=z−

=
[
vez

(
k̂e

)
ϕ
]
ze=z+

,

[
vhz

(
k̂h

)
ϕ
]
zh=z−

=
[
vhz

(
k̂h

)
ϕ
]
zh=z+

.

Here the components ϕsm(re, rh) are combined in one many-component vec-
tor ϕ(re, rh), ve,hz is the projection of the electron or hole velocity operator

ve(k) = �−1∇kHe(k) , vh(k) = �−1∇kHh(k) . (2.170)

For nondegenerate bands with effective masses me,mh the exciton wave
function can be presented in the factorized form

ϕ(re, rh) = χsmφ(re, rh) , (2.171)

where χ depends only on the spin indices s,m. In the equation for the spin-
independent function φ the variables can be partially separated

φ(re, rh) =
eiK‖·R‖
√
S

ϕ(ρ, ze, zh) , (2.172)

where S is the sample area in the interface plane, ρ = ρe − ρh, ρe,h is the
in-plane component of the 3D vector re,h, and the in-plane component of the
exciton center of mass, R‖, is defined similarly to (2.165). The Schrödinger
equation for ϕ(ρ, ze, zh) reduces to

(
He

0 + Hh
0 + Heh

)
φ(ρ, ze, zh) =

(
E − Eg −

�2K2
‖

2M

)
ϕ(ρ, ze, zh) , (2.173)

He
0 = − �2

2me

∂2

∂z2
e

+ Ve(ze) , Hh
0 = − �2

2mh

∂2

∂z2
h

+ Vh(zh) ,

Heh = − �2

2µeh

(
∂2

∂ρ2
x

+
∂2

∂ρ2
y

)
− e2

ær
.

The binding energy of the exciton formed by an electron in the lowest conduc-
tion subband e1 and of a hole in the upper valence subband h1 is determined
by

ε = Ee1 + Eh1 − 〈ϕ|He
0 + Hh

0 + Heh|ϕ〉 , (2.174)

where Ee1, Eh1 are the electron and hole confinement energies at k = 0.
We first consider the case of thick QWs such as a� aB. It corresponds to

the weak confinement regime where the Coulomb interaction energy exceeds
the intersubband separations ∆Ee,∆Eh. In a thick well, one may neglect the
distortion of internal motion of the electron-hole pair in the exciton and the
exciton is quantized as a single whole,

ϕ(ρ, ze, zh) = F (Z) ϕ(r) , (2.175)
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where ϕ(r) is the wave function of the electron and hole relative motion in a
homogeneous material and Z is the exciton center of mass on the z axis. For
the exciton ground state, ϕ(r) is given by (2.164) and F (Z) by

F (Z) =

√
2
a

⎧⎨
⎩

cos (νπZ/a) for odd ν ,

sin (νπZ/a) for even ν ,
(2.176)

where, for simplicity, we assumed the boundary conditions F (±a/2) = 0. For
the excitation energy of the 1s-exciton in the excitonic subband ν one has

E = Eg − EB +
�2

2M

[(πν
a

)2

+K2
‖

]
. (2.177)

As the well width a decreases, the quantum confinement of carriers begins
to predominate over the Coulomb interaction and one can solve equation
(2.173) by the variational technique using the trial function in the following
factorized form

ϕ(ρ, ze, zh) = f(ρ, z)ϕe1(ze)ϕh1(zh) , (2.178)

where z = ze − zh. The simplest trial function

f(ρ, z) =

√
2
πã2

e−ρ/ã (2.179)

has one variational parameter, the effective 2D Bohr radius ã. A compara-
tively simple choice represents the trial function [2.106]

f(ρ, z) = C(1 + αz2)e−δ(ρ
2+z2)1/2

with two variational parameters α and δ, C being a normalizing factor.
The left- and right-hand barriers of the QW press the electron and the

hole to one another, with the result that the Coulomb interaction between
them increases, as does also the binding energy, which in the case of infinitely-
high barriers varies from EB in a thick well to the 2D Rydberg E2D

B = 4EB

for a� aB. At the same time, the effective Bohr radius decreases from aB to
a2D
B = aB/2. As a result, in the 2D limit one has for the exciton ground state

ϕ(ρ, ze, zh) =

√
2
π

4
aaB

cos
πze
a

cos
πzh
a

e−2ρ/aB (2.180)

for |ze,h| < a/2 and ϕ(ρ, ze, zh) = 0 otherwise.
Now we consider the exciton with the effective Hamiltonians He for the

simple conduction band Γ6, and Hh for the degenerate valence band Γ8. Due
to the quantum confinement the degeneracy of the valence band is removed
as illustrated in Fig. 2.2. In the strong confinement regime the off-diagonal
terms in the Luttinger Hamiltonian are neglected and both the conduction
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subbands eν and the valence subbands hhν and lhν are treated as isolated
subbands from the point of view of exciton formation. This leads to the
formation of two exciton systems, i.e., the heavy-hole and light-hole excitons
associated with the hole angular momentum components m = ±3/2 and
m = ±1/2, respectively. We rewrite the diagonal components of the 3D-hole
Luttinger Hamiltonian (2.28) in the form

F (k) =
�2k2

z

2mhh
⊥

+
�2k2

‖
2mhh

‖
, G(k) =

�2k2
z

2mlh
⊥

+
�2k2

‖
2mlh

‖
, (2.181)

where the masses mhh
⊥ ,mlh

⊥ coincide with the effective masses, mhh and mlh,
of the heavy and light holes in the bulk material and determine the hole
quantum-confinement energies Ehhν , Elhν in a single QW. Two other masses
are defined by

�2

2mhh
‖

= |A| + |B|
2
,

�2

2mlh
‖

= |A| − |B|
2
.

They govern the corresponding reduced effective masses in Heh, see (2.173),
namely,

µe-hh = mem
hh
‖ /(me +mhh

‖ ) and µe-lh = mem
lh
‖ /(me +mlh

‖ ) .

For the decoupled heavy and light holes, the wave functions of eν-hhν′ and
eν-lhν′ excitons are written as

Ψ exc =
eiK‖·R‖
√
S

ϕ(ρ, ze, zh) ψ0
cs(re)ψ

h0
m (rh) . (2.182)

Here, ψ0
cs are the spinor Bloch functions ↑S, ↓S and ψh0

m are the Bloch func-
tions |Γ8,m〉 in the hole representation. For the eν-hhν′ and eν-lhν′ excitons,
one can use the trial functions

ϕe-hh(ρ, ze, zh) = fe-hh(ρ, z) ϕeν(ze) ϕhhν′(zh) , (2.183)

ϕe-lh(ρ, ze, zh) = fe-lh(ρ, z) ϕeν(ze) ϕlhν′(zh) .

Figs. 2.9a and 2.9b show the binding energies, εhh and εlh, of the heavy-
hole exciton e1-hh1(1s) and the light-hole exciton e1-lh1(1s) as a function
of the thickness a of the GaAs/AlxGa1−xAs QW, for two Al concentrations
x = 0.15, 0.30 and for the model QW with infinitely high barriers [2.106].
The parameters used in the calculation are as follows: me = 0.067m0, mhh =
0.45m0, mlh = 0.08m0, µe-hh = 0.04m0, µe-lh = 0.051m0, æ = 12.5. For
the infinite potential well, the binding energy monotonously increases with
decreasing a in accordance with the expected increase from EB at a� aB to
4EB at a � aB. For the finite barriers, the binding energies εhh, εlh depend
nonmonotonously on a, namely, as the well thickness decreases, they reach a
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Å Å

ε

Fig. 2.9. Theoretical dependence of binding energy of e1-hh1 (a) and e1-lh1 (b)
exciton on QW thickness in GaAs/AlxGa1−xAs heterostructure with x = 0.15 and
0.3, as well as in the infinitely high potential barrier model. From [2.106].

maximum and then fall off since at small a the electron and the hole bound
in the exciton reside predominantly in the barrier regions. In the limit of very
small thicknesses, this state of the 1s-exciton may be considered a 3D exciton
in the barrier material attached to a thin layer with a potential well for the
electron and the hole. The binding energy of such an exciton is close to that
of a free exciton in the bulk barrier material.

We discuss the hybridization of heavy- and light-hole states in the frame of
combined description of strong-confinement regime for electrons and arbitrary
regime for holes. In this case, for a stationary exciton with zero translational
momentum, K‖ = 0, the exciton wave function takes the form [2.107,2.108]

Ψ exc =
1√
S
ϕeν(ze)

∑
m

Fm(ρ, zh)ψ0
cs(re)ψ

h0
m (rh) . (2.184)

If the hole subband anisotropy is neglected and the QW is symmetrical, the
envelopes Fm(ρ, z) are characterized by a particular parity with respect to
the mirror reflection z → −z and a particular orbital angular-momentum
component. As a result, they can be presented as
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Fp(ρ, z) =

⎡
⎢⎢⎣

F3/2,p(ρ, z)eilϕ

F1/2,−p(ρ, z)ei(l+1)ϕ

F−1/2,p(ρ, z)ei(l+2)ϕ

F−3/2,−p(ρ, z)ei(l+3)ϕ

⎤
⎥⎥⎦ , (2.185)

where ϕ is the angle between the vector ρ = ρe − ρh and the x axis, the
parity p = ± and l is an integer. The total angular momentum component of
the exciton equals s + 3/2 + l. Comparing (2.185) with (2.182) we conclude
that, for the e1-hh1(1s) exciton with m = 3/2 or m = −3/2, one has p = +,
l = 0 or p = −, l = −3. Similarly, for the e1-lh1(1s) exciton with m = 1/2
or m = −1/2, one has p = −, l = −1 or p = +, l = −2. The four-component
envelope (2.185) satisfies the equation[

H̃(k̂) + Eg + Eeν + ṼC(ρ, z)
]
F (ρ, z) = EF (ρ, z) .

Here H̃(k) differs from the Luttinger Hamiltonian (2.24) by the substitution

F → F̃ = F +
�2k2

‖
2me

, G→ G̃ = G+
�2k2

‖
2me

and ṼC(ρ, z) is the Coulomb potential averaged over the electron-density
distribution,

ṼC(ρ, z) = −e
2

æ

∫
dze

ϕ2
eν(ze)√

ρ2 + (ze − z)2
.

The calculation shows that the model of uncoupled heavy- and light-hole
states is a good approximation for the heavy-hole exciton e1-hh1 but can
cause a significant error in calculating e1-lh1 excitons and, especially, excitons
formed from holes in the higher hole subbands.

2.7.3 Excitons in Various Nanostructures

The physics of excitons has become a highly diversified field of science. The
firm identification of exciton spectra were achieved for alkali halides in the
1930’s, for molecular crystals in the 1940’s and for semiconductors in the
1950’s. Excitons have been found in most non-metallic crystals and rare
earth metals as well as in photosynthetics and other biological systems. At
present it is well known that the excitonic effects in bulk semiconductors dom-
inate the optical properties near the fundamental band edge, at least at low
temperatures and in undoped or moderately doped samples. In semiconduc-
tor nanostructures the electron-hole interaction is enhanced by confinement,
which increases the overlap of the electron and hole wave functions. The de-
velopment of new crystal-growth techniques and improvement in nanostruc-
ture fabrication allowed to study a significant enhancement of the excitonic
binding energy, oscillator strength and exchange-induced splitting of exciton
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levels with transition from 3D excitons in bulk semiconductors to 2D excitons
in QWs and similar 2D-1D and 1D-0D transitions, respectively from QWs
to QWRs and from QWRs to QD. Omnipresent and many-sided excitons
play a central role in the band-edge optical spectroscopy of semiconductor
nanostructures even at room temperature. Optical spectroscopic measure-
ments of excitonic parameters, such as the energies of excitonic transitions,
exciton oscillator strengths and lifetimes, the fine-structure splittings etc.,
present effective methods, contactless and nondestructive, for the characteri-
zation of nanostructures and give the information about the structure shape
and size, the confining potential profile, interfacial quality, and so forth. In
this subsection we briefly outline the theoretical description of excitons in
nanostructures.

A simple extension of the intrawell exciton excited within a QW is the
interwell exciton in a double QW structure. This indirect-exciton state is
formed by an electron and a hole confined in different wells. In the pres-
ence of an electric field perpendicular to the interfaces the electron and hole
ground states are localized in separate wells which allows the realization of a
long-lived excitonic state and creates favorable conditions for Bose-Einstein
condensation of excitons of high enough density [2.110–2.112]. Since the over-
lap of the electron and hole wave functions can be easily varied by changing
the applied electric field, the lifetime of indirect excitons can be controlled
externally. The interwell-exciton envelope function can be approximated by
(2.178) where ϕe1(ze) and ϕh1(zh) are the single-particle envelopes of an
electron and a hole spatially separated in the opposite wells.

In a single QW with a strong confining potential for conduction-band
electrons and zero valence-band offset, the excitonic state can be considered
as formed by a 2D electron and a 3D hole. The mixed 2D-3D exciton was
realized in a CdTe/Cd1−xMnxTe QW by altering the barrier height in an
external magnetic field [2.109]. In the variational approach one can take the
envelope function (2.172) and choose a trial function in the form

ϕ(ρ, ze, zh) =
1√
πa‖a2

⊥
exp

[
−
(
z2
h

a2
‖

+
ρ2

a2
⊥

)]
ϕe1(ze) ,

where a‖, a⊥ are variational parameters. Similar approach can be applied to
a type-II QW structure where the conduction- and valence-band offsets are of
opposite signs. If the B layers neighboring the layer A are thick, then, as well
as for the mentioned above 2D-3D exciton, the hole is confined only due to
the attractive Coulomb potential. In a periodic type-II structure with strong
confinement of electrons and holes, respectively, in A and B layers, one can
use the approximation (2.178) for the exciton envelope function.

A special case is realized in GaAs/AlAs periodic multi-layered struc-
tures. With decreasing the GaAs-layer thickness, they present a transition
from type-I (Γ electron and Γ hole) to type-II (X-valley electron and Γ
hole) [2.113,2.114]. The exciton e1X-hh1Γ is doubly indirect, both in the real
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space, because the envelope functions are spatially separated in the GaAs and
AlAs layers, and in the k space, because the electron state is formed predom-
inantly from the X-valley states. The oscillator strength for this exciton is
much weaker than in type-I structures since no-phonon optical transitions be-
tween purely Γ -like valence and X-like conduction states are forbidden. This
selection rule is removed due to the Γ -X mixing at interfaces [2.115–2.118].

In a MQW structure, excitons excited in individual QWs are coupled
via electro-magnetic field to form exciton polaritons that are considered
in Chap. 3. Exciton polaritons in quantum microcavities are discussed in
Chap. 7. In a short-period SLs with 3D minibands, the exciton states are
similar to those in a uniaxial 3D semiconductors (Sect. 3.1.3).

If the cross-sectional dimensions of a QWR or the sizes of a QD exceed
the Bohr radius aB of a 3D exciton (weak confinement regime) then the
exciton wave function is written in the form similar to (2.175) with the func-
tion F (X,Y ) or F (R) describing the translational motion of the exciton as
a whole. The calculation of this function is performed analogously to size-
quantization of single-particle motion in 1D and 0D nanostructures (Sects. 2.2
and 2.3).

In the strong confinement regime, the exciton wave function in a QWR is
approximately presented as

Ψ exc
QWR =

exp (iKzZ)√
L

f(z) ϕe1(xe, ye) ϕh1(xh, yh) ψ0
cs(re) ψ

h0
m (rh) , (2.186)

where ϕe1(xe, ye), ϕh1(xh, yh) are the single-particle envelopes defined in
(2.55). The envelope function describing the relative motion along the prin-
cipal axis z satisfies a second-order differential equation

− �2

2µeh
d2f(z)
dz2

+ ṼC(z)f(z) = Ef(z)

with the effective 1D Coulomb potential

ṼC(z) = −e
2

æ

∫
dxedyedxhdyh

ϕ2
e1(xe, ye)ϕ

2
h1(xh, yh)√

(xe − xh)2 + (ye − yh)2 + z2
.

The simplest trial function is [2.119]

f(z) =
1√
aw

exp
(
− |z|
aw

)

with a single variational parameter, aw. A slightly more complicated choice
is to change f(z) in (2.186) by f(ρ, z), say, [2.120]

f(ρ, z) ∝ exp

(
−
√
ρ2 + z2

aw

)
,
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where ρ = |ρe − ρh|.
Note that the 1D Coulomb potential VC(z) = −(e2/æ|z|) leads to an infi-

nite binding energy of the 1D exciton ground state. Loudon [2.121] considered
analytically the ground-state problem for a regularized 1D Coulomb poten-
tial VC(z) ∝ (|z| + R)−1 instead of |z|−1 and obtained for the ground state
the asymptotic solution with the binding energy ε satisfying the equation

R

aB
=

1
2

√
EB

ε
exp

(
−1

2

√
EB

ε

)
.

One can see that as R→ 0 the ground-state binding energy diverges.
The exciton wave function in a QD satisfying the condition of strong-

confinement regime is just a product

Ψ exc = ϕe1(re) ϕh1(rh) ψ0
cs(re) ψ

h0
m (rh) (2.187)

of the single-particle wave functions. The excitation energy of the ground-
state exciton is given by

E = Eg + Ee1 + Eh1 + ṼC ,

where the last term is the Coulomb energy

ṼC = −e
2

æ

∫
dredrh

ϕ2
e1(re)ϕ

2
h1(rh)

|re − rh|
.

The exchange-interaction corrections to the 0D-exciton energy are analyzed
in Chap. 5.

It is worth to mention that, in molecular crystals, the intermolecular in-
teractions can be highly anisotropic. As a result, an effective dimensionality
d = 2 or d = 1 for the energy transport may exist. Particularly, the organic
crystals 1,2,4,5-tetrachlorobenzene and 1,4-dibromonaphthalene possess 1D-
excitons [2.103].

Above we considered excitons in ideal nanostructures. Interface imperfec-
tions and composition fluctuations can give rise to localized exciton states
which are quasi-0D states with a strong confinement along z and weak con-
finement in the interface plane (x, y). If the length of the exciton localization
in a QW is much larger than the 2D Bohr radius, one can use the adiabatic
approximation and represent the exciton envelope function in the form

Ψexc(re, rh) = F (X,Y ) f(ρ) ϕe1(ze) ϕh1(zh) , (2.188)

where the function F (X,Y ) describes the localization of the e1-h1(1s) exciton
as a whole in the interface plane, X and Y are the in-plane coordinates
of the exciton center of mass. The fine structure of the heavy-hole exciton
localized on a rectangular island in an imperfect QW structure is considered
in Sect. 5.5.1.
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2.7.4 Biexcitons and Trions

The existence of biexcitons and charged excitons, or trions, in semiconductors
was predicted in 1958 by Lampert [2.122]. These complexes, called originally
“excitonic molecule” and “excitonic ion”, are analogous, respectively, to a
hydrogen molecule H2 and to an ion H− or ionized molecule H+

2 . Semicon-
ductor nanostructures allow to realize low-dimensional biexciton and trion
states showing the strong increase of the binding energies as compared to the
3D case.

In the effective mass approximation the biexciton wave function is written
as

Ψbiexc = ϕbiexc(re1, re2, rh1, rh2, ) ψee(re1, re2) ψhh(rh1, rh2) , (2.189)

where the indices e, h indicate electrons and holes, the indices 1,2 enumer-
ate the identical particles, ϕbiexc is the four-particle envelope function and
ψee, ψhh are the Bloch parts. The total wave function has to be antisym-
metrical with respect to the exchange of two electrons or two holes. In the
biexciton ground state, the electrons and holes form separately spin singlets.
This means that the functions ψee, ψhh are antisymmetric, the electronic
Bloch part is

ψee(r1, r2) =
1√
2

[
ψ0
c,1/2(r1) ψ0

c,−1/2(r2) − ψ0
c,−1/2(r1) ψ0

c,1/2(r2)
]

and the hole part has a similar form. On the other hand, the ground-state
envelope function must be symmetrical to the interchange re1 ↔ re2 or
rh1 ↔ rh2. For a QW structure, in the strong-confinement regime, one can
use the factored envelope

ϕbiexc = Φ(ρe1,ρe2,ρh2,ρh2) ϕe(ze1) ϕe(ze2) ϕh(zh1) ϕh(zh2) , (2.190)

where the function Φ depends only on the in-plane coordinates, ϕl(zl) is
the single-particle quantum-confined function with l = e, h. The envelope Φ
satisfies the Schrödinger equation with the Hamiltonian

H = − 1
1 + σ

(
∇2
e1 + ∇2

e2

)
− σ

1 + σ

(
∇2
h1 + ∇2

h2

)
+ 2 (Ve1,h1 + Ve1,h2 + Ve2,h1 + Ve2,h2 + Ve1,e2 + Vh1,h2) ,

where σ is the electron-hole mass ratio me/mh, the units of energy and length
are the 3D exciton Rydberg EB and the 3D Bohr radius aB, and the effective
Coulomb interaction is defined by

Vl1,l2(ρ) =
∫
dz1dz2

ϕ2
l (z1)ϕ

2
l (z2)√

ρ2 + (z1 − z2)2
,
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Vei,hi′(ρ) = −
∫
dzedzh

ϕ2
e(ze)ϕ

2
h(zh)√

ρ2 + (ze − zh)2
(i, i′ = 1, 2) .

Since it is not possible to solve the four-body problem exactly they em-
ploy a variational technique. While calculating the biexciton in a single QW
structure Kleinman [2.123] chose a trial function

Φ = ξ(β; kρli,l′i′) χ(ν, η, λ, τ ; kρh1,h2) ,

χ(ν, η, λ, τ ; ρh1,h2) = uνe−ηu + λe−τu ,

ξ(β; ρli,l′i′) = exp [−(s1 + s2)/2] cosh [β(t1 − t2)/2] ,

containing six variational parameters k, β, ν, η, λ, τ . Here

s1 = ρe1,h1 + ρe1,h2 , s2 = ρe2,h1 + ρe2,h2 ,

t1 = ρe1,h1 − ρe1,h2 , t2 = ρe2,h1 − ρe2,h2 ,

and ρli,l′i′ are the interparticle in-plane distances |ρli − ρl′i′ |. The binding
energy εbi of excitons in the biexciton is defined as the difference

εbi = 2Eexc − Ebi , (2.191)

where Eexc and Ebi are the exciton and biexciton excitation energies, ac-
cordingly. Calculations show that in the 2D limit εbi exceeds the biexciton
binding energy in bulk GaAs by a factor of 3 to 4. An observation of the
biexciton state in GaAs/Ga1−xAlxAs QWs was reported in 1982 [2.124]. In
II-VI compound semiconductors, it was observed convincingly by Bányai et
al. [2.125]. The further enhancement of the biexiton binding energy is pre-
dicted for 1D QWR structures [2.125] and QDs or microcrystallites [2.126].
Multiexciton complexes in InxGa1−xAs/GaAs QDs of the lateral dot sizes
varied around 500 Å were investigated in [2.127]. The formation of com-
plexes consisting of three and four excitons becomes possible due to the 3D
geometric confinement potential. Their binding energies are negative because
the Pauli repulsion pushes additional electrons and holes into higher shells.
Binding of two excitons into an excitonic molecule in type-II QW periodic
systems is theoretically investigated by Shimura and Matsuura [2.128].

The first identification of charged excitons in a n-doped 2D structure was
done by Kheng et al. [2.129]. Since then both the negatively and positively
charged trions, X− and X+, composed of two electrons and one hole or two
holes and one electron, have been observed and studied in III-V and II-VI 2D
systems, see the review [2.130] and references therein. A three-body problem
of 2D trions in semiconductor QWs was solved by applying a variational
technique [2.131–2.133] or other simplified methods [2.134]. The ground-state
wave functions for X− and X+ trions may be written respectively as

ΨX−,S (2.192)

= ϕtr,S(ρe1,ρe2,ρh) ϕe(ze1) ϕe(ze2) ϕh(zh) ψee(re1, re2) ψh0
m (rh) ,
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ΨX+,S

= ϕtr,S(ρe,ρh1,ρh2) ϕe(ze) ϕh(zh1) ϕh(zh2) ψ0
cs(re) ψhh(rh1, rh2) .

The negative 2D-trion effective Hamiltonian measured in units of 2D exciton
binding energy, E2D

B = 4EB, and 3D exciton Bohr radius is [2.133]

H(X−) = −1
4
(
∇2
e1 + ∇2

e2

)
− σ

1 + σ
∇e1∇e2 −

1
2

(
1

ρe1,h
+

1
ρe2,h

− 1
ρe1,e2

)
,

where ρei,h is the distance between the electron i and the hole, ρe1,e2 is the
interelectron distance. The similar Hamiltonian for X+ trions is obtained by
the change e↔ h and σ → σ−1. The trion binding energy is defined as

εtr = Eexc − Etr ,

where Eexc, Etr are the exciton and trion excitation energies.
A reliable 6-parameter trial function for the singlet state,

ϕtr,S = [exp (−aρ13 − bρ23) + exp (−bρ13 − aρ23)] (2.193)

× 1 + cρ12

1 + d(ρ12 −R0)2
exp (−sρ12) ,

is suggested by Sergeev and Suris [2.133]. Here the indices 1, 2 refer to
the identical particles, the index 3 refers to the unpaired particle and
a, b, c, d, s, R0 are variational parameters. The first multiplier is the sym-
metrized exciton-like function with different orbital radii, the second mul-
tiplier accounts for polarization effects. The parameter d takes into account
vibrations of two identical particles around the average distance, R0, between
them. The parameter s optimizes the wave function at large distances ρ12.

Figure 2.10 shows the calculated trion binding energy, εtr, as a function of
the mass ratio σ. Solid, dashed and dotted curves show results of calculation
in three different approaches. One can see that the binding energy, εtr, of the
X− trion is almost independent of σ whereas, for the X+ trion, it remarkably
increases with decreasing the mass ratio. At σ → 0, it tends to 0.41.

A simple trial envelope function for the X+ triplet state is [2.135]

ϕtr,T = [exp (−aρ13 − bρ23) + exp (−bρ13 − aρ23)] (2.194)

× exp (−sρ12)
1 + d(ρ12 −R0)2

[x1 − x2 ± i(y1 − y2)] .

It is antisymmetrical with respect to the interchange ρ1 ↔ ρ2 of the hole
coordinates. The bound triplet state vanishes as the mass ratio reaches a
critical value σcr which, for isotropic effective masses, is close to 0.35. Near
the critical point the triplet binding energy is found from

εtr ln
(
ε0
εtr

)
= A(σcr − σ) ,
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ε
ε

Fig. 2.10. Binding energies, εtr, of the X+ and X− 2D-trion singlet states related to
the exciton binding energy, εexc, vs. the electron-to-hole mass ratio. Solid and dotted
curves are calculated by using the variational method with six [2.133] and twenty
two [2.131] fitting parameters. Dashed curve, calculation in a simple analytical
model [2.134].

where ε0 ≈ 2.70 and A ≈ 1.17 [2.135].
Excitonic trions in single and double QDs with Gaussian confinement

potential were studied by the variational method in [2.136].

2.7.5 Dielectric Response of an Exciton

Here we will derive the relation between the exciton contribution to the dielec-
tric polarization Pexc and the macroscopic electric field E of the light wave.
For that we consider the time-dependent wave function |t〉 of the electronic
system in the presence of a monochromatic electromagnetic wave of a fixed
polarization, α. We assume that the light frequency ω is close to an exciton
resonance, ω0, and selection rules allow the resonant photoexcitation only to
one excitonic state, |exc, α〉 ≡ |exc〉, described by the two-particle envelope
(2.172). Resonance frequencies of other excitons dipole-active in the same
polarization are assumed to be far off enough and their dielectric response as
well as that of continuum electron-hole-pair states modified by the Coulomb
interaction are taken into account by the background dielectric constant æb.
In the linear approximation one has

|t〉 = |0〉 + c(t) |exc, α〉 , c(t) = c0e−iωt + c′0e
iωt , (2.195)
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where |0〉 is the ground state of the electronic system with the filled valence
band and empty conduction band. In the following we neglect the nonresonant
term c′0 exp (iωt).

By definition, the excitonic contribution to the dielectric polarization is
given by the quantum-mechanical average

Pexc(r, t) = 〈t|d̂α(r)|t〉 = 〈0|d̂α(r)|exc〉 c(t) + c.c. , (2.196)

where d̂α(r) is the dipole-moment density operator. In the effective mass
approximation the matrix element of d̂α(r) can be written as

〈exc|d̂α(r)|0〉 =
〈exc|ĵα(r)|0〉

iω0
= − iepcv

ω0m0
φ∗(r, r) . (2.197)

For the heavy-hole exciton in a zinc-blende-lattice QW, the interband matrix
element pcv equals 〈S|p̂x|X〉 = 〈S|p̂y|Y 〉 = 〈S|p̂z|Z〉. For the sake of simplic-
ity, we consider in the following only the case of normal light incidence and
the zero in-plane wave vector for an exciton in the QW. In this case the light
electric field and excitonic polarization can be presented in the form

Eα(r, t) = Eα(z)e−iωt + c.c. , Pexc(r, t) = Pexc(z)e−iωt + c.c.

Moreover, the coordinate dependence of the exciton envelope function reduces
to φ(re, rh) ≡ S−1/2ϕ(ρe − ρh, ze, zh), where ρ is the in-plane component of
the 3D vector r and S is the sample in-plane area. Thus,

〈exc|d̂α(r)|0〉 = − iepcv√
Sω0m0

Φ∗(z) , (2.198)

where
Φ(z) = ϕ(0, z, z) . (2.199)

The state |t〉 satisfies the time-dependent Schrödinger equation

i�
∂

∂t
|t〉 = (H0 + V̂ )|t〉 , V̂ = −

∫
dr d̂α(r) Eα(r, t) , (2.200)

where H0 is the Hamiltonian of the unperturbed electronic system. Multi-
plying the Schrödinger equation by 〈exc| we come to

�ωc0 = �ω0c0 − S

∫
dz′〈exc|d̂α(r′)|0〉Eα(z′) . (2.201)

Now we multiply (2.201) by 〈0|d̂α(r)|exc〉 = 〈exc|d̂α(r)|0〉∗ and obtain taking
into account the relation (2.196) between Pexc(r, t) and c(t)

(ω0 − ω)Pexc(z) =
1
�

(
e|pcv|
ω0m0

)2

Φ(z)
∫
dz′ Φ∗(z′)Eα(z′) . (2.202)
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Equation (2.202) is also valid for a bulk semiconductor. In this case one
has

Eα(z) = Eα eiqz , Pexc(z) = Pexc eiqz , Φ(z) =
ϕ1s(0)√

L
eiqz ,

where q is the wave vector for the light propagating along z, L is the sample
length in this direction. After integration over z′ and replacement of ϕ1s(0)
by (πa3

B)−1/2 we obtain

(ω0 − ω)Pexc =
(
e|pcv|
ω0m0

)2 1
πa3

B�
Eα =

æbωLT
4π

Eα , (2.203)

where ωLT is the 3D-exciton longitudinal-transverse splitting,

ωLT =
4
�

(
e|pcv|
ω0m0

)2 1
æba3

B

. (2.204)

Equation (2.202) is used in the next chapter in the analysis of resonant
light reflection and transmission in QW structures.
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Do you send the lightning bolts on their way?
Do they report to you, ‘Here we are’?

Job 38: 35

In bulk crystals, a photon and an exciton mix in the dispersion-crossover re-
gion, losing their identity in a combined quasi-particle called the exciton po-
lariton. Physically, exciton polaritons can be conveniently considered in terms
of an effective two-oscillator model. The uncoupled photonic and excitonic
oscillators are characterized by the same wave vector q and the bare-particle
eigenfrequencies

ωphot(q) =
c√
æb

q and ωexc(q) = ω0 +
�q2

2M
,

where æb is the background dielectric constant, ω0 is the exciton resonance
frequency at q = 0, and M is the exciton effective mass. The coupling is
governed by a value of the exciton longitudinal-transverse splitting, ωLT, and
the dispersion equation for coupled excitations can be written as(

ω2
phot(q) − ω2

)(
ω2

exc(q) − ω2
)

= 2ω2ωLTω0 . (3.1)

This is an equivalent form of the conventional dispersion equation

(cq
ω

)2

= æ(ω, q) (3.2)

with the one-pole dielectric function

æ(ω, q) = æb +
2æbω0ωLT

ω2
exc(q) − ω2

≈ æb +
æbωLT

ωexc(q) − ω
. (3.3)

Exciton polaritons were intensively studied in 1960’s and 1970’s, their man-
ifestation in various optical phenomena, including light reflection and trans-
mission, photoluminescence and resonant light scattering, is well-established
and documented (see, e.g., the contributed volume [3.1] and references
therein). Renewed interest and important developments in this field, see,
e.g., [3.2–3.9], were stimulated by technological achievements in fabrication
of high-quality nanostructures, multi-layered heterostructures, MQWs, SLs,
regular arrays of quantum wires and dots, quantum microcavities. Moreover,
the concept of exciton polariton has undergone a substantial modification,
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in particular with respect to long-period MQW structures containing a fi-
nite number of wells [3.10–3.15]. In this chapter, while describing the light
reflection and transmission, we will point out the exciton-polariton aspects
of these optical processes in various nanostructures.

In short-period heterostructures the interference between “forward-scat-
tered” and incident waves is described simply by a macroscopic dielectric
function æeff(ω) or index of refraction neff =

√
æeff (Sect. 3.1.3). However,

such a description is no longer valid for long-period regular structures with the
period comparable with the light wavelength λ as shown in Sects. 3.1.2 and
3.1.4. When the QWs are separated by a λ/2, interference between forward
and backward waves can strongly attenuate the incident field and enlarge
the reflected wave as it occurs in conventional multilayer thin-film dielectric
mirrors or distributed Bragg reflectors (Chap. 7). A new and intriguing aspect
of the Bragg reflectors is a MQW structure which satisfies the Bragg condition
at the exciton resonance frequency, such structures are considered in Sects.
3.1.4 and 3.1.5.

In Sects. 3.1.6 and 3.1.7 we discuss optical properties of QWs grown
along directions different from [001] and asymmetrical (001)-grown QWs. The
electromagnetic response of 0D and 1D structures is described in Sect. 3.2.
Electro- and magneto-optics in nanostructures are presented in Sects. 3.3 and
3.4, respectively.

3.1 Optical Reflection from Quantum Wells and
Superlattices

We will first consider in detail the reflection of light from a single-QW struc-
ture and then turn to multiple-QW structures including short-period SLs and
resonant Bragg structures.

3.1.1 Single Quantum Well Structure

The amplitude reflection coefficient from the four-layer system ‘vacuum (0) -
cap layer (1) - single QW (2) - semiinfinite barrier (3)’ is connected with the
coefficient r123 of reflection from the QW by

r = r01 +
t01t10e2iφ1

1 − r10r123e2iφ1
r123 =

r01 + r123e2iφ1

1 − r10r123e2iφ1
. (3.4)

Here rij (= −rji) and tij are the amplitude coefficients for reflection and
transmission of the light falling from a half-infinite medium i (i = 0 in vacuum
and i = 1 in layer 1) on the half-infinite medium j, φ1 = q1zd1 is the dephasing
due to optical path from the external surface to the interface between the
layers 1 and 2, q1z is the z-component of the light wave vector in the layer 1,
it is given by
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q1z =
ω

c

(
æb − sin2 θ0

)1/2
. (3.5)

The incidence and refraction angles, θ0 and θ, are related by sin θ0 = nb sin θ
with the refractive index nb =

√
æb. It follows from (3.4) that the reflectance

of the structure has the form

R = |r|2 =
r201 + Re

{
r01r123e2iφ1

}
+ |r123|2

1 + 2Re {r01r123e2iφ1} + r201|r123|2
. (3.6)

Thus, the problem is reduced to the calculation of the amplitude reflection
coefficient r123(ω) for a monochromatic light wave of frequency ω.

ω

ω

ω

Fig. 3.1. Schematic representation of the normal-incidence light reflection from a
single QW.

The problem of light reflection from a single QW neighboring two semi-
infinite barrier layers (Fig. 3.1), was solved in 1991 [3.4, 3.5]. The solution
has become an important milestone in the development of the quantum elec-
trodynamics studying the coupling between 3D photons and low-dimensional
excitons, 2D, 1D or 0D. For simplicity, we assume the normal incidence ge-
ometry, θ0 = 0. Then the final result will be reformulated for θ0 �= 0. The
amplitudes of the electric field for the initial, reflected and transmitted waves
are denoted as E0,Er and Et, respectively. For (001)-grown QWs, the three
vectors are parallel and we can use the scalar amplitudes E0, Er, Et shown
in Fig. 3.1. The electric field outside the QW is given by

E(z, t) =
{
E0 exp (−iωt+ iqz) + Er exp (−iωt− iqz) if z < −a/2 ,
Et exp (−iωt+ iqz) if z > a/2

(3.7)
with q =

√
æb ω/c. As far as we deal with the linear optics we can omit the

factor exp (−iωt). The amplitude reflection and transmission coefficients are
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defined by

rQW =
Er
E0

, tQW =
Et
E0

. (3.8)

In (3.7, 3.8) the coordinate z is referred to as the QW center while the
coefficient r123 in (3.4) is defined with respect to the interface plane between
the layers 1 and 2. This means that r123 and rQW are related by

r123 = eiqarQW . (3.9)

We derive rQW and, hence, r123 in the frequency region close to a par-
ticular exciton resonance ω0, say the heavy-hole exciton e1-hh1(1s). Two
different approaches will be used. The first is based on the solution of the
wave equation

d2E

dz2
= −

(ω
c

)2

D = −
(ω
c

)2

[æbE + 4πPexc(z)] , (3.10)

where D is the electric displacement and Pexc(z) is the exciton contribution
to the dielectric polarization depending on the electric field E. According to
(2.202) the resonant dielectric response of a QW is nonlocal and given by

4πPexc(z) = G(ω) Φ(z)
∫
Φ∗(z′)E(z′) dz′ , (3.11)

Φ(z) = ϕ(0, z, z), Φ∗(z) = Φ(z) , G(ω) =
πa3

BæbωLT

ω0 − ω − iΓ
.

Here E(z) is the total electric field inside the QW, aB and ωLT are the 3D-
exciton Bohr radius and longitudinal-transverse splitting, Γ is the exciton
nonradiative damping rate, the envelope function ϕ(ρ, ze, zh) is introduced
in (2.172). Note that, for the exciton ground state e1-h1(1s), Φ(z) is an even
function of z with the origin z = 0 chosen at the central plane of the QW.

We rearrange the wave equation (3.10) to a more convenient form

d2E

dz2
+ q2E = −q204πPexc(z) (3.12)

with q0 being the light wave vector in vacuum

q0 =
ω

c
. (3.13)

Now let us remind that the general solution of the linear second-order equa-
tion

d2y

dz2
+ q2y = F (z)

with an arbitrary inhomogeneous term F (z) has the following general solution
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y(z) = y1eiqz + y2e−iqz − i
2q

∫
dz′ eiq|z−z′| F (z′) .

Therefore, (3.12) can be transferred into

E(z) = E1eiqz + E2e−iqz + 2πi
q20
q

∫
dz′ eiq|z−z′| Pexc(z′) . (3.14)

The first two terms represent a pair of linearly independent solutions of the
homogeneous equation, i.e., equation (3.12) with Pexc = 0. They describe the
plane waves incident on the QW from the left and right half-spaces. In other
words, the amplitudes E1 and E2 are fixed by the external conditions. In
the particular case of the initial light wave emerging from the left, one has
E1 = E0, E2 = 0. The third term in (3.14) is a particular solution of (3.12)
with the inhomogeneous term −q204πPexc(z). It describes the electric field of
the secondary wave induced coherently by the photoexcited 2D exciton.

In order to check that (3.14) is indeed a solution of (3.12) one can use the
identity (

d2

dz2
+ q2

)
i

2q
eiq|z−z′| = −δ(z − z′) .

The δ-function appears on the left-hand side as a result of two successive
differentiations, namely,

d

dz
|z − z′| = sign{z − z′} ≡

{
1 if z > z′ ,

−1 if z < z′ ,

d2

dz2
|z − z′| =

d

dz
sign{z − z′} = 2 δ(z − z′) .

It follows from (3.11, 3.14) that, for E1 = E0, E2 = 0, the electric field
satisfies the integral equation

E(z) = E0eiqz + i
q20
2q
G(ω)

∫
dz′ eiq|z−z′|Φ(z′)

∫
Φ(z′′)E(z′′) dz′′ . (3.15)

It allows an exact solution for arbitrary Φ(z) because after multiplying all the
terms by Φ(z) and integrating over z one obtains a linear algebraic equation

Λ = Λ0 + i
q20
2q

G(ω) Λ
∫ ∫

dz dz′eiq|z−z′|Φ(z)Φ(z′) (3.16)

for the integral

Λ =
∫
Φ(z)E(z) dz .

Here Λ0 = E0

∫
Φ(z) exp(iqz) dz or, taking into account the even symmetry

of Φ(z),

Λ0 = E0

∫
Φ(z) cos qz dz .
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From (3.16) we readily find that

Λ =
E0

∫
Φ(z) cos qz dz

1 − i(q20/2q)G(ω)
∫ ∫

dz dz′eiq|z−z′|Φ(z)Φ(z′)
. (3.17)

The denominator can be rewritten in a more convenient form if we present
the exponential function in the integrand as

eiq|z−z′| = cos q(z − z′)+i sin q|z − z′| = cos qz cos qz′+sin qz sin qz′+i sin q|z − z′|

and introduce the parameters

Γ0 =
1
2
q ωLT πa

3
B

[∫
Φ(z) cos qz dz

]2

, (3.18)

ω̃0 = ω0 +
1
2
q ωLT πa

3
B

∫ ∫
dz dz′Φ(z)Φ(z′) sin q|z − z′| .

The final result for Λ reads

Λ = E0
(ω0 − ω − iΓ )

∫
Φ(z) cos qz dz

ω̃0 − ω − i(Γ + Γ0)
. (3.19)

Taking z outside the QW layer where Φ(z) vanishes we can present the
amplitude reflection and transmission coefficients as, see (3.15),

rQW =
Λ

E0
i
q20
2q

G(ω)
∫
Φ(z′) cos qz′dz′ , tQW = 1 + rQW . (3.20)

Substitution of Λ from (3.19) allows us to achieve our goal in finding the
reflection and transmission coefficients [3.4, 3.5]

rQW(ω) =
iΓ0

ω̃0 − ω − i(Γ + Γ0)
, tQW(ω) =

ω̃0 − ω − iΓ
ω̃0 − ω − i(Γ + Γ0)

. (3.21)

Now the physical meaning of the parameters (3.18) becomes transparent:
τ0 = (2Γ0)−1 is the exciton radiative lifetime and ω̃0 is the renormalized
exciton resonance frequency. The both parameters describe the modification
of the 2D exciton complex eigenfrequency from ω0 − iΓ to ω̃0 − i(Γ +Γ0) due
to the exciton-photon coupling.

The second approach to derive rQW and tQW is based on the most general
considerations and allows to perceive what in (3.21) is model-independent.
As before we select an isolated excitonic level and consider a frequency region
∆ω near the exciton resonance frequency ω0 wide as compared to the inverse
lifetime of the selected exciton and narrow as compared to the spacing |ω0 −
ω′

0| between ω0 and any other exciton resonance ω′
0. Under normal incidence

the excitonic state with zero 2D wave vector, Kx = Ky = 0, is excited.
The exciton can be scattered by an acoustic phonon or static defect into
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K �= 0 states or trapped onto a localization site, it can also emit or absorb
an optical phonon and leave the resonance frequency region at all. Let τ
be the lifetime with respect to all such or similar processes. In addition,
within some time τ0 the exciton can coherently emit into the left or right
barrier a photon of the initial frequency ω and the wave vectors ±q. The
meaning of the parameters ω0, τ and τ0 can be conveniently interpreted in
terms of the time-resolved experiment: after a short-pulse photoexcitation
of the exciton the time-variation of its wave function is described by the
factor exp (−iΩ0t), where Ω0 is the complex frequency ω0 − i(Γ + Γ0) and
Γ0 = (2τ0)−1, Γ = (2τ)−1 are called the exciton radiative and nonradiative
damping rates.

The coefficients rQW and tQW represent a linear response of the QW to
the action of a light wave. Let us analyze their dependence on the frequency
ω extending this dependence on the whole complex plane ω = ω′ + iω′′.
According to the general theory of the linear response of the system to a
periodic perturbation, the response function has poles in the plane ω at the
complex eigenfrequencies of the system excited states. Therefore, within the
interval∆ω, the reflection and transmission coefficients are one-pole functions

rQW(ω) = cr +
dr

Ω0 − ω
, tQW(ω) = ct +

dt
Ω0 − ω

, (3.22)

where Ω0 = ω0 − i(Γ + Γ0) and cr, dr, ct, dt are constants.
In general, the background dielectric constant, æa, of the QW compo-

sitional material contributed by all electron-hole excitations, except for the
fixed exciton ω0, can be different from æb. However here, as well as in the
first approach, we ignore the mismatch between æa and æb. This means that,
neglecting the exciton, the light wave would propagate through the QW as
in a uniform medium as if rQW = 0, tQW = 1. The same holds if we take
the exciton into consideration but move away into the off-resonant region
|ω0 − ω| � Γ, Γ0. It follows then that

cr = 0 , ct = 1 . (3.23)

The coefficients dr, dt characterize the exciton-photon coupling and are
evidently independent of the nonradiative damping Γ . For a short time, in
order to find them, we neglect the dissipation assuming Γ = 0. Then the
energy conservation law imposes on rQW, tQW the condition

|rQW|2 + |tQW|2 = 1 . (3.24)

Hence, we can exclude Γ in the expressions (3.22), substitute the latter into
(3.24) and obtain

|dr|2
(ω0 − ω)2 + Γ 2

0

+
∣∣∣∣1 +

dt
ω0 − ω − iΓ0

∣∣∣∣
2

= 1 . (3.25)



94 3 Resonant Light Reflection and Transmission

The next step is to write the light wave Et exp (iqz) in the right barrier as
a sum of the initial wave E0 exp (iqz) and the secondary wave Eexc exp (iqz)
emitted coherently by the exciton. Since the QW under consideration is as-
sumed to be symmetrical the amplitude Eexc coincides with that of the re-
flected wave, Er, and hence

tQW(ω) = 1 + rQW(ω) (3.26)

which has been also obtained in the previous derivation, see (3.20). Compar-
ing (3.26) with (3.22) we conclude that the constants dr and dt are equal.
Replacing in (3.25) dr by dt we find

|dt|2 + Re{dt(ω0 − ω + iΓ0)} = 0 ,

where Re{Z} means the real part of Z and ω is real. Representing dt as a
product of the modulus |dt| and the phase factor exp (iΦt) we reduce the
above equation into

|dt| + (ω0 − ω) cosΦt − Γ0 sinΦt = 0 .

Thus, cosΦt = 0 and |dt| = Γ0 sinΦt. Since |dt| and Γ0 are both positive we
should choose the solution Φt = π/2 of the equation cosΦt = 0. The final re-
sult, equations (3.22) with cr = 0, ct = 1, dr = dt = iΓ0, coincides with (3.21)
if we change ω0 in the complex frequency Ω0 by the renormalized resonance
frequency ω̃0. In fact, we had to define Ω0 as ω̃0 − i(Γ + Γ0) beginning from
(3.22).

The reflectance RQW = |rQW|2 and transmittance TQW = |tQW|2 deter-
mine the fractions of the incident energy flux transferred to the reflected and
transmitted waves. For Γ �= 0, a part of the incident energy is absorbed inside
the QW. This fraction is called the absorbance and given by

ηQW ≡ 1 −RQW − TQW =
2ΓΓ0

(ω̃0 − ω)2 + (Γ + Γ0)2
. (3.27)

The reflection coefficient rQW and radiative damping Γ0 were derived in
the frame of classical electrodynamics. Let us show that the same result is ob-
tained by using the methods of quantum electrodynamics. In this connection
we remind that the amplitude of the vector potential A(r) related to a single
electromagnetic quantum �ω propagating in a medium with the dielectric
constant æb = n2

b is given by

A0 =
(

2π�c2

æbV0 ω

)1/2

e , (3.28)

where e is the polarization unit vector and V0 is the macrovolume of Born -
von Kármán. Next we write the Hamiltonian of radiation-matter interaction
in the linear approximation
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V̂ = −1
c

∫
dr j(r) · A(r, t) , (3.29)

where j(r) is the current-density operator. According to (2.198) (Sect. 2.7.5)
the matrix element of V̂ for the photon-induced transition from the ground
state of the system |0〉 into the excited state with an exciton, | exc,Kx =
Ky = 0〉, equals to

〈exc|V̂ |0〉 = −
√
S
epcv
m0c

A0 δqx,0 δqy,0

∫
dz Φ(z) cos qzz ,

where S is the sample area in the interface plane. Using Fermi’s golden rule
we can write for the exciton radiative lifetime

1
τ0

=
2π
�

(
e|pcv|
m0c

)2

V0A
2
0

∫ ∞

−∞

dqz
2π

[∫
Φ(z) cos qzz dz

]2

δ

(
�
c

nb
|qz| − �ω

)
.

(3.30)
Here the δ-function describes the energy conservation which selects two values
of qz, namely qz = ±ω nb/c. While deriving this equation, we performed the
transformation from summation to integration in accordance to the rule

∑
qz

→ V0

2πS

∫
dqz .

Substituting (3.28) into (3.30) and integrating over qz we obtain

Γ0 =
1

2τ0
=

2πq(ω0)
�æb

(
e|pcv|
m0ω0

)2 [∫
Φ(z) cos qz dz

]2

in agreement with (3.18) since, according to (2.204), one has

4
æb

(
e|pcv|
m0ω0

)2

= �ωLT a
3
B . (3.31)

The reflected energy flux J = (c/nb)�ω|rQW(ω)|2 per single photon can
be also calculated by using Fermi’s golden rule with the compound matrix
element

〈0|V̂ | exc〉 〈exc|V̂ |0〉
�(Ω0 − ω)

(3.32)

for the two-step process “primary photon - exciton” and “exciton - secondary
photon”. The resonant denominator contains the complex energy of the ex-
cited state of the system, �Ω0 = �[ω̃0 − i(Γ + Γ0)]. It is worth to stress,
however, that energies of the primary and secondary photons coincide be-
cause the same ground state |0〉 plays the role of the initial and final states
of the electronic system. Thus, the process of light reflection from a QW can
be interpreted in terms of the resonant fluorescence of a two-level quantum
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system. In particular, the natural broadening of spectral lines is taken into
account in the similar manner while calculating the reflection probability
from a QW and scattering cross-section of an atom. However, there exists an
important difference between these two quantum systems, namely, an atom
is a 0D object and the light is elastically scattered in the broad solid angle
whereas, in the case of a QW with perfect interfaces, the secondary photon
propagates in the right and left barriers in the definite directions.

From (3.32) we obtain similarly to (3.30)

c

nb
�ω|rQW(ω)|2 = �ω

2π
�

(
e|pcv|A0

m0c

)4

(V0A
2
0)

2 1
�2

1
(ω̃0 − ω)2 + (Γ + Γ0)2

×
∫ 0

−∞

dqz
2π

[∫
Φ(z) cos qzz dz

]4

δ(�
c

nb
|qz| − �ω)

and, after additional simplification, come to

|r(ω)|2 =
Γ 2

0

(ω̃0 − ω)2 + (Γ + Γ0)2

which agrees with (3.21).
The dielectric response (3.11) can be rewritten as

Pexc(z) =
∫
dzχ(z, z′) E(z′) (3.33)

with the nonlocal susceptibility being equal to

χ(z, z′) =
G(ω)
4π

Φ(z) Φ(z′) . (3.34)

Thus, the dielectric polarization at the point z lying inside the QW depends
not only on a value of the electric field at this point but also on values of
E at other points z′. It is instructive to consider a hypothetical four-layer
structure containing the layer 2 of the thickness a characterized by a local
single-pole dielectric function

æa(ω) = æb +
æb ωeff

ω0 − ω − iΓ
. (3.35)

Here ωeff is the effective longitudinal-transverse splitting being a measure
of the interaction of light with the hypothetical exciton in the layer 2. The
reflection coefficient from the layer 2 is calculated to be

reff123 =
1 − e2iφ

1 − e2iφ r212
r12 , (3.36)

where r12 = (nb − na)/(nb + na) is the Fresnel reflection coefficient on the
interface between the layers 1 and 2, na =

√
æa(ω), φ = q0naa. Assuming
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ωeff � Γ (3.37)

we obtain
reff123 =

i

2
eiφ

ωeff sinφ
ω0 − ω − iΓ

.

Comparing reff123 with the exact result for r123 = eiφrQW, see (3.9, 3.21), we
conclude that they coincide if we set

ωeff =
2Γ0

sin q(ω0)a
≈ 2Γ0

q(ω0)a
. (3.38)

We can approximate sinφ by φ because in typical nanostructures the QW
thickness is small as compared with the light wavelength at the exciton res-
onance frequency ω0. Together with (3.37) this means that Γ0 and ω̃0 − ω0

are smaller than Γ and their contribution to the denominator Ω0 −ω can be
neglected. Finally, the real QW structures with a nonlocal response may be
replaced by a hypothetical structure with a local response only if

2Γ0

q(ω0)a
� Γ . (3.39)

Otherwise one should use the exact result (3.21).
Additional simplifications follow if we take into consideration that the

QW thickness a is usually small as compared to the light wavelength 2π/q
and we can neglect corrections of the order qa� 1 replacing exp (iqz), cos qz
by unity for values of z inside the QW. In this approximation the electric
field (3.15) inside the QW equals to

E = E0 + 2πi
q20a

q
P = E0 +

i
ξ
P , (3.40)

where P is the averaged polarization

P (t) =
1
a

∫
dz P (z, t) (3.41)

and the dimensionless parameter ξ is defined as

ξ =
æb

2πqa
. (3.42)

In the same approximation we have for the radiative damping

Γ0 =
1
2
q ωLT πa

3
B

[∫
Φ(z) dz

]2

, (3.43)

and the material relation for Pexc(z) can be reduced to the following equation
for the average
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(ω0 − ω − iΓ )P = ξΓ0E . (3.44)

In the variational approach with one variable parameter ã (Chap. 2), we find

∫
Φ(z) dz =

√
2
π

1
ã
i011 ,

where i011 =
∫
ϕe1(z) ϕh1(z) dz is the overlap integral between the envelopes

for an electron in the e1 subband and a hole in the h1 subband. In this case
we come to

Γ0 = ωLT
qa3
B

ã2

(
i011

)2
. (3.45)

For typical QWs values of �Γ0 lie in the range 0.01÷0.1 meV, e.g., �Γ0 ≈ 0.12
meV in 100-Å CdTe/Cd0.13Zn0.87Te QWs [3.12] and �Γ0 ≈ 30 µeV in 85-
Å In0.04Ga0.96As/GaAs QWs [3.16]. For crude estimations one can use the
approximation of infinitely high barriers in which case i011 = 1 and take for ã
a value of the 2D Bohr radius, a(2D)

B = aB/2. Then one has

Γ0 = 4qaBωLT . (3.46)

Equation (3.21) for rQW can be generalized to make allowance for two and
more excitonic resonances. Each resonance adds an extra pole in the reflection
coefficient rQW (ω). Practically, if a wide frequency range is considered the
two-pole response function

rQW(ω) =
iΓh0

ωh0 − ω − i(Γh + Γh0 )
+

iΓ l0
ωl0 − ω − i(Γl + Γ l0)

(3.47)

is often used, where the indices h and l refer to the e1-hh1(1s) and e1-lh1(1s)
excitons. The two-pole reflection coefficient was used as well to fit reflectivity
spectra in doped QWs and deduce the parameters of the heavy-hole excitons
and trions [3.17]. Astakhov et al. [3.18] found a linear dependence of the trion
radiative damping and oscillator strength on the 2D electron concentration
accompanied by some decrease in the exciton oscillator strength. As a result,
an all-optical method has been proposed to obtain information about 2D
electron gases of low density from 109 up to 1011 cm−2.

A modification of equations (3.4, 3.9, 3.21) more suitable for comparison
with experiment is obtained if we notice that the ratio

r123e2iϕ1

1 − r10r123e2iϕ1

can be reduced to
iΓ0e2iϕ0a

ω′
0 − ω − i(Γ + Γ ′

0)
, (3.48)

where
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ϕ0a = q
(
d1 +

a

2

)
= φ1 +

1
2
qa , (3.49)

ω′
0 = ω̃0 + r10Γ0 sin 2ϕ0a , Γ

′
0 = Γ0(1 + r10 cos 2ϕ0a) .

Due to the self-consistent effect of reflection of the secondary light from the
external surface, the cladding layer 1 modifies the exciton resonance frequency
and radiative damping from ω0, Γ0 to ω′

0, Γ
′
0. Particularly, if the secondary

wave that had been emitted by the exciton and the secondary wave which
returned to the QW due to the reflection are in phase, i.e., cos 2φ0a = 1, the
exciton radiative damping increases by a factor of 2nb/(nb + 1).

By using (3.48) we can present the reflectance as

R(ω) = |r(ω)|2 = R0 +
A+Bx

1 + x2
, (3.50)

where

R0 = r201 , x =
ω − ω′

0

Γ ′ , Γ ′ = Γ + Γ ′
0 ,

A = t01t10s(t01t10s− 2r01 cos 2ϕ0a) , B = 2r01t01t10s sin 2ϕ0a , s =
Γ0

Γ
.

Under normal incidence, r01 = (1 − nb)/(1 + nb), t01t10 = 4nb/(nb + 1)2.
The phase φ0a determines the shape of the reflection resonance profile [3.19].
Depending on the thickness of the top layer the reflectance spectrum can
have a single dip or a peak when 2φ0a is an integral number of π, a system of
equally pronounced maximum and minimum when 2φ0a = (m + 0.5)π, and
intermediate profiles for other values of φ0a.

The homogeneous, nonradiative broadening of the reflectance spectrum
is due to exciton scattering by heterostructure defects, phonons and free
charges. However, when describing experimental optical spectra, the param-
eter Γ in (3.21) or (3.50) is frequently interpreted as a sum of two contri-
butions, Γh + Γinh, the first of them being related to the real homogeneous
broadening, and the second taking effectively into account the inhomogeneous
broadening of the exciton resonance frequency.

The above equations (3.21) for the reflection and transmission coefficients
can be extended for an oblique incidence geometry. Firstly, q = q0nb should
be replaced by qz = (q2 − q2‖)

1/2, where q‖ = q0 sin θ0 = q sin θ is the in-plane
component of the wave vector, θ is the refractive angle connected with the
incident angle in vacuum by nb sin θ = sin θ0. Secondly, the in-plane kinetic-
energy term �q2‖/(2M) should be added to the resonant frequency ω0. For the
s-polarized light (TE polarization, the electric vector E being perpendicular
to the incidence plane) the equations (3.21) exhibit a minor modification, i.e.,

rQW(ω) =
iΓ0s

ω̃0s − ω − i(Γ + Γ0s)
, tQW(ω) = 1 + rQW(ω) , (3.51)

where Γ0 and ω̃0 have been changed by
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Γ0s =
1
2
q2

qz
ωLT πa

3
B

[∫
Φ(z) cos qzz dz

]2

, (3.52)

ω̃0s = ω0(q‖) +
1
2
qz ωLT πa

3
B

∫ ∫
dz dz′Φ(z)Φ(z′) sin qz|z − z′| ,

where ω0(q‖) = ω0+(�q2‖/2M). For the p-polarized light (TM polarization, E

lies in the incidence plane) the reflection coefficient is given by the two-pole
function

rpQW(ω) =
iΓ0p

ω̃0p − ω − i(Γ + Γ0p)
−

iΓ ′
0p

ω̃′
0p − ω − i(Γ + Γ ′

0p)
, (3.53)

where

Γ0p(q‖) =
q2z
q2
Γ0s , Γ

′
0p =

q2‖
q2
ω′

LT

ωLT
Γ0s , ω̃0p = ω̃0s , (3.54)

ω̃′
0p = ω0(q‖) + ω′

LTπa
3
B

∫
Φ2(z)dz + (q‖/qz)2[ω̃0p − ω0(q‖)] .

The values of ωLT and ω′
LT are proportional to the squared moduli of the

interband optical matrix elements in the polarization e ⊥ z and e ‖ z, re-
spectively. The presence of two poles in (3.53) reflects the fact that there exist
two excitonic states, the transverse and longitudinal excitons, which exhibit
different renormalization due to the exciton-photon interaction. Heavy-hole
excitons e1-hh1 in zinc-blende-based semiconductor heterostructures are op-
tically inactive in the polarization E ‖ z, ω′

LT = 0, and the second term in
(3.53) vanishes.

Since the wave vector, K, of a photoexcited 2D exciton is equal to q‖ =
q(ω0) sin θ, equations (3.52) and (3.54) also show a K-dependence of the
exciton radiative lifetimes τr,s = (2Γ0s)−1 and τr,p = (2Γ0p)−1. The radiative
exciton states lie within the circle K ≤ (ω0/c)nb because in this case qz =
[q(ω0)2 − K2]1/2 is real and the exciton can annihilate with the emission
of light into the barrier. An exciton with K > (ω0/c)nb (and hence with
imaginary qz) induces an electromagnetic field but it decays exponentially in
the barriers as exp (−|z| Im{qz}). The inverse influence of this field on the
exciton leads to renormalization of its resonant frequency but does not create
a new recombination channel.

If the background dielectric constant, æa, in the QW differs from æb,
then æb in the expression for G(ω), see (3.11), should be replaced by æa and
the factor q2 in the left-side of (3.12) should be replaced by q20æ0(z), where
æ0(z) = æa inside the QW and æ0(z) = æb outside the QW. The obtained
integro-differential equation for E(z) can be solved as well, and the following
result is valid in the case of a dielectric constant mismatch [3.20]

rQW = r(0) + rexc , tQW = t(0) + rexc . (3.55)
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Here r(0) and t(0) are the reflection and transmission coefficients calculated,
neglecting the exciton contribution. They are given by

r(0) = e−iqbarba
1 − e2iqaa

1 − r2bae2i qaa
, t(0) = eiqaa(e−iqba + rab r

(0)) , (3.56)

qa,b = q0na,b, rba = − rab = (nb − na)/(nb + na), na,b = √æa,b and rba =
−rab = (nb−na)/(nb+na). For a symmetric well with an even function Φ(z)
the exciton contribution to rQW, tQW can be written as

rexc = t(0)
iΓ̄0

ω̃0 − ω − i
(
Γ + Γ̄0

) , Γ̄0 =
1 + rabeiqaa

1 − rabeiqaa
Γ0 , (3.57)

where Γ0 and ω̃0 differ from (3.18) by the replacement q → qa. As before, the
reflected and transmitted waves are defined as Er exp (−iqbz), Et exp (iqbz)
and the origin z = 0 is taken in the QW center. While deriving this equation
we ignored the tunnel tails of Φ(z), and assumed Φ(z) to be nonzero only
inside the QW. For coinciding na and nb, or æa and æb, the background
reflection r(0) vanishes, t(0) reduces to unity, the parameter Γ̄0 reduces to the
real damping Γ0 and (3.55) coincide with (3.21). One can see that at rab �= 0
the parameter Γ̄0 is complex and contributes both to the real and imaginary
parts of the exciton complex eigenfrequency. For qaa � 1, the correction
ω̃0 − ω0 + Im{Γ̄0} to the resonance frequency ω0 is negligibly small and can
be disregarded.

3.1.2 Periodic Quantum Well Structure

Here we consider normal light waves propagating in the infinite equidistant
system of QWs centered at the points zn = nd, where n is an integer, d is
a sum of the QW thickness a and the thickness b of a barrier between the
nearest QWs. The latter is thick enough to prevent the quantum-mechanical
tunnelling of an exciton from one QW to another. In this case the exciton
contribution to the dielectric polarization is a sum of the single-QW contri-
butions

Pexc(z) =
∑
n

P (n)
exc (z) (3.58)

and the constitutive relation for P (n)
exc (z) is given by (3.11) in which the en-

velope Φ(z) is replaced by the envelope Φn(z) = Φ(z − zn) with a shifted
argument. Therefore,

P (n)
exc (z) =

G(ω)
4π

Φn(z)
∫
Φn(z′)E(z′) dz′ . (3.59)

The initial electric field and the electric field induced by 2D excitons excited
coherently in the QWs are given by
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E(z) = E1eiqz + E2e−iqz + 2πi
q20
q

∑
n

∫
dz′ eiq|z−z′| Pnexc(z

′) . (3.60)

Eigenexcitations in such a system in the frequency region close to ω0 have
a mixed exciton-photon nature. They comprise both the electro-magnetic
and excitonic components. These are nothing more than exciton-polariton
modes modified substantially, as compared with those in bulk crystals. In
the absence of dissipation, Γ = 0, the exciton polariton propagates without
limitation, experiencing continual coherent transformation from exciton into
photon and from photon to exciton.

In order to derive the dispersion equation for exciton polaritons in pe-
riodic MQWs, let us consider the transfer matrix through a B/A/B layer
of a thickness d with a single QW in its center. Here the length d has an
arbitrary value but then it will be the period for a regular MQW structure.
The transfer matrix connects the amplitudes of the electric field at the points
z = ±d/2 [

E′
+

E′
−

]
=

[
T11 T12

T21 T22

] [
E+

E−

]
.

The amplitudes are defined as follows: the incoming and outgoing waves on
the left-hand side are, respectively,

E+ exp [iq(z + d/2)] and E− exp [−iq(z + d/2)]

and those on the right-hand side are

E′
− exp [−iq(z − d/2)] and E′

+ exp [iq(z − d/2)] .

The components Tij are related to the reflection and transmission coefficients
r̃ = eiqdrQW, t̃ = eiqdtQW by

T̂ =
1
t̃

[
t̃2 − r̃2 r̃
−r̃ 1

]
. (3.61)

The above result can be demonstrated as follows. Consider first the light
incoming from the left-hand side so that E′

− = 0. According to the definition
of the transfer matrix, in this case

E′
+ = T11E+ + T12E− , 0 = T21E+ + T22E− .

It follows then that

r̃ =
E−
E+

= −T21

T22
, t̃ =

E′
+

E+
=
T22T11 − T12T21

T22
.

For the light incoming from the right-hand side we have E+ = 0, E′
+ =

T12E− , E′
− = T22E−, and hence
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r̃ =
E′

+

E′−
=
T12

T22
, t̃ =

E−
E′−

=
1
T22

.

From a comparison we obtain T12 = −T21 and

Det{T̂} = T22T11 − T12T21 = 1 (3.62)

as well as the above equation for T̂ .
Now we turn from a single QW to a regular MQWs with the spacing

d = a+ b. For exciton polaritons propagating along the principal axis of the
infinite regular MQWs, the frequency ω vs. wave vector K dependence can
be derived by applying the Bloch theorem. According to this theorem the
eigenwaves (or normal waves) can be sought in the form[

E′
+

E′
−

]
= eiKd

[
E+

E−

]
= T̂

[
E+

E−

]
(3.63)

which leads to the dispersion equation (2.125). Taking into account the rela-
tion (3.61) between Tij and r̃, t̃ we obtain

cosKd =
t̃2 − r̃2 + 1

2t̃
= cos qd+ i sin qd

rQW

1 + rQW
. (3.64)

From here and from (3.21), valid if æa = æb, we come to the dispersion
equation [3.5]

cosKd = cos qd− Γ0

ω̃0 − ω − iΓ
sin qd . (3.65)

The real part of K is defined within the superstructure Brillouin zone,
−π/d < Re{K} ≤ π/d. In the following we omit the tilde symbol reminding
that ω̃0 is the renormalized exciton resonance frequency. An important point
is that the denominator in the second term of (3.65) does not contain the
exciton radiative damping in contrast with the denominators in (3.21). This
agrees with the general property of exciton polaritons: in the absence of dissi-
pative couplings they are stationary states and exciton-radiation interaction
alone gives rise to no optical absorption.

It is instructive to rearrange (3.65) as

(cos qd− cosKd) (ω0 − ω − iΓ ) = Γ0 sin qd . (3.66)

Similarly to (3.1), this form allows an interpretation in terms of the two-
oscillatory model of exciton polaritons. Indeed, zeros of the functions inside
the first and second parentheses of (3.66) determine eigenfrequencies of bare
photons and excitons the latter coinciding with that for a quasi-2D exciton
in a SQW. The right-hand side of (3.66) governs the strength of exciton-
photon coupling, it is not completely determined by Γ0 but also depends on
the period and frequency.
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Equation (3.65) can be extended to allow the mismatch æa �= æb, then it
has the form

cosKd = D1 −
Γ0

ω0 − ω − iΓ
D2 , (3.67)

where

D1 = cos qaa cos qbb−
1 + r2ab
1 − r2ab

sin qaa sin qbb = (3.68)

=
cos (qaa+ qbb) − r2ab cos (qaa− qbb)

1 − r2ab
,

D2 =
sin(qaa+ qbb) + r2ab sin(qbb− qaa) + 2rab sin(qbb)

1 − r2ab
,

other notations have been introduced in (3.56, 3.57). It is convenient to
rewrite this equation in the equivalent form

cos2
Kd

2
=

D3D4

1 − r2ab
, (3.69)

where
D3 = cosφ+ + rab cosφ−, (3.70)

D4 = cosφ+ − rab cosφ− − Γ0

ω0 − ω − iΓ
(sinφ+ + rab sinφ−) ,

and φ± = (qbb± qaa)/2.

3.1.3 Effective Dielectric Function of Short-Period Multiple
Quantum Wells and Superlattices

In short-period structures, MQWs and SLs, with the period d smaller than
the light wavelength λ = 2π/q, one can use the approximation of an effective
uniform medium, introduce the effective dielectric function æeff(ω) and apply
the methods of resonant spectroscopy developed for bulk crystals.

For short-period MQWs, i.e., in the long-wavelength limit |K|2d2, qd� 1,
the equation for æeff is derived by expanding the trigonometric functions in
(3.65) as follows

cosKd ≈ 1 − 1
2
(Kd)2 , cos qd ≈ 1 − 1

2
(qd)2 , sin qd ≈ qd .

As a result, (3.65) can be reduced to

1 − 1
2
(Kd)2 = 1 − 1

2
(qd)2 − qd

Γ0

ω0 − ω − iΓ
,

or [3.3, 3.22]
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c K

ω

)2

= æeff(ω) ≡ æb +
æb ω

MQW
LT

ω0 − ω − iΓ
(3.71)

with
ωMQW

LT =
2Γ0

q(ω0)d
. (3.72)

In the 2D limit, from (3.46) we obtain the estimation

ωMQW
LT =

8aB

d
ωLT . (3.73)

For d comparable with aB, ωMQW
LT exceeds the bulk value ωLT. Physically, this

enhancement of the exciton oscillator strength can be understood bearing in
mind that the barriers press an electron and a hole excited inside the QW
closer to each other, thus increasing the probability to find them at the same
point, which, in turn, increases the exciton-photon coupling constant.

The criterion of validity |K|2d2 � 1 is equivalent to the inequality

(qd)2
ωMQW

LT

|ω0 − ω − iΓ | � 1 .

This condition for MQWs is much weaker than the condition (3.39) for the
approximation of a local response in a QW. Note that the effective oscillator
strength ωeff in a QW, see (3.38), and the effective longitudinal-transverse
splitting, ωMQW

LT , are related by

ωMQW
LT =

a

d
ωeff .

If two or more exciton resonances are taken into account the effective dielec-
tric function has the corresponding number of poles. Usually it is enough to
consider a two-pole function

æeff(ω) = æb +
Ω(h)

ωh0 − ω − iΓh
+

Ω(l)

ωl0 − ω − iΓl
, (3.74)

where h, l denote the heavy- and light-hole ground exciton states. The exciton
oscillator strength Ω(j) can be presented as a product æbω

MQW
LT,j where ωMQW

LT,j

is the effective longitudinal-transverse splitting for the exciton j = h, l.
In MQWs with the dielectric constant mismatch the effective dielectric

function takes the form

æeff(ω) ≡ ǣ +
æa ω

MQW
LT

ω0 − ω − iΓ

with

ǣ =
æaa+ æbb

d
, ωMQW

LT =
2Γ0(qa)
qa(ω0)d

.
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The approximation of an effective uniform medium is also valid in SLs
where the exciton envelope function is written as (Chap. 2)

Ψexc(re, rh) =
eiK·R
√
V

f(r)Ue(ze)Uh(zh) . (3.75)

Here V is the volume, Ue(ze) and Uh(zh) are the single-particle envelope
functions, respectively at the bottom of the conduction miniband e1 and at
the top of the valence miniband h1, they are normalized by

d∫
0

U2(z) dz = d ,

f(r) is the envelope describing the relative electron-hole motion. This func-
tion satisfies Schrödinger’s equation[

− �2

2µl
∂2

∂z2
− �2

2µt

(
∂2

∂x2
+

∂2

∂y2

)
− e2

ær

]
f(r) = −εf(r) ,

where ε is the exciton binding energy, µl,t are the reduced effective masses
µzz and µxx = µyy of the electron-hole pair, æ is the low-frequency dielectric
constant. Then the dielectric function is given by

æeff(ω) ≡ æb +
æb ωSL

LT

ω0 − ω − iΓ
(3.76)

with the longitudinal-transverse splitting being [3.3]

ωSL
LT = ωLT

a3
B

ala2
t

⎡
⎣1
d

d∫
0

Ue(z)Uh(z) dz

⎤
⎦

2

. (3.77)

Here al and at are the longitudinal and transverse effective Bohr radii which
are the variational parameters in the trial function

f(r) =
1√
πala2

t

exp

[
−
(
x2 + y2

a2
t

+
z2

a2
l

)1/2
]
.

The dependence of the longitudinal-transverse splitting of the e1-hh1(1s)
exciton on the period d of the GaAs/AlGaAs heterostructure with GaAs
and AlGaAs layers of equal thickness is shown in Fig. 3.2. The branches
of the theoretical curve were calculated by (3.72, 3.77). The range of layer
thicknesses in the regular heterostructures under investigations covers the
limits of MQWs and SLs. At the sides of MQWs the longitudinal-transverse
splitting of the heterostructure, ωhLT, equals to ωMQW

LT given by (3.72). It
increases approximately as d−1 with decreasing the period. As the period
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Fig. 3.2. The longitudinal-transverse splitting of heavy-hole excitons vs. a period
of multilayered GaAs/Al0.35Ga0.65As structure with equal thickness of wells and
barriers. Curves 1 and 2 are calculated according to (3.73) and (3.77), respectively.
Curve 3 is calculated taking into account nonparabolicity of the electron miniband
spectrum [3.21]. From [3.22].

decreases still further, i.e., at the side of SLs where ωhLT ≈ ωSL
LT, the overlap

of electron states in neighboring wells increases, the subband e1 transfers
into a miniband, the miniband electron effective mass decreases, and the
character of the electron motion in the structure changes from 2D to 3D.
As a result the effective longitudinal-transverse splitting reaches a maximum
at a certain value of d and then starts to fall off. Thus, the nonmonotonic
dependence of ωhLT(d) is actually a manifestation of the 2D-3D transition in
a periodic heterostructure.

3.1.4 Resonant Bragg Structures

Now we shall analyze the exciton-polariton spectrum in MQW heterostruc-
tures, see (3.65) and (3.69), focusing attention on resonant Bragg structures.
Physically the analysis becomes more transparent if we disregard the nonra-
diative damping and inhomogeneous broadening.

As for any particle or quasi-particle moving in a periodic system, the
exciton-polariton dispersion spectrum has allowed bands and forbidden en-
ergy (or frequency) regions, the latter are commonly called band gaps. The al-
lowed bands are determined by the condition |C(ω)| ≤ 1, where C(ω) stands
for the right-hand side of (3.65). If |C(ω)| > 1 the corresponding solution
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K(ω) of (3.65) has an imaginary part even for Γ = 0 and belongs to the
band-gap damped modes. The band gap edges are found as solutions of the
following equations

ω1 = ω0 + Γ0 cot
nbω1d

2c
, (3.78)

ω2 = ω0 − Γ0 tan
nbω2d

2c
,

they touch the allowed bands at the points K = 0 and K = ±π/d, respec-
tively. If a value of φ0 = (nbω0d/c) lies far away from any integer number of
π, then the band gap lies between

ω1 = ω0 + Γ0 cotφ0 , ω2 = ω0 − Γ0 tanφ0 . (3.79)

For example, in structures with the periods q(ω0)d = π/4, π/2 (anti-Bragg
structure) or 3π/4, the gaps are defined by the pairs ω0 +(1±

√
2)Γ0, ω0±Γ0

and ω0 + (±
√

2 − 1)Γ0, respectively.
The approximation (3.79) fails for resonant Bragg structures satisfying

the condition

q(ω0)d = π or d =
λ(ω0)

2
, (3.80)

where λ(ω0) is the light wavelength at the frequency ω0 in the medium with
the dielectric constant æb. In the spectral region near the exciton resonance
frequency, |ω − ω0| � ω0, the values of K are close to ±π/d and one can
approximate cosKd, cos qd, sin qd in (3.65) or (3.66) by

−1 +
1
2

(Kd∓ π)2 , −1 +
1
2

(
π
ω − ω0

ω0

)2

and − π
ω − ω0

ω0
,

respectively. As a result the dispersion equation reduces to

(
Kd

π
∓ 1

)2

=
(
ω − ω0

ω0

)2

− 2
π

Γ0

ω0

ω − ω0

ω − ω0 + iΓ
. (3.81)

At ω = ω0, the wave vector K equals to ±π/d and the exciton-photon cou-
pling vanishes which also follows immediately from (3.65) because sin q(ω0)d =
sinπ = 0. Physically this can be understood taking into account that, at
ω = ω0, the light wave and 2D-exciton are characterized by opposite parity
properties, the exciton-photon mixing is forbidden and the light propagates
as in a uniform medium with the dielectric constant æb. Really, we consider
here the ground state of a 2D-exciton described by an envelope function sym-
metrical with respect to the mirror reflection z → −z. On the other hand,
for q(ω0)d = π, the normal light wave in the resonant Bragg structure is a
standing wave with the electric field E(z) = E0 sin (πz/d), where the origin
is chosen in the center of one of the QWs, so that E(z) is an odd function of
z with respect to the center of any QW.
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Detuning of the frequency ω from ω0 removes the symmetry restrictions
and, for K ≈ π/d and Γ = 0, the exciton-polariton dispersion transforms
into [3.23]

ω − ω0 = ±

√
2
π
Γ0ω0 + ω2

0

(
Kd

π
− 1

)2

(3.82)

or

K =
π

d

⎡
⎣1 ±

√(
ω − ω0

ω0

)2

− 2
π

Γ0

ω0

⎤
⎦ .

The dispersion for K near the point −π/d is obtained by changing the sign of
K in the above equations. From (3.82) we conclude that the exciton-polariton
spectrum has a broad band gap

δ = 2
(

2Γ0ω0

π

)1/2

(3.83)

with ω0 being the central point of the gap.
In the near-Bragg structures the condition (3.80) is satisfied for the fre-

quency
ωB =

πc

nbd
(3.84)

slightly differing from the exciton resonance frequency,

|ωB − ω0|nbd/c = π|ωB − ω0|/ωB � 1 .

In this approximation one obtains two band gaps from (3.78). For ω0 > ωB
the gaps are given by [3.24]

ω− < ω < ωB , ω0 −
π

2
Γ0
ω0 − ωB
ωB

< ω < ω+ , (3.85)

where

ω± =
ω0 + ωB

2
±

√(
ω0 − ωB

2

)2

+
2
π
Γ0ω0 .

If the detuning has the opposite sign, ω0 < ωB , the band gaps are determined
by

ω− < ω < ω0 −
π

2
Γ0
ωB − ω0

ωB
, ωB < ω < ω+ . (3.86)

The systems closely related to the resonant Bragg structures are peri-
odic arrays of thin layers of resonant two-level systems separated by half-
wavelength nonabsorbing dielectric layers (called resonantly absorbing Bragg
reflectors) [3.25, 3.26] and 1D optical lattices of laser-cooled trapped atoms
[3.27]. If the light wavelength exceeds the average distance between nearest
two-level systems (or atoms) randomly arranged in a thin layer (or atomic
plane) then the propagation of normal light waves and the formation of the
photonic band gaps is similar to those described above for exciton polaritons
in MQWs.
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3.1.5 Finite Quantum Well Structure

The lifetime of exciton polaritons propagating through an infinite bulk crys-
tal or infinite MQWs is limited by the exciton nonradiative damping rate.
In contrast, a finite MQW structure is open and exciton polaritons in such
a structure decay due to both nonradiative and radiative processes. Let us
consider a system of N equidistant QWs sandwiched between semi-infinite
barrier layers. The barrier layers separating the wells are thick enough to pre-
vent the direct interwell transfer and, therefore, excitonic states in different
QWs are coupled only via the electromagnetic field. The N -fold degener-
acy of the bare-exciton subsystem is lifted. The coupled-mode frequencies
ωj = ω′

j + iω′′
j are distributed in the lower complex semi-plane ω with neg-

ative Im{ω}. The effects of radiative coupling of excitons in different wells,
i.e., multiple coherent reemission and reabsorption of photons, can strongly
influence the resonant optical properties of high-quality MQWs, both linear
and nonlinear, under cw excitation as well as in time-resolved experiments.

In this subsection we consider the reflection and transmission of light
through a stack of N equidistant QWs. We start from the simple limiting case
of weak exciton-photon coupling, assuming the reflection coefficient (3.21) to
be small which is valid if

Γ0 � |ω0 − ω − iΓ | .

In this case in order to find the reflectance of the whole system we can ignore
multi-reflection processes and sum up the amplitudes of light waves reflected
from distinct planes arriving at

rN = (1 + e2iqd + e4iqd...) rQW = ei(N−1)qd sinNqd
sin qd

rQW . (3.87)

At particular frequencies where the product qd is an integral number of π
the reflectance RN = |rN |2 shows maxima. The first maximum occurs at ω
satisfying the condition (3.80). The anti-Bragg condition d = λ/4 determines
another characteristic frequency. In this case the contributions to the reflected
wave from neighboring QWs cancel each other, and the reflectance either
vanishes if N is even or coincides with that for a single QW if N is odd.

If the coefficient rQW is not small compared with unity then one has to
take into account multi-reflection of the light waves and the reflectance of N
planes is determined by a more complicated equation. In order to derive this
equation we note that, according to (3.63), the eigenvalues of the transfer
matrix (3.61) are exp (±iKd), where K means the wave vector of an exci-
ton polariton propagating at the frequency ω in the infinite periodic MQW
structure, it satisfies the dispersion equation (3.65) or (3.67).

We introduce the two-component eigencolumns of the transfer matrix [3.7]

T̂ Ĉ1,2 = e±iKdĈ1,2 .
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They can be presented as

Ĉ1,2 =
[

1
a1,2

]
, a1,2 =

rQW

e−iqd − tQW e±iKd
. (3.88)

Let EL
± and ER

± be the electric field amplitudes at the plane shifted, respec-
tively, to the left by d/2 from the center of the leftmost QW and to the right
by the same length d/2 from the rightmost QW and let the initial light wave
of the amplitude E0 be incident from the left semi-infinite barrier. Then we
can use the equations

EL
+ = E0, E

L
− = Er, E

R
+ = Et, E

R
− = 0

as the effective boundary conditions. The reflection and transmission coef-
ficients are defined as rN = Er/E0, tN = Et/E0. The pairs of amplitudes
EL

±, E
R
± are conveniently presented as the two-component columns

ÊL = E0

[
1
rN

]
, ÊR = E0

[
tN
0

]
. (3.89)

Rewriting ÊL as a superposition

ÊL = f1Ĉ1 + f2Ĉ2

and acting on this column by the matrix T̂N we obtain

ÊR = f1eiKNdĈ1 + f2e−iKNdĈ2 .

From the condition ER
− = 0 we find a1f1eiKNd+a2f2e−iKNd = 0 which allows

to convert

rN =
a1f1 + a2f2
f1 + f2

, tN =
eiKNdf1 + e−iKNdf2

f1 + f2

into

rN =
a1a2(eiNKd − e−iNKd)
a1eiNKd − a2e−iNKd

, tN =
a1 − a2

a1eiNKd − a2e−iNKd
.

Substitution of a1,2 from (3.88) results in

rN =
r̃ sinNKd

sinNKd− t̃ sin (N − 1)Kd
, tN =

t̃ sinKd
sinNKd− t̃ sin (N − 1)Kd

, (3.90)

where r̃ = eiqdrQW, t̃ = eiqdtQW, and the coefficients rQW, tQW are given
by (3.21) if æa = æb, and (3.55) for structures with the dielectric constant
mismatch.

For small values of r̃ we can replace K by q and t̃ by eiqd. Then, taking
into account that

sinNqd− eiqd sin (N − 1)qd = e−i(N−1)qd sin qd
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we can reduce (3.90) to (3.87).
Another limiting case that allows simplifications is a short-period MQW

structure. Since in this case |K|d, qd � 1, we can replace eiqd, e±iKd by
1 + iqd, 1 ± iKd and, using (3.64), approximate rQW, tQW by

(q2 −K2)d
2iq − (q2 −K2)d

,
2iq

2iq − (q2 −K2)d
.

Then the reflection and transmission coefficients are reduced to

rN =
1 − e2iφN

1 − e2iφN r212
r12 , tN = e2iφN

t12t21
1 − e2iφN r212

r12 ,

where φN = NKd, the wave vector K satisfies (3.71),

r12 =
q −K

q +K
, t12t21 =

4qK
(q +K)2

.

The same result is obtained in the approximation of a uniform local medium
where N QWs are replaced by an effective homogeneous layer of the thickness
Nd and with the refractive index K/q0.

Now, we turn to the resonant Bragg structures. According to (3.81) in the
frequency region |ω−ω0| � ω0 the exciton-polariton wave vector is given by

K = ±π
d

(1 ± S) , S =

[(
ω − ω0

ω0

)2

− 2Γ0

πω0

ω − ω0

ω − ω0 + iΓ

]1/2

.

In an N -well structure in the frequency region determined by the condition

πN |S| � 1 (3.91)

we can replace r̃, t̃ by −rQW,−tQW and the ratios

sin (N − 1)Kd
sinNKd

,
sinNKd
sinKd

by −(N − 1)/N , (−1)N−1N . As a result, the reflection and transmission
coefficients (3.90) take on the surprisingly simple form

rN = − iNΓ0

ω0 − ω − i(Γ +NΓ0)
, tN = (−1)N

ω0 − ω − iΓ
ω0 − ω − i(Γ +NΓ0)

. (3.92)

One can see that the reflection coefficient from the resonant Bragg structure
is obtained from that for the single-QW case, see (3.21), just by substituting
NΓ0 for the radiative damping rate Γ0.

In order to understand the above result and, more generally, to analyze
the exact equations (3.90) we need to study the analytical properties of the
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responses rN (ω), tN (ω), as it was done in Sect. 3.1.1 for a single-QW struc-
ture. The main idea is that poles of the coefficients rN , tN considered as a
function of the complex variable ω = ω′ + iω′′ coincide with the complex fre-
quencies of the exciton-polariton modes. In the same way as for N coupled
oscillators, the system of N QWs is characterized by N eigenfrequencies,
ωj . For a single QW the eigenfrequency equals to ω0 − i(Γ + Γ0). For N
identical QWs, in general, all ωj are different, and the reflection coefficient
has N different poles. The corresponding non-stationary eigenstates repre-
sent exciton polaritons in finite multiple QW structures which are, in this
case, mixed excitations where 2D excitons are coupled with 3D photons. The
system with a finite value of N is open and, hence, imaginary parts of the
eigenfrequencies are nonzero even neglecting the nonradiative damping. The
real parts ω′

j determine the position of peaks, dips and other features in the
cw spectra. The spacing between the real parts can lead to quantum beats in
the optical response to a short-pulse excitation. The imaginary parts of ωj
describe the decay and dynamics of modes and the broadening of the spectral
features. The frequency distribution pattern is governed by the period d and
the number of coupled wells, N .

The eigenfrequencies ωj can be found from (3.59, 3.60) where the external
fields E1, E2 are excluded. Substitution of (3.60) with E1, E2 = 0 into (3.59)
leads to the following set of linear equations

(ω0 − ω − iΓ )Pn +
∑
n′
Λnn′Pn′ = 0 , Λnn′ = −iΓ0eiqd|n−n′| (3.93)

for the average polarizations Pn = a−1
∫
dz P

(n)
exc (z). Here as before we omit

the tilde symbol over ω0. It follows then that the problem of exciton polaritons
in QW structures is indeed reduced to the problem of a linear chain of classical
oscillators with only one resonance frequency ω0, one damping rate Γ + Γ0

and coupling coefficients Λnn′ between the oscillators n and n′. The coupling
coefficients are proportional to the exciton radiative damping Γ0 and the
phase factor dependent on the inter-oscillator distances, d|n− n′|. Note that
the matrix Λ̂ is symmetrical but non-Hermitian. According to Gerschgorin’s
circle theorem, the eigenvalues of a complex square matrix alm of order N lie
in a closed region of the complex plane z = z′ + iz′′ formed by the circles

|z − all| ≤
∑
m �=l

|alm| .

Hence, it follows that the eigenfrequencies of a system of N QWs are localized
in a circle with the center lying at the point ω0 − iΓ − iΓ0 and the radius
being equal to (N − 1)Γ0.

In the following we enumerate a sequence of N QWs from n = −m to
n = m, excluding zero for an even N = 2m and including the value of n = 0
for an odd N = 2m + 1. The system has a mirror plane of symmetry in
the center of the structure taken as z = 0 and, hence, for any normal mode

Sasha's Mac Mini

Sasha's Mac Mini

Sasha's Mac Mini
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the dielectric polarization Pn and the electric field E(z) are characterized
by a definite parity: P−n = ±Pn, E(−z) = ±E(z). It can be shown that
there are m odd and N −m even solutions [3.10, 3.28]. Let us perform the
unitary transformation Ŝ from the initial basis of single-well excitons |n〉 to
the new basis |n〉± = (|n〉 ± |–n〉)/

√
2 (n = 1, ...,m) for even N and the

basis |n〉± = (|n〉 ± |–n〉)/
√

2 (n = 1, ...,m), |0〉+ ≡ |0〉 for odd N . Then the
transformed matrix Ŝ−1Λ̂Ŝ becomes quasi-diagonal[

Λ̂+ 0
0 Λ̂−

]
,

where the submatrices Λ̂+ and Λ̂− specify the sets ω+
j and ω−

j for the even
and odd solutions, respectively. The diagonal elements of these matrices can
be readily calculated: Λ±

nn = ∓iΓ0(1±η2n−1) if N is even and Λ±
nn = ∓iΓ0(1±

η2n) (n �= 0), Λ+
00 = −iΓ0 if N is odd, where η = exp (iqd). It is convenient

to use the eigenfrequency ω0 − i(Γ +Γ0) for a single QW as a reference point
and introduce the frequencies Ω±

j = ω±
j − ω0 + i(Γ + Γ0). Since the trace of

any square matrix is equal to the sum of its eigenvalues, we obtain for the
sums [3.28]

±
m∑
j=1

Ω±
j = −iΓ0η

1 − ηN

1 − η2
, (3.94)

m+1∑
j=1

Ω+
j = −

m∑
j=1

Ω−
j = −iΓ0η

2 1 − ηN−1

1 − η2

for even and odd N , respectively. In particular, it follows from (3.94) that
the sum of all Ωj equals to zero, i.e., the center-of-mass for the total set ωj
lies at the point ω0 − i(Γ + Γ0). For N = 1, ..., 4, the frequencies Ω±

j can be
presented in an analytical form [3.10,3.28]

Ω+
1 = 0 (N = 1) ; Ω±

1 = ∓iΓ0η (N = 2) ; (3.95)

Ω+
1,2 = − i

2
Γ0η

(
η ±

√
η2 + 8

)
, Ω−

1 = iΓ0η
2 (N = 3) ;

Ω+
1,2(η) = Ω−

1,2(−η) = − i
2
Γ0η

[
1 + η2 ±

√
(1 + η2)2 + 4(1 + 2η)

]
(N = 4) .

Taking into account the symmetry considerations and general analytical
properties of a linear response the reflection coefficient can be written as [3.10]

r̃N (ω) =
1
2
ηN

(
P

(∗)
N,s(y, η)
PN,s(y, η)

−
P

(∗)
N,a(y, η)
PN,a(y, η)

)
. (3.96)

Here y = (ω0 − ω + iΓ )/Γ0, PN,γ(y, η) (γ = s, a) is a polynomial with the
unit coefficient in the term of the highest order in y and with other co-
efficients dependent on one parameter η. The corresponding coefficients in
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the polynomials PN,γ(y, η) and P
(∗)
N,γ(y, η) are complex conjugate including

the transformation from η = exp (iqd) into η∗. The roots of the equations
PN,s(y, η) = 0 and PN,a(y, η) = 0 determine the eigenfrequencies for the
even and odd exciton-polariton modes, respectively. The polynomials of the
N -th and (N − 2)-th orders are related by the recurrent equations

PN,γ(y) = (y + i)PN−2,γ(y) ± iηN−1P
(∗)
N−2,γ(y) , (3.97)

where the sign ± corresponds to γ = s and γ = a, respectively, and one can
start from P0,γ = 1 and P1,s(y) = y + i, P1,a = 1.

If the exciton resonance frequency ω0 and the structure period d satisfy
the inequality |q(ω)d− π| � 1 or, strictly speaking, the condition (3.80), the
reflection and transmission coefficients are given by (3.92). One can see that
in this case the function rN (ω) has only the one pole

ω = ω0 − i(Γ +NΓ0). (3.98)

This means that, for the resonant Bragg structures, among N eigenmodes
N − 1 modes are optically inactive, their frequencies ωj = ω0 − iΓ (j =
1, ..., N−1) are not renormalized by the exciton-photon interaction, and only
one mode (which can be called a superradiant mode) is optically active with
the oscillator strength and the radiative damping being N times higher than
those for the exciton in a SQW. Note that (3.92) are valid in the frequency
region (3.91). Outside this region the constructive interference of light waves
breaks down and one must use more complicated equations (3.90) for rN
and tN . The N -dependence of the spectral width of the reflection coefficient
from the resonant Bragg structure is linear up to a few dozens of QWs, until
NΓ0 � δ = 2

√
2�ω0Γ0/π, and then saturates to the photonic band gap δ

defined by (3.83).
According to (3.92) the amplitude and half-width of the reflection reso-

nant contour must be strongly enhanced in the Bragg structures. Experimen-
tal studies of the resonant Bragg structures have been performed for hetero-
pairs CdTe/CdMgTe [3.11], CdTe/CdZnTe [3.12,3.29], CdMnTe/CdZnMgTe
[3.30], GaAs/GaAlAs [3.31], InGaAs/GaAs [3.16, 3.32, 3.33]. Figure 3.3a
shows reflection spectra taken from CdTe/CdZnTe Bragg and anti-Bragg
structures. In the latter case, the half-width and the amplitude of the re-
flection peak are remarkably smaller than those in the Bragg structure. The
strong enhancement effects are observed on InGaAs/GaAs QWs, as seen in
Fig. 3.3b. The detuning from the Bragg condition by 15% leads to a com-
plete modification of the spectrum. A linear dependence of the reflection-peak
linewidth on N , see (3.98), has been reported by Prineas et al. [3.16]

An independent verification of the theory is provided by time-resolved
studies that show that the reflection signal decays much faster in a perfect
Bragg structure than in a single QW [3.31]. Nonlinear four-wave mixing in
resonant Bragg structures is touched in Sect. 7.3.
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α
µ

λ

λ

Fig. 3.3. (a) A comparison of the reflectivity spectra in the region of the e1-hh1(1s)
exciton for two stacks of ten QWs of CdTe/CdxZn1−xTe with the same thickness
λ/2 of the cladding layer but with the periods d close either to λ/2 (sample I)
or to λ/4 (sample II) in a magnetic field of 5 T. The dashed lines are theoretical,
�Γ0 = 0.12 meV, and �Γ = 0.3 meV. [3.12] (b) Absorption and reflection spectra of
a structure containing thirty In0.04Ga0.96As/GaAs QWs. (i) Experimental (solid)
and calculated (dashed) absorption coefficient as a function of energy. The lines
are hard to distinguish. (ii) Calculated and (iii) measured reflectivity at Bragg
resonance (curves 2) and at 0.85λ/2 spacing (curves 1) as a function of energy. [3.32]

3.1.6 Quantum Wells Grown along the Low-Symmetry Directions

Up to now we discussed the optical phenomena in zinc-blende-lattice het-
erostructures grown along the principal axis [001]. QW structures having
growth axes different from [001] and [111] exhibit a remarkable in-plane
anisotropy in the interband optical transitions [3.34–3.36]. This kind of
anisotropy is attributed to the valence band warping of bulk semiconduc-
tors with zinc-blende and diamond lattices. We remind us that the warping
is governed by a value of D−

√
3B ∝ γ3−γ2 where D,B, γi are the band pa-

rameters introduced in Chap. 2, see (2.28). While describing here the in-plane
optical properties of QW structures we disregard the anisotropic orientation
of chemical bonds at the interfaces, this will be done in the next subsec-
tion, and apply the conventional effective-Hamiltonian approach with the
Luttinger Hamiltonian (2.28) and the simplest form of boundary conditions
for flat interfaces, see (2.14). Then the point symmetry of a (hkl)-grown QW
coincides with that of a bulk zinc-blende crystal subjected to a uniaxial de-
formation along the axis [hkl]. We concentrate on the particular case of [hhl]
heterostructures with the growth direction lying in the (11̄0) plane. For arbi-
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trary h the point group of the system has only two symmetry operations: the
identity transformation e and the mirror reflection σ(11̄0). However, for the
(001), (111) and (110) growth directions, the corresponding point groups are
D2d, C3v and C2v, they contain additional elements of symmetry, see Tables
A.2, A.3 and A.4 in the Appendix.

Considering the short-period MQW structures we can introduce the effec-
tive dielectric tensor æ̂eff(ω). In the coordinate system x ‖ [ll(2h)], y ‖ [1̄10],
z ‖ [hhl] related to the growth direction, the off-diagonal components æ̂αβ
with α = y or β = y vanish and one has

æ̂eff =

⎡
⎣æxx 0 æxz

0 æyy 0
æzx 0 æzz

⎤
⎦ ,

where æxz = æzx. Under normal incidence the light propagates along z.
One eigenwave (ordinary mode) is polarized along y and characterized by
the refractive index ny = √æyy. The electric field of another eigenwave (ex-
traordinary mode) is perpendicular to y, its effective refractive index is given
by

nx =

√
æxx −

æ2
xz

æzz
.

The in-plane anisotropy is described by the ratio

ρ =
Kx −Ky

K̄
, (3.99)

where Kα is the absorption coefficient in the polarization α = x, y, and K̄
is the average (Kx +Ky)/2. Since Kα = 2q0n′′α with n′′α = Im{nα} we have
ρ = 2(n′′x − n′′y)/(n

′′
x + n′′y). We take into account two poles in the dielectric

tensor,

æαβ = æbδαβ +
Ω

(h)
αβ

ωh0 − ω − iΓh
+

Ω
(l)
αβ

ωl0 − ω − iΓl
due to the heavy-hole (h) and light-hole (l) excitons, see (3.74). For large
values of Γh,l we can retain only linear terms in Ω

(h,l)
αβ and come to the

equation

ρj =
Ω

(j)
xx −Ω

(j)
yy

Ω̄(j)
(3.100)

for the in-plane anisotropy of the absorption coefficient near the resonance
ωj0, j = hh, lh.

The analytical result is possible in the first order in the difference γ3−γ2.
For this purpose we write the Luttinger Hamiltonian as a sum of the zero-
order isotropic term

H0
Γ8

=
(
A+

5
4
B

)
k2 −B(J · k)2 (3.101)
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and the anisotropic perturbation

VΓ8 = −2
(
D√
3
−B

)(
{J1J2}sk1k2 + {J2J3}sk2k3 + {J3J1}sk3k1

)
. (3.102)

Here 1, 2, 3 are the principal axes [100], [010] and [001].
Four eigencolumns, Ĉ(0)

mk, of the matrix H0
Γ8

can be chosen to have a
definite angular-momentum component, m, on the wave-vector direction(

J · k

k

)
Ĉ

(0)
mk = mĈ

(0)
mk . (3.103)

In the isotropic approximation the electron spectrum in the valence band Γ8

is spherical and parabolic,

E0
±3/2(k) = (A−B)k2 , E0

±1/2(k) = (A+B)k2 . (3.104)

The next step is to calculate the eigenvectors Ĉmk of the matrix HΓ8 . In
the first approximation they are written as

Ĉmk = Ĉ
(0)
mk +

∑
j

′ Vjm(k)
E0
m(k) − E0

j (k)
Ĉ

(0)
jk . (3.105)

The perturbation matrix elements

Vjm(k) = Ĉ
(0)†
jk VΓ8Ĉ

(0)
mk

can be calculated by expressing k1, k2, k3 in terms of the components of k
in the coordinate system x, y, z and the matrices J1, J2, J3 in terms of their
linear combinations related to the axes x, y, z

J1,2 =
1√
2
(cos θJx ∓ Jy + sin θJz) , J3 = − sin θJx + cos θJz ,

where θ is the angle between the growth direction and the axis [001],
cos θ = l/

√
l2 + 2h2, sin θ = h

√
2/(l2 + 2h2). Note that, in the basis Ĉ(0)

mk, the
matrices Jx, Jy, Jz and their products have the same form as J1, J2, J3 and re-
lated matrices in the basis (2.22). For the states at the Γ point, kx = ky = 0,
the substitution

k1,2 → sin θ√
2
kz , k3 → cos θk3

is applicable and we obtain

VΓ8 =
(
B − D√

3

)
k2
z

{
1 − µ2

2
[
(3µ2 + 1)(2J2

z − J2
x − J2

y ) − (3µ2 − 1)(J2
x − J2

y )
]

+ µ
√

1 − µ2(3µ2 − 1){JxJz}s
}
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or explicitly, see Table 2.1,

||Vjm(k)|| =
1
4
(
√

3B −D)k2
z

⎡
⎢⎢⎣
u v w 0
v −u 0 w
w 0 −u −v
0 w −v u

⎤
⎥⎥⎦ (3.106)

u =
√

3(1 − µ2)(3µ2 + 1) , v = 2µ
√

1 − µ2(3µ2 − 1) , (3.107)

w = (1 − µ2)(1 − 3µ2) .

The valence-band wave function can readily be written in the limiting
case of infinite barriers as

ψj1,m(r) =

√
2
a

cos
πz

a

∑
m′

Cmk,m′u0
m′(r) , (3.108)

where u0
m′ are the bulk Bloch functions at k = 0 and a is the QW thickness.

It is a symmetrized combination of the Bloch states with the wave vectors
±k where the vector k has the components

π

a

1√
l2 + 2h2

(h, h, l) (3.109)

in the coordinate system 1, 2, 3 and (π/a)(0, 0, 1) in the coordinate system
x, y, z. In this case a value of k2

z is equal to (π/a)2. While calculating the
interband optical matrix elements we use the basis of conduction electron
states with the spin component s = ±1/2 along the growth direction [hhl].
Then the matrix elements pcs,vjm(k) of the momentum operator taken be-
tween the valence-band states (vj,m,k) and conduction-band states (c, s,k)
are given by Table 2.2. The microscopic equation for the exciton oscillator
strength Ω(j)

αβ is given by

Ω
(j)
αβ =

8e2Λe1-h1

�d(ωj0m0ãj)2
∑
sm

pαvjm,cs(k)pβcs,vjm(k) . (3.110)

Here d is the period of the structure, the overlap integral Λe1-h1 for the
infinite barriers equals to unity, ãj is the effective Bohr radius different for
the heavy- and light-hole excitons because the in-plane effective masses for
heavy and light holes are different.

In the model under consideration the in-plane optical anisotropy comes
from the transitions (v, h,±3/2) → (c,±1/2) and (v, l,±1/2) → (c,∓1/2).
Indeed, according to (3.105, 3.106) the state (v, h,±3/2) has an admixture
of the light-hole state Ĉ(0)

∓1/2 described by the coefficient

fhl = −
V∓1/2,±3/2

2Bk2
z

.
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Taking into account the selection rules presented in Table 2.2 we obtain

pxc±1/2,vj±3/2(k) = −pcv√
2

(
1 − fhl√

3

)
, (3.111)

pyc±1/2,vj±3/2(k) = −i
pcv√

2

(
1 +

fhl√
3

)
.

From here and (3.100, 3.106, 3.110) we find [3.37]

ρh = ∓ 2√
3
fhl =

D −
√

3B
2B

(1 − µ2)(3µ2 − 1) (3.112)

=
γ3 − γ2

2γ2
(1 − µ2)(3µ2 − 1) .

For the light-hole exciton the anisotropy has the opposite sign and, in the
considered approximation, we have

ρl = −3ρh .

One can see that the dependence of ρh, ρl on the growth direction is given by
the product g(µ) = (1−µ2)(3µ2 − 1). In the interval 0 ≤ µ ≤ 1 this function
has its absolute minimum g = −1 for the [110]-grown structure (µ = 0)
and a local maximum g = 1/3 for the [112] growth direction (µ =

√
2/3).

In agreement with the symmetry considerations, we have ρh,l = 0 for the
structures grown along the high-symmetry axes [001] (µ = 0) and [111] (µ =
1/
√

3). In agreement with the experiment [3.35,3.36,3.38] the signs of ρh for
the [110]- and [113]-grown QWs are opposite.

In the calculation based on the 4×4 Luttinger Hamiltonian and infinite
barriers the anisotropy is insensitive to the QW thickness a. Allowance for
the mixing between the band Γ8 and spin-orbit-split band Γ7 at nonzero
kz leads to a variation of the anisotropy with changing a. If we retain the
terms linear in |B|k2

z/∆ � 1 then the result (3.112) for ρh is changed by
the factor 1 + (8|B|/∆)(π/a)2 whereas ρl remains unchanged. The results of
the numerical calculation for the 6×6 Hamiltonian describing simultaneously
the bands Γ8 and Γ7 as well as comparison with experiment are presented in
Fig. 3.4. For large well widths both ρh and ρl are independent of a and the
values are very close to those based on the 4×4 Hamiltonian. With decreasing
a, particularly for a < 50 ÷ 60 Å, the in-plane anisotropy becomes more
pronounced. Armelles et al. [3.36] studied (113)-grown GaAs/AlAs QWs with
and without corrugated interfaces. Since the observed optical anisotropy is of
the same order in both kinds of samples one can conclude that the corrugation
has a small effect on the anisotropy.

3.1.7 Interface Optical Anisotropy of Heterostructures without a
Common Atom

In the conventional envelope-function approach with the boundary condi-
tions (2.14) the (001)-grown QWs are uniaxially isotropic. The main goal of
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a

a

Fig. 3.4. Optical anisotropy ρh and ρl of a GaAs/AlAs QW, as a function of well
width a for the growth direction (a) [110] and (b) [113]. Dotted lines correspond
to a calculation based on the 4×4 Luttinger Hamiltonian (finite barriers). In the
other two calculations, the 6×6 Hamiltonian was used, for infinitely high barriers
(dashed) or finite barriers (solid). Experimental points in (b) were taken from [3.35]
(circles) and [3.36,3.39] (squares). From [3.40].
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this subsection is to demonstrate that, in zinc-blende-lattice multi-layered
heterostructures grown along the [001] principal direction, the interfaces in-
duce a remarkable in-plane anisotropy, namely nonequivalence between the
[110] and [11̄0] axes. The anisotropy can manifest itself both in optical and
transport phenomena but we restrict the consideration to the optical mani-
festations only.

In a zinc-blende-lattice bulk semiconductor, say GaAs as a representative
of III-V compounds or ZnSe as a representative of II-VI compounds, any
lattice site is a center of the tetrahedral point symmetry. For any anion atom
the right-hand-side bonds always lie in the same 〈110〉-like plane, say the
(110) plane, whereas the bonds on the left lie in another plane which is
perpendicular to the previous one.

Now we shift from a bulk semiconductor to a single heterojunction
CA/C′A′. If the compositional materials CA and C′A contain the identi-
cal anion atoms, labelled A, the interface is formed by one atomic plane of
anions neighboring the C atomic plane on one side and the C′ plane on the
other side. As compared to bulk semiconductor crystals, the symmetry of a
single heterojunction is reduced to the point group C2v (Chap. 2). In this
group the directions [110] and [11̄0] are nonequivalent. Thus, we conclude
that, in general, a single heterojunction gives in-plane anisotropy. The par-
ticular mechanism and order of magnitude of the anisotropy can be obtained
by using the microscopical model discussed below, and we shift the symmetry
analysis from a single to double heterojunction, or to a QW. The symmetry of
an ideal QW is higher than that of a single heterojunction because it contains
the mirror rotation S4 about the [001] axis by 90◦. The second interface also
induces the in-plane anisotropy. However, for the left and right interfaces,
the role of the axes [110] and [11̄0] is interchanged, their contributions to the
anisotropy cancel each other and, as a result, an ideal QW is isotropic in the
interface plane, at least in the linear optics.

The next step is to consider an interface between two materials lacking
common anions and cations, C �= C′, A �= A′. The heteroboundary CA-on-
C′A′ consists of two nonstandard planes containing anions of one material
and cations of another material. There are two possibilities of the transition
from the layer C′A′ to the layer CA, either via the chemical bond C′-A in the
sequence of atomic planes −C′−A′−C′ ∼A−C−A− (interface of kind a) or
via the chemical bond A′-C in the sequence −A′−C′−A′ ∼C−A−C− (inter-
face of kind b) where the standard and nonstandard bonds are indicated by
the symbols − and ∼, respectively. The structure is assumed to grow from
the left- to the right-hand side. Taking into account the similar alternative for
the other interface, C′A′-on-CA, we conclude that, for a heteropair with no
common atom, there exist four kinds of ideal QWs labelled as La-Ra, Lb-Rb,
Lb-Ra and La-Rb. Here a, b indicate the interface chemical bond and R,L in-
dicate the right- and left-hand-side interfaces. The first two have symmetrical
interfaces related by the S4 operation, such QWs are isotropic in the interface
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plane. The remaining two kinds are characterized by the low symmetry C2v,
the left and right interfaces contribute differently to the in-plane anisotropy
and these contributions do not compensate each other. It is accepted that
under growth without a special control the interface is predominantly cation-
terminated and the QWs are nominally La-Rb-like. Of course, one cannot
exclude interfacial disorder and some admixture of a-like bonds at the right
interface and b bonds at the left interface. At present technology allows the
interfacial control in the process of layer-by-layer growth and fabrication of
QW structures with both anion and cation-terminated interfaces [3.41].

Optical anisotropy in heterostructures without common cations and an-
ions was predicted by Krebs and Voisin [3.42] and observed in GaInAs/InP
QWs [3.43,3.44]. They used the experimental setup typical for measurements
of birefringence and dichroism in bulk uniaxial crystals (Fig. 3.5a). In this
setup the initial light linearly polarized by the polarizer P is focused onto
the sample S, the transmitted light is filtered through an analyzer A and
a spectrometer and finally detected by a photomultiplier. The sample can
be rotated around the growth axis. In the particular experiment presented
in Fig. 3.5 the sample contained 80 InGaAs QWs separated by InP bar-
riers [3.44]. The curve (b) with the left-hand side scale shows the angular
dependence of the transmitted intensity in the setup with parallel polarizer
and analyzer with θ being the angle between the analyzer and the sample
[100] axis. The curve (c) shows the ratio between the transmission signals in
the crossed and parallel polarizer-analyzer configurations. From the curve (b)
we conclude that the absorption exhibits a maximum and a minimum at the
angle ±45◦, respectively, or, in other words, when the light is polarized along
the [110] and [11̄0] axes. The curve (c) confirms this conclusion because the
transmitted signal measured in the crossed configuration P⊥-A reaches max-
ima at the angles equal to 0 and 90◦ when the polarization plane lies in the
middle between the axes [110] and [11̄0]. From the maximum and minimum
values of the transmission one can find the absorption coefficients K110 and
K11̄0. Remarkably, nearly no anisotropy effect is observed in InGaAs/AlInAs
MQWs where the compositional materials share a common anion.

Let us calculate the lateral optical anisotropy of a quantum-well structure
CA/C′A′ at the absorption edge, i.e., under the hh1-e1 interband transitions
with zero 2D electron wave vector (kx = ky = 0, Γ point). In the envelope-
function method, the electron and hole effective Hamiltonians within the well
or in the barrier have the same form as in the corresponding bulk materials
and, in particular, possess cubic symmetry Td. The low symmetry of the in-
terface is taken into account by including the additional term in the boundary
conditions for the valence-band wave-function envelope, see (2.42).

Neglecting the relativistically small corrections, we shall use for the
conduction-band electron commonly accepted boundary conditions (2.10),
i.e., the continuity of the envelope and of its normal derivative divided by the
effective mass. In this case the electron wave function at the bottom of the
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θ 
Fig. 3.5. Scheme of the experimental set-up for polarization-resolved transmission
measurements (a), transmission signal at �ω = 925 meV, as a function of the angle θ
between the sample [100] axis and the analyser, with parallel polarizer and analyzer
(b) or with crossed polarizers (c). The small deviation from π/2 rotation invariance
in (c) is due to a very small optical anisotropy generally observed in InP substrates.
The studied sample S is 80-period InGaAs(45Å)/InP(68Å) MQWs. From [3.44].

e1 subband can be conveniently written as

ψ
(e1)
±1/2 = ϕe1(z)|Γ6,±1/2〉 , (3.113)

where |Γ6,±1/2〉 are the ↑ S and ↓ S Bloch functions, S is the coordinate
function of the Γ1 representation of group Td, and ϕe1(z) is given by (2.8).

For the four envelope functions ϕm (m = ±3/2, ±1/2) of the hole wave
function
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ψ =
1√
S

∑
m

ϕm(z)|Γ8,m〉 (3.114)

we shall use the extended boundary conditions

ϕm = ϕ′
m , ∇mϕm = ∇′

mϕ
′
m +

2√
3
tl-h

∑
n

{JxJy}mnϕ′
n , (3.115)

taking into account the mixing between the heavy- and light-hole states at
the (001) interface, which is allowed by the interface symmetry even under
normal incidence of the hole, i.e., for kx = ky = 0 (Sect. 2.1.2). The notation
used in writing the boundary conditions is m, n = ±3/2, ±1/2,

∇±3/2 = a0
m0

mhh

d

dz
, ∇±1/2 = a0

m0

mlh

d

dz
,

mhh, mlh are the heavy- and light-hole effective masses, which are different in
the CA and C′A′ materials (here and subsequently the quantities pertaining
to the C′A′ material are primed), Jα are the angular-momentum matrices for
J = 3/2 in the Γ8 basis (Table 2.1), and tl-h is a dimensionless parameter
of heavy-light–hole mixing introduced in (2.42). For tl-h �= 0, the pair of the
Kramers-conjugate states at the bottom of the hh1 hole subband contains an
admixture of m = ±1/2 states:

ψ
(hh1)
±3/2 = F (z) |Γ8,±3/2〉 ± iG(z) |Γ8,∓1/2〉 , (3.116)

where |Γ8,m〉 are the Bloch functions. Note that the second of the boundary
conditions (3.115) for function G(z) has the form

1
mlh

dG

dz
=

1
m′
lh

dG′

dz
+

tl-h
a0m0

F ′ . (3.117)

Within the QW the real envelope functions F (z) and G(z) can be written as

F (z) = A cos khz +B sin khz , (3.118)
G(z) = C cos klz +D sin klz ,

and in the barrier layers, z > a/2 and z < −a/2, they decay exponentially

F (z) = F (±a/2) exp [−æh(|z| − a/2)] , (3.119)
G(z) = G(±a/2) exp [−æl(|z| − a/2)] .

Here A,B,C,D are z-independent coefficients, the point z = 0 is chosen at
the well center,

kh = (2mhhε/�
2)1/2, kl = (2mlhε/�

2)1/2 = (mlh/mhh)1/2kh ,
æh = [2m′

hh(V − ε)/�2]1/2, æl = (m′
lh/m

′
hh)

1/2æh , (3.120)
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ε is the hole energy, and V is the barrier height, i.e., the valence-band offset
at the interface. Note that the barrier height for conduction-band electrons
is ∆Eg−V , where ∆Eg is the difference between the band-gap widths in the
compositional materials. In a common-anion structure the mixing coefficients
tLl-h and tRl-h at the left- and right-hand interfaces, respectively, coincide, and
therefore coefficients B and C in (3.118) vanish identically, and F (a/2) =
F (−a/2), G(a/2) = −G(−a/2). For tLl-h �= tRl-h, the F (z), G(z) functions do
not possess definite parity under sign inversion of z.

Å

Å

Fig. 3.6. Relative anisotropy of the absorption coefficient in a periodic QW struc-
ture Ga0.47In0.53As/InP vs. dimensionless heavy-light-hole mixing coefficient tRl-h
at the right-hand interface calculated for fixed values of tLl-h. The solid lines are
calculated for wells with thickness a = 100 Å, and the dashed line, for a = 70
Å. [3.45]

According to (3.113, 3.116, 3.118) and Tables 2.2, 2.3, the interband op-
tical transitions allowed under normal incidence of the linearly polarized
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light, e ⊥ z, involve excitation of electron-hole pairs (e1,−1/2;hh1, 3/2) and
(e1, 1/2;hh1,−3/2). The transition rates are proportional to [3.45]

|M−1/2,3/2(e)|2 = |M1/2,−3/2(e)|2 (3.121)

= M2
0

(
I2
1 +

1
3
I2
2 +

2√
3
I1I2 cos 2φ

)
,

where M0 is a constant, φ is the angle between the plane of polarization and
the [110] axis, and

I1 =
∫
ϕe1(z)F (z)dz , I2 =

∫
ϕe1(z)G(z)dz .

In accordance with symmetry considerations, light absorption passes through
extrema at φ = 0 (e‖[110]) and φ = π/2 (e‖[11̄0]). According to (3.121), the
absorption anisotropy in a periodic quantum-well structure is described by
the relation

ρ ≡
K[110] −K[11̄0]

K[110] +K[11̄0]

=
2√
3

I1I2
I2
1 + (I2

2/3)
≈ 2√

3
I2
I1
, (3.122)

where the definition of ρ differs from (3.99) by a factor of 2. In a QW
grown of materials with no-common cations and anions, and with no elec-
tric field present, the optical anisotropy is dominated by the difference be-
tween heavy-light–hole mixing coefficients tl-h for the CA/C′A′ and C′A′/CA
heteroboundaries. It is assumed that the potential barriers at the left- and
right-hand interfaces are the same. Figure 3.6 plots the absorption-coefficient
anisotropy vs mixing parameters for the left-hand (tLl-h) and right-hand (tRl-h)
interfaces. The calculation was done using (3.122) for Ga0.47In0.53As/InP
QWs with thicknesses of 100 Å (solid lines) and 70 Å (dashed line). The
main parameters of the materials are listed in Table 3.1. The band offsets
used are∆Ec = 0.262 eV and∆Ev = 0.348 eV for the conduction and valence
bands, respectively. For a fixed value of tLl-h, the tRl-h dependencies presented
in Fig. 3.6 reverse sign at tLl-h = tRl-h, which corresponds to a symmetric QW.
A decrease in well thickness enhances the influence of interfaces and, hence,
makes a steeper ρ(tRl-h) dependence for a narrower QW.

Table 3.1. The band parameters of Ga0.47In0.53As and InP used in the calcula-

tion of curves in Fig. 3.6.

Eg(eV) me(m0) mhh(m0) mlh(m0)
GaInAs 0.81 0.041 0.377 0.052
InP 1.42 0.077 0.65 0.12

It was shown in the previous subsection that the in-plane anisotropy ap-
peared due to the heavy-light hole mixing in (hhl)-grown QWs if the Lut-
tinger band parameters γ2, γ3 (or

√
3B,D) are different. We see now that,
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in no-common-atom (001)-grown QW structures with interfaces of different
kinds, the in-plane anisotropy originates from heavy-light hole mixing taking
place at the interfaces. The effect of an electric field on the anisotropy is
considered in Sect. 3.4.3.

3.2 Reflection and Diffraction of Light from Arrays of
Quantum Wires and Dots

In the previous sections we could trace the modification of the exciton-
polariton concept in long-period MQW structures. Here we outline the frame-
work for similar analysis of structures containing regular arrays of QWRs and
QDs. The shift from MQWs to 3D lattices of QDs or QWRs allows to bridge
the gap between multilayered structures and photonic crystals. The latter are
defined as periodic dielectric structures with the period being comparable to
the wavelength of the visible-range electromagnetic waves. In the simplest
realization, a photonic crystal is thought of as a periodic lattice of spheres
of dielectric constant æa embedded in a uniform dielectric background æb
(see reviews [3.46,3.47]). Other potential realizations are a 3D lattice of res-
onant two-level atoms [3.48] or semiconductor microcrystals embedded into
the pores of periodic porous materials [3.49] (see also [3.50]). We pay more
attention to the dots and present short information containing the wires be-
cause the both procedures are quite similar.

3.2.1 Rayleigh Scattering of Light by a Single Quantum Wire or
Dot

We start with a single QD imbedded in an infinite barrier material of the
dielectric constant æb. The excitonic states in the QD are 0D, or quasi-0D,
due to the quantum-confinement effect. We consider a narrow frequency re-
gion near a particular exciton size-quantization level and solve the scattering
problem of an incident electromagnetic wave on this QD. In the resonant fre-
quency region the dielectric response to an electromagnetic wave is nonlocal
and our goal is to show how the theory makes allowance for such kind of non-
locality and give the corrections to the line position and natural linewidth
similar to the values ω̃0 and Γ0 in (3.18).

We use the Maxwell equations

∆E − grad divE = −
(ω
c

)2

D ,

divD = 0 (3.123)

for the electric field E and the displacement vector D. In linear response the
relation between D and E reads [3.51]

D(r) = æbE(r) + 4πPexc(r) , (3.124)
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4πPexc(r) = pG(ω) Φ(r) , p =
∫
Φ(r′) E(r′) dr′ . (3.125)

Here G(ω) is the same one-pole function as that in (3.11) with ω0 being
the bare QD-exciton resonance frequency, æb is the background dielectric
constant, Φ(r) denotes the envelope function Ψexc(re, rh) of an exciton excited
in the QD at coinciding electron and hole coordinates: Φ(r) = Ψexc(r, r). In
addition, we neglect anisotropy of the bulk-exciton longitudinal-transverse
splitting and consider, in fact, the case of the Γ6 ×Γ7 exciton. For simplicity,
the QD background dielectric constant æa is assumed to coincide with æb.
Clearly, the length scale of non-locality is set by the exciton envelope function
which is of the same order as the QD size.

It follows from (3.124) that div E = −(4π/æb) div Pexc which allows to
rewrite the first equation (3.123) as

∆E(r) + q2E(r) = −4πq20
(
1 + q−2 grad div

)
Pexc(r) . (3.126)

We remind that q0 = ω/c, q = q0nb and nb =
√

æb.
Instead of the 1D Green function used for QW structures we use now the

3D Green function

G3D(r − r′) =
exp (iq|r − r′|)

4π|r − r′| , (3.127)

satisfying the differential equation

(∆+ q2)G3D(r − r′) = −δ(r − r′) . (3.128)

Green’s function allows to express E(r) via the excitonic polarization as

E(r) = E0eiqr + 4πq20

∫
dr′G3D(r − r′)

(
1 + q−2 grad div

)
Pexc(r′) ,

(3.129)
where q and E0 are the wave vector and amplitude of the initial light wave.
Integration by parts allows to rewrite (3.129) as

Eα(r) = E0,αeiqr + 4πq20

∫
dr′ ∑

β

Gαβ(r − r′)Pexc,β(r′) , (3.130)

where we introduced the matrix Green function [3.52]

Gαβ(r) =
(
δαβ +

1
q2

∂2

∂rα∂rβ

)
eiqr

4πr
(3.131)

= − 1
3q2

δαβ δ(r) +
eiqr

4πr

[
2
3
δαβ +

(
3
rαrβ
r2

− δαβ

)(
1

(qr)2
− i

qr
− 1

3

)]
.

Using (3.125, 3.130) we obtain
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pα = p0
α + Tαβpβ , p0 = E0

∫
drΦ(r) , (3.132)

Tαβ = q20G(ω)
∫
drdr′ Gαβ(r − r′)Φ(r)Φ(r′) .

Equation (3.132), together with (3.130, 3.131), completes the solution of the
electromagnetic scattering problem.

For spherical or cubic QDs, the matrix T̂ is diagonal and isotropic, Tαβ =
Tδαβ , with

T (ω) = −δω0 − iΓSQD

ω0 − ω − iΓ
, (3.133)

δω0 =
π

3
a3
BωLT

(∫
Φ2(r) dr − q2

2π

∫ ∫
drdr′ cos q|r − r′|

|r − r′| Φ(r)Φ(r′)
)
,

(3.134)

ΓSQD =
1
6
q2a3

BωLT

∫ ∫
drdr′ sin q|r − r′|

|r − r′| Φ(r)Φ(r′) . (3.135)

Here δω0 and ΓSQD are the renormalization of the resonance frequency and
radiative damping of the 0D exciton. We return to their interpretation in
Chap. 5 while considering the fine structure of exciton levels in nanostruc-
tures.

The above procedure can be repeated for the elastic scattering of light by a
QWR. In this case one can use the 2D Green function G2D(ρ) = (i/4)H(1)

0 (qρ)
satisfying the equation(

∂2

∂x2
+

∂2

∂y2
+ q2

)
G2D(x, y) = −δ(x)δ(y) , (3.136)

where H(1)
0 (z) is a Hankel function. Under normal incidence of the monochro-

matic electromagnetic wave upon a single QWR the electric field is written
similarly to (3.125, 3.130) as

Eα(ρ) = E0,αeiqρ+
(3.137)

+q20G(ω)
∫
dρ′Φ(ρ′)

∑
β

(
δαβ +

1
q2

∂2

∂rα∂rβ

)
G2D(ρ−ρ′)

∫
dρ′′Φ(ρ′′)Eβ(ρ′′) ,

where Φ(ρ) is the 1D-exciton envelope function at coinciding coordinates of
the electron and hole.

3.2.2 Periodic Arrays of Isolated Quantum Dots

Let us turn to an ensemble of QDs and consider first the photonic (or more
precisely, exciton-polaritonic) band structure of a 3D periodic array of QDs
(or, simply, QD lattices) and then, in the next subsection, the light reflection
from and transmission through a planar quadratic QD lattice.
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In the following the centers of QDs in the 3D array are indicated by the
translation vectors a. The nonlocal material equation relating Pexc and E is
obtained if we present the excitonic contribution to the dielectric polarization
as a sum of individual contributions (3.125) over a,

4πPexc(r) = G(ω)
∑

a

pa Φa(r) , pa =
∫
Φa(r′) E(r′) dr′ , (3.138)

where Φa(r) = Φ(r−a). In this subsection we neglect the overlap of exciton
envelope functions Ψa and Ψa′ with a �= a′ so that excitons excited in different
dots are assumed to be coupled only via the electromagnetic field. We seek
for Bloch-like solutions of (3.126) satisfying the translational symmetry

EK(r + a) = exp (iKa) EK(r) , (3.139)
Pexc,K(r + a) = exp (iKa) Pexc,K(r) ,

where the wave vector K is defined within the first Brillouin zone. The
exciton-polariton dispersion ω(K) can be shown to satisfy the equation

Det||δαβ −Rαβ(ω,K)|| = 0 , (3.140)

where α, β = x, y, z, δαβ is the Kronecker symbol and, for QD lattices,

Rαβ(ω,K) = G(ω)
q20
v0

∑
g

|IK+g|2 Sαβ(K + g)
(K + g)2 − q2

, (3.141)

IQ =
∫
Φ(r)eiQrdr , Sαβ(Q) = δαβ − QαQβ

q2
, (3.142)

g are the reciprocal lattice vectors and v0 is the volume of the lattice primitive
cell.

Equations (3.140, 3.141) can be derived by using the two equivalent ap-
proaches: (i) to express the exciton dielectric polarization Pexc(r) in terms of
the electric field, E(r), and find solutions of the wave equation for E(r); (ii)
by using Green’s function of the wave equation, to express the electric field in
terms of the exciton polarization and write a system of self-consistent equa-
tions describing electric-field-mediated coupling between the excitons excited
in different QDs. In the first approach, we substitute (3.138) into (3.126) and
expand the vector function EK(r) in the Fourier series as follows

EK(r) =
∑

g

ei(K+g)r EK+g . (3.143)

The integral (3.138) can be transformed into

pa = eiKa
∑

g

IK+g EK+g ≡ eiKa Λ . (3.144)
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The sum
∑

a Φa(r)eiKa satisfies the translational symmetry similar to (3.139)
and can be presented as

∑
a

Φa(r) eiKa =
∑

g

ei(K+g)r
I∗K+g

v0
. (3.145)

The system of linear equations for the space harmonics EK+g can be written
in the form

[(K + g)2 − q2] EK+g = G(ω) q20
I∗K+g

v0
Ŝ(K + g) Λ , (3.146)

where the vector Λ is introduced in (3.144) and Ŝ(Q)Λ is a vector with
the components Sαβ(Q)Λβ . Dividing both parts of (3.146) by (K + g)2 −
q2, multiplying them by IK+g and summing over g we arrive at the vector
equation Λ = R̂(ω,K)Λ, where the matrix R̂ is defined by (3.141), and hence
at the dispersion equation (3.140).

In the second approach, we use the 3D Green function (3.127) rewriting
it as

G3D(r − r′) =
1
V

∑
Q

exp [iQ(r − r′)]
Q2 − q2

, (3.147)

where V is the 3D QD-lattice volume. Green’s function allows to express the
electric field E(r) of the normal light wave via the polarization in the form
of (3.130) with the initial field amplitude set to zero. For the Bloch solutions
(3.139) one has pa = eiKap0. Taking a = 0 in (3.144) and using (3.130,3.143)
we obtain

p0 = G(ω)
∫
dr Φ0(r)

∫
dr′ G3D(r − r′) (3.148)

×
(
1 + q−2 grad div

)
p0

∑
a

Φa(r′) eiKa .

If we now use equations (3.142, 3.145) and the presentation (3.147) of Green’s
function we finally come to the equation p0 = R̂(ω, q)p0 and rederive (3.140).

In the particular case of spherical QDs with the radius R exceeding the
Bohr radius aB one has

IQ = π

(
2R
aB

)3/2 sinQR
QR[π2 − (QR)2]

. (3.149)

Then (3.141) can be transformed into

Rαβ(Ω,K) = ξ
Ω2

Ω2 − 1
σαβ(Ω,K) , (3.150)
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σαβ(Ω,K) =
∑

b

f(|K + b|R) Sαβ(K + b)
Ω2 −Ω2(K + b)

, (3.151)

Ω =
ω

ω0
, ξ =

64
π

ωLT

ω0

(
R

a

)3

, f(x) =
(

π2 sinx
x(π2 − x2)

)2

, (3.152)

Ω(Q) = cQ/(nbω0). Equation (3.140) is equivalent to the three separate
equations Rj(Ω,K) = 1, where Rj (j = 1, 2, 3) are eigenvalues of the matrix
Rαβ . The further simplification follows taking into account a small value
of the parameter ξ since, in semiconductors, the ratio ωLT/ω0 typically lies
between 10−4 and 10−3. Then one can change the factor Ω/(Ω+1) in (3.150)
by 1/2.

For high-symmetry points of the Brillouin zone, the symmetry imposes
certain relations between the Rαβ components, and the eigenvalues Rj can be
readily expressed via them. Table 3.2 illustrates these relations for the points
Γ,X,L,W,K and U of a face-centered-cubic QD lattice. The coordinates of
the points in the reciprocal space are given in the first column (in terms of
π/a). Note that in this case the lattice constant a and the unit-cell volume
v0 are related by v0 = a3/4.

Table 3.2. Nonzero components of the matrix Rαβ and dispersion equations

written in terms of Rαβ for different K points in the Brillouin zone of a face-

centered-cubic QD lattice.

K (π/a) Nonzero components of Rαβ Dispersion equations
Γ (0, 0, 0) Rxx = Ryy = Rzz Rxx = 1
X (0, 0, 2) Rxx = Ryy, Rzz Rxx = 1, Rzz = 1
L (1, 1, 1) Rαα = Rxx, Rαβ = Rxy(α �= β) Rxx −Rxy = 1,

Rxx + 2Rxy = 1
W (1, 0, 2) Rxx, Ryy = Rzz Rxx = 1, Ryy = 1
K (3/2, 0, 3/2) Rxx = Rzz, Ryy , Rxz = Rzx Rxx ±Rxz = 1, Ryy = 1
U (1/2, 1/2, 2) Rxx = Ryy, Rzz, Rxy = Ryx Rxx ±Rxy = 1, Rzz = 1

According to (3.141, 3.150) the dispersion near the point K satisfying
the condition cK/nb ≈ ω0 should be characterized by a giant anticrossing
between the branches of bare transverse photon and exciton modes. Note that
the anticrossing can be described with a high accuracy by retaining in the sum
over b in (3.151) the two terms due to b = 0,−(4π/a)(0, 0, 1) if the resonant
Bragg condition is satisfied for the (001) planes, i.e., if (2π/a)(c/nb) ≈ ω0, or
two terms due to b = 0,−(2π/a)(1, 1, 1) if (π

√
3/a)(c/nb) ≈ ω0.

3.2.3 Diffraction by a Planar Array of Quantum Dots

We assume the array of QDs to be regularly packed in one plane normal to
z. For simplicity, we consider here the normal incidence of the light and a
quadratic lattice of spherical or cubic QDs with the translational vectors a
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being integer combinations of the basic vectors a1 = a(1, 0, 0), a2 = a(0, 1, 0).
In this case the electric field can be expanded in the 2D Fourier series as

E(r) =
∑

b

Eb(z) exp (ibρ) , (3.153)

where b = lb1+mb2 are the 2D reciprocal-lattice vectors, b1 = (2π/a)(1, 0, 0),
b2 = (2π/a)(0, 1, 0), l and m are integers, a is the constant of the 2D QD
quadratic lattice.

The integral in (3.125) can be transformed into∫
Φa(r) E(r) dr =

∑
b

eiba

∫
Eb(z)Φ(ρ, z) exp (ibρ)dρdz (3.154)

=
∑

b

∫
ϕb(z)Eb(z) dz ≡ Λ1 ,

where ρ = (x, y),

ϕb(z) =
∫
Φ(ρ, z) exp (ibρ)dρ (3.155)

and we used the identity exp (iba) = 1. We will also use the expansion
∑

a

Φa(r) =
1
a2

∑
b

ϕb(z) exp (ibρ) , (3.156)

where a2 is the 2D unit cell area.
The function Eb(z) satisfies the equation(
d2

dz2
+ q2b

)
Eb(z) = −G(ω)

q20
a2

(
1 +

1
q2

grad div
)

b

ϕb(z)Λ1 , (3.157)

where qb =
√
q2 − b2,(

∂2

∂rα∂rβ

)
b

= −KαKβ , Kx = bx,Ky = by,Kz = −i
∂

∂z
. (3.158)

The solution can be presented as

Eb(z) = E(0)eiqzδb,0 (3.159)

+
iq20

2qba2
G(ω)

∫
dz′ eiqb|z−z′| (1 + q−2grad div

)
b
ϕb(z′)Λ1 ,

where E(0) is the amplitude of the initial wave. Multiplying the both parts
of (3.159) by ϕb(z), integrating over z and summing over b we obtain

Λ1 = Λ0
1 (3.160)

+
∑

b

iq20
2qba2

G(ω)
∫
dzdz′ eiqb|z−z′|ϕb(z)

(
1 + q−2grad div

)
b
ϕb(z′)Λ1 ,
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where

Λ0
1 = E(0)

∫
ϕ0(z)eiqz dz = E(0)

∫
ϕ0(z) cos qz dz . (3.161)

Let us denote by β the star of the vector b. If b = lb1 + mb2, the star
β contains the vectors ±lb1 ±mb2,±mb1 ± lb2 of equal absolute values. For
l �= m �= 0 the star consists of eight vectors, otherwise it has four vectors
(l = m �= 0 or l = 0,m �= 0 or l �= 0,m = 0) and one vector in the particular
case l = m = 0. Then the second term in the right-hand side of (3.160) can
be rewritten

G(ω)
∑
β

iq20nβ
2qβa2

∫ ∫
dzdz′ eiqβ |z−z′|ϕβ(z)

×
[(

1 − β2

2q2

)
Λ1,‖ +

(
1 − 1

q2
∂2

∂z′2

)
Λ1,⊥

]
ϕβ(z′) ,

where Λ1,‖,Λ1,⊥ are vectors with the components (Λ1,x, Λ1,y, 0) and (0, 0, Λ1,z),
respectively, nβ is the number of vectors in the star β and β2 = |b|2, qβ ≡ qb.
Taking into account that Λ0

1 = (Λ0
1,x, Λ

0
1,y, 0) we obtain

Λ1 = Λ0
1

⎡
⎣1 −G(ω)

∑
β

iq20nβ
2qβa2

(
1 − β2

2q2

)∫
dzdz′ eiqβ |z−z′|ϕβ(z)ϕβ(z′)

⎤
⎦
−1

= Λ0
1

ω0 − ω − iΓ
ω̃0 − ω − i(Γ + Γ0)

. (3.162)

Here ω̃0 is the normalized exciton resonant frequency, the difference between
ω̃0 and ω0 consists of two terms

δω1 = ωLT
q2πa3

B

2a2

∑
β∈B1

nβ
qβ

(
1 − β2

2q2

)
(3.163)

×
∫
dzdz′ sin(qβ |z − z′|) ϕβ(z)ϕβ(z′) ,

δω2 = −ωLT
q2πa3

B

2a2

∑
β∈B2

nβ
æβ

(
1 − β2

2q2

)

×
∫
dzdz′ e−æβ |z−z′|ϕβ(z)ϕβ(z′) ,

B1 and B2 represent the sets of stars β with real and imaginary qβ , respec-
tively, æβ = Im{qβ}. The exciton radiative damping rate is given by

Γ0 = ωLT
q2πa3

B

2a2

∑
β∈B1

nβ
qβ

(
1 − β2

2q2

)
λ2
β , (3.164)
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λβ =
∫
ϕβ(z) cos qβz dz =

∫
Φ(r) cos (bρ + qβz) dr . (3.165)

The light waves diffracted in the backward and forward directions are
written as∑

b

E
(r)
b exp [i(bρ − qbz)] and

∑
b

E
(t)
b exp [i(bρ + qbz)] . (3.166)

The amplitudes E
(r)
b ,E

(t)
b are given by [3.53]

E
(r)
b = i

q2πa3
B

2qba2

ωLTλbλ0

ω̃0 − ω − i(Γ + Γ0)

(
1 − K̂rKr

q2

)
E(0) , (3.167)

E
(t)
b =

[
δb,0 + i

q2πa3
B

2qba2

ωLTλbλ0

ω̃0 − ω − i(Γ + Γ0)

(
1 − K̂tKt

q2

)]
E(0) ,

where (K̂KE)i = Ki

∑
j KjEj , Kr = (bx, by,−qb),Kt = (bx, by, qb). While

deriving (3.167) we took into account that Λ(0)
1,z = 0 and∫

eiqbz(−id/dz)ϕb(z) dz = −qb
∫

eiqbzϕb(z) dz = −qbλb .

One can check that (3.167) satisfies the energy-flux conservation law. Re-
ally, for zero dissipation, i.e. for Γ = 0, we have∑

b∈B1

qb

(
|E(r)

b |2 + |E(t)
b |2

)
= q|E(0)|2 . (3.168)

For short-period 2D QD lattices, where qa� 1 and B1 contains only one
element β = 0, we obtain for the reflection and transmission coefficients

r =
E

(r)
0

E(0)
=

iΓQD

ω̃0 − ω − i(Γ + ΓQD)
, t =

E
(t)
0

E(0)
= 1 + r , (3.169)

where the exciton radiative damping, Γ0 ≡ ΓQD, is given by [3.51,3.54]

ΓQD =
3π

(aq)2
ΓSQD (3.170)

and ΓSQD is the exciton damping in a single QD, see (3.135). For qa � 1,
the latter reduces to

ΓSQD =
1
6
ωLT (qaB)3

(∫
drΦ(r)

)2

.

The superradiance factor 3π/(aq)2 substantially enhances the radiative damp-
ing rate in dense QD arrays. This factor evidences that identical QDs located
at distance a from each other emit coherently the secondary light.



3.2 Reflection and Diffraction of Light from Arrays of Quantum Wires and Dots 137

The dependence of the reflection spectra on the number of equidistant
QD planes, N , was studied theoretically in [3.53]. If the period d satisfies the
Bragg condition at the exciton resonance frequency ω0, then the halfwidth of
the reflection spectrum is almost linearly increasing as a function of N . This
is similar to the enhancement by a factor of N of the radiative damping of
the superradiant mode in resonant Bragg MQW structures, see (3.92).

The theory presented in the above two subsections can also be used
to generalize the theory of resonant diffraction of γ-radiation by nuclei
from bulk crystals [3.55] to synthesized multilayers like the nuclear multi-
layer [57Fe(22 Å)/Sc(11 Å)/Fe(22 Å)/Sc(11 Å)]×25 studied by Chumakov et
al. [3.56]. The developed approach takes into account a contribution of only
one confined-exciton resonance. This is valid if the separation between the
exciton size-quantization levels is much larger than the bulk value of the exci-
ton longitudinal-transverse splitting, ωLT. In the opposite limit of extremely
large bulk-exciton translational effective mass one can use the local mate-
rial relation D(r) = æ(r, ω)E(r). This was done by Sigalas et al. [3.57] for
phonon-polaritons in a 2D lattice consisting of semiconductor cylinders.

Similar formula can be derived for the amplitude reflection coefficient from
a grating of QWRs. In particular, for a short-period grating of thin QWRs and
the polarization parallel to the wire principal axis, y, the radiative damping
ΓQWR is given by [3.51]

ΓQWR = ΓQW
1
dx

(∫
ΦQWR(ρ) d2ρ∫
ΦQW(z) dz

)2

, (3.171)

where dx is the spacing between QWRs, ΓQW is given by (3.18), ΦQW(z) =√
SΨQW

exc (r, r), ΦQWR(ρ) =
√
LyΨ

QWR
exc (r, r), ΨQW

exc and ΨQWR
exc are the single-

QW and single-QWR exciton envelope functions, Ly is the wire (macroscopic)
length. Note that the exciton radiative dampings in a single QWR and in an
array of QWRs are related by: ΓQWR = (2/qdx)ΓSQWR.

3.2.4 Two-Dimensional Quantum-Dot Superlattices

In the previous subsection the resonant optical reflection from a lateral array
of QDs was calculated neglecting the overlap of the exciton envelope functions
excited at different dots. Now we extend the theory allowing an exciton to
tunnel coherently from one potential minimum to another [3.58].

We consider a QW with a periodic 2D potential V (x, y) = V (x+ a, y) =
V (x, y + a) acting at an exciton like at a single particle. It has no effect on
the exciton internal state, i.e., x, y are the in-plane coordinates of the exciton
center-of-mass. Note that here a is the lateral period, not the QW thickness
as in other parts of this book. For simplicity, we assume the potential V (x, y)
to have the point symmetry of a quadrate: V (x, y) = V (±x,±y) = V (y, x).
Due to the potential V (x, y) the exciton energy spectrum is transformed
from the parabolic dispersion Eexc(kx, ky) = �2(k2

x + k2
y)/(2M) in an ideal
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QW with V ≡ 0 into a series of 2D minibranches (M is the exciton in-plane
translational effective mass). The two-particle envelope function is written as

Ψexc(re, rh) = ψ(ρ)F (ρe − ρh)ϕe(ze)ϕh(zh) . (3.172)

Here the functions ϕe, ϕh describe one-particle quantization of an electron (e)
and a hole (h) along the growth axis z, ρe,h is the position of the electron or
hole in the interface plane, F describes the relative motion of the electron-hole
pair within the exciton in an ideal QW in the absence of an additional lateral
potential (in the following the 1s-exciton level is considered), the envelope
ψ is a function of the exciton center-of-mass position ρ = (x, y). It should
be noted that one can neglect the effect of the lateral potential V (ρ) on the
exciton internal state if the effective 2D Bohr radius is small in the scale of
the potential variation. We consider the lowest electron and hole subbands
in a symmetric QW in which case ϕe(ze) and ϕh(zh) are even functions of z
if the origin z = 0 is taken at the QW central plane.

Under normal incidence of the light the excitonic states are excited at the
Γ point of the 2D Brillouin zone, kx = ky = 0. The envelopes, ψ(ρ), of these
states are enumerated by the discrete index ν. They are periodic with the SL
period and can be expanded in the Fourier series

ψν(ρ) =
1
a

∑
b

c
(ν)
b exp (ibρ) , c(ν)b =

1
a

∫
Ω0

ψν(ρ) exp (−ibρ) dρ (3.173)

over the space harmonics with the wave vectors equal to the 2D reciprocal
vectors b = (2π/a)(l,m) introduced in (3.153). We choose the normalization
condition ∫

Ω0

|ψ|2 dxdy = 1 ,

where Ω0 is the unit cell, say the area −a/2 < x, y < a/2. Thus, the expansion
coefficients cb satisfy the condition∑

b

|c(ν)b |2 = 1 .

Moreover, taking into account that the states with ν �= ν′ are orthogonal we
obtain ∑

b

c
(ν)∗
b c

(ν′)
b = δνν′ ,

from which it also follows that∑
ν

c
(ν)∗
b c

(ν)
b′ = δbb′ . (3.174)

Note that by an appropriate choice of the phase factors the Bloch functions
at the Γ -point can be assumed real. Because of the high symmetry of the
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potential V (ρ), the coefficients c(ν)b are also real and the asterisk in (3.174)
can be omitted.

In bulk semiconductors with the allowed interband optical transitions,
only s-excitons, 1s, 2s etc., are allowed in the dipole approximation. Due to
a similar reason, under normal incidence of the light upon the 2D lateral SL,
the dipole-allowed excitonic states are invariant with respect to any operation
from the point group of a quadrate (the representation Γ1). In the following
the index ν enumerates only such states. For them the coefficients cb in (3.173)
with the reciprocal vectors belonging to the same star β, see the definition
of a star in the previous subsection, coincide and the index b in cb can be
replaced by β: cb ≡ cβ .

To complete the Maxwell equations we use the material relation (3.124)
where the exciton contribution, Pexc, to the dielectric polarization is con-
nected with the total electric field by

4πPexc(r) = æbωLTπa
3
B

∑
ν

Ψνexc(r, r)
ω0ν − ω − iΓν

Λν , (3.175)

Λν =
∫
dz′

∫
Ω0

dρ′ Ψνexc(r
′, r′) E(r′) .

Here ω0ν is the exciton resonance frequency in the state ν, the integration in
the plane (x, y) is carried out over the unit cell Ω0. In (3.175) we take into
account a set of excitonic states, as distinct from (2.202) where the linear
response contains only one pole.

By using the Green function approach we can express the amplitude, Er,
of the normally reflected (backscattered) wave via the vectors Λν

Er = iΓQW
0

∑
ν

c
(ν)
0 η0

ω0ν − ω − iΓν
Λν , (3.176)

where c(ν)0 is the expansion coefficient in (3.173) for b = 0, the set of values
Λν satisfies the system of linear equations

Λν = Λ0
ν + i

∑
ν′

Λν′
ΓQW

ω0ν − ω − iΓν
[Aνν′ + i(Bνν′ + Cνν′)] . (3.177)

Here
Λ0
ν = E0c

(ν)
0 η0 , η0 =

∫
ϕe(z)ϕh(z) cos qz dz , (3.178)

ΓQW is the exciton radiative damping in an ideal QW given by (3.18),

Aνν′ + iBνν′ =
∑
β∈B1

nβ
q

qβ

(
1 − β2

2q2

)
c
(ν)
β c

(ν′)
β

[(
ηβ
η0

)2

+ iIνβ

]
, (3.179)
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Cνν′ = −
∑
β∈B2

nβ
q

æβ

(
1 − β2

2q2

)
c
(ν)
β c

(ν′)
β Jνβ , (3.180)

ηβ =
∫
ϕe(z)ϕh(z) cos qβz dz ,

B1, B2 are subsets of the set of stars β introduced in (3.163) and satisfying
the condition |b| < q or |b| > q, respectively, nβ is the number of vectors in
the star β, qβ =

√
q2 − β2, æβ =

√
β2 − q2,

Iνβ = η−2
0

∫ ∫
dzdz′Seh(z, z′) sin qβ |z − z′| ,

Jνβ = η−2
0

∫ ∫
dzdz′Seh(z, z′)e−æβ |z−z′| ,

Seh(z, z′) = ϕe(z)ϕh(z)ϕe(z′)ϕh(z′) .

While deriving (3.179), (3.180) we took into account that the values of
b2x, b

2
y, bxby averaged over the vectors b = (bx, by) belonging to the star β

are equal to β2/2, β2/2, 0, respectively.
For a function ψ(ρ) belonging to a basis of any representation different

from Γ1 the coefficient c(ν)0 is zero. Therefore, the reflection of the light wave is
indeed mediated only by the invariant excitonic states Γ1. Then the vectors
Λν , Λ0

ν , Er are parallel to E0 and we can replace the vectors in (3.176)–
(3.178) by scalar amplitudes. Then, if we divide both parts of (3.176) by E0,
we find the reflection coefficient r = Er/E0.

If the spacing between resonant frequencies of optically active excitons
exceeds the exciton damping then the reflection coefficient is a sum of indi-
vidual terms

rν(ω) =
iΓQWc

(ν)2
0

ω̃0ν − ω − i(Γν + Γ0ν)
, (3.181)

where

Γ0ν = ΓQW

∑
β∈B1

c
(ν)2
β nβ

q

qβ

(
ηβ
η0

)2 (
1 − β2

2q2

)
, (3.182)

ω̃0ν − ω0ν = ΓQW
0 (Bνν + Cνν) . (3.183)

In this case Γ0ν is the total radiative damping rate of the exciton ν and ω̃0ν is
its renormalized resonant frequency. It is worth to mention that for 2π/a > q
the subset B1 consists of one element b = 0 while other reciprocal vectors
belong to the subset B2. In this particular case Γ0ν equals to ΓQWc

(ν)2
0 . For

the sake of convenience, we define the ν-exciton oscillator strength as

fν = c
(ν)2
0 (3.184)

because the squared coefficient c(ν)0 enters into the numerator in (3.181). The
sum of oscillator strengths is conserved because according to (3.174) one has
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ν

c
(ν)2
0 = 1 . (3.185)

In the method of plane waves defined by (3.173) the Schrödinger equation
reads (

�2β2

2M
− E

)
cβ +

∑
β′
cβ′

∑
b′∈β′

Vbb′ = 0 , (3.186)

Vbb′ =
1
a2

∫ ∫
Ω0

V (x, y) cos
{

2π
a

[(l′ − l)x+ (m′ −m)y]
}
dxdy .

Here E is the exciton energy referred to the bottom of the exciton band in
an ideal QW, b′ = (2π/a)(l′,m′) and we remind that β2 = (2π/a)2(l2 +m2).

As an example, we define the lateral potential as a periodic array of disks,
namely,

V (x, y) =
∑
n1n2

v(x− n1a, y − n2a) , (3.187)

v(x, y) ≡ v(ρ) =
{

−v0 , if ρ ≤ R
0 , if ρ > R ,

where n1, n2 are integers and ρ =
√
x2 + y2. Then one has

Vlm,l′m′ = −v0
R

a

J1

(
2π

√
(l′ − l)2 + (m′ −m)2 R/a

)
√

(l′ − l)2 + (m′ −m)2
, (3.188)

where J1(t) is the Bessel function. The result of calculation is convenient to
present in the dimensionless variables

ε =
E

E0
, u0 =

v0
E0

, µ =
R

a
, where E0 =

�2

2M

(
2π
R

)2

. (3.189)

Figures 3.7 and 3.8 represent calculations of Eν and fν as functions of u0

and R/a for the four lowest excitonic states. The sum of fν over ν = 1-4 is
shown by curves 5 in Figs. 3.7b and 3.8b. Since this sum is close to unity in
the whole range of u0 up to 1.2 and of R/a from 0 up to 0.5, we conclude
that the oscillator strengths for excitons with ν > 4 is negligible. The dotted
curves in Fig. 3.7 and 3.8 are calculated in the tight-binding approximation
while the dashed curves illustrate calculation in the approximation of almost
free excitons.

In an ideal QW, i.e. for u0 = 0, the dimensionless energy of the exciton ν
equals µ2β̃2 and possesses the values 0, µ2, 2µ2, 4µ2... , the optically active is
only the exciton ν = 1. This agrees with the behavior of curves in Fig. 3.7 as
u0 tends to zero. For u0 �= 0, the lateral potential mixes the space harmonics
belonging to different stars. As a consequence the states ν = 2-4 become
optically active. Because of the sum rule (3.185) the oscillator strength is
redistributed from the exciton ν = 1 to other excitons. One can see from
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ν

Fig. 3.7. The energy (a) and the oscillator strength (b) vs. the relative depth,
u0, of the potential disc for four lower exciton states in a 2D SL. The index ν =
1 − 4 enumerates the optically-active exciton Bloch states with kx = ky = 0.
The calculation is performed for the lateral array of quantum discs of the radius
R = a/4. Solid curves, the exact calculation in the method of plane waves; dotted
curves, calculation of E1 (a) and f1 (b) in the tight-binding approximation. Dashed
curves 1 and 2 in (b) are obtained in the approximation of almost free excitons.
Curve 5 in (b) represents the sum of fν over the four lowest energy states. [3.58]

ν

Fig. 3.8. Dependence of energy Eν (a) and the oscillator strength fν (b) on the
ratio R/a for the exciton states ν = 1 − 4 in a 2D SL with an array of quantum
discs. The calculation is performed for the relative depth u0 = 0.5. The index ν
enumerates the exciton Bloch states with kx = ky = 0; curve 5 in (b) represents
the sum of fν over the four lowest energy states. Dotted curves 1 and 2 in (b) are
obtained by using the tight-binding approximation. [3.58]

Fig. 3.7b that up to u0 = 0.25 this redistribution occurs only in favor of
the state ν = 2. This phenomenon can be interpreted as anticrossing of the
states 1 and 2 with increasing u0. For large enough periods, the exciton states
ν = 1, 2 with negative values of E are bound-like, they can be approximated
by the tight-binding functions

ψν(x, y) =
∑
n1n2

ϕν(x− la, y −ma) ,
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where ϕν(x, y) are the normalized excitonic functions localized at a single
potential V (ρ) and characterized by the uniaxial symmetry. Another impor-
tant point to be mentioned is that for large a, i.e. for small ratios R/a, the
oscillator strength for the exciton ν = 3 is prevailing or, in other words, the
state ν = 3 is free-like, it is close to the free exciton state in an ideal QW
which is described by (3.173) with c0 = 1, clm = 0 if l �= 0 or/and m �= 0 and,
therefore, f = 1. With increasing R/a the oscillator strength is redistributed
in favor of the bound-like states ν = 1 and ν = 2. This redistribution can be
used for a qualitative analysis of “stealing oscillator strength” from neutral
excitons X to charged excitons X− mentioned by Kheng et al. [2.129] (as far
as we ignore that the electrons filling the conduction band are not distributed
periodically in the interface plane). Anyway the lateral SL allows to analyze
a co-existence of bound- and free-like exciton states for different values of the
disk potential depth and ratio R/a.

3.3 Electro-Optics of Nanostructures

Here we briefly discuss effects of an applied electric field F on optical proper-
ties of nanostructures. The effect of an in-plane electric field, F‖ ‖ (x, y) ⊥ z,
on free carriers and excitons in QW structures is similar to that in a bulk
semiconductor, namely, free carriers contribute to the dc electric current and
the bound excitonic state becomes nonstationary in moderate electric fields.
In order to estimate the corresponding value of F‖ we take into account that,
in an electric field, the potential energy of an electron-hole pair changes by

−e F‖ · (ρe − ρh) , (3.190)

where ρe,h is the electron or hole in-plane position. Now either of the particles
(primarily that with the lower mass) can tunnel through the Coulomb barrier.
For 1s-exciton the height of the barrier is the exciton Rydberg EB and its
width is estimated as ∆x ∼ (EB/|e|F‖). One can therefore write for the
halfwidth Γ of the exciton bound state

− lnΓ ∝ ∆x

aB
∝ EB

|e|F‖aB
.

The broadening of the exciton absorption peak determined by Γ occurs in
fields of F ∼ (EB/|e|aB) ∼ (103−104) V/cm where no noticeable shift of the
absorption peak is observed to occur.

In a field applied perpendicularly to interfaces, F⊥ ⊥ (x, y) ‖ z, the
electron transport in a SQW structure is suppressed at all. In a periodic
MQW structure with thick enough barriers transport along the normal to
the layers can occurs due to incoherent hopping from one well to another
and, thus, is rather hindered. In this case the height of the barrier for the
tunnelling dissociation of excitons equals the potential barrier V . This keeps
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the excitonic states well defined up to F⊥ ∼ (V/|e|a) ∼ 105 V/cm although
the exciton level is meanwhile red-shifted by values comparable and even
exceeding the 2D-exciton Rydberg. This is the so-called quantum-confined
Stark effect, see the next subsection. As for SLs with the 3D character of
charge-carrier motion, the increasing electric field leads to the free-carrier
localization along the growth direction of the SL (Sect. 3.4.2). Sect. 3.4.3 is
devoted to modification of the Pockels effect due to the quantum-confinement
and interface-induced in-plane anisotropy of heterostructures.

3.3.1 Quantum-Confined Stark Effect

The electric-field induced change of the 2D-exciton excitation energy consists
of three contributions

∆Eexc = δEe1 + δEh1 − δε , (3.191)

where δEe1,h1 is the change of single-particle confinement energy and δε is the
change of the exciton binding energy. The Stark shift (3.191) mainly comes
from the first two contributions.

At low fields, |eF |a � (�2/2m∗)(π/a)2, the electron (or hole) level shift
δEν is quadratic in the field F ≡ Fz. It can be found from the second-order
perturbation theory. For the lowest level ν = 1 one obtains

δE1 = −
∑
ν �=1

(eFzν1)2

Eν − E1
, (3.192)

where zν1 is the matrix element of the coordinate z and Eν are the energies
of unperturbed states. In symmetric QWs they have a definite parity and
therefore only even ν contribute to the sum (3.192). Moreover, estimations
show that the term with ν = 2 is determinative and

δE1 ≈ − (eFz21)2

E2 − E1
.

For infinitely high barriers z21 = (4/3π)2a, E2 − E1 = 3E1 and E1 =
(�2/2m∗)(π/a)2 and we obtain the estimation

δE1 ≈ −C (eFa)2

E1
, C =

1
3

(
4
3π

)4

.

The factor C = 0.0108295... slightly differs from the exact result

C =
(

15
π2

− 1
)

1
48

= 0.0108152...

obtained in the limit of infinitely high barriers, Ve,h → ∞.
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For arbitrary values of the electric field one must solve the following
Schrödinger equation(

− �2

2m∗
e,h

d2

dz2
+ V (z) ± |e|Fz −Ee,h

)
ϕ(z) = 0 , (3.193)

where the sign ± and indices e, h correspond to an electron and a hole, respec-
tively, and the Stark shifts δEe1, δEh1 are given by the differences between
Ee,h and Ee1, Eh1. Airy’s functions Ai(X) and Bi(X) are two linearly inde-
pendent solutions of this equations. Thus, inside the QW its general solution
has the form

ϕ(z) = c1Ai(X) + c2Bi(X) , X =
(2m∗

e,h|e|F
�2

)1/3 (
±z − Ee,h

|e|F

)
. (3.194)

Note that Airy’s function Ai(X) is defined as

Ai(X) =
1
π

∫ ∞

0

cos (uX +
u3

3
) du .

The asymptotic representations of the two functions are as follows

Ai(X → +∞) → 1
2
√
πX1/4

exp
(
−2

3
X3/2

)
,

Bi(X → +∞) → 1
2
√
πX1/4

exp
(

2
3
X3/2

)
and

Ai(X → −∞) → 1√
π|X|1/4 sin

(
2
3
|X|3/2 +

π

4

)
,

Bi(X → −∞) → 1√
π|X|1/4 cos

(
2
3
|X|3/2 +

π

4

)
.

For a high electric field the lower levels in a QW with infinitely high barriers
are determined by the transcendental equation

Ai

[
−
(

2m∗|eF |
�2

)1/3 (
a

2
+

E

|eF |

)]
= 0 (3.195)

or

Ee,h = −1
2
|eF |a+ µ

(
(eF�)2

2m∗
e,h

)1/3

,

where µ ≈ 2.338; 4.088; 5.520... are the roots of equation Ai(−µ) = 0. The
variational function, ϕ = 2α3/2ze−αz, used frequently in the case of a triangle
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potential yields for the lowest-level energy the coefficient µ = 2.47, which
differs from the exact value by less than 6%.

The equations presented for the limit Ve,h → ∞ overestimate the Stark
effect shifts. In a real system, e.g., in a GaAs/Al0.35Ga0.65As QW, the
quantum-confined Stark effect shifts the lowest electron and hole states in
the field F = 105 V/cm by 6 and 15 meV, for a 100 Å-thick QW, and by 55
and 81 meV for a = 250 Å [3.59].

Fig. 3.9. Schematic representation of electron (above) and hole (below) wave func-
tions for the lowest confined states in the absence of (F = 0) and with (F �= 0)
electric field parallel to z.

At the same time, the envelope wave functions ϕe,h(z) undergo deforma-
tion, as is shown schematically in Fig. 3.9. In low fields, |eF |a � E1, the
level shift is quadratic in F while the shift of the center of mass z̄e,h ∝ F .
The existence of barriers prevents the breakup of the exciton. As the field
increases, the electron and the hole are pressed towards to the opposite in-
terfaces and both δE1 and z̄ saturate. While the electron and hole binding
energy in the exciton is decreased, its change δε is small compared to the sum
of single-particle shifts, δEe1 + δEh1. In contrast to the binding energy of the
exciton, its oscillator strength does not saturate with increasing the electric
field because the overlap integral

∫
ϕe(z)ϕh(z)dz vanishes in the limit of very
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strong electric fields. The oscillator strength of the e1-h1 exciton decreases
monotonously. On the other hand, the vν → cν′ interband transitions, forbid-
den in the absence of an electric field by parity conservation, become allowed.
In weak fields, the oscillator strength is proportional to F 2 for the transitions
v2 → e1 and v1 → e2.

3.3.2 Stark Ladder in a Superlattice

In 1960, Wannier [3.60] predicted that when subjected to a uniform electric
field the continuous energy bands in perfect crystals would pass into dis-
crete, evenly spaced subbands forming a ladder. Since then this phenomenon
is known as the Wannier-Stark localization, and the ladder-like spectrum is
called the Stark (or Wannier-Stark) ladder. However, the field-induced lo-
calization could be reliably observed and investigated only in semiconductor
SLs with a period exceeding by far the microscopic lattice constant.

The formation of a Stark ladder in a SL is easier perceived in the frame-
work of tight-binding description valid when the overlap of the single-QW
wave functions in the neighboring wells is small and the electron wave func-
tion in the SL can be written in the form

ϕ(z) =
1√
NS

exp (iK‖ · ρ)
∑
n

Cnϕn(z) . (3.196)

Here K‖ is the in-plane electron wave vector, d is the period of the SL, n
labels the wells, ϕn(z) = ϕ(z − nd), ϕ(z) is the envelope function of the
quantum-confined state eν in a single QW centered at z = 0 (in the following
ν = 1), S is the in-plane area and N is the total number of periods in the
regular structure. The tight-binding coefficients satisfy the following set of
linear equations

ICn−1 + E0Cn + ICn+1 = ECn , (3.197)

where E is the electron energy, E0 ≡ Ee1 is the quantum-confinement energy
in a single QW, and I is the transfer integral between nearest neighbors. If
we disregard the difference of electron effective masses in the well and barrier
materials it has the form

I = −V
a/2∫

−a/2

ϕ(z)ϕ(z ± d)dz (3.198)

and is negative for the ν = 1 state. For the Bloch solutions in an unperturbed
SL the coefficients Cn are given by Cn = exp (iKzdn) and the electron mini-
band has a cos-like dispersion

E(Kz) = E0 + 2I cosKzd . (3.199)
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Thus, in the tight-binding approximation the miniband width ∆ is equal to
4|I|. This approximation is applicable if the width is small compared to the
energy difference between the subbands ν = 2 and ν = 1. For small Kzd we
can expand the cosine function and approximate E(Kz) by E0 +(�2K2

z/2M)
where E0 = E0 − 2|I| and the normal effective mass M ≡ Mzz is connected
with I by

M =
�2

2|I|d2
. (3.200)

The application of the electric field F ‖ z contributes a linear term |e|Fz
to the electron Hamiltonian. In terms of the tight-binding description this
means that the diagonal single-particle energy E0 is replaced by E0 + |e|Fdn
and (3.197) transform to

I(Cn−1 + Cn+1) + (E0 + |e|Fdn− E)Cn = 0 , (3.201)

or
−2I
|e|Fd (Cn−1 + Cn+1) = 2

(
n+

E0 − E

|e|Fd

)
Cn ,

or, in the dimensionless variables,

x(Cn−1 + Cn+1) = 2(n− λ)Cn ,

where x = 2|I|/(|e|Fd) , λ = (E − E0)/|e|Fd. Let us recall that the Bessel
functions satisfy the recurrent relations

x[yµ−1(x) + yµ+1(x)] = 2 µ yµ(x) . (3.202)

Hence, the solution for Cn can be presented as [3.61]

Cn = D1Jn−λ(x) +D2Nn−λ(x) . (3.203)

Since the Neumann function Nµ(x) tends to ∞ for µ → ∞, we have to
set D2 = 0. The Bessel function Jn−λ(x) is limited for n → −∞ if λ is an
integer. Denoting this integer by n0 and the corresponding electron energy
by En0 we obtain

Cn ∝ Jn−n0

(
2|I|
|e|Fd

)
and En0 = E0 − eFdn0 . (3.204)

Thus, each electron miniband in the SL splits into a series of subbands sep-
arated by |eF |d. The spread of the electron wave function along the growth
direction is governed by the parameter

NF =
∆

|eF |d . (3.205)

The quantum number n0 indicates the QW where the probability to find an
electron in the state (3.204) is the highest. As one moves away from this
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well the probability decreases but remains non-negligible within NF QWs, if
NF � 1, or within a single n0-th well, if NF < 1 (strong-localization limit).
Another important parameter, N ′

F , is the ratio between the spacing |eF |d
and the energy uncertainty �/τp, where τp is the electron relaxation time
for available scattering mechanisms. In a SL, by definition, the free-path or
coherence length l = vτp exceeds the period d. At small fields, N ′

F � 1, the
Stark ladder can be ignored and the electric field causes the conventional
dissipative transport of miniband electrons. In the opposite limit, N ′

F � 1,
the Stark-ladder levels are well defined and can be observed in the optical
spectra.

In a GaAs/AlxGa1−xAs SL, for a = 40 Å, b = 20 Å, x = 0.35 the width
of the lowest electron miniband ∆ ∼ 0.07 eV, and the parameter NF is of the
order of unity at F ∼ 105 V/cm. Figure 3.10 presents experimental spectra
of the photocurrent induced in a GaAs/AlGaAs SL at various electric fields.
Being proportional to the absorption spectra, the photocurrent spectra show
strong oscillations periodic in the reciprocal of the electric field. Therefore
the absorption spectra reveal not only one intra-well transition but rather a
series of transitions

En0n′
0

= E00 + (n0 − n′0)|e|Fd (3.206)

between conduction- and valence-band Wannier-Stark states of indices n0 and
n′0, respectively. The interband optical transitions are illustrated in Fig. 3.11.
At zero or small fields, N ′

F � 1, the absorption edges correspond to the
difference between the bottom of the conduction miniband and the top of
the valence minibands, see the transitions T1 and T2 involving heavy- and
light-hole delocalized states. At moderate electric fields where N ′

F � 1 but
yet NF � 1, see sketch in Fig. 3.11b, the electronic wave functions are
localized but extend over NF periods. Usually, in this regime the heavy holes
are practically localized in one well. It follows then from (3.204) that the
oscillator strength for the optical transition hh1, n′0 → e1, n0 is proportional
to J2

n0−n′
0
(NF /2) and is remarkable up to |n0 − n′0|d = L where L is the

Wannier-Stark localization length

L = NF d =
∆

|eF | . (3.207)

In a high electric field the electron states in neighboring wells are so widely
separated in energy (NF � 1) that the electron is localized within one QW,
the coefficients Cn for n �= n0 are negligible, overlap integrals for the n′0 �= n0

interband transitions become very small, and only the intrawell transitions
can be observed in the photocurrent spectrum, see the lower curve in Fig. 3.10
and Fig. 3.11c. Note that for very high fields the interminiband Zener tun-
neling becomes appreciable and gives rise to an additional broadening of the
Wannier-Stark levels.

The Wannier-Stark localization is a phenomenon interpreted in terms
of the energy levels and the electron packet spreading in real space. The
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Fig. 3.10. Low-temperature spectra in the GaAs/Al0.35Ga0.65As SL for different
electric fields F ‖ z. For convenience, the spectra are displaced vertically with
respect to one another. The numbers refer to the peaks corresponding to hhn′ →
e1n transitions (n−n′ = 0,±1,±2...) in the moderate fields. Analogous transitions
from light holes are denoted by 0l and −1l. From [3.62].
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Fig. 3.11. Sketches of the conduction- and valence-band potential profiles for the
GaAs/AlxGa1−xAs SL under a small (a), moderate (b), and high (c) electric field.
From [3.62].

Bloch oscillations is another manifestation of the electric-field effect on free
charges where observable values are measured as a function of time, see [3.63]
and references therein. This manifestation can be better visualized if one
uses the gauge A = (0, 0,−Fct), where c is the light velocity, and considers
nonstationary solutions of the Schrödinger equation

i�
∂ψ

∂t
= E

(
Kz +

|e|Az
�c

)
ψ = E

(
Kz −

|e|Ft
�

)
ψ ,

where the miniband dispersion E(Kz) is a periodic function of the electron
wave vector in a SL, see (3.199). The solution can be written as
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ψ(t) = c exp

⎡
⎣− i

�

t∫
0

E

(
Kz −

|e|Ft′
�

)
dt′

⎤
⎦ .

The electron motion is periodic with the period

T =
2π
d

�

|eF | .

Since the electron velocity is v = �−1 ∂E/∂Kz = −(|e|F )−1 ∂E/∂t, the total
distance passed from the minimum to maximum (or from left to right) at
Kz = 0, F > 0 is

L =
1

|e|F

T/2∫
0

∂E

∂t
dt =

∆

|eF |

which coincides with the Wannier-Stark localization length defined by (3.207).
Obviously, the Bloch oscillations can be also understood as quantum beats
in a system of split levels (Chap. 5).

In addition to the clear physical interpretation, the tight-binding approx-
imation can be used as an effective tool in the quantum-mechanical engineer-
ing. The first example can be the Stark ladder states in a semi-infinite SL. In
this case n = 0, 1, 2... and the boundary condition is C−1 = 0 because QWs
with n = −1,−2... are taken away. The solution for Cn can be presented as
Cn = D1Jn−λ(x). In order to have nontrivial solutions the following equation
for λ needs to be satisfied

J−1−λ(x) = 0 .

We showed above that, for an infinite regular SL, the numbers λ ≡ n0 are in-
tegers and the Stark ladder is equidistant. For the semi-infinite SL, the values
of λ differ from integers and the set of the first few levels is not equidistant.

Two other examples are a semi-infinite SL with a wider terminating QW
[3.64,3.65] and a non-periodic finite SL with a miniband formed at a certain
electric field Fcr [3.66, 3.67]. In the latter structure the series an, bn of the
successive layer thicknesses (n = 1, 2 · · ·N) satisfy the relations

E0
n+1 = E0

n − |e|Fcr

(
an + an+1

2
+ bn

)
, In,n+1 = I , (3.208)

where E0
n is the diagonal energy in the n-th QW, In,n+1 is the transfer integral

between n-th and n+ 1-th QWs. The values of a1 (or E0
1), Fcr and transfer

integral I are chosen arbitrarily while other thicknesses (b1, a2, b2, · · · ) are
found recursively from the above equations. At F = Fcr, all single-QW levels
En = E0

n + |e|Fzn, are equalized (zn is the center of the n-th QW). Since all
transfer integrals are chosen to be identical, the miniband of discrete levels,

E(k) = E0
1 + 2I cos

πm

N + 1
, m = 1, 2 · · ·N, (3.209)

is formed just as in the case of a finite ideal SL in zero electric field.
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3.3.3 Quantum-Confined Pockels Effect

The electric field E‖[001] applied to a bulk zinc-blende semiconductor re-
sults in a linear-in-field birefringence with the principal axes of the dielectric
permittivity tensor oriented along the three directions [11̄0], [110], and [001].
This is the well-known Pockels effect. Two mechanisms of the Pockels effect
in QW structures were discussed in [3.68]. One of them involves uniaxial
strain uxy ∝ E (x‖[100], y‖[010]) induced by the electric field (piezoelectric
effect), and the mixing of heavy- and light-hole states induced by this strain,
i.e., a contribution to function G(z) in (3.116) and to the overlap integral I2
proportional to uxy. The second mechanism is purely electronic in nature,
namely, one has to take into account that the interband matrix element of
the momentum operator 〈c, s,k|e · p|v,m,k〉 in a semiconductor of the Td
class contains terms linear in the electron wave vector k. For k‖z we have

〈c, 1/2, kz|e · p|v, 3/2, kz〉 = −Pe+ −Qkze− , (3.210)
〈c,−1/2, kz|e · p|v,−3/2, kz〉 = Pe− −Qkze+ ,

where e is the light-polarization unit vector, e± = ex± iey, and P and Q are
constants. When calculating the optical anisotropy by the envelope-function
method, kz has to be replaced by the operator −id/dz. In the lowest order
in the small parameters I2/I1 and Q/(aP ) we obtain instead of (3.122)

ρ =
2√
3
I2
I1

− 2Q
aP

I3
I1
, (3.211)

where I3 = a
∫
dz ϕe1(z) dF/dz, and the factor a is introduced for the sake

of convenience so that the quantities I1, I2, I3 have the same dimension. In
an electric field, the envelope F (z) becomes asymmetrical even for tL,Rl-h = 0,
and the integral I3 is nonzero.

Besides the above two bulk mechanisms, in QWs with tLl-h, t
R
l-h �= 0, there

is an additional mechanism of the Pockels effect, which involves the interfaces
[3.69]. Indeed, an electric field changes the values of the envelope function
G(z) at the interfaces, and, as follows from (3.117), this results in a change
in (3.116) of the extent of admixture of the |Γ8,∓1/2〉 to |Γ8,±3/2〉 states,
and, hence, to a change in the overlap integral I2.

We have been assuming until now that the potential barriers at the
C′A′/CA and CA/C′A′ interfaces are the same. But in a general case for
C�=C′ and A�=A′ the effective dipole moments corresponding to the C-A′

and C′-A bonds are different, so that the difference between the band offsets
VL and VR at the left- and right-hand interfaces may be as high as 50–100
meV [3.43]. At equilibrium, this difference generates a built-in electric field
which equalizes the electrochemical potential and leads to an electric-field-
induced contribution to the anisotropy. Application of a positive or negative
external field F increases or compensates the built-in field and the depen-
dence of ρ on F becomes asymmetric [3.45].
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It is known that in zinc-blende lattice heterostructures, at k = 0, the
second heavy-hole hh2 and the lowest light-hole lh1 subbands at k = 0 lie
close to each other and far from other quantum-confined states crossing at
a particular thickness acr. Therefore even a small mixing perturbation can
result in a remarkable modification of the interband optical matrix elements
from these two valence subbands. We first consider this particular mixing in
the absence of an external electric field. If the mixing is neglected, only one
of the envelope functions ϕm in (3.114) is nonzero for the states (hh2,±3/2)
and (lh1,±1/2) at k = 0. It is given by

ϕhh2(z) = Ch

{
sin khz , if |z| ≤ a

2 ,
± sinφh exp

[
−æh

(
|z| − a

2

)]
, if |z| ≥ a

2

for the states (hh2,±3/2), and

ϕlh1(z) = Cl

{
cos klz , if |z| ≤ a

2 ,
cosφl exp

[
−æl

(
|z| − a

2

)]
, if |z| ≥ a

2

for the states (lh1,±1/2). According to (2.15), the normalization coefficients
are

Ch =
[
a

2

(
1 − sin kha

kha
+

1 − cos kha
2æha

)]−1/2

,

Cl =
[
a

2

(
1 +

sin kla
kla

+
1 + cos kla

2æla

)]−1/2

,

φh = kha/2, φl = kla/2 and kh, kl,æh, æl are expressed via the hole quantum-
confinement energies E0

hh2, E
0
lh1 and satisfy the standard equations

cotφh = −m
A
hh

mB
hh

æh
kh

, tanφl =
mA
lh

mB
lh

æl
kl
,

see (2.14) and (2.12), respectively. The Γ8-hole Hamiltonian contains a spe-
cific contribution

Hl-h =
�2

√
3m0a0

{JxJy}s
[
tRl-h δ(z − zR) − tLl-h δ(z − zL)

]
, (3.212)

describing the heavy-light hole mixing. Then the coupling matrix element is
derived as

〈hh2,±3/2|Hl-h|lh1,∓1/2〉 = (3.213)

�2

2m0a0

[
tLl-hϕhh2(zL)ϕlh1(zL) − tRl-hϕhh2(zR)ϕlh1(zR)

]
,

where zL,R is the coordinate of the left or right interface. In the two-level
approximation, the energies of the mixed states labelled as h+ and h− are
given by
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Eh± =
1
2
(
E0
hh2 + E0

lh1

)
±W , (3.214)

where
W =

√
∆̄2 + V̄ 2 , ∆̄ =

1
2
(
E0
hh2 − E0

lh1

)
and V̄ is the modulus of the coupling matrix element (3.213).

Since at zero electric field the optical transitions hh2 → e1 are forbidden
the matrix element Me1,h± is proportional to the admixture of the lh1 state
in the h± hybrid. It follows then that the relative squared matrix element
Q(e1– h±) = |Me1,h±/Me1,lh1|2 can be written as

Q(e1– h−) =
W + ∆̄

2W
, Q(e1– h+) =

W − ∆̄

2W
. (3.215)

Thus, in the vicinity of the crossing point the both transitions are allowed and
the sum of Q(e1– h−) and Q(e1– h+) should be constant and equal to unity.
However, in the considered two-band approximation and at zero electric field
the both transition rates are uniaxially symmetrical.

Winkler [3.70] applied a multiband k · p Hamiltonian and reproduced
the essential details of experimental absorption spectra. However a weak
electric field in the growth direction was assumed in order to make e1-
hh2(1s) excitons dipole-allowed and describe the e1-hh2 spectral peak ob-
served by Reynolds et al. [3.71]. The above considerations remove the re-
strictions [3.72, 3.73] imposed on the selection rules for the exciton angular
momentum. In particular, due to the hh2-lh1 mixing not only 2p but also
1s excitons e1-hh2 or e2-lh1 become dipole active and can contribute to the
optical spectra [3.71, 3.74] even in the absence of electric fields. It should
be mentioned that Schulman and Chang [3.75,3.76] solved the tight-binding
model and reported for the first time the mixing of heavy- and light-hole
states with k = 0 in the (001)-grown zinc-blende-lattice heterostructures.

In the presence of an electric field the envelopes ϕm(z) lose particular par-
ity and both the hh2 → e1 and lh1 → e1 transitions from the unmixed valence
states are allowed. In this case the mixing due to the Hamiltonian (3.212)
leads to an in-plane anisotropy of the optical transitions from the split states
h±. This is another manifestation of the quantum-confined Pockels effect for
resonating transitions e1-hh2 and e1-lh1. The above band-to-band descrip-
tion gives a reasonable understanding of the experimental observations, but
misses the role of excitons which obviously affect the shape of absorption
spectra in high-quality samples. In particular, a significant discrepancy be-
tween band-to-band calculations and experiment was systematically observed
in the vicinity of the nearly degenerated e1-lh1 and e1-hh2 transitions to the
e1 conduction-electron subband [3.77]. It is shown in [3.69] that, for the res-
onating hh2 and lh1 subbands, the related excitonic states are also strongly
coupled by the interface Hamiltonian Hl-h, which explains the discrepancy. A
theoretical model developed in [3.69] in the perturbative scheme, see (3.212,
3.213), shows quantitative agreement with experimental results.
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e1-lh1

e1-hh1

Fig. 3.12. Polarization-resolved absorption spectra of InxGa1−xAs/InP MQWs
(a = 100 Å) measured for different electric fields at 77 K. The incident light is
polarized along the [110] (solid line) and [1̄10] (dashed line) eigenaxes of the sam-
ple. Besides the usual features of the quantum confined Stark effect (red-shift of
the e1-hh1 transition, redistribution of the total oscillator strength), a large op-
tical anisotropy develops in the e1-lh1 region. At high fields, one can distinguish
a doublet of excitonic transitions, split by 6 meV and almost 100 % polarized.
From [3.69].
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Absorption spectra of InxGa1−xAs(100 Å)/InP(80 Å) MQWs with x =
0.83 measured for linear polarizations parallel to [110] and [11̄0] directions
and various applied voltages are displayed in Fig. 3.12. The most obvious
part of the experimental results displayed in Fig. 3.12 is the classical sce-
nario of the quantum-confined Stark effect: redshift of the absorption edge,
associated with decrease of its absorption strength, and appearance of the
e1-hh2 transition which was parity forbidden at zero field. The red-shifts and
weak broadening of the transitions when increasing the bias show that the
field is quite homogeneous through the MQWs. The second effect which can
be observed in Fig. 3.12 is the variation of polarization properties related to
the quantum-confined Pockels effect . One can see that the e1-hh1 exciton is
also weakly polarized at zero field and gains some polarization (up to 10 %)
at large field. A strong polarization feature develops in the region of the e1-
hh2 and e1-lh1 transitions, revealing two optical resonant transitions with
orthogonal linear polarizations.

Figures 3.13(a-d) are confined to on the region of e1-hh2 and e1-lh1 ex-
citons at fields larger than 19 kV/cm, where the quantum-confined Pockels
effect dominates over the zero-field contributions to the in-plane anisotropy.
There are two observations allowing one to adjust the theoretical simulation
to the experimental spectra. Firstly, the excitonic peak intensities are clearly
redistributed as the electric field increases, so that the intensities of the two
peaks equalize at ∼ 30 kV/cm. Secondly, the energy distance between the
peaks decreases with increasing the field. According to (3.215) the oscillator
strengths of the split excitonic transitions are equal at the field matching the
crossing of the unmixed e1-hh2 and e1-lh1 excitonic levels. The respective
transition energies are plotted in Fig. 3.13e by dotted curves. The theoretical
absorption spectra were calculated as a sum of both excitonic and contin-
uum contributions related to three transitions to the conduction subband e1
from the lowest valence subband hh1 and two higher valence subbands orig-
inating from the mixing of lh1 and hh2 states. The inhomogeneous spectral
broadening was introduced by means of a Gaussian distribution function with
the broadening factor taken the same for both of the split polarized excitonic
transitions and their respective continuum contributions. As seen in Fig. 3.13,
a satisfactory fit of the spectral shape is achieved, especially at large fields
where the quantum-confined Pockels effect is the dominant contribution to
the in-plane anisotropy. The simulation results allowed to estimate the matrix
element of the heavy-light-hole mixing operator (3.212) as a function of the
electric field. In particular, this matrix element decreases from 2.9 meV at 19
kV/cm to 1.9 meV at 66 kV/cm. As a result, we can determine simultane-
ously both of the tLl-h and tRl-h parameters which enter into (3.212). By using
a standard least-square optimization algorithm, the values of tLl-h = 1.7± 0.1
and tRl-h = 0.1± 0.1 were obtained. The left and right interfaces appear to be
not symmetrical (D2d symmetry requires tLl-h and tRl-h to be equal) which is
consistent with the small (but nonzero) anisotropy of the e1-hh1 transition
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Fig. 3.13. Polarization-resolved absorption spectra of the InxGa1−xAs/InP sam-
ple in the region of e1-hh2 and e1-lh1 transitions. Figures (a)-(d) correspond to
different fields. The incident light is polarized along the [110] (gray curves) and
[1̄10] (black curves) eigenaxes of the sample. Continuous lines display experimental
data, whereas simulation results are represented by dashed lines. [3.69]
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at zero-field. Yet, note that the estimated anisotropy of the e1-hh1 transition
is small enough (< 4÷ 5%) to justify the disregard of this effect as compared
to the quantum-confined Pockels effect observed in the vicinity of e1-hh2 and
e1-lh1 excitons. Going back to the structural properties of the studied QWs,
it has been found that the stronger interface potential is associated to the
left interface which corresponds to the interface “InGaAs grown on InP”.

3.4 Magneto-Optics of Nanostructures

3.4.1 Magneto-Excitons in Quantum Well Structures

In the effective mass approximation, the exciton Hamiltonian in an external
magnetic field B can be presented as a sum, H(0)

exc + H(1)
exc + H(2)

exc, of the
unperturbed Hamiltonian and terms linear and quadratic in B, respectively.
Weak magnetic-field effects are calculated by perturbation theory assuming
the parameter

β =
�ωc
2EB

=
aB

λB
(3.216)

to be small, where ωc = (|e|B/µ‖c) is the cyclotron frequency for the electron-
hole in-plane reduced effective mass µ‖, EB and aB are the exciton binding
energy and Bohr radius, λB = (�c/|e|B)1/2 is the magnetic length. For β � 1,
the first-order term H(1)

exc leads to the splitting of excitonic spin sublevels
(the Zeeman effect) while the second-order term gives a diamagnetic shift
∆Edia ∝ B2. In the opposite limiting case of very strong magnetic fields,
β � 1, the cyclotron motion of free carriers is quantized forming the Lan-
dau levels, the carrier motion is effectively reduced from 3D to 1D and the
Coulomb interaction is considered as a perturbation. Then the interband opti-
cal transitions are those with coinciding Landau quantum numbers,Nc = Nv,
and the band gaps

Ecv,N = Eg +
(
N +

1
2

)
�ωc , (3.217)

whereN = 0, 1, 2...Moreover, the magnetic field increases the exciton binding
energy and oscillator strength and, as a result, the absorption spectrum con-
tains a series of excitonic peaks linked to the energies Ecv,N . Such quasi-1D
electron-hole excitations differ substantially from conventional 3D excitons
and are called diamagnetic excitons [3.78]. The contribution of continuum
electron-hole excitations to the absorption results in an asymmetrical shape
of each absorption peak.

In QW structures the motion of carriers along the growth direction z is
quantized and, therefore, in a strong magnetic field B ‖ z their states become
localized in all three directions. The density of states in this case is a sum of
δ-functions, each of them corresponding to a separate 0D excitation. For the
same reason, the absorption spectrum consists of separate peaks whose width
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is determined by the homogeneous and inhomogeneous broadening. Since the
broadening occurs equally towards higher and lower energies, the interband
magneto-optical absorption peaks in QWs have symmetric shape [3.79].

The Zeeman effect will be considered in the next subsection and in
Chap. 5. Here we ignore the exciton fine structure and concentrate on the
diamagnetic effect in a QW structure subjected to a magnetic field B ‖ z. In
the approximate numerical calculation of the eν-hν exciton envelope function,
the separation ansatz

Ψ exc = F (ρe,ρh)ϕe1(ze)ϕh1(zh) (3.218)

is used where the envelope F (ρe,ρh) satisfies the Schrödinger equation with
the Hamiltonian

Hexc = Eg + Eeν + Ehν + VC(ρe − ρh) (3.219)

+
1

2me

[
−i�

∂

∂ρe
− e

c
A(ρe)

]2

+
1

2mh

[
−i�

∂

∂ρh
+
e

c
A(ρh)

]2

.

Here Eeν , Ehν are the quantum-confinement energies, VC is the effective 2D
Coulomb potential

VC(ρ) = −e
2

æ

∫ ∫
dzedzh

ϕ2
e1(ze)ϕ

2
h1(zh)√

ρ2 + (ze − zh)2
,

and we use the gauge

A =
1
2

B × ρ (3.220)

for the vector potential. The two-particle eigenfunctions can be sought in the
form [3.80]

F (ρe,ρh) = exp
[

i
�

R‖ ·
(
P − e

c
B × ρ

)]
exp

(
i
γ

2�
ρ · P

)
f(ρ − ρ0) ,

(3.221)
where ρ = ρe − ρh, R‖ is the in-plane center of mass, P is the generalized
2D momentum of the exciton and

ρ0 =
λ2
B

�

(
B

B
× P

)
, γ =

mh −me

mh +me
.

For the eν-hν excitons, the envelope function of the relative motion satisfies
the equation

Ef(ρ) =
[
E(ν)
g +

P 2

2M‖
− �2

2µ‖
∆ρ +

e2B2

8µ‖c2
ρ2 (3.222)

− ieγ
2µ‖c

B ·
(

ρ × ∂

∂ρ

)
+ VC(ρ + ρ0)

]
f(ρ) ,



3.4 Magneto-Optics of Nanostructures 161

where M‖ = me +mh, E
(ν)
g = Eg + Eeν + Ehν , and

∆ρ =
∂2

∂x2
+

∂2

∂y2
.

In the following we consider only axially-symmetric excitonic states ex-
cited under normal incidence, set their in-plane momentum P and the P -
dependent shift ρ0 to zero and seek solutions independent of the azimuth
angle of the 2D vector ρ, f(ρ) ≡ f(ρ). This also allows to throw away the
term in (3.222) proportional to γ and reduce ∆ρ to

1
ρ

∂

∂ρ

(
ρ
∂

∂ρ

)
.

In the weak-field limit, the diamagnetic shift for the s-excitonic states
with angle-independent f(ρ) is given by

∆Edia =
π

4
e2B2

µ‖c2

∫
f2(ρ)ρ3 dρ (3.223)

with f(ρ) calculated at zero field.
In the very strong magnetic field, the function of the relative motion for

axially-symmetric excitons can be approximated by

fN (ρ) =
1√

2π N ! λB
LN

(
ρ2

2λ2
B

)
exp

(
− ρ2

4λ2
B

)
, (3.224)

where LN (x) ≡ L0
N (x) is Laguerre polynomial

LN (x) = ex
dN

dxN
(
e−xxN

)
.

The exciton excitation energy is written as

E = E(ν)
g +

(
N +

1
2

)
�ωc − ε , (3.225)

where ε is the exciton binding energy which in this approximation is just the
energy of the Coulomb interaction in the state (3.224) given by the triple
integral

εN,ν =
e2

æ

∞∫
0

2πρdρ

∞∫
−∞

∞∫
−∞

dzedzh
f2(ρ)ϕ2

eν(ze)ϕ
2
hν(zh)√

ρ2 + (ze − zh)2
.

Analytical results are allowed in the limit of infinitely high barriers, narrow
QWs and ultra-high magnetic field such as
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a < λB < aB .

Then one can obtain [3.80,3.81]

εN,ν = DN
e2

æλB
, (3.226)

where the dimensionless parameters DN tend to constant values with de-
creasing the ratio a/λB , particularly D0 → (π/2)1/2 [3.80]. Thus, the energy
(3.225) increases linearly with B due to the Landau quantization and has a
negative contribution proportional to

√
B due to the Coulomb interaction.

Å Å

Fig. 3.14. Absorption spectra of periodic GaAs/AlxGa1−xAs heterostructure with
a = 52 Å, b = 140 Å calculated for the magnetic field B = 10 T for σ+ polarization
with (solid) and without inclusion (dotted) of the exciton effects. The upper and
lower curves describe the contributions to absorption coming from the hh1 → e1
and lh1 → e1 transitions, respectively. From [3.86].
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Three comments concerning the above consideration are relevant. For
intermediate magnetic fields where the parameter β in (3.216) is compara-
ble with unity the exciton states can be found only numerically, see, e.g.,
[3.82–3.85]. Secondly, the separation (3.218) neglects any electron-hole cor-
relation along the z axis. This correlation can be approximately taken into
account keeping the separation (3.218) where the single-particle envelopes
are found self-consistently from the Schrödinger equations where the con-
finement potential has a contribution dependent on f(ρ) [3.81]. Thirdly, the
exciton states can be substantially modified because of the heavy-light-hole
mixing described by the Luttinger Hamiltonian. Figure 3.14 illustrates a so-
phisticated calculation of magnetoabsorption spectra in MQWs performed
neglecting and taking into account the Coulomb interaction [3.86]. The in-
clusion of this interaction shifts the absorption peaks to lower energies and
results in a redistribution of oscillator strength between the peaks. The lower
peaks are labelled by Xh and Xl rather than by 0hh and 0lh, since the corre-
sponding states contain a remarkable admixture of other Landau levels. The
anomalous peak Xl′ arises due to a strong admixture of the 0lh Landau level
to heavy-hole states with a nonzero component of the orbital moment.

3.4.2 Polarized Reflection Spectra in an External Magnetic Field

Before we go into details of polarized optical reflection let us remind some
characteristics of the polarized electromagnetic wave. This information will be
useful in other chapters as well. We consider a transverse quasi-monochromatic
electromagnetic wave with the electric field

E(t) = E0(t)e−iωt + E∗
0(t)eiωt ,

where E0(t) is the amplitude slowly varying in time, the vector E is assumed
to be perpendicular to the propagation axis 3. We define the polarization
density matrix as the time-averaged products

dαβ = 〈E0,αE
∗
0,β〉 (α, β = 1, 2) .

If the light intensity is defined as I = 〈|E1|2 + |E2|2〉 then the density matrix
can be presented in the form

d̂ =
I

2

[
1 + Pl Pl′ − iPc
Pl′ + iPc 1 − Pl

]
. (3.227)

Here the Stokes parameters

Pc =
I+ − I−
I+ + I−

, Pl =
I1 − I2
I1 + I2

, Pl′ =
I1′ − I2′

I1′ + I2′
(3.228)

are, respectively, the degrees of circular polarization, of linear polarization in
the axes 1, 2 and of linear polarization in the axes 1′, 2′ rotated around the
axis 3 by 45o with respect to the axes 1, 2.
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The above density matrix is written in the basis of the linearly polarized
components E = E1e1 +E2e2, where e1,e2 are the unit vectors along 1 and
2. Note that, in the basis of circular polarized components

E = E+e+ + E−e− , e± =
e1 ± ie2√

2
(3.229)

the density matrix has the form

d̂(c) =
I

2

[
1 + Pc Pl − iPl′
Pl + iPl′ 1 − Pc

]
. (3.230)

This is demonstrated by applying the relations

e1 =
1√
2
(e+ + e−) , e2 = − i√

2
(e+ − e−) , (3.231)

e1′ =
1√
2
(e1 + e2) =

1 − i

2
e+ +

1 + i

2
e− .

Thus, say, for E ‖ e1 or E ‖ e1′ we have respectively

d̂(c) =
I

2

[
1 1
1 1

]
and d̂(c) =

I

2

[
1 −i

i 1

]
.

A magnetic field applied in the Faraday configuration, B ‖ z, induces a
difference between the amplitude reflection coefficients, r+ and r−, for the
σ+ and σ− circularly-polarized light normally incident on a (001)-grown QW
structure. As a result, under reflection the normally-incident and linearly-
polarized light exhibits a rotation of the polarization plane and gains an
ellipticity. The first effect, the Faraday rotation in reflection geometry, is
also known as the polar Kerr effect. As will be shown below, in the exciton
resonance frequency region this difference appears mainly due to the Zeeman
splitting of the exciton radiative level into two circularly-polarized sublevels.
If the initial light E0 is polarized along the axis 1 then, according to (3.231),
the amplitude of the reflected light is equal to

Er =
E0√

2
(r+e+ + r−e−) =

E0√
2
r+

(
e+ +

r−
r+

e−

)

The Faraday angle under reflection is readily calculated as

θ =
1
2

arg
{
r−
r+

}
(3.232)

and the acquired circular polarization is given by

Pc =
R(σ+) −R(σ−)
R(σ+) +R(σ−)

, (3.233)
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where R(σ±) = |r±|2.
In the linear-in-field approximation, one can neglect the diamagnetic shift

of the exciton excitation energy and take into account the Zeeman splitting
of the exciton levels. In symmetric zinc-blende-lattice (001)-grown QWs, the
degenerate radiative doublet of the e1-hh1 (or e1-lh1) exciton splits into the
sublevels ω0,± = ω0 ± (ΩB/2) with angular momentum component M =
±1, which are optically active in the σ+ and σ− polarizations, respectively.
The splitting �ΩB equals to gzzµBBz, where gzz is the exciton g-factor,
see for details Chap. 5. The amplitude reflection coefficients, r±(ω), from a
single QW structure or MQWs are expressed via the corresponding zero-field
reflection coefficient r(ω) where the variable ω is shifted by ∓ΩB/2, namely,

r±(ω) = r

(
ω ∓ ΩB

2

)
, (3.234)

where r is found from (3.4) and (3.21, 3.55) or (3.90).
In the case where the Zeeman splitting ΩB exceeds the exciton damping

Γ , it can be readily measured spectroscopically. In the other limiting case,
|ΩB | � Γ , the splitting can be found by studying normal-incidence reflection
of unpolarized or linearly polarized light and measuring the spectral behavior
of the degree of circular polarization of reflected light

Pc = −ΩB
2

1
R(ω)

∂R(ω)
∂ω

, (3.235)

where R is given by (3.50).
In the same way, for small magnetic fields the rotation angle θ is given by

θ =
ΩB
2r01

Im
{
∂r(ω)
∂ω

}
. (3.236)

In particular, for a single-QW structure with Γ0 � Γ one has

θ =
4nb
n2
b − 1

ΩBΓ0
[Γ 2 − (ω0 − ω)2] cos 2ϕ0a + 2(ω0 − ω)Γ sin 2ϕ0a

[(ω0 − ω)2 + Γ 2]2
, (3.237)

where the phase ϕ0a is defined according to (3.48).

3.4.3 Giant Magneto-Optical Effects in Semimagnetic
Nanostructures

Semimagnetic or diluted magnetic semiconductors are semiconducting com-
pounds in which a fraction x of the cations is randomly replaced by transition
metal ions, e.g., 3dn ions. Most often, they are solid solutions A1−xMxB with
A = Cd, Zn, Hg, B = Te, Se, S, and M = Mn2+, Fe2+, Co2+. The mag-
netic subsystem interacts effectively with charge carriers, electrons and holes,
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due to the strong sp-d exchange interaction between the carrier spins and
magnetic moments of the ions. The semimagnetic bulk semiconductors and
nanostructures are known for giant magneto-optical properties and magnetic
polarons. Particularly, in this systems the Zeeman splitting of the carrier or
exciton spin states are described by the effective g-factors being in excess of
a hundred.

Fig. 3.15. Zeeman splitting of the heavy-hole exciton in an 18-Å-thick single QW
(a) and a 40-Å-period SL (b) with x = 0.1. Curves are calculated with use of
(3.238) and parameters TAF = 2.4 K, x̃ = 0.05, or 0.07 for the single QW, or SL,
respectively. [3.87]

Usually, the sp-d interaction of magnetic ions with free carriers is de-
scribed by two constants, α and β, of the exchange interaction. For example,
the normal magnetic field, B ‖ z, changes the carrier energy by
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∆Ee,s =
α

v0
xs〈Sz〉 , ∆Eh,j =

β

3v0
xj〈Sz〉 , (3.238)

where s = ±1/2, j = ±3/2,±1/2 are the electron and hole spin indices, x is
the content of magnetic ions, v0 is the unit cell volume (for the zinc-blende
lattice, v0 = a3

0/4), and 〈Sz〉 is the average spin component of a magnetic ion
along z. In the thermal equilibrium one has

〈Sz〉 = −S BS(SgµBBz/2kBT ) , (3.239)

where S is the atomic spin of a magnetic ion (5/2 for Mn2+, 3/2 for Co2+),
g = 2 is the ion g-factor, and BS(X) is the Brillouin function

BS(X) =
2S + 1

2S
coth

2S + 1
2S

X − 1
2S

coth
X

2S
. (3.240)

Note that at small X this function is approximated by

BS(X) ≈ S + 1
3

X .

In order to take into account the antiferromagnetic Mn-Mn spin coupling
two additional fitting parameters are introduced, namely, the content x in
(3.238) is replaced by the effective content x̃ and T in (3.239) is shifted by
some value TAF. In the paramagnetic phase x̃ = x and TAF = 0 whereas
in the spin-glass phase x̃ < x and TAF > 0. In the Cd1−xMnxTe system,
α/v0 = 220 meV and β/v0 = 880 meV. Opportunities of resonance reflection
spectroscopy to study the magneto-optical properties in CdTe/CdMnTe QWs
and SLs are demonstrated in [3.87]. Figure 3.15 shows the Zeeman splitting
of the heavy-hole exciton states | ± 1〉 measured at magnetic fields parallel
to the growth axis in a 18-Å-thick single QW and 40-Å-period SL. Since in
the studied structures only barriers are semimagnetic, there exists a certain
magnetic field Bcr at which the valence band offset for one of the heavy-
hole states vanishes resulting in the magnetic-field induced type-I–type-II
transition. According to (3.238) the value of Bcr satisfies the condition

β

2v0
x̃〈Sz〉 + Vhh = 0 ,

where Vhh is the heavy-hole subband offset at zero field. In CdTe/Cd0.9Mn0.1Te
QWs, Bcr equals 1.3 T. At this particular field one of the heavy-hole exciton
can be considered approximately as formed by a 2D electron and a 3D hole.
Reduction of the effective oscillator strength of the low-energy σ+-polarized
exciton observed in [3.87] is a convincing demonstration of the type-I–type-II
transition.

The large Faraday rotation in bulk diluted magnetic semiconductors is fur-
ther enhanced in semimagnetic QWs with larger excitonic oscillator strength.
Particularly, this has opened the way for using CdMnTe heterostructures as
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Fig. 3.16. Schematic representation of the optical cavity with an embedded QW.

magneto-optic layers for high resolution Faraday microscopy at low temper-
ature in order to make a cartography of the magnetic field at the surface
of a superconductor [3.88, 3.89]. The structure is schematically depicted in
Fig. 3.16. It consists of a metal, an inner barrier layer, a QW and a top barrier
layer with CdMnTe and CdMgTe used, respectively, as the QW and barrier
compositional materials. In fact it is an optical cavity with an embedded
QW. The metal is illuminated through the magneto-optical layers by linearly
polarized light. The plane of light polarization is rotated in the areas that
carry magnetic flux. After passing through a crossed (or slightly uncrossed)
analyser the reflected light is focused on a detector. Since the magnetic field
lines diverge out of the surface plane of the superconducting film, the semi-
magnetic QW must be as close as possible to the superconducting film to
achieve a good spatial resolution.

The reflection coefficients r± from the structure shown in Fig. 3.16 can
be presented in the form
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r = r(0) +
iΓ0C

ω0 − ω − i(Γ + Γ0B)
. (3.241)

Here the first term describes the reflection when the exciton contribution is
ignored

r(0) =
r0b + rme2iϕm0

1 − rb0rme2iϕm0
,

C = tb0t0be2iϕw0A , A =
(

1 + rme2iϕmw

1 − rb0rme2iϕm0

)2

, (3.242)

B = 1 +
rb0(2rme2iϕm0 + e2iϕw0) + rme2iϕmw

1 − rb0rme2iϕm0
.

Other notations are as follows: Γ0 and Γ are the exciton radiative and non-
radiative damping rates in a single QW,

rb0 = −r0b =
nb − 1
nb + 1

, t0btb0 = 1 − r2b0 ,

nb is the refractive index of the barrier assumed to coincide with that of the
QW, the phases are given by

ϕw0 = (ω/c)nbLw0 , ϕmw = (ω/c)nbLmw ,

the thicknesses Lw0, Lmw and the reflection coefficient, rm, from the metal
to the barrier are defined in Fig. 3.16. In the following we use ρm and ϕm for
the modulus and phase of rm.

The amplification of rotation in the optical cavity occurs mostly due to
the factor A defined in (3.242). This factor exhibits a maximum when two
conditions are fulfilled. Firstly, the total dephasing 2ϕm0 + ϕm must be an
integer number of 2π. The reflection coefficient r(0) then exhibits a minimum
value of (ρm − rb0)/(1 − ρmrb0). For a perfect metal (ϕm = π) the optical
thickness of the cavity is equal to (2p + 1)λ/4 with p an integer and λ the
wavelength of light. Secondly, the QW must be located at an anti-node of the
electric field which means that 2ϕmw + ϕm = 2lπ with l being an integer. In
this particular case the amplification factor equals to

A =
(

1 + ρm
1 − rb0ρm

)2

.

If the contribution of the QW to the reflected signal is small even at the
minimum of reflectivity, i.e.,∣∣∣r(0)∣∣∣ � |tb0t0bΓ0A/Γ | , (3.243)

then the rotation angle is given by
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θ =
tb0t0bA

2r(0)
Γ0ΩB
Γ 2

F (Ω,ΩB) ,

where Ω = ω − ω0 and

F (Ω,∆) =
Γ 2[Γ 2 + (∆/2)2 −Ω2]

[Γ 2 − (∆/2)2 +Ω2]2 + Γ 2∆2
.

For small magnetic fields one can set ∆ = 0 in the expression for F . Note that
the function F (Ω, 0) has a maximum value of 1 at Ω = 0, changes sign at
the points Ω = ±Γ and reaches minima −1/8 at Ω = ±

√
3Γ . An additional

enhancement of the rotation angle can be achieved by using few QWs with
the Bragg spacing instead of one [3.89].

Fig. 3.17. Images of the magnetic flux pattern at the surface of the 10 µm Indium
layer obtained at 1.8 K and H = 28 Oe (left), H = 77 Oe (right). Normal and
superconducting domains appear in black and gray, respectively. The size of each
image is 264×191 µm2. The analyser was uncrossed by 15◦ with respect to the
polarizer. [3.89]

The above magneto-optical layers allowed an observation of the inter-
mediate state pattern in a superconductor layer with spatial and magnetic
resolutions of 1 µm and 10 mT (Fig. 3.17). As it can be seen from the figure,
the intermediate state is formed by normal flux tubes (dark spots) and long
corrugated lamellae with typical width and spacing of ∼ 10 µm. These normal
state regions are separated by superconducting state domains (in gray). Fig-
ure 3.17 demonstrates wide possibilities to use the low-dimensional physics
for studies of hybrid systems containing semiconductor and superconductor
layers.



4 Intraband Optical Spectroscopy of
Nanostructures

The light shines in the darkness,
but the darkness has not overcome it.

John 1: 5

The physics of intersubband transitions in QWs and SLs has attracted in-
creased attention in recent decades, mainly due to the promise of applications
in the mid- and far-infrared regions (2–20 µm) such as detection, modulation,
harmonic generation, emission, quantum cascade lasers and photogalvanics.

4.1 Intersubband Optical Transitions. Simple Band
Structure

In bulk semiconductor with a simple band structure direct intraband optical
transitions are forbidden by the momentum and energy conservation laws

k′ = k + q ,
�2k′2

2m
=

�2k2

2m
+ �ω

because they cannot be satisfied simultaneously. Here k,k′ are the electron
wave vectors in the initial and final states, and q, ω are the light wave vec-
tor and frequency. The intraband absorption can only occur by absorption
of a photon and simultaneous scattering by “third particle”, e.g., a phonon,
another free carrier or a static defect. This process called an indirect opti-
cal transition is described by second-order matrix elements involving virtual
intermediate states.

Quantum-confinement effects transform the free-carrier energy spectrum
into a series of subbands in QWs or minibands in SLs. As a result we find
here an additional mechanism of intraband absorption associated with di-
rect optical transitions of free carriers between the subbands or minibands.
Choosing the well and barrier compositional materials one can vary the well
dimensions, its height and width, and tune the resonance frequency of inter-
subband optical transitions to a given value. This opens a clear way for using
MQWs and other nanostructures as novel devices and systems in infrared
technologies.

4.1.1 Intersubband Light Absorption in a Quantum Well

The transition rate from the electron states i to f is given by Fermi’s golden
rule. We consider here the direct optical transitions e1 → e2 between the
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lowest and first excited subbands in a QW, the transitions eν → eν′ with
arbitrary ν and ν′ are treated in a similar way. By using equations analogous
to (2.142, 2.147) one can present the total transition rate We2,e1 per unit area
in the form

We2,e1 (4.1)

=
4π2e2I

�ω2cnωS

∑
ss′k

|e · ve2s′,e1s(k)|2(fe1sk − fe2s′k)δ(Ee2s′k − Ee1sk − �ω) .

Here I is the light intensity, see (2.141), s, s′ are the spin indices, feνsk is
the electron distribution function, veν′s′,eνs(k) is the matrix element of the
velocity operator and S is the sample area.

In a heterostructure consisting of semiconductor layers with a simple con-
duction band, isotropic and parabolic, one has

veν′s′,eνs(k) = δs′s
[
�
(
k · e‖

)
〈ν′|m−1(z)|ν〉 + ez〈ν′|v̂z|ν〉

]
, (4.2)

where

v̂z = −i
�

2

(
1

m(z)
∂

∂z
+

∂

∂z

1
m(z)

)
.

For a rectangular QW, in the limit of infinitely high barriers, equation (4.2)
simplifies to

e · veν′s′,eνs(k) = δs′s
�

mA

[(
k · e‖

)
δν′ν + k(ν′ν)

z ez

]
, (4.3)

where

k(ν′ν)
z = i

2
a

[
1 − (−1)ν

′+ν
] ν′ν
ν′2 − ν2

. (4.4)

The direct intersubband transitions are allowed in the e ‖ z polarization
between the subbands of opposite parity. The selection rules, expressed by
(4.3), hold for finite barriers as well, provided the effective masses mA and
mB in the well and barrier materials coincide. However, the expression for
k

(ν′ν)
z becomes more complicated. If the masses mA,mB are different, the

matrix elements 〈ν′|m−1(z)|ν〉 are nonzero not only for ν′ = ν but also for
ν′ and ν of the same parity. However the probability of the latter transitions
is very small and other corrections to k(ν′ν)

z including those connected with
the band nonparabolicity can play a role.

For a single QW structure the conventional concept of the absorption
coefficient, K, is meaningless in the strict sense. Instead one can introduce
the absorbance η21, or the fraction of the energy flux absorbed in the QW
due to the transitions between the subbands e1 and e2. It can also be defined
as, see (3.27),

η21 = 1 − |r21|2 − |t21|2 ,
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where r21, t21 are the related reflection and transmission coefficients. The
absorbance is connected with We2,e1 by

We2,e1 =
η21I

�ω
(4.5)

and, therefore, the electromagnetic energy absorbed in a unit area of the QW
equals to

�ωWe2,e1 = η21I .

For the intersubband transitions the reflectivity |r21|2 is negligibly small as
compared with η21 and, conditionally, one can define an effective absorption
coefficient KSQW for a single QW by

η21 = 1 − exp (−KSQWa) ≈ KSQWa .

However one should be careful not to overestimate the meaning of KSQW . On
the other hand, in short-period MQW structures one can use the approxima-
tion of an effective uniform medium (Sect. 3.1.3) and the effective absorption
coefficient is well defined by

KMQW =
η21
d
, (4.6)

where d is the period.
Substituting (4.3, 4.4) into (4.1) and integrating over k we obtain

η21 =
512
27

e2�

cmAnω
(N1 −N2) |ez|2 δ(E0

2 − E0
1 − �ω) , (4.7)

where Nν is the 2D density of electrons in the ν-th subband; in the following
we assume that the 2D equilibrium electrons occupy only the lowest subband
ν = 1. The δ-function in (4.7) is k-independent because we assume the same
dispersion parabolas in the subbands e1 and e2. The relaxation of electrons
results in a homogeneous spectral width, Γ21, of the e2-e1 resonant transition,
namely

η21 =
512
27

e2�

cmAnω
(N1 −N2) |ez|2

1
π

�Γ21

(E0
2 − E0

1 − �ω)2 + (�Γ21)2
. (4.8)

Allowance for nonparabolicity of the electron dispersion in the bulk compo-
sitional materials, linear-k spin-dependent terms and other effects removing
the equidistance between Ee2s′k and Ee1sk lead to an additional broadening
of the peak in the intersubband absorption spectrum.

To interpret (4.8) let us replace the system of 2D electron gas by a sys-
tem of 3D classical electrons confined within a narrow slab of the effective
thickness aeff and characterized by the sheet density N1 and conductivity in
a unit area given by
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σzz(ω) =
N1e

2f21
mAaeff

−iω
ω2

21 − ω2 − 2iωΓ21
, (4.9)

where �ω21 = E21 and f21 is the so-called oscillator strength. This equation
can be derived by solving the equation of motion

d2z

dt2
+ 2Γ21

dz

dt
+ ω2

21z =
e

mA
f21E(t)

for a classical oscillator excited by a monochromatic electric field

E(t) = E0 exp (−iωt) + c.c.

The solution is z(t) = z0 exp (−iωt) + c.c. with the amplitude

z0 =
e

mA

f21E0

ω2
21 − ω2 − 2iωΓ21

.

One can check that the amplitude of the induced current jz = eN3Ddz/dt
with N3D = N1/aeff can be written as σzzE0 with the conductivity given
exactly by (4.9). For weakly-damped oscillators, Γ21 � ω21, the denominator
can be approximated near the resonance by 2ω21(ω21 − ω − iΓ21).

Equalizing the energy losses η21I to 2aeff Re{σzz}|E0|2 we obtain

Re{σzz} =
cnω
4πa

η21 .

By comparing this equation with the expressions (4.9) for the conductivity
and (4.8) for the absorbance we find that the effective slab model describes the
behavior of a 2D electron gas confined in a QW if one takes the dimensionless
oscillator strength equal to

f21 =
256
27π2

≈ 0.96 .

Clearly, the best way to study the subband structure is to observe inter-
subband optical transitions in the absorption or scattering spectra (the latter
will be discussed in Chap. 6). One has however to bear in mind that there
are additional effects which shift the resonance energy from the correspond-
ing subband separation calculated in the single-particle approximation. One
of them is called the depolarization effect. It can be readily understood in the
slab model. Actually, the external electric field Eext,z differs from the field
Ez inside the slab. If we introduce the local dielectric function

æzz(ω) = æb +
4πi
ω
σzz(ω)

with σzz given by (4.9) we can write the relation

æbEext,z = æzz(ω)Ez
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which is nothing more than the boundary condition for the normal compo-
nent of the electric displacement vector. Therefore the equation jz = σzzEz
can be rewritten in terms of the external field as jz = σ̃zzEext,z with the
renormalized conductivity [4.1]

σ̃zz =
æb
æzz

σzz =
N1e

2f21
mAaeff

−iω
ω̃2

21 − ω2 − 2iωΓ21
, (4.10)

where the renormalized resonance frequency is given by

ω̃2
21 = ω2

21 + ω2
21,pl

and the intersubband plasmon frequency by

ω2
21,pl =

4πN1e
2f21

æbmAaeff
. (4.11)

Taking into account the depolarization effect the rate of energy losses is
given by 2aeff Re{σ̃zz}|Eext,z|2 instead of 2aeff Re{σzz}|Ez|2 and exhibits its
maximum at the frequency ω̃21.

Physically, the depolarization effect arises because each electron feels a
field which is different from the external field by the mean Hartree field of
other electrons perturbed by the external field. In fact, the Hartree approx-
imation is valid when the average kinetic energy of electrons is much larger
than the average interaction energy. Otherwise this approximation overes-
timates the Coulomb repulsive force of other electrons, many-body effects
such as exchange and correlation can play an important role and reduce
the renormalization of the resonance energy �ω21 [4.1]. A more rigorous
treatment of the linear response of an n-doped QW to an external electric
field, Eext,z, leads the conductivity σ̃zz(ω) given in the form of (4.10) with
f21 = (2mAω21/�)〈2|z|1〉2 and

ω̃2
21 = ω2

21(1 + α21 − β21) . (4.12)

The coefficients α21, β21 describe the depolarization and exchange-correlation
effects, respectively. The former is defined by

α21 =
8πN1e

2L21

�ω21æb
, (4.13)

where

L21 =

∞∫
−∞

dz ϕ2(z) ϕ1(z)

z∫
−∞

dz′
z′∫

−∞
dz′′ ϕ2(z′′) ϕ1(z′′)

and ϕν(z) is the electron envelope in the subband ν. Therefore, the intersub-
band plasmon frequency can be written as
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ω2
21,pl ≡ ω2

21α21 =
8πN1e

2L21ω21

�æb
, (4.14)

which coincides with (4.11) if we set

f21
aeff

=
2L21ω21mA

�
.

An explicit equation for the coefficient β21 can be found in [4.1]. Note that
the corresponding term includes the exciton-like correction which appears
due to the interaction between the excited electrons in the e2 subband and
the empty state, or holes, in the e1 subband.

In an ideal QW, the energy spacing E21 = E0
2 − E0

1 exhibits no random
variations in the interface plane and the spectral width of the absorption can
be estimated by

δ21 ∼ max
(

�2k̄2

2m
δm

m
,Γ21 , |βν |k̄

)
, (4.15)

where δm is the difference of the electron effective masses in the subbands
e1 and e2 due to the nonparabolicity, βν is the coefficient describing linear-k
terms in the electron effective Hamiltonian, and k̄ is an average value of the
wave vector in the equilibrium 2D electron gas occupying states in the lower
subband e1. The latter has an order of magnitude of the Fermi wave vector in
case of the degenerate statistics and the thermal wave vector

√
2m∗

1kBT/�
2

for the Maxwell distribution. As a rule, in available QW structures the width,
∆21, of inhomogeneous broadening of the gap E21 exceeds the width δ21 of
absorption spectrum in an ideal QW. The inhomogeneous broadening can be
taken into consideration by introducing the distribution function, F (E21), of
the gap E21 and replacing (4.6, 4.7) by

KMQW =
256π2e2�2(N1 −N2)

9nωca2m2
Aωd

F (�ω)|ez|2 . (4.16)

The shape of the function F (E21) can be found from a comparison with
experiment [4.2] or calculated by using a particular model of the interface
roughness [4.3].

In the above description of an intersubband resonance in a QW the
confinement dictates that the electric vector of the light wave must have
a nonzero component ez along the growth direction in order to excite the
e2-e1 intersubband transition. This one-band picture is modified in a multi-
band description of the band structure. The main result is that through k ·p
band coupling, notably mixing of the conduction states with the heavy, light
and spin-orbit-split hole states, all four transitions e1,±1/2 → e2,±1/2 are
allowed, some of them in the polarization e ‖ z plane and others in the po-
larization e ⊥ z plane. For a QW of the D2d point symmetry, the e1 and e2
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subband states at k = 0 transform according to the spinor representations
Γ6 and Γ7. In the D2d point group, the direct product

Γ6 × Γ7 = Γ1 + Γ2 + Γ5 (4.17)

with excitations of the symmetry Γ2 and Γ5 (or B and E in other notations)
being optically active, respectively, in the polarization e ‖ z and e ⊥ z.
Therefore, the intersubband matrix elements of the velocity operator at k = 0
are, in general, characterized by two linearly-independent coefficients. One
may show that they can be presented in the form

||e · ve2s′,e1s|| =
[

V ez V ′(ex − iey)
−V ′(ex + iey) V ez

]
. (4.18)

The coefficients V and V ′ describe the spin-conserving (s′ = s) and spin-flip
(s′ − s = ±1) transitions, respectively. By using the Kane model we can
present the electron wave function in the subband ν at k = 0 as

ψeν,1/2 =

[
uΓ6,1/2 +

�p∗cv√
3m0

(√
2uΓ8,1/2

Eg + E0
ν

−
uΓ7,1/2

Eg +∆+ E0
ν

)
k̂z

]
ϕν(z) ,

ψeν,−1/2 =

[
uΓ6,−1/2 +

�p∗cv√
3m0

(√
2uΓ8,−1/2

Eg + E0
ν

+
uΓ7,−1/2

Eg +∆+ E0
ν

)
k̂z

]
ϕν(z) ,

where the admixture of the valence-band states is included. An impor-
tant point is that the energy denominators are dependent on the quantum-
confinement energy which leads to a nonzero value of V ′. Taking into account
that m∗ � m0 one has in the non-vanishing approximation [4.4]

V ≡ v21 =
�

m∗ k
(21)
z , (4.19)

V ′ ≡ v21Λ , Λ =
E21∆(2Eg +∆)

2Eg(Eg +∆)(3Eg + 2∆)
.

Therefore, taking into account off-diagonal components in (4.18) we can
rewrite (4.16) in a more general form

KMQW(e) = Kz |ez|2 +K‖ (|ex|2 + |ey|2) , (4.20)

where

Kz =
256π2e2�2(N1 −N2)

9nωca2m2
Aωd

F (�ω) , K‖ = Λ2Kz (4.21)

and, for simplicity, the depolarization and exchange-correlation effects are
ignored.

Figure 4.1 illustrates the geometry of experiment on light transmission
through a MQW structure. Since Λ2 � 1 and, in the e ⊥ z polarization, the
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θ

θ

Fig. 4.1. Schematic representation of light reflection from a MQW structure under
oblique incidence at Brewster’s angle θBr.

intersubband transitions are very weak, the oblique incidence of p-polarized
light is used [4.5]. To exclude the losses associated with reflection from the top
and bottom faces of the sample, one may conveniently shine the infrared light
under the Brewster angle, θBr, satisfying the condition tan θBr =

√
æb, where

æb is the dielectric constant of the barrier. Neglecting the light absorption in
the barrier, we obtain for the transmission coefficient

− lnT =
KzNd

cos θ
(sin2 θ + Λ2 cos2 θ) , (4.22)

where N is the number of wells in the structure, and θ is the refraction angle
related with the Brewster angle by

√
æb sin θ = sin θBr. Taking into account

that in the Brewster geometry

cos θ =
√

æb
æb + 1

,
sin2 θ

cos θ
=

1√
æb(æb + 1)

,

one has

− lnT = KzNd
1 + Λ2æb√
æb(æb + 1)

. (4.23)

Figure 4.2 shows an experimental intersubband absorption spectrum of the
sample containing a MQW structure with 40-Å In0.45Ga0.55As wells and 80-Å
Al0.45Ga0.55As barriers. The absorption was measured by a Fourier-transform
infrared spectrometer with p-polarized light at Brewster’s angle. The dashed
and broken lines in Fig. 4.2 are the best fits with the Lorentzian and the
Voigt line shapes, respectively. Note that the Voigt profile is a convolution
of a Gaussian representing an inhomogeneous broadening with a Lorentzian
representing a homogeneous broadening.
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Fig. 4.2. Experimental (Exp’t) absorption spectrum of InGaAs/AlGaAs MQW
structure using p-polarized light at Brewster’s angle, along with the best Lorentzian
(Lorentz.) and Voigt line shapes. From [4.2].

Using QW infrared detectors with either GaAs or InGaAs QWs, Liu
et al. [4.6] experimentally investigated the accuracy of the polarization se-
lection rule for the conduction band intersubband transitions. Figure 4.3
plots the normalized photosignal taken at the Brewster angle incidence
at the wavelength 8.1 µm and 4.6 µm from GaAs/Al0.26Ga0.74As and
In0.1Ga0.9As/Al0.44Ga0.56As QW detectors, respectively. In the figure, squares
represent the photoresponse signal as a function of the angle between the
plane of incidence and the plane of polarization. For quantitative compar-
isons, the reflection (69%) of the s-polarized light at the sample/vacuum
interface must be taken into account. The experiments imply that the s-to-p
ratio does not exceed 0.22% in the GaAs QWs and 3% in the InGaAs QWs
in agreement with a small value of the parameter Λ.

To increase the radiation energy absorbed in the sample containing
MQWs, the side faces of the sample can be prepared in the so-called wave-
guide geometry by cleaving or polishing two parallel side faces at some angle.
In this case the light is directed through the faces, as illustrated in Fig. 4.4,
thus exciting the waveguide modes. Figure 4.5 shows the resonance behavior
of absorption measured in n-GaAs/AlGaAs MQWs by making use of trans-
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Fig. 4.3. Measured photoresponse signal vs. polarization azimuthal angle ϕ for
(top panel) a GaAs/AlGaAs and (bottom panel) an InGaAs/AlGaAs QW (T =
80 K). The ideal cos2 ϕ relation is shown by the solid line. The size of the symbol
represents the measurement error bar. From [4.6].
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mission Fourier spectroscopy in the multiple-reflection waveguide geometry
(see the inset). The points indicate values of the spin-galvanic current (see
Sect. 8.2) observed under photoexcitation of the structure by a CO2 laser,
which causes direct transitions within each QW. One can see from Fig. 4.5
that both spectra repeat each other in agreement with the theory because
the photocurrent is proportional to K‖(�ω) and, according to (4.21), the
coefficient K‖(�ω) is proportional to Kz(�ω).

°

Fig. 4.4. Illustration of light transmission in the multiple-reflection wave-guide
geometry.

Intersubband optical transitions in n-doped QW structures can be ap-
preciable in the in-plane polarization (e ⊥ z) if the effective mass in the
conduction band of a compositional bulk semiconductor is anisotropic, and
none of the principal axes of the reciprocal effective-mass tensor m−1

αβ coin-
cides with the growth axis. Such a situation arises when the nanostructure
is grown from many-valley semiconductors along the direction different from
the principal axis of a particular valley. This can be achieved, for example,
in Ge/SixGe1−x QW structures grown in the direction [001]. In bulk Ge the
electron dispersion in one of the L valleys, say the [11̄1] valley, is

Ek =
�2

2

(
k2
1 + k2

2

mt
+
k2
3

ml

)
, (4.24)

where mt,ml are the transverse and longitudinal effective masses, k is the
electron wave vector referred to the extremum point k0 = (π/a0)(1,−1, 1)
and k1, k2, k3 are the components of k along the axes [11̄2̄], [110] and [11̄1],
respectively. In the coordinate system x ‖ [11̄0], y ‖ [110], z ‖ [001] relevant
for (001)-grown structure, the dispersion (4.24) will be

Ek =
�2

2

(
k2
x

mxx
+

k2
y

myy
+

k2
z

mzz
+ 2

kxkz
mxz

)
, (4.25)

where
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ω 
Fig. 4.5. Absorption spectrum (full line) of an n-doped (001)-grown GaAs/AlGaAs
MQW structure (a = 70 Å) obtained from transmission in a multiple-reflection
wave-guide geometry, see the inset. Points show the spectral dependence of the
spin-galvanic current caused by the spin orientation due to direct optical transitions
between e1 and e2 conduction subbands. [4.7]

1
mxx

=
cos2 θ
mt

+
sin2 θ

ml
,

1
mzz

=
sin2 θ

mt
+

cos2 θ
ml

,

myy = mt ,
1
mxz

= cos θ sin θ
(

1
ml

− 1
mt

)
,

and θ = arccos (1/
√

3) is the angle between the axes [11̄1] and z. Notice that
equation (4.25) is a particular case of the more general equation (2.21).

The x-component of the velocity, vx = �−1∂Ek/∂kx, has a linear-in-kz
contribution

vx =
�kx
mxx

+
�kz
mxz

,

which allows nonzero e2-e1 intersubband matrix elements

v21,x = −i
�

mxz

〈
e2

∣∣∣∣ ∂∂z
∣∣∣∣ e1

〉
. (4.26)

For the intersubband transitions at the point kx = ky = 0 in a high-barrier
QW, we have

v21,x =
�k

(2,1)
z

mxz
= i

8�

3a
cos θ sin θ

(
1
ml

− 1
mt

)
.
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For the two lowest subbands in a Metal-Oxide-Semiconductor (MOS) struc-
ture, one sometimes chooses trial functions in the form

ϕ1(z) = C1ze−α1z , ϕ2(z) = C2z

(
1 − α1 + α2

3
z

)
e−α2z

with the normalizing factors

C1 = 2α3/2
1 , C2 = 2

(
3α5

2

α2
1 − α1α2 + α2

2

)1/2

.

In this case, one has

v21,x = −2i
�α2

mxz

(
4t3

3(1 + t3)(1 + t)3

)1/2

,

where t = α2/α1.

4.1.2 Interminiband Light Absorption in a Superlattice

Now we turn to interminiband optical properties of SLs in order to show how
infrared spectroscopy can reveal their miniband structure. In contrast to a
MQW structure, in a SL the electron energy depends on an additional quan-
tum index, namely, the z-component of the wave vector kz. The transition
rate in a unit 3D volume is given by (4.1) where the area S is replaced by
the SL volume V and the 2D vector k by the 3D wave vector K. For the
absorption coefficient due to the e1 → e2 transitions, one can write

KSL(e ‖ z) (4.27)

=
4π2e2

ωcnω

2
V

∑
K

|v21,z(K)|2 (fe1K − fe2K) δ(Ee2K − Ee1K − �ω) .

In the particular case of equal masses, mA = mB, the electron dispersion
in a SL can be expressed in the form

EeνK =
�2K2

‖
2mA

+ Eν(Kz)

so that
Ee2K − Ee1K = E2(Kz) − E1(Kz) ,

the parabolic in-plane dispersions cancel in the argument of the δ-function
in (4.27). One is left with a purely 1D reduced density of miniband states

ρ21(�ω) =
∫
dKz

2π
δ [E2(Kz) − E1(Kz) − �ω] (4.28)

=
1
π�

1
|ve2z(Kω) − ve1z(Kω)| , (4.29)



184 4 Intraband Optical Spectroscopy of Nanostructures

where the z component of the electron velocity is

veνz(Kz) =
1
�

∂Eν
∂Kz

and Kω satisfies the equation E2(Kω) − E1(Kω) = �ω.
The function ρ21(�ω) has a shape of a two-pronged fork and exhibits two

square-root singularities at the high- and low-energy edges, respectively,

�ω21 = E0
21 ≡ E0

2 − E0
1 and �ω′

21 = E2(π/d) − E1(π/d) .

By using this function Eq. (4.27) can be rewritten as

KSL(e ‖ z) (4.30)

=
4π2e2

ωcnω
ρ21(�ω)

⎡
⎣ 2
S

∑
K‖

|v21,z(K)|2 (fe1K − fe2K)

⎤
⎦
Kz=Kω

.

Equation (4.30) can be analyzed by using different approximations. As
the first limiting case let us assume �ω to be close to the minigap E0

21 at the
Γ point. Then the parabolic approximation

Eν(Kz) = E0
ν +

�2K2
z

2Mν

is valid and, for the 3D Boltzmann electron gas, we come to

KSL(e ‖ z) (4.31)

=
4πe2

�cnω

N3D |v21,z|2

ω

(
π�2µ21

kBT (E0
21 − �ω)M1

)1/2

exp
(
−E

0
21 − �ω

kBT

µ21

M1

)
.

Here N3D is the volume electron concentration, v21,z is the interminiband
matrix element of the velocity operator at K = 0, the reduced effective mass
µ21 = M1|M2|/(M1 + |M2|). Note that M1 is positive and M2 is negative.
The thermal energy is assumed to be small compared to the width of the
lower miniband.

In a wide-barrier SL, the electron dispersion can be approximated by

E1(Kz) = E0
1 +

1
2
∆1(1 − cosKzd) , E2(Kz) = E0

2 − 1
2
∆2(1 − cosKzd)

and one has

sin
Kωd

2
=

(
E0

21 − �ω

∆1 +∆2

)1/2

,

|ve2z(Kω) − ve1z(Kω)| = (2�)−1(∆1 +∆2)d sinKωd .

The reduced density of miniband states is symmetric around the energy E0
21−

(∆1 +∆2)/2 [4.8]



4.2 Intersubband Optical Transitions. Complicated Band Structure 185

ρ21(�ω) =
{
πd

√
(E0

21 − �ω)[�ω − (E0
21 −∆1 −∆2)]

}−1

. (4.32)

These equations can also be derived in the tight-binding approximation,
where one starts with the energy levels calculated for a single QW and takes
into account the coupling between the states in the nearest neighboring wells.
In the same approximation the matrix element v21,z(K) is independent of K
and equal to that for intra-well intersubband transitions. The absorption
spectrum has in this case the shape of an asymmetric two-pronged fork

KSL(e ‖ z) ∝ ρ21(�ω)
ω

exp
(
− ∆1

∆1 +∆2

E0
21 − �ω

kBT

)
.

The relative intensity of the low-energy peak at

�ω = E0
21 −∆1 −∆2 ≡ �ω′

21

decreases with decreasing temperature.
It is instructive to trace the transition of the absorption spectrum from

3D to 2D. With increasing the barrier thickness the miniband width ∆1,2

decreases and the function ρ21(�ω) tends to d−1δ(E0
21 − �ω) while the ex-

pression in the square brackets in (4.30) reduces to |v21,z|2N1, where N1 is
the 2D electron density in a single QW. As a result (4.27) reduces to the
absorption coefficient of a MQW structure given by (4.6).

4.2 Intersubband Optical Transitions. Complicated
Band Structure

In a bulk semiconductor with the degenerate band Γ8 (zinc-blende lattice)
or Γ+

8 (diamond lattice), direct optical transitions between the heavy- and
light-hole subbands are possible under arbitrary light polarization. In the
isotropic approximation, D =

√
3B, the coefficient of such an absorption is

expressed by

K =
e2k

�cnω
[f(E∗

hh) − f(E∗
lh)] , (4.33)

where the initial, heavy, and final, light, hole energies are related with the
photon energy by

E∗
hh =

mlh

mhh −mlh
�ω , E∗

lh =
mhh

mhh −mlh
�ω = E∗

hh + �ω ,

and the wave vector of the holes involved in the transition is given by

�k =
(

2mlhmhh

mhh −mlh
�ω

)1/2

.
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In QW structures, each 3D subband, hh or lh, gives birth to its series of
subbands of quantum-confined states, hhν or lhν. At the point kx = ky = 0
they are purely ±3/2 or ±1/2 states, provided the heavy-light hole mixing
at the interfaces discussed in Sect. 3.3.3, see (3.212), is ignored. For nonzero
k, the QW subband states are intermixed and the energy dispersion has a
complicated nonparabolic character, see Chap. 2 for details . For illustration
Fig. 4.6 depicts the hole energy spectrum of an In0.49Ga0.51P/GaAs QW.
Because of the aforementioned admixture and nonparabolicity the subband
dispersion cannot be described by a certain value of the angular momentum
component and a certain effective mass. Usually the valence subbands are la-
belled as jν with j standing for hh or lh in accordance with the corresponding
value of m at k = 0, see (2.16). There are two important consequences of this
kind of band structure.

π π

Fig. 4.6. (a) Valence subbands in an InGaP/GaAs QW. (b) The energy spacing
between the lowest valence subband hh1 and the first three higher subbands. From
[4.9].

Firstly, in contrast to the conduction-band subbands, the hole intersub-
band energy spacing is k-dependent and this dependence for the particular
pairs ν′, ν can be nonmonotonous as one can see in Fig. 4.6b. In the spherical
approximation the reduced density of states

ρj′ν′,jν(�ω) =
2
S

∑
k

δ (Ej′ν′k − Ejνk)

can be transformed to
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ρj′ν′,jν(�ω) =
∑
i

ki
π

∣∣∣∣d(Ej′ν′k − Ejνk)
dk

∣∣∣∣
−1

k=ki

, (4.34)

where ki are roots of the equation Ej′ν′k−Ejνk = �ω. The absorbance ηj′ν′,jν
is connected with ρj′ν′,jν by

ηj′ν′,jν(�ω) =
2π2e2

ωnωc

∑
i

ρ
(i)
j′ν′,jν(�ω) (4.35)

× [fh(Ejνki
) − fh(Ej′ν′ki

)]
∑
p′p

〈
|e · vj′ν′p′,jνp(k)|2

〉
k=ki

,

where ρ(i)
j′ν′,jν is the i-th term in the sum (4.34) and the angular brackets mean

averaging over the azimuthal angle, ϕ, of the vector k. The reduced density of
states as well as the absorbance have square-root singularities near the point
k0 where the spacing ∆j′ν′,jν(k) = Ej′ν′k−Ejνk exhibits an extremum, e.g., a
minimum. Expanding this energy spacing in up to the second order in k−k0,

∆j′ν′,jν(k) = ∆j′ν′,jν(k0) +
�2

2µ
(k − k0)2 ,

we obtain two roots

k1,2 = k0 ±
√

2µ
�2

[�ω −∆j′ν′,jν(k0)] .

The corresponding density of states becomes

ρj′ν′,jν(�ω) =
k0

π�

√
2µ

�ω −∆j′ν′,jν(k0)
. (4.36)

Note that, for the structure with the spectrum shown in Fig. 4.6, square-
root singularities must manifest themselves at �ω ≈ 25 meV (transitions
hh1 → lh1) and �ω ≈ 150 meV (transitions hh1 → hh3). Allowance for
warping of the valence band, D �=

√
3B, results in angular dependence of the

roots ki(ϕ), broadening of the singularities and final values of ρj′ν′,jν(�ω)
and ηj′ν′,jν(�ω). In order to get the final value of ρlh1,hh1(�ω) at the point
k0, we may notice that the function ∆lh1,hh1(k) has a minimum at the points
(±k0, 0), (0,±k0) of the 2D k-space. It can be expanded near one of these
four 2D valleys, say, the valley (k0, 0), as

∆lh1,hh1(k) = ∆lh1,hh1(k0, 0) +
�2

2µx
(kx − k0)2 +

�2k2
y

2µy
, (4.37)

where µx coincides with µ and µy tends to ∞ as the warping is vanishing.
The reduced density of states for four equivalent valleys is
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ρlh1,hh1(max) =
4√µxµy
π�2

.

Secondly, intersubband transitions in p-type QWs are more complicated
than those in n-type QWs because, due to the k-dependent band-mixing ef-
fect, there are no simple selection rules at k �= 0 so that both the normal
(e ‖ z) and in-plane (e ⊥ z) polarizations are allowed with the transition
rates being comparable. In the effective-mass approximation the intersub-
band matrix elements vj′ν′p′,jνp(k) are calculated starting from the velocity
operator expressed as the gradient in k space of the Luttinger Hamiltonian

e · v(k) = �−1e · ∇kHΓ8(k) =
∑
αβ

eαQαβkβ , (4.38)

where

Qαβ =
2
�

[(
A− 5

4
B +BJ2

α

)
δαβ + (1 − δαβ)

D√
3
{JαJβ}s

]
.

In terms of the four-component envelope functions expressed as columns
F̂jνpk(z), see (2.37), the matrix elements are written in the form

e · vj′ν′p′,jνp(k) =
∑
αβ

eα

∫
dz F̂ †

j′ν′p′k(z) Qαβ k̂β F̂jνpk(z) , (4.39)

where k̂ = (kx, ky,−i∂/∂z) and the index p takes into account the double
degeneracy of the hole states.

For a symmetric QW, the two degenerate states are classified by a par-
ity p under the mirror reflection, z → −z, which transforms the electron
spinor wave function ψ(x, y, z) into σ̂zψ(x, y,−z). We remind us (Chap. 2)
that, for symmetric states labelled with the index p = +, the m-th compo-
nent Fjν+k,m(z) of the column F̂jν+k(z) has the parity pm = (−1)3/2−m.
The envelope Fjν−k,m(z) of an antisymmetrical state is obtained from the
corresponding symmetrical state by changing z into −z and m into −m, com-
plex conjugation and multiplication by a factor (−1)3/2−m relating the Bloch
function |Γ8,m〉 with the function K̂ |Γ8,−m〉, see (2.41). In the polarization
e ‖ (x, y), the parity is conserved under intersubband transitions, p′ = p,
whereas, in the polarization e ⊥ (x, y), the parity is reversed. Moreover, the
symmetry imposes additional conditions upon nonzero matrix elements

|e‖ · vj′ν′+,jν+(k)|2 = |e∗
‖ · vj′ν′+,jν+(k)|2 ,

|vzj′ν′−,jν+(k)|2 = |vzj′ν′+,jν−(k)|2 .
The phenomenon inverse to the absorption is the spontaneous emission of

hot carriers heated up, e.g., by an external electric field [4.10]. The heating
results in occupation of higher-energy states. Direct optical transitions from
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these states to the lower subbands is accompanied by emission of light. We
define the spectral intensity of the secondary radiation by

I(�ω) =
�ω ∆W

∆(�ω)∆Ω
, (4.40)

where ∆W is the rate of emission of photons in the frequency region ∆ω
within a solid angle ∆Ω from a unit area of the illuminating QW. For the
intersubband transitions, the spectral intensity of spontaneous emission can
be presented in the form

I(�ω) =
e2ω2nω
πc3

1
S

∑
j′jν′νk

fj′ν′k(1 − fjνk) δ(Ej′ν′k − Ejνk − �ω) (4.41)

×
∑
p′p

|e∗ · vjνp,j′ν′p′(k)|2 .

The emission matrix element e∗ · vjνp,j′ν′p′(k) equals the complex conjugate
matrix element [e · vj′ν′p′,jνp(k)]∗ for the intersubband absorption. Equation
(4.41) can be derived by using the straightforward expression for the differ-
ential of the emission rate due to the j′, ν′ → j, ν transitions

∆Wjν,j′ν′ =
2π
�

V0q
2∆q∆Ω

(2π)3
(e
c
A0

)2 ∑
k

fj′ν′k(1 − fjνk) (4.42)

× δ(Ej′ν′k − Ejνk − �ω)
2
S

∑
p′p

|e∗ · vjνp,j′ν′p′(k)|2 .

Here q = nω(ω/c) is the light wave vector, the differential ∆q equals to
nω∆ω/c, A0 = (2π�c2/n2

ωV0 ω)1/2 is the amplitude of the vector potential
related to a single electromagnetic quantum, see (3.28). We consider the radi-
ation emitted in a small solid angle ∆Ω around the normal to the interfaces.
In this case the transition probability rate is independent of the secondary
photon polarization and e is any in-plane unit vector. An additional factor of
2 in (4.42) takes into account two polarization states of a transverse electro-
magnetic wave. After various simplifications the equations (4.40, 4.42) reduce
to (4.41).

A spectrum of the spontaneous emission from a p-doped GaAs/AlGaAs
QW structure in the electric field 450 V/cm is plotted in Fig. 4.7 with the
solid curve. The dashed curve is calculated as a half-sum of two spectra ob-
tained for e ‖ z and e ⊥ z. To take into account the homogeneous and
inhomogeneous broadening as well as the resolution of the detector, the the-
oretical spectrum is convoluted with a Gaussian of the width 2 meV. The
hole energy distribution was described by the Fermi-Dirac function with the
hot-hole effective temperature of 80 K. One can see a satisfactory agreement
between the theory and experiment.
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ω

Fig. 4.7. Measured (solid) and calculated (dashed) emission spectra for the applied
electric field F = 450 V/cm. Rectangles show estimated spectral widths expected
from the analysis of the reduced density of states in an ideal homogeneous structure.
[4.10]

4.3 Intrasubband Optical Transitions

4.3.1 Intrasubband Light Absorption in a Quantum Well

Considering free-carrier intrasubband absorption in a QW in the Drude
model, we start from the classical equation for in-plane motion of an electron

v̇(t) + γv(t) =
e

m∗ E(t) , (4.43)

where γ is the phenomenological damping constant. In a QW where an elec-
tron moves freely in the interface plane and is effected only by the in-plane
component of an external electric field, equation (4.43) reduces to

v̇‖(t) + γv‖(t) =
e

m∗ E‖(t) .

The amplitudes of the in-plane current and the electric field are related by

j‖(ω) = eN2Dv‖(ω) =
e2N2D

m(−iω + γ)
E‖(ω) .

The absorbance
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η =
�ω

I
W (4.44)

can be expressed in terms of current and field, and be written as

η =
2
I

Re
{

j‖(ω) · E∗
‖(ω)

}
=

4πe2N2Dγ

m∗cnω(ω2 + γ2)
. (4.45)

Here W is the photon absorption rate and I = (cnω/2π)|E‖(ω)|2 is the light
intensity.

For �ω � Ē, the expression for η can be derived by solving the kinetic
equation

−iω δfk(ω) +
e

�
E‖ · ∇kf

0(Ek) +
δfk(ω)
τp

= 0

for the deviation of the electron distribution function, δfk, induced by the
in-plane electric field. The result coincides with (4.45) if γ−1 is set equal to
the momentum scattering time.

In the limit ω � τ−1
p the absorption rate W (or absorbance η) can be

calculated by using Fermi’s golden rule for indirect transitions. For scattering
by static defects this rule reads

W =
2π
�

2πe2I
ω2cnω

2
S

∑
k′k

∑
i

|R(i)
k′k|2(f0

k − f0
k′)δ(Ek′ − Ek − �ω) (4.46)

with the second-order matrix element for defect-assisted electron-photon in-
teraction being

R
(i)
k′k =

(e · vk′)V (i)
k′k

Ek′ − Ek
+
V

(i)
k′k(e · vk)
−�ω

=
�

m∗
V

(i)
k′k
�ω

e · (k′ − k) . (4.47)

Here vk = �k/m∗ is the electron velocity, V (i)
k′k is the matrix element of

spin-conserving elastic scattering k → k′ and the index i enumerates the
elementary scatterers. The corresponding momentum relaxation time that
determines the mobility is given by

1
τp(E)

=
2π
�

2
S

∑
k′

∑
i

|V (i)
k′k|2(1 − cos θ)δ(Ek′ − E) ,

where θ is the scattering angle. Further analysis is readily performed assuming
V

(i)
k′k is k and k′ independent which is valid for defects with a short-range in-

plane scattering potential. Then the absorbance in the high-frequency limit
can be presented as

η =
4πe2N2Dγ(ω)
m∗cnωω2

, (4.48)
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where γ is a function of the light frequency. In accordance with the kinetic-
theory result, at low frequencies, i.e. for �ω � Ē, the damping γ coincides
with τ−1

p , while in the high-frequency region, �ω � Ē but �ω < E21, the
damping constant becomes (2τp)−1.

For intrasubband optical transitions assisted by phonons, the transition
probability rate is similar to (4.46)

W =
2π
�

2πe2I
ω2cnω

2
S

∑
k′k

∑
q,±

|Rk′k(q)|2δ(Ek′ − Ek − �ω ± �Ωq) (4.49)

×
[
fk(1 − fk′)

(
mq +

1
2
± 1

2

)
− fk′(1 − fk)

(
mq +

1
2
∓ 1

2

)]
.

Here fk is the electron distribution function, the sign + or − indicates the
process of phonon emission or absorption, q, Ωq and mq are the phonon
wave vector, frequency and occupation number, respectively. For equilibrium
phonons the latter is described by the Planck function [exp (�Ωq/kBT )−1]−1.
The matrix element of the indirect electron-photon interaction is presented
in the form

Rk′k(q) =
[

(e · vk′)V ±
k′k(q)

Ek′ − Ek ± �Ωq
+
V ±

k′k(q)(e · vk)
−�ω

]
δk′±q‖,k

=
�

m∗
V ±

k′k
�ω

e · (k′ − k) δk′±q‖,k , (4.50)

where V ±
k′k(q) is the matrix element of electron-phonon interaction, and the

δ-symbol describes the in-plane momentum conservation in the scattering act.
The first term in the right-hand side of (4.50) corresponds to the process of
electron scattering by a phonon to the virtual state k′ followed by absorption
of a photon while the second term describes the transition where the photon
absorption precedes the scattering by a phonon.

The main features of the phonon-assisted intrasubband absorption can be
understood neglecting interface effects on the phonon energy spectrum and
treating the electron-phonon interaction as that between 2D electrons and
conventional 3D phonons. Then for the matrix element of electron interaction
with polar-optical phonons in a zinc-blende QW structure one has

V ±
k′k(q) = ±i|e|

[
2π�ΩLO
V0(q2‖ + q2z)

(
1

æ∞
− 1

æ0

)]1/2

J (±)(qz) , (4.51)

where
J (+)(qz) = J (−)∗(qz) =

∫
e−iqzzϕ2

e1(z) dz (4.52)

and ϕe1(z) is the envelope function of a quantum-confined electron. In sym-
metrical QWs, J (+)(qz) and J (−)(qz) coincide and are real. A similar form has
the matrix element for deformation-potential or piezoelectric interaction of
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electrons with acoustic phonons. Particularly, for the deformation-potential
interaction one has

V ±
k′k(q) = ∓iΞc

⎛
⎝�

√
q2‖ + q2z

2ρV0sLA

⎞
⎠

1/2

J (±)(qz) , (4.53)

where Ξc is the deformation-potential constant, ρ is the density of the semi-
conductor and sLA is the longitudinal sound velocity.

In a symmetric QW with infinitely high barriers, the integral (4.52) equals
to

J (±)(qz) =
sinx
x

(
1 +

πx

π2 − x2

)
,

where x = qza/2. Values of [J (±)(qz)]2 are close to unity for x < π/2 and
become negligible for x > 3π/2. Therefore, a typical value of qz in (4.53) is
π/a while

q2‖ ∼ 2m∗

�2
max

(
Ē, �ω

)
.

This differs from intraband optical transitions in a bulk semiconductor where
the square modulus q2x + q2y + q2z is determined by max

(
Ē, �ω

)
.

Figure 4.8 presents the calculated temperature dependence of the absorp-
tion coefficient of GaAs/AlGaAs MQWs, K = η/d, at the wavelength λ = 92
µm (�ω = 13 meV) [4.11]. One can see the separate contributions to indi-
rect absorption due to scattering by optical phonons, impurities and interface
imperfections as well as a sum of these contributions.

Since the LO-phonon energy �ΩLO in GaAs is 36 meV and ω < ΩLO,
at low temperatures the light absorption of electrons interacting with LO-
phonons can be ignored and the scattering by static defects is dominating.
With increasing temperature the role of transitions accompanied by LO-
phonon absorption increases. At the same time the step-like energy distri-
bution of the degenerate 2D electron gas is smeared, and photon absorption
followed by emission of a LO phonon also becomes possible. As a result, the
optical-phonon assisted absorption is dominating starting with T = 200 K.

Agethe and Vass [4.12] have calculated the LO-phonon limited intrasub-
band photon absorption in n-doped QWs taking into account that the ac-
tual phonon spectrum is more complicated and consists of confined, interface
(symmetric and antisymmetric), half-space and bulk modes. They analyzed
the contribution to the absorption from each phonon mode as a function of
four controllable parameters, namely, the light frequency ω, QW thickness a,
electron temperature Te and density N2D.

4.3.2 Electron Cyclotron Resonance in a Superlattice

Cyclotron resonance is the most powerful technique for measuring the effec-
tive masses in solids. In the classical description of the cyclotron resonance
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Fig. 4.8. Calculated contributions of various scattering mechanisms to the far-
infrared absorption coefficient of a biased n-doped GaAs/AlGaAs MQW structure
for s-polarized light. In the calculation, interface scattering, impurity scattering,
scattering by equilibrium and nonequilibrium phonons are taken into account. The
sum of all contributions is shown by the solid line. From [4.11].
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in the 3D space, the equation of motion (4.43) is replaced by the Lorentz
equation

v̇(t) + γv(t) =
e

m∗

[
E(t) +

v(t)
c

× B

]
, (4.54)

where B is an external static magnetic field and E(t) is an oscillating electric
field. We assume E(t) ⊥ B and use the system of coordinates with z ‖ B.
Equation (4.54) is readily solved and the current-density combinations j± =
jx ± ijy are given by

j±(ω) = eN3Dv± =
e2N3D

m∗
E±(ω)

−i(ω ± ωc) + γ
, (4.55)

where ωc the classical cyclotron frequency |e|Bz/(m∗c). When the frequency
ω passes through the cyclotron frequency, either j+ (if Bz < 0) or j− (if Bz >
0) exhibits a resonant behavior and one observes the resonant absorption of
electromagnetic radiation (microwave or far-infrared).

In quantum-mechanical terms, the cyclotron resonance originates from
optical transitions of charged particles between the Landau levels. Measure-
ment of the dependence of the cyclotron-resonance frequency on the magni-
tude and direction of the magnetic field provides a direct and reliable way for
determining the electron or hole effective mass, as well as for studying the
nonparabolicity and nonsphericity of an electronic band in a semiconductor.

In a bulk semiconductor with a parabolic conduction band

Ek =
�2

2

(
k2
1

m1
+
k2
2

m2
+
k2
3

m3

)
, (4.56)

the Schrödinger equation for the envelope wave function in a homogeneous
magnetic field can be simplified by change of the coordinates

xi → x̃i =
√
mi

m̄
xi (i = 1, 2, 3)

to an equivalent equation for an electron with the isotropic mass m̄ =
(m1m2m3)1/3 in an effective field B̃ with the components

B̃i =
√
mi

m̄
Bi . (4.57)

Therefore, the energy spacing between the nearest Landau levels assumes the
form

�ωc = �
|e|B̃
m̄c

= �
|e|B
mcc

, (4.58)

where the cyclotron mass

mc = m̄

(∑
i

mi

m̄
cos2 θi

)−1/2

, (4.59)
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θi is the angle between B and the axis i.
If two of the three masses mi coincide, for instance, if m1 = m2 ≡ mt,

the expression for the cyclotron mass simplifies to

mc(θ3) =
(

sin2 θ3
mtml

+
cos2 θ3
m2
t

)−1/2

, (4.60)

where ml ≡ m3. By measuring the cyclotron resonance in the B ‖ 3 and
B ⊥ 3 geometries, one can determine the cyclotron masses mc(θ3 = 0) = mt

and mc(θ3 = π/2) =
√
mtml and, hence, the longitudinal mass

ml =
m2
c(π/2)
mc(0)

. (4.61)

If B ‖ x3, the cyclotron orbit is a circle and has the scale of the magnetic
length

λB =
(

�c

|e|B

)1/2

.

If B ⊥ x3, say, B ‖ x2, the cyclotron orbit is elliptical with different magnetic
lengths along x1 and x3,

λB,x1 =
(
ml

mt

)1/4 (
�c

|e|B

)1/2

, λB,x3 =
(
mt

ml

)1/4 (
�c

|e|B

)1/2

. (4.62)

If the electron dispersion Ek has a more complex form than (4.56), one can
use for determination of the cyclotron mass mc the semi-classical approach

mc(E, kz) =
�2

2π

∫ ∫
dkxdkyδ(Ek − E) , (4.63)

where the z axis of the Cartesian coordinate system x, y, z is directed along
the magnetic field. Of the states with a fixed electron energy E, the main
contribution to the cyclotron resonance comes from those characterized by ex-
tremal orbits corresponding to a maximum or minimum of the kz-dependence
of mc.

In QWs, the electron motion along the growth direction is quantized and
the cyclotron orbits are confined to the interface plane. In terms of a 3D
semiconductor it is equivalent to setting ml → ∞ in (4.60), which results in
a cosine dependence of the cyclotron mass

mc(θ) = m∗ cos θ (4.64)

on the angle θ between the normal to the interfaces and the magnetic field
direction. This angular dependence, as a signature of the confinement of
cyclotron orbits in MQWs with thick barriers, was first confirmed in the
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optically detected cyclotron resonance in a structure consisting of 180-Å-
thick GaAs wells separated by 230-Å Al0.33Ga0.67As barriers [4.13]. These
indirect methods for observing cyclotron and magnetic resonances, Optically
Detected Cyclotron Resonance (ODCR) and Optically Detected Magnetic
Resonance (ODMR), involve the monitoring of microwave-induced changes
in the luminescence intensity.

In the case of SLs, coupling between wells through thin penetrable barri-
ers transforms subbands of electron quantum-confined states into minibands
of extended states. The energy dispersion of the latter has a 3D character.
Therefore, the cyclotron resonance in SLs should reveal properties similar to
those in a uniaxial semiconductor crystal with the longitudinal effective mass
drastically dependent on the barrier thickness. Particularly, the Landau levels
are formed not only in the B ‖ z geometry as in the case of QWs but also in
a magnetic field lying in the interface plane. According to (4.60), in the latter
configuration the cyclotron mass is the geometric mean of the in-plane mass
mt and the “superstructural” mass ml, and the spacing between Landau lev-
els is smaller than in the former configuration. Landau levels in a SL were
first observed in both configurations of the magnetic field by Belle et al. [4.14]
who studied the photoluminescence excitation spectra of the structure con-
taining 40 periods of 39.2-Å GaAs wells and 11.2-Å Al0.4Ga0.6As barriers.
The first direct cyclotron-resonance measurements on extended states in a
semiconductor SL were performed by Duffield et al. [4.15]. Figure 4.9 illus-
trates their measurements of the normal (ml) and in-plane (mt) effective
masses in a GaAs/AlxGa1−xAs as a function of the aluminum fraction x
in the barriers. The curves bounding the shaded areas represent the ml(x)
dependence calculated for a SL with rectangular wells and barriers, and for
the conduction-band offset V = 0.65∆Eg or V = 0.61∆Eg using the Kronig-
Penney boundary conditions

ϕA = ϕB ,

(
dϕ

dz

)
A

=
(
dϕ

dz

)
B

(4.65)

or the Bastard boundary conditions (2.10).
The above picture of the cyclotron orbits in the geometry B ‖ x2 is

valid at low magnetic fields when the magnetic length λB,z is larger than
the SL period d, and an electron can complete its elliptical cyclotron orbit
through several barriers. If the lattice periodicity and cyclotron orbit radius
are comparable the electron energy gets dependent on the position of the
cyclotron orbit along the growth axis z and one needs to solve explicitly the
Schrödinger equation for the electron envelope function ψ(r) in a SL [4.16].
With B ‖ y and using the Landau gauge, Ax = Bz,Ay = Az = 0, this
function can be sought in the form

ψ(r) = ei(kxx+kyy)ϕ(z) , (4.66)

where ϕ(z) satisfies the equation
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Fig. 4.9. Effective electron mass related to the free electron mass in the lowest
miniband e1 in GaAs/AlxGa1−xAs SL with a = 80 Å, b ≈ 20 Å vs. composition
x. The experimental data were obtained from a cyclotron resonance study. Circles,
the normal mass ml ≡ mzz; triangles, the in-plane mass mt ≡ mxx = myy. The
calculations performed for the boundary conditions (4.65) and (2.10) are displayed
by shaded areas. The curves bounding these areas correspond to the conduction-
band offset V = 0.65∆Eg (top curve) and V = 0.61∆Eg (bottom curve). From [4.15].

�2

2m∗

[(
kx −

eB

c�
z

)2

+ k2
y

]
ϕ(z)−

(
d

dz

�2

2m∗
d

dz

)
ϕ(z) + V (z)ϕ(z) = Eϕ(z) .

Here the notations x, y, z are used instead of x1, x2, x3, V (z) is the super-
structure potential, and the effective mass m∗ is allowed to be different in
the well and barrier materials. The position of the cyclotron orbit z0 = kxλ

2
B

is a good quantum number. In the limit λB,z = (mt/ml)1/4λB � d, the
Landau levels are flat, i.e., they have the same energy for all values of z0. At
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higher fields, as the cyclotron energy approaches the miniband width, λB,z
and d become comparable and the interlevel energy spacing as a function of
B tends to saturate. Simultaneously, the Landau levels develop dispersion,
and the resonant absorption spectrum broadens [4.17].

4.4 Infrared Reflection from Quantum Wells and
Superlattices

Optical phonon modes dominate the infrared absorption and spectroscopic
ellipsometry in undoped bulk semiconductors and multi-layered heterostruc-
tures. Infrared reflectance can be used as a simple, contactless and nonde-
structive, characterization technique to provide the information on the thick-
nesses of the various layers, alloy composition, phonon frequencies and broad-
ening parameters. We consider here the infrared reflection spectroscopy from
an undoped SL and its description in the effective-medium dielectric function
model.

For a crystal of cubic symmetry with two different atoms in the unit cell,
the dielectric function in the infrared region can be represented in the form

æ(ω) = æ∞
Ω2
L − ω2 − 2iΓLω

Ω2
T − ω2 − 2iΓTω

, (4.67)

where ΩL and ΩT are the resonance frequencies of the LO and TO phonon,
respectively, æ∞ is the high-frequency dielectric constant, and ΓL, ΓT are the
phonon damping rates. In general, ΓL �= ΓT but usually these constants are
assumed to coincide.

Let a SL consist of alternating layers of semiconductors A and B with the
isotropic dielectric functions æA(ω) and æB(ω), described by (4.67) with a
given set of parameters æ∞

A , ΩT1, ΩL1 for the layer A, and æ∞
B , ΩT2, ΩL2 for

the layer B. For simplicity, in the main part of this section, we neglect the
phonon damping. For an arbitrary relation between the light wavelength and
the SL period d = a+b, one needs to use the straightforward treatment of the
normal light waves in a periodic medium presented in Chap. 2. If the light
wavelength is large compared to the SL period d = a+ b, then, according to
(2.132), the SL may be treated as a homogeneous uniaxial medium with two
linearly independent components of the dielectric tensor,

æ⊥(ω) ≡ æxx = æyy =
æA(ω)a+ æB(ω)b

a+ b
, (4.68)

æ‖(ω) ≡ æzz =
(a+ b)æA(ω)æB(ω)
æA(ω)b+ æB(ω)a

.

The function æ⊥(ω) has poles at the points ω = ωT1, ωT2 and the function
æ⊥(ω) has zeros at the points ω = ωL1, ωL2. Denoting the zeroes of the
function
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æA(ω)a+ æB(ω)b

by ω⊥,1, ω⊥,2 and those of the function

æA(ω)b+ æB(ω)a

by ω‖,1, ω‖,2 we can represent the frequency dependence of the components
(4.68) in a factorized form

æ⊥(ω) = æ∞
⊥

(ω2
⊥,1 − ω2)(ω2

⊥,2 − ω2)
(Ω2

T1 − ω2)(Ω2
T2 − ω2)

, (4.69)

æ‖(ω) = æ∞
‖

(Ω2
L1 − ω2)(Ω2

L2 − ω2)
(ω2

‖,1 − ω2)(ω2
‖,2 − ω2)

,

where

æ∞
⊥ =

æ∞
A a+ æ∞

B b

a+ b
, æ∞

‖ =
(a+ b)æ∞

A æ∞
B

æ∞
A b+ æ∞

B a
. (4.70)

Note that in a SL with layers of equal thicknesses, a = b, the frequencies ω⊥,j
and ω‖,j coincide.

In a uniaxial medium, solutions of the Maxwell equations split into ordi-
nary and extraordinary waves. For the ordinary waves (s- or TE-polarization),
the electric vector E is perpendicular to the plane containing the light wave
vector q and the principal axis. The dispersion equation has the form

q2 =
(ω
c

)2

æ⊥(ω) .

For the extraordinary waves (p- or TM-polarization), the vector E lies in the
plane (q, z), and the dispersion equation is

q2 =
(ω
c

)2 æ⊥(ω)æ‖(ω)
æ⊥(ω) cos2 θ + æ‖(ω) sin2 θ

,

where θ is the angle between q and z. For the reflection coefficient from the
boundary between the vacuum and semi-infinite SL, one obtains

Rµ = |rµ|2 , rµ =
1 − n̄µ
1 + n̄µ

,

where the index µ = s, p indicates the polarization of the incident wave,

n̄s =

(
æ⊥ − sin2 θ0

)1/2

cos θ0
, n̄p =

1
cos θ0

(
æ‖ − sin2 θ0

æ‖æ⊥

)1/2

, (4.71)

and θ0 is the external angle of incidence.
If a SL is finite and grown on a substrate with an isotropic dielectric

constant æb, one has to take into account the light reflection at the boundary
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Fig. 4.10. Theoretical (solid) and experimental (dotted) infrared reflectance spectra
under oblique incidence with the θ0 = 45◦ for the s-polarized (a) and p-polarized
(b) light. The strong peak at 270 cm−1 is the GaAs TO mode. From [4.18].

‘SL – substrate’ and interference of waves reflected from the external and
internal SL boundaries. If the substrate is thick enough in order to neglect
the reflection from its back face, we obtain for the reflection coefficients rs
and rp [4.18]

rµ =
(1 − n̄b,µ) cosΦµ − i

(
n̄b,µ

n̄µ
− n̄µ

)
sinΦµ

(1 + n̄b,µ) cosΦµ − i
(
n̄b,µ

n̄µ
+ n̄µ

)
sinΦµ

. (4.72)

Here
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n̄b,s =

(
æb − sin2 θ0

)1/2

cos θ0
, n̄b,p =

(
æb − sin2 θ0

)1/2

æb cos θ0
,

Φs =
ω

c
L
(
æ⊥ − sin2 θ0

)1/2
, Φp =

ω

c
L

[(
æ‖ − sin2 θ0

) æ⊥
æ‖

]1/2

,

and L is the SL thickness. Figure 4.10 shows reflectance spectra of a
GaAs/AlAs SL grown on a GaAs substrate measured and analyzed by
Lou et al. [4.18] It should be noted that the solid-solution layer in a
GaAs/AlxGa1−xAs SL with x �= 0, 1 (or in any other similar zinc-blende-
lattice SL) contains two optical modes associated with the vibrations of the
Ga–As and Al–As atomic pair, and

æB(ω) = æ∞
B

(Ω2
L,1 − ω2 − 2iΓL,1ω)(Ω2

L,2 − ω2 − 2iΓL,2ω)
(Ω2

T,1 − ω2 − 2iΓT,1ω)(Ω2
T,2 − ω2 − 2iΓT,2ω)

. (4.73)

Here æ∞
B is close to the average

(1 − x)æ∞(GaAs) + xæ∞(AlAs)

and ΩT,1, ΩT,2 are close to the transverse optical vibrational frequencies 268
cm−1 and 362 cm−1 in homogeneous GaAs and AlAs, respectively. For il-
lustration, the parameters for the solid solution Al0.3Ga0.7As derived from
comparison of experimental and theoretical normal-reflection spectra are as
follows [4.19]: ΩT,1 = 265.2 cm−1, ΩL,1 = 278.3 cm−1, ΩT,2 = 360.2 cm−1,
ΩL,2 = 379.1 cm−1, ΓT,1 = 4.32 cm−1, ΓL,1 = 3.07 cm−1, ΓT,2 = 6.05 cm−1,
ΓL,2 = 4.71 cm−1, æ∞

B = 10.16.
The above approach can be readily extended to consider the vibrational

spectra of wurtzite-lattice SLs grown along the hexagonal axis, for example,
CdSe/CdS [4.20] or GaN/AlN [4.21] SLs. We recall that the wurtzite crystals
belong to the symmetry group C6v. For this lattice, the group theory predicts
one A1 and one E1 type optical phonon modes that are Raman and infrared
active, two E2 modes which are Raman active and two B1 inactive modes.
Within each layer, A or B, the dielectric tensor is characterized by two linearly
independent components

æ⊥(ω) = æ∞
⊥
Ω2
L,⊥ − ω2 − 2iΓL,⊥ω

Ω2
T,⊥ − ω2 − 2iΓT,⊥ω

,

æ‖(ω) = æ∞
‖
Ω2
L,‖ − ω2 − 2iΓL,‖ω

Ω2
T,‖ − ω2 − 2iΓT,‖ω

with the parameters dependent on A or B. The effective dielectric tensor in
a short-period SL is given by (4.68) where the components æxx = æyy are
expressed in terms of æA,⊥,æB,⊥ whereas æzz is related to æA,‖ and æB,‖.
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Light is sweet,
and it pleases the eyes to see the sun.

Ecclesiastes 11: 7

The light of the righteous shines brightly,
but the lamp of the wicked is snuffed out.

Proverbs 13: 9

Luminescence, or fluorescence, is an efficient tool to study the excited elec-
tronic states in solids. Since the luminescence intensity is determined both
by the population of the excited states and the optical-transition probabili-
ties, luminescence, in many cases, offers an advantage in analyzing the fine
structure of excited states, which does not show up in absorption or reflec-
tion spectra. Moreover, it provides the possibility to investigate the kinetics
of population and relaxation of the excited states. By studying the lumi-
nescence for different populations of the electronic states, one can examine
effects of electron-electron interaction on electronic spectra.

In the present chapter we pay attention to PhotoLuminescence (PL), i.e.,
to emission of radiation induced by the optical excitation of a sample by us-
ing an external source of light. The conventional PL spectroscopy is based on
measurements of secondary-emission spectrum at fixed parameters of the pri-
mary radiation. In this set-up the measured spectrum is mainly determined
by the oscillator strength and lifetime of the radiative states with the energies
lying close to the fundamental absorption edge and, indirectly, by processes
of energy relaxation of ”hot” excited states. In another technique known as
PhotoLuminescence Excitation (PLE) spectroscopy the spectrometer is set
to detect emission of a particular photon energy from the sample. The inten-
sity of this emission is recorded as a function of the excitation photon energy.
PLE spectra give information about the oscillator strength and the density
of states above the fundamental absorption edge but not about their lifetime.
Photoluminescence of semiconductor nanostructures has its own specific fea-
tures which will be successively considered in the following sections.

5.1 Mechanisms of Photoluminescence

In semiconductors, depending on the character of the radiative transition, one
distinguishes between intrinsic, extrinsic and exciton luminescence. Intrinsic,
or band-to-band, luminescence is connected with the recombination of free
electrons and holes. Extrinsic or impurity luminescence originates from the
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radiative recombination of free electrons with holes bound to acceptors, or of
free holes with bound-to-donor electrons, the so-called bound-to-free emission,
as well as from radiative donor-acceptor recombination and optical transitions
between the levels of the same impurity center. Exciton luminescence appears
due to the recombination of free, impurity-bound or localized excitons. Other
exciton-related mechanisms of light emission are exciton-polariton, biexciton
(or multi-exciton) and trion luminescence. If the kinetic energy of the free car-
riers or excitons involved in recombination exceeds substantially the thermal
energy, such light emission is called hot luminescence.

Low-temperature luminescence of undoped QW structures is attributed
to radiative recombination of excitons localized by interface microroughness,
substitutional alloy disorder, or both. The fluctuations in the well width and
alloy composition modulate the local 2D potential giving rise to localized
states forming the exciton-band tail. If the exciton hopping is ineffective the
PL lineshape is governed by the density of localized states. In the multiple
hopping regime to be considered in the next section, the population of the
exciton-band tail and, hence, the PL spectrum are being formed as a result
of competition between exciton recombination and acoustic-phonon-assisted
transfer from higher- to lower-energy localized sites. The same holds true for
QWR structures even more so because in this case the width of a nanoobject
fluctuates in two dimensions.

At higher temperatures excitons are delocalized and characterized by
the quasi-equilibrium distribution function f(K) = C exp (−�2K2/2MkBT ),
where K is the d-dimensional wave vector, d = 2 for QWs and d = 1 for
QWRs, the normalization coefficient C is proportional to T d/2N , N is the
exciton density. The PL decay time is given by

τ−1
PL =

∫
ddK τ−1

r (K) f(K)∫
ddK f(K)

, (5.1)

where τr(K) = [2Γ0(K)]−1 is the exciton radiative lifetime. Bearing in mind
that only excitons with K < (ω0/c)nb can emit photons while those with
K > (ω0/c)nb are “dark” (Sect. 3.1.1) one can derive the following equation
for the inverse decay time

τ−1
PL ≈ f(0)

∫
ddK τ−1

r (K)∫
ddK f(K)

∝ T d/2 . (5.2)

Here we assumed that the exciton thermal wave vectorKT = (2MkBT/�
2)1/2

considerably exceeds a value of the light wave vector (ω0/c)nb.
Gershoni et al. used the temperature dependence of the PL decay time

as an unambiguous signature of a 1D- or 2D-system [5.1]. They performed
measurements of PL transients in GaAs/Al1−xGaxAs QWs and nanometer-
scale QWRs. The latter were prepared by cleaved-edge epitaxial overgrowth.
In the temperature range 10–90 K the PL decay times followed roughly a
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temperature power-law dependence, τPL(T ) = AT β . The best-fitted slope
β obtained for the 80-Å QW was 1.05±0.1 whereas, for the 34-Å and 80-Å
strain-induced QWRs, the slopes were 0.4±0.1 and 0.33±0.1 in reasonable
agreement with theoretical prediction β = 1 for a QW and β = 0.5 for a
QWR, see (5.2).

5.2 Emission Spectra of Localized Excitons

5.2.1 Stokes Shift of the Low-Temperature Photoluminescence
Peak

The PL spectral peak from undoped QW or QWR structures at low tem-
peratures is usually red-shifted with respect to the peak in absorption or
PLE spectra. This so-called Stokes shift is explained taking into account
that the excitation spectrum is dominated by optical transitions to extended
free-exciton states, while the low-temperature PL arises from radiative re-
combination of localized excitons. In this subsection we outline the main
features of the theory describing the low-temperature multi-hopping relax-
ation of localized excitons and discuss experiments on cw and time-resolved
PL spectroscopy. Theoretically, the key problem for the multi-hopping regime
is a description of excitonic kinetics making allowance for a wide scatter in
the intersite times because of the random spatial distribution of the sites.

Let us consider the temporal evolution of the PL peak under the pulsed
optical excitation of a QW or QWR. Hereafter, to denote the localized states,
we use the localization energy ε instead of the exciton excitation energy

E = E0 − ε , (5.3)

where E0 is the mobility edge separating the extended and localized states.
To minimize the number of parameters entering into the theory we assume a
simplified model with the following properties:

(1) The density of localized-exciton states, g(ε), decays exponentially with
increasing the localization energy

g(ε) = g0 exp (−ε/ε0) , (5.4)

where g0 and ε0 are constants.
(2) Let w(ε, ε′, r) be the exciton hopping transfer rate for the transition

ε→ ε′ between the localization sites separated by a distance r. The temper-
ature is set to zero and the probability of such a hopping is nonzero only if
ε′ > ε (or E > E′). Therefore, one can write

w(ε, ε′, r) = θ(ε′ − ε) wh(r) , (5.5)

where θ(x) is the Heaviside step function.
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(3) The rate w(r) is independent of ε and ε′, and decays exponentially
with increasing the separation

wh(r) = ω0 e−2r/L , (5.6)

because, for a localized exciton, the envelope wave function exhibits an expo-
nential asymptotic behavior, Ψ(R) → R(1−d)/2 exp (−R/L), where L is the
localization length and d is the space dimensionality.

(4) The localized-exciton recombination time τ0 is independent of ε.
The pulsed interband optical excitation of the structure is followed by

fast energy relaxation of photocreated electrons and holes to the bottom of
conduction band and top of the valence band, binding of the photoelectrons
and photoholes into free excitons and the free-exciton initial localization. In
the multiple-trapping process, the excitons with small values of ε hop to the
deeper states with larger localization energies and the PL peak red-shifts in
time. We shall analyze the temporal evolution of the PL peak by using quite
general physical considerations.

According to (5.4), the concentration of sites with the localization energy
exceeding ε is given by

ρ(ε) =
∫ ∞

ε

dε′ g(ε′) = g0ε0e−ε/ε0 . (5.7)

It follows then that the average distance, r̄ε, between the localization sites
with ε′ > ε can be estimated from the condition to find in the circle of the
radius r̄ε, on the average, one of such centers of localization. This is equivalent
to the equation

Vd(r̄ε)ρ(ε) = 1 , (5.8)

where Vd(r) is the volume of the sphere of radius r in the d-dimensional space

V3(r) =
4π
3
r3 , V2(r) = πr2 , V1(r) = 2r . (5.9)

An exciton trapped onto the site ε hops within the distance r̄ε. The life-
time with respect to the hopping is given by

τε = w−1
h (r̄ε) = ω−1

0 e2r̄ε/L . (5.10)

The PL peak position Emax = E − εmax at the delay time t follow-
ing the pulsed photoexcitation is found from the evident relation τεmax =
ω−1

0 exp (2r̄ε/L) = t, or

εmax(t) = ε0 ln
[
g0ε0Vd(L/2) lnd (ω0t)

]
= dε0 ln ln (ω0t) +A , (5.11)

where the constant A = ε0 ln [g0ε0Vd(L/2)]. Therefore, for localized excitons,
the time-dependent Stokes shift is described by the double logarithmic law.
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Using the same line of reasoning one can come to the conclusion that,
under the cw photoexcitation above the mobility edge, the position of the
PL peak is determined by (5.11) where the time t is replaced by the exciton
recombination lifetime

εcwmax = d ε0 ln ln (ω0τ0) +A . (5.12)

Now we obtain the same result in the frame of a more rigorous kinetic
theory. We proceed from the approximation of optimal hopping transfers.
This means that an exciton localized at any site O is allowed to hop to
a lower-energy site O′ characterized by the maximum value of w(ε, ε′, r),
see (5.5), for a given microscopic configuration near the site O. Then we
can label every excitonic state by two parameters: the localization energy ε
and distance r to the nearest site with the localization energy ε′ > ε. The
acoustic-phonon-assisted hopping of localized excitons is described by the
kinetic equation(

∂

∂t
+

1
τ0

)
f(ε, r, t) + Iε,r{f} = Γ (0)(ε, t) . (5.13)

Here f(ε, r) is the population, or occupancy, of the state (ε, r), Γ (0)(ε) is the
generation rate at level ε due to phonon-assisted transitions from extended
excitonic states (or under resonant optical excitation), and the intersite trans-
fer term Iε,r{f} is an analogue of the collision integral in the conventional
Boltzmann equation. In the approximation of optimal hopping it has the form

Iε,r{f} = wh(r) f(ε, r, t) (5.14)

−
ε∫

0

dε1

∞∫
0

dr1
g(ε1)
ρ(ε1)

Pε1(r1) wh(r1) f(ε1, r1, t) .

The first term on the right-hand side describes the hopping down from the
state (ε, r) while the second term accounts the rate for hopping to this par-
ticular state from the higher localized states with ε1 < ε. The function Pε(r)
is the distribution of the optimal neighbors in energy and space. For an un-
correlated system of localized sites it can be presented as

Pε(r) = ρ(ε)Sd(r) exp [−Vd(r)ρ(ε)] . (5.15)

Here Sd(r) = dVd(r)/dr is the area of the generalized sphere

S3 = 4πr2 , S2 = 2πr , S1 = 2 . (5.16)

Note that, for the exponential density of states defined in (5.4), the ratio
g(ε1)/ρ(ε1) equals to ε−1

0 .
An exciton localized in the state ε emits a photon of the energy
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�ω = E0 − ε . (5.17)

Therefore, the PL spectral intensity, I(ω), is proportional to the exciton
energy distribution function, N(ε) = N(E0 − �ω), related with f(ε, r) and
Pε(r) by

N(ε) = g(ε)

∞∫
0

drPε(r)f(ε, r) .

Note that, as soon as τ0 is independent of ε, the integral intensity of PL
radiation decays exponentially according to

J(t) =
∫
I(ω, t) dω = J(0) e−t/τ0 , (5.18)

where I(ω, t) is the spectral intensity at the time t.
Let us introduce the total generation rate Γ (ε) at the level ε including

the income from both delocalized (extended) and localized states

Γ (ε) = Γ (0) +

ε∫
0

dε1
ε0

∞∫
0

dr1 Pε1(r1) wh(r1) f(ε1, r1) . (5.19)

Using the same assumptions as in deriving (5.11, 5.12), we neglect the de-
pendence of τ0, Γ (0) and wh(r) on ε. In the steady-state regime the time
derivative in (5.13) vanishes and the occupancy f(ε, r) is time-independent.
Then (5.13) can be rewritten as[

1
τ0

+ wh(r)
]
f(ε, r) = Γ (ε) , (5.20)

or

f(ε, r) =
Γ (ε)

τ−1
0 + wh(r)

. (5.21)

Substituting the latter expression into (5.19) an integral equation containing
only Γ (ε) is obtained

Γ (ε) = Γ (0) +

ε∫
0

dε1
ε0
Γ (ε1)Wh(ε1) , (5.22)

where Wh(ε) is the probability that the exciton in the state ε prefers to hop
down rather than to recombine. It is defined by

Wh(ε) =

∞∫
0

drPε(r)
wh(r)

τ−1
0 + wh(r)

.
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Differentiating (5.22) over ε we come to the equation

d

dε
Γ (ε) =

Wh(ε)
ε0

Γ (ε) .

Its solution with the boundary condition Γ (0) = Γ (0), see (5.19), is given by

Γ (ε) = Γ (0) exp

⎡
⎣ ε∫

0

dε1
ε0
Wh(ε1)

⎤
⎦ . (5.23)

From this equation and (5.21) we finally arrive at

f(ε, r) =
Γ (0)

τ−1
0 + wh(r)

exp

⎡
⎣ ε∫

0

dε1
ε0
Wh(ε1)

⎤
⎦ . (5.24)

Further simplifications are possible following the approximate replace-
ment of the ratio

wh(r)
τ−1
0 + wh(r)

by the step function θ(r̃−r), where the critical radius r̃ satisfies the condition

wh(r̃) =
1
τ0

or r̃ =
L

2
ln (ω0τ0) , (5.25)

and the ratio
τ−1
0

τ−1
0 + wh(r)

= 1 − wh(r)
τ−1
0 + wh(r)

by 1− θ(r̃− r) = θ(r− r̃). Then we successively obtain for the probability to
hop

Wh(ε) ≈
r̃∫

0

drPε(r) = 1 − eX(ε) ,

the total generation rate

Γ (ε) ≈ Γ (0) exp

⎡
⎣ ε∫

0

dε1
ε0

(
1 − eX(ε1)

)⎤⎦
and the occupancy

f(ε, r) ≈ θ(r − r̃)τ0Γ (ε) ,

where
X(ε) = ρ(ε)Vd(r̃) . (5.26)

As a result, the energy distribution function can be simplified to
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N(ε) = Γ (0)τ0g(ε)

∞∫
r̃

drPε(r) exp

⎡
⎣ ε∫

0

dε1
ε0
Wh(ε1)

⎤
⎦

= Γ (0)τ0g0 exp

⎡
⎣− ε

ε0
−X(ε) +

ε∫
0

dε1
ε0

(
1 − eX(ε1)

)⎤⎦ .
The PL peak position, ωmax, is found from �ωmax = E0 − εmax with εmax

being a root of the equation d lnN(ε)/dε = 0 or, in the explicit form,

− 1
ε0

− dX(ε)
dε

+
1
ε0

(
1 − eX(ε)

)
= 0

which reduces to the transcendental equation

X = e−X (5.27)

that has a single solution X̄ ≈ 0.567. According to (5.26), the position of the
PL peak is given by ρ(εcwmax)Vd(r̃) = X̄ or, explicitly,

εcwmax = ε0 ln [g0ε0Vd(r̃)] + X̄ε0 = d ln ln (ω0τ0) +A+ X̄ε0 , (5.28)

where the constant A was introduced in (5.11). This result can formally be
obtained from the approximate equation (5.12) just by adding the constant
X̄ε0. It is worth to stress that the kinetic theory allows not only to find the
peak position but also to calculate the PL spectral shape.

Adding the time derivative to the kinetic equation one can solve various
time-dependent problems. Golub et al. [5.2] numerically calculated the time-
resolved PL spectra assuming that a nanostructure is excited by a short pulse
and, at the initial moment t = 0, all the localized states (ε, r) are equally
populated, f(ε, r, t = 0) = const. At very short times the spectral intensity
I(ω) repeats the density of states, I(ω) ∝ g(E0 − �ω), and is monotonic. For
times

t > ω−1
0 exp

[
ρ(0)Vd(L/2)−1/d

]
the PL maximum shifts from the mobility edge and moves continuously into
the band gap with increasing t. The numerical results obtained for a QW
structure (d = 2) are well described by the dependence

εmax(t) = ε0{ln
[
N0 ln2(ω0t)

]
+ X̄ ′} , (5.29)

where N0 = g0ε0π(L/2)2, X̄ ′ is a constant slightly differing from X̄ and
weakly dependent on N0 and ω0τ0. One can see that (5.29) differs by a con-
stant term ε0X̄

′ from (5.11) taken for d = 2.
Equations (5.28, 5.29) can be presented in the equivalent form

εcwmax = ε0
{
ln

[
N0 ln2(ω0τ0)

]
+ X̄

}
, (5.30)
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εmax(t) = εcwmax + ε0

(
2 ln

lnω0t

lnω0τ0
+ X̄ ′ − X̄

)
more convenient for comparison between theory and experiment on 2D sys-
tems.

According to (5.17, 5.30) the simplest theory of localized-exciton energy
relaxation contains five parameters: E0, ε0, N0, ω0, τ0 and, additionally, the
sixth parameter X̄ ′−X̄. The recombination lifetime τ0 can be found by mea-
suring the PL integral intensity J as a function of time delay and comparing
the observed dependence with (5.18). A single-exponential character of the
decay J(t) is of a crucial importance: linear variation of lnJ(t) with time
serves as the main reason for assuming τ0 to be energy-independent. The
mobility edge E0 can be found from the peak position of the absorption or
PLE spectrum. This allows to relate the emitted photon energy �ω to the
localization energy ε = E0 − �ω, see (5.17). A value of εcwmax is found from
the Stokes shift of the cw PL spectral peak with respect to E0. This imposes
one condition on three parameters, ε0, ω0 and N0. The final choice of these
parameters is made from fitting both the experimental curve εmax(t) and PL
spectral shape I(ω, t).

For the purposes of illustration, Figs. 5.1 and 5.2 show the time evolu-
tion εmax(t) and cw spectrum of low-temperature PL measured at T = 2 K
from a 20Å-thick Zn0.8Cd0.2Se/ZnSe QW. Other experimental data including
the time-resolved PL integral intensity J(t), time-resolved spectral intensity
I(ω, t) for several frequencies ω and spectra I(ω, t) at different delay times
t are presented in [5.3]. The best fit parameters are τ0 = 170 ps, εcwmax = 13
meV, ε0 = 8 meV, ω0 = 1013 s−1, N0 = 0.053. Note that for this set of
parameters the correction X̄ ′ − X̄ in (5.30) equals to ≈ 0.18.

It should be noted that in the transfer term (5.14) we neglect the spatial
correlation between two successive hops related to a non-Markovian nature
of the hopping processes. An existence of the correlation can be explained
by considering the nth and the (n + 1)th hops, respectively, from site rn−1

to rn and from site rn to rn+1 (n > 1). Since we take into account only
hops to the optimal neighbors then, for the given configuration of sites, the
site rn+1 certainly lies outside the sphere Vd of radius |rn − rn−1| centered
at rn−1. Otherwise the exciton would have jumped directly from rn−1 to
rn+1 avoiding the site rn. Thus, the straightforward theory must exclude the
possibility of hopping into this sphere from the site rn, see details in [5.2]. The
dotted curve in Fig. 5.2 is calculated by making allowance for the correlation
between successive hops. One can see no remarkable deviation from the theory
disregarding the non-Markovian correlation (dashed curve).

5.2.2 Nonmonotoneous Behavior of the Stokes Shift with
Temperature

Baranovskii et al. [5.4] used the Monte-Carlo simulation procedure to model
the same scenario of multi-hopping relaxations of localized excitons and, for
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ε

Fig. 5.1. The temporal shift of the PL peak measured at T = 2 K in the 20 Å
Zn0.8Cd0.2Se/ZnSe QW and calculated from (5.30) with the values of parameters
indicated in the text. The dashed horizontal line indicates the position of the PL
peak under steady-state excitation. [5.3]

the identical set of parameters, obtained an excellent agreement between
the simulation and the kinetic analytical theory represented by (5.14, 5.22).
They employed a similar simulation technique for finite temperatures and
confirmed the non-monotonous temperature dependence of the cw PL max-
imum demonstrated previously by Zimmermann et al. [5.5]. Physically, this
curious phenomenon can be interpreted taking into account that, at T = 0,
the PL is dominated by excitons finding themselves on accidentally isolated
localization sites acting as pores. For such sites, or traps, the lifetime with
respect to hopping down to the nearest lower-energy neighbor exceeds the
recombination time. At low, but finite temperatures, an exciton trapped by
an effective pore has an opportunity for further energy relaxation by hopping
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Fig. 5.2. Comparison of the experimental time-integrated PL spectrum (solid)
with the steady-state PL spectrum calculated neglecting (dashed) and taking into
account (dotted) the correlation between successive hops. [5.3]

first up to the nearest higher-energy neighbor and then down to a deeper-
energy site.

To illustrate and make the physics of the PL-peak temperature shift more
transparent, let us consider three sites O, O′ and O1 with the localization
energies ε, ε′, ε1 (ε′ < ε < ε1) assuming the initial exciton generation to occur
only to the site O. Then the steady-state occupancies f, f ′, f1 of these three
sites satisfy the following set of rate equations
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(τ−1
0 + wO′O + wO1O)f − wOO′f ′ = ΓO ,

(τ−1
0 + wO1O′ + wOO′)f ′ − wO′Of = 0 ,

τ−1
0 f1 − wO1Of − wO1O′f ′ = 0 .

Here ΓO is the generation rate to the site O, wαβ is the hopping rate for the
acoustic-phonon assisted transition from site β to the site α, and the upward
transitions O1 → O and O1 → O′ are ignored. If the site O is a pore at
zero temperature then wO1O < τ−1

0 . Let site O′ be the optimal at T �= 0
with respect to O, which means that wO′O > wO1O. Site O1 is assumed to
satisfy the condition wO1O′ > wOO′ . It can be shown that, under the above
assumptions and for wO′O > τ−1

0 , the ratio f1/(f+f ′) is given approximately
by the product τ0wO′O. At T = 0, i.e., for vanishing wO′O, this ratio is equal
to τ0wO1O which is small as compared with τ0wO′O. Thus, the average exciton
energy indeed shifts downwards (the localization energy shifts upwards) with
allowance made for the effective relaxation channel O → O′ → O1.

Here we generalize the kinetic theory presented in the previous subsection
from zero to finite temperatures [5.6]. We use the Miller-Abrahams expression

w(ε, ε′, r) = ω0 exp
[
−2r
L

− θ(ε− ε′)
ε− ε′

kBT

]
(5.31)

for the hopping transition rate between the sites ε and ε′ separated by the
distance r. In the limit T → 0 this expression reduces to (5.6). In the light of
(5.31) we characterize each localized-exciton state by three parameters ε, ε′

and r, where ε is the localization energy for a given site, while ε′ and r are the
localization energy and the distance to an optimal site with the maximum
value of w(ε, ε′, r) in the given local configuration. The probability to occupy
such a state is denoted by f(ε, ε′, r). The energy distribution N(ε) which
determines the photoluminescence spectral intensity, I(ω) ∝ N(E0 − �ω), is
related to f(ε, ε′, r) by

N(ε) = g(ε)
∫ ∞

0

dε′
∫ ∞

0

drPε(ε′, r)f(ε, ε′, r) , (5.32)

where Pε(ε′, r) is the distribution of optimal neighbors. In the following we
restrict the consideration to 2D systems. Then, for uncorrelated localized
sites distributed in the 2D space, one can write instead of (5.15)

Pε(ε′, r) = 2πrg(ε′) exp [−U(ε, ε′, r)] , (5.33)

U(ε, ε′, r) =
∫
Ω

∫
dε2dr2 2πr2 g(ε2) , (5.34)

the integration is performed over the area Ω in the (ε2, r2) space, where

w(ε, ε2, r2) > w(ε, ε′, r) .
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If the correlation between the successive hopping processes is ignored the
kinetic equation for f(ε, ε′, r) under the cw photoexcitation has the form

1
τ0
f(ε, ε′, r, t) + Iε,ε′,r{f} = Γ (0)(t) (5.35)

similar to (5.13) but with the modified transfer term

Iε,ε′,r{f} = w(ε, ε′, r) f(ε, ε′, r) (5.36)

−
∫ ∞

0

∫ ∞

0

dε1dr1
g(ε1)
g(ε)

Pε1(ε, r1) w(ε1, ε, r1) f(ε1, ε, r1) .

In the limit of zero temperature one has, respectively,

w(ε, ε′, r) = w(r)θ(ε′ − ε) = ω0 exp(−2r/L) θ(ε′ − ε) ,

Pε(ε′, r) =
g(ε′)
ρ(ε)

Pε(r)θ(ε′ − ε) ,

f(ε, ε′, r) =
f(ε, r)
ρ(ε)

θ(ε′ − ε) ,

and (5.35) reduces to (5.20).
Figure 5.3 compares the results of calculation with the PL experimental

data obtained in a cubic CdS/ZnSe 19Å/19Å SL in the temperature range
5–35 K. The circles (experiment) and curves (theory) show the purely kinetic
contribution to the PL-peak shift

∆Emax(T ) = �ωmax(T ) − �ωmax(0) − δEg(T ) , (5.37)

where ωmax(T ) is the spectral position of the PL maximum at the temper-
ature T, δEg(T ) is the non-kinetic shift which appears due to temperature
variation of the SL band gap and is found from the micro-PL spectra, see
the next subsection. The solid curve in Fig. 5.3 is the result of computer sim-
ulation, the dashed curve was obtained by numerically solving (5.35, 5.36).
In order to qualitatively take into account the inhomogeneous broadening,
the theoretical spectra I(ω,E0) calculated for a fixed value of the exciton
mobility edge E0 were convoluted with a Gaussian

J(�ω) ∝
∫
dE0 F (E0 − Ē0)J0(E0 − �ω) ,

F (E0 − Ē0) =
1√
π∆

exp

[
−
(
E0 − Ē0

∆

)2
]
.

The dimensionless parameters chosen to calculate the PL spectra are as fol-
lows: ω0τ0 = 103 and N0 = g0ε0π(L/2)2 = 0.4. The inhomogeneous broaden-
ing was described by a Gaussian with ∆ = 2 ε0. At zero temperature the PL
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Fig. 5.3. Temperature dependence of the PL-peak shift in a 19 Å/19 Å CdS/ZnSe
SL. The shift is defined in accordance with (5.37) and normalized to the low-
temperature PL Stokes shift of 18 meV. Full circles, experiment; full curve, com-
puter simulation; broken curve, kinetic theory. [5.6]

peak occurred at εmax ≡ E0 − �ωmax = 3.53 ε0. The Stokes shift εcwmax was
estimated from the energy difference between the PL and PLE maxima to
be 18 meV. From the PL Stokes shift a value of (18/3.53) meV or ≈ 5 meV
was obtained for ε0. One can see that the simulated PL shift ∆Emax(T ) and
that calculated by using the kinetic theory are in good agreement.

5.2.3 Micro-Photoluminescence Spectroscopy

Usually optical studies of nanostructures, including those presented in Figs.
5.1–5.3, are carried out by illuminating macroscopic sample areas. This
macro-PL probes large ensembles of localized sites in QWs or QWRs and
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QDs in quantum-dot arrays. In this case narrow spectral features of indi-
vidual quasi-0D excitons are hidden in PL spectral peaks inhomogeneously
broadened and smoothed. At present, in PL or catodoluminescence spec-
troscopy, it has become possible to probe only a few localized sites or dots
using a micrometer and even submicrometer spatial-resolution technique and
combining it with high spectral and temporal resolution [5.7–5.10]. This can
be achieved either by reducing the size of the laser spot on the sample or
by reducing the area of the sample, e.g., by opening a series of apertures
in an opaque metal film deposited on the surface of semiconductor nanos-
tructure [5.11, 5.12]. Novel techniques have been developed that have led
to the measurements of the Raman scattering, optically-detected nuclear-
magnetic-resonance and nonlinear-optical microscopical spectra of individual
0D excitons, in addition to the micro-PL spectra.

Figure 5.4 shows three selected micro-PL spectra taken with a spa-
tial resolution of ∼ 1 µm and recorded at different temperatures from the
CdS/ZnSe 19Å/19Å SL used to measure the temperature shift of macro-PL
peak (Fig. 5.3). The spectra are normalized with respect to the PL-intensity
maximum and shifted vertically against each other for clarity. In addition to
a broad PL background, a structure of narrow superimposed lines is observed
with the full-width half-magnitude of 300 µeV. These lines show up due to
the radiative recombination of strongly localized excitons forming quasi-0D
states. Above 35 K, the narrow line emission is hardly observable, indicating
enhanced delocalization of excitons. Within the experimental accuracy, the
shift of the line positions with increasing temperature is identical for all the
lines and corresponds to the temperature-induced shift of the SL band gap
δEg deducted in (5.37) in order to define a purely kinetic change, ∆Emax, in
the PL-peak shift. The shifts δEg(T ) for T=5 K and T=35 K differ by −1.4
meV. As one can see from Fig. 5.3, with the temperature increasing from 5
to 35 K, macro-PL spectra show a more pronounced red shift of the emission
peak (−3.5 meV). This effect, also seen for the envelope of the micro-PL
spectra, is clear evidence in favor of phonon-assisted exciton multi-hopping
to deeper localized states, described in the previous subsection.

In Fig. 5.5, the results of a computer simulation of micro-PL spectra are
displayed. For the simulation 50 subsystems were taken each containing 1000
localized-exciton sites randomly distributed with equal probabilities in the
2D space within a square area and with weight g(ε). The exciton mobility
edge in each subsystem was chosen randomly in accordance with the Gaus-
sian distribution. The spectra were calculated for the same configuration of
localized sites but for different temperatures, kBT = 0, 0.4ε0 and 0.8ε0. The
parameters of the theory are the same as those used to calculate the macro-
PL spectra and the temperature dependence of ∆Emax presented in Fig. 5.3
by solid line. The simulated PL spectrum is calculated as the sum

I(ω) =
M∑
m=1

n∑
i=1

f
(m)
i ∆(ω − ω

(m)
i ) ,
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Fig. 5.4. Temperature dependent µ-PL spectra (spatial resolution ≈ 1 µm) taken
from a 19 Å/19 Å CdS/ZnSe SL. [5.6]

where the index m enumerates the subsystems from 1 to M = 50, ω(m)
i is

the resonance frequency of the i-th localized-exciton state (1 ≤ i ≤ 1000) in
the m-th subsystem, f (m)

i is the occupation number of the states (m, i), and
the function ∆(Ω) describes the homogeneous broadening of a single line. It
is taken in the Lorentzian form

∆(Ω) =
1
π

γ

γ2 +Ω2

with γ being equal to 0.02ε0/�.
In agreement with the experiment, a smooth spectral background can

be seen in Fig. 5.4, reflecting the macro-PL spectrum, with a set of narrow
lines corresponding to individual contributions of localized sites. Varying the
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Fig. 5.5. µ-PL spectra computer-simulated for three different temperatures. [5.6]

temperature leads to exciton redistribution over the localization sites and,
therefore, to changes in the intensities of the narrow lines and to evolution
of the PL background. Since the band gaps are kept constant in the simu-
lation procedure, the energy positions of the individual narrow lines remain
unchanged.

5.2.4 Excitons in Quantum Wells Containing Free Carriers

Doping of QW structures can be unintentional, homogeneous, or selective.
Selectively- or modulation-doped quantum well is a heterostructure in which
a layer of donors (or acceptors) is introduced within the barrier region. The
spatial separation between these donors and the 2D gas of electrons (or holes)
formed in the well, strongly inhibits carrier scattering. The flexibility in the
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choice of the structure parameters, such as the spacer width, doping con-
centration, etc., allows one to obtain a 2D electron gas (2DEG) with widely
varying properties. Applying a gate voltage enables one to alter the sys-
tem from a high-density quasi-metallic 2DEG to a low-density noninteract-
ing one. In another method to study the system of coexisting excitons and
2D-carrier gas, the latter is generated by photoexciting the structure above
the band gap and its density is controlled by the excitation intensity. At a
large electron density the excitons are suppressed due to the screening and
band-filling effects. When the electrons are removed from the well, an ex-
citon line is gradually restored in the optical spectra. We discuss here two
problems related to excitons localized in modulation-doped QWs, namely lo-
calized trions (see, e.g., [5.13,5.14]) and scattering of free carriers by localized
excitons [5.15,5.16].

Although extensive work has been carried out on the 2D trions X−, in
many of these studies a recurrent and controversial question keeps arising
from time to time: how localized are the trion states and how does confine-
ment affect the Coulomb interaction. An existence of localized trion states
in modulation-doped GaAs/AlGaAs QWs was demonstrated by Finkelstein
et al. [5.13] who observed a correlation between the decrease of the conduc-
tivity and the appearance of excitons and trions as the electron density is
lowered. Another evidence of localized trions comes from comparison of the
theoretical and experimental binding energies of negatively charged exciton
X− as a function of the well width a. Although the qualitative behavior
of the binding energy εtr as a function of well width a agrees with theo-
retical predictions, values of εtr for the narrow QWs is at least twice the
predicted value [5.17]. This discrepancy between theory and experiment is
likely a consequence of the localization of the trion due to QW width fluc-
tuations. Tischler et al. [5.14] have demonstrated single-trion spectroscopy
using high spatial resolution. They presented a comparative study of the fine
structure of single localized excitons and trions discussed in Sect. 5.4.1.

In addition to the formation of a three-particle bound state, negatively
or positively charged exciton, a free carrier and exciton can collide scattering
each other. In the quantum theory of scattering, the problem of ‘electron -
hydrogen atom’ scattering is next in simplicity to that concerning collisions
between two elementary particles. In the physics of semiconductors, similar
process is represented by scattering of a free electron or hole by Wannier-
Mott exciton. New aspects of this three-body problem were revealed in recent
studies of the ‘free carrier - exciton’ interaction in 2D systems, namely in
QW structures [5.18, 5.19]. Of special interest is a problem of interaction
between localized excitons and free carriers photoexcited by an additional
above-gap radiation at low temperatures [5.15,5.20]. The theoretical aspects
of this particular problem were studied by Golub et al. [5.16]. Following this
study, we discuss the delocalization of localized excitons by free carriers in a
QW structure. We use the Born approximation, take into account that the
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incident and excitonic electrons are nondistinguishable and make allowance
for both direct and exchange processes.

We consider a collision process with a free quasi-2D electron and a lo-
calized exciton in the initial state, and a free (delocalized) exciton and an
electron of lower kinetic energy in the final state. Schematically the process
can be presented in the form

(k0, s0) + (loc. exc., s′0, m) −→ (kf , sf ) + (free exc., K, s′f , m).

Here k0,kf are the wave vectors of the initial and scattered electron waves, K
is the free-exciton wave vector, and s0, s′0, sf , s

′
f is the spin component ±1/2

of the corresponding electron referred, say, to the structure principal axis
z; m is the hole spin index. Hereafter we neglect the electron-hole exchange
interaction which means that m is conserved in the collision process. The
vectors k0,kf ,K satisfy the energy conservation law

�2k2
0

2me
− Eloc =

�2k2
f

2me
+

�2K2

2M
, (5.38)

where me,M are the in-plane electron and exciton effective masses, and Eloc

is the exciton localization energy.
Bearing in mind the electron nondistinguishability we write the wave func-

tion of the three-body system ‘electron + exciton’ as the Slater determinant

Ψ(r1, r2, rh) =
1√
2

∣∣∣∣∣ ψk s(r1) ψk s(r2)
ψ

(exc)
j;s′m(r1, rh) ψ

(exc)
j;s′m(r2, rh)

∣∣∣∣∣ , (5.39)

where 3D vectors r1, r2, rh describe positions of the two electrons and the
hole, ψk s(r) and ψ(exc)

j;s′m(re, rh) are, respectively, the wave functions of a free
electron in the state (k, s) and of an exciton in the localized state j = loc
or the free state j = K. In the actual calculation the following approximate
wave functions are used

ψk s(re) =
1√
Ω

eikρe ϕe(ze) |s〉 , (5.40)

ψ
(exc)
j;s′m(re, rh) = Fj(R)f(ρ)ϕe(ze)ϕh(zh) |s′;m〉 .

Here |s〉 and |s′;m〉 are the Bloch functions at the center of the Bril-
louin zone, ϕe(ze) and ϕh(zh) are the envelopes for the lowest electron
(e1) and hole (h1) quantum-confined states, the variational function f(ρ) =
(2/π)1/2ã−1 exp (−ρ/ã) describes the relative electron-hole motion in the ex-
citon, ã is the effective Bohr radius of the quasi-2D exciton in the 1s ground
state, ρ = |ρe − ρh|, ρe and ρh are the 2D vectors (xe, ye) and (xh, yh),
R = (meρe +mhρh)/M is the exciton in-plane center-of-mass and Ω is the
sample normalization area. The function Fj(R) describes the translational
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motion of the exciton as a whole. In the initial state it is approximated by
the exponential function

Floc(R) =

√
2
πL2

e−R/L (5.41)

with L being the effective localization radius. The final state is represented
by the plane wave FK(R) = Ω−1/2 exp(iKR).

In order to calculate the matrix element of the electron-exciton interaction

M = 〈kf , sf ;K, s′f ,m|Ĥ|k0, s0; loc, s′0,m〉

we start with the total three-body Hamiltonian H = T1 + T2 + Th + V1-2 +
V1-h + V2-h + U1 + U2 + Uh, where T stands for the kinetic energy operator,
V is the Coulomb potential

V1-2 =
e2

æ|r1 − r2|
, Vi-h = − e2

æ|ri − rh|
(i = 1, 2) ,

æ is the dielectric constant of the medium, U is the superstructural potential.
It is worth to note that U contains as well the perturbation arising because
of the QW-width fluctuation and leading to the exciton localization.

In the band-structure model under consideration the electron orbital
motion is spin-independent and, therefore, it is possible to bring the matrix
element M into the form

V = A δsf s0δs′f s′0 + B (σsf s0 · σs′f s′0) , (5.42)

where σ is the vector matrix with components being equal to the Pauli matri-
ces σx, σy, σz. The coefficients A, B depend upon the wave vectors k0,kf , K
but are independent on the spin indices. These coefficients can be expressed
as

A = V↑↓,↑↓ +
1
2
V↑↓,↓↑ , B =

1
2
V↑↓,↓↑ (5.43)

via matrix elements for the direct and exchange collision processes in the case
where spins of the initial and excitonic electrons are antiparallel

V↑↓,↑↓ =
∫
dr1dr2drhψ

∗
kf

(r1)ψ
(exc)∗
K (r2, rh)V12hψk0(r1)ψ

(exc)
loc (r2, rh) ,

(5.44)

V↓↑,↑↓ = −
∫
dr1dr2drhψ

∗
kf

(r2)ψ
(exc)∗
K (r1, rh)V12hψk0(r1)ψ

(exc)
loc (r2, rh) .

Here we use the notation V12h = V1-2 + V1-h. It follows from (5.42,5.43) that
the similar matrix element, V↑↑,↑↑, for the parallel spin configuration is given
by the sum V↑↓,↑↓ + V↓↑,↑↓.

In the Born approximation the probability rate for delocalization of the
exciton (s′0,m) by the s0-electron is expressed by
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ws0 ,s′0(E0) =
2π
�

∑
s

f
,s′f

∑
kf ,K

|V |2 δ(Ef + Eexc − E0 +Eloc) . (5.45)

To simplify the writing we denote the kinetic energies �2k2
0/2me, �2k2

f/2me,
�2K2/2mexc by E0, Ef and Eexc, respectively. The total delocalization time,
τ , can be written as 1/τ = W1/2,s′0 +W−1/2,s′0 , where

Ws0 ,s
′
0

= Ω

∫
ws0 ,s′0(E0) fs0 (E0) g2D

dE0 , (5.46)

gs
2D

= me/(2π�2) is the density of 2D-electron states with a fixed spin and
fs(E) is their energy distribution function. We assume the Boltzmann charac-
ter of the distribution: fs(E) = exp[(µs − E)/kBT ], where T is the effective
temperature which can be changed by microwave irradiation of the sam-
ple [5.20]. The chemical potential µs is related to the 2D concentration, Ns,
of electrons with the spin s by the equation

µs = kBT ln
(

Ns
gs

2D
kBT

)
. (5.47)

In experiments the electron gas may be unpolarized (N1/2 = N−1/2) as well
as completely spin-polarized (N1/2 � N−1/2 or N1/2 � N−1/2).

Figure 5.6 illustrates results of the numerical calculation of the probability
rate ws0,s′0(E0) and the delocalization time τs0,s′0 performed assuming the
electron gas to be polarized and by applying (5.42, 5.45) for the configurations
s0 = −s′0 (curves 1) and s0 = s′0 (curves 2). The used parameters correspond
to the GaAs/AlGaAs QW structures:me = 0.067m0,mh = 0.15m0, the Bohr
radius of the quasi-2D exciton ã = 100 Å, the well width a = 75 Å. A value of
L = 180 Å is chosen as the best fit to the envelope wave function calculated
in the method of free relaxation [5.21] for a circular island of monolayer-
high fluctuation of the QW width (the localization energy Eloc = 2 meV is
obtained for the island radius 80 Å). The envelopes ϕe(z), ϕh(z) in (5.40) are
approximated by the function (2/a)1/2 cos(πz/a).

The delocalization probability has a threshold in energy of the ingoing
electron: ws0,s′0(E0) = 0 if E0 < Eloc. Near the threshold we can neglect the
dependence of the coefficients A, B on E0 and obtain

ws0,s′0(E0) ∝
∫ ∫

dEf dEexc δ(Ef +Eexc −E0 +Eloc) = E0 −Eloc . (5.48)

One can see from Fig. 5.6a that the linear dependence is a good approximation
up to E0 − Eloc = 0.5 meV. The curves ws0,s′0(E0) reach maximum values
at E0 −Eloc ≈ 1.5 meV (k0L ≈ 1.4) and smoothly decrease with the further
increase in E0. Note that the main contribution to w↑↑ and w↑↓ comes from
the exchange processes. This can be understood taking into account that,
in the Born approximation, for equal masses me = mh and for coinciding
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Fig. 5.6. (a) Relative probability of the exciton delocalization vs. the initial en-
ergy for antiparallel (curve 1) and parallel (curve 2) electron spin configurations.
wmax is the maximum value of the function w↑↓(E0). Inset shows the same depen-
dence in the region of small E0 − Eloc. Curves 1a and 2b are calculated assuming
the matrix element of the electron-exciton interaction to be constant. (b) Tem-
perature dependence of the exciton delocalization time due to the 2D electron gas
polarized antiparallel (curve 1) and parallel (curve 2) with respect to the electron
spin orientation in the localized exciton. Inset shows the same dependence near the
threshold; curves 1a and 2a are calculated for E0-independent matrix elements of
the electron-exciton interaction. [5.16]

envelopes ϕe(z) = ϕh(z), the direct Coulomb interaction between an electron
and an exciton vanishes, the matrix element V↑↓,↑↓ is equal to zero and, hence,
the matrix elements V↑↑,↑↑, V↓↑,↑↓ coincide and are entirely determined by
the exchange contribution to electron-exciton interaction. For me �= mh, a
value of V↑↓,↑↓ differs from zero. However the estimation shows that, even for
mh = 2me, it is small as compared to V↑↑,↑↑, V↓↑,↑↓. This explains why the
probabilities w↑↑(E0), w↑↓(E0) differ only by 10 ÷ 20%.

For the electron gas of the density n = 109 cm−2 at the temperature
T = 5 K the exciton delocalization time is ∼ 1 ns. With heating the electrons
their average energy increases, the electron-exciton interaction is enhanced
(Fig. 5.6a) and the time τ decreases. Figure 5.6b shows that, at low tem-
peratures, this time is very sensitive to variation of T . In fact, it becomes
shorter by an order of magnitude, as T increases from 5 K to 8 K. If the E0-
dependence of the matrix elements V is ignored, i.e., if ws0,s′0 ∝ E0 − Eloc,
then the delocalization rate is proportional to T exp(−Eloc/kBT ) (curves 1a
and 2a in the inset in Fig. 5.6b). It should be mentioned that the time τ cor-
responding to the electron density n �= 109 cm−2 is obtained by multiplying
the values in Fig. 5.6b by 109/n. To illustrate, the inverse time τ−1 for an
unpolarized electron gas is given by (τ−1

↑↑ + τ−1
↑↓ )/2.

It is to be noted in conclusion that above we considered only one of possi-
ble mechanisms of the interaction between an electron and a localized exciton.
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The photoluminescence intensity and polarization can be effected by other
processes: the spin-flip elastic scattering of an electron or a hole by a localized
exciton, the delocalization of an exciton with the free carrier captured in the
final state by the localization site, free-carrier-induced hopping of an exciton
between two different localized levels, etc.

5.3 Optical Spin Orientation of Free Carriers

Spin properties attract the great attention in recent years due to attempts to
realize electronic devices based on the spin of electrons. Conduction electrons
are obvious candidates for such devices, particularly in nanostructures where
electron energy spectrum and shape of the envelope functions can effectively
be engineered by the growth design, application of electric or magnetic fields
as well as by illumination with light. Thus, spin electronics, or spintronics, is
aimed at the study of the role played by electron spin in solid-state physics
and creation of possible devices that exploit spin properties in addition to or
even instead of the charge degree of freedom. In this connection the behav-
ior of hole and exciton spins in semiconductors and the role of nuclear spins
are of great importance in spintronics as well. The key topics of this field to
be considered are the methods used to polarize electronic spins, particularly
optical orientation of spins (Sect. 5.3.1), relevant spin-relaxation mechanisms
(Sect. 5.3.2), the Zeeman effect and modification of the effective g factors in
nanostructures due to the quantum confinement (Sect. 5.3.3) and manifesta-
tions of non-equilibrium spin polarization in time-resolved PL spectroscopy
(Sect. 5.3.4). In this section we focus upon the spin optical orientation of
free carriers, mainly on the orientation of conduction-electron spins. PL of
polarized excitons will be considered in Sect. 5.4.

5.3.1 Principles of Optical Orientation

Since the pioneer work by Lampel [5.22] the optical orientation of free-carrier
spins has become an effective method, contactless and nondestructive, for
investigations of semiconductor band and kinetic parameters, see [5.23]. The
essence of the method is to analyze the PL polarization as a function of
the polarization of the initial light. We first formulate the basic principles of
optical orientation of free-carrier spins.

Principle 1. Under optical interband excitation by circularly polarized
light, the angular momentum component of σ+ (or σ−) photons is transferred
to the spin (or angular momenta) of free carriers.

The electron-spin orientation under interband excitation follows immedi-
ately from the selection rules (2.154), see also Table 2.3. One can see that, for
the σ+-induced transition from ±3/2 states the photoelectrons with s = −1/2
are generated. Similarly, the transitions from the states ±1/2 lead to the gen-
eration of electrons with s = 1/2. Note that, for simplicity, we assume that
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the light propagates along z and the PL is registered in the backscattering
geometry.

The steady-state rate equations for the densities, n+ and n−, of electrons
with the spin up (or 1/2) and down (or −1/2) have a simple form

n+

τ0
+

1
2τs

(n+ − n−) = g+ , (5.49)

n−
τ0

+
1

2τs
(n− − n+) = g− .

Here g± are the photogeneration rates, τ0 is the lifetime of photoelectrons
in the conduction band, τs is the spin relaxation time. It is convenient to
introduce the following notations: n = n+ + n− as the total density, g =
g+ + g− as the total generation rate, sz = (n+ − n−)/2 as the total average
electron spin, and

p =
n+ − n−
n+ + n−

(5.50)

as the degree of electron spin polarization. Then the solution of the above
two rate equations can be presented as n = gτ0 and p = p0(T/τ0), where

p0 =
g+ − g−
g+ + g−

,
1
T

=
1
τ0

+
1
τs
, (5.51)

T being the lifetime of photoelectron oriented spins.
Hence, Principle 2 reads: If the photoelectron lifetime τ0 is not too long

as compared to the spin relaxation time τs, then the photoelectrons retain
spin polarization (at least partially).

Under steady-state excitation, one has

sz =
p0

2
Tg =

p0

2
τsτ0
τ0 + τs

g . (5.52)

The initial degree of spin polarization, p0, is proportional to the degree of
circular polarization of the initial light: p0 = æP 0

c . The coefficient æ depends
on the selection rules: for the interband transitions Γ8 → Γ6 in the bulk GaAs-
type semiconductors, æ = −1/2, while for the optical transitions hh1 → e1
in a GaAs-based QW one has æ = −1.

Principle 3. Due to the same selection rules for interband optical transi-
tions, the radiative recombination of spin-polarized photocarriers gives rise
to a (partial) circular polarization of the PL, or in an analytical form

Pc = æp = P 0
c æ2 T

τ0
. (5.53)

This equation is valid for recombination with unpolarized carriers of an-
other sort, e.g., for recombination of spin-polarized electrons with unpolarized
holes. If both degrees of spin polarization, pe and ph, are nonzero the circular
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polarization is given by a more complicated equation. For the recombination
of e1 electrons and hh1 holes (æ = −1) it has the form

Pc =
ph − pe
1 − peph

, (5.54)

where ph = (nh+ − nh−)/(nh+ + nh−), and nh± is the density of heavy holes with
the angular momentum ±3/2.

Principle 4. The transverse magnetic field, B ⊥ z, leads to depolarization
of the photoluminescence. The rate equations for n and s in the transverse
magnetic field can be written in the form

n

τ0
= g ,

s

T
+ s × ΩL = ṡ , (5.55)

where ΩL = geµBB/� is the Larmor frequency, ge is the electron’s effective
g factor, and ṡ is the spin generation rate. These equations are derived from
the equation for the so-called electron spin-density matrix

ρ̂

τ0
−

(
∂ρ̂

∂t

)
s.r.

+
i
�
[HB, ρ̂] = ĝ . (5.56)

The components of the spin-density matrix, ρ11 ≡ ρ1/2,1/2, ρ12 = ρ1/2,−1/2

etc., are expressed via the electron density n and components of the average
electron spin s as

ρ̂ =
1
2

[
n+ sz sx − isy
sx + isy n− sz

]
. (5.57)

The spin relaxation term is conveniently approximated by [5.24]

−
(
∂ρ̂

∂t

)
s.r.

=
1

2τs

[
ρ11 − ρ22 2ρ12

2ρ21 ρ22 − ρ11

]
.

Let B ‖ x , then HB = �ΩLσx/2 and

i
�
[HB, ρ̂] =

i
2
ΩL

[
ρ21 − ρ12 ρ22 − ρ11

ρ11 − ρ22 ρ12 − ρ21

]
. (5.58)

The vector equation (5.55) for s is equivalent to three scalar equations
sx
T

= ṡx ,
sy
T

+ΩLsz = ṡy ,
sz
T

−ΩLsy = ṡz .

Under normal incidence ṡx = ṡy = 0 and

sz(B) =
sz(0)

1 + (ΩLT )2
, sy(B) = − ΩLT

1 + (ΩLT )2
sz(0) , sx = 0 , (5.59)

where sz(0) is given by (5.52). One can see that in the transverse magnetic
field the average electron spin is rotated around B and depolarized. This is
the so-called Hanle effect.

Note that, in general, one has to introduce the tensor gij of g factors and
write HB in the form of the sum (5.86) (Sect. 5.3.3). Only in the particular
case of an isotropic g factor the Larmor frequency ΩL is directed parallel to
the in-plane magnetic field B and (5.55, 5.59) are valid.
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5.3.2 Spin-Relaxation Mechanisms

For conduction-band electrons in bulk zinc-blende-lattice semiconductors, the
following four mechanisms of spin relaxation, or spin decoherence, are rele-
vant, see [5.25, 5.26] and references therein. The Elliott-Yafet mechanism is
related to electron spin-flip scattering owing to a wave-vector dependent ad-
mixture of valence-band states to the conduction-band wave function. In
the D’yakonov-Perel’ mechanism the spin coherence is lost not in an act of
scattering as in the previous case but during the time between successive
acts of scattering due to the wave-vector dependent spin splitting of electron
subbands [5.27]. In p-doped samples the conduction electrons loose their spin
polarization via scattering by holes (the Bir-Aronov-Pikus mechanism) [5.28].
In samples containing paramagnetic centers the spin relaxation is contributed
by spin-flip scattering processes as a result of the exchange interaction be-
tween free electrons and electrons bound on paramagnetic centers. In bulk
semiconductor crystals the Elliott-Yafet mechanism can be essential only in
narrow-gap materials with a large spin-orbit valence-band splitting, e.g., in
InSb. The Bir-Aronov-Pikus mechanism predominates at low temperatures
and sufficiently high hole densities [5.28]. The main spin relaxation at high
temperatures is due to the D’yakonov-Perel’ mechanism.

With reducing the dimensionality from 3D to 2D, the importance of the
D’yakonov-Perel’ mechanism is greatly enhanced and, in QWs with a mod-
erate hole concentration, it is dominant. To consider this mechanism in more
detail for (001)-grown QWs we take into account the linear-k Hamiltonian
in the form (2.115) rewriting it as

Hc1 =
1
2

(β−σx′ky′ − β+σy′kx′) , (5.60)

where β± = 2(β2 ± β1) and the coordinate system x′ ‖ [11̄0], y′ ‖ [110], z ‖
[001] is used.

A simple physical picture of what happens is as follows. Let us first con-
sider an electron gas of the density N occupying the lowest conduction sub-
band e1 and assume that, at the initial moment t = 0, the electrons are
spin-polarized in the same direction, say along the growth direction z, and
somehow distributed in the k space. It is useful to present Hc1(k) as the
scalar product (�/2)σ · Ωk, see (2.116). Then the linear-k spin-splitting of
the electron subband plays the role of an effective magnetic field and results
in spin precession with the angular velocity Ωk during the time between
collisions. The in-plane components of Ωk are nonzero and given by (2.117).

We start from analysis of the large splitting limit

|Ωk| �
1
τ
,

where τ is a microscopic time of electron scattering. According to (2.117) the
Larmor frequency Ωk lies in the interface plane and is perpendicular to the
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growth direction z. If s(t = 0) ‖ z then the spin component of an electron in
the state k oscillates as

sz(t) = sz(0) cosΩkt.

If Ωk = |Ωk| is angular independent, the spin polarized electrons occupy-
ing the circle of the fixed radius in the k space show the similar oscillatory
behavior for sz component. However, if β2

− �= β2
+ or/and the electrons are

occupying states with different values of |k|, the scatter in Ωk results in a
decoherence of sz.

In particular case where β2
− = β2

+ and the electrons occupying the lowest
conduction subband e1 have the same spin s‖z at the initial moment t = 0
and are distributed equally within the energy interval 0 < E < E0 the average
s̄z over the ensemble varies in the time domain 0 < t� τ as

s̄z(t) = 2 sz(0)
(

sinΩ0t

Ω0t
+

cosΩ0t− 1
(Ω0t)2

)

where Ω0 equals to |Ωk| at k =
√

2mE0/�2. One can see that s̄z(t) decays
non-exponentially, and the decay time scale is given by Ω−1

0 .
D’yakonov and Perel’ [5.27] were the first to show that the electron-

momentum scattering processes slow down the spin relaxation. In the collision-
dominated limit

|Ωk| �
1
τ

the Larmor frequency direction changes randomly too fast, the spin rotation
angle ∆ϕ ≈ Ωkτ between two successive acts of scattering is small and the
time variation of sz is described by the exponential function

sz(t) = sz(0) exp
(
− t

τs

)
,

where τs is given by
τ−1
s ∝ 〈Ω2

kτ〉 (5.61)

and the angle brackets mean averaging over the electron energy distribu-
tion. The dimensionless coefficient in (5.61) can be derived by solving the
Boltzmann kinetic equation for the electron spin density matrix [5.27,5.29].

In the frame of kinetic theory, the electron distribution in the wave vector
and spin spaces is described by a 2 × 2 spin-density matrix

ρ̂k = fk + sk · σ. (5.62)

Here fk = Tr{ρ̂k/2} is the average occupation of the two spin states with the
wave vector k, or distribution function of electrons in the k-space, and the
average spin in the k state is sk = Tr{ρ̂k(σ/2)}. The macro- and microscopic
spin-density matrices (5.57) and (5.62) are related by
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ρ̂ =
∑

k

ρ̂k . (5.63)

If we neglect the spin splitting then, for arbitrary degeneracy of an elec-
tron gas with non-equilibrium spin-state occupation but equilibrium energy
distribution within each spin branch, the electron spin-density matrix can be
presented as

ρ̂0
k =

[
exp

(
Ek − µ̄− µ̃ (σ · os)

kBT

)
+ 1

]−1

, (5.64)

where Ek = �2k2/2m, kB is the Boltzmann constant, T is the temperature,
os is the unit vector in the spin polarization direction, µ± = µ̄ ± µ̃ are the
effective Fermi energies for electrons with the spin component 1/2 or −1/2
along os so that the energy distribution functions of electrons with the spin
±1/2 are given, respectively, by

f0
k,± =

[
exp

(
Ek − µ±
kBT

)
+ 1

]−1

. (5.65)

Note that (5.64) can be rewritten in the equivalent form [5.27]

ρ̂0
k ≡ f0

k + s0
k · σ =

1
2
[
f0
k,+ + f0

k,− + (f0
k,+ − f0

k,−) (σ · os)
]
.

The densities n± of 2D electrons with a particular spin can be related with
the effective Fermi energies by

n± =
m

2π�2
kBT ln(1 + eµ±/kBT ) . (5.66)

If the spin splitting is non-zero but small compared to �/τ , the distribu-
tion function Tr{ρk/2} = f0

k does not change, whereas the spin vector obtains
a correction δsk = sk − s0

k proportional to the spin splitting. Therefore, the
spin-density matrix may be presented as

ρ̂k = ρ̂0
k + δsk · σ . (5.67)

The quantum kinetic equation for the spin-density matrix has the form

∂ρ̂k

∂t
+

i
�
[Hc1(k), ρ̂k] + Q̂k{ρ̂} = 0 , (5.68)

where [P,R] = PR − RP and the third term in the left-hand side is the
collision integral or the scattering rate, in this equation it is a 2×2 matrix.
It follows from (5.68) that the kinetic equation for the pseudovector sk can
be written as

dsk

dt
+ sk × Ωk + Qk{s} = 0 , (5.69)



5.3 Optical Spin Orientation of Free Carriers 231

where Qk{s, f} = (1/2)Tr
{

σQ̂k{ρ̂}
}

. While considering the D’yakonov-
Perel’ mechanism, we ignore spin flips under scattering. Then, say, for the
elastic scattering one has

Qk{F } =
∑
k′
Wk′k(Fk − Fk′) ,

where Wk′k is the probability rate for the electron transition from the state
k to k′. For the equilibrium distribution ρ̂0

k, the collision integral vanishes
identically. This integral also vanishes after the summation over k which
allows, in particular, to derive from (5.69) the following equation of balance
for the total average spin

ds

dt
+

∑
k

δsk × Ωk = 0 . (5.70)

The angular dependence of the non-equilibrium correction δsk is the linear
combination of cosΦk = kx′/k and sinΦk = ky′/k, where Φk is the angle
between k and the axis x′. Retaining in the kinetic equation (5.69) terms
proportional to the first angular harmonics we obtain an equation for δsk with
the inhomogeneous term linear in s. Then one can substitute the solution in
the second term of (5.70). The final result is that the tensor of inverse spin
relaxation times, 1/τsαβ , is diagonal in the coordinate system x′, y′, z and
given by [5.29,5.30]

1
τsx′x′

=
1
2

(
β+

�

)2

〈k2τp〉 ,
1

τsy′y′
=

1
2

(
β−
�

)2

〈k2τp〉 , (5.71)

1
τszz

=
1

τsx′x′
+

1
τsy′y′

,

where τp is the momentum relaxation time. In the time relaxation approxi-
mation valid for elastic or quasi-elastic scattering it can be introduced by

Qk{δs} =
δsk

τp
,

where τp is in general a function of the energy Ek.
If among the two contributions, BIA and SIA, to the spin splitting one

is dominant and |β+| = |β−|, the spin relaxation times are interconnected
by [5.29]

τ sx′x′ = τsy′y′ = 2τszz .

Interplay between the BIA and SIA contributions can lead to a giant spin
relaxation anisotropy [5.30]. In particular, if these contributions coincide,
β1 = β2, so that β− = 0 one has τsx′x′ = τszz and τsy′y′ = ∞. In the case
β1 = −β2 the coefficient β+ = 0, the time τsx′x′ is infinite and τsy′y′ coincides
with τszz.
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The spin relaxation due to the spin splitting is slowed down by any process
which changes the direction of k, not only by momentum relaxation processes
governing the electron mobility. The cyclotron movement of free carriers in
a magnetic field suppresses the spin relaxation as well and can be considered
one of such processes [5.31]. In a magnetic field B ‖ z applied to a (001)-
grown QW, the decrease in spin relaxation rate is described by [5.32]

1
τsαα(B)

=
1

τsαα(0)
1

1 + (ωcτp)2
, (5.72)

where ωc = |e|B/(mc) is the cyclotron frequency and the zero-field time
τ sαα(0) (α = x′, y′, z) is defined according to (5.71). Equation (5.72) can be
understood taking into account that, due to the Lorentz force (e/c)v × B,
the free-electron wave vector varies in time as

kx′(t) = Re
{
(kx′ + iky′)eiωct

}
, ky′(t) = Im

{
(kx′ + iky′)eiωct

}
,

the time-averaged values of kα (α = x′, y′) are

k̄α = τp

∞∫
0

kα(t) exp (−t/τp) dt ,

so that k̄x′ + ik̄y′ = (kx′ + iky′)(1− iωcτp)−1, and values of k2
α averaged over

the angle Φk reduce to

2π∫
0

k̄2
α

dΦk

2π
=
k2

2
1

1 + (ωcτp)2
.

Another possibility to change the direction of k is electron-electron colli-
sions which make no effect on the electron mobility. Really, as shown in [5.33],
electron-electron collisions change the direction of k and Ωk and, therefore,
they control the D’yakonov-Perel’ spin relaxation, i.e., the time τ in (5.61),
exactly in the same way as any other scattering processes do. In order to
estimate a value of the time τ governed by the electron-electron collisions we
use the kinetic equation in the same form

dsk

dt
+ sk × Ωk + Qk{s, f0} = 0 (5.73)

as (5.69) but now retain in the collision integral for the spin distribution
function sk only the contributionQk{s, f0} arising from the electron-electron
scattering. Neglecting the exchange interaction as well as spin-flip scattering
processes one has in the particular case of nondegenerate electron distribution

−
(
∂sk

∂t

)
ee

≡ Qk{s, f0} =
∑

k′pp′
Wpp′,kk′(skf

0
k′ − spf

0
p′) , (5.74)
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where Wpp′,kk′ is the probability rate for the scattering k,k′ → p,p′, and
we assume the electron distribution function fk = Tr{ρ̂k/2} to coincide with
the Boltzmann function

f0
k = exp [(µ− Ek)/kBT ] (5.75)

where Ek = �2k2/2m, µ is the chemical potential derived from the equation
for the 2D electron density N = 2

∑
k f

0
k. A sum of the direct Coulomb and

exchange contributions can be presented as

Qk{s, f0} =
2π
�

∑
k′pp′

δk+k′,p+p′ δ(Ek + Ek′ − Ep − Ep′) (5.76)

× [2V 2
k−p(skf

0
k′ − spf

0
p′) − Vk−pVk−p′(skf

0
k′ + sk′f0

k − 2spf
0
p′)] .

Here Vq is the Fourier transform of the 2D Coulomb potential

Vq =
2πe2

æqΣ
, (5.77)

e is the elementary charge, æ is the dielectric constant, and Σ is the sample
area in the interface plane. The exchange part is given by the term propor-
tional to Vk−pVk−p′ .

In order to analyze the role of the quasi-2D character of the electron wave
function confined in a QW of the finite thickness a one can replace U2D(ρ)
by the effective potential obtained by averaging the 3D Coulomb potential
as follows

U(ρ) =
e2

æ

∫ ∫
ϕ2
e1(z) ϕ

2
e1(z

′)√
ρ2 + (z − z′)2

dzdz′ ,

where ϕe1(z) is the electron envelope function at the lowest conduction sub-
band e1. The Fourier transform of U(ρ) can be presented as

Vq =
2πe2

æq
H(q) , (5.78)

where the form-factorH(q) =
∫ ∫

exp (−q|z − z′|)ϕ2
e1(z)ϕ

2
e1(z

′)dzdz′ is smaller
than unity. For qa � 1 (the large distance limit), one has H(q) ∼= 1 and the
interaction is exactly two-dimensional. In the opposite limiting case qa� 1,
the form-factor H(q) is inversely proportional to q and, therefore, Vq ∝ q−2

as in the case of 3D electron gas. The allowance for the form-factor reduces
the electron-electron interaction U(ρ) with increasing the QW thickness and
spreading the electron wavefunctions along the growth direction which re-
sults in increasing the average distance between electrons. In the approxi-
mation of infinitely high barriers the e1 envelope function has a simple form
ϕe1(z) =

√
2/a cos (πz/a) and the form-factor allows an analytic representa-

tion [5.34]
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H(q) =
−32π4 + 32π4e−qa + 3 (qa)5 + 20 (qa)3π2 + 32π4qa[

(qa)2 + 4π2
]2

(qa)2
. (5.79)

Experimentally, the effect of electron-electron collisions on the spin dy-
namics has recently been demonstrated by Brand et al. [5.35]. In [5.33]
only the case of a nondegenerate 2D electron gas has been treated quan-
titatively while the data [5.35] were obtained for a degenerate high-mobility
gas. In [5.36, 5.37] the theory [5.33] was extended to arbitrary electron de-
generacy and comparison was performed between the calculated temperature
dependence of τs with the experiment [5.35].

A convenient form to represent the temperature dependence of the spin
relaxation time is to write τs as

τ−1
s = Ω2

0τ
∗, (5.80)

where Ω0 is the effective Larmor frequency at the Fermi energy at zero tem-
perature and τ∗ is a temperature-dependent parameter which can be com-
pared with the momentum relaxation time τp obtained from measurement
of the Hall mobility. The representation (5.80) is usefully applied in the
scattering-dominated regime, where Ω0 � τ−1, realized at T ∼ 10 K and
higher. At the low temperature T = 1.8 K, the electron spin polarization
evolves as heavily damped oscillations of frequency Ω0 ≈ 0.19 ps−1 and τ∗

is found from the exponential decay of these oscillations. Thus, instead of
τs, the temperature dependence of the above defined time τ∗ is presented in
Fig. 5.7.

Values of τ∗ extracted from the experiment are plotted in Fig. 5.7 by
crosses together with the momentum relaxation time τp (full circles). The
spin polarization was monitored by a time-resolved optical response of a
sample in which the 2D gas was confined in a (001)-oriented 10-nm n-doped
GaAs/AlGaAs QW well structure. Electron concentration was estimated to
be Ns = 1.86× 1011 cm−2, and Hall measurements showed Ns to be approx-
imately constant at T below 100 K. The transport relaxation time τp was
extracted from the Hall mobility.

The inverse electron spin relaxation time for the D’yakonov-Perel’ mech-
anism in the symmetric GaAs QW is given by

1
τszz

= 〈(Ω2
1 +Ω2

3)τp〉 , (5.81)

where �Ω1 = 2γck(〈k2
z〉 − k2/4), �Ω3 = γck

3/2, γc is the constant describing
spin-orbit splitting of the conduction band in bulk GaAs, see (2.119), and 〈k2

z〉
is the quantum mechanical average of the squared electron wave vector along
the growth axis. In (5.81) electron-electron collisions are neglected. Note that
as compared with (5.71) we take into account the cubic-k terms as well and
ignore the SIA linear-k spin splitting. The dotted line in Fig. 5.7 presents
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τ
τ

Fig. 5.7. Temperature dependencies of the scattering time τ∗ controlling the
D’yakonov-Perel’ spin relaxation, see (5.80), and the transport scattering time τp

which determines the mobility. Experimental data are represented by crosses (τ∗)
and full circles (τp) [5.35]. Theoretical curves for τ∗ are calculated neglecting either
electron-electron scattering (dotted) or momentum scattering (solid) and taking into
account both scattering mechanisms (dashed). From [5.37].

τ∗ calculated from (5.81) with τp taken from the experiment (full circles).
Definitely, this line does not fit experimental points (crosses) and, therefore,
one can conclude that the account for momentum scattering processes only is
not sufficient to explain the experimental results. The next step is to include
electron-electron collisions into consideration and calculate the times τs and
τ∗ with allowance for both electron-electron and momentum scattering.

The quantum kinetic equation for the spin pseudovector taking into ac-
count both electron-electron collisions and elastic (or quasi-elastic) momen-
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tum scattering changes its form from (5.73) to

∂sk

∂t
+ sk × Ωk +

δsk
τp

+ Qk{δs, f0} = 0 , (5.82)

where Qk{s, f0} is the electron-electron collision integral and τp is the mo-
mentum scattering time. For arbitrary degeneracy of the 2D electron gas but
in the particular case of low spin polarization, the electron-electron scattering
rate has the form [5.36]

Qk{s, f} =
2π
�

∑
k′,p,p′

δk+k′,p+p′ δ(Ek + Ek′ − Ep − Ep′) (5.83)

×
{
2V 2

k−pM(k,k′,p,p′) − Vk−pVk−p′ [M(k,k′,p,p′) +M(k′,k,p,p′)]
}
.

Here
M(k,k′,p,p′) = skF (k′;p,p′) − spF (p′;k,k′),

F (k1;k2,k3) = f0
k1

(1 − f0
k2

− f0
k3

) + f0
k2
f0

k3
and f0

k is the quasi-equilibrium
Fermi-Dirac distribution function (5.65). For a nondegenerate electron gas,
i.e., if f0

k � 1, equation (5.83) reduces to (5.76).
In [5.37] the spin-relaxation time governed by electron-electron collisions

was calculated with allowance for the BIA linear-k term in Ωk and fixed
value of τp and using the statically screened 2D Coulomb potential for Vq.
The solid line in Fig. 5.7 shows temperature dependence of τ∗ = τ−1

s Ω−2
0

calculated taking into account electron-electron collisions only (τp = ∞). A
non-monotonous behavior of this time can be understood as follows. For a
degenerate 2D electron gas, in the limit of low temperatures 〈Ω2

k〉 tends to a
constant value Ω2

0 , while the electron-electron scattering rate τ−1
ee vanishes as

T 2 lnT . Therefore, if momentum scattering is neglected the scattering time
τ∗ → ∞. The allowance for electron momentum scattering stabilizes both
τ−1
s and τ∗ at T = 0 (dashed curve). With rising the temperature the role

of electron-electron collisions increases resulting in a decrease of τ∗. In the
opposite limit of high temperatures the electron gas becomes nondegenerate
in which case 〈Ω2

k〉 ∝ T and τee, τ
∗ ∝ T so that the spin relaxation rate

controlled by electron-electron collisions increases with temperature accord-
ing to the T 2 law [5.33]. The dependence τ∗(T ) exhibits a minimum near
the transition from degenerate to nondegenerate statistics when the chemi-
cal potential of electron gas reaches the conduction band bottom. Figure 5.7
evidences, both experimentally and theoretically, that the D’yakonov-Perel’
spin relaxation may be controlled by electron-electron collisions (which do
not affect the mobility) in the same way as by any other carrier scattering
process.

Now we briefly discuss other spin-relaxation mechanisms in semiconductor
nanostructures. For bulk material the conduction-electron spin relaxation
rate due to the Elliott-Yafet mechanism can be estimated as [5.25]
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1
τs(Ee)

∼
(

∆

Eg +∆

)2 (
Ee
Eg

)2 1
τp(Ee)

,

where Ee is the electron kinetic energy, and the ratio Ee/Eg describes the
extent of valence-band admixture in the conduction-band wavefunction. In
QWs this rate transforms into [5.38,5.39]

1
τs(Ee)

∼
(

∆

Eg +∆

)2
Ee1Ee
E2
g

1
τp(Ee)

(5.84)

and is proportional to the quantum-confinement energy Ee1. This is distinct
from the D’yakonov-Perel’ process related to the BIA linear-k terms which
leads to the quadratic law τ−1

s ∝ E2
e1 because, for estimations, the average

〈k2
z〉 can be approximated by 2m∗Ee1/�2.
The spin-relaxation time of photoexcited electrons in p-doped QWs with

the spin flip due to the electron-hole exchange interaction (Bir-Aronov-Pikus
mechanism) is given by

1
2τs(k)

=
2π
�

∑
pp′k′

∑
jj′

fhpj
(
1 − fhp′j′

)

× |〈k′,−1/2;p′, j′|Vexch|k, 1/2;p, j〉|2 δ
(
Ee1k′ + Ehp′j′ − Ee1k − Ehpj

)
.

Here Vexch is the exchange interaction operator, Ehpj is the hole energy in the
state (p, j) and the factor 1− fhp′j′ takes care for the hole not to be scattered
into an occupied state. If only the hh1 subband is filled with holes forming a
Fermi sea, the integration over the wave vectors leads to [5.40]

1
τs(k)

=
(
Nha

3
BωLT

)2
(Ihh + Ihl)

2m∗

�
, (5.85)

where aB and ωLT are the 3D-exciton Bohr radius and longitudinal-transverse
splitting in bulk material related with the interband matrix element of the
momentum operator according to (2.204), dimensionless k-dependent inte-
grals Ihh, Ihl are contributed by hole scattering within the hh1 subband and
to the lh1 subband, respectively. For small values of k, the electron-hole scat-
tering keeps the holes within the heavy-hole subband and Ihl = 0. Moreover,
the exclusion principle reduces the phase space available for the degenerate
holes to be scattered by slow electrons. As a result, τs(k) exhibits a strong
increase with decreasing the electron kinetic energy Ee1k [5.40]. For Ee1k ex-
ceeding the splitting between the hh1 and lh1 subbands, the integrals Ihh
and Ihl become comparable.

The effective spin-relaxation mechanisms in bulk materials and QW struc-
tures are strongly suppressed for localized carriers. As a result the electron
spin relaxation via interaction with nuclei becomes the dominant mechanism
in semiconductor QDs at low temperatures [5.41–5.46]. The process is facili-
tated by the disparity of the characteristic time scales of the three processes
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that determine the relaxation, namely, the period of the electron procession
in the hyperfine field of the frozen fluctuation of the hyperfine field of the
nuclei, the period of the nuclear spin precession in the hyperfine field of the
electron, and the nuclear spin relaxation time in the dipole-dipole field of its
nuclear neighbors. For GaAs QDs containing 105 nuclei, they are estimated to
be ∼ 1 ns, ∼ 1µs and ∼ 100µs, respectively. The last of these times is so long
that many other electron spin relaxation mechanisms are more important on
this time scale, and the effect of the nuclear dipole-dipole interactions on the
electron spin relaxation can be neglected. In an ensemble of identical QDs
the nuclear hyperfine fields are randomly oriented. Therefore, even though
each electron spin processes in a coherent fashion in the frozen hyperfine field
of its own dot, the ensemble average spin will decrease.

In bulk material the free heavy- and light-hole states in the degenerate
band Γ8 are characterized by a strong coupling between the wave vector and
the angular momentum component (Chap. 2). As a result, ordinary scattering
of a hole caused by spin-independent perturbations leads to a remarkable
loss of the hole spin memory. The quantum confinement splits the heavy-
and light-hole states, and quenches the spin relaxation for holes when the
hole’s in-plane kinetic energy is small compared with the hh1-lh1 separation
distance. Nevertheless, the dominant mechanism of hole spin relaxation in
p-doped QWs is the hole spin-flip scattering due to the spin mixing of heavy-
and light-hole states [5.38,5.47,5.48]. It can be considered a modified Elliott-
Yafet mechanism where the role of k-dependent interband spin mixing is
played by the intersubband mixing.

5.3.3 Effect of Quantum Confinement on the Electron g Factor

The Electron-Spin Resonance (ESR) frequency is determined by the electron
effective Landé factor or the g factor (or gyromagnetic ratio). This important
band parameter describes the Zeeman splitting of electron-spin sublevels in
a magnetic field, and shows up not only in ESR experiments but also in var-
ious magneto-optical phenomena, especially in photoluminescence and light
scattering.

In general, for a pair of Kramers-conjugate states, the Zeeman contribu-
tion to the electron effective Hamiltonian is written as

HB =
1
2
µB

∑
αβ

σαgαβBβ , (5.86)

where σα (α = x, y, z) are the Pauli matrices, B is the magnetic field, µB is
the Bohr magneton and, for a low-symmetry system, the real tensor gαβ is
characterized by nine linearly independent components. The ESR frequency
is found from �ω = ∆B, where the Zeeman splitting of the spin sublevels
equals to
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∆B = µB

√√√√∑
α

(∑
β

gαβBβ

)2

. (5.87)

If the system possesses a uniaxial symmetry, then the tensor gαβ has only
two linearly independent components which are traditionally denoted by

g‖ ≡ gzz , g⊥ ≡ gxx = gyy

with z being the principal axis. In this case (5.87) reduces to

∆B = µBB
√
g2
‖ cos2 θ + g2

⊥ sin2 θ , (5.88)

where B = |B|, and θ is the angle between B and z.
The effective g factor in a bulk semiconductor results from the second-

order k ·p perturbation theory [5.49]. We remind that within terms of second-
order in the k ·p interaction the electron effective Hamiltonian in an external
magnetic field is expressed as

H(c)
ss′(K) =

(
E0
c +

�2K2

2m0

)
δss′ +

∑
n�=c

HsnHns′

E0
c − E0

n

+
1
2
g0µBσss′B , (5.89)

where E0
c and E0

n are the electron energies at the bottom of the conduction
band and in the lower or higher band n �= c at the Γ -point, s, s′ = ±1/2,
g0 ≈ 2 is the free-electron Landé factor,

Hsn(K) =
�

m0
K · pcs,n , K = −i∇− e

c�
A(r) , (5.90)

A(r) is the vector-potential of the magnetic field, and pcs,n is the momentum
matrix element between the Γ -point electron states in the conduction band
c and the band n. The commutator of the operators Kα and Kβ is given by

KαKβ −KβKα =
ie
�c

∑
γ

δαβγBγ ,

where δαβγ is the unit antisymmetric tensor of the third rank. This allows to
write the Zeeman Hamiltonian for the conduction electrons as

HB,ss′ =
1
2
µB

∑
γ

Bγ

⎛
⎝g0σγ,ss′ − 2i

m0

∑
n�=c

∑
αβ

δαβγ
pαcs,np

β
n,cs′

E0
c − E0

n

⎞
⎠ . (5.91)

For an electron in the lowest s-antibonding conduction band Γ6 in a zinc-
blende semiconductor with the Td point symmetry, the g factor is isotropic,
gαβ = gδαβ , with
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g ≡ gzz = g0 +
1
m0

∑
n�=c

|p+
c,1/2;n|2 − |p−c,1/2;n|2

E0
c − E0

n

, (5.92)

where p±c,s;n = 〈cΓ6, s|p̂x ± ip̂y|n〉, the spin index s = ±1/2 and p̂ is the
momentum operator. In typical zinc-blende semiconductors the main contri-
bution to g comes from the upper valence bands Γ8, Γ7 and the electron g
factor is written in the form

g = g0−
4
3
m0P

2

�2

∆

Eg(Eg +∆)
+∆g = g0−

4
3
|pcv|2
m0

∆

Eg(Eg +∆)
+∆g, (5.93)

where ∆g is the contribution from remote bands considered as a small fitting
parameter, other parameters have been introduced in Chap. 2, see (2.45,
2.48). Using for GaAs the values 2|pcv|2/m0 = 28.9 eV, Eg = 1.52 eV, ∆ =
0.34 eV, we obtain g = − 0.32. Experiments yield gexp(GaAs) = −0.44. The
difference can be attributed to ∆g = −0.12. We see that in bulk GaAs both
g0 and the contribution of the spin-orbit split valence bands Γ8, Γ7 cancel to
a considerable extent. According to (5.93) the electron effective Landé factor
depends strongly on the fundamental gap and the spin-orbit splitting of the
topmost valence band. It varies in a wide range from a large negative value
in narrow-gap semiconductors (e.g., about −50 in InSb) to −0.44 in GaAs to
positive values g ≤ 2 in wide-gap materials. In the solid solution AlxGa1−xAs
the energy gap increases with increasing the content x. Consequently, the
electron g factor vanishes for a certain composition x0 ≈ 0.12 and becomes
positive for x > x0. In particular, g(Al0.35Ga0.65As) ≈ 0.5 [5.50].

Obviously, an equation similar to (5.91, 5.92) can be used for heterostruc-
tures, particularly in QW structures and SLs [5.51]. In this case, however,
the index n runs not only over the different bands but also over subbands
or minibands formed as a result of the quantum confinement. On the other
hand, low-dimensional structures allow efficient alternative approaches based
on the spatial confinement of electron wave function [5.52, 5.53]. Before pre-
senting results of calculation in the sophisticated Kane model we consider
two simplified but physically transparent approaches.

In the first approximate method the electron g factor in a QW or SL
consisting of the layers A and B, e.g., GaAs and AlGaAs, is obtained in an
averaging procedure

g = gAwA + gBwB , (5.94)

where gA,B is the g factor in the corresponding bulk material and wA,B is the
probability to find an electron inside the layer A or B:

wA,B =
∫
ϕ2
e1(z)θA,B(z)dz ,

where θA = 1 inside the layers A and 0 in the layers B while θB = 1 − θA.
With decreasing the QW width the value of wA = 1 − wB varies from 1
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to 0 and, therefore, the electron g factor varies from gA to gB. Since in a
GaAs/Al0.35Ga0.65As heterostructure the g factors gA and gB differ in sign,
the electron g factor should change its sign at a certain well thickness. More-
over, gA and gB are close in absolute value and their contributions to the
net g factor (5.94) remarkably cancel out within a wide range of the well
thicknesses. In this case, the various corrections disregarded in (5.94) may
play a noticeable role.

Another simplified method is based on the assumption of infinitely high
barriers for both conduction and valence bands in which case the selec-
tion rules (2.152) allow nonzero matrix elements pcsν,vmν′ for the quantum-
confined states with the same quantum number ν = ν′ only. Then the longi-
tudinal and transverse g factors are given by

g‖,⊥ = g0 −
2
3
|pcv|2
m0

R‖,⊥ , (5.95)

where

R‖ =
3

Eg +Ee1 + Ehh1
− 1
Eg + Ee1 + Elh1

− 2
Eg +∆+ Ee1 + Eso1

,

R⊥ =
2

Eg + Ee1 + Elh1
− 2
Eg +∆+ Ee1 +Eso1

,

Ee1, En1 are the confinement energies in the lowest conduction (e1), heavy-
hole (hh1), light-hole (lh1) and spin-orbit split (so1) subbands. The equations
for g‖,⊥ can be derived by using either the general equation (5.89) or equation
(5.92) for g‖ and the similar equation

g⊥ = g0 −
2
m0

∑
n�=c

Re
{
p+
c,1/2;np

z
n;c,−1/2

}
E0
c − E0

n

(5.96)

for g⊥. It is clear that the contribution to R‖,⊥ from the subband n1 is easily
identified by the confinement energy En1 in the corresponding denominator.
In particular, the matrix elements pzn;c,±1/2 vanish for the heavy-hole states
and, therefore, the hh1 contribution to R⊥ is absent. Neglecting the hole
confinement energies we obtain an isotropic electron g factor renormalized as
compared with (5.92) due to the replacement of Eg by Eg + Ee1. If we take
into account the confinement energies En1 in the corresponding denominators
then we come to the following g-factor anisotropy

g⊥ − g‖ =
2|pcv|2
m0

(
1

Eg + Ee1 + Ehh1
− 1
Eg + Ee1 + Elh1

)
. (5.97)

According to (5.95, 5.97) the relative anisotropy of the g factor is given by

g⊥ − g‖
g⊥

≈ 3
2
Elh1 − Ehh1

∆

Eg +∆

ηEg
, (5.98)
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where

η = 1 − 3
2
Eg(Eg +∆)m0

∆|pcv|2
.

It follows then that in heterostructures the electron g factor should exhibit a
remarkable anisotropy.

While deriving (5.95) we considered unstrained heterostructures with
matched lattice constants. In structures with a noticeable lattice mismatch
the strain-induced shifts, δEc and δEn, of the conduction and valence bands
should be included into the calculation procedure. As a result in the sim-
plified equations (5.95) the denominators Eg + Ee1 + En1 are changed by
Eg + δEc +Ee1 + δEn +En1. Thus, the heavy- and light-hole states are split
due to both confinement and stress caused by the lattice mismatch between
the compositional materials. In the CdTe/CdMgTe heterosystem, these ef-
fects act in the same direction pushing the light-hole states towards higher
energies and increasing the g-factor anisotropy [5.54].

Detailed measurements have been performed on the transverse electron g
factor g⊥ as a function of the well width a for GaAs/Al0.3Ga0.7As QW struc-
tures [5.55–5.57] and showed the sign change of g⊥ at a ≈ 65 Å. Moreover,
a considerable difference between g‖ and g⊥ has been observed on A3B5

and A2B6 based heterostructures, namely in GaAs/AlGaAs, GaAs/AlAs,
GaInAs/InP, and CdTe/CdMgTe, under optical orientation of free carriers in
tilted magnetic fields [5.58–5.60], in Optically Detected Magnetic Resonance
(ODMR) experiments [5.61, 5.62], by using quantum beat technique [5.63],
and in resonant spin-flip Raman scattering [5.54,5.64,5.65].

In an explicit calculation, the Zeeman Hamiltonian is written as

HB,ss′ =
1
2
g0 µB ηα;ss′Bα + 〈e1, s|δH|e1, s′〉 , (5.99)

where ηα;ss′ = 〈e1, s|σα|e1, s′〉 and the magnetic-field induced perturbation
is given by

δH = −e
c
Av̂ ,

v̂ being the velocity operator. Note that, for a homogeneous magnetic field,
the vector-potential is a linear function of the radius-vector r. The difference
between ηα;ss′ and σα,ss′ arises from an admixture in the state |e1, s〉 of
the opposite spin −s, see (2.44, 2.47). Numerical estimates show that this
difference is very small in all particular cases considered below and can be
neglected.

In the Kane model, the velocity operator v̂ = �−1∂H(k)/∂k is an 8 ×
8 matrix with k-independent components. Using the explicit form for this
matrix we obtain the Zeeman Hamiltonian in the form

〈e1, s|e
c
Av̂|e1, s′〉 = i

e

c�

∫
P

[ (
Av+

s

)
us′ − u+

s (Avs′)
]
dr . (5.100)
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This particular equation can be used while calculating the electron g factor
in QWRs and QDs as well as the transverse g factor in QWs. Indeed, if
the wave function is localized in the direction ζ the diagonal matrix element
of the coordinate ζ is no more a functional and the matrix element of δH
for B ⊥ ζ can be calculated avoiding its transformation into the sum in
(5.89). While calculating the longitudinal g factor in a QW one cannot find
such a direction and needs other methods based on the application of (5.89),
numerical calculation of the Landau levels and their spin splitting and so
on [5.53].

It follows from the symmetry considerations that the electron g factor in
a spherical QD or a cylindrical QWR is isotropic. Moreover, one can show
that in these two particular cases (5.100) can be reduced to [5.53]

g = g0 + [gA(Ee1) − g0] wA + [gB(Ee1) − g0] wB (5.101)
+ [gB(Ee1) − gA(Ee1)] V3−d(R) f2(R) ,

where d is the dimensionality of a nanostructure, d = 0 for a QD and d = 1 for
a QWR, Vn is a volume of the sphere in the n-dimensional space: V2 = πR2

and V3 = 4πR3/3, gA(E) and gB(E) are the values of g(E) and g(E −∆Ec)
in the A and B materials, see (2.48), wA and wB are the integral

∫
drf2(r)

for a QD or
∫
dρf2(ρ) for a QWR taken respectively over the A and B

volumes. Note that the sum wA +wB slightly differs from unity because of an
admixture of the valence band states in the conduction-band wave function.
An important point is that equation (5.101) describes as well the transverse
g factor in a QW of the width a = 2R. In this case the dimensionality d = 2,
the volume V3−d = 2R and f(R) ≡ f(a/2).

Figure 5.8 shows the dependence of the electron g factor on the radius R in
QDs and QWRs calculated for the isomorphic nanostructure GaAs/AlGaAs
and pseudomorphic structure Ga0.47In0.53As/InP. In addition, in the same
graph, variation of the longitudinal and transverse g factors in a QW is
presented. The parameters used in the calculation of the first heterosystem
are as follows: Eg = 1.52 eV, ∆ = 0.34 eV, 2|pcv|2/m0 = 28.9 eV for bulk
GaAs, and Eg = 1.94 eV, ∆ = 0.32 eV, 2|pcv|2/m0 = 26.7 eV for bulk
GaAs/Al0.35Ga0.65As, the band offset ratio Vh:Vc = 2:3. The contribution of
remote bands is taken into account by adding the constant ∆g = −0.12 to the
Kane-model values of g. For the second heterosystem the following parameters
were used: Eg = 0.813 eV, ∆ = 0.356 eV, 2|pcv|2/m0 = 25.5 eV for bulk
Ga0.47In0.53As, and Eg = 1.423 eV, ∆ = 0.108 eV, 2|pcv|2/m0 = 20.4 eV for
InP, the valence band offset Vh = 0.356 eV, the contribution from remote
bands ∆g = −0.13. With increasing R the curves approach the bottom value
of g in the bulk material A, in agreement with (5.101) where, for R → ∞,
wA saturates to unity and values of wB, Ee1 and V3−d(R)f2(R) tend to zero.
The asymptotic behavior of g at large R is described by g(R) = gA(0)+∆g+
(Rd/R)2 with the hierarchy R0 > R1 > R⊥

2 > R
‖
2, where R⊥,‖

2 characterize
the convergence of g⊥ and g‖ in QWs. In the opposite limit, R → 0, the
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Fig. 5.8. The electron g factor calculated as a function of the radius R in spherical
quantum dots (solid), cylindrical quantum wires (dashed) and quantum wells (dot-
ted, R = a/2) for the heteropairs GaAs/Al0.35Ga0.65As (a) and Ga0.47In0.53As/InP
(b). [5.53]
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curves g(R) tend to the g factor value in the bulk barrier semiconductor,
gB(0) + ∆g = 0.57 in Al0.35Ga0.65As and 1.2 in InP. The relation gQD >
grmQWR > gQW can be understood taking into account that the reduction
in dimensionality enhances the role of the electron spatial confinement. The
estimation shows that the contribution of the term proportional to f2(R) in
(5.101) is not relatively small. In general, an approximate description of the
dependence g(R) is not applicable in the simple form gA(E)wA + gB(E)wB +
∆g. Thus, Fig. 5.8 demonstrates main features of the effect of dimensionality
on the electron g factor.

Fig. 5.9. The electron g factor components gαα (α = x, y, z) in a GaAs/AlGaAs
rectangular QWR vs. the length, 2b, of one side. The other side, 2a, is kept constant.
The insert depicts the orientation of the coordinate system. The arrows indicate
values of the transverse and longitudinal g factors in the 80 Å-thick QW. [5.53]

In rectangular QWRs, the tensor gαβ is characterized by the three differ-
ent diagonal components, gxx, gyy and gzz. The corresponding Kane-model
electron wave functions were discussed in Chap. 2, see Fig. 2.3. Figure 5.9
shows the dependence of gαα (α = x, y, z) in GaAs/Al0.35Ga0.65As QWRs on
one of the rectangular sizes while another size is kept constant and equal to
2a = 80 Å. With increasing b the components gyy and gzz converge on the
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electron transverse g factor in a QW of the thickness 80 Å and the component
gxx approaches the QW value of g‖. In a square-shaped QWR, b = a, the
two components gxx and gyy coincide as the symmetry predicts. Moreover,
one can see from Fig. 5.9 that at the point b = a the anisotropy |gzz − gxx|
is in fact quite small because, as it follows from (2.66), the function hz(x, y)
in (2.65) vanishes at the four lines x = 0, y = 0, y = x, y = −x and its values
are too suppressed to produce a significant contribution to g.

A theory of the Zeeman splitting of electron spin states in biased QW
structures was developed in [5.52]. The electric-field induced in-plane anisotropy
of the g factor, due to the nonzero off-diagonal components gxy, gyx, was pre-
dicted by Kalevich and Korenev [5.66] and observed by Hallstein et al. [5.67].

In heterostructures, the heavy-hole effective g factor exhibits a strong
anisotropy. Moreover, in the approximation of axial symmetry the in-plane
hh1-hole g factor is zero at all. Kiselev and Moiseev developed a theory of
the Zeeman spin splitting of size-quantized heavy holes in QWs and SLs in
the multi-band envelope-function approximation, with a satisfactory agree-
ment with experiment (see [5.68] and references therein). As far as in-plane
magnetic fields are concerned, the transverse effective g factor gh⊥ in the
subband hh1 is nonzero due to the anisotropic parameter q in (2.31) and can
be written as

gh⊥ = −3(qAwA + qBwB) , (5.102)

where as before the indices A and B refer to the well and barrier compositional
materials, and wA,B is the probability to find a heavy hole in the quantum
well or barrier. From comparison between theory and experiment on hole
spin quantum beats in n-modulation-doped GaAs/AlGaAs QW structures a
value of |gh⊥| was found to be 0.04 ± 0.01 [5.69] which is smaller than the
longitudinal g factor, gh‖, almost by two orders of magnitude.

5.3.4 Spin Quantum Beats in Photoluminescence

In order to elucidate the main idea of transient quantum beats let us first
consider a general two-level quantum system with the initial state which is a
linear superposition

ψ(t = 0) = C1|1〉 + C2|2〉
of the two eigenstates |1〉 and |2〉 with the eigenenergies E1, E2. The wave
function of the unperturbed system varies in time as

ψ(t) = e−iE1t/�C1|1〉 + e−iE2t/�C2|2〉 .

The detector is assumed to react to the particular state |D〉 = C̄1|1〉+ C̄2|2〉.
Since the scalar product of |D〉 and |t〉 ≡ ψ(t) equals to

〈D|t〉 = exp (−iE1t/�){C̄∗
1C1 + C̄∗

2C2 exp [i(E1 − E2)t/�]} ,

one has for the signal registered by the detector
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|〈D|t〉|2 = |C̄1C1|2 + |C̄2C2|2 + 2 Re
{
C̄1C

∗
1 C̄

∗
2C2 exp [i(E1 − E2)t/�]

}
.

Thus, if ψ(t = 0) and |D〉 are not the pure states |1〉, |2〉 then the signal has
an oscillating component with the oscillation period T = 2π�/|E1 − E2|.

As an example we take

C1 = C2 =
1√
2

and C̄1 = ±C̄2 =
1√
2
. (5.103)

Then the squared scalar product |〈D|t〉|2 describing the measured signal is
equal to 0.5{1 ± cos [(E2 − E1)t/�]}.

Now we will illustrate the idea of quantum beats by the example of the
transient Hanle effect. We assume that the pulsed photoexcitation generates
at t = 0 spin-polarized photoelectrons in the conduction band. We use the
notations n0 ≡ n(t = 0) and s0 = (0, 0, s0z) for the initial electron density and
spin density, where s0z = æP 0

c n0/2 and P 0
c , æ are introduced in (5.53). The

time dependence of n and s in an external magnetic field B ⊥ z can be derived
by solving equation (5.55) where the derivatives dn/dt and ds/dt are added in
the left-hand sides and the steady-state generation rates g, ṡ are set to zero.
For B ‖ x, the solutions n(t), sx(t) are easily written: n(t) = n0 exp (−t/τ0),
sx = 0. As for two other components of s, it is convenient to transform a
pair of two equations for the real components sy, sz into one equation for the
complex combination s+ = sz + isy

ds+
dt

+
(

1
T

+ iΩL

)
s+ = 0 . (5.104)

For the initial condition s+(t = 0) = s0z, its solution is

s+(t) = s0z exp
[
−t

(
1
T

+ iΩL

)]
.

From this it follows that

sz(t) = s0ze
−t/T cosΩLt , sy(t) = −s0ze−t/T sinΩLt .

The intensities of the PL circularly-polarized components are related to the
total intensity I and the Stokes parameter Pc by I± = I(1 ± Pc)/2. Taking
into account that, according to (5.53), Pc = æp = 2æsz/n, we obtain for the
transient Hanle effect

I± ∝ e−t/τ0 ± æ2P 0
c e−t/T cosΩLt . (5.105)

In order to analyze (5.105) in terms of the quantum beats we rewrite
the spinor wave function ψ(t) of a photoelectron as a linear combination of
the spin eigenstates |1〉, |2〉 in the magnetic field B ‖ x which, in fact, are
eigenstates of the Pauli matrix σx, namely
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|1〉 =
1√
2

[
1
1

]
, |2〉 =

1√
2

[
1
−1

]
.

We assume the initial electron spin to be polarized along z and neglect, for
simplicity, the spin relaxation and decay due to the electron recombination.
Then, the electron state is described by the time-dependent wave function

ψ(t) =
1√
2

(
e−iΩLt/2|1〉 + eiΩLt/2|2〉

)
. (5.106)

For interband optical transitions hh1 → e1 in a QW structure the factor æ
in (5.105) equals −1. If the analyzer detects the circularly polarized photons,
either σ+ or σ−, its action is equivalent to projecting ψ(t) upon the state
|D〉 = (|1〉 ∓ |2〉)/

√
2, respectively. Therefore, in this particular case the co-

efficients C1, C2 and C̄1, C̄2 are indeed determined by (5.103). As a result we
obtain 〈D|t〉 = e−iΩLt/2(1∓ eiΩLt)/2 or I± ∝ |〈D|t〉|2 = (1∓ cosΩLt)/2 with
the quantum-beat period 2π/ΩL. Allowance for the finite lifetime and spin
relaxation leads to a multiplication of unity by e−t/τ0 and cosΩLt by e−t/T

in agreement with (5.105).
Note that, in a tilted magnetic field with Bz �= 0, Bx �= 0, equation (5.105)

is expanded to

I± ∝ e−t/τ0 ± æ2P 0
c e−t/T

[
1 −

(
Ω⊥
ΩL

)2

(1 − cosΩLt)

]
,

where ΩL =
√
Ω2

‖ +Ω2
⊥, �Ω‖ = g‖µBBz, �Ω⊥ = g⊥µBBx and the uniaxial

anisotropy of the g factor is taken into account. Quantum beats in the exciton
PL are mentioned in Sect. 5.5.

5.4 Hot Photoluminescence in Quantum-Well Structures

By the term hot photoluminescence of free carriers we mean the emission aris-
ing due to the radiative recombination of photoelectrons with their kinetic en-
ergies exceeding the average energy of the thermalized electrons. The emission
occurs during the photoelectron energy relaxation to the conduction-band
bottom and is usually related to band-to-acceptor transitions [5.70–5.73].
The hot-electron energy distribution is non-Maxwellian and, at low tempera-
tures and low doping level, has a discrete character because of the consecutive
emission of longitudinal optical phonons by the hot electrons.

The hot PL spectroscopy can be used to measure the valence subband dis-
persion in QW structures and SLs [5.73]. To simplify the picture let us ignore
the in-plane anisotropy, or warping, of the QW subbands. Then to obtain the
subband dispersion information, monochromatic photons are absorbed in a
QW to generate hot electrons of energy Ee and hot holes of energy Eh. Most
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of the hot electrons relax by phonon emission. However, a few of them imme-
diately recombine radiatively at a neutral acceptor intentionally introduced
as a dopant into the well and emit photons of the energy EPL. By measuring
the hot PL energy for a given initial photon energy �ω, values of Ee and Eh
may be directly derived from the energy and wave-vector conservation laws

Ee(k) = EPL − Eg + Ea , (5.107)
Eh(k) = �ω − EPL − Ea .

Here k = |k|, k is the electron wave vector, Eg is the QW band gap and
Ea is the binding energy of a hole at the acceptor. The conduction-subband
dispersion, Ee(k), is relatively simple and can be readily derived by using
independent information. Therefore, the wave vector k is obtained from the
first equation (5.107). According to (5.107), a value of Eh(k) equals to �ω −
Eg − Ee(k). By measuring the hot PL as a function of laser photon energy,
the dispersion of the valence subbands can be mapped out.

The spin optical orientation for thermalized and hot electrons mostly dif-
fers quantitatively and, with some modifications, the principles formulated
in Sect. 5.3.1 are valid for circular polarization of hot PL as well. A quite
new phenomenon is the linear polarization of hot PL. It appears under opti-
cal excitation by linearly-polarized light and depends on the direction of the
light-polarization unit vector e. It is due to the alignment of photoelectron
momenta which, in turn, is related to the form of the valence-band wave
functions in semiconductors with a degenerate valence band. First we ex-
plain this phenomenon for a bulk semiconductor with a zinc-blende lattice.
For transitions from the heavy- and light-hole subbands, hh and lh, to the
conduction band c, the transition rate Wc,j (j = hh, lh) is a function of the
angle θ between the electron wave vector k and the polarization unit vector
e. Neglecting the warping of the valence band, one obtains, see, e.g., [5.74]

Wc,j(k) ∝ 1 + αjP2(cos θ) , (5.108)

where P2(t) = (1/2)(3t2 − 1) is the second Legendre polynomial and αhh =
−1, αlh = 1. Note that for α = −1 the transition rate is just proportional
to sin2 θ. Thus, the momenta �k of electrons excited from the heavy-hole
subband are mostly normal to e and the initial distribution of electrons pho-
toexcited from the light-hole subband is stretched along e. Recombination
of the hot photoelectrons with the anisotropic distribution in the k-space
leads to a linear polarization of the hot PL. In accordance with (5.108) the
distribution function of the relaxing hot electrons is given by

fk = f̄(Ee)[1 + α(Ee)P2(cos θ)] , (5.109)

where f̄ is the isotropic part of the distribution function and α is the param-
eter of anisotropy dependent on the electron kinetic energy Ee. The hot-PL
intensity is determined by the integral
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I(ω′) ∝
∫

[1 + αrP2(cos θ′)]fkdΩ , (5.110)

where dΩ is an element of the solid angle, ω′ is the selected PL frequency,
ω′ and k are related by Ee(k) + Eg − Ea = �ω′, and θ′ is the angle between
k and the polarization unit vector, e′, of the secondary radiation. The band-
to-acceptor optical matrix element is proportional to the Fourier component,
Ψa(k), of the spinor wave function of the bound-to-acceptor hole. At large k,
the function Ψa(k) is formed by heavy-hole states and the anisotropy param-
eter αr is close to αhh = −1. Substituting fk from (5.109) into (5.110) and
integrating over the solid angle one obtains

I(ω′) ∝ 1 +
α(Ee)αr

5
P2(cosχ) , (5.111)

where χ is the angle between e and e′. In the back-scattering geometry, the
degree of linear polarization of the hot PL is given by

P =
I‖ − I⊥
I‖ + I⊥

=
3α(Ee)αr

20 + α(Ee)αr
,

where I‖, I⊥ are the intensities of the radiation polarized parallel and per-
pendicular to the initial polarization e. For αr = −1 and αj = ∓1 we obtain
P = 1/7 and P = −3/9, respectively. Thus, the sign of polarization for the
radiation of electrons excited from the heavy-hole subband coincides with
that of the exciting light, and for the electrons excited from the light-hole
subband, the PL polarization has the opposite sign.

In bulk semiconductors the linear polarization P weakly depends on the
initial photoelectron kinetic energy. The main feature of the hot-electron PL
in QWs, as compared with bulk crystal, is its strong dependence on the kinetic
energy Ee. Values of P in the 2D structures vary from P = 0 at Ee = 0 up to
P = 0.5 at kinetic energies exceeding the confinement energy. This result can
be understood taking into account that the valence-subband wave functions
at kx = ky = 0 are pure states of heavy and light holes. Therefore, under
optical excitation at the band edge ErmQWg,hh = Eg+Ee1+Ehh1 or EQW

g,lh = Eg+
Ee1+Elh1, the optical transition rate is independent of the angle ϕ between e
and the 2D wave vector k‖, the anisotropic alignment in the k‖-space is absent
and P = 0. However, at k‖ �= 0 each subband state is a hybrid of heavy- and
light-hole states and the alignment becomes possible. Similarly to (5.108),
the angular dependence of the 2D-photoelectron distribution function can be
presented as

WQW
c,hh(k‖) ∝ 1 + α2D(k‖) cos 2ϕ . (5.112)

In order to estimate the anisotropy parameter α2D for transitions hh1 → e1,
we remind that, in a bulk semiconductor, the transition rate Wc,hh(k) is
proportional to sin2 θ and, for e ‖ x, the latter can be rewritten as the ratio



5.5 Polarized Photoluminescence of Excitons 251

k2
y + k2

z

k2
x + k2

y + k2
z

. (5.113)

Replacing k2
z by the mean value 〈k2

z〉 ∼ (π/a)2, where a is the QW width,
and k2

x, k
2
y by

1
2
k2
‖(1 ± cos 2ϕ)

we obtain

α2D = −
k2
‖

k2
‖ + 〈k2

z〉
.

A rigorous theoretical study [5.75], taking into account the k‖-governed
heavy-light mixing, slightly modifies the dependence of the linear polarization
P on the electron energy Ee as compared with the above simple consideration.

The width of the zero-LO-phonon hot-PL peak in bulk and QW samples
is caused by the warping of the hole subbands as well as by inhomogeneous
broadening of the acceptor levels. The low- and high-energy edges of the
peak correspond to electrons excited with the lateral wave vector k‖ ‖ {100}
and k‖ ‖ {110}, respectively. If excitation of hot PL is performed in the
configuration e ‖ [110] the electrons with k‖ ‖ {100} are not aligned and the
low frequency edge should be unpolarized. Conversely, electrons with k‖ ‖
{110} contribute to the high energy edge of the zero-phonon peak and their
recombination should be polarized. Therefore, the polarization is expected to
grow from the low to high frequency edge, in agreement with experimental
observations on MQWs and SLs [5.73,5.76].

5.5 Polarized Photoluminescence of Excitons

5.5.1 Fine Structure of Exciton Levels in Nanostructures

If allowance is made for free-carrier spin, then the ground state n = 1 of
an exciton is degenerate, even in the case of simple bands. For direct-gap
Γ -point excitons, the ground-state degeneracy is equal to the product of the
conduction- and valence-band degeneracies at k = 0. The wave functions of
the ground state transform according to the representation Dexc = Γe × Γh,
where the representations Γe and Γh characterize the symmetry of electron
and hole states at the extremum point. The representation Dexc is reducible
and may be decomposed into irreducible representations of the point group
of the semiconductor system, bulk material or nanostructure. The electron-
hole exchange interaction partially removes the degeneracy and splits the
1s-exciton level into states transforming according to the irreducible rep-
resentations. In the present subsection we touch the main aspects of the
electron-hole interaction in semiconductors and briefly recall the fine struc-
ture of excitonic levels in QWs, QWRs and QDs.



252 5 Photoluminescence Spectroscopy

A consistent theory of electron-hole exchange interaction in semiconduc-
tors has been developed by Pikus and Bir [5.77] and Denisov and Makarov
[5.78]. In the effective-mass approximation, the Coulomb-interaction opera-
tor between an electron and a hole in a semiconductor crystal includes three
contributions, describing, respectively, the direct, or intraband, Coulomb
interaction (UC) and the long-range (U long

exch) and short-range (U short
exch ) ex-

change interaction. We introduce the two-particle excited states of the crystal
|m,ke;n,kh〉, where ke,h is the wave vector of the electron or hole, indices m
and n number the degenerate states of the electron in the conduction band
and the hole in the valence band at ke,h = 0 (for definiteness, a direct-gap
semiconductor with cubic symmetry and an extremum at the Γ point is con-
sidered). Then the matrix elements of the UC and U long

exch operators between
these states can be written as

〈m′,k′
e;n

′,k′
h|UC |m,ke;n,kh〉 (5.114)

= − 1
V

4πe2

æ0|ke − k′
e|2

δm′mδn′n δke+kh,k′
e+k′

h
,

〈m′,k′
e;n

′,k′
h|U

(long)
exch |m,ke;n,kh〉 (5.115)

=
1
V

4πe2�2

æbm2
0E

2
g

(Kpm′n̄′)(Kpmn̄)∗

K2
δke+kh,k′

e+k′
h
.

Here K is the total wave vector ke + kh = k′
e + k′

h; Eg is the band gap;
pmn̄ is the matrix element of the momentum operator, calculated between
the electronic Bloch functions |m,k = 0〉 and |n̄,k = 0〉 (the hole state
n,k and the electron state n̄,−k are coupled to each other by the time-
inversion operator); æ0 and æb are the dielectric constants, low-frequency
and high-frequency (at the electron-hole-pair excitation frequency), and V
is the volume of the crystal. The interaction represented by (5.115) can be
interpreted as a result of the virtual recombination and generation of an
electron-hole pair. This equation can be derived as well by one more method
taking into account the macroscopic electric field generated by the electron-
hole pair and the self-consistent effect of this field on the energy of the pair.
It is worth to note that in (5.115) the retarding electron-photon interaction
is neglected. The generalized form of this equation taking into account the
successive emission and absorption of a transverse photon by an electron-hole
pair can be found in [5.79].

The Fourier components of the Coulomb potential with the wave vectors
b+k′

e−ke, where b represents a nonzero reciprocal-lattice vector, contribute
to the short-range interaction. When ke and kh are small enough to satisfy
the criterion of the applicability of the effective-mass method, operator U short

exch

has the character of a contact interaction and can be represented in the form

〈m′,k′
e;n

′,k′
h|U

(short)
exch |m,ke;n,kh〉 = ∆m′n′,mna

3
0δ(re − rh) , (5.116)
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where a0 is the lattice constant and the factor a3
0 is separated out in order to

have the dimension of energy for the coefficients∆m′n′,mn. The dependence of
these coefficients on the band indices is found from symmetry considerations,
while their absolute magnitudes are determined by comparing theory with
experiment on studies of the fine structure of exciton levels. The number
of linearly independent coefficients coincides with the number of irreducible
representations contained in the direct product Γe × Γh. For illustration,
let us consider the pair of bands Γ6 and Γ7 in GaAs-type semiconductors:
Γ6×Γ7 = Γ2+Γ15. It is convenient to go to a basis of electron-hole excitations
in which the three states |ν,ke,kh〉 (ν = x, y, z) are optically active in the
polarization e ‖ ν, while the optical transition to the fourth state |Γ2,ke,kh〉
is forbidden. The long-range exchange interaction given by (5.114) involves
only the states |ν,ke,kh〉 and has in the new basis the form

〈ν′,k′
e,k

′
h|U

(long)
exch |ν,ke,kh〉 =

4π
æbV

(
e�p0

m0Eg

)2
Kν′Kν

K2
δK′,K , (5.117)

where p0 is the interband matrix element of the momentum operator for the
optical transition to the state |ν〉, see also (2.204).

The short-range interaction splits the exciton quartet Γ6 × Γ7(1s) into a
dipole-allowed triplet Γ15 and an optically-inactive singlet Γ2. The long-range
exchange interaction splits the 1s exciton into states longitudinal and trans-
verse with respect to the exciton wave vector K. The longitudinal-transverse
splitting is expressed via the microscopic parameter p0 as

�ωLT =
4

æba3
B

(
e�p0

m0Eg

)2

, (5.118)

where aB is the 3D-exciton Bohr radius.
The ground state e1-hh1(1s) of a heavy-hole exciton in zinc-blende-based

QWs is also fourfold degenerate but, in contrast to the previous case of the
Γ6 × Γ7(1s) exciton, the exciton sublevels are characterized by the angular
momentum component M = s + j = ±1,±2, where s = ±1/2 and j =
±3/2 are the electron and hole spin components. In accordance with the
multiplication law Γ6 × Γ6 = Γ1 + Γ2 + Γ5 for a QW structure of the D2d

symmetry, the short-range exchange interaction splits the state e1-hh1(1s)
into a radiative doublet Γ5 which is dipole-active in the e ⊥ z polarization and
corresponds to M = ±1 and two close-lying dipole-forbidden singlet levels Γ1

and Γ2 which are the symmetrized and antisymmetrized linear combinations
of the exciton states with M = ±2. The long-range exchange interaction
splits the longitudinal and transverse exciton states lifting the energy of the
longitudinal exciton by

EQW
LT =

2π
æb

(
e�p0

m0Eg

)2

f2(0)P (K)K ≡ C(K)K , (5.119)
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where K = |K|, K is the in-plane wave vector of the 2D exciton, f(ρ) is the
envelope function describing the relative electron-hole motion,

P (K) =
∫
dz′

∫
dz ϕe1(z′)ϕhh1(z′) ϕe1(z)ϕhh1(z) e−K|z−z′|

and ϕe1(z), ϕhh1(z) are the single-particle size-quantized functions. For small
values of K satisfying the condition Ka � 1, the function P (K) or the co-
efficient C is constant. Hence the long-range exchange interaction in a QW
vanishes linearly when K goes to zero. This also means that no longitudinal-
transverse splitting is expected for the exciton excitation with light propagat-
ing along the growth axis of the well. For Ka� 1, the longitudinal-transverse
splitting and the coefficient C can be expressed in terms of the exciton radia-
tive damping Γ0 defined by (3.18) as

EQW
LT = �Γ0

K

k
, C =

�Γ0

k
. (5.120)

where k = nb(ω0/c).
In the following we will use the two pairs of basis states for the e1-hh1(1s)

exciton quartet. The first set |M,K〉 is characterized by a certain exciton
angular momentum component M = ±1,±2. The matrix element of the
optical transition into the state |M,K〉 is given by

M±1 = M0(ex ∓ iey) , M±2 = 0 , (5.121)

where M0 is independent of the light polarization e. In the second basis the
optically-active states are replaced by the excitonic states Γ5 polarized along
the fixed axes α = x, y. It is worth to mention that in the basis |αK〉 the
effective Hamiltonian for the states Γ5 can be written as a 2 × 2 matrix

Hexc = E0
exc +

�2K2

2M
+

C(K)
K

[
K2
x KxKy

KxKy K2
y

]
. (5.122)

The spin-dependent part of this matrix can be conveniently presented in the
form

1
2
C(K)K

[
cos 2Φ sin 2Φ
sin 2Φ − cos 2Φ

]
,

where Φ is the angle between K and x.
Now we consider the fine structure of 0D excitons and focus on the

anisotropic splitting of the radiative doublet in semiconductor nanostruc-
tures, namely, heavy-hole excitons that are localized at a particular well-
width fluctuations in type-I QWs, localized at a particular interface in type-
II heterostructures, or confined by asymmetrical QDs. Despite the obvious
differences between these three kinds of excitonic states their exchange split-
ting can be described by a common exchange-interaction matrix which in the
basis |M〉 taken in the order |1〉, | − 1〉, |2〉, | − 2〉 may be written as follows
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Ĥexch =
1
2

⎡
⎢⎢⎣

δ0 e−iΦ2δ2 0 0
eiΦ2δ2 δ0 0 0

0 0 −δ0 e−iΦ1δ1
0 0 eiΦ1δ1 −δ0

⎤
⎥⎥⎦ . (5.123)

Here the constants δ0, δ1, δ2 refer, respectively, to the quartet splitting into
the doublets | ± 1〉 and | ± 2〉, nonradiative-doublet splitting into the states
(|2〉 ± eiΦ1 | − 2〉)/

√
2, and radiative-doublet splitting into the states

(|1〉±eiΦ2 |−1〉)/
√

2 which are dipole-active along the rectangular axes rotated
around the structure principal axis z by the angle Φ2/2 with respect to the
fixed axes x and y. Note that the splitting δ0 retains even in the uniaxial-
symmetry approximation, a nonzero value of δ1 appears taking into account
the tetragonal symmetry D2d of an ideal QW, and the δ2-governed splitting
is completely related to the low symmetry of an exciton-localizing potential.
We will also use the frequencies Ωj (j = 0, 1, 2) defined by �Ω0 = δ0, �Ω1 =
δ2 cosΦ2, �Ω2 = δ2 sinΦ2. Then the matrix (5.123) for the two states | ± 1〉
is rewritten as

Ĥexch =
�

2

[
Ω0 Ω1 − iΩ2

Ω1 + iΩ2 Ω0

]
. (5.124)

We first discuss the energy and exchange splitting of an exciton local-
ized at a fluctuation in the width of a type-I QW. Beyond the limits of the
considered localization island, the QW is assumed to contain N monomolec-
ular layers (in GaAs, the width of a monolayer is a0/2 = 2.8 Å). One of the
interfaces is flat while the other is shifted in the region of the island by a
monolayer increasing the QW width here to (N+1)a0/2. If the linear dimen-
sions of the island exceed the exciton 2D Bohr radius, the envelope of the
exciton wave function can be approximated by (2.188). If the shape of the
island is anisotropic, the function F (X,Y ) in (2.188) is as well anisotropic
which results in a nonzero value of δ2 in (5.123). Introducing the 2D Fourier
transform

F (Kx,Ky) =
∫
dXdY e−iKR‖ F (X,Y )

we can present this splitting in the form [5.79]

δ2 =
�Γ0

S

∑
K>k

K2
x −K2

y

k
√
K2 − k2

F 2(K) , (5.125)

where the retardation is taken into account, as a consequence K is replaced
by

√
K2 − k2 and the summation is performed over K > k.

Goupalov et al. [5.79] calculated the splitting δ2 for a rectangular island
of the dimensions Lx, Ly, see the inset in Fig. 5.10. The function F (X,Y )
was found as a solution of the 2D Schrödinger equation

HlocF (X,Y ) = −ε F (X,Y ), (5.126)
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Fig. 5.10. (a)Energy levels Enn′ of the localized exciton. (b) The splitting between
localized states |n, n′, x〉 and |n, n′, y〉 as a function of Ly for a fixed value of Lx =
950 Å in a GaAs/Al0.3Ga0.7As QW of the width 28 Å (10 monomolecular layers).
The parts of curves corresponding to negative and positive values of δ2 are shown
by dashed and solid lines, respectively. [5.79]
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Hloc = − �2

2M

(
∂2

∂X2
+

∂2

∂Y 2

)
− V θ

(
Lx
2

− |X|
)
θ

(
Ly
2

− |Y |
)
,

where V is the energy difference between the 1s-exciton levels in the two
perfect QWs differing in the width by one monomolecular layer, ε is the
localization energy referred to the free-exciton energy in the thinner QW.
While calculating δ2 the approximation of the factorized envelope function
was used and F (X,Y ) was taken in the form of a product Fx(X)Fy(Y ), where
Fx(X), Fy(Y ) are found self-consistently from (5.126). The localized states
|nn′〉 are labelled by a pair of integer quantum numbers nn′, e.g., 11, 21, 22
etc., describing the exciton in-plane confinement in the x and y directions.

Figure 5.10 illustrates the dependence of the energy and splitting of the
ground and excited states on the island dimension. Note that Enn′ = V −
εnn′ is the localized-exciton energy referred to the free exciton energy in
the wider QW. Due to the long-range exchange interaction the level Enn′ is
split into two sublevels Enn′,x, Enn′,y polarized along the x and y directions,
respectively. According to (5.125), the sign of the splitting δ2 ≡ Enn′,x −
Enn′,y is mainly determined by the sign of the difference of the mean squares
〈K2

x〉 and 〈K2
y〉. When n = n′, the splitting of the Enn′ level is evidently

negative if Ly < Lx and positive if Ly > Lx, and this agrees with curves 11
and 22 in Fig. 5.10. As the quantum number n (or n′) increases, the dispersion
〈K2

x〉 (or 〈K2
y〉) increases. Therefore, for close-lying Lx and Ly, the signs of

the differences Enn′,x−Enn′,y and n−n′ coincide. If the sides of a rectangular
island are rotated with respect to the fixed axes x, y by the angle Φ then, in
the spin Hamiltonian (5.123), the angle Φ2 is nonzero and equal to 2Φ.

Gammon et al. [5.10, 5.11] studied the PL of GaAs/AlGaAs QWs in the
optical near-field regime and measured the PL spectrum of a single QD
formed by a large monolayer high island. They report a fine structure split-
ting of 20-50 µeV and linear polarization of the split sublevels for both the
ground and excited states of the localized exciton. The sequence of signs of
this difference observed for the ground and four excited states of the localized
exciton [5.11] is reproduced in Fig. 5.10 for values Ly lying between 420 Å
and 480 Å.

In type-II GaAs/AlAs(001) SLs, the radiative level of localized heavy-hole
excitons e1-hh1(1s) was found to be split into the sublevels polarized along
the [110] and [11̄0] directions in the interface plane [5.80–5.85]. Moreover,
it was established that in the same sample there exist simultaneously two
classes of excitons with equal absolute values but opposite signs of the energy
difference between the dipole-active sublevels E[110] and E[11̄0] polarized along
x ‖ [11̄0] and y ‖ [110], i.e., δ2 is nonzero and Φ2 = 0 or π if the reference axes
are x and y. This anisotropic exchange splitting of excitonic levels cannot be
explained in terms of the long-range exchange interaction in excitons localized
by laterally-anisotropic islands because the exciton oscillator strength in the
type-II heterostructures is too small. The exchange-interaction anisotropy
was related in [5.86–5.88] to the heavy-light hole mixing under normal hole
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incidence on the (001) interface. Then the pair of wave functions at the
bottom of the lowest heavy-hole subband hh1 can be written as

ψ
(hh1)
±3/2 = F (z) |Γ8,±3/2〉 ± iG(z) |Γ8,∓1/2〉 + iGso(z) |Γ7,∓1/2〉 . (5.127)

As compared with (3.116) an admixture of the spin-orbit-split valence band
Γ7 is included into ψ(hh1). The real envelope functions F (z) and G(z), Gso(z)
are even and odd with respect to the reflection z → −z for the origin z = 0
taken in the center of a GaAs well. The functions G(z), Gso(z) are propor-
tional to the heavy-light hole mixing constant tl-h in the boundary conditions
for the hole envelope function, see (3.115). Excitons contributing to the low-
temperature PL of undoped type-II SLs are bound two-particle excitations
localized by the structure imperfections in the plane of interfaces with an X-
electron and a Γ -hole confined inside two neighboring AlAs and GaAs layers.
This presupposes the existence of localized excitons with a left- and right-
hand-side electron labelled in the following as the XL and XR states. Let
the localization length exceeds the exciton Bohr radius ã, describing the in-
plane relative motion of the electron-hole pair. Then the anisotropic exchange
splitting of the XL and XR levels is given by [5.88]

δ2 =
(
E[110] − E[11̄0]

)
L,R

(5.128)

=
16a3

0√
3πa2

B

ε0

∫
F (z)[G(z) +

√
2Gso(z)] [u2

L,R(z) + v2
L,R(z)] dz ,

where uL,R(z) and vL,R(z) are the X1 and X3 envelopes of an X-electron
confined, respectively, in the left- and right-hand AlAs layer. ε0 determines
the bulk electron-hole short-range exchange interaction taken in the form

Vexch = −ε0a3
0 δ(re − rh) σe · σh , (5.129)

where σeα, σhα are the electron and hole spin Pauli matrices. Taking into ac-
count that u2

L(z) = u2
R(−z), v2

L(z) = v2
R(−z), F (z) is even and G(z), Gso(z)

are odd, one immediately obtains opposite signs of the splitting for XL and
XR states. This explains the two classes of excitons observed experimentally.
Figure 5.11 shows the calculated dependence of the anisotropic exchange
splitting of the radiative doublet in GaAs/AlAs SLs as a function the SL
period d for a fixed ratio of the GaAs layer thickness, a, and the AlAs layer
thickness, b. Experimental values of δ2 measured by optically detected mag-
netic resonance and quantum beats technique are presented as well.

The Molecular-Beam-Epitaxy (MBE) grown InGaAs/GaAs-like QDs have
a shape of pyramids with the height parallel to the growth direction z ‖ [001]
and the base oriented along the 〈100〉 directions [5.89]. In case of the square
base, QDs are characterized by the C2v point symmetry for which �Ω1 =
δ2 cosΦ2 = 0, �Ω2 = δ2 sinΦ2 �= 0. In the general case of a rectangular base
the symmetry is reduced to C2 and both Ω1 and Ω2 are nonzero.
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Fig. 5.11. Anisotropic exchange splitting of the radiative doublet as a function of
the period of type-II GaAs/AlAs SL. Triangles [5.80] and rhombes [5.83] show ex-
perimental results, solid and dashed curves are calculated by using slightly different
models. According to [5.87].

For free heavy-hole excitons in ideal QWs of the symmetry D2d the spin
Hamiltonian contains the term in (5.122) proportional to δ0 and representing
the long-range exchange interaction as well as the terms in (5.123) propor-
tional to δ0, δ1 and representing the short-range exchange interaction.

In an external magnetic field the exciton spin-Hamiltonian includes, in
addition to (5.123), the Zeeman contribution

HB = µB
[(
ge‖sz + Kg0Jz

)
Bz + ge⊥ s⊥ · B⊥

]
, (5.130)

where sz = (1/2)σ and Jz are the z-components of the electron spin s = 1/2
and hole angular momentum J = 3/2. We neglect the Zeeman splitting of
heavy-hole states in an in-plane magnetic field. In the Faraday configuration,
B ‖ z, the split quartet levels are given by
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E1,2 =
δ0
2

± 1
2

√
δ22 + (gh‖ − ge‖)2µ2

BB
2
z ,

E3,4 = −δ0
2

± 1
2

√
δ21 + (gh‖ + ge‖)2µ2

BB
2
z , (5.131)

where we define the hole longitudinal g factor as

gh‖ = 3g0K . (5.132)

With increasing the field, the level 2 goes downward, the level 3 goes upward
and, at a particular value of Bz, they cross each other. Near the crossing
point the states 2, 3 can be strongly mixed even by a weak symmetry-breaking
potential that couples radiative and nonradiative states. Owing to the larger
population of the nonradiative state the intensity of emitted light increases.
This effect known as the level-anticrossing can lead to a remarkable non-
thermal exciton spin polarization or alignment of exciton oscillating dipole
moment under unpolarized excitation resulting in an appearance of circular
or linear PL polarization near the crossing point. Depending on the exciton
effective g factors the level 3 can also cross the level 1 at a higher value of
the magnetic field where the field-induced PL polarization is opposite to that
related with the 2-3 anticrossing [5.90,5.91].

If the anisotropic-exchange constants δ1, δ2 are zero then at zero magnetic
field the radiative and nonradiative levels are doubly degenerate. The trans-
verse magnetic field (Voigt configuration) mixes the excitonic state m = ±1
with the state m = ±2 resulting in the shift of the levels

1
2

[
δ0 ±

√
δ20 + (ge⊥µBB)2

]
(5.133)

and retaining the double degeneracy. The degeneracy is removed in some
extent only if δ1 or/and δ2 are nonzero.

We turn now to the fine structure of the ground-state exciton level in
cubic and hexagonal NanoCrystals (NCs) of the spherical form. Due to the
confinement of electrons and holes in all three directions, the exchange split-
ting of excitonic levels increases as R−3 with decreasing the dot radius R and
is strongly enhanced as compared with that in bulk semiconductors. Large
exchange splittings were observed in CdSe NCs embedded in glassy materials
and polymer films [5.92–5.94].

In order to make transparent the comparison between the short- and
long-range exchange contributions to the splitting of excitonic levels we first
consider optical transitions between the simple conduction band Γ6 and the
simple valence band Γ7 in semiconductors of the crystal class Td. In this case
the 1s-exciton level is four-fold degenerate taking into account the electron
and hole spin degeneracy. As well as in the case of bulk semiconductor, the
direct product Γ6 × Γ7 is decomposed into the Γ15 and Γ2 irreducible repre-
sentations. It is also convenient to use the spin basis |Γ15, ν〉 (ν = x, y, z) and
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|Γ2〉 rather than |m,n〉 (m,n = ±1/2). The state |Γ15, ν〉 is optically active
for the light polarized along the α direction while the state |Γ2〉 is inactive.
In the chosen basis non-zero components of the short- and long-range terms
can be expressed as

H(short)
ν′ν (k′

e,k
′
h,ke,kh) = ∆bulk

ST πa3
B δνν′ δKK′ , (5.134)

H(long)
ν′ν (k′

e,k
′
h,ke,kh) = �ωLTπa

3
B

KνKν′

K2
δKK′

in terms of the bulk exciton Bohr radius aB, the singlet-triplet splitting ∆bulk
ST

and the longitudinal-transverse splitting �ωLT of the bulk exciton level. Ac-
cording to (5.134) for an exciton confined within a spherical QD of the radius
R� aB, the singlet-triplet splitting is given by [5.95]

∆QD
ST (R) = π C

(
∆bulk

ST +
1
3

�ωLT

)(aB

R

)3

, (5.135)

where

C =

π∫
0

sin4 x

x2
dx ≈ 0.67.

While deriving (5.135), equation (2.89) for the single-particle envelope func-
tion quantum-confined in a spherical QD is used assuming the barrier to be
infinitely high. Taking for reasonable estimations ∆bulk

ST ∼ 0.1 meV, �ωLT ∼ 1
meV we obtain that, among the two terms in (5.135), the long-range contribu-
tion to the splitting ∆QD

ST prevails. It should be mentioned that the long-range
contribution

�δω
(long)
0 =

π

3
C

(aB

R

)3

�ωLT

to ∆QD
ST can also be derived from equation (3.134) for the renormalized reso-

nance frequency of the exciton assuming qR→ 0 and replacing Φ(r) by

(2πRr2)−1 sin2 (πr/R) .

At finite values of qR one has to use a more general equation (3.134). More-
over, in this case the damping ΓSQD defined by (3.135) becomes nonzero,
it determines the radiative decay of the 0D exciton and is connected by
ΓSQD = (2τ0)−1 with the exciton radiative lifetime τ0. A large long-range
contribution to the electron-hole exchange interaction in semiconductor QDs
has been also considered by using a many-body approach based on atomistic
pseudopotential wave functions [5.96].

Note that in case of different high-frequency dielectric constants æ(1)
b and

æ(2)
b , respectively inside and outside the dot, the second term in (5.135) should

be multiplied by the factor [5.95,5.97]
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1 +
3

2πC
æ(2)
b − æ(1)

b

æ(1)
b + 2æ(2)

b

. (5.136)

For Γ6 × Γ8 excitons the valence band Γ8 is described by the 4 × 4 Lut-
tinger Hamiltonian containing the three band parameters γ1, γ2 and γ3. The
ground state of a hole confined in a spherical QD has the symmetry Γ8 and
is characterized by the angular momentum component n = ±3/2,±1/2. In
the spherical approximation, γ2 = γ3, the four ground-state wave functions
can be written as ∑

n′
Ψ

(n)
n′ (r) |n′〉,

where |n′〉 (n′ = ±3/2,±1/2) are the Bloch functions,

Ψ
(n)
n′ (r) = Cn′n(r),

Ĉ(r) =
1√
4π

{
R0(r) −R2(r)

[(
J · r

r

)2

− 5
4

]}
,

Jα (α = x, y, z) are the angular momentum matrices in the Γ8 basis, R0(r)
and R2(r) are the radial functions introduced in [5.92] and reflecting the fact
that the envelopes Ψ (n)

n′ (r) are formed by coupled S (L = 0) and D (L = 2)
states.

The short-range exchange interaction has the form [5.92]

Hshort (k′
e,k

′
h,ke,kh) = −2

3
ε0 a

3
0 (σ · J) δKK′ , (5.137)

where ε0 is a constant. For the long-range exchange we obtain [5.97]

Hlong (k′
e,k

′
h,ke,kh) (5.138)

=
4π
æb

(
�e|pcv|
m0Eg

)2

δKK′
1
K2

{
3
8
K2 − 1

6
(J · K)2 − 1

9
K2(σ · J)

+
1
6

[
(σ · J)

(
(K · J)2 − 5

4
K2

)
+

(
(K · J)2 − 5

4
K2

)
(σ · J)

]

− 1
3

[
(σ · K)(J · K) − 1

3
K2(σ · J)

]}
,

where pcv = 〈S|p̂x|X〉 is the interband matrix element of the momentum
operator.

In hexagonal crystals one has to add the crystal splitting term

Ĥcr = −∆cr

2

(
J2
z − 5

4

)

to the Luttinger Hamiltonian. If a value of the crystal splitting ∆cr is small as
compared with the characteristic confinement energy the combined electron-
hole exchange interaction in QDs of the radius R � aB is described by the
Hamiltonian [5.97]
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Ĥexch = −η̄ (σ · J) . (5.139)

Here
η̄ =

(aB

R

)3 [
χ(β) �ωTF +

π

9
ζ(β) �ωLT

]
,

�ωTF =
2
π

(
a0

aB

)3

ε0 ,

�ωLT is given by (2.204), χ(β) and ζ(β) are coefficients dependent on the ratio
β = mlh/mhh between the light- and heavy-hole effective masses. For β = 0.3
one has χ(β) ≈ 0.77 and ζ(β) ≈ 0.62. Note that �ωTF is the short-range
exchange induced splitting between the bulk exciton states with n = ±1 and
n = ±2, and �ωLT is the longitudinal-transverse splitting for a free exciton
propagating perpendicular to the hexagonal axis of the bulk wurtzite-lattice
crystal. Inset in Fig. 5.12a presents exciton level diagrams described by the
Hamiltonian

−∆
2

(
J2
z − 5

4

)
− η̄ (σJ) ,

where ∆ = ∆cr v(β) with v(β) ≈ 0.94 for β = 0.3. The excitonic sublevels are
labelled in accordance with the value of total angular-momentum component
on the C6 axis. The splitting, ∆QD

TF (η̄), between the M = ±2 and lower
M = ±1 states of a 0D exciton is given by

∆QD
TF (η̄) = 2η̄ +

∆

2
−

√
4η̄2 +

∆2

4
− η̄∆ . (5.140)

If the long-range exchange contribution is neglected the parameter η̄ in
(5.140) is replaced by

η =
(aB

R

)3

χ(β) �ωTF ,

which is smaller than η̄ by ∼ 4. Note that this result has alternatively been
derived in [5.100] from consideration of resonant Rayleigh scattering of light
by a QD following the procedure described in Sect. 3.2.1. Figures 5.12a and
5.12b present the measured and calculated dependence of the splittings ∆QD

TF

and ∆1,∆2 on the nanocrystal radius.
In [5.101] the electron-hole exchange interaction is analyzed in the frame-

work of the empirical tight-binding method. It is demonstrated that inter-
atomic and intra-atomic (or intrasite) contributions to the long-range inter-
action enter in an inequivalent way. In particular case of the Γ6 × Γ7 exciton
in a spherical dot, the long-range singlet-triplet splitting is given by

∆QD
ST, long =

π

3
C �

(
ωLT − ω

(intra)
LT

) (aB

R

)3

, (5.141)

where ωLT is the longitudinal-transverse splitting for the bulk exciton and
ω

(intra)
LT is the contribution to ωLT caused by the intra-atomic transitions.



264 5 Photoluminescence Spectroscopy

10 20 30 40 50

0

4

8

12

16

20

24

28

TF

-4η

±2

±1L

0L

±1U

0U

±1U, 0U

±2, ±1L, 0L

Γ
6
 × Γ

8
∆

2
∆

1

∆QD

(a)

T
F

∆  
Q

D
 (m

eV
)

R (Å)

10 15 20 25 30 35
0

50

100

(b)

2

1

∆ 1
,∆

2
(m

eV
)

R (Å)

Fig. 5.12. Dependence of the splitting ∆QD
TF (a) and ∆1, ∆2 (b) on crystal radius

for æ1 = 8.4 and æ2 = 2.25 (solid) and æ1 = æ2 = 8.4 (dashed), taking into ac-
count both the short-range and long-range exchange contributions. The inset shows
diagram of exciton level splitting into five sublevels for a hexagonal nanocrystal.
For conveniency, the fine structure obtained neglecting crystal-field splitting is also
shown. The dotted lines present the calculation performed neglecting long-range
exchange interaction. In figure (a), the filled [5.93] and open [5.98] circles refer to
the experimental values of the splitting, and the triangles are the splitting ∆QD

TF

calculated using the pseudopotential method [5.96]. In figure (b), the experimen-
tal values of the splitting are shown by the filled [5.99] and open [5.98] circles.
According to [5.97].
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Thus as compared to the envelope function approach valid for ω(intra)
LT = 0,

the splitting (5.141) differs by a factor

ωLT − ω
(intra)
LT

ωLT
= 1 −

(
M

(intra)
cv

M
(inter)
cv +M

(intra)
cv

)2

,

where M (inter)
cv ,M

(intra)
cv are the contributions to the interband optical matrix

element due to the inter- and intra-atomic transitions in the tight-binding
approach. For Frenkel excitons where M (inter)

cv can be ignored, ∆QD
ST, long = 0.

5.5.2 Optical Orientation and Alignment of Free Excitons in
Quantum Wells

Similarly to free carriers, exciton spins (or angular momenta) can be optically
oriented. In the absence of an external magnetic field spin-polarized excitons
are generated under optical pumping with circularly polarized photons: due
to spin-orbit coupling of electronic states the selection rules for optical inter-
band transitions provide a conversion of photon polarization into exciton spin
orientation. This immediately follows from (5.121) for the matrix elements,

Mm =
∑
α=x,y

Mm,αeα ,

of exciton optical excitation. Indeed, under normal incidence of the σ+-
polarized light one has ex = 1/

√
2, ey = i/

√
2 and

M1 ∝ e− �= 0 , M−1 ∝ e+ = 0 ,

whereas, for the σ− photons, M1 = 0, M−1 �= 0, in agreement with the
angular momentum conservation law mexc = mphot, where mexc and mphot

are the z components of exciton and photon angular momenta. In accordance
with the same selection rule, mphot = mexc, the radiative recombination of
spin-polarized excitons results in the PL circular polarization thus making
possible optical detection of the spin polarization. The optical orientation of
excitonic spins is a particular case of the more general phenomenon, namely,
the selective optical excitation of excitonic sublevels. Another example of the
selective excitation is the so-called optical alignment of excitons by linearly
polarized radiation: in contrast to the optical orientation which means just the
photoinduced difference in the populations of the exciton states |m〉 with the
spin m = ±1, the linearly-polarized light can excite preferentially the exciton
state (|1〉+eiΦ|−1〉)/

√
2 with a definite direction of oscillating electric-dipole

moment (a value of the phase Φ is determined by the direction of the light
polarization plane).

Optical orientation and alignment of excitons can be described by using
the exciton spin-density matrix. The method is especially applicable to bound
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and localized excitons. It can be easily used for free 2D excitons in QWs if
the K- and spin-dependent density matrix can be presented as a product
of a matrix ρ depending only on the electron- and hole-spin indices and a
distribution function f(K) depending only on the exciton wave vector. This
kind of factorization is possible if the momentum relaxation time τp is much
shorter than the exciton lifetime τ0 and the spin relaxation time τs.

If the exciton state is represented by a wave function Ψ =
∑
m cmΨm,

where Ψm is one of the basis functions, then the spin-density matrix will be
ρmm′ = cmc

∗
m′ . For a mixed state, the product cmc∗m′ is averaged over the

statistical ensemble. The diagonal components ρmm determine the probability
to find an exciton in the state m, and the off-diagonal components, ρmm′

with m �= m′, the correlation between the m and m′ states. For a pure state
|ρmm′ |2 = ρmmρm′m′ . The PL polarization density matrix (3.227) and the
exciton spin-density matrix are related by

dαβ ∝
∑
mm′

M∗
m,αMm′,α′ρmm′ . (5.142)

For heavy-hole quartet excitons in QWs the optical matrix elements are given
by (5.121).

Similarly to the kinetic equation (5.56) for spin-polarized photoelectrons,
in the steady-state regime of photoexcitation the exciton spin-density matrix
satisfies the equation(

∂ρ

∂t

)
rec

+
(
∂ρ

∂t

)
s.r.

+
i
�

[ρ,Hexch + HB] + Ĝ = 0 . (5.143)

The terms on the left-hand side take account of the exciton recombination,
spin relaxation, exchange and Zeeman interaction in the presence of magnetic
field B, Ĝ is the generation matrix. Let |m〉 be the basis states |sz, Jz〉 of the
e1-hh1(1s) exciton with the angular momentum component m = sz + Jz =
2, 1,−1,−2.

Generally, there are two recombination channels, a radiative and a non-
radiative (including dissociation), characterized for the state m by the times
τ

(m)
0 and τ

(m)
i , respectively. This allows to write the recombination term in

(5.143) in the form (
∂ρ

∂t

)
rec

= −ρmm′

τmm′
, (5.144)

where
1

τmm′
=

1
2

(
1
τm

+
1
τm′

)
,

1
τm

=
1

τ
(m)
0

+
1

τ
(m)
i

.

The generation matrix G depends on the conditions of exciton formation.
In the case of resonance excitation, it is defined by

Gmm′ ∝
∑
mm′

Mm,αM
∗
m′,βd

0
αβ , (5.145)
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where d0
αβ is the polarization density matrix of the initial radiation. As in

Chap. 3, see (3.228), the light polarization is characterized by the circular
polarization degree, Pc, and the degrees of linear polarization, Pl and Pl′ ,
referred to the two pairs of rectangular axes labelled here as x, y and x′, y′.

In order to make transparent the description of polarized PL we give
here a simplified description of the optical orientation and alignment of ex-
citons. For resonant excitation conditions and in the absence of exciton spin
relaxation between the pairs m = ±1 and m = ±2, the optically-inactive
sublevels remain unpopulated, the only nonzero components of the density
matrix ρmm′ are those with m,m′ = ±1 and the e1-hh1(1s) exciton acts as a
two-level system. Recall that any two levels can be considered as two states
of an effective 3D pseudospin with S = 1/2. The 2×2 spin density matrix
ρmm′(m,m′ = ±1) is expressed in terms of the average pseudospin S as

ρ̂ = N

(
1
2

+ S · σ̃
)
, (5.146)

where σ̃α(α = x, y, z) are the Pauli matrices and N is the steady-state exciton
concentration. The pure exciton states |1〉 and | − 1〉 are equivalent to the
pseudospin polarized parallel or antiparallel to the z axis, respectively. The
exciton states

|X〉 = (|1〉 + | − 1〉)/
√

2 , |Y 〉 = −i (|1〉 − | − 1〉)/
√

2 ,

dipole-active along the x or y axis are described by a pseudospin with Sx =
1/2 or Sx = −1/2 respectively. Finally, the states |X ′〉 = (|X〉 + |Y 〉)/

√
2 or

|Y ′〉 = (|X〉 − |Y 〉)/
√

2 polarized in the x′ and y′ directions correspond to a
pseudospin with nonzero component Sy = 1/2 or Sy = −1/2. Thus, one can
rewrite (5.142) as

Pl = 2Sx , Pl′ = 2Sy , Pc = 2Sz . (5.147)

The generation matrix Gmm′ for m,m′ = ±1 can be expanded similarly to
(5.146)

Ĝ = G0

(
1
2

+ S0 · σ̃
)
, (5.148)

which allows to rewrite (5.145) in the form

S0
x =

1
2
P 0
l , S

0
y =

1
2
P 0
l′ , S

0
z =

1
2
P 0
c . (5.149)

Here G0 is the total generation rate of excitons, P 0
l , P

0
l′ and P 0

c characterize
the initial light polarization, S0 is the exciton pseudospin at the moment of
resonant excitation.

If the exciton is formed by binding of free electrons and holes into pairs,
then Ĝ is proportional to the product ρ̂eρ̂h of single-particle spin-density
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matrices at the moment of binding. In this case one may observe only exciton
orientation.

In terms of the pseudospin Pauli matrices, the spin-dependent long-range
exchange interaction is written as

H =
1
2

(σ̃xΩx + σ̃yΩy) , (5.150)

where
�Ωx = CK cos 2Φ , �Ωy = CK sin 2Φ .

The longitudinal-transverse splitting of the exciton state produces a mo-
tional narrowing type of spin relaxation similar to the D’yakonov-Perel’ mech-
anism considered in Sect. 5.3.2. Indeed, the off-diagonal terms of the Hamil-
tonian (5.150) represent an effective magnetic field in the (x, y) plane. If such
a field is fixed then, in the absence of a real external magnetic field, the pseu-
dospin will process about this field which results in a spin decoherence in the
exciton ensemble. In the multi-scattering regime, the exciton wave vector K
is changed by each scattering event, the effective field is randomly oscillating
and the exciton spin decoherence is slowed down. If K changes faster than
the pseudospin procession, i.e. if CKτ (2)

p � 1, then one has for the exciton
spin relaxation times [5.102]

1
τszz

=
2
τsxx

=
2
τsyy

= 〈Ω2
Kτ

(2)
p 〉 , (5.151)

where ΩK =
√
Ω2
x +Ω2

y = CK and τ (2)
p is the momentum scattering time for

the angular harmonics cos 2Φ, sin 2Φ of the free-exciton distribution func-
tion. It should be noted that the times Ts1 ≡ τ szz and Ts2 ≡ τ sxx = τ syy
describe the relaxation of exciton optical orientation and alignment, respec-
tively. The factor of 2 is easily understood by using the fact that the in-plane
pseudospin, say Sx, is only affected by the y component of the depolarizing
field, whereas the longitudinal polarization Sz is relaxed by both x and y
components. Therefore, the theory predicts that the PL experiments with
linearly polarized light should exhibit a longer spin-relaxation rate driven by
exchange than those performed with circularly polarized light.

In terms of the pseudospin (5.143) reduces to

S

τ
−

(
∂S

∂t

)
s.r.

+ S × Ω‖ =
S0

τ
, (5.152)

where τ is the exciton lifetime in the state m = ±1, the spin-relaxation term
−(∂S/∂t)s.r. has the components(

Sx
Ts2

,
Sy
Ts2

,
Sz
Ts1

)
,
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Tsi (i = 1, 2) are the longitudinal and transverse pseudospin relaxation times
including those described by (5.151). In addition, the pseudospin precession
in an external longitudinal magnetic field B ‖ z is taken into consideration
with the exciton Larmor frequency Ω‖ given by (0, 0, g‖µBBz/�) and the
effective exciton g factor given by g‖ = gh‖−ge‖. Note that in weak magnetic
fields satisfying the condition Ω‖τp � 1 one can neglect the field effect on
the pseudospin relaxation times Tsi [5.102].

At zero magnetic field, the polarizations of the secondary and primary
radiations are related by

Pl =
T2

τ0
P 0
l , Pl′ =

T2

τ0
P 0
l′ , Pc =

T1

τ
P 0
c , (5.153)

where
1
Ti

=
1
τ

+
1
Tsi

.

In a longitudinal magnetic field B ‖ z, the PL circular polarization remains
unaffected while Pl, Pl′ change to

Pl(Bz) =
Pl(0) −Ω‖T2Pl′(0)

1 +
(
Ω‖T2

)2 , Pl′(Bz) =
Ω‖T2Pl(0) + Pl′(0)

1 +
(
Ω‖T2

)2 , (5.154)

where Pl(0), Pl′(0) are zero-field polarizations given by (5.153). One can see
that, under linearly-polarized excitation in a longitudinal magnetic filed, the
plane of polarization of the exciton radiation is rotated around z by the
angle θ = (1/2) arctanΩ‖T2, while the degree of linear polarization, Plin =√
P 2
l + P 2

l′ , decreases by the factor [1 + (Ω‖T2)2]1/2.
Physically, equation (5.154) can be derived by using the following intuitive

approach. Optical pumping in the polarization e0 ‖ x excites the electric-
dipole moment d0 of the exciton oscillator directed along the x axis. In a
longitudinal magnetic field this dipole will rotate around z axis with angular
frequency Ω‖/2. Hence, for the exciton created at t = 0 the components of
the vector d exhibit the quantum beats

dx(t) = d0 cos
Ω‖t
2

, dy(t) = d0 sin
Ω‖t
2

,

dx′(t) = d0 cos
(
Ω‖t
2

− π

4

)
, dy′(t) = d0 sin

(
Ω‖t
2

− π

4

)
.

Taking into account the finite exciton lifetime and spin-relaxation time the
PL intensity Iα(t) in the polarization α shows damped oscillations

Iα(t) ∝ e−t/T2d2
α(t) .

On the other hand, the steady-state intensity Iα is related with the time-
integrated quantum beats Iα(t) by
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Iα = τ

∫
Iα(t) dt ∝

∫
e−t/T2d2

α(t) dt .

Substituting d2
x,y = (d2

0/2)(1 ± cosΩ‖t), d2
x′,y′ = (d2

0/2)(1 ± sinΩ‖t) and
integrating over t we obtain the Stokes parameters (5.154) for Pl(0) = 1,
Pl′(0) = 0.

In the absence of an anisotropic exchange interaction (δ1,2 = 0) and spin
relaxation (Tsi → ∞), the transverse magnetic field B ⊥ z does not affect
the PL polarization but can change the PL intensity [5.103]. The latter effect
occurs because the effective lifetime of resonantly-excited excitons increases
with increasing the field in the presence of both radiative and nonradiative
recombination channels.

In this subsection we concentrated on the polarized PL of free heavy-hole
excitons. The secondary radiation of light-hole excitons can be considered in
the same way with allowance for nonzero optical matrix elements in both
polarizations e ‖ z and e ⊥ z.

5.5.3 Optical Orientation and Alignment of Zero-
Dimensional Excitons

Neglecting, for simplicity, the exciton spin relaxation one can obtain for the
PL circular polarization under resonant circularly-polarized excitation in the
longitudinal magnetic field [5.82]

Pc(Bz) = P 0
c

1 +Ω2
‖τ

2

1 +
(
Ω2

‖ +Ω2
1 +Ω2

2

)
τ2

, (5.155)

where the exchange-related frequencies Ω1,2 are introduced in (5.124) and
τ is the 0D-exciton lifetime in the radiative states m = ±1. If the exci-
ton lifetime τ is long enough so that max (Ω1,2τ) � 1 then, because of the
exchange, the exciton optical orientation is quenched. With increasing the
magnetic field the PL circular polarization is restored and reaches a value of
P 0
c as Bz tends to ∞. Thus, the magnetic field suppresses the depolarizing

effect of anisotropic exchange interaction and permits to observe the optical
orientation of excitons even if max (Ω1,2τ) � 1.

As in the previous subsection, the behavior of exciton optical orientation
and alignment is very convenient to interpret physically in terms of the exci-
ton pseudospin. In a longitudinal magnetic field, the pseudospin Hamiltonian
is a sum of the exchange term (5.124) and the σ̃z-dependent Zeeman term

H =
�

2
(
σ̃xΩx + σ̃yΩy + σ̃zΩ‖

)
. (5.156)

The pseudospin S rotates around the vector Ω = (Ω1, Ω2, Ω‖) with the

effective Larmor frequency Ω =
√
Ω2

1 +Ω2
2 +Ω2

‖ . In the realistic case
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Ω2

1 +Ω2
2 � 1

τ
(5.157)

the pseudospin precession around Ω leads to a depolarization of the initial
spin component perpendicular to Ω while the component parallel to Ω re-
mains unchanged. This means that the steady-state value of S is obtained by
projecting S0 onto the Ω direction, i.e., S = Ω(Ω ·S0)/|Ω|2. Therefore, the
relation between the secondary and primary polarizations can be presented
in the following form

Pi = ΛijP
0
j (i, j = l, l′, c) , (5.158)

with the matrix Λ̂ given by

||Λij || =
1

Ω2
1 +Ω2

2 +Ω2
‖

⎡
⎣ Ω2

1 Ω1Ω2 Ω1Ω‖
Ω1Ω2 Ω2

2 Ω2Ω‖
Ω1Ω‖ Ω2Ω‖ Ω2

‖

⎤
⎦ . (5.159)

One can see that, for nonzero anisotropic exchange splitting δ2, the longi-
tudinal magnetic field restores the PL circular polarization and induces the
linear polarization under circularly polarized excitation. It also follows that,
under linearly polarized excitation, the magnetic field gives rise to two addi-
tional effects: suppression of the alignment and polarization conversion with
an appearance of circular polarization in the PL.

In [5.85], instead of measuring the PL polarization degrees Pl, Pl′ and Pc
under a fixed position of the polarizer, the modulation technique is applied
where the analyzer is in a fixed position and the sample is pumped by the
incident light changing its polarization from circular or linear to orthogonal
at a certain frequency. The measured values are then the effective polarization
degrees

ρlα =
I110
α − I11̄0

α

I110
α + I11̄0

α

, ρl
′
α =

I100
α − I010

α

I100
α + I010

α

, ρcα =
I
σ+
α − I

σ−
α

I
σ+
α + I

σ−
α

, (5.160)

where Iαβ designates the PL intensity in the configuration (α, β) of the po-
larizer and analyzer, and α, β are linear polarizations along the axes [100],
[010], [110], [11̄0] or circular polarizations σ+, σ−. The theory shows that,
under resonant excitation conditions and neglecting the level anticrossing ef-
fects, the set (5.160) is equivalent to the values of Pαl , Pαl′ and Pαc , where α
indicates the polarizer position.

Figure 5.13 displays the dependencies ρcα(Bz) and ρlα(Bz) measured on
one of the type-II GaAs/AlAs SL samples at the PL spectral maximum (λ =
6684 Å). It is seen from Fig. 5.13a that ρcσ+

(Bz) rapidly increases and sat-
urates from 2.5% to 5% in weak magnetic fields B‖ ≈ 20 G and then grad-
ually increases up to the level of 20% at Bz = 2.5 kG. Figure 5.13b clearly
demonstrates the field-induced orientation-to-alignment conversion: ρc110(Bz)
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Fig. 5.13. Effect of the longitudinal magnetic field on optical orientation and
alignment of localized excitons in a type-II GaAs/AlAs SL: (a)ρc

σ+ , (b) ρc
110 , (c)

ρl
110 , (d) ρl

σ+ . Experimental data (T = 4.2 K) are shown as points. Solid curves
are theoretical fits. From [5.85].
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reaches a maximum value of 5% at Bz ≈ 0.7 kG and reverses its sign un-
der the field inversion. Moreover, ρc110(Bz) differs in sign from the measured
dependence ρc11̄0(Bz). The effect of longitudinal magnetic field upon the op-
tical alignment is illustrated in Fig. 5.13c. Note that the main variation of
ρl110 takes place at the same magnetic fields Bz ≈ 0.7 kG as for the function
ρcσ+

(Bz) in Fig. 5.13a. Figure 5.13d shows that the orientation-to-alignment
conversion effect is reversible: the experimental dependencies ρc110(Bz) and
ρlσ+

(Bz) are close to each other.
The solid curves in Fig. 5.13 are theoretical fits by using the theory tak-

ing into account the exchange splitting with Ω1 �= 0, Ω2 = 0 in accordance
with the mechanism of anisotropic exchange interaction in GaAs/AlAs short-
period type-II SLs discussed in Sect. 5.5.1. The fast low-field increase of ρcσ+

in Fig. 5.13a is attributed to a spatially separated electron-hole pairs char-
acterized by small values of exchange splitting. In the analysis this contri-
bution is taken into account by adding a constant value of 5% to the theo-
retical curve ρcσ+

(Bz). Except for this narrow region the experimental data
can be described taking additionally into consideration the exciton spin re-
laxation between the radiative and nonradiative states and possible losses
in the orientation and alignment during the quasi-resonant photoexcitation
process [5.85]. Since in type-II GaAs/AlAs SLs there are two kinds of local-
ized excitons with Ω1 differing in sign, the calculated circular-to-linear and
linear-to-circular conversion terms have to be multiplied by the imbalance
factor

f =
N (+) −N (−)

N (+) +N (−)
,

where N (±) denotes the concentration of excitons localized at the AlAs-on-
GaAs and GaAs-on-AlAs interfaces, respectively. Thus, the magnetic-field-
induced conversion between the circular and linear polarizations suggests an
effective method to measure an important structural parameter, namely, the
imbalance factor f . The curves in Fig. 5.13 are calculated for δ2 = 1.8 µeV
and f = 0.9. Since in type-II GaAs/AlAs SLs the frequency Ω2 is zero and
Ω1τ � 1, the theory in full agreement with experiment predicts no optical
alignment in the cw excitation regime for the incident light polarized along
the [100] or [010] axis, Λl′l′ = 0, and no l′-c or c-l′ polarization conversion,
Λcl′ = Λl′c = 0.

5.5.4 Photoluminescence of Neutral and Charged Quantum Dots

Figure 5.14 displays the effective polarization degrees of photoluminescence
ρlα, ρl

′
α, ρcα measured as a function of the longitudinal magnetic field (the

Faraday geometry) on InAlAs QDs in an AlGaAs matrix [5.104]. The PL
was recorded at the wavelength 6890 Å under quasiresonant excitation with
λ = 6764 Å. The main experimental findings are observations of (a) the
optical alignment of excitons for any in-plane direction of linear polarization
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of the exciting light, and (b) magnetic-field-induced conversion of the 〈110〉
alignment to orientation but no similar conversion of the 〈100〉 alignment.
The MBE-grown InGaAs/GaAs-like QDs have a shape of pyramids with the
height parallel to the growth direction z ‖ [001] and the base oriented along
the 〈100〉 directions [5.89]. In case of the square base, QDs are characterized
by the C2v point symmetry for which �Ω1 = δ2 cosΦ2 �= 0 and �Ω2 =
δ2 sinΦ2 = 0. In the general case of a rectangular base the symmetry is
reduced to C2 and Ω1, Ω2 are both nonzero. The experimental results on
InAlAs QDs can be explained by assuming that the positive and negative
values of Ω2 are equally probable, the average value of Ω1 is nonzero, and
the mean-square values of Ω2

1 and Ω2
2 are comparable. It follows then that

the components Λij odd in Ω2 vanish after averaging over the ensemble of
QDs. As a result the secondary and primary polarizations are related by the
matrix 〈Λ(+)

ij 〉 where

〈Λ̂(+)〉 =
1

Ω2
1 +Ω2

2 +Ω2
‖

⎡
⎣ Ω2

1 0 Ω1Ω‖
0 Ω2

2 0
Ω1Ω‖ 0 Ω2

‖

⎤
⎦

and the angle brackets mean averaging over the distribution of Ω1 and Ω2.
While calculating the theoretical curves in Fig. 5.14 the Gaussian distribution

P (Ω1, Ω2) =
1

2πΩ̃1Ω̃2

exp
[
− (Ω1 − 〈Ω1〉)2

Ω̃2
1

]
exp

(
−Ω

2
2

Ω̃2
2

)
,

was assumed, allowance for nonzero average value of Ω1 was made and the
dispersion parameters Ω̃1, Ω̃2 were found from the fitting procedure.

The studies of spin dynamics in self-organized InAs/GaAs QDs under
pulsed photoexcitation supplement the continuous wave QD spectroscopy
experiments. The best fit of the experimental data on time-resolved optical
orientation, optical alignment and linear-to-circular polarization conversion
leads to the anisotropic exchange splitting δ2 = 135 eV in InAs/GaAs QDs
obtained after a nominal deposition of 2.2 InAs monolayers [5.105]. These
experiments also evidence a spin relaxation quenching in semiconductor QDs
at low temperature compared to bulk or 2D structures and bring experimental
support to proposals using electron spins in QDs for quantum information
encoding and processing in a solid-state system.

Cortez et al. [5.106] have demonstrated a possibility to manipulate the
spin of the resident electron in an n-doped QD using nonresonant optical
excitation. The time dependence of the luminescence and circular polariza-
tion of the ground state emission under excitation in the wetting layer is
shown in Fig. 5.15. To interpret the set of obtained experimental results the
following scenario can be proposed providing a simplified description of the
three-particle complex (or QD trion) dynamics. Let us consider that the dots
contain ideally a single resident electron and that at most a single electron-
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Fig. 5.14. Effect of the longitudinal magnetic field on optical orientation and
alignment of excitons confined in In0.45Al0.55As/Al0.3Ga0.7As QDs: (a) ρl

11̄0(Bz),

(b) ρl′
100(Bz), (c) ρc

σ+(Bz), (d) ρl
σ+(Bz). Solid curves are theoretical fits taking into

account the anisotropy of generation and recombination in the axes [11̄0] and [110].
From [5.104].

hole pair is optically injected in a dot. Moreover, the heavy holes photogen-
erated in the wetting layer or barrier are assumed to lose completely their
spin polarization.

When a photocreated pair is captured by a QD, the injected electron (say
with spin ↓ for σ+ excitation) relaxes in a few ps down the first excited elec-
tron state p↓c while the heavy hole relaxes down to its ground state. If the
resident and photoinjected electrons have antiparallel spins the latter ther-
malize very rapidly to the ground state sc, the electrons form the ground
state singlet S0 and the corresponding radiative recombination yields unpo-
larized luminescence. When both electrons have parallel spins (say ↓↓) they
form a triplet state T−1 and cannot relax to the ground state S0 without spin
reversal. Depending on the hole spin, the trion formed with T−1 electrons is
either bright (the hole in the state s↑h) or dark (s↓h). The bright trion can
recombine radiatively with σ+ polarization and leaves a p↓c electron which
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Fig. 5.15. Top: time-resolved photoluminescence detected at 1.15 eV under circu-
larly polarized excitation at 1.44 eV of the n-doped QD sample. The inset shows
a blowup of the fast dynamics at short times. Bottom: the corresponding circular
polarization is shown (dark line), as well as the polarization in the presence of a
counterpolarized pump pulse 10 ns earlier (grey line). From [5.106].

will further thermalize to the ground state s↓c . This explains the observation
of copolarized PL at the very beginning of the recombination process (see
inset in Fig. 5.15). The anisotropic electron-hole exchange interaction causes
a simultaneous spin reversal of the hole and one electron. This flip-flop is
followed by an irreversible relaxation of the electron subsystem to the S0 sin-
glet state. The radiative recombination of the resulting frozen trion produces
then counterpolarized light, due to the hole spin state. This path is much
faster than the direct recombination. It is this mechanism that is assigned to
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the reversal of PL polarization after a few tens of picoseconds in Fig. 5.15. In
the case of the dark trion T−1 with the hole s↓h the most likely process is the
single particle spin flip of an electron, maybe due to the effect of spin-orbit
interaction and dot shape anisotropy. This electron spin-flip relaxation is due
to the slow increase of counter polarization during the recombination lifetime.
Finally one can conclude that the spin of the electron remaining in the dot
after recombination of the photoinjected electron-hole pair is polarized, with
an increase of the spin ↓ population (for σ+ excitation). This allows to write
and read the spin state of the resident electron in n-doped QDs.

5.6 Interface-Induced Linear Polarization of
Photoluminescence

In Sect. 3.3.3 we considered the in-plane anisotropy of type-I heterostruc-
tures where both electrons and holes are confined within the same layers.
Now we will concentrate on type-II heterostructures with no-common atoms,
like InAs/AlSb [5.107, 5.108], ZnSe/BeTe [5.109, 5.110], CdS/ZnSe [5.111],
where electrons and holes are confined in adjacent layers and the interband
optical transitions are indirect in the real space. The PL measurements in
type-II structures are preferential because, for the indirect transitions, the
oscillator strength is very small and the transmission experiments are much
less sensitive to the possible anisotropy.

Figure 5.16 demonstrates a giant in-plane optical anisotropy of BeTe/ZnSe
heterostructures. In order to detect the anisotropy signal induced by a sin-
gle interface the PL from high-quality ZnSe/BeTe double barrier struc-
ture was studied. The layer sequence is shown in Fig. 5.16c together with
current-voltage characteristics. The samples are as symmetrical as possi-
ble and comprise lattice matched BeZnSe contact layers, undoped ZnSe
spacer layers. They act as electron emitters under applied bias voltage and
BeTe/Zn1−xMnxSe/BeTe double-barrier structure with x = 0 or x = 0.1. All
the normal and inverted interfaces are grown under Zn and Te termination
and contain the Zn-Te and Te-Zn chemical bonds. PL is excited by an Ar-ion
laser. The heterostructures demonstrate pronounced resonant-tunneling fea-
tures which become less pronounced under illumination. Figures 5.16a and
5.16b present the PL spectra measured for two studied samples and detected
in the linear polarization, Pl, along the [11̄0] and [110] axes. The emission
lines EL and ER originate from the spatially indirect transitions involving
electrons from the ZnSe emitters and photoholes from the BeTe layers. The
lines WL, WR observed only in the second sample are due to the quantum-
well electrons. Splitting between the EL and ER lines can be attributed to
small charge-asymmetry of the emitters.

One can see that the lines EL and ER are strongly polarized and, more-
over, polarized orthogonally. The interpretation of these lines is confirmed
by their behavior in an electric field under applied voltage. Positive electric
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Fig. 5.16. The polarized PL spectra at different bias voltages (a, b) and I-V
characteristics (c) measured at T = 1.6 K in the double-barrier resonant-tunneling
structure BeTe/Zn1−xMnxSe/BeTe shown in the inset. Solid and dotted spectra
are taken for the analyzer orientation along the x′ and y′ axes of the (001)-grown
samples. The spectra in (a) and the curves in (c) are obtained in the 40 Å/50 Å/40
Å structure with the Mn content x = 0.1; the spectra in (b) are obtained in the
sample with pure ZnSe middle layer. [5.109]
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fields push off electrons from the rightmost interface and form a triangular
potential near the leftmost interface pressing electrons towards this interface.
As a result the relative intensity of the EL line increases and that for the ER
line vanishes. A field reversal leads to an exchange of the role played by
the interfaces, in this case it is the line ER that survives at negative biases.
The surviving line is as strongly polarized as it was at zero bias. Thus one
concludes that the radiation contributed by indirect optical transitions at a
particular interface between BeTe and ZnSe has very high linear polarization
and this polarization is almost insensitive to the electric field. The fact of
nonzero lateral polarization is a natural consequence of the C2v point sym-
metry of a single interface in a (001)-grown heterostructure. However, giant
values of this polarization need a theoretical explanation.

The temperature- and incident-power dependencies of the PL polariza-
tion in ZnSe/BeTe MQWs was studied in [5.110]. Complete sets of data on
time-resolved and time-integrated spectra of the PL intensity and linear po-
larization Pl were obtained. The aim was to clarify whether the observed
polarization is induced by localization of carriers at anisotropic defects and
interface imperfections or it is an intrinsic property of the heterostructure.
The crucial point is the stability of polarization against changes in various
external and internal conditions, namely, against an increase in the excitation
power by more than 7 orders of magnitude, against the temperature increase
from 1.7 K to 300 K, and, in addition, there are no remarkable changes in
the linear polarization with applying an external magnetic field up to 7 T.
Under such conditions the PL spectrum exhibits tremendous modifications,
its intensity changes by many orders of magnitude, the spectral maximum
moves upwards or downwards by 200÷400 meV and the PL band halfwidth
varies within broad limits as well. In contrast, the PL linear polarization
degree remains stable varying between the limits of 50% and 75% and is al-
most constant within the halfwidth of the spectral band. All this means that
any theoretical interpretation of the available experimental results should be
based on intrinsic microproperties of a single (001) heterojunction between
two semiconductors with a zinc-blende-like lattice.

In type-II ZnSe/BeTe systems the conduction- and valence-band offsets
are very large. The penetration depth for an electron into the BeTe layer and
for a hole into the ZnSe layer has the order of the lattice constant. Therefore
in such a system the wave functions of an electron and a hole participating in
the spatially indirect radiative recombination overlap remarkably only over
few atomic planes. For calculations of optical matrix elements in this case the
conventional envelope-function approximation is invalid. One must instead
use microscopic pseudopotential or tight-binding models.

In the following we outline a tight-binding theory suitable for the calcula-
tion of interband optical transitions on a type-II heterojunction [5.112]. Let
us consider a periodic CA/C′A′ heterostructure grown along the axis [001]
and consisting of alternating layers of binary compounds CA and C′A′ with
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different cations and anions. The electron wave function in the tight-binding
method is written in the form

ψ(r) =
∑
n,α

Cαbn φnα(r) . (5.161)

Here φnα(r) are the planar orbitals, n is the number of the atomic plane, and
α is the orbital state index. For clarity, the coefficients in expansion (5.161)
are supplied with an additional superscript b = a for the anion (n = 2l, where
l is an integer) and b = c for the cation (n = 2l + 1). For the states with
a zero lateral wave vector, i.e. for the states with kx = ky = 0, the planar
orbitals are related to the atomic orbitals Φbα by

φnα =
∑
n1,n2

Φbα(r − an − n1o1 − n2o2) ,

where n1, n2 are arbitrary integers, o1 = (a0/2)(1, 1, 0), o2 = (a0/2)(1,−1, 0),
a0 is the lattice constant of the face-centered cubic lattice, an is the position
of any atom on the n-th atomic plane. We remind that the distance between
neighboring cation and anion planes equals a0/4.

In the tight-binding method the wave equation for an electron with the
energy E transforms into the system of linear equations for the coefficients
Cαbn (

Eαbn − E
)
Cαbn +

1
2

∑
n′ �=n,α′

V αb,α
′b′

n,n′ Cα
′b′

n′ = 0 . (5.162)

Here Eαbn are the diagonal atomic energies, and V αb,α
′b′

n,n′ = V α
′b′,αb

n′,n are the
off-diagonal tight-binding parameters for the pair n, n′.

In the sp3 tight-binding model, the atomic s- and p-orbitals are taken into
account only. Hence, the pair of superscripts α, b runs through eight values
sa, sc, px′a, py′a, px′c, py′c, pza and pzc. Taking into account the symmetry
considerations, the orbitals

px′ =
px − py√

2
, py′ =

px + py√
2

oriented along [11̄0] and [110] are used instead of the orbitals px ‖ [100], py ‖
[010]. Neglecting the spin-orbit interaction, the tight-binding Hamiltonian
in a homogeneous semiconductor crystal is described by nine parameters
Esa, Eca, Esp, Epa, Vss, Vxx, Vxy, Vsa,pc = Vpc,sa and Vsc,pa = Vpa,sc.

For the electron states with zero lateral wave vector, eight coupled linear
equations for the coefficients Cαbn are decoupled into three independent sets
of equations: four for s and pz orbitals, two for px′ orbitals and two for py′
orbitals.

In calculating the matrix elements for optical transitions we apply the
relation between the velocity and coordinate operators
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v̂ =
i
�
(Hr − rH) , (5.163)

where H is the Hamiltonian. Taking the latter in the form Hb′b
α′α(R′,R) and

introducing the matrix elements of the coordinate rαα′(R,R′) we can find the
tight-binding matrix elements of the velocity vb

′b
α′α(R′,R). Here R = a + τb

is the position of the atom specified by the location of an elementary cell, a,
and the location τb of the atom of sort b within the cell. Usually only intrasite
matrix elements

rα′α(R′,R) ≡ 〈R′, α′|r|R, α〉 = (R δα′α + rα′α) δR′,R (5.164)

are taken into account with rα′α describing the inter-orbital transitions within
a single atomic site. In the tight-binding model of Lew Zan Voon and Ram-
Mohan [5.113] the inter-orbital matrix elements rα′α are ignored. Then the
velocity matrix elements contain only inter-atomic contributions and can be
unambiguously expressed in terms of the tight-binding parameters as

vb
′b
α′α(R′,R) =

i
�

(R − R′)Hb′b
α′α(R′,R) . (5.165)

It is seen that according to this theory the intra-atomic terms with R = R′

are indeed equal to zero, and the inter-atomic terms are directed along the
vector R − R′, i.e., along the chemical bond between the atoms R and R′.
In this case, the inter-atomic transitions between the planes 2l, 2l − 1 and
2l, 2l+ 1 cause the emission of photons polarized in the direction of the axes
x′ ‖ [11̄0] and y′ ‖ [110], respectively.

The optical matrix elements corresponding to the emitted photons polar-
ized along the axes x′ and y′ are written as

Mj = i
a0

4�

∑
l

V jl , (5.166)

V x
′

l = Vsa,pcC
sa∗
2l C

px′c
2l−1 + Vpa,scC

sc∗
2l−1C

px′a
2l − Vxy

(
Cpza∗

2l C
px′c
2l−1 − Cpzc∗

2l−1C
px′a
2l

)
,

V y
′

l = Vsa,pcC
sa∗
2l C

py′c
2l+1 + Vpa,scC

sc∗
2l+1C

py′a
2l + Vxy

(
Cpza∗

2l C
py′c
2l+1 − Cpzc∗

2l+1C
py′a
2l

)
.

Here, Mj is the interband matrix element of the velocity operator, V x
′

l is
the contribution to Mx′ from the inter-atomic transitions between the anion
plane 2l and the cation plane 2l − 1, V y

′
l is the similar contribution to My′

from transitions between the planes 2l and 2l+1, Csbn , C
pzb
n are the coefficients

of the s- and pz-orbitals in expansion (5.161) for the electron states in the
lowest conduction band Γ1, C

pjb
n is the pj-orbital coefficient for the pj hole

states in the valence band.
It is important to stress the principal difference between calculations of

optical matrix elements in type-I and type-II structures. The interband op-
tical matrix element is proportional to the overlap integrals between the
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electron and hole wave functions. In type-I structures, the overlap integral
is contributed by the whole QW layer, one needs to know the coefficients of
admixture of heavy- and light-hole states in the hole wave function at the
lowest hole subband hh1. In this case the detailed information about behav-
ior of the wave function near interfaces is not needed and the coefficients
of admixture can be found from the effective boundary conditions imposed
on the hole envelope functions, as it was realized in Sect. 3.3.3. In type-II
structures, the behavior of the hole wave function inside the layer, where a
hole is confined, can be calculated as well by imposing the boundary con-
ditions on the envelopes. However, in this case the calculation of interband
matrix elements requires the knowledge of microscopic behavior of the wave
functions at the interfaces and the transition oscillator strength is strongly
affected by an anisotropic orientation of interface chemical bonds. Thus one
has to go forward beyond the generalized envelope function approaches.

The results of calculation of the e1-hh1 PL linear polarization

Plin =
I11̄0 − I110
I11̄0 + I110

are presented in Fig. 5.17. The tight-binding parameters for the ZnSe and
BeTe layers can be chosen from the data on band structures of the cor-
responding bulk semiconductors. Note that the constants of lattices ZnSe
and BeTe are close to each other, i.e., ZnSe/BeTe constitute a heteropair
with matched lattice constants. However, they are different from those of
the volume semiconductor ZnTe or BeSe. For this reason, the tight-binding
coefficients for interface atoms can be considered as independent parameters
of the theory. The three upper curves have been calculated for the ZnTe-like
interface, while the three lower curves correspond to the BeSe-like interface.
Each curve corresponds to a particular value of diagonal energy assumed for
the p-like atomic orbital at the interface Zn atoms either at the interface Be
atoms. From this figure we conclude that the theory allows high degrees of
the PL linear polarization in type-II heterostructures. Moreover, as a rule the
polarization follows the orientation of interface chemical bonds. Allowance for
intra-atomic transitions modifies the PL polarization but leaves unchanged a
possibility for the polarization to be very high.

The above-discussed lateral anisotropy is related to the tetrahedral orien-
tation of the chemical bonds along the 〈111〉 directions and can be described
by the reduced point-group symmetry C2v. An ideal QW structure with two
equivalent interfaces has the higher symmetry D2d. It is uniaxially isotropic,
because the chemical bonds at the opposite interfaces lie in mutually orthog-
onal planes, (11̄0) and (110), and their contributions to the anisotropy cancel.
Thus, in ideal QW structures the in-plane anisotropy of single interfaces is
hidden. However, under special conditions it can reveal itself through a linear
polarization of vertically emitted radiation. Such is the case in the presence
of an electric field applied normal to the plane of the well (Fig. 5.16) or in
asymmetric QWs with different profiles of nonabrupt normal and inverted
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Fig. 5.17. Linear polarization of the photoluminescence in the ZnSe/BeTe het-
erostructure as a function of the tight-binding parameter Vxy at the Zn-Te in-
terface (curves 1, 2 and 3) or Be-Se interface (curves 4, 5 and 6). Curves 1,
2 and 3 are calculated, respectively, for the diagonal energy Epc = 5, 6, 7 eV
for the interface Zn atom and curves 4, 5 and 6 for Epc = 3, 4, 5 for the in-
terface Be atom. For the other interface parameters, mean values, for example,
Esa(ZnTe) = [Esa(ZnSe) + Esa(BeTe)]/2, etc, were used. [5.112]

interfaces, and/or for heteropairs with no common atoms and with different
kinds of chemical bonds at the abrupt interfaces (Sect. 3.3.3).

In [5.114,5.115] a method was proposed to uncover the hidden anisotropy
of ideal QWs without breaking their invariance to the mirror-rotation op-
eration S4 and reducing the uniaxial symmetry. The method is based on
the analysis of the magnetic-field induced elliptical polarization of the pho-
toexcited system consisting of optically anisotropic subsystems. Indeed, the
indirect radiative recombination at a type-II (001) interface between two
zinc-blende-lattice semiconductors, like BeTe and ZnSe, can be modelled by
light-emitting 2D dipole oscillators. It suffices to assume that each oscilla-
tor can equally oscillate along the planar axes x′ and y′ and the coupling
of x′ dipoles with the x′-polarized light differs from the y′-y′ coupling by a
factor of Λ. The circular oscillations x′ ± iy′ effectively describe the electron-
hole states | − 1/2, 3/2〉 and |1/2,−3/2〉 and are characterized by the optical
matrix elements for emission
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M−1/2,3/2 = M0(e∗x′ + iΛe∗y′) , M1/2,−3/2 = M0(e∗x′ − iΛe∗y′) , (5.167)

where M0 is a constant and e is the polarization unit vector of an emitted
photon. In fact, the model uses only one (real) parameter Λ which is the ratio,
pcv,y′/pcv,x′ , of the interband matrix elements of the momentum operator.
According to (5.167), a photon emitted by the oscillation x′ + iy′ or x′ − iy′

is elliptically polarized with the principal axes of the ellipse parallel to x′, y′

and the degrees of linear and circular polarization are given by

P 0
l =

|M(e ‖ x′)|2 − |M(e ‖ y′)|2
|M(e ‖ x′)|2 + |M(e ‖ y′)|2 =

1 − Λ2

1 + Λ2
, (5.168)

P 0
c =

|M(σ+)|2 − |M(σ−)|2
|M(σ+)|2 + |M(σ−)|2 = ± 2Λ

1 + Λ2
.

Here the sign ± coincides with the circularity of the oscillation. For each
oscillation the emitted photon is completely elliptically polarized and the total
degree of polarization P satisfies the condition

P 2 = (P 0
l )2 + (P 0

c )2 = 1 . (5.169)

At zero magnetic field, the states | − 1/2, 3/2〉 and |1/2,−3/2〉 are equally
populated. Due to that the emission is linearly polarized with Pl = P 0

l but
lacks circular polarization, Pc = 0. In the presence of a longitudinal magnetic
field the electron and hole spin states are split and, therefore, thermally
populated. At high magnetic fields the carriers are completely polarized. It
follows from (5.169) that the circular polarization under saturation differs
from ±100% and amounts to

P satc = ±
√

1 − (P 0
l )2 ≡ P 0

c . (5.170)

If, due to the structure asymmetry, the contributions, Ji(�ω) and Jn(�ω),
to the spectral intensity from the normal (n) and inverted (i) interfaces are
different then the linear polarization is given by

Pl =
Pl,n + η(�ω)Pl,i

1 + η(�ω)
=

1 − η(�ω)
1 + η(�ω)

P 0
l , (5.171)

where η(E) = Ji(E)/Jn(E). The degree of circular polarization at saturating
magnetic fields is determined by

P satc = ±

√
1 − P 2

l,n + η(E)
√

1 − P 2
l,i

1 + η(E)
= ±

√
1 − (P 0

l )2 (5.172)

which is identical with (5.170). Due to the function η(�ω) the linear polar-
ization Pl has a spectral dependence. In contrast, P satc is spectrally indepen-
dent and determined by only one parameter, P 0

l , of an individual interface
in agreement with the experiment results presented in Fig. 5.18.
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Fig. 5.18. (a) Linearly polarized PL spectra of 100 Å/50 Å ZnSe/BeTe MQWs.
B = 0 (magnetic field of 8.5 T does not modify the spectra). (b) Spectral variation
of the PL linear and circular polarizations measured at B = 8.5 T. Pl(E) is identical
at B = 0 and 8.5 T. Insets: Polarization of the indirect PL detected at 1.95 eV vs.
excitation density (c) and magnetic field at W = 40 W/cm2 (d). Lines are the
guide to the eye. T = 1.6 K. From [5.115].





6 Light Scattering

He loads the clouds with moisture;
he scatters his lightning through them.

Job 37: 11

Under scattering of light one understands the appearance, in the medium illu-
minated by an external source, of new electromagnetic waves with frequencies
and/or propagation directions different from those of the initial wave. Note
that neither specular reflection nor refraction on a smooth macroscopical
boundary between two media are attributed to scattering processes.

In bulk semiconductors the light can be scattered (i) by free carriers,
namely, by charge-density fluctuations (single-particle excitations and plas-
mons) and spin-density fluctuations (spin-flip transitions), (ii) by phonons,
optical (Raman scattering) or acoustic (Brillouin or Mandelshtam-Brillouin
scattering), and (iii) by static imperfections and inhomogeneities inside the
medium (Rayleigh scattering), see Sect. 6.2. In QW and QWR structures,
contributions to the scattering (i) can come not only from intrasubband tran-
sitions but also from intersubband transitions, i.e. from intersubband charge-
and spin-density excitations (Sect. 6.3). The Raman effect is enriched with
scattering by folded acoustic phonons (Sect. 6.4) as well as by confined and
interface optical phonons (Sect. 6.5). The spin-flip and double-resonance Ra-
man spectroscopy is considered in Sects. 6.6 and 6.7, respectively.

6.1 The Physics of Light Scattering

In order to elucidate elastic and inelastic scattering of light by using the sim-
plest possible model we consider a localized electric dipole with the moment
P satisfying the equation of motion for a classical oscillator(

d2

dt2
+ ω2

0

)
P (t) = qE0 cosωt , (6.1)

where ω0 is the dipole eigenfrequency, ω and E0 are the frequency and electric-
field amplitude of the incident monochromatic light wave, the coefficient q
characterizes the interaction between the dipole and the electric field. Let us
assume that, for any reason, this coefficient varies periodically in time and it
can be presented as a sum of constant and alternating contributions

q = q0 + q1 cosΩt , (6.2)
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where q0, q1 are constant coefficients and Ω is the modulation frequency, in
the following we are interested in the limiting case Ω � ω0. The solution of
(6.1) with q chosen in the form (6.2) consists of three harmonics

P (t) =
∑
0,±1

Pn cos (ω + nΩ)t (6.3)

with the amplitudes

P0 =
q0

ω2
0 − ω2

E0 , P±1 =
q1

ω2
0 − (ω ±Ω)2

E0 .

Thus, time variation of the dipole moment is a triple-harmonic oscillation at
the initial frequency ω and two other, combinational, frequencies ω±Ω. The
forced oscillations of the dipole moment give birth to secondary light waves
at the same frequency ω (Rayleigh scattering) and two new frequencies ω+Ω
and ω−Ω (Raman scattering). In a real system, the modulation frequency Ω
can be any phonon frequency or the energy spacing between two eigenstates
of the system related to �.

It is instructive to consider a little more complicated model containing two
dipoles with the moments P (t), P ′(t) that satisfy the set of two equations

d2P (t)
dt2

+ ω2
0P (t) = q0E0 cosωt ,

(6.4)
d2P ′(t)
dt2

+ ω′
0
2
P ′(t) = q′(t)P (t) .

In the case under consideration the incident light directly interacts only with
the first dipole characterized by the resonance frequency ω0 and the fixed
coefficient q = q0. Oscillation of the second dipole appears because of the
linear coupling between the dipoles with the coupling coefficient being time
modulated, namely q′(t) = q′0 + q′1 cosΩt. Under stationary excitation the
first dipole oscillates with the frequency ω of the primary light wave whereas
the oscillation of the second dipole is a superposition of three harmonics

P ′(t) =
∑
0,±1

P ′
n cos (ω + nΩ)t , (6.5)

P ′
0 =

q0q
′
0

(ω2
0 − ω2)(ω′

0
2 − ω2)

E0 , P
′
±1 =

q0q
′
1

(ω2
0 − ω2)[ω′2

0 − (ω ±Ω)2]
E0 .

It follows then that the oscillation amplitudes P ′
+1, P

′
−1 and, hence, ampli-

tudes of the scattered wave at the corresponding frequencies ω ± Ω should
increase enormously as the condition of the double optical resonance ω = ω0

and ω+Ω = ω′
0 (or ω−Ω = ω′

0) is being approached. A real example of the
double optical resonance is presented in Sect. 6.7.
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In what follows we will use the notations ω1, q1, e1 and ω2, q2, e2 for the
frequency, wave vector and polarization unit vector of the initial (primary)
and scattered (secondary) electromagnetic waves, respectively. If a particle,
or quasiparticle, involved in the act of scattering collides with a photon and
changes its energy and wave vector from E1,k1 to E2,k2, the conservation
laws read

�ω1 + E1 = �ω2 + E2 , q1 + k1 = q2 + k2 . (6.6)

If the scattering of a photon is accompanied by emission or absorption of an
excitation characterized by the frequency Ω and wave vector Q the conser-
vation laws take the form

ω1 = ω2 +Ω , q1 = q2 + Q , (6.7a)
ω1 +Ω = ω2 , q1 + Q = q2 . (6.7b)

In the process a (or b) the photon frequency decreases (increases), it is the
so-called scattering in the Stokes (or anti-Stokes) spectral region. One can
also introduce the transferred wave vector and frequency

q = q1 − q2 , ω = ω1 − ω2 . (6.8)

In the presence of absorption in the medium at the frequency ω1 or ω2 the
expression for q will contain the real parts of the wave vectors. For the col-
lision (6.6), one has q = k2 − k1, ω = (E2 − E1)/�, and, for the scattering
described by (6.7a) or (6.7b), q = ±Q, ω = ±Ω.

In terms of the Damen, Porto and Tell notation [6.1], scattering configura-
tions are usually described by four symbols, two inside a parenthesis and two
outside, for example, x(yz)y, z(xx)z̄ or z(σ+, σ−)z̄. The symbols inside are,
left to right, the polarization of the incident and of the scattered light, while
ones to the left and right of the parenthesis are the propagation directions of
the incident and scattered light, respectively. Thus, the configuration x(yz)y
means that q1 ‖ x, e1 ‖ y, q2 ‖ y, e2 ‖ z, i.e., it corresponds to incoming
light along the x direction with linear polarization y and the scattered light
collected on the y direction with linear polarization z. The symbol z̄ means
the axis reversed with respect to z so that the configuration z(σ+, σ−)z̄ cor-
responds to the σ+ circularly-polarized incident light with the wave vector
q1 ‖ z backscattered and detected in the σ− polarization.

QW structures lack the translational symmetry along the growth axis z.
Therefore, the requirement of conservation of the wave-vector z-components
should be excluded from (6.6, 6.7). Similarly, the restrictions imposed on the
wave vectors by these equations are lifted in two cross-sectional directions in
the case of a quantum wire and removed at all in a QD structure.

Phenomenologically, the light scattering can be described by adding to
the material relation between the dielectric polarization and electric field,
Pα = χ0

αβ Eβ , a contribution

δχαβ(r, t) Eβ
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caused by fluctuations of the dielectric susceptibility. If δχ ∝ exp (∓iΩt± iQr),
then the wave equation for the total electric field E contains an inhomoge-
neous term proportional to

exp (−iω1t∓ iΩt) exp (iq1r ± iQr) ,

which serves as a source for secondary light waves. In the phenomenological
description the spectral intensity of the scattered light is proportional to the
squared fluctuation of the susceptibility,

I(ω2, q2) ∝ 〈|δχ(q1 − q2, ω1 − ω2)|2〉 E2
0(ω1, q1) , (6.9)

where E0 is the amplitude of the initial wave, δχ(q, ω) is the space and
time Fourier-component of the fluctuation δχ(r, t), and the angular brackets
denote the averaging over the energy and wave-vector distribution of quasi-
particles involved in the scattering.

We start the microscopical description from the simplest resonant light
scattering which is the resonant fluorescence of two-level quantum systems
(atoms, impurity centers in the crystalline matrix, localized excitons, QDs
etc.). The spectral intensity of the scattered light is given by

I(e2, ω2|e1, ω1) ∝ |M |2δ(ω2 − ω1) (6.10)

with the scattering matrix element being

M ∝ (e∗
2 · dif )(e1 · dfi)
ω0 − ω1 − iΓ

E0 .

Here E0 is the amplitude of the initial wave, �ω0 is the energy spacing between
the ground, |i〉, and excited, |f〉, states; dfi is the dipole-moment matrix
element for the optical transition |i〉 + �ω1 → |f〉, the damping rate Γ is
equal to (2τf )−1 with τf being the lifetime of the excited state |f〉 (the
ground state lifetime is assumed to be infinite). Note that for the process
under consideration the frequencies ω2 and ω1 coincide.

The expression for I can be rewritten in the equivalent form

I(e2, ω2|e1, ω1) ∝ w
(em)
if τf w

(abs)
fi , (6.11)

w
(abs)
fi ∝ |e1 · dfi|2 E2

0

1
π

Γ

(ω0 − ω1)2 + Γ 2
,

w
(em)
if ∝ |e∗

2 · dif |2 δ(ω2 − ω1) .

Such a secondary-emission process can be considered as light scattering be-
cause the spectrum of the secondary radiation is tied to the initial light fre-
quency ω1 and shifts with shifting this frequency. On the other hand, the same
process has features of the photoluminescence because it can be described in
terms of a two-step process with a real intermediate state. Thus, the optical
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phenomenon under consideration may be interpreted as both Rayleigh reso-
nant scattering and resonant photoluminescence. Bearing this in mind they
use sometimes the general term ‘resonant secondary emission’. Note that,
under optical excitation by a non-monochromatic light with E0(ω1) being
a smooth function of ω1 in the vicinity of ω0, we obtain for the radiation
spectrum

I(ω2) ∝
1
π

Γ

(ω0 − ω2)2 + Γ 2
E2

0(ω0). (6.12)

In most cases, however, the difference between the two phenomena can be
justified. Indeed, in light scattering defined in the traditional way the excited
states of a system are virtual, whereas in conventional photoluminescence the
emission of the secondary photon is usually preceded by multiple transitions
of the system between different real excited states.

In 1982, Hegarty et al. [6.2] reported for the first time a resonant en-
hancement of the Rayleigh scattering at the heavy-hole exciton transitions
of GaAs/AlGaAs MQW structures. A systematic study of resonant Rayleigh
scattering in semiconductor single QWs is presented in [6.3]. It is shown that,
although the participation of propagating exciton states cannot be completely
excluded, the main contribution to the resonant Rayleigh scattering comes
from excitonic states localized (or confined) by 2D growth islands formed at
the well interfaces during the growth process. A theory of steady-state scat-
tering of light via 2D-excitons from a QW with rough interfaces has been
developed in [6.4].

6.2 Light Scattering in Bulk Semiconductors

6.2.1 Scattering by Free Carriers

We define the differential light-scattering cross-section as

d2σ

dωdΩ
=

�ω2

J1V

∆W

∆ω2∆Ω2
, (6.13)

where V is the emitting volume, the energy-flux density, J1, of the primary
radiation is related with the mean number of photons N̄q1 through

J1 =
c�ω1

V
√

æ(ω1)
N̄q1 . (6.14)

∆W is the scattering rate in the frequency region ∆ω2 and within a solid
angle ∆Ω2 inside the medium of the dielectric constant æb. Note that the
quantity d2σ/dωdΩ is defined in (6.13) as the scattering cross-section per
unit volume and has the dimension cm−1s rather than cm2s. The spectral
intensity, I(ω2), of the secondary radiation propagating in vacuum in a unit
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solid angle is connected with the intensity J0
1 incident on a semi-infinite

crystal by the relation

I(ω2) =
(1 −R)2

æ(ω2)

∞∫
0

J0
1 e−(K1+K2)z

d2σ

dωdΩ
dz (6.15)

=
(1 −R)2J0

1

æ(ω2)(K1 +K2)
d2σ

dωdΩ
.

Here, Ki is the absorption coefficient for the light of frequency ωi (i = 1, 2),
R is the reflection coefficient, and the difference between R(ω1) and R(ω2) is
neglected. For the sake of simplicity, we consider the geometry of backscat-
tering under normal incidence of the primary wave. While writing (6.15), we
have taken into account that for radiation backscattered perpendicular to the
surface the ratio of the solid angles dΩ0

2/dΩ2 in vacuum and in the crystal is
equal to the squared refractive index æ(ω2).

In the limiting case of a rarefied plasma where the Coulomb interaction
between electrons may be disregarded, one has

∆W =
V q22∆q2∆Ω2

(2π)3
2π
�

2π�c2

V æ(ω1)ω1
N̄q1

2π�c2

V æ(ω2)ω2
r20

(m0

m∗
)2

× |e1 · e∗
2|2

∑
ks

fks(1 − fk+q,s) δ(Ek+q − Ek − �ω) , (6.16)

where s is the electron spin index, r0 = e2/(m0c
2) is the classical electron

radius, m∗ is the effective mass, Ek = �2k2/(2m∗) and fk is the equilibrium
electron distribution function. The electron-photon interaction operator used
in deriving (6.16) and written in the second-quantization representation has
the following form

Hel-phot =
e2

m∗c2
cq1c

†
q2

(A1 · A∗
2)

∑
ks

a†k+q,saks , (6.17)

where

Ai =
(

2π�c2

V æ(ωi)ωi

)1/2

ei (i = 1, 2) ,

c†q, cq are the creation and annihilation operators for the photons and a†ks, aks

are those for the electrons.
Substituting (6.14, 6.16) into (6.13) and neglecting the frequency depen-

dence of æ, we come to

d2σ

dωdΩ
= r20

(m0

m∗
)2

(
ω2

ω1

)2

|e1 · e∗
2|

2
�

2
V

×
∑

k

fk(1 − fk+q)δ(Ek+q − Ek − �ω) , (6.18)
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with the factor 2 accounting for spin degeneracy.
The scattering cross-section (6.18) can be expressed in terms of the elec-

tronic susceptibility

χel(ω, q) =
e2

q2
2
V

∑
k

fk − fk+q

Ek+q − Ek − �(ω + iΓ )
. (6.19)

Indeed, using the relation

fk − fk+q = fk(1 − fk+q)
(
1 − e−�ω/kBT

)
valid for the equilibrium distribution and the identity

Im
{

1
ε− i�Γ

}
= πδ(ε)

we can rewrite (6.18) as

d2σ

dωdΩ
= r20

(m0

m∗
)2

(
ω2

ω1

)2

|e1 · e∗
2|2

�q2

πe2
(1 +Nω) Im {χel(ω, q)} , (6.20)

where
Nω = [exp (�ω/kBT ) − 1]−1

.

It follows from (6.19) that, in equilibrium and for the isotropic electron spec-
trum, the susceptibility χel(ω, q) is independent of the direction of the wave
vector q. Note also that

Im {χel(−ω, q)} = −Im {χel(ω, q)} .

In Stokes scattering the transferred frequency ω is positive and Nω > 0,
whereas, in the anti-Stokes process, ω < 0, Nω < 0 and 1 + Nω = −N|ω|.
Therefore, the relation

(1 +N−ω)Im {χel(−ω, q)}
(1 +Nω)Im {χel(ω, q)}

defining the intensity ratio of the anti-Stokes and Stokes scattering lines is
equal to exp (−�ω/kBT ).

Since the operator (6.17) is proportional to the Fourier component of the
electron-density operator

ρq =
1
V

∑
ks

a†k+q,saks , (6.21)

(6.20) gives the cross-section of light scattering by charge-density fluctuations
in a rarefied plasma. With allowance made for Coulomb correlations, the
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differential cross-section of scattering by charge-density fluctuations takes on
the form

d2σ

dωdΩ
= r20

(m0

m∗
)2

(
ω2

ω1

)2

|e1 · e∗
2|2

�q2

4ππe2

× (1 +Nω) æ2
∞Im

{
− 1
χ(ω, q)

}
, (6.22)

with the dielectric function

æ(ω, q) = æ∞ + æel(ω, q) , æel(ω, q) = 4πχel(ω, q) . (6.23)

For simplicity, the contribution of optical phonons is here neglected and will
be discussed in the next subsection. The expressions (6.18) and (6.22) differ in
the factor æ2

∞/|æ(ω, q)|2 accounting for the screening of the charge fluctua-
tions appearing in the system. For a low-density plasma, |æel| � æ∞ and this
factor is close to unity. Equation (6.22) describes the scattering both from
single-particle excitations with the transferred frequency ω = (Ek+q −Ek)/�
and collective plasma oscillations, or plasmons, whose frequency satisfies the
equation

æ(ω, q) = 0 . (6.24)

Expression (6.17) for the operator Hel-phot describing light scattering by
free electrons is valid provided the photon energy �ωi is small compared to
the energy separation E0

c − E0
l from the other bands l �= c. If this condition

is not met, one has to start from a more general expression

Hel-phot = r0cq1c
†
q2
A1A2

∑
kss′

γs′sa
†
k+q,saks , (6.25)

where Ai = |Ai|,

γs′s = (e1 · e∗
2) δs′s (6.26)

+
1
m0

∑
l

′
[
(e1 · pcs′,l)(e∗

2 · pl,cs)
E0
c − E0

l − �ω1
+

(e∗
2 · pcs′,l)(e1 · pl,cs)
E0
c − E0

l + �ω2

]
.

In accordance with the expression of the reciprocal effective-mass tensor m−1
αβ

in terms of the k · p theory, for �ωi � |E0
c − E0

l | we obtain

γs′s = δs′s
∑
αβ

m0

mαβ
e1αe2β .

In crystals of cubic symmetry,

mαβ = m∗δαβ , γs′s =
m0

m∗ (e1 · e∗
2)δs′s

and (6.25) reduces to (6.17).
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The matrix γ can be conveniently represented as a linear combination
of four 2×2 matrices Î, σx, σy and σz. For zinc-blende-lattice crystals, this
decomposition has the form

γ = A(e1 · e∗
2) Î − iB(e1 × e∗

2) · σ , (6.27)

where

A = 1 +
2|pcv|2
3m0

(
2Eg

E2
g − (�ω1)2

+
Eg +∆

(Eg +∆)2 − (�ω1)2

)
,

B =
2|pcv|2
3m0

�ω1

(
1

E2
g − (�ω1)2

− 1
(Eg +∆)2 − (�ω1)2

)
.

While deriving these equations we neglected the difference between the fre-
quencies ω1 and ω2 and included into the sum over l in (6.26) only the contri-
butions of the upper valence bands Γ8 and Γ7. It was also assumed that the
energies |Eg − �ω1|, |Eg +∆− �ω1| exceed the mean electron kinetic energy,
the thermal energy kBT for the nondegenerate plasma and the Fermi energy
EF for the degenerate electron gas. Substituting (6.27) into (6.25), we obtain

Hel-phot = r0cq1c
†
q2
A1A2[A(e1 · e∗

2)ρq − 2iB(e1 × e∗
2) · sq] , (6.28)

where the charge-density operator ρ is defined according to (6.21) and sq is
the Fourier component of the electron-spin density operator

sq =
1

2V

∑
ks′s

σs′sa
†
k+q,s′aks .

As follows from (6.25), the light can be scattered not only by fluctuations
of the electron density, but also by those of the spin density as well. The
first contribution to the cross-section is described by (6.22) where the ratio
m0/m

∗ has to be replaced by the coefficient A. For the cross-section of spin-
dependent scattering, we obtain

d2σ

dωdΩ
= r20B

2

(
ω2

ω1

)2

|e1 × e∗
2|2�

2
V

∑
k

fk(1 − fk+q)δ(Ek+q − Ek − �ω)

= r20B
2

(
ω2

ω1

)2

|e1 × e∗
2|2

�q2

πe2
(1 +Nω) Im{χel(ω, q)} . (6.29)

Since the spin-density fluctuations are not accompanied by violation of neu-
trality, they are not screened and, therefore, the differential cross-section
(6.29) does not contain the factor æ2

∞/|æ(ω, q)|2. It should be mentioned
that (6.29) includes both the contribution due to spin-flip scattering k, 1/2 →
k+q,−1/2 or k,−1/2 → k+q, 1/2 which is proportional to |(e1×e∗

2)+|2 and
|(e1 × e∗

2)−|2, respectively, and that due to spin-dependent spin-conserving
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scattering k, s → k + q, s (s = ±1/2) which is proportional to |(e1 × e∗
2)z|2,

where z is the spin quantization axis and

(e1 × e∗
2)± = (e1 × e∗

2)x ± i(e1 × e∗
2)y .

In a classical magnetic field B ‖ z, the electron spin states are split and
the transferred frequency in spin-flip scattering s→ −s is given by

�ω = Ek+q −Ek − 2sgµBBz , (6.30)

where g is the electron g factor. In a quantizing magnetic field, contributions
to light scattering arise not only from the spin-flip processes, but also from
carrier transitions between the Landau levels.

Besides the above two light-scattering mechanisms related to charge-
and spin-density fluctuations, there exist others, in particular, scattering
by energy fluctuations taking into account the nonparabolicity of the free-
carrier spectrum, by mass fluctuations in a many-valley semiconductor with
anisotropic effective masses, by collective electron-hole plasma oscillations,
and scattering involving carrier transitions between different subbands, e.g.,
between the heavy and light-hole subbands.

6.2.2 Scattering by Phonons

The main contribution to the phonon-assisted light scattering comes from the
indirect interaction of photons with the lattice through the electron subsys-
tem rather than from the direct photon-phonon interaction. Lattice vibrations
produce in the medium a transient optical SL, and it is from the latter that
the scattering occurs. Therefore, the efficiency of scattering by acoustic or op-
tical phonons is inherently connected with the intensity of the corresponding
fluctuations, δχαβ(r, t), of the medium susceptibility, see (6.9). As a result,
the differential scattering cross-section can be represented in the form

d2σ

dωdΩ
=

(ω2

c

)4

V 2

∫
dt

2π
eiωt〈δχ†(q, t)δχ(q, 0)〉 , (6.31)

where
δχ(q, t) =

1
V
e∗2αe1β

∫
δχαβ(r, t)eiqrdr . (6.32)

In such a semiphenomenological description, the fluctuation δχαβ can be ex-
panded in the normal coordinates of lattice vibrations written in the second-
quantization representation. Consequently, δχαβ is an operator acting on the
wave function of the phonon subsystem, the angular brackets in (6.31) de-
noting the thermodynamic average of the operator product.

The operator δχαβ involved in the calculation of the cross-section of scat-
tering by acoustic phonons is a linear combination of the deformation tensor
components ulm, namely,
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δχαβ(r, t) =
∂χαβ
∂ulm

ulm(r, t) , (6.33)

where ∂χαβ/∂ulm is the tensor of elasto-optical coefficients,

ulm =
1
2

(
∂ul
∂xm

+
∂um
∂xl

)
,

the displacement vector

u(r, t) (6.34)

=
∑
Qν

(
�

2ρΩQνV

)1/2 (
e−iΩνt+iQreQνbQν + eiΩνt−iQre∗

Qνb
†
Qν

)
,

ρ is the density of material, Ων ≡ ΩQν and eQν are the frequency and
polarization unit vector of the phonon of the ν-th branch with the wave vector
Q, and b†Qν and bQν are the phonon creation and annihilation operators. In
a piezoelectric, δχαβ includes, in addition to the deformation contribution,
also an electro-optical term

(∂χαβ/∂En)ulm=0 En(r, t) ,

where ∂χαβ/∂En is the electro-optical tensor and En are the components of
the electric field E induced by acoustic oscillations (n = x, y, z). Substituting
the expression for δχαβ into (6.31) and averaging over the equilibrium phonon
distribution, we obtain for the Brillouin scattering

d2σ

dωdΩ
=

(ω2

c

)4 �q2

2ρΩqν

∣∣∣∣∂χ̃αβ∂ulm
e∗2αe1βeqν,l

qm
q

∣∣∣∣
2

(6.35)

× [(Nqν + 1)δ(ω − ωqν) +Nqνδ(ω + ωqν)] .

Here,Nqν are the phonon occupation numbers, the vector eqν is for simplicity
considered real, and ∂χ̃αβ/∂ulm includes both the deformation and electro-
optical contributions

∂χ̃αβ
∂ulm

=
(
∂χαβ
∂ulm

)
E=0

+
(
∂χαβ
∂En

)
ulm=0

∂En(q)
∂ulm(q)

.

Under ordinary conditions, �Ωqν � kBT and Nqν , (Nqν + 1) ≈ kBT/�Ωqν .
Note that in (6.35) we replaced Q by q because, due to the wave-vector
conservation law (6.7), |Q| = |q|.

Now we turn to light scattering by longitudinal optical phonons in un-
doped GaAs-like binary semiconductor crystals. In this case one uses the
expansion

δχαβ(r, t) =
∂χαβ
∂ul

ul(r, t) +
∂χαβ
∂El

El(r, t) , (6.36)
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where ul, El are the components of the displacement vector u and the electric
field E induced by this displacement. Usually, the vector u is defined as the
relative shift of the cation and anion sublattices multiplied by

√
ρ̄, where ρ̄

is the reduced-mass density

ρ̄ = ρ
MaMc

(Ma +Mc)2
=

1
Ω0

(
1
Ma

+
1
Mc

)−1

,

ρ = (Ma+Mb)/Ω0 is the density,Ma andMc are the anion and cation masses,
and Ω0 is the volume of the crystal primitive cell. In the second-quantization
representation, the operators u and E can be written as

u =
β

Ω2
TO − ω2

E , β = ΩTO

√
æ0 − æ∞

4π
, E = −∇ϕ , (6.37)

ϕ(r, t) = i
(

2π�ΩLO
V æ∗

)1/2 ∑
Q

1
Q

(
e−iΩt+iQrbQ − eiΩt−iQrb†Q

)
, (6.38)

where Ω ≡ ΩLO, æ∗ = æ0æ∞/(æ0 − æ∞), b†Q, bQ are the creation and anni-
hilation operators for the longitudinal optical phonons. By using (6.31, 6.32,
6.36, 6.38) we come to

d2σ

dωdΩ
=

2π�ΩLO
æ∗

(ω2

c

)4
∣∣∣∣χ′
E − S

ΩTO
χ′
u

∣∣∣∣
2

(6.39)

× [(Nω + 1)δ(ω −ΩLO) +N|ω|δ(ω +ΩLO)] ,

where
S =

æ∞√
4π(æ0 − æ∞)

and
χ′
E =

∂χαβ
∂El

e∗2αe1β
ql
q
, χ′

u =
∂χαβ
∂ul

e∗2αe1β
ql
q
.

In the Td-class crystals one has

∂χαβ
∂El

=
∂χxy
∂Ez

|δαβl| ,
∂χαβ
∂ul

=
∂χxy
∂uz

|δαβl| ,

where δαβl is the unit antisymmetrical tensor of the third rank and x, y, z are
the principal axes [100], [010], [001]. If the phonon damping Γ is taken into
account, the function δ(ω −ΩLO) in (6.39) should be replaced by

− 2
π

æ∗

ΩLO
Im

{
1

æ(ω)

}
,

where æ(ω) is the dielectric function
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æ(ω) = æ∞ + æphon , æphon =
(æ0 − æ∞)Ω2

TO

Ω2
TO − ω2 − 2iΓω

. (6.40)

In a doped semiconductor with polar optical vibrations, the dielectric
function includes both the phonon and electron contributions

æ(ω, q) = æ∞ + æel + æphon . (6.41)

In the region of the variables q and ω satisfying the inequality qv � ω, where
v is the root-mean-square electron velocity, the electron contribution can be
written in the form

æel = −æ∞
ω2

pl

ω(ω + iγ)
, (6.42)

where the 3D plasmon frequency is

ωpl =
(

4πe2N
æ∞m∗

)1/2

. (6.43)

The equation for longitudinal waves, æ(ω) = 0, has two solutions, ω+ and
ω−, that determine the frequencies of the mixed plasmon-phonon modes.
The cross-section of light scattering by each of these collective oscillations
consists of an electronic contribution determined by the interaction (6.17,
6.28) and a phonon contribution associated with the deformation and electro-
optical mechanisms of modulation of the dielectric susceptibility (6.36). These
contributions are proportional to the polarization-dependent factors

T1 = |e∗
2 · e1|2 and T2 =

∣∣∣∣|δαβl|e∗2αe1β qlq
∣∣∣∣
2

,

respectively.
For the sake of completeness, we present here also an expression for the

cross-section of scattering by transverse optical phonons in zinc-blende-lattice
crystals

d2σ

dωdΩ
=

(ω2

c

)4 �

2ΩTO

∣∣∣∣∂χxy∂uz

∣∣∣∣
2 ∑
ν=1,2

||δαβl|e∗2αe1βeqν,l|2 (6.44)

× [(Nω + 1)δ(ω −ΩTO) +N|ω|δ(ω +ΩTO)] ,

where the index ν enumerates two states of a transverse phonon with the
polarization unit vectors eqν ⊥ q. The above equation is valid in the limit-
ing case q � ω

√
æ∞/c realized in usual experiments on light scattering by

phonons (with the exception for small-angle scattering with q � q1,2). In
this case the excitation of a transverse optical phonon is not accompanied by
an appearance of a substantial transverse electric field due to the polariton
effect, so that the electro-optical contribution in (6.36) can be disregarded.
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6.3 Scattering by Intersubband and Intrasubband
Excitations

We turn now to inelastic light scattering by intersubband electron excitations
eν → eν′ in an n-doped QW structure with the completely occupied valence-
band states and partially occupied conduction-band states. As well as for the
two-level quantum systems discussed in Sect. 6.1, the light scattering

eν + �ω1 → eν′ + �ω2

is a second-order process. It includes absorption of a primary photon ac-
companied by transition of an electron from the valence subband vν′′ into
the conduction subband eν′ followed by emission of a secondary photon and
transition of an equilibrium conduction electron eν into the empty state in
the subband vν′′. We assume the photon energy �ω1 to lie close to the QW
band gap and, therefore, take into account only resonant contribution to the
second-order matrix element. Then, similarly to (6.10), we can write for the
spectral intensity of scattered light

I(e2, ω2|e1, ω1) ∝
∑
i′i

|Mi′i|2fi (1 − fi′) δ(Ei′ + �ω2 − Ei − �ω1) , (6.45)

Mi′i ∝ E0

∑
i′′

〈i′|e1 · p̂|i′′〉〈i′′|e∗
2 · p̂|i〉

Ei′ − Ei′′ − �ω1
.

Here |i〉, |i′〉, |i′′〉 are the electron states in the subbands eν, eν′ and vν′′,
respectively, Ei is the electron energy in the state |i〉, 〈i′|p̂|i′′〉 is the in-
terband matrix element of the momentum operator. Taking into account
(6.45) and neglecting the Coulomb interaction between the carriers and the
valence-subband mixing, the differential cross-section of Raman scattering by
intersubband excitations in a single QW can be presented as

d2σ

dωdΩ
=

�ω2

J1S

∆W

∆ω2∆Ω2
(6.46)

=
�

c4

(
ω2

ω1

)2 1
S

∑
ν′νk

∑
s′s

|e∗2αe1βRαβ(ν′s′, νs)|2

× fνk (1 − fν′k) δ(Eeν′k + �ω2 − Eeνk − �ω1)

with S being the QW area and R being the light-scattering tensor

Rαβ(ν′s′, νs) =
e2

m2
0

∑
vν′′

ieν′,vν′′ieν,vν′′

Eeν′k − Evν′′k − �ω1

∑
m

pβcs′,vmp
α
vm,cs . (6.47)

Here the index v indicates the series of valence subbands, heavy-hole, light-
hole and spin-orbit-split, m is the hole spin index, pαcs,vm is the interband
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matrix element of the operator p̂α calculated between the bulk Bloch func-
tions, and ieν′,vν′′ are the overlap integrals. We consider the backscattering
geometry when the incident and scattered waves propagate in opposite di-
rections, perpendicularly to the interface plane. Because of the wave-vector
conservation, see (6.6), in this case the 2D wave vector k of an electron in-
volved in the scattering process is conserved.

For the pair of conduction band Γ6 and valence band Γ7 in a semiconduc-
tor of Td symmetry, the components

Vs′s(v) =
∑
m

(e1 · pcs′,vm)(e∗
2 · pvm,cs)

can be presented in the following matrix form

V̂ (s-o) =
1
3
|pcv|2[e∗

2 · e1 − iσ · (e∗
2 × e1)] . (6.48)

The matrices V̂ for transitions from the heavy- and light-hole states may be
written in the simple form similar to (6.48) if the heavy-light hole mixing is
ignored. In this case, one has

V̂ (hh) =
1
2
|pcv|2[e∗

2 · e1 − e∗2ze1z + iσz(e∗
2 × e1)z] ,

V̂ (lh) =
1
6
|pcv|2[e∗

2 · e1 + 3e∗2ze1z + 2iσ · (e∗
2 × e1) − 3iσz(e∗

2 × e1)z] .

The diagonal and off-diagonal components of the matrix V̂ describe the scat-
tering from spin-conserving and spin-flip intersubband excitations, respec-
tively.

In symmetrical QWs, the parity of electron envelope functions is con-
served. Therefore it is conserved as well for scattering by intersubband excita-
tions, e.g., the scattering is allowed for the transitions e1 → e3 and forbidden
for e1 → e2. In real conditions, a deviation from the selection rules in parity
may be due to additional scattering of the light-excited electron-hole pairs by
static defects, and hybridization of the heavy and light hole states with k �= 0.
Indeed, if hybridization is included, the combination e∗2αe1βRαβ(ν

′s′, νs) con-
tains contributions of the type

e∗2z(k · e1) , e∗2z(k × e1)zσz , (e∗
2 × e1)z(k · σ) etc. ,

transforming according to the representation B (or Γ2) of the D2d group, see
(4.17). In asymmetrical QWs, particularly in one-side δ-doped QWs, the main
reason for scattering from e2-e1 intersubband transitions is asymmetrical
shape of the electron envelopes ϕeν(z), ϕvν(z) which allows ieν′,vν′′ and ieν,vν′′

to be simultaneously nonzero.
Equation (6.46) was derived in the single-particle approximation. In this

case, the transferred photon energy �ω coincides with the difference between



302 6 Light Scattering

the single-particle energies Ei′i = Ei′ − Ei. The inclusion of Coulomb in-
teraction between electrons results in renormalization of the intersubband
excitation energy. For the e1 → e2 transitions in a single QW, the renormal-
ized energies, ECD and ESD, of the charge- and spin-density intersubband
excitations can be written as

E2
CD = E2

21(1 + α21 − β21) , (6.49)
E2
SD = E2

21(1 − β21) . (6.50)

The parameters α21, β21 describe the depolarization and exchange-correlation
(exciton) effects, they have been introduced in Chap. 4, see (4.12). Note that
the length L21 in (4.13) can be also presented in the form

L21 =

∞∫
−∞

dz

⎡
⎣ z∫
−∞

dz′ϕ2(z′)ϕ1(z′)

⎤
⎦

2

.

Note that as soon as the dispersion of the dielectric constant æ is taken into
account the constant æb in (4.13) should be replaced by the function æ(ω) =
æ∞ + æphon. As a result we obtain a mixed excitation of the intersubband
plasmon and LO phonon satisfying the dispersion equation

ω2
21,pl

ω2
21 − ω2

+
Ω2
LO − ω2

Ω2
TO − ω2

= 0 , (6.51)

where ω2
21,pl is defined by (4.14) with æb replaced by æ∞ and, for simplic-

ity, the exchange-correlation correction is neglected. Equation (6.51) has two
solutions

ω2
± =

1
2
{
ω2

21 + ω2
21,pl +Ω2

LO (6.52)

±
[(
ω2

21 + ω2
21,pl +Ω2

LO

)2 − 4
(
ω2

21Ω
2
LO + ω2

21,plΩ
2
TO

)]1/2
}
.

Figure 6.1 presents spectra of light scattering by intersubband charge- and
spin-density excitations measured on a GaAs/AlGaAs SQW structure in par-
allel and crossed polarizations. The excitation-energy difference, ECD−ESD,
is seen to exceed 2 meV. In addition, the spectra of Fig. 6.1 show single-
particle intersubband excitations. In the normal-incidence backscattering ge-
ometry, the energy of these excitations coincides with the bare single-particle
spacing E21. In the oblique-incidence backscattering geometry, the scattered
wave vector equals to q = 2 sin θ(ω1/c) (θ is the incidence angle) and the en-
ergies of single-particle intersubband excitations cover a continuum bounded
by E21 ± �qvF , where vF is the Fermi velocity.

Raman scattering by collective and single-particle intersubband excitation
has been observed not only in QW structures [6.5–6.13] but also in quantum
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Fig. 6.1. Inelastic-light-scattering spectra of intersubband excitations of the high-
mobility 2D electron gas in a GaAs/AlGaAs QW. The peaks of spin-density ex-
citations (SDE), charge-density excitations (CDE), and single-particle excitations
(SPE) are shown. From [6.5].

wires [6.14–6.16]. Decca et al. [6.17] have studied inelastic light scattering in
GaAs/AlGaAs double QWs and observed excitations associated with transi-
tions between two lowest e1 subbands, symmetric and antisymmetric. They
have uncovered a new aspect of electron-electron interactions in the 2D elec-
tron gas in the studied structure when both subbands are densely populated,
i.e. when the ratio η = ∆SAS/EF reaches some critical value. Here EF is the
Fermi energy and ∆SAS is the symmetric-antisymmetric splitting which can
be easily varied by changing the thickness and Al content of the barrier. The
excitation spectra in 0D systems can be revealed in light-scattering as well.
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For example, Lockwood et al. [6.17] have probed, by inelastic light scattering,
shell structure and electronic excitations of many-electron QDs.

Not only inter- but also intrasubband excitations contribute to the light
scattering from electrons in 2D and 1D nanostructures. For 2D electrons, the
dispersion of plasma oscillations exhibits a square-root behavior

ω2D
pl (q) =

(
2πe2Nsq
æ∞m∗

)1/2

, (6.53)

where q is the 2D plasmon wave vector. In a periodic MQW structure, the
plasmon frequency depends on the 3D wave vector Q and differs from (6.53)
in a structural factor [6.18]

ωMQW
pl (Q) = ω2D

pl (Q‖)S1/2(Q) ,

S(Q) =
sinhQ‖d

coshQ‖d− cosQzd
, (6.54)

where Q‖ =
√
Q2
x +Q2

y and d is the structure period. In the weak coupling
limit Q‖d � 1 realized in thick-barrier MQWs or for plasmons with short
wavelengths, the interaction between plasmons in different wells may be ne-
glected, S(Q) → 1 and ωMQW

pl (Q) → ω2D
pl (Q‖). In the strong coupling limit

Q‖d� 1, the plasmons are characterized by a linear dispersion law (acousti-
cal plasmons)

ωMQW
pl (Q) = v(Qz)Q‖

with the velocity

v(Qz) =
(

2πe2Ns
æ∞m∗

1
1 − cosQzd

)1/2

.

Of interest is also the particular case (Qzd)2 � (Q‖d)2 � 1, where S(Q) ≈
2/(Q‖d),

ωMQW
pl (Q) ≈

(
4πe2Ns
æ∞m∗d

)1/2

,

and the plasma oscillations regain the 3D character. Interaction of plasmons
with polar optical phonons is included in (6.53,6.54) by replacing æ∞ with
æ∞ + æphon.

The intrasubband plasmons in a QWR which correspond to oscillations
of the charge density in the direction of the wire exhibits an almost linear
dispersion [6.19–6.21]. For a cylindrical wire of the radius R, the dispersion
of the 1D plasmon frequency in the long-wavelength limit |q|R � 1 can be
presented analytically

Ω1D
pl (q) =

[
2N1De

2

æbm∗ ln
(

2
|q|R

)]1/2

|q| ,
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whereN1D is the 1D electron density, æb is the background dielectric constant
and q is the plasmon wave vector.

6.4 Scattering by Folded Acoustic Phonons

The investigation of acoustic phonons in bulk semiconductors by light scat-
tering spectroscopy is usually limited to the sub-meV range since the wave
vector conservation only allows the observation of phonons which are very
close to the Brillouin zone center, the Γ -point. In contrast to a bulk crystal,
semiconductor SLs exhibit zone-folding of the bulk acoustic dispersion into
minibands or minibranches, as shown in Chap. 2. Because of the artificial
periodicity along the growth direction, each acoustic branch folds within the
new Brillouin zone, |Qz| ≤ π/d, into a series of minibranches with forbidden
minibands at the folding points Qz = 0,±π/d. As a result, acoustic modes
with energies of several meV appear at the superstructure Brillouin-zone cen-
ter and can be easily detected in light scattering experiments.

To describe light scattering from folded acoustic phonons in terms of pho-
toelastic mechanism, we expand, similarly to (6.32), the dielectric suscepti-
bility fluctuation at frequency ω1 in components of the deformation tensor

δχαβ(r, t) = Pαβλµ(z) uλµ(r, t) . (6.55)

In contrast to (6.32) written for a homogeneous semiconductor, here the
elasto-optical, or photoelastic, coefficients Pαβλµ = ∂χαβ/∂uλµ depend on z
changing stepwise at the SL interfaces and retaining their values within each
layer [6.22]. One can conveniently expand the tensor P in a Fourier series

P (z) =
∑
m

P (m) eiGmz (6.56)

and the lattice displacement u in the eigenstates of folded acoustic phonons

u
(l)
Q (r) = eiQr

∑
m

u
(l)
Qm eiGmz , (6.57)

where Gm = 2πm/d (m = 0,±1...), and l = 0,±1,±2... is the folded-phonon
branch index. Using (6.56, 6.57), we obtain

δχαβ(q) ≡ 1
V

∫
δχαβ(q) eiqrdr (6.58)

=
∑
m

P
(−m)
αβλµ uqm,λi(qµ +Gmδµz) .

where q is the transferred wave vector. Bearing in mind to consider the
light backscattering by longitudinal acoustic (LA) phonons in the parallel
configuration z(xx)z̄ or z(yy)z̄, we focus on the coefficient Pxxzz ≡ P12 that
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relates δχxx, δχyy with uzz. Its values in the layers A and B are labelled as
PA and PB. Then the expansion (6.56) reduces to

P12(z) =
m=∞∑
m=−∞

P (m) eiGmz , (6.59)

where
P (0) =

1
d

(aPA + bPB) ,

P (m) = (PA − PB)
1
πm

sin
πma

d
(m �= 0) .

For GaAs/AlGaAs-type SLs, the modulation of photo-elastic coefficients
plays a more essential role than the mixing in (6.57) of the various space
harmonics. This allows to start the description of light scattering from the
approximation of straight-line dispersion valid for ε = 0, see (2.137). In this
approximation, the correlation function for fluctuations δχαβ in (6.31) can
be evaluated by setting

uz(z) =
(

�

2ρΩKV

)1/2 (
bKeiKz + b†Ke−iKz

)
. (6.60)

Here

K = Q for l = 0 , K = ±
(

2π|l|
d

+ |Q| l|l|

)
(l �= 0) , (6.61)

ΩK = s̄|K|, bK and b†K are the annihilation and creation operators for a
phonon with the 3D wave vector (0, 0,K). Notice that here K is the phonon
wave vector in the extended-zone scheme and Q is that in the reduced-zone
scheme. The second-order quantization allows to average correctly the square
|δχ|2. We remind that〈

bKb
†
K

〉
= 1 +NΩK

,
〈
b†KbK

〉
= NΩK

,

where NΩK
is the phonon occupation number. Substituting the expansion

(6.59) for P12 and equation (6.60) for uz(z) into (6.55) and taking into account
that uzz = ∂uz/∂z we obtain

δχxx(z) = δχyy(z) = iK
(

�

2ρΩKV

)1/2

× (6.62)

×
(
bKeiKz − b†Ke−iKz

)∑
m

P (m)eiGmz .

It follows then that the intensity of the light scattered from the l-th mode
into the Stokes region of the spectrum can be written as
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I(e2, ω2|e1, ω1) ∝ |e∗
2 · e1|2

(
2π|l|
d

+ |Q| sign{l}
)
P (l)2 (6.63)

× (NΩK
+ 1)δ(ω1 − ω2 −ΩK)δq1,q2+Q .

Thus, in the scattering spectrum, one should observe doublets ±|l| with an
|l|-independent splitting

∆Ω = Ω|l| −Ω−|l| = 2s̄q ≈ 2
s̄

c
ω1

√
æ(ω1) , (6.64)

where Ωl is ΩK for K related with l by (6.61).
The exact Stokes shift is obtained by changing ΩK in the δ-function by

the exact dispersion ΩlQ of folded acoustic phonons, see (2.135). For small
|Q| � 2π/d, the deviation from the straight-line dispersion is described by

ΩlQ =
s̄

d

{
2π|l| + l

|l|

[
ε2 sin2

(
Ω0
l

sA
a

)
+ (Qd)2

]1/2
}
, (6.65)

where Ω0
l = 2π|l|s̄/d and ε is introduced in (2.136).

In (001)-grown SLs of the point symmetry D2d, the folded acoustic-
phonon vibrations ±|l| at Q = 0 correspond to the irreducible representations
A1 and B2 [6.23, 6.24]. For the above photoelastic mechanism, the mode A1

is scattering-active whereas the mode B2 is forbidden. Therefore, in the limit
of small transferred wave vector q realized in forward Raman scattering,
only one mode of the split doublet can be excited. At typical backscattering
q-values the A1 and B2 components are mixed enough, the zone-center selec-
tion rules are relaxed, both branches ±|l| have nonzero scattering intensity
well described by (6.63) and appear as doublets in the scattering spectrum.
TA modes in this geometry are forbidden. Note that the doublet center-of-
mass is independent of the excitation frequency ω1 or the scattering angle,
in contrast to the Brillouin scattering from the lowest branch l = 0. Hence,
the scattering by folded acoustic phonons with l = ±1,±2... is not called
Brillouin, but Raman scattering.

The first unambiguous Raman observation of phonon folding in an ar-
tificial semiconductor SL was reported by Colvard et al. [6.25]. Figure 6.2
presents Raman scattering spectra in a GaAs/Al0.3Ga0.7As SL (a = 42 Å,
b = 8 Å). In the parallel polarizations, e2 ‖ e1, one can see three doublets
with |l| = 1, 2, 3. In accordance with the selection rules, there is no scattering
from folded LA phonons in the crossed geometry e2 ⊥ e1. The peak at 160
cm−1 is attributed to 2TA scattering. Figure 6.3 shows Raman spectra in the
acoustic frequency range measured in the z(yy)z̄ configuration on hexagonal
(wurtzite-lattice) GaN/Al0.28Ga0.72N SLs with three different periods [6.26].
Only the first folded doublet is observed for each sample. Here z is directed
along the hexagonal c-axis. In agreement with theory, the doublet splitting
is almost the same in all three cases while the shift of the doublet center-
of-mass increases with decreasing the SL period. Forward and backward Ra-
man scattering spectra are compared in [6.27]. Folded acoustic phonons in
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Fig. 6.2. Spectrum of light scattering by folded acoustic phonons in
GaAs/Al0.3Ga0.65As SL with a = 42 Å, b = 8 Å. Pump wavelength λ1 = 5145
Å, T = 300 K. The inset sketches phonon dispersion by Rytov’s model. The arrows
specify the peak positions derived from X-ray diffraction data. From [6.25].

GaAs/AlAs SLs grown on non-(001)-oriented substrates have been studied
by means of Raman scattering by Spitzer et al. [6.28]. A strong magnetic-
field enhancement of Raman scattering on folded LA phonons in a SL has
been reported by Mirlin et al. [6.29]. Raman spectroscopy on folded acous-
tic phonons in BeTe/ZnSe SLs has been applied for determination of sound
velocity in BeTe [6.30]. Localized folded acoustic phonon modes in SLs with
structural defect layers have been analyzed in [6.31].

Raman-scattering spectroscopy of nanocrystals or QDs [6.32,6.33] allows
to reveal the vibrational characteristics of nanoparticles that are intermedi-
ate between the bulk and molecular states. A theory of Raman scattering by
acoustic vibrations in spherical nanocrystals embedded in a dielectric matrix
was developed by Goupalov and Merkulov [6.34]. Since the sound velocities
and the densities of the studied semiconductor nanocrystals and silicate-glass
matrix differ insignificantly, the acoustic phonon modes in a nanocrystal are
not completely confined, and they can transfer into continuum phonons of
the matrix. This gives rise to a substantial broadening of the correspond-
ing Raman lines. For the spheroidal fully-symmetric phonons being purely
longitudinal, the line shape is given by
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Fig. 6.3. Raman spectra of GaN/Al0.28Ga0.72N SLs with different periods d = 61,
128 and 238 Å. λ1 = 488 nm, T = 300 K. From [6.26].

I(ω,R) ∝ 1
R3

I1 (qinR) I2 (qinR)
(
N|ω| +

1 ± 1
2

)
,

where ω is the transferred frequency, R is the nanocrystal radius, qin =
|ω|/c(in)

LA , c(in)
LA is the longitudinal sound velocity in the nanocrystal, the sign

± corresponds to the Stokes and anti-Stokes components, and the functions
I1(x), I2(x) have been presented in [6.34]. The function I1 (qinR) has a broad
peak at qinR ∼ π with the half maximum of the same order and reflects
the fact that, in the simple model of interaction of quantum-confined carriers
with bulk phonons, the interaction is optimal for phonon wave vectors q of the
order of π/R. The function I2(qinR) has a series of narrow peaks contributed
by different confined-phonon modes, the peak width being determined by the
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conversion of a confined phonon into a bulk acoustic phonon propagating in
the matrix.

6.5 Scattering by Confined and Interface Optical
Phonons

In optical spectroscopy, in addition to the propagating folded acoustical
phonons, the confined optical phonons and interface phonon modes in semi-
conductor QWs and SLs have received considerable attention and are rea-
sonably well understood.

In order to provide insight into the optical phonon structure of QWs or
SLs, let us consider an isolated slab of the thickness a. Optical vibrations are
confined within the slab and are equivalent to those in the infinite crystal
whose wave vectors are given by ±mπ/a, m being an integer. In a multilay-
ered structure, optical phonon modes are confined within individual layers,
provided that the optical branches of the constituent materials do not over-
lap. Particularly, this is the case of GaAs/AlAs or GaSb/AlSb SLs. The series
of phonons labelled by m are termed confined phonons.

In the normal-incidence backscattering from (001)-grown heterostruc-
tures, only LO phonons with zero in-plane wave vector are involved. Then, in
the dielectric-continuum approximation, the displacement vector u and the
induced electric field E = −∇Φ are parallel to the growth direction z and de-
pend only on z. Three different models are usually employed for an analytical
description of the confined optical modes [6.35]. In the slab model the electric
field potential Φ(z) has nodes at the interfaces so that, for the A-like mode
m confined in the layer A, Φm(z) and the LO displacement um(z) ∝ Ez(z),
see (6.37), take the form

Φm(z) ∝

⎧⎨
⎩

cos mπza , m = 1, 3, 5...

sin mπz
a , m = 2, 4, 6...

,

(6.66)

um(z) ∝

⎧⎨
⎩

sin mπz
a , m = 1, 3, 5...

− cos mπza , m = 2, 4, 6...
.

However, with such a choice of Φ(z), the field Ez is discontinuous at the
boundary between the layers A and B and the displacement uz(z) becomes
discontinuous as well. In the guided phonon model [6.36], the ionic displace-
ments vanish at the interfaces. Therefore, the electric potential and vibra-
tional amplitudes of the confined, or “guided”, modes are given by
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Φm(z) ∝

⎧⎨
⎩

sin mπz
a , m = 1, 3, 5...

cos mπza , m = 2, 4, 6...
,

(6.67)

um(z) ∝

⎧⎨
⎩

− cos mπza , m = 1, 3, 5...

sin mπz
a , m = 2, 4, 6...

.

Huang and Zhu [6.37] proposed a relatively simple model (Huang-Zhu model)
for which both electric potential and displacement have nodes at the inter-
faces. In this model which is now generally accepted, the scalar electric po-
tential is given by

Φm(z) ∝

⎧⎨
⎩

sin πµmz
a + Cm

z
a , m = 3, 5...

cos mπza − (−1)m/2 , m = 2, 4, 6...
, (6.68)

where µm and Cm are constants determined by the condition that Φm(z) and
its derivative both vanish at the interfaces z = ±a/2. These conditions can
be presented in the form [6.37]

tan
πµm

2
=
πµm

2
, Cm = −2 sin

πµm
2

.

An important point to stress is thatm = 1 mode is excluded in (6.68) because
this mode is associated with the interface mode considered in Chap. 2. For
B-like confined optical modes, the thickness a is replaced by b and the point
z = 0 is taken at the mid-point of the corresponding layer B.

The confined phonon frequency can be estimated from Ωm = ΩLO(qm),
whereΩ(q) is the bulk LO dispersion and qm = mπ/a is the phonon quantized
wave vector. For small values of q, Ω(q) can be approximated by a parabolic
function

Ω(q) ≈ Ω(0) − �q2

2M̄
,

where M̄ is the parameter (the phonon effective mass) describing the disper-
sion of longitudinal modes.

In the D2d point group, the confined LO phonons have the A1 or B2

symmetry. In the following we analyze the scattering selection rules for the
phonon modes written in the form (6.67) or (6.68), which is equivalent. Ac-
cordingly, for the phonon modes with even m, the scalar electric potential
Φm(z) has the A1 symmetry and the displacement envelope function um(z)
transforms according to the representation B2, whereas, for phonons with
odd m, Φm and um(z) correspond to the B2 and A1 representations.

Microscopically, light scattering by phonons in an undoped sample is de-
scribed as a third-order process with the compound matrix element
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∑
nn′

M0n′ Vn′nMn0

(En′ − �ω1 ± �Ω − i�Γn′)(En − �ω1 − i�Γn)
, (6.69)

whereMn0 is the matrix element of the one-photon transition from the ground
state of the structure, |0〉, to the excited state |n〉 which is an unbound
electron-hole pair or exciton characterized by the excitation energy En and
the damping rate Γn, Vn′n is the matrix element of electron-phonon interac-
tion including the interaction between a phonon with a hole, Ω is the phonon
frequency. Note that in (6.69) only resonant contribution is taken into ac-
count. Before scattering occurs, the electronic subsystem is in the ground
state |0〉, there are N(ω1) incident photons, no photons with the frequency
ω2 and N phonons with the frequency Ω and wave vector q. After scattering
occurs, the electronic subsystem again finds itself in the ground state, the
number of incident photons decreases by one, a photon ω2 is created and
the number of phonons is increased by one in the Stokes Raman scattering
or decreased by one in the anti-Stokes process. According to (6.69), in the
first step of the three-step scattering process, the incident photon excites the
electronic subsystem to the intermediate state |n〉. Then a phonon induces
scattering from |n〉 to another intermediate state |n′〉. Finally, the electronic
subsystem returns to the ground state with emission of the scattered photon.

Since Mn0 ∝ e1 ·jn0 and M0n′ ∝ e∗
2 ·j0n′ where jn0 is the matrix element

of the current-density operator, the scattered intensity is proportional to

I(e2, ω2|e1, ω1) ∝ |e∗2αRαβe1β |2[(NΩ + 1)δ(ω −Ω) +NΩδ(ω +Ω)] , (6.70)

where NΩ is the phonon occupation number and we introduced the scattering
tensor, or Raman tensor, defined as

Rαβ =
∑
nn′

jα0n′ Vn′n j
β
n0

(En′ − �ω1 ± �Ω − i�Γn′)(En − �ω1 − i�Γn)
. (6.71)

In polar semiconductors the electron-phonon interaction V̂ can be sep-
arated into long- and short-range parts. The long-range part, V̂F , is the
Fröhlich interaction induced by the macroscopic electric fields. On the other
hand, the short-range part, V̂DP , is the deformation-potential interaction,
also found in nonpolar materials.

Linearly independent components of the Raman tensor Rαβ can be found
by the method of invariants. The principal rule here reads as follows. Let
V̂ =

∑
i V̂i be the perturbation due to optical phonon modes enumerated by

the index i and the operators V̂i transform according to the irreducible repre-
sentation Dµ of the system point group. Then, in light scattering induced by
the perturbations V̂i, the quantities R(Dµ, i) = e∗2αRαβe1β should transform
under point-symmetry operations according to the representation Dµ. In par-
ticular, for perturbations of the symmetry A1, B2 and E in a (001)-grown
QW or SL we have
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R(A1) = R1,‖ |e∗2xe1x + e∗2ye1y|2 +R1,zze
∗
2ze1z , (6.72)

R(B2) = R2(e∗2xe1y + e∗2ye1x) ,
R(E, 1) = R3e

∗
2ze1y +R4e

∗
2ye1z , R(E, 2) = R3e

∗
2ze1x +R4e

∗
2xe1z ,

where R’s are scalar coefficients. To derive (6.72), we have to recall that as
basis functions of the above three irreducible representations one may choose
the functions x2+y2 or z2 (representation A1), xy (B2), yz and xz (E), where
x ‖ [100], y ‖ [010]. According to (6.72), the Raman tensors Rαβ(Dµ, i) can
be represented in the following matrix form

R(A1) =

⎡
⎣R1,‖ 0 0

0 R1,‖ 0
0 0 R1,zz

⎤
⎦ , R(B2) =

⎡
⎣ 0 R2 0
R2 0 0
0 0 0

⎤
⎦ , (6.73)

R(E, 1) =

⎡
⎣0 0 0

0 0 R4

0 R3 0

⎤
⎦ , R(E, 2) =

⎡
⎣ 0 0 R4

0 0 0
R3 0 0

⎤
⎦ .

For long-wavelength optical vibrations in bulk GaAs, the displacements
have the F2 symmetry. Following the symmetry reduction Td → D2d, this
representation of the group Td transforms to the representations B2 + E of
the group D2d, compare Tables A.2 and A.5. Therefore, for the deformation-
potential mechanism of electron-phonon interaction, the Raman tensors for
phonons of the polarization u ‖ x, y, z in GaAs coincide with the tensors
R(E, 1), R(E, 2) and R(B2), where one has to set R2 = R3 = R4. Tak-
ing into account the symmetry of confined LO modes, we conclude that the
deformation-potential-induced scattering is allowed for the modes with odd
m, i.e. with the even envelope um(z).

In bulk GaAs the Fröhlich-interaction-induced scattering is “dipole-for-
bidden” with the matrix element Vn′n being proportional to the phonon wave
vector q. In QWs and SLs, q is replaced by the much larger confinement wave
vector qm = mπ/a. This enhancement of the Fröhlich contribution allows
to observe the Raman scattering by confined modes with even m, where
the function Φm(z) is even and the function um(z) is odd. Under optical
excitation far away from all interband resonances the deformation-potential
term dominates (m odd), but under resonance photoexcitation the Fröhlich
term becomes stronger (m even).

Figure 6.4 shows Raman spectra for scattering by confined LO phonons
measured on GaAs/AlAs SLs made up of 400 double layers with the layer
thicknesses a = 20 Å, b = 60 Å. When excited under nonresonant conditions,
the cross-sections of scattering by the phonons LO2l+1 and LO2l observed
in the z(xy)z̄ and z(xx)z̄ polarizations, respectively, are comparable in or-
der of magnitude. In accordance with theoretical predictions, under resonant
excitation, �ω1,2 ≈ E0

e1,hh1, one observes scattering by LO2l phonons. The
presence of the same LO2l lines (though of a considerably lower intensity)
in the crossed geometry z(xy)z̄ can be attributed to the influence of static
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Fig. 6.4. Nonresonant (a) and resonant (b) Raman scattering spectra for
GaAs/AlAs SL with a = 20 Å, b = 60 Å. The peak to the right of LO6 phonon
frequency is due to the interface mode. From [6.38].

defects on the Fröhlich interaction of carriers with optical phonons. Raman
scattering from SLs and QWs has become an attractive alternative to inelastic
neutron scattering for determining the bulk-phonon dispersion [6.39–6.42].

As compared to the confined optical phonons, observation of the interface
modes was more difficult [6.43]. Nakayama et al. [6.44] have performed the
first Raman study of the interface mode dispersion by changing the angle
of incident light. A detailed investigation of interface modes was undertaken
using micro-Raman backscattering from (010) and (11̄0) surfaces of (001)-
grown SLs [6.45]. Then it was realized that, when finite phonon dispersion
is taken into account, the interface modes are partially mixed with nearby
confined phonon modes [6.37,6.46].

Most experiments on Raman scattering by confined and interface optical
phonons were performed on heterostructures grown on (001)-oriented sub-
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strates. However, there are many scattering studies carried out on SLs grown
on differently oriented substrates, see, e.g., [6.47].

6.6 Spin-Flip Raman Spectroscopy

In electron spin-flip Raman scattering, the spin of an electron involved in the
scattering process reverses and, in the presence of an external magnetic field
B, the incident photon energy �ω1 changes to �ω1−|g|µBB and �ω1+|g|µBB
for the Stokes and anti-Stokes shifted waves, respectively, where g is the
electron effective g factor. Hence, spin-flip Raman scattering spectroscopy
can be used for a direct measurement of g factors of electrons as well as holes
or excitons in semiconductors and semiconductor nanostructures [6.33,6.48–
6.51].

According to (6.27), in cubic-symmetry semiconductors the spin-flip scat-
tering cross-section is proportional to

d2σsf
dωdΩ

∝
∣∣∣∣(e1 × e∗

2) ×
B

B

∣∣∣∣
2

. (6.74)

In the backscattering geometry, this selection rule allows the scattering only
if the magnetic field has a nonzero component perpendicular to the light
propagation direction. The same rule holds for light normally incident and
backscattered from a QW structure or SL. This rule can be understood by
taking into account that, in the Faraday geometry with B ‖ q1 ‖ z, the
angular momentum component projected onto the z axis should be conserved

s1z +M1 = s2z +M2 , (6.75)

where s1z, s2z is the electron spin component ±1/2 in the initial and final
states and M1,2 is the circular-photon angular momentum component ±1.
In the spin-flip transition the electron changes the z component of its spin
by ∆sz = ±1 whereas, in the backscattering process, the photon angular-
momentum component either remains unchanged, M1 = M2, or changes by
∆M = ±2. In both cases (6.75) is not satisfied and the scattering becomes
allowed only at tilted magnetic fields when the spin quantization direction
differs from that of light incidence. The spin-flip Raman scattering described
by (6.74) is observed in crossed linear polarizations z(xy)z̄, z(yx)z̄ or paral-
lel circular polarizations z(σ+, σ+)z̄, z(σ−, σ−)z̄. Note that in the notation
z(ση, σλ)z̄ the sign η or λ is determined by the sign of the angular momen-
tum component of the incident or scattered photon on the same axis, in the
following the axis z. Using this nomenclature, the conventional specular re-
flection of ση-circularly polarized light from an isotropic medium occurs in
the configuration z(ση, ση)z̄.

To illustrate the specific features of this kind of inelastic light scattering
in heterostructures, we focus, in what follows, on resonant Raman scatter-
ing due to spin reversal transitions, or spin flips, of acceptor-bound holes in
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QWs [6.48, 6.52, 6.53]. Sapega et al. [6.48] reported strong spin-flip-related
Raman scattering in p-type GaAs/AlxGa1−xAs (001)-oriented MQWs in an
external magnetic field. The experiment was performed in the backscatter-
ing Faraday configuration z(ση, σλ)z̄. This scattering is shown to be related
to transitions within the magnetic-field-split ground state of the neutral ac-
ceptor into the ±3/2 sublevels and involves the angular-momentum reversal
transitions +3/2 → −3/2 or −3/2 → +3/2 of a hole bound to an accep-
tor (peaks labelled H in Fig. 6.5). The effect exhibits resonance behavior
and the scattering efficiency is significant only within a narrow frequency
region between the low-energy edge of the photoluminescence spectrum and
the fundamental-absorption edge of the heterostructure. The polarization of
the Stokes and anti-Stokes components is found to depend on the excitation
energy.

Fig. 6.5. Raman spectra of a Be-doped 46Å/110Å GaAs/AlxGa1−xAs MQWs
measured in (σ−, σ+) (upper spectrum) and (σ+, σ−) (lower) configurations in a
magnetic field B = 10 T and for excitation energy �ω = 1.628 eV. H labels the hole
spin-flip Raman peak, LE the localized-exciton angular-momentum-flip peak. [6.48]
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Two pure limiting cases observed at the edges of the scattering resonance
profile can be discriminated in experiment. When excited with circularly po-
larized light at the long-wavelength edge of the resonance profile, the backscat-
tering line, which is also completely polarized, is observed in the z(σ+, σ−)z̄
or z(σ−, σ+)z̄ configurations (Fig. 6.5) and is not seen in z(σ+, σ+)z̄ or
z(σ−, σ−)z̄. Each of the (σ+, σ−), (σ−, σ+) spectra contains either the Stokes
or anti-Stokes component in such a way that, if the z(σ−, σ+)z̄ reveals a
Stokes shift, then in the opposite geometry only the anti-Stokes component
is present. Under circularly-polarized photoexcitation at the short-wavelength
edge, one observes both the Stokes and anti-Stokes scattering lines simulta-
neously. These lines are circularly polarized with the polarization as high as
80%. The sign of the backscattered-light polarization coincides with that of
specularly reflected light, thus implying that the scattering occurs predomi-
nantly in the z(σ+, σ+)z̄ and z(σ−, σ−)z̄ configurations. The intensity ratio
of the Stokes and anti-Stokes components can be approximated with good
precision by exp (|�ω|/kBT ), where ω is the transferred photon frequency,
ω1 − ω2, proportional to the magnetic field Bz. This scattering is observed
only in p-type samples which confirms its interpretation as a process accom-
panied by a ±3/2 → ∓3/2 spin flip of the hole bound to an acceptor resulting
from its exchange interaction with the hole in a photo-excited exciton. Thus,
at least two different mechanisms are identified to contribute to the bound-
hole-related spin-flip Raman scattering denoted as processes A and B and
contributing, respectively, to the long- and short-wavelength edges of the res-
onance profile. The process B involves three-particle complexes, A0LE, which
can be considered as a localized exciton neighboring a neutral acceptor and
weakly perturbed by it. The process A is associated with excitons bound to
neutral acceptors, denoted A0X, acting as intermediate states and occurs due
to acoustic-phonon-assisted spin-flip of an electron in such a complex.

We remind that the neutral-acceptor ground state of Γ8 symmetry is four-
fold degenerate in a bulk GaAs crystal. Because of the confinement effect of
the barriers, this state splits into two close-lying levels Eh and El with the
hole spin components ±3/2 and ±1/2. Under a magnetic field B parallel to
z each of them splits into

Eh,±3/2 = ±3
2
ghµBBz , El,±1/2 = ∆C ± 1

2
glµBBz , (6.76)

where the hole energy is referred to the zero-field position of the h level
and ∆C is the zero-field h-l splitting. In the first approximation, the values
of g factors, gh and gl, coincide. In addition to the strongest ±3/2 → ∓3/2
Raman lines, two other acceptor-related lines are observed. Their polarization
properties and magnetic-field behavior (Fig. 6.6) indicate that they originate
from the ±3/2 → ∓1/2 interlevel transitions.

Now we describe in greater detail the scattering process B that occurs
under resonant excitation of A0LE complexes. In this case a σ± photon
excites an A0LE complex |s, j,m〉 with s + j = ±1, where m = ±3/2 is the
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Fig. 6.6. Magnetic-field dependence of the Raman shifts of −3/2 → +3/2, +3/2 →
−1/2, and −3/2 → +1/2 lines for the 102Å/110Å (open circles) and 72Å/110Å
(full circles) GaAs/AlxGa1−xAs MQW structures. ∆C denotes the “crystal-field”
splitting of the acceptor ground state into two Kramers doublets at zero magnetic
field. The inset shows the scheme of neutral acceptor energy levels at zero and
nonzero z component of the magnetic field. [6.53]
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initial spin of an acceptor-bound hole and s = ±1/2, j = ±3/2 are the spin
indices of an electron and a hole in the photoexcited localized exciton. At
the next stage the hole j in the exciton induces a flip m→ −m of the bound
hole as a result of a flip-stop-like exchange interaction described as [6.54]

V̂exch = (∆hhσ
A
+ +∆∗

hhσ
A
−) σLEz , (6.77)

where ∆hh is a complex coefficient and σ± = (σx ± iσy)/2. Here we use
the Pauli matrices σLEα , σAα operating on the exciton or acceptor bound-hole
states ±3/2 in the basis − ↑ (X+iY )/

√
2, ↓ (X− iY )/

√
2. At the final stage

the localized exciton (s, j) in the complex |s, j,−m〉 annihilates, emitting a
photon of the same circular polarization, but the neighboring bound hole has
now the reversed spin −m and the secondary photon energy �ω2 differs from
the initial energy �ω1 by ±|∆A|, where ∆A = 3ghµBBz with the minus and
plus signs corresponding to Stokes and anti-Stokes scattering. Note that the
interaction (6.77) flips the acceptor spin while leaving s and j invariant. Such
an interaction becomes possible because the two holes in the complex A0LE
have different centers of in-plane localization, ρA and ρLE . An existence of
the in-plane direction ρA − ρLE reduces the symmetry of the complex and
allows nonzero values of ∆hh. It is this reduction of symmetry that lifts the
restrictions imposed by the conservation of the angular-momentum compo-
nent m +M in the backscattering process B. Indeed, in this process values
m1 +M1 and m2 +M2 differ by ±3 because the acceptor-bound hole changes
its angular momentum by ∆m = ±3 and the photon angular momentum is
unchanged, ∆M = 0.

As mentioned above, the A0X-mediated scattering process A can be con-
sidered as a double spin flip because it includes an acoustic-phonon-induced
spin flip of an electron in the photoexcited complex A0X. The acoustic-
phonon energy equals |ge‖ µBBz| and, therefore, the Raman-shift energy is
given by (3gh−ge‖)µBBz, i.e. it also depends on the electron g factor. The in-
terpretation of the process A is confirmed by measurements of Raman spectra
under tilted magnetic fields [6.53] in which case the selection rules allow the
A0X-mediated backscattering without the assistance of an acoustic phonon
and the Raman shift is given by ∆A = 3ghµBBz.

Coming back to Fig. 6.5, we note that, besides the line H related to
the spin flips of acceptor-bound holes, one can see a line with a smaller
Raman shift, denoted as LE. It is assigned to Raman scattering by flipping
the angular momentum, s + j, of a photoexcited localized exciton through
interaction with acoustic phonons. This line is observed both in doped and
undoped QWs.

The Raman shift of the interlevel scattering ±3/2 → ∓1/2 displays a
strong dependence on the well width: ∆C = 7.3, 3.5 and 2 meV for the
MQWs with the same barrier thickness b = 110 Å and the QW thickness
a = 46, 72 and 102 Å, respectively. A value of ∆C measured on one struc-
ture increases monotonically with increasing �ω1. This can be understood
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taking into consideration that the lower-energy excitation probes neutral ac-
ceptors with higher binding energy. Their states are less affected by barrier
confinement and, hence, the splitting ∆C is smaller.

Using Raman scattering in the absence of any applied magnetic field, Jus-
serand et al. [6.55–6.57] demonstrated spin splitting of the electron subbands
in QW structures due to the inversion asymmetry (Chap. 2). They observed
a double peak in the crossed-polarization scattering spectra of intrasubband
excitations in an n-type modulation doped GaAs/AlxGa1−xAs SQW. Chang-
ing the angle of the sample surface normal with respect to the incident and
scattered wave vectors allows one to study the scattering efficiency as a func-
tion of the transferred wave-vector in-plane component

q‖ = q1‖ − q2‖ .

At small temperatures and q‖ � kF , kF being the Fermi wave vector, all
involved electron states lie very close to the Fermi surface and the transferred
photon frequency is given by

�ω =
�2

m∗ q‖kF cos (φk − φq) ±∆E(k, φk) ,

where φk, φq are the azimuth angles of k and q‖, ∆E(k, φk) is the spin
splitting and the sign + (−) refers to the spin-down—spin-up (spin-up—
spin-down) transitions. From an analysis of the Raman-scattering signal,
Jusserand et al. obtained an overall understanding of the in-plane anisotropy
of the electron spin splitting and showed that, in the studied samples, the
Rashba contribution to the splitting induced by the asymmetric potential is
of comparable magnitude to the bulk-inversion-asymmetry term.

6.7 Double Resonance in Raman Scattering

In optical spectroscopy the double resonance is defined as enhancement in
the intensity of secondary emission under conditions where (i) the energies,
�ω1 and �ω2, of the incident and secondary photons coincide with those of
two interband excitations and (ii) the difference �(ω1 − ω2) equals to the
energy of one or few optical phonons. This effect which can be described in
terms of both resonant Raman scattering and resonant photoluminescence
has been observed in bulk materials as well as in QW structures. The role of
the interband excitations is typically played by excitons. The enhancement
in the Raman scattering efficiency follows from (6.5) or (6.71) if differences
ω0 − ω, ω′

0 − (ω ±Ω) in (6.5) or En − �ω1, En′ − �ω1 ± �Ω ≡ En′ − �ω2 in
(6.71) vanish simultaneously.

In bulk GaAs, the double Raman resonance was first realized by means
of uniaxial stress, which splits the Γ8 valence band into the heavy-hole
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(Γ8,±3/2) and light-hole (Γ8,±1/2) subbands [6.58]. In this case the res-
onant intermediate states n, n′ in (6.71) are the excitons formed by an elec-
tron and a heavy or light hole, respectively. In resonant magneto-Raman
scattering, a double resonance occurs if the separation of the valence Landau
levels in nonmagnetic semiconductors or Zeeman splitting between the states
|Γ8, 3/2〉, |Γ8,−3/2〉 in semimagnetic semiconductors equals the energy of an
optical phonon [6.59,6.60].

Semiconductor nanostructures open new possibilities for realization of the
double resonance conditions because resonant states for incoming and outgo-
ing beams can be excitons attached to different size-quantized subbands in
QWs or QWRs and quantum-confined levels in QDs. For example, Kleinman
et al. [6.61,6.62] observed the doubly resonant LO-phonon Raman scattering
in GaAs/AlxGa1−xAs QWs due to the following process

�ω1 → Xe1-hh3 → Xe1-hh1 + LO → �ω2 + LO ,

where Xeν′-hhν denotes the exciton involving an eν′ electron and hhν hole.
In the sample containing QWs of the thickness a = 140 Å separated by
193-Å x = 0.33 alloy barriers, the excitation-energy interval between the
Xe1-hh3 and Xe1-hh1 excitons is close to �ΩLO. As the incident and scattered
photons go into resonance with these excitons, a very strong single-LO peak
is seen in emission, its intensity being comparable in amplitude to the main
photoluminescence broad peak. The scattering peak intensity as a function
of the excitation photon energy �ω1 shows a sharp maximum with a width
of ≈ 4.2 meV, in agreement with FWHM = (4±1) meV seen for the Xe1-hh1

exciton in the photoluminescence excitation spectrum.
The double-resonance conditions can be adjusted by external fields. Calle

et al. [6.63,6.64] observed the effect setting the outgoing and incoming chan-
nels on the light-hole excitons Xe1-lh3, Xe1-lh1 and varying the strength of the
applied magnetic field. Agulló-Rueda et al. [6.65] could induce a double reso-
nance by applying a variable electric field to a GaAs/Al0.35Ga0.65As SL with
a = 30 Å and b = 35 Å and forming the Stark ladder (Sect. 3.3.2). The incom-
ing resonance was set on the intrawell interband transition lh1, n0 → e1, n0

and outgoing resonance was tuned to the transition lh1, n0 → e1, n0−1, where
n0 is the index of the Wannier-Stark localized state. According to (3.206) the
corresponding value of the electric field is determined by |e|Fd = �ΩLO which
gives F ≈ 56 kV/cm in very good agrement with the value F ≈ 60 kV/cm
at which a maximum of the Raman intensity is observed.

In the cited studies resonant states for incoming and outgoing photons
were 1s-excitons attached to different size-quantized subbands or to differ-
ent Landau levels. Here we discuss one more double optical resonance. It is
observed on the states e1-hh1(2s) and e1-hh1(1s) belonging to the same
excitonic series and related to the lowest electron and hole subbands e1
and hh1 [6.66]. GaAs-based heteropairs does not suit for an observation of
the 2s-1s resonance, because in the corresponding heterostructures the exci-
ton binding energy and, hence, the 2s-1s energy separation, �ω21, is several
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times smaller than the LO phonon energy ≈ 37 meV. A suitable object is
a CdTe-based QW structure because (i) in CdTe, the LO-phonon energy
is relatively low, �ΩLO = 21 meV , (ii) in QWs CdTe/Cd1−xMnxTe (or
CdTe/Cd1−xMgxTe) the energy spacing �ω21 remarkably increases as a re-
sult of the quantum confinement effect and differs from �ΩLO just by a few
meV, (iii) in the magnetic field oriented along the growth axis z, the 2s-
exciton level undergoes a strong diamagnetic blue shift and the condition
ω21 = ΩLO is fulfilled in a moderate field B < 10 T . The double 2s-1s res-
onance was observed in the backscattering Faraday geometry for circularly
polarized analyzer and polarizer. In both photoluminescence and photolumi-
nescence excitation spectra the intensity of the sharp 1LO-replica was found
to increase rapidly with tuning to the double resonance conditions (Fig. 6.7).
An important fact is that a strong 1LO-line has been observed not only in par-
allel circular polarizations but also in the crossed z(σ+, σ−)z̄ or z(σ−, σ+)z̄
configuration.

Fig. 6.7. The magnetic field dependence (circles) of the ratio between intensi-
ties of the 1LO- and 2LO- lines under double 2s-1s resonance observed in the
CdTe/Cd0.86Mn0.14Te 85 Å/95 Å MQW structure. Squares show the 2s-1s energy
spacing as a function of the magnetic field. [6.66]
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Let us consider two possible mechanisms of the doubly-resonant 2s-1s
secondary emission. For the direct doubly-resonant one-phonon Raman scat-
tering,

�ω1 → Xe1-hh1(2s,K = 0) → Xe1-hh1(1s,K = 0) + LO → �ω2 + LO ,

optical excitation of the 2s exciton is followed by the LO-phonon-assisted
transition to the bottom of the 1s-exciton subband and then by emission of
a photon from the 1s state. However, the analysis shows that the vertical
transition 2s→ 1s+ LO is ineffective. Really, in a bulk semiconductor, such
a transition is forbidden in the dipole approximation, i.e. the corresponding
matrix element V LO

1s,2s ∝ qz, where qz is the scattered wave vector (the differ-
ence between wave vectors of the incident and secondary photons). Remind
that by similar reason in resonant spectra of secondary emission of perfect
crystals the 1LO-line is much weaker than the 2LO line. On the other hand,
in the 2D approximation the exciton envelope function Ψns is factorized so
that

Ψns = fns(ρ)ϕe1(ze)ϕh1(zh) (6.78)

with the same single electron and hole envelopes ϕe1, ϕh1 for 1s and 2s states.
Here fns(ρ) is the envelope function describing the relative electron-hole mo-
tion in the (x, y) plane and ρ = [(xe−xh)2 + (ye− yh)2]1/2. The condition of
orthogonality between f1s(ρ) and f2s(ρ) immediately makes zero the matrix
element V LO

1s,2s since, for backscattering of normally-incident light, the exciton-
phonon interaction operator is ρ-independent. Thus, the value of V LO

1s,2s can
be nonvanishing only due to the Coulomb-potential effect upon the electron
or hole confinement along the z direction. Furthermore, for the direct process
the exciton polarization cannot undergo a remarkable change which contra-
dicts to the presence of the strong 1LO-line in the spectra observed in the
crossed circular polarizations.

The more realistic mechanism

�ω1 → Xe1-hh1(2s,K = 0) → Xe1-hh1(1s,K �= 0)

→ Xe1-hh1(1s,K = 0) + LO → �ω2 + LO

can be described as follows: the 2s-exciton is first scattered from the bot-
tom of the 2s branch to the “hot” 1s states characterized by large in-plane
center-of-mass wave vectors, K, then it is multi-scattered by elastic random
potential of the heterostructure and only afterwards emits a LO-phonon.
Obviously the second mechanism has more grounds to be interpreted as a
luminescence rather than Raman scattering. It should be mentioned that
similar static scattering processes with a large momentum transfer were sug-
gested by Kleinman et al. [6.62] and Gubarev et al. [6.60] in order to interpret
their results on doubly resonant LO-phonon-assisted secondary emission re-
spectively in GaAs/AlxGa1−xAs QWs and bulk semimagnetic semiconductor
Cd0.95Mn0.05Te.
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The concept of double resonance in Raman scattering is very produc-
tive. The double-resonance spectroscopy has been used to study the light
confinement in semiconductor planar microcavities with MQWs as an active
layer [6.67]. Kipp et al. [6.68] have reported on Raman scattering by electron
charge- and spin-density excitations of a modulation-doped QW embedded
inside a microcavity. Under conditions of optical double resonance, when
both the exciting laser and the scattered light are in resonance with the cav-
ity modes which is achieved by a variation of incidence and scattering angles,
electronic excitations can be selectively enhanced. The enhancement factor
between the single-resonant case, when only the incoming light is in resonance
with the cavity, and the double-resonant case, when the outgoing light also is
in resonance with the cavity, amounts up to three orders of magnitude. Lin-
ear and nonlinear optical properties of quantum microcavities is considered
in the next chapter.
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Two are better than one,
because they have a good return for
their work;

If one falls down,
his friend can help him up...

Though one may be overpowered,
two can defend themselves.

Ecclesiastes 4: 9-12

Many nonlinear effects can be phenomenologically described by expanding
the electric polarization P in powers of the light-wave electric field

Pα(r, t) = χ
(1)
αβ(ω)Eβ(ω,k) exp (ik · r − iωt) (7.1)

+ χ
(2)
αβγ(ω1, ω2)Eβ(ω1,k1)Eγ(ω2,k2) exp [i(k1 + k2) · r − i(ω1 + ω2)t]

+ χ
(3)
αβγδ(ω1, ω2, ω3)Eβ(ω1,k1)Eγ(ω2,k2)Eδ(ω3,k3)

× exp [i(k1 + k2 + k3) · r − i(ω1 + ω2 + ω3)t] + ...

Here ωj is the frequency, kj the wave vector, E(ωj ,kj) the amplitude of the j-
th constituent of the electromagnetic field. For single crystals or short-period
SLs, r is the 3D radius-vector while, in QW structures, r is a vector with
the components x, y, zl, where zl is the position of the l-th well, for instance,
the coordinate of its center (the choice of point zl within a well is arbitrary
if its width a is small compared with the light wavelength). Similarly, in a
QWR directed along z, the coordinates of r in (7.1) are (xl, yl, z), where
xl, yl give the position of the wire in the (x, y) plane. The frequencies in (7.1)
may assume both positive and negative values, the corresponding amplitudes
being related through

E∗(ω,k) = E(−ω,−k) .

For the sake of simplicity, we neglect in (7.1) the spatial dispersion of the
susceptibility, i.e., the dependence of χ(n) on k,k1,k2...

The first-order susceptibility χ(1) describes the conventional linear re-
sponse. The second-order susceptibility χ(2) describes the generation of op-
tical harmonics at the sum or difference frequency (three-wave mixing),
in particular, at ω1 = ω2, second-harmonic generation. The special case
ω1 = −ω2 is considered in the next chapter devoted to photogalvanic effects.
The third-order susceptibility χ(3) describes a variety of phenomena, namely,
third-harmonic generation (at ω1 = ω2 = ω3), two-photon absorption of a
monochromatic light wave ( two of the three values of ωj coincide, the third
one differing from them in sign, e.g., ω2 = ω3 = −ω1) or two monochromatic
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waves (two of the three frequencies differ in sign and do not coincide with the
third, e.g., ω1 = −ω2 �= ±ω3), a photoinduced change in the absorption or
reflection of a probe beam linear in pump-beam intensity (photoabsorption or
photoreflection), photoinduced gyrotropy or birefringence, four-wave mixing
of three light waves ωj ,kj (j = 1, 2, 3) accompanied by generation of a new
harmonic at the frequency ω1 +ω2−ω3 and the wave vector k1 +k2−k3. De-
generate four-wave mixing is a particular case of the latter where two beams
with the coinciding frequencies and different propagation directions, k1 �= k2,
interact and induce a new spatial harmonic 2k1 − k2 or 2k2 − k1.

In this chapter we discuss, one after another, the two-photon absorption
(Sect. 7.1), biexciton optical spectroscopy (Sect. 7.2), resonant four-wave mix-
ing (Sect. 7.3) and second-harmonic generation (Sect. 7.4) in nanostructures.
Linear and nonlinear optical properties of quantum microcavities are consid-
ered in Sect. 7.5.

7.1 Two-Photon Absorption

Two-photon absorption is an elementary excitation process in which two
photons simultaneously give their energies to the medium. The two quanta
are chosen such that the system under study cannot absorb either quantum
separately. Conservation of energy then demands that the sum of the energies
of the two photons be the energy of the electronic transition.

Two-photon spectroscopy has properties that distinguish it from one-
photon spectroscopy, and therefore it represents an alternative spectroscopic
technique that provides valuable complementary information on the band
structure of solids. Indeed, because the selection rules for two-photon tran-
sitions are different from those ruling linear absorption, the excited states
which are not accessible in conventional linear optics can be observed. Also,
the added opportunity in varying the relative polarization and the frequencies
of the absorbed photons increases the flexibility of the two-photon technique.

For a monochromatic light wave A = e−iωtAe+c.c. propagating in a bulk
intrinsic semiconductor, the second-order perturbation theory yields the two-
photon transition rate in the form

W (2)(e, ω) =
2π
�

(
eA

cm0

)4 ∑
k

∑
cv

∣∣∣M (2)
cv (e, ω;k)

∣∣∣2 δ(Eck−Evk−2�ω) . (7.2)

Here, A,e, ω are the scalar vector-potential amplitude, polarization unit vec-
tor and frequency of the light wave, respectively, c and v are the conduction
and valence band indices for which the argument of the δ-function can vanish.
The second-order (composite) matrix element of the two-photon transition is
defined as

M (2)
cv (e, ω;k) =

∑
r

(e · pck,rk)(e · prk,vk)
Erk − Evk − �ω

, (7.3)
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prk,vk is the matrix element of the momentum operator taken between the
Bloch states (r,k) and (v,k), and the index r stands for all possible interme-
diate states, both filled and unoccupied. Note that we take into consideration
only dipole-allowed transitions and assume the photon wave vector to be zero.

In the two-quantum process described by (7.2, 7.3), the first photon is
absorbed creating a virtual electron-hole pair. The absorption of the second
photon then leads to the virtual state being taken into the final pair state.
Here, for simplicity, we ignore the Coulomb interaction modifying the free-
pair excited states into the discrete and continuum excitonic states.

The two-photon absorption coefficient K(2) is related to W (2) through

K(2) = �ω
dW (2)

dI
= 2�ω

W (2)

I
(7.4)

and with the nonlinear susceptibility, through the expression

K(2) ∝ Im
{
χ

(3)
αβγδ(−ω, ω, ω)e∗αe

∗
βeγeδ

}
I .

Dual-beam two-photon spectroscopy employs two light sources of high
and low power densities [7.1]. Usually, the pump beam is fixed and the other,
the probe, is allowed to vary its frequency. The frequencies ω1, ω2 of the pump
and probe beams are chosen to satisfy the conditions

�ω1 < Eg/2 , �ω2 < Eg < �ω1 + �ω2 .

The first condition prevents the absorption of two photons from the intense
beam, i.e., W (2)(e1, ω1) = 0. Due to low intensity of the second beam, its
two-photon absorption can be ignored and, therefore, the main contribution
to the interband optical transitions comes from simultaneous absorption of
two photons from different beams. For the biharmonic vector potential

A = e−iω1tA1e1 + e−iω2tA2e2 + c.c. ,

the two-photon probability rate is given by

W (2)(e1, ω1;e2, ω2) =
2π
�

(
e

cm0

)4

A2
1A

2
2 (7.5)

×
∑

k

∑
cv

∣∣∣M (2)
cv (e1, ω1;e2, ω2;k)

∣∣∣2 δ(Eck − Evk − �ω1 − �ω2) ,

M (2)
cv (e1, ω1;e2, ω2;k) (7.6)

=
∑
r

(e2 · pck,rk)(e1 · prk,vk)
Erk − Evk − �ω1

+
(e1 · pck,rk)(e2 · prk,vk)

Erk − Evk − �ω2
.

It is worth to mention that, if the light wave is quasimonochromatic, the
probability rate (7.2) derived for a single laser source should be multiplied by
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the correlation factor g2 = 〈I2〉/I2, where the angular brackets denote aver-
aging over the intensity distribution (with 〈I〉 ≡ I). For multimode radiation
with a random phase distribution, g2 = 2, and for a biharmonic wave with
close frequencies, ω1 ≈ ω2, one has

g2 = 1 + 2I1I2/I2 ,

where I1 and I2 are intensities of the biharmonic components, the total in-
tensity being I = I1 + I2.

Several methods are used to study two-photon absorption including mea-
surements of the light transmission through the sample, the two-photon-
absorption-induced photoluminescence and the change in the conductivity
under two-photon excitation.

Transitions v → c which occur in real semiconductors can reach the final
state by using any path through every intermediate state r which is available.
In typical direct-gap semiconductors with electric-dipole-allowed interband
optical transitions at the extremum point Γ , the two-photon absorption in
the frequency region near the fundamental edge is mainly contributed by the
intermediate states r in the initial and final bands, v and c, respectively.
Therefore, in (7.3), both interband and intraband matrix elements of the
momentum operator appear. At small values of the electron wave vector k,
the former matrix elements are constant whereas the latter are proportional
to k. In other words, for allowed one-photon interband transitions, the two-
photon transitions are “allowed-forbidden”. For interband transitions near
the fundamental edge Eg, the frequency dependence of the one- and two-
photon transitions rates (or absorption coefficients K(1),K(2)) is given by

W (1)(ω) ∝ (�ω − Eg)1/2 , W (2)(ω) ∝ (�ω1 + �ω2 − Eg)3/2 . (7.7)

It is worth to mention that, in noncentrosymmetric crystals, the allowance for
linear-k spin-dependent terms in the intraband electron Hamiltonians as well
as the intermediate states r in the third bands different from v and c leads
to an “allowed-allowed” contribution to M

(2)
cv . However, this contribution

practically plays no essential role and can be neglected. Now, if the Coulomb
interaction is taken into account and the final excited state is an exciton, then
s-excitons are observed in one-photon spectra while the two-photon spectra
reveal p-exciton states not accessible in linear optics.

Equations (7.2, 7.3) or (7.5, 7.6) can be used to describe two-photon
absorption in nanostructures as well, while bearing in mind that the indices
c, r and v should include the numbering of minibands in SLs, subbands in
QWs [7.2–7.5] or QWRs [7.6, 7.7] and discrete levels in QDs [7.8, 7.9]. A
unified theory for two-photon absorption spectra of Wannier–Mott excitons
in a low-dimensional semiconductor of an arbitrary dimension d = 0, 1, 2, 3 is
presented in [7.10].

In the case of a single QW, the summation in (7.2) is performed over
the 2D electron wave vector k‖. Note that the two-photon absorption rate,
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W
(2)
SQW , in a QW is the number of 2D electrons created per unit area per unit

time. In MQWs, similarly to (4.6), the two-photon absorption coefficient is
connected with W (2)

SQW by

K(2)(ω) = 2�ω
W

(2)
SQW (ω)
I(a+ b)

.

If the quantum-confinement energy is small compared to the band gap Eg,
then the calculation of the composite matrix element M (2)

eν′s,vνj(k‖) for a QW
does not require a special summation over virtual states. For instance, for
two-photon transitions between simple bands v, Γ7 and c, Γ6 in a GaAs-based
QW, one has

M
(2)
eν′s,vνj(k‖) =

∫
ϕeν′(z)M (2)

cs,vj(k‖, k̂z)ϕhν′(z) dz , (7.8)

where k̂z = −i∂/∂z and M
(2)
cs,vj(k‖, kz) ≡ M

(2)
cs,vj(k) is the matrix element

entering (7.2). Optical transitions between the valence and conduction sub-
bands with coinciding index ν belong to allowed-forbidden type and, at small
k‖, M

(2)
eνs,vνj(k‖) ∝ k‖. The optical transitions with ∆ν ≡ ν′ − ν = ±1 are

forbidden for one-photon absorption and allowed-allowed for two-photon ab-
sorption. Bearing this in mind, we come to conclusion that, in a 2D nanostruc-
ture, the exponents 1/2 and 3/2 in the frequency dependence of the transition
rates (7.7) are changed, namely

W
(1)
2D (a, ω) ∝ (�ω − Eg)0 = const , W (2)

2D (a-f, ω) ∝ �ω1 + �ω2 − Eg (7.9)

for band-to-band optical transitions with ∆ν = 0, and

W
(1)
2D (f, ω) ∝ �ω − Eg , W

(2)
2D (a-a, ω) ∝ (�ω1 + �ω2 − Eg)0 = const (7.10)

for transitions with ∆ν = ±1. Here the abbreviations “a”, “f”, “a-f” and
“a-a” stand for “allowed”, “forbidden”, “allowed-forbidden” and “allowed-
allowed”, respectively.

Figure 7.1 presents one-beam two-photon excitation spectra of the photo-
luminescence due to recombination of the exciton e1-hh1(1s) in GaAs/AlGaAs
MQWs for two polarizations e ⊥ z (a), and e ‖ z (b). At the same time, one
of the curves in Fig. 7.1a shows the frequency dependence of one-photon
photocurrent with a clearly pronounced feature at the resonance frequency
of the exciton e1-hh1(1s), or H1-C1(1s) in notation of [7.11]. In accordance
with the selection rules for allowed-forbidden two-photon excitation of exci-
tons, the strongly one-photon-allowed 1s state of the e1-hh1 exciton is absent
in the two-photon spectrum. The onset of two-photon absorption occurs at
the 2p-exciton feature shown as the shaded area in Fig. 7.1a. The 2p assign-
ment is confirmed by the weak 2s-exciton feature seen in the linear spectrum.
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Fig. 7.1. (a) Single-photon (right scale) and two-photon (left scale) light absorp-
tion spectra in GaAs/Al0.35Ga0.65As MQW structure. Single-photon spectrum was
measured at normal incidence (e ⊥ z). The dotted line below shows that for the
sample with a = 40 Å there is no two-photon absorption in e ‖ z polarization
within the wavelength range studied. Vertical lines indicate the predicted positions
of exciton resonances. The vertical arrow indicates the threshold of hh1 → e1 inter-
subband transitions. (b) Two-photon light absorption spectra for a similar struc-
ture but with wider QWs (a = 110 Å). The solid and dotted lines were measured
in e ‖ z and e ⊥ z polarizations, respectively. The solid and dotted vertical lines
indicate predicted positions of exciton resonances which are active, accordingly, in
two-photon allowed-forbidden and one-photon allowed transitions. From [7.11].

The linear increase of two-photon absorption at higher energy as well as the
plateau seen in linear absorption is in agreement with (7.9) for d = 2.

In the polarization e ‖ z, other properties specific to the quantum con-
finement become apparent. In this case the two-photon transitions between
subbands with the same index ν are not allowed, see (4.3). The 1s-hh2 tran-
sition is also suppressed because of the selection rules for optical transitions
from heavy-hole-subbands (Table 2.2). Therefore, for e ‖ z, the onset of two-
photon absorption occurs at the e1-lh2 transition. The next allowed transition
is from lh1 to e2. The excitonic peaks e1-lh2(1s) and e2-lh1(1s) are followed
by plateaus due to allowed-allowed two-photon transitions into the corre-
sponding continuum states, in contrast to the linear frequency dependence
for the e1-hh1 allowed-forbidden transitions.

The above selection rules are valid for symmetrical QWs. Shimizu [7.3]
discussed what changes are expected in the two-photon spectra if one applies
a static electric field F normal to the interface plane. In addition to the red
shift due to the quantum-confined Stark effect (Sect. 3.4.1), selection rules
for ν′ − ν are removed, since F causes parity mixing in subband envelope
functions. An experimental study of electric-field-induced changes in the two-
photon absorption spectra is performed by Fujii et al. [7.12]. Particularly, in
agreement with theory, they observed growth and redshift of the exciton peak
1e-lh1(1s) which vanishes at zero bias.
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Fröhlich et al. [7.13] performed two-photon magnetoabsorption measure-
ments in GaAs/AlGaAs QW structures using as an intense radiation source a
CO2 laser with the photon energy �ω1 = 0.117 eV that is much smaller than
the band gap Eg. In these conditions, the transitions playing the dominant
role in two-photon absorption are v + �ω2 → c+ �ω1 → c in which case the
photon �ω2 is absorbed at the first step, and v + �ω1 → v + �ω2 → c, where
the interband transition is also induced by the photon �ω2, and the interme-
diate states lie in the valence band. As a result, the principal contribution
to the composite matrix element M (2)

cs,vj(k‖, k̂z) in (7.8) comes from the term
proportional to (e1 ·k‖)e2. Therefore, one has the following selection rules for
the transitions hh1 → e1 for circularly polarized CO2 radiation: Nc−Nv = 1
for σ+ polarization, and Nc − Nv = −1 for σ− polarization, where Nc,v are
the Landau-level indices in the conduction and valence subbands. The two-
photon selection rules for inter-Landau-level transitions allowed Fröhlich et
al. to determine the electron and hole cyclotron frequencies separately and,
therefore, the effective masses me and mhh.

Cingolani et al. [7.6] studied two-photon absorption in GaAs/AlGaAs
quantum well wires of the 100Å×600Å cross-section along the x and y con-
fined directions. In the studied sample, the wire width, Ly, along y is roughly
4 times longer than the 2D-exciton Bohr radius. Therefore, 1s-excitons be-
have almost like 2D particles quantized as a whole along y while 2p-excitons,
having a larger extent of the relative motion, exhibit almost 1D character. The
experiment [7.6] provides evidence for the strongly anisotropic selection rules
in the in-plane polarizations e ‖ y and e ‖ z ⊥ y. In particular, in the e ‖ z
geometry the matrix elements of the two-photon process (hh1, ny) → (e1, n′y)
do not vanish only for transitions with n′y = ny, where ny is the index of lat-
eral confinement, and are proportional to kz (allowed-forbidden transition).
Conversely, for e ‖ y only allowed-allowed transitions with∆ny ≡ n′y−ny �= 0
are possible. In terms of the e1-hh1(1s) and e1-hh1(2p) excitonic final states,
this means that 1s-excitons are excited in the e ‖ y geometry for ∆ny �= 0
two-photon transitions whereas 2p-excitons are accessible for ∆ny = 0 two-
photon transitions in the polarization e ‖ z.

For an array of spherical QDs randomly distributed in the 3D medium,
one can introduce the effective absorption coefficient K(2) which is related to
the two-photon transition rate, W (2)

QD, in a single dot by

K(2)(ω) = 2�ω
N

I

∫
dRf(R)W (2)

QD(ω) .

Here N is the concentration of QDs, R is the dot radius and f(R) is the
size distribution function. Analytical expressions for the absorpion coefficient
K(2)(ω) are derived by Fedorov et al. [7.9] for the strong confinement regime
and the Lifshits-Slezov distribution

f(R) =

{
34

25/3
R2

R0

exp [1−(1−2R/3)−1]
(R+3)7/3(3/2−R)11/3 if R < 3

2 ,

0 if R > 3
2 ,
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where R = R/R0 and R0 is the average QD radius.

7.2 Biexcitonic Nonlinearity

In nonlinear optics, there are two fundamentally different mechanisms of
biexciton photogeneration. The first mechanism that dominates in studies
of biexcitons in long-time scale measurements, e.g., photoluminescence mea-
surements, is the binding of two incoherent excitons from a population of
excitons. It is described by using the kinetic theory and calculating the ex-
citon distribution function and the generation rate of biexcitons. It should
be mentioned that generation of two spatially separated uncorrelated exci-
tons and subsequent biexcitonic binding is possible only in systems with at
least one direction of free motion, in bulk semiconductors and QW or QWR
structures, but not in QDs. In the other mechanism, biexcitons are gener-
ated through a coherent two-photon excitation. Here we consider the latter
mechanism on the basis of a three-level model including the ground state
|0〉, the excitonic state |X〉 and the biexciton state |XX〉 [7.14,7.15]. Taking
into account the biexcitonic nonlinearity, the linear equation (3.44) for the
exciton averaged polarization P ≡ PX in a QW is extended to

(ω0 − ω − iΓ )PX = ξΓ0E + γbiBE
∗ , (7.11)

where Γ, ξ, Γ0 are the same parameters as in (3.44), B is the amplitude of
the biexcitonic wave function, and γbi is proportional to the matrix element
of the photon-induced exciton-biexciton transition. In addition to (7.11), an
independent equation for B should be written. It has the form

[2(ω0 − ω) − δbi − iΓbi]B = γbiPXE , (7.12)

where �δbi ≡ εbi, Γbi are the biexciton binding energy and damping rate.
Moreover, the relation (3.40) between E and PX must be generalized to

E = E0 +
i
ξ

(PX + PXX) , (7.13)

where PXX = (γbi/ξΓ0)BP ∗
X is the dielectric polarization due to the biexciton-

exciton optical transition.
Assuming Γ0 � Γ we can consider E as an external electric field. Then,

in the lowest nonvanishing approximation, the biexciton amplitude under
single-beam optical excitation is given by

B ≈ ξΓ0γbiE
2

(ω0 − ω − iΓ ) [2(ω0 − ω) − δbi − iΓbi]

and, therefore,
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|B|2 = 2πτbi

∣∣∣∣ ξΓ0γbiE
2

ω0 − ω − iΓ

∣∣∣∣
2

∆(2ω0 − δbi − 2ω) .

Here we introduced the biexciton relaxation time τbi = (2Γbi)−1 and the
smoothed δ-function

∆(Ω) =
1
π

Γbi

Ω2 + Γ 2
bi

.

The same result can be obtained by using the equation for the rate of two-
photon excitation of biexcitons

W
(2)
bi (ω) ∝

∣∣∣∣∣ 〈XX|V̂ |X〉〈X|V̂ |0〉
ω0 − ω

∣∣∣∣∣
2

δ(2ω0 − δbi − 2ω) ,

changing the real denominator ω0 − ω into ω0 − ω − iΓ and smoothing the
δ-function. Here V̂ is the light-matter interaction operator, 〈X|V̂ |0〉 and
〈XX|V̂ |X〉 are the vacuum-exciton and exciton-biexciton optical matrix ele-
ments proportional to the electric field E.

Under normal incidence upon QWs of the D2d symmetry, the polariza-
tion dependence of the two-photon probability rate is characterized by three
coefficients

W
(2)
QW(e, ω) = I2

[
a1(ω) + a2(ω)|e · e|2 + a3(ω)(|ex|4 + |ey|4)

]
. (7.14)

This expression is derived taking into account that W (2) should be an in-
variant of the D2d point group and, for e ⊥ z, linearly-independent invari-
ant combinations of the products e∗αe

∗
βeγeδ are |e · e∗|2 ≡ 1, |e · e|2 and

|ex|4 + |ey|4. Note that any complex unit vector A satisfies the identity
|A · A|2 + |A × A∗|2 = (A · A∗)2. Therefore, |e × e∗|2 equals 1 − |e · e|2
and is expressed is terms of the chosen set of invariants. We remind that one-
photon absorption for e ⊥ z is independent of the light polarization state.
In the uniaxial approximation, the coefficient a3 vanish and W

(2)
QW is insen-

sitive to the in-plane polarization of the linearly polarized light. However,
even in this case two-photon absorption is different for the linear and circular
polarizations

W
(2)
QW(lin) = (a1 + a2) I2 , W

(2)
QW(circ) = a1I

2 . (7.15)

For allowed-forbidden two-photon transitions into the continuum electron-
hole pair states, the ratio Λ(2) ≡ W

(2)
QW(lin)/W (2)

QW(circ) characterizing the
linear-circular dichroism differs from unity by few tens percent. The observed
biexciton state is a singlet with the electron spins (as well as the hole angular
momenta) being antiparallel. Hence, the two photons of the same circular
polarization cannot excite biexcitons, the coefficient a1 in (7.15) vanish and
Λ(2) → ∞.
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In 1970s, two-photon absorption measurements brought new experimen-
tal evidence for the existence of biexcitons, or excitonic molecules, in bulk
semiconductors [7.16]. The two-photon PhotoLuminescence Excitation (PLE)
spectrum reached a maximum at a frequency separation equal �(ω0 − δbi/2)
in agreement with the energy conservation law 2ω0 − δbi = 2ω. The sim-
ilar effect was observed on QW structures, ZnSe/ZnMnSe MQWs [7.17]
and GaAs/AlGaAs SQWs [7.18, 7.19]. Using a micron-sized photolumines-
cence probe Brunner et al. [7.18] studied excitons and biexcitons bound to
a single island-like defect, a 4 Å deep protrusion of the GaAs QW into the
Al0.35Ga0.65As barrier layer with the lateral size of about 400 Å. The PLE
spectrum detected at the biexciton emission line ω0 − δbi shows the resonant
behavior at ω = ω0 − δbi/2. In the studied structure, the excitation energy of
the e1-hh1 ground-state exciton equals �ω0 = 1.6544 eV and the biexciton
binding energy �δbi = 4.2 meV. The full width at half maximum of the two-
photon resonance at �ω = 1.6565 eV is extremely narrow and even limited
by the linewidth of the exciting laser beam, which is characteristic for the 0D
excitations.

7.3 Degenerate Four-Wave Mixing

Time-resolved degenerate four-wave mixing has proven to be a powerful tool
to provide much information on the exciton dynamics and loss of coherence
as well as on nonlinear mechanisms of exciton-photon interaction in bulk
semiconductors and QW structures. In a typical two-pulse self-diffraction
setup (see inset in Fig. 7.2), a sequence of two coherent pulses 1 and 2 with the
wave vectors k1, k2 are tuned to the exciton resonance, interfere and produce
an excitonic grating. One of the two pulses, say, the pulse 2, is diffracted by
this grating into the direction k3 = 2k2−k1. The magnitude of the diffracted
signal is then recorded as a function of the time delay T = t2 − t1 between
the pulses.

Let us consider the four-wave mixing in a single QW sandwiched between
semiinfinite barrier layers. We present the electric field of the incident two-
pulse radiation in the form

E(r, t) = e−iω̃t
[
Ẽ

(1)
0 (t)eik1·r + Ẽ

(2)
0 (t)eik2·r

]
+ c.c. , (7.16)

where ω̃ is the current frequency of the coherent light pulses and Ẽ
(j)
0 (t)

(j = 1, 2) are the slowly varying amplitudes. For example, for Lorentzian
pulses one can write the electric field inside the QW in the form

E(x, t) = e−iω̃t
[
E0,1e−|t−t1|/τpeik1xx + E0,2e−|t−t2|/τpeik2xx

]
+ c.c. ,

where E0,j are time-independent vectors. We assume (x, z) to be the plane
of incidence in which case kj = (kjx, 0, kjz). Usually in four-wave mixing
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Fig. 7.2. Degenerate four-wave mixing signals in GaAs/AlGaAs MQWs vs. time
delay for different temperatures and low excitation intensity. Inset: experimental
configuration. From [7.20].

experiments the k1 and k2 vectors make small angles with the sample normal
z. Thus, one may ignore an effect of the z component of the electric field
and neglect angular dependence of the reflection and transmission. In the
following we omit the exponential functions exp (ikj,xx) bearing in mind that
Ẽ

(1)
0 , Ẽ

(2)
0 and Ẽ

(3)
0 describe amplitudes of the three waves k1, k2 and k3 =

2k2 − k1 independently detected.
For simplicity, we first assume the configuration of collinear polarized

incident pulses, Ẽ
(1)
0 ‖ Ẽ

(2)
0 , which allows us to use the scalar amplitudes

Ẽ(j) instead of the vectors Ẽ(j). The basic equations describing the exciton
dynamics in the QW are written as
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d

dt
+ i(ω0 − ω̃) + Γ + Γ0

]
P̃ (t) = iξΓ0Ẽ0(t) + iFNL(t) , (7.17)

Ẽ(t) = Ẽ0(t) +
i
ξ
P̃ (t) . (7.18)

They can be derived by extending equations (3.40) and (3.44) from mono- to
quasimonochromatic waves, i.e., by changing

−iω into
d

dt
− iω̃ ,

and adding nonlinear term FNL that gives rise to the third-order polarization.
We consider the following two contributions to the nonlinearity

FNL(t) = |P̃ (t)|2
[
β1P̃ (t) + β2Ẽ(t)

]
, (7.19)

the first of them (proportional to the coefficient β1) describing an excitation-
induced shift of the exciton resonant frequency and the second (proportional
to β2) being due to the optical-transition saturation. In the interpretation
of [7.20], the corresponding contributions are called anharmonic-oscillator-
and two-level-like nonlinear terms. According to (7.19) the polarization P̃ (3)

of the wave propagating in the direction 2k2 − k1 is induced by

FNL(t) = P̃ (1)∗(t)P̃ (2)(t)
[
β1P̃

(2)(t) + β2Ẽ
(2)(t)

]
. (7.20)

For the biexcitonic mechanism of nonlinearity, the term FNL in (7.17) is
given by γbiBE

∗ and the polarization P̃XX ∝ BP̃ ∗
X should be added to the

exciton polarization P̃ ≡ P̃X in (7.18), see (7.11) and (7.13).
Equations (7.17)-(7.19) form a complete set allowing to calculate the four-

wave mixing signal. The calculation procedure consists of solving (i) the linear
equations (7.17, 7.18) for the polarization P̃ (1) and the field Ẽ(1) induced by
the initial pulse E(1)

0 , (ii) the same linear equations for the response P̃ (2), Ẽ(2)

to the pulse E
(2)
0 , and (iii) the linear equation (7.17) for the polarization

P̃ (3) of the diffracted wave with the inhomogeneous term in the form of
(7.20). Since E(3)

0 ≡ 0, the amplitude Ẽ(3) of the outgoing wave 3 is given by
(i/ξ)P̃ (3)(t).

For short-pulse beams, we can approximate the time-dependence of Ẽ(j)
0

by delta-functions

Nj δ(t− tj) , where Nj =

∞∫
−∞

dt Ẽ(j)(t) .

Particularly, for a Lorentzian pulse, Nj = 2τpE0,j . In this approximation the
polarizations P̃ (1) and P̃ (2) are easily found
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P̃ (j)(t) = iξΓ0Njθ(t− tj) exp
[(

− 1
T2

+ iδ
)

(t− tj)
]
, (7.21)

where T2 = (Γ + Γ0)−1 is the polarization dephasing time and δ = ω̃ − ω0 is
the laser detuning. Substituting the solutions (7.21) into (7.20) we obtain

FNL(t) = (ξΓ0)2N ∗
1 N 2

2 θ(t− t1)θ(t− t2)e−iδT e−(2t−t1−t2)/T2

×
[
iβ′

1ξΓ0eiδ(t−t2)e−(t−t2)/T2 + β2δ(t− t2)
]
,

where β′
1 = β1 + (i/ξ)β2. We will not write the full solution for P̃ (3)(t) but

present only its dependence on the time delay T

P̃ (3)(t) = N ∗
1 N 2

2

⎧⎨
⎩

e−T/T2e−iδT θ(t− t2)F+(t− t2) for T > 0 ,

e−2|T |/T2e−2iδT θ(t− t1)F−(t− t1) for T < 0 ,
(7.22)

where the functions F± are independent of T . It follows then that the time-
integrated four-wave mixing signal

S(3)(T ) =

∞∫
−∞

dt |Ẽ(j)(t)|2 (7.23)

as a function of T is given by

S(3)(T ) =

⎧⎪⎨
⎪⎩
S

(3)
+ e−2T/T2 if T > 0 ,

S
(3)
− e−4|T |/T2 if T < 0 ,

(7.24)

where S(3)
± are coefficients proportional to |N1|2|N2|4. One can see that the

slope of the function lnS(3)(T ) is independent of the detuning δ and, hence,
the measured signal is controlled by the homogeneous dephasing time T2 but
not by the inhomogeneous broadening of the excitonic transition.

Figure 7.2 shows the time-integrated diffracted signals versus the time
delay taken from a 170-Å GaAs/AlGaAs MQW structure. The signals are
asymmetric in time delay and consist of exponentially rising (T < 0) and
decaying (T > 0) wings. In accordance with (7.24) the rise time, τR, is about a
factor of 2 smaller than the decay time, τD. Particularly, at low temperatures
τR ≈ 650 fs and τR ≈ 1150 fs. With increasing lattice temperature, both the
decay and rise times get shorter keeping the ratio ≈ 2.

According to (3.48, 3.49), in a QW structure with a top layer of finite
thickness, the dephasing rate T−1

2 is modified to

1
T2

= Γ + Γ ′
0 with Γ ′

0 = Γ0(1 + r10 cos 2ϕ0a) , (7.25)
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where the notations are the same as in (3.49).
In Chap. 3 we have shown that the dynamics of optical excitations in

MQWs differs considerably from that in a nominally identical single QW
and depends strongly on the number of QWs, N , and the interwell sepa-
ration, d. A special situation arises in a resonant Bragg MQWs structure,
where the period equals an integer multiple of half light wavelength at the
exciton resonance frequency. In such a structure there exists a superradiant
mode which is characterized by an N times enhanced radiative decay rate,
see (3.92, 3.98). In Sect. 3.2.5 we discussed linear optical properties of the
resonant Bragg structures. Hübner et al. [7.21] used femtosecond degener-
ate four-wave mixing to study light-induced collective effects in MQWs and
clearly demonstrated efficient radiative coupling of excitons in high-quality
Bragg MQW samples. The single QW displays an exponential signal yielding
the decay time τD = 4.3 ps. In agreement with the theoretical prediction, the
MQWs exhibit an initial-stage decay which is remarkably faster as compared
to the signal from the single QW. The experimentally observed two-stage de-
cay of the Bragg structures indicates slight deviation of the periodicity from
λ(ω0)/2. Note that the four-wave mixing in semiconductor microcavities is
separately considered in Sect. 7.5.

Recently, Shackelette and Cundiff [7.22] have reexamined different non-
linear contributions to the optical Bloch equations in the density-matrix ap-
proach, including the saturation, local-field effect, excitation-induced shift
of ω0 and excitation-induced dephasing. They ignored the biexciton non-
linearity because, in the studied MQW structures containing 83-Å-thick
In0.14Ga0.86As wells and 80-Å-thick GaAs0.71P0.29 barriers, the same spectrally-
resolved four-wave mixing signals were obtained for collinearly and cocircu-
larly polarized pulses. However in many other heterostructures there exists
strong biexcitonic contribution to four-wave mixing in the direction 2k2 −k1

[7.23–7.26]. The first indication of this contribution in GaAs-based MQWs
was discovered for negative delays by Feuerbacher et al. [7.23]. In their ex-
periment the nonlinear interaction can be explained as a two-step process. In
the first step, two photons of pulse 2 create a biexciton which then, in the sec-
ond step, interacts coherently with pulse 1 and gives the measured four-wave
mixing signal. Breunig et al. [7.26] have clearly demonstrated the coherent
control of the biexcitonic polarization in measurements of the time-integrated
spectrally-resolved four-wave mixing on a ZnSe/ZnSxSe1−x single QW. The
maximum energy of the laser pulses was set to the biexcitonic resonance and
the narrow spectral width of the pulses allowed for exclusive excitation of
the heavy-hole exciton-biexciton system. In the spectrally-resolved four-wave
mixing signal, both the excitonic and biexcitonic resonances are observed for
cross-linearly polarized pulses while the biexcitonic resonance is strongly sup-
pressed in the case of cocircular excitation in agreement with spin selection
rules for the formation of a bound biexcitonic state.
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In addition to four-wave mixing, one can observe six-wave mixing in the
direction 3k2 − 2k1 or 3k1 − 2k2 due to the second-order diffraction of the
pulse pair [7.27, 7.28]. To describe this nonlinear signal one needs to start
in the expansion (7.1) from the fifth-order susceptibility χ(5) and consider
participation of six waves in the buildup of a polarization in the corresponding
direction. A microscopic theory based on the dynamics controlled truncation
scheme, see for details [7.27], is able to reproduce the experimental results.

7.4 Second-Harmonic Generation

The second-harmonic generation is described in (7.1) by the third-rank tensor
χ(2)(ω1, ω2) with ω1 = ω2 ≡ ω. It is an elementary process of the annihilation
of two light quanta �ω and the creation of one new quantum with twice the
energy. Obviously, the second-harmonic power is quadratic in the incident-
pump power, as experimentally checked, e.g., by Seto et al. [7.29]. Neglecting
the spatial dispersion of χ(2)(ω, ω) we conclude that the components χ(2)

αβγ

are symmetrical with respect to interchange of the two last indices,

χ
(2)
αβγ(ω, ω) = χ

(2)
αγβ(ω, ω) . (7.26)

Therefore, neglecting the spatial dispersion, the second-harmonic generation
occurs only in piezoelectric crystals and nanostructures of the point symmetry
belonging to the piezoelectric classes. For bulk crystals of the tetrahedral
point group Td, the symmetry reduces the number of linearly independent
elements of χ(2)(ω, ω) to one and, in a frame of references with the axes x, y, z
along the basic crystallographic directions [100], [010] and [001], one has

χ
(2)
αβγ =

⎧⎨
⎩
χ

(2)
xyz if α �= β �= γ ,

0 otherwise .

It is also useful to present the nonzero components of χ(2)(ω, ω) in the co-
ordinate system x′ ‖ [11̄0], y′ ‖ [110], z ‖ [001] rotated as compared to x, y, z
around z by the angle −45◦

χ
(2)
x′x′z = χ

(2)
x′zx′ = χ

(2)
zx′x′ = −χ(2)

y′y′z = −χ(2)
y′zy′ = −χ(2)

zy′y′ =
1
2
χ(2)
xyz .

In a (001)-grown QW of the symmetry D2d, there are two independent com-
ponents

χ
(2)
x′x′z = χ

(2)
x′zx′ = −χ(2)

y′y′z = −χ(2)
y′zy′ �= χ

(2)
zx′x′ = −χ(2)

zy′y′ . (7.27)

The point-group C2v of an asymmetrical QW allows five linearly independent
components χ(2)

x′x′z = χ
(2)
x′zx′ , χ

(2)
y′y′z = χ

(2)
y′zy′ , χ

(2)
zx′x′ , χ

(2)
zy′y′ and χ

(2)
zzz. Except
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χ
(2)
zzz that is zero in bulk and originates from the superstructure potential

asymmetry, other components are nonzero also in a bulk semiconductor, they
originate from both the bulk and structure inversion asymmetry. The sym-
metry increases from C2v to C4v when one uses the parabolic Hamiltonian for
electrons in the conduction band, the Luttinger Hamiltonian for the valence
band neglecting odd-k terms and the Bastard boundary conditions (2.34). In
this case χ(2)

x′x′z and χ
(2)
y′y′z or χ(2)

zx′x′ and χ
(2)
zy′y′ equalize and the constitutive

equations take the form [7.30]

Px′(2ω) = 2χ(2)
x′x′zEx′(ω)Ez(ω) , Py′(2ω) = 2χ(2)

x′x′zEy′(ω)Ez(ω) , (7.28)

Pz(2ω) = χ
(2)
zx′x′

[
E2
x′(ω) + E2

y′(ω)
]
+ χ(2)

zzzE
2
z (ω) .

Within the independent-particle approximation the second-harmonic sus-
ceptibility can be expressed as (see, e.g., [7.31,7.32])

χ
(2)
αβγ(ω, ω) ≡ χ

(2)
αβγ(ω) (7.29)

∝ 1
Vd

∑
i1,i2,i3

〈i1|pα|i2〉{〈i2|pβ |i3〉〈i3|pγ |i1〉}s
Ei2i1 − 2�ω

(
fi1i3

Ei3i1 − �ω
− fi3i2
Ei2i3 − �ω

)
.

Here Vd is the volume of the d-dimensional sample, i1, i2, i3 denote quan-
tum numbers labelling the electron states |i〉 and the eigen energies Ei,
Ei2i1 = Ei2 −Ei1 , fi1i3 = fi1 −fi3 , and fi is the Fermi-Dirac distribution, the
curly brackets {...}s mean a symmetrized form, e.g., {Rβγ}s = (Rβγ+Rγβ)/2.
In general, the existing theoretical and experimental studies of the second-
harmonic generation in nanostructures can be divided into two groups, de-
pending on the light frequency ω: those dealing with energies �ω in the region
of valence-to-conduction interband transitions (see, e.g., [7.30,7.33,7.34] and
references therein) and the second group using the photon energy in the
region of intraband intersubband transitions [7.35–7.37]. In all cases, an en-
hancement of the nonlinear susceptibility as compared to the susceptibility
of bulk materials was reported.

Atanasov et al. [7.30] addressed the problem of second-harmonic gener-
ation in asymmetrical QWs in the region of interband transitions includ-
ing exciton effects. In the excitonic contribution to χ(2), the energy differ-
ences Ei2i1 , etc., in the denominators of (7.29) are replaced by the excitation
energies of excitons attached to a pair of the corresponding subbands. As
shown in [7.30], for step-like and double asymmetrical QWs, the inclusion of
exciton states leads, particularly, to the sharp half-band-gap resonances at
�ω = Eeν′,hν;1s/2 for χ(2)

x′x′z(ω), χ(2)
zzz(ω) and to the near-band-gap resonances

at �ω = Eeν′,hν;1s for χ(2)
zx′x′(ω). Note that the resonant peaks of |χ(2)

zzz(ω)| are
related with light-hole excitons only because the interband transitions from
heavy-hole subbands are forbidden in the e ‖ z polarization. The theory pre-
dicts values of second-harmonic-generation susceptibility larger than in the
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bulk. Jiang et al. [7.34] investigated second-order nonlinear optical proper-
ties of Zn1−xCdxSe/ZnSe asymmetric coupled QWs by using the reflective
second-harmonic generation technique. The photon energy, �ω = 1.17 eV,
of Nd:YAG (Yttrium Aluminum Garnet) laser was close to the half band
gap of the studied structures and, therefore, conditions for the half-band-
gap resonance were realized. Compared with the second-harmonic generation
intensities in ZnSe bulk material, a significant enhancement of the signals
(at least one order of magnitude) was observed due to the structure inver-
sion asymmetry. Note also that the p-in/p-out intensity was two orders of
magnitude larger than the s-in/s-out one.

The second-order susceptibility due to the intraband intersubband tran-
sitions can be greatly enhanced due to a possibility to realize the conditions
of double resonance for three subbands 1, 2 and 3

E2 − E1 = E3 − E2 = �ω . (7.30)

Replacing i1, i2, i3 by 1, 3, 2, respectively, we obtain from (7.29) for the
double-resonant contribution to the second-order susceptibility of a QW [7.36,
7.38,7.39]

χ
(2)
αβγ(ω) (7.31)

∝ 1
S

∑
k

pα13(k){pβ32(k)pγ21(k)}s
(E2k − E1k − �ω − i�Γ21)(E3k − E1k − 2�ω − i�Γ31)

,

where the dephasing constants Γi′i are introduced into the energy denomina-
tors and, for simplicity, we omit the summation over the spin indices of the
electron (or hole) states |ik〉. The tuning to the double-resonance conditions
can be achieved by varying parameters of an asymmetrically stepped QW or
asymmetrical double QWs and/or applying an external electric field.

Enhancements as big as three orders of magnitude in χ(2) were observed in
doubly resonant experiments on n-doped QW structures with equal e2-e1 and
e3-e2 transition energies [7.40, 7.41]. In these experiments, the only element
of the susceptibility tensor that exhibits a strong double-resonant enhance-
ment is χ(2)

zzz. Thus, the exciting and generated electric fields have to possess
nonzero z-components which limits the usefulness of the element χ(2)

zzz for
device applications. In contrast to the conduction subbands, the hole energy
dispersion is different for each valence subband, leading to a relatively low
reduced density of states for intersubband transitions in p-doped QWs. There-
fore, the double-resonance enhancements which can be obtained in the latter
structures are expected to be lower. However, the presence of elements χ(2)

αβγ

different from χ
(2)
zzz provides more functionality of the p-doped structures,

since the incident and outgoing (second-harmonic) waves can have various
polarizations. Bitz et al. [7.39] demonstrated second-harmonic generation in
p-doped GaAs/AlxGa1−xAs asymmetrically stepped MQW structures using
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the emission of a free-electron laser in the wavelength interval between 13
and 18 µm. In their samples the double-resonance conditions were realized
for the transitions between the first heavy-hole, first light-hole and second
heavy-hole subbands. The measured maximum enhancement by a factor of
16 in the second-harmonic susceptibility of the QWs with respect to that of
bulk GaAs agrees with the theoretical expectations taking into account the
quality of investigated samples.

For centrosymmetric materials, such as single Si or Ge crystals of the point
group Oh, the second-harmonic generation is forbidden within the electric-
dipole approximation. However, QW structures grown from these materials
can lack such a center and allow the second-harmonic generation. Indeed, de-
pending on the properties of an (001)-interface between the alloy Si1−xGex
and Si, its symmetry on average can be C2v or C4v [7.42]. The former point
group describes the symmetry of an ideal heterointerface with the interfa-
cial chemical bonds lying in the same plane. A nonideal interface containing
monoatomic fluctuations has two kinds of flat areas with interfacial planes
shifted with respect to each other by a quarter of the lattice constant a0.
The local symmetry of each area is C2v as well. However if the both kinds
are equally distributed, the interface overall symmetry increases up to C4v.
The both symmetries, C2v and C4v, allow the second-harmonic generation at
a single interface. The symmetry of a Si1−xGex/Si QW structure containing
two interfaces is described by one of five point groups: D2d or D2h in case of
two ideal interfaces with odd or even number of monolayers between them;
C2v for a pair of ideal and rough interfaces; C4v or D4h for two non-ideal
interfaces of the overall symmetry C4v each. For QWs of the symmetry D2d,
C2v and C4v the contributions from the left- and right-hand-side interfaces to
the second-harmonic generation do not compensate each other. Ghahramani
et al. [7.32] performed a full-band-structure calculation of the components
χ

(2)
x′x′z and χ

(2)
zx′x′ for short-period SinGen SLs grown on the Si(001) sub-

strates. They obtained that the bulk value of χ(2) for SLs with odd n = 1, 3, 5
(point-group D2d) is of the same order as that of bulk GaAs, one of the most
commonly employed electro-optic semiconductor materials. Unfortunately,
the presence of atomic height steps on the substrate and the incapability
of precise control of layer thickness in SLs in the present molecular-beam
epitaxy prevents up to now the realization of a macroscopic χ(2) compa-
rable to that of GaAs [7.43]. In addition, weak second-harmonic generation
from GeSi nanostructures can arise from inhomogeneous strain, miscutting of
the substrate, bulk quadruple mechanism. Zhang et al. [7.44] systematically
analyzed contributions from different sources to the second-order suscepti-
bility χ(2) in two kinds of p-doped asymmetrical GeSi structures, namely,
in Si0.75Ge0.25/Si0.57Ge0.43 step asymmetric QWs and electric-field biased
Si5Ge5 SLs. The largest evaluated value of χ(2) was found in the biased SL,
under the electric field F > 100 kV/cm the main source of the nonlinear sus-
ceptibility arose due to the electric-field-induced asymmetry. In addition to
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the second-harmonic generation, the linear and circular photogalvanic effects
discussed in Chap. 8 can be used to question an existence of the inversion
center in GeSe QW structures.

The further enhancement of χ(2) has been demonstrated, both theoret-
ically and experimentally, for intraband transitions in n- and p-doped QD
structures [7.45,7.46]. In the study [7.46], the n-doped sample consisted of 30
layers of InAs/GaAs self-assembled QDs separated by 500-Å thick GaAs bar-
riers and grown on the GaAs substrate. Second-harmonic power as a function
of the pump photon energy shows a narrow peak at �ω = 61 meV superim-
posed on a background signal corresponding to the contribution of bulk GaAs.
The peak is an enhancement due to the double resonance for the intersubband
e100-e000 (or p-s) and e110-e100 (or d-p) transitions.

In [7.47], a quantum cascade laser is employed to demonstrate that inter-
subband optical transitions in stacked semiconductor QWs can function as a
simultaneous source of fundamental pump and second-harmonic light.

7.5 Nonlinear Optical Phenomena in Quantum
Microcavities

A natural way to enhance the light-matter interaction is to exploit band-edge
resonances by tuning the incident-light frequency to the exciton-resonant
spectral region. The quantum confinement of excitons in semiconductor
nanostructures leads to the further increase in the resonant optical response.
The photon confinement in quantum microcavities, i.e., in microcavities with
embedded QW’s shown schematically in Fig. 7.3, has opened a way for ad-
ditional considerable enhancement of exciton-photon coupling [7.48]. Among
reasons for the interest in these multi-layered structures, we mention the
following three. First, the microcavities have potential applications in the
development of low-threshold vertical-emitting lasers. Second, fundamental
aspects of the interaction of confined photon modes (2D photons) with matter
have opened a new field in quantum electrodynamics. And, finally, the quan-
tum microcavities can be particularly interesting for nonlinear optics since a
nonlinear response has a stronger dependence upon the coupling constant.

In the next subsection we introduce the two-oscillatory model of quan-
tum microcavities and present the dispersion of 2D exciton-cavity polaritons.
Other subsections are devoted to nonlinear optics of the microcavities.

7.5.1 Exciton Polaritons in a Quantum Microcavity

Semiconductor microcavity is a multilayer heterostructure consisting of an
active layer B of the thickness Lb sandwiched between Nl pairs of the C2/C1

mirror, or Distributed Bragg Reflector (DBR), and Nr pairs of C1/C2 DBR
grown on the substrate D. If one or few QWs (material A) are embedded
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Fig. 7.3. Schematic representation of a quantum macrocavity.

inside the active layer the structure is called Quantum Microcavity (Fig. 7.3).
As a rule we will consider the quantum microcavity with a single embedded
QW.

The thickness Lb and the thicknesses a1 and a2 of the C1 and C2 layers
in DBR’s are assumed to satisfy the conditions

nb
ω̄

c
Lb = Nbπ , n1

ω̄

c
a1 = n2

ω̄

c
a2 =

π

2
, (7.32)

where Nb is an integer that expresses the cavity length in half-wavelengths, ni
(i = b, 1, 2) is the refractive index of the corresponding material, and ω̄ is an
arbitrarily chosen frequency which turns out to be the resonance frequency
of the microcavity, see below. In quantum microcavities, it is usually taken
to lie close to the QW exciton resonance frequency ω0.

Exciton-polariton modes in quantum microcavities can be modelled by a
pair of two coupled classical oscillators, one of them representing an exciton
in the QW and another representing the photon mode. Taking the averaged
dielectric polarization P (t) defined according to (3.41) and the electric field,
E(t), inside the QW as two variables for the two-oscillatory model we can
write for them a standard set of equations

d2

dt2
P (t) + ω2

0P (t) + 2Γ
d

dt
P (t) = q1E(t) , (7.33)

d2

dt2
E(t) + ω̄2E(t) + 2γ̄

d

dt
E(t) = q2P (t) .

Here Γ , γ̄ are the nonradiative damping rate of a bare 2D exciton and the
damping rate of the bare-photon mode. The solution of (7.33) is sought in the
exponential form P (t) = P e−iωt, E(t) = Ee−iωt. If the damping constants
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Γ, γ̄ and the difference, ω0 − ω̄, of the bare resonance frequencies are small
compared to these frequencies, (7.33) reduces to

(ω0 − ω − iΓ )P = γ1E , (7.34a)
(ω̄ − ω − iγ̄)E = γ2P , (7.34b)

where, instead of q1 and q2, we introduced other parameters γj = qj/(2ω̄).
One of them is easily found from a comparison of (7.34a) with (3.44), namely,

γ1 = ξΓ0 . (7.35)

The expressions for γ̄ and γ2 are given below, see (7.51, 7.52, 7.55). From
(7.34) we obtain the following complex eigenfrequencies of the mixed modes

ω± =
1
2

[ω0 + ω̄ − i(Γ + γ̄)] ±
√
γ1γ2 +

1
4

[ω0 − ω̄ − i(Γ − γ̄)]2 . (7.36)

Let us analyze the structure with ω̄ tuned exactly to ω0. In the weak-
coupling regime defined by the condition (Γ − γ̄)2 > 4γ1γ2, one has for the
eigenfrequencies

ω± = ω̄ − i
Γ + γ̄

2
± iγ̃ , γ̃ =

√(
Γ − γ̄

2

)2

− γ1γ2 ,

i.e., their real parts coincide but the imaginary parts are different. In the
strong-coupling regime where (Γ − γ̄)2 < 4γ1γ2, the frequencies ω± differ in
the real part

ω± = ω̄ ± Ω̃ − i
Γ + γ̄

2
, Ω̃ =

√
γ1γ2 −

(
Γ − γ̄

2

)2

. (7.37)

In the latter case the difference ω+ − ω− = 2Ω̃ is called the Rabi splitting.
It is worth to mention that, as follows from Chap. 3, the conventional

single-QW structures are open systems where the 2D electronic excitations
(2D-excitons) interact with 3D photons, the renormalization of exciton res-
onance frequency, see (3.18), is small and the exciton-photon coupling leads
mainly to the exciton radiative damping. In a quantum microcavity with thick
DBR’s of high quality, both excitonic and photonic states are size-quantized
in the growth direction. As a result, the bare resonance frequencies ω0, ω̄
can be strongly renormalized. In real semiconductor microcavities the Rabi
splitting amounts few meV and in some cases it can even exceed 10 meV.
Now we turn to establishing the relation between γ2, γ̄ and parameters of the
quantum microcavity.

The optical properties of the DBR’s, or mirrors, are characterized by the
amplitude reflection coefficients rmj , r′mj from the left, j = l, or right, j = r,
mirror for the light incident, respectively, from the active layer and from the
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external medium, vacuum or substrate, and the transmission coefficients tmj ,
t′mj through the mirror j defined in the similar way. In the following we ignore
the difference between the refractive indices of the active layer and the QW.
Then the amplitude reflection and transmission coefficients, rQW and tQW,
of a QW are given by (3.21).

Assuming the monochromatic light to be incident from the vacuum side
under the angle θ0, we can present the amplitude reflection and transmission
coefficients for the whole quantum microcavity as

rQM = r′ml +
t′mlr̃tml exp (iψb)
1 − r̃rml exp (iψb)

, (7.38)

tQM =
t′mlt̃ exp (iψb/2)

1 − r̃rml exp (iψb)
,

where the transmission tQM refers to the light field at the boundary between
the second DBR and the substrate, the phase ψb is defined by

ψb = nb
ω

c
Lb cos θb , (7.39)

the value Lb includes the QW thickness, the angle θb and incidence angle in
vacuum are connected by the Snellius relation sin θ0 = nb sin θb, and

r̃ = rQW +
t2QWrmr exp (iψb)

1 − rQWrmr exp (iψb)
, (7.40)

t̃ =
tQWtmr exp (iψa/2)

1 − rQWrmr exp (iψa)
.

Substituting (7.40) into (7.38) we can present rQM , tQM as fractions with the
denominator

DMC = rmlrmr(t2QW − r2QW) exp (2iψb) + (rml + rmr)r exp (iψb)− 1 . (7.41)

The dispersion equation for the exciton polaritons in the structure of Fig. 7.3
is given by

DMC(ω, q‖) = 0 , (7.42)

where q‖ is the exciton-polariton in-plane wave vector (ω/c) sin θ0. The dis-
persion equation for the photon mode in a semiconductor microcavity with-
out embedded QWs (or empty cavity) is expressed by (7.41, 7.42) with
rQW = 0, tQW = 1, i.e.,

rmlrmre2iψb − 1 = 0 . (7.43)

Let us denote by
rm =

√
Rm eiψm (7.44)

the reflection coefficient under light incidence from the left upon the Bragg
mirror
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C3(C1/C2)...(C1/C2)C4

containing N pairs C1/C2 placed between the semi-infinite media C3 and
C4 with the refractive indices n3 and n4. For a large number of pairs in the
mirror, ω lying in the vicinity of ω̄ and n2 > n1 one can use the following
approximate expressions [7.49–7.51,7.53]

Rm ≈ 1 − 4
n4

n3

(
n1

n2

)2N

, (7.45)

ψm ≈ πα

n3

n1n2

n2 − n1

ω − βω̄

ω̄
,

where

α =
cos2 θ1 cos2 θ2

cos θ3
, β =

n1 cos θ1 + n2 cos θ2
cos θ1 cos θ2(n1 + n2)

(7.46)

and the angles θi are related to the photon in-plane vector by

q‖ =
ω

c
ni sin θi. (7.47)

The further development is performed for zero q‖ where ψb, ψm reduce to

ψb = πNc

(
1 +

ω − ω̄

ω̄

)
, ψm ≈ π

n3

n1n2

n2 − n1

ω − ω̄

ω̄
, (7.48)

but the final result for the polariton frequencies will then be rewritten in the
general case of nonzero q‖.

Taking into account that, for large numbers Nl and Nr, the reflectivity
Rmj = |rmj |2 (j = l, r) is close to unity we can approximate the square root√
Rmj by 1 − (1 −Rmj)/2 and obtain

rmlrmre2iψb ≈ 1 − 1
2
(1 −Rml) −

1
2
(1 −Rmr) + 2i

L̄+ Lb
c

(ω − ω̄) , (7.49)

where L̄ represents a mirror penetration length,

L̄ =
πc

ω̄n2
b

n1n2

n2 − n1
,

and Rmj is given by (7.45) with n4 equal to 1 for j = l and to the refractive
index of the substrate for j = r. Substituting (7.49) into (7.43) we arrive at
the equation for the photon eigenfrequency

ω̄ − ω − iγ̄ = 0 . (7.50)

Here
γ̄ = γ̄l + γ̄r (7.51)
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and γ̄l,r is the photon-mode damping due to the photon escape through the
left or right mirror,

γ̄j =
1
8

(1 −Rmj)Γ̄ , Γ̄ =
2c

nb(L̄+ Lb)
. (7.52)

As for the real part of the eigenfrequency, it indeed coincides with the
frequency ω̄ introduced while choosing the layer thicknesses a1, a2 accord-
ing to (7.32). Important parameters of a microcavity are the cavity finesse
F = π/(1 − Rm) and quality factor Q = ω̄T̄ , where T̄−1 = 2γ̄ is the rate at
which the photon escape from the cavity.

When a QW is put in the cavity, optimal coupling of the electric field
to the exciton is obtained when the electric field is maximum at the QW
position. This is achieved at the cavity center in a λ-cavity with Nb = 2 in
(7.32), and at the positions Lb/3, 2Lb/3 in the active layer for a 3λ/2 cavity.
The eigenfrequencies of exciton polaritons in a quantum microcavity can be
found if we substitute (3.21, 7.45, 7.48) into (7.41, 7.42). For the particular
case of a single QW placed in the center of the active layer and even Nb in
order to have an antinode of the electric field in the center, the result reads

(ω − ω̄ + iγ̄)(ω − ω0 + iΓ ) = V 2 , (7.53)

where
V 2 =

2cΓ0

nb(L̄+ Lb)
= Γ̄ Γ0 . (7.54)

Note that 2V determines the Rabi splitting in the strong-coupling regime.
Equations (7.34) can be also presented in the similar form

(ω − ω̄ + iγ̄)(ω − ω0 + iΓ ) = γ1γ2 .

Therefore, γ1γ2 = V 2 and, since γ1 = ξΓ0, we have

γ2 =
V 2

γ1
=
Γ̄

ξ
. (7.55)

In terms of Γ0, ξ and Γ̄ equations (7.34) are written in the form

(ω0 − ω − iΓ )P = ξΓ0E , (7.56a)

(ω̄ − ω − iγ̄)E = Γ̄

(
1
ξ
P − i

t′ml
2
E0

)
. (7.56b)

Here we included the field E0 from the external light source placed in the left
semi-space. The amplitudes, Ej , of the reflected and transmitted light waves
can be calculated by solving (7.56) and using the following equations for the
outgoing waves

Ej =
tmj
2
E . (7.57)
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The eigenfrequencies of exciton polaritons with q‖ �= 0 can be similarly
derived taking into account that, at oblique incidence, the reflection and
transmission coefficients rQW, tQW are given by (3.51) and (3.53) for the
s- and p-polarized light, respectively. On the other hand, the empty-cavity
photon mode has the dispersion

ωphot(q‖) =
√
ω̄2 + (cq‖/nb)2 ,

which follows from the photon dispersion ω = (c/nb)q = (c/nb)
√
q2z + q2‖

in the active layer and the quantization of qz in the microcavity. For small
enough values of the in-plane wave vector, q‖ � q̄ = (ω̄/c)nb, one has

ωphot(q‖) = ω̄ +
�q2‖
2m̄

(7.58)

with the 2D-photon effective mass being equal to

m̄ =
n2
b�ω̄

c2
. (7.59)

In a quantum microcavity the exciton and photon modes are mixed to lead
to the following dispersion of the upper and lower TE-polarized exciton-
polariton branches

ω±(q‖) =
ω0 + ω̄

2
+

�q2‖
4m̄

±

√√√√V 2 +

(
ω0 − ω̄

2
+

�q2‖
4m̄

)2

, (7.60)

where the exciton and photon-mode decay rates are ignored. Moreover, the
exciton effective mass is set to infinity because the photon-mode mass m̄ is
extremely light and usually amounts 10−5-10−4 m0. For a quantum microcav-
ity with ω0 and ωphot coinciding at some particular value k̄‖, the dispersion
(7.60) can be conveniently rewritten in the form

ω±(q‖) = ω0 +
�(q2‖ − q̄2‖)

4m̄
±

√√√√V 2 +

(
�(q2‖ − q̄2‖)

4m̄

)2

. (7.61)

The dispersion of TM-polarized exciton polaritons in quantum microcavities
was discussed in [7.53].

In the strong-coupling regime, the split frequencies ω± reveal themselves
as dips in the reflection spectra and peaks in the transmission or absorption
spectra. For illustration of the strong-coupling regime, Fig. 7.4 shows the mea-
sured normal-incidence reflectivity of a λ cavity with quarter-wave pairs of
AlAs (n1 = 2.95) and GaAs (n2 = 3.61) and with a single QW In0.04Ga0.96As
embedded in a GaAs active layer. The cavity-photon resonance was tuned to
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ω

Fig. 7.4. Reflection spectrum from a quantum microcavity with a single QW em-
bedded in the center of 1λ active layer. From [7.52].

the exciton resonance, ω̄ = ω0. One can see two well-resolved reflectivity
dips with a high splitting-to-linewidth ratio. The dip positions determine the
energies, �ω±, of the 2D-exciton–2D-photon coupled modes. The difference
�(ω+ − ω−) ≈ 3.5 meV gives the Rabi splitting. The coherent interaction
between the single-mode optical field and excitons in a QW leading to the
Rabi splitting ω+−ω− can also be studied as quantum beats in the transient
reflection or transmission spectra. It is worth to note that the Rabi splitting
can be enhanced by inserting few QWs near the electric-field antinode of a
λ-cavity or in different antinodes of a macrocavity with the thicker active
layer [7.52,7.53].

It is instructive to survey the existing variety of exciton-polariton quasi-
particles focusing attention at the dimensionalities of bare exciton and pho-
ton states. In bulk semiconductors an exciton polariton is formed by a 3D
exciton and a 3D photon. Heterostructures with QWs, quantum wires and
quantum dots allow one to study coupling between 3D photons and 2D,
1D or 0D excitons, respectively. In a planar quantum microcavity, coupling
of a 2D exciton in the embedded QW with a 2D photon confined in the
cavity is realized. The 2D-1D and 2D-0D exciton-polariton states can be en-
gineered in 2D microcavities with embedded quantum wires [7.54–7.57] and
QDs or QD SLs [7.58, 7.59]. Gérard et al. [7.60] and Reithmaier et al. [7.61]
have succeeded in further reducing the dimensionality of bare-photonic quan-
tum states and fabricated laterally structured semiconductor microcavities
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with three-dimensionally confined photons. In a cavity with the Bragg mirror
stacks in the vertical direction and optical square-shaped lateral confinement,
the optical mode spectrum splits into 0D levels given by

ωphot = ω̄ +
�

2m̄

(π
L

)2 (
ν2
x + ν2

y

)
,

where L is the lateral width and νx,y = 1, 2, ... are the lateral quantum num-
bers. Tridimensional light confinement was reported in an in-plane micro-
cavity surrounded by a circular Bragg reflector [7.62]. The structure consists
of deep concentric trenches etched in a GaAs/AlxGa1−xAs waveguiding het-
erostructure. In a wire-shaped microcavity with the lateral confinement along
one direction, say along the x axis, the photon dispersion is described by a
set of 1D modes

ωphot(qy) = ω̄ +
�

2m̄

[(πνx
L

)2

+ q2y

]
,

where qy is the photon wave vector along the optical-wire axis. Exciton-light
coupling in cylindrical microcavities containing quantum wires was theoreti-
cally analyzed in [7.63].

Confined optical modes in semiconductor microcavities has opened a
way for studies of mixing between 0D and 1D photons and ND excitons
(N = 2, 1, 0) [7.64–7.69]. Recently Constantin et al. [7.70] have investigated
in one study the coupling between 1D excitons and 3D, 2D, 1D and 0D pho-
ton states in high-finesse photon-well, photon-wire and photon-dot Bragg-air
microcavites with embedded V-groove quantum wires. The interaction of
electromagnetic waves and excitons is enhanced with decreasing the dimen-
sionality of the states involved in the mixing.

7.5.2 Four-Wave Mixing in Microcavities

Turning to the nonlinear optical response of a QW microcavity in pump-probe
experiments we first of all mention the exciton bleaching in the presence of
free carriers generated under optical pumping, see, e.g., the review [7.52]
and references therein. Physically, the pumping can lead to broadening of
the exciton resonances, due to scattering of excitons by the photocarriers,
and/or to a reduction in the exciton oscillator strength (described by the
parameter Γ0), due to the phase-filling and screening effects. If the former
mechanism dominates then, with increased excitation, the transmission peaks
at ω± widen and reduce in height without a remarkable reduction in the
splitting ω+ − ω− [7.71]. Houdré et al. [7.72] studied a transition from the
strong- to the weak-coupling regime due to the photoinduced loss of exciton
oscillator strength. From carrier-density-dependent photoluminescence data,
they conclude that the oscillator strength saturates as (1+N/Nsat)−1/2 with
Nsat = 4.3 × 1011 cm−2 at 100 K, where N is the density of electron-hole
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pairs. Saba et al. [7.73] realized biexcitonic mechanism of the nonlinear opti-
cal response in a semiconductor microcavity. In pump-probe measurements
they observed a crossover from exciton to biexciton polaritons: with increas-
ing pump intensity the linear exciton-polariton doublet (7.61) evolves into a
triplet polariton structure and finally into a shifted biexciton-polariton dou-
blet.

The dynamics of exciton polaritons and the interplay between the coher-
ent and incoherent processes in quantum microcavities has been revealed in
a number of experiments on four-wave mixing carried out in cavities con-
taining III-V or II-VI QWs [7.74–7.76]. Combining (7.17) with (7.56) we can
switch the theoretical consideration of four-wave mixing from a single QW
to a λ-cavity with a QW in its center and write the basic equations [7.77][

d

dt
+ i(ω0 − ω̃) + Γ

]
P̃ (t) = iξΓ0Ẽ(t) + iFNL(t) , (7.62a)[

d

dt
+ i(ω̄ − ω̃) + γ̄

]
Ẽ(t) = Γ̄

[
i
ξ
P̃ (t) +

t′ml
2
Ẽ0(t)

]
(7.62b)

describing the nonlinear dynamics of exciton polaritons in the cavity.
We will analyze the degenerate four-wave mixing in a particular case

where all three frequencies ω0, ω̄ and ω̃ coincide and the incident pulses are
short enough to overlap spectrally both resonance frequencies ω± in (7.60).
In this case the responses P̃ (n)(t) and Ẽ(n)(t) to the pulses n = 1, 2 in the
four-wave-mixing setup can be presented as

P̃n(t) = it′mlξ
Γ̄Γ0

2Ω̃
Nnθ(t− tn) exp [−γ(t− tn)] sin [Ω̃(t− tn)] , (7.63)

Ẽn(t) =
t′ml
2
Γ̄Nnθ(t− tn) exp [−γ(t− tn)]

× {cos [Ω̃(t− tn)] − s sin [Ω̃(t− tn)]} ,

where γ = (Γ + γ̄)/2, s = (γ̄−Γ )/(2Ω̃) and 2Ω̃ is the Rabi splitting. For the
two-level-like nonlinearity, the nonlinear source in (7.62a) can be transformed
to

FNL(t) = iθ(t)F (0)
NLe−γT e−3γt sin [Ω̃(t+ T )] sin Ω̃t(cos Ω̃t−s sin Ω̃t), (7.64)

F
(0)
NL =

1
8
β2

(
t′mlΓ̄

)3
(
ξ
Γ0

Ω̃

)2

N1N 2
2 .

Here we assume pulse 1 to arrive before pulse 2, t2 > t1, and put t2 = 0 in
which case the interpulse time delay T = −t1 = |t1|. According to (7.64) the
electric field of the self-diffracted wave 2k2 − k1 can be presented as

Ẽ3(t) = e−γT [f1(t) cos Ω̃T + f2(t) sin Ω̃T ] , (7.65)
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where the functions f1(t), f2(t) are independent of T , and the time-integrated
signal has the form [7.77]

S(3)(T ) = Se−2γT [1 + a sin (2Ω̃T + φ0)] . (7.66)

Thus, the signal S(3)(T ) is a sum of monotonous and oscillating terms. The
three parameters S, a, φ0 entering (7.66) determine, respectively, the value of
the monotonous term at zero delay, and the relative amplitude and initial
phase of the oscillating term. A simple analytical form for these parameters
follows if we assume γ to be small as compared with the Rabi splitting which
implies the strong-coupling regime. Neglecting terms of the second and higher
orders in γ/Ω̃ we obtain for the parameters of the time-integrated signal

S =
1
12

1
(8γ)3

(
Γ̄ |F (0)

NL|
ξΩ̃

)2

, a =
γ̄ + 5Γ
Ω̃

, φ0 = 0. (7.67)

Figure 7.5 illustrates the calculated evolution of time-dependent self-
diffracted signal, |Ẽ(3)(t)|2, with increasing the interpulse delay for the case
ω̃ = ω0 = ω̄. The parameters used in the computation correspond to those
of Al0.2Ga0.8As λ-cavity with the distributed Bragg reflectors comprising
24 Al0.4Ga0.6As/AlAs stacks on the cavity front side (air interface) and 33
stacks on the substrate side. The refractive indices are as follows: next,l = 1,
next,r = 3.63, n1 = 3.17, n2 = 3.45, nb = 3.54. The calculated values of γ̄ and
Γ̄ are 0.51 ps−1 and 117 ps−1. A single QW was assumed to be embedded in
the center of the active layer and values of Γ = 1.0 ps−1 and Γ0 = 0.05 ps−1

were chosen for the exciton nonradiative and radiative damping rates. In this
case the Rabi splitting 2Ω̃ equals to 4.8 ps−1. The signal in Fig. 7.5 exhibits
quantum beats between the exciton and cavity modes, and a significant beat-
like modulation is exposed in the dependencies on both t and τ .

The analysis shows that, for the biexcitonic mechanism of nonlinear-
ity with Ω̃ � δbi, the time-resolved four-wave-mixing signal exhibits 2Ω̃-
oscillations modulated by the second period Tbi = 2π/δbi corresponding to
the biexciton binding energy �δbi. For comparable but incommensurable Ω̃
and δbi, the nonlinear signal reveals damped irregular oscillatory behavior.

Kelkar et al. [7.76] spectrally resolved four-wave mixing signal as a func-
tion of time delay and observed well-defined temporal oscillations at both the
cavitylike and heavy-hole-excitonlike resonances. The period of oscillations is
measured to be 440 fs and matches well with the splitting of 9.5 meV between
the two exciton-polariton modes.

7.5.3 Angle-Resonant Stimulated Polariton-Polariton Scattering

The further progress in the understanding of nonlinear optical properties of
microcavities was stimulated by an observation of the previously overlooked
scattering process shown in Fig. 7.6 [7.78–7.80]. In this process, two polaritons
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Fig. 7.5. The calculated time-resolved 2k2 − k1 signal for different time delays
between the light pulses. The real time t is referred to the peak of pulse 2. The
pattern reveals the damped oscillatory behavior in both τ - and t-dependencies.
From [7.77].

from the lower branch ω− with the same in-plane wave vector qp injected by
the oblique-incidence pump are scattered within the branch ω− into one “sig-
nal” polariton with q‖ = 0 and one “idler” polariton with q‖ = 2qp. Energy
and momentum conservation restricts the range of qp to those satisfying

2ω−(q‖) = ω−(0) + ω−(2q‖) . (7.68)

For particles with a parabolic dispersion this scattering process is forbidden.
As discussed in Sect. 7.5.1 the strong coupling between the excitons and
photons in a micricavity produces two new dispersion branches of mixed
quasiparticles. The lower branch ω−(q‖) has radically nonparabolic shape and
allows extra scatterings to take part, in particular the process in Fig. 7.6.
Substituting ω−(q‖) from (7.60) into (7.68) and considering a microcavity
with the photon resonance ω̄ tuned to ω0, we can come to the transcendental
equation √

1 + 4x2 −
√

4 + x2 + 1 − x = 0 ,
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for the dimensionless variable x = �q2‖/(2m̄V ). This equation has two solu-
tions, x1 = 0 and x2 = 1. Therefore, the above polariton-polariton scattering
occurs for qp =

√
2V m̄/� and the critical, or “magic”, angle of incidence is

given by

θp = arcsin (cqp/ω0) = arcsin
(
nb

√
2Ω̃/ω0

)
, (7.69)

because, if the detuning ω̄ − ω0 is zero and the damping rates are ignored,
the Rabi splitting 2Ω̃ equals 2V .

ω

0

+

−

phot

ω0=ω

0

0

Fig. 7.6. (a) Polariton dispersion relation vs. incident angle θ0 at zero detuning.
Microcavity (exciton) frequencies ωphot (ω0) shown dashed. Probe polariton (open
circle) stimulates the scattering of pump polaritons (filled circles). (b) Sample struc-
ture and experimental geometry probed at normal incidence and time delay τ , while
changing the pump angle θ0. From [7.78].

The scattering under consideration was first observed by Savvidis et
al. [7.78] in pump-probe experimental set-up shown in Fig. 7.6. The pump
pulse excites resonantly the polaritons ω−(qp) at the magic angle θp. With a
controlled delay a normally-incident probe pulse follows the pump one and
the spectrally-resolved reflected signal is measured as a function of the pump
intensity. The probe polaritons with q‖ = 0 stimulate the scattering of pump
polaritons. Fig. 7.7 shows the reflected probe spectra when a broad-band
100 fs probe pulse (< 0.3 mW) is focused along the growth axis to a 50
µm spot on the sample. The no-pump spectrum has two dips revealing the
exciton-polariton modes with the Rabi splitting 2Ω̃ ≈ 7 meV. This spec-
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trum is radically modified when the pump pulse arrives, provoking narrow-
band gains around the lower polariton of up to 70. These enormous gains for
the injected pulses are observed when the pump is tuned to the vicinity of
the lower-branch inflexion point and its incident angle is 16.5◦. To confirm
the gain is real, a narrow bandwidth probe centered at the lower polariton
was used, producing the amplified spectrum shown in inset in Fig. 7.7. The
observed angle-resolved stimulated amplification is a clear and impressive
demonstration of the bosonic nature of cavity exciton polaritons.

Fig. 7.7. Reflected probe spectra at τ = 0 for pump off, co-, and cross-circularly
polarized to the probe. Spectral oscillations are caused by interference between
reflections from front and back of the sample. Pump spectrum on lower trace. Inset:
Reflected narrow-band probe spectra at τ = 0, with pump pulse on/off, together
with pump PL without probe pulse (filled circles). From [7.78].
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In the absence of the probe pulse, the pump luminescence collected in
the same direction is over 2 orders of magnitude weaker. In [7.79, 7.80], the
pump photoluminescence was studied in more detail under conditions of cw
excitation of the similar QW microcavities. At low input powers Ip, the θ = 0◦

“signal” output is a linear function of Ip. The linear output-input regime
is followed by a dramatic superlinear increase above the threshold pump
density Ip ∼ 15 W/cm2. The bottom of the lower branch ω− forms a “trap”
for exciton polaritons. When driven by a cw laser at the magic angle, the
polaritons are sucked into the trap, condensing into a macroscopic quantum
state which efficiently emits light. Also clearly apparent in spectra is the
“idler” mode (with the wave vector 2qp) observed at the angle ϕ0 = 35◦. It
is more than an order of magnitude weaker than the signal.

A theory of the angle-resolved polariton amplifier has been proposed by
Ciuti et al. [7.81]. They consider the excitation configuration of Fig. 7.6 with
the probe and pump producing the polaritons with the wave vectors q‖ = 0
and q‖ = qp, respectively. Ciuti et al. present a close set of equations of
motion for the polarizations P0 ≡ P (q‖ = 0), P1 ≡ P (qp) and P2 ≡ P (2qp)
of the probe, pump and idler polaritons. For the steady-state regime with the
probe electric field Eprobe(t) = Ẽprobe exp (−iωt) and the pump electric field
Epump(t) = Ẽpump exp (−iωpt), one has

P0 = P̃0e−iωt , P1 = P̃1e−iωpt , P2 = P̃2e−i(2ωp−ω)t ,

where ωp = ω−(qp), and the equations for the polarization amplitudes read

{i [ω − ω−(0)] + γ} P̃0 = ΩintP̃
2
1 P̃

∗
2 + Fprobe , (7.70a)

γP̃1 = ΩintP̃0P̃
∗
1 P̃2 + Fpump , (7.70b)

{i[2ω−(qp) − ω − ω−(2qp)] + γ}P̃2 = ΩintP̃
∗
0 P̃

2
1 . (7.70c)

Here Fprobe,Fpump are the probe and pump driving terms proportional to the
amplitudes Ẽprobe and Ẽpump, �Ωint is the coupling energy of the polariton-
polariton interaction and, for simplicity, the damping rate is taken the same
for the three modes. Note that the frequencies ω0, ω−(qp) and ω−(2qp) are
slightly blueshifted with respect to the unperturbed lower polariton branch.
The blueshift occurs due to the polariton-polariton interaction and is pro-
portional to |P̃1|2.

Taking (7.70a) and complex conjugate of equation (7.70c) we have the
linear inhomogeneous system that determines the quantities P̃0 and P̃ ∗

2 as a
function of P̃1. With simple algebra, one finds that the probe polarization as
function of ω has two complex poles

P̃0 ∝ Fprobe

(ω(+) − ω)(ω(−) − ω)
,

ω(±) =
1
2

[
ω−(0) + 2ω−(qp) − ω−(2qp) ±

√
Θ
]

+ iγ ,
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with
Θ = [ω−(0) + ω−(2qp) − 2ω−(qp)]

2 − 4(Ωint|P̃1|2)2 .
The nonlinear response of the probe becomes singular when one of the poles
is real. Such a condition is fulfilled when the energy conservation law (7.68)
is satisfied and the threshold density given by Ωint|P̃1|2 = γ is reached. In
this case ω(−) becomes real and equal ω−(0) while ω(+) = ω−(0) + 2iγ. If
the energy conservation is not satisfied, particularly if the pump incidence
angle differs from the magic angle, the threshold density is higher and the
amplification smaller. The singularity of the probe polarization at ω = ω−(0)
is only formal and becomes finite if (7.70b) for the pump is consistently
solved [7.81].

Similar angular-resolved probe-pump experiments have been performed
as well in wire-shaped microcavities [7.82]. The experiments show that again,
due to polariton-polariton scattering, a high optical gain is observed at q = 0
and at the idler state 2qp, but for photonic wires the polariton energies can
be located on different subbranches from the pump.

7.5.4 Stimulated Spin Dynamics of Polaritons

According to Fig. 7.7, the scattering process introduced in [7.78] is highly po-
larization dependent. It is strong for co-circularly polarized pump and probe
beams and completely suppressed for their opposite circular polarizations. It
thus seemed possible to describe all the intermediate situations where both
pump and probe are elliptically polarized by simply decomposing them into
σ+ and σ− components and considering these components independently.
However, this picture has been ruled out by the experiment of Lagoudakis
et al. [7.83] who have reported unusual polarization properties of a micro-
cavity excited resonantly at the magic angle. For example, in the case of a
linearly-polarized pump pulse and circularly polarized probe pulse the ob-
served signal was linearly polarized but in the polarization plane rotated by
45◦ with respect to the pump polarization. Figures 7.8a, b and c plot the
intensity of polarization components of the emitted signal versus the helicity,
Ppump,c, of the elliptically polarized pump. The main axis of the pump polar-
ization ellipse is parallel to the incidence plane and the probe polarization is
kept circular σ+. The detected components are I+, I− (circular polarization),
I1, I2 (linear polarization in the axes 1, 2 being parallel and perpendicular
to the plane of pump incidence) and I1′ , I2′ (linear polarization in the axes
1′, 2′), see (3.228). The polarization of the idler emission shows a similar
behavior but differs in details from that of the signal. Kavokin et al. [7.84]
have presented two models, phenomenological and pseudospin ones, in or-
der to interpret the behavior of the polarized emission of resonantly excited
microcavities. The intensities of the six polarization components calculated
in the phenomenological model by using two fitting complex parameters are
shown in Figs. 7.8d, e and f. The pseudospin model in [7.84] is based on rep-
resenting the polariton polarized states in terms of the psedospin component
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(d)

(b)

(c)

Detection

Detection

DetectionDetection

Detection

Pump circularity

(e)

(f)

(a)

Detection

Pump circularity

0

Probe Probe

+1-1 0 +1-1

Fig. 7.8. Intensity of signal emission, decomposed into (a),(d) circular, (b),(e)
linear, and (c),(f) linear diagonal polarizations, as a function of the pump circular
polarization degree, where (a)-(c) show the experimental data and (d)-(f) show the
theoretical predictions. The probe is σ+ polarized. From [7.84].
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Sz for circular polarization and Sx, Sy for linear polarization in the axes 1, 2
and 1′, 2′, in the same way as it is done in Sect. 5.5.2 for heavy-hole excitons.
It is assumed that, due to exchange interaction, the pump pulse induces the
splitting of the probe polaritons described by the Hamiltonian

H =
�

2
(σ̃xΩx + σ̃zΩz) . (7.71)

similar to the Hamiltonian (5.150) or (5.156). Here σ̃x, σ̃z are pseudo Pauli
matrices, �Ωx is the pump-induced splitting proportional to the degree of
pump linear polarization in the axes 1, 2 and �Ωz is proportional to Ppump,c.
The probe psedospin rotates around the vector (Ωx, 0, Ωz) with the angular
velocityΩ =

√
Ω2
x +Ω2

z which leads to the observed polarization phenomena.
Concluding this chapter, we underline that spin dynamics of polaritons in
photon-well, photon-wire and photon-dot microcavities can be an area rich
on new effects and deserves the further study.



8 Photogalvanic Effects

And after the fire came a gentle whisper.

1 Kings 19: 12

Light propagating through a semiconductor and acting upon mobile carriers
can generate a dc electric current, under short-circuit condition, or a volt-
age, in case of open-circuit samples. In this chapter we consider only the
PhotoGalvanic Effects (PGE) which, by definition, appear not due to inho-
mogeneity of optical excitation of electron-hole pairs, as in the Dember and
photoelectromagnetic effects, and not due to inhomogeneity of the sample, as
in the conventional photovoltaic effect in p-n junctions. Phenomenologically,
the PGE under consideration are described by the following equation

jλ = I

[
γλµi(e × e∗)µ + χλµν

eµe
∗
ν + eνe

∗
µ

2
+ Tλµνηqµeνe

∗
η

]
(8.1)

which relates the dc current density with the light intensity I, polarization e
and wave vector q. In a bulk semiconductor or superlattice the index λ runs
over all three Cartesian coordinates x, y, z. In QW structures the free-carrier
motion along the growth direction is quantized and the index λ enumerates
two interface coordinates. In quantum wires and nanotubes the free move-
ment is allowed only along one axis, the principal axis of the structure, and
the coordinate λ is parallel to this axis. On the other hand, the light po-
larization unit vector e can be arbitrarily oriented in space and, therefore,
µ, ν = x, y, z. Note that, for linearly polarized light, the complex conjugate
vector e∗ is parallel to e and the vector product e × e∗ vanishes. However,
for elliptically polarized electromagnetic wave, this product is nonzero, it is
purely imaginary and proportional to the degree of circular polarization Pc.
Note that, for a transverse wave, the vector i (e × e∗) can be presented as a
product Pcô, ô being a unit vector in the direction of light propagation.

The tensor γ in (8.1) relates components of the polar vector j and the
axial vector e×e∗, it is nonzero for point groups which allow optical activity
or gyrotropy. The effect described by this tensor is called the circular PGE. It
appears only under illumination with circularly polarized light and reverses
direction when the sign of circular polarization is changed.

The effect described by the second term in (8.1) is called the linear PGE.
The reason is that it is independent of the sign of circular polarization and
usually measured under linearly polarized photoexcitation. The third-rank
tensor χ in (8.1) is invariant under interchange of indices µ and ν. There-
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fore, the linear PGE can be observed in noncentrosymmetric media of the
piezoelectric classes.

The third term on the right-hand side of (8.1) represents the photon drag
effect. It is due to momentum transfer from photons to charge carriers and
can be induced in both noncentrosymmetric and centrosymmetric systems.

We begin our study of the photocurrents from the circular PGE (Sect. 8.1).
Then we consider its counterpart, the spin-galvanic effect (Sect. 8.2). In
Sects. 8.3 and 8.4 we give an overview of the photon drag effect and the
linear PGE. Next we discuss the saturation of the circular and linear PGE
with increasing the light intensity (Sect. 8.5). The final section 8.6 is devoted
to the circular PGE and other chirality effects in carbon nanotubes.

8.1 Circular Photogalvanic Effect in Quantum Well
Structures

Physically, the circular PGE can be considered as a transformation of the
photon angular momenta into a translational motion of free charge carriers. It
is an electronic analog of mechanical systems which transmit rotatory motion
to linear one like a screw thread or a plane with propeller. The effect was
independently predicted by Ivchenko and Pikus [8.1], and Belinicher [8.2]. It
was studied both theoretically and experimentally in bulk gyrotropic crystals
(see the review article [8.3] and the book [8.4]), particularly in tellurium
[8.5,8.6], and recently in zinc-blende- and diamond-based QW structures [8.7–
8.10]. In this section we perform the symmetry analysis of the circular PGE
in (001)- and (113)-grown QWs, present experimental data for demonstration
and outline the microscopic theory of the effect under interband, intersubband
and intrasubband optical transitions in QWs.

The three point groups D2d, C2v and Cs are particularly relevant in con-
nection with the photogalvanic experiments on zinc-blende-based QW struc-
tures. Hereafter the Schönflies notation is used to label the point groups.
In the international notation they are labelled as 4̄2m,mm2 and m, respec-
tively. A (001)-grown QW with equivalent normal and inverted interfaces has
the D2d point-group symmetry. The point group reduces from D2d to C2v in
symmetrical QWs with built-in electric fields or asymmetrical QWs, say com-
positionally stepped QWs, QWs with different profiles of the left and right
interfaces, etc. If QWs are grown along the low-symmetry axis [hhl] �= [001],
[111] and [110], the point group becomes Cs and contains only two elements,
the identity and one mirror reflection plane σ(11̄0). In the cases h = l = 1
and h = 1, l = 0, the QW point symmetry increases up to C3v and C2v,
respectively.

For the point group Cs, in the coordinate system x ‖ [11̄0], y ‖ [ll(2h)],
z ‖ [hhl] the y- and z-components of a polar vector and x-component of
an axial vector are invariants (the representation A+, see Table A.1), the
x-component of a polar vector and y- and z-components of an axial vector
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transform according to the representation A−. As a result, the first term in
(8.1) can be rewritten as

jx = (γxyoy + γxzoz)IPc , jy = γyxoxIPc . (8.2)

For the point group C2v, in the coordinate system x ‖ [11̄0], y ‖ [110], z ‖ [001]
the component γxz is zero and (8.2) reduces to

jx = γxyoyIPc , jy = γyxoxIPc . (8.3)

Finally, for the point group D2d, in the above coordinate system the same
equations are also valid but the higher symmetry imposes the condition γxy =
γyx ≡ γ on the γ tensor. One has

jx = γoyIPc , jy = γoxIPc . (8.4)

It follows from (8.2)-(8.4) that, in QWs of the Cs symmetry, the circular PGE
can be observed even under normal incidence of irradiation while, in QWs of
the C2v or D2d symmetry, the circular photocurrent can be generated only
under oblique incidence.

Figure 8.1 shows results of measurements carried out at room tempera-
ture on (113)-grown p-GaAs/AlGaAs MQWs under normal incidence (upper
panel) and (001)-grown n-InAs/AlGaSb SQW structure under oblique inci-
dence with an angle of incidence in vacuum θ0 = −30◦ (lower panel). Optical
excitation was performed by a high-power far-infrared pulsed NH3 laser which
yields strong linearly polarized emission at wavelengths λ between 35 and 280
µm corresponding to photon energies from 35 to 4.4 meV with power up to
100 kW. The linearly polarized light could be modified to an elliptically po-
larized radiation by applying a crystalline quartz λ/4 plate and changing the
angle ϕ between the optical axis of the plate and the polarization plane of
the laser radiation. Thus the helicity Pc of the incident light varies from −1
(left handed, σ−) to +1 (right handed, σ+) according to

Pc = sin 2ϕ . (8.5)

One can see from Fig. 8.1 that the photocurrent direction is reversed when
the polarization switches from right-handed circular, ϕ = 45◦, to left-handed,
ϕ = 135◦. Moreover, the experimental points are well fitted by the equation

jλ(ϕ) = j0λ sin 2ϕ (8.6)

with one scaling parameter.
In Fig. 8.2 closer look is taken at the dependence of the photocurrent on

the angle of incidence θ0 in configuration with the incidence plane normal
to the axis x. According to (8.2) the photocurrent induced along x in (113)-
oriented QWs is given by

jx = (γxy sin θ + γxz cos θ)tptsI0Pc , (8.7)
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σ

σ

ϕ

σ

σ

θ

θ

Fig. 8.1. Photocurrent in QWs normalized by the light power P as a function of
the phase angle ϕ defining helicity. Measurements are presented for T = 300 K and
λ = 76 µm. The insets show the geometry of the experiment. Upper panel: normal
incidence of radiation on p-type (113)A-grown GaAs/AlGaAs QWs (symmetry class
Cs). The current jx flows along the [11̄0] direction perpendicular to the mirror plane.
Lower panel: oblique incidence of radiation with an angle of incidence θ0 = −30◦

on n-type (001)-grown InAs/AlGaSb QWs (symmetry class D2d or C2v). Full lines
are fitted using one parameter according to (8.6). [8.8]

where I0 is the light intensity in vacuum, tp and ts are transmission coeffi-
cients after Fresnel’s formula for linear p and s polarizations, θ is the refrac-
tion angle defined by sin θ = sin θ0/n, and n is the index of refraction. In this
case the circular PGE is observed at normal incidence. The fact that jx is
an even function of θ0 means that in the sample under study the component
γxz of the γ tensor is much larger as compared with γxy. In (001)-oriented
samples where γxz = 0, a signal proportional to sin 2ϕ is observed only under
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σ

σ

θ

θ

θ
Fig. 8.2. Photocurrent in QWs normalized by the light power P as a function
of the incidence angle θ0 for right-circularly polarized radiation σ+ measured per-
pendicularly to light propagation (T = 300 K, λ = 76 µm). Upper panel: n-type
(001)-grown InAs/AlGaSb QWs. Lower panel: p-type (113)A-grown GaAs/AlGaAs
QWs. Full lines are fitted using (8.7). From [8.8].

oblique incidence, and a variation of θ0 in the plane of incidence changes the
sign of the current jx exactly at the point θ0 = 0.

Microscopically, a conversion of photon helicity into a current can be
related to k-linear terms in the effective Hamiltonian H(1) = βlmσlkm. The
coefficients βlm form a pseudotensor subjected to the same symmetry restric-
tion as the pseudotensor γ. The coupling between the spin Pauli matrices σl
and the wave vector components km as well as spin-dependent selection rules
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σ
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ω

Fig. 8.3. (a) Microscopic picture describing the origin of spin polarized photocur-
rents. The essential ingredient is the spin splitting of the electron and/or hole states
due to linear-k terms. (b) Calculated spectrum of the interband circular photocur-
rent due to SIA (solid) and BIA (dashed) electron spin splittings in a 100-Å wide
QW. The arrows indicate the absorption edges for the four optical transitions. [8.11]

for electron optical transitions yield a net current sensitive to circularly po-
larized optical excitation. The circular PGE is most easily conceivable for
direct optical transitions between the heavy-hole valence subband hh1 and
conduction subband e1 in QWs of the Cs symmetry. For the sake of simplic-
ity, we take the linear-k terms into account only in the conduction subband
assuming the following parabolic dispersion in the e1 and hh1 subbands

Ee1,k,±1/2 = EQWg +
�2k2

2me
± βekx , E

v
hh1,k,±3/2 = −�2k2

2mh
, (8.8)

where EQWg is the bandgap renormalized because of the quantum confinement
of electrons and holes. In Fig. 8.3a the allowed optical transitions are from
j = −3/2 to s = −1/2 for the σ+ polarization and from j = 3/2 to s = 1/2
for the σ− polarization. Under circularly polarized radiation with a photon
energy �ω and for a fixed value of ky the energy and momentum conservation
allow transitions only from two values of kx. For the σ+ polarization these
particular kx values of photogenerated electrons are

k±x =
µ

�2
βe ±

[
2µ
�2

(�ω − EQWg ) − k2
y +

( µ
�2
βe

)2
]1/2

, (8.9)

where µ is the reduced electron-hole mass memh/(me+mh). The correspond-
ing transitions are shown in Fig. 8.3a by the solid vertical arrows with their
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“center-of-mass” shifted from the point kx = 0 by βeµ/�2. Thus the average
electron velocity in the excited state,

v̄e,x =
�(k+

x + k−x )
2me

− βe
�

= − µ

mh

βe
�
,

is nonzero and the contribution of k±x photoelectrons to the current do not
cancel as in the case βe = 0. Consequently, a spin polarized net current in
the x direction results. Changing the photon helicity from +1 to −1 inverts
the current because the “center-of-mass” for this transitions is now shifted
to −βeµ/�2. The asymmetric distribution of photoelectrons in the k space
decays within the momentum relaxation time τep . However, under steady-
state optical excitation new photocarriers are generated resulting in a dc
photocurrent. The photohole contribution in considered in a similar way.
Since the average hole velocity v̄h,x coincides with v̄e,x, the final result for
the interband circular photocurrent can be presented as

jx = ev̄e,x(τep − τhp )
ηcvI

�ω
Pc = −e(τep − τhp )

βe
�

µ

mh

ηcvI

�ω
Pc ,

where ηcv is the fraction of the energy flux absorbed in the QW due to the
hh1 → e1 transitions, different signs of the electron and hole contributions
reflect opposite signs of the electron and hole charges. Note that the ratio
I/(�ω) is the flux of photons. If we add the term ±βvkx to the electron
dispersion Evhh1,k,±3/2 in the valence band we obtain

jx = −e(τep − τhp )
(
βe
mh

+
βh
me

)
µ

�

ηcvI

�ω
Pc . (8.10)

It should be mentioned that allowance for the energy dependence of the
momentum relaxation times, τep (Ee) and τhp (Eh), results in multiplication of
the electron and hole contributions respectively by factors

1 + Ee
dlnτep (Ee)
dEe

, 1 + Ee
dlnτhp (Eh)

dEh
, (8.11)

where Ee,h is the electron or hole energy. In the following these additional
factors are as a rule disregarded.

Above we considered a particular mechanism of the circular PGE. Actu-
ally one can use the following general estimation for this effect

jCPGE = eτp
β

�

ηI

�ω
Pc , (8.12)

where η is the relative absorbance for the considered optical transitions, β is
a coefficient in the linear-k spin-dependent Hamiltonian and τp is a typical
momentum relaxation time.
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For more complicated band structures the previous simple consideration
is invalid. Then one needs to use a sophisticated kinetic theory operating with
the electron single-particle density matrix ρn′n(k) and the following general
equation of the electron current

j = e
∑
knn′

vnn′(k) ρn′n(k) . (8.13)

Here, the indices n, n′ enumerate the electronic states with a given value of k
and vnn′ is the matrix element of the velocity operator. If the states |n̄,−k〉
and |n,k〉 are related by the time inversion operation then one can write

vn̄n̄′(−k) = −vnn′(k) .

This means that the current (8.13) is contributed only by the antisymmetrical
component of the density matrix

ρ
(−)
n′n(k) =

1
2
[ρn′n(k) − ρn̄′n̄(−k)] . (8.14)

For photoelectrons excited into the conduction subband e1 in a (001)-
oriented QW and described by the effective 2×2 Hamiltonian

H = E0
e1 +

�2k2

2m∗ + βxyσxky + βyxσykx , (8.15)

(8.13) reduces to
j = e

∑
k

Tr
{

v̂(k)ρ(e)(k)
}
, (8.16)

and similar equation can be written for the photohole contribution. Here
ρ(e)(k) is the spin-density matrix and the velocity operator v̂(k) = �−1∂H/∂k
has the components

v̂x(k) =
�kx
m∗ +

βyx
�
σy , v̂y(k) =

�ky
m∗ +

βxy
�
σx . (8.17)

In the momentum-relaxation time approximation, one has

j = e
∑

k

τepTr
{

v̂(k)ρ̇(e)(k)
}
, (8.18)

where components of the spin-density generation matrix ρ̇(e) are given by

ρ̇
(e)
s′s(k) =

π

�

∑
v,j

Me1,s′;v,j(k)M∗
e1,s;v,j(k) (8.19)

×
[
δ
(
Ee1,k,s′ − Eevkj − �ω

)
+ δ

(
Ee1,k,s −Eevkj − �ω

)]
,

Me1,s;v,j(k) is the matrix element of the interband optical transition (vkj) →
(e1,k, s). As soon as linear-k spin-dependent terms are taken into account
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in the electron Hamiltonian and the light is circularly polarized, the an-
tisymmetrical component of the generation matrix ρ̇

(e)
s′s(k) is nonzero. The

photohole contribution to the photocurrent is considered in a similar way.
The spectral behavior of the interband circular PGE calculated for (001)-

grown QWs is presented in Fig. 8.3b. The four band edges jν → e1 are
indicated by arrows. As the photon energy approaches the bandgap e1-hh1
the photocurrent tends to zero. This can be understood taking into account
that, for QWs of the C2v or D2d symmetry, the circular photocurrent appears
only under oblique incidence, the optical transitions have to be allowed both
in the in-plane and normal-to-plane polarizations, but for purely heavy hole
states the interband transitions in the polarization e ‖ z are forbidden. The
circular photocurrent due to the hh1 → e1 becomes nonzero because of an
admixture of light-hole states in the heavy-hole subband hh1 at k �= 0. At
small values of �ω−EQWg the photocurrent is proportional to (�ω−EQWg )2 for
the BIA linear-k term (2.113) in the electron Hamiltonian (βxy = βyx) and
to the first order of �ω−EQWg for the SIA linear-k term (βxy = −βyx) [8.11].
One can see from Fig. 8.3b that the spectral variations of the BIA and SIA
contributions to the photocurrent differ dramatically in the whole frequency
region studied.

Since the characteristic spin splitting is usually small as compared with
the inhomogeneous broadening and kinetic energy of free carriers the pho-
tocurrents generated under interband, intersubband or intrasubband optical
excitation are mainly contributed by terms linear in the coefficients β. In this
case one can write the following general relation between the photogalvanic
tensor γ and tensor β(ν) describing the linear-k terms in the ν-th conduction
or valence subband ν

γλµ ∝ β
(ν)
µλ . (8.20)

In particular, the BIA and SIA terms give rise to independent contributions
to the circular PGE and one has

jx ∝ IPc(β
(ν)
BIA − β

(ν)
SIA)oy , jy ∝ IPc(β

(ν)
BIA + β

(ν)
SIA)ox , (8.21)

where
β

(ν)
BIA = (β(ν)

xy + β(ν)
yx )/2 , β(ν)

SIA = (β(ν)
xy − β(ν)

yx )/2 .

Note that in Chap. 2 the coefficients βBIA and βSIA are introduced as −β1

and β2, see (2.113) and (2.114). It is instructive to rewrite equations (8.21)
in terms of the current components in the principal axes x1 ‖ [100], x2 ‖ [010]
and obtain

j1 ∝ IPc(β
(ν)
BIAo1 − β

(ν)
SIAo2) , j2 ∝ IPc(−β(ν)

BIAo2 + β
(ν)
SIAo1) (8.22)

where o1, o2 are the components of the unit vector ô along x1 and x2. It is
worth to mention that the BIA and SIA linear-k terms give rise to many spin-
dependent phenomena in QWs such as an existence of beats in the Shubnikov-
de Haas oscillations, spin relaxation, splitting in polarized Raman scattering
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spectra, and positive anomalous magnetoresistence. However, in (001)-grown
QWs, the BIA and SIA spin-orbit splittings cannot be distinguished in these
experiments, particularly if one of the splitting mechanisms is dominating and
the electron energy dispersion is uniaxially invariant. On the other hand, the
circular PGE suggests a clear and effective way to identify the spin-splitting
mechanism in (001)-oriented QWs: under oblique optical excitation by the
circularly polarized light with the plane of incidence containing the principal
axis 1 or 2, the BIA- and SIA-related circular photocurrents are respectively
parallel and perpendicular to the incidence plane.

Next we turn to a more detailed discussion of the circular PGE for the
e1 → e2 intersubband transitions. The circular photocurrent is a sum of two
contributions

j = j(e2) + j(e1) (8.23)

= e
∑

k

[
τ (2)
p Tr

{
v̂(e2)(k)ρ̇(e2)(k)

}
+ τ (1)

p Tr
{

v̂(e1)(k)ρ̇(e1)(k)
}]

,

respectively, due to the asymmetry of distribution in k-space of electrons
excited to the subband e2 and electrons that stay in the subband e1. Here τ (ν)

p

is the electron momentum relaxation time in the subband ν. The generation
matrix ρ̇(e2)(k) for incoming electrons is similar to (8.19). Therefore, it will
suffice to present here the expression for the generation matrix in the e1
subband

ρ̇
(e1)
s′s (k) = −π

�

∑
j

Me2,j;e1,s(k)M∗
e2,j;e1,s′(k) (8.24)

×
[
f0(Ee1,ks)δ (Ee2,kj − Ee1,ks − �ω) + f0(Ee1,ks′)δ (Ee2,kj −Ee1,ks′ − �ω)

]
where the indices j, s, s′ enumerate the spin-split eigenstates and the factor
−1 means that the electrons are outgoing from the e1 subband. Note that
the order of indices s, s′ in the product Me2,j;e1,s(k)M∗

e2,j;e1,s′(k) differs from
that for incoming electrons, see (8.19).

In order to make the physics more transparent we will first consider the in-
tersubband circular photocurrent generated under normal incidence in QWs
of the Cs symmetry, say in (113)-grown QWs, and use the appropriate co-
ordinate system x, y, z with z ‖ [113]. The electron energy spectrum is given
by

Eeν,k,s = E0
ν +

�2k2

2m∗ ± βνkx , (8.25)

where βν = β
(ν)
zx and, for the sake of simplicity, we neglect nonparabolicity

effects assuming the effective mass m∗ to be the same in both subbands. For
the direct e2-e1 transitions, the energy and momentum conservation laws
read

E21 + 2(s′β2 − sβ1)k = �ω .

where E21 is the Γ -point gap E0
2 − E0

1 and s′, s = ±1/2. In Chap. 4 we
showed that, in the polarization e ⊥ z, the direct intersubband absorption is
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weakly allowed only for the spin-flip transitions, (e1,−1/2) → (e2, 1/2) for
σ+ photons and (e1, 1/2) → (e2,−1/2) for σ− photons. Particularly, under
the σ+ photoexcitation the electrons involved in the transitions have the fixed
x-component of the wave vector

k21 =
�ω − E21

β2 + β1
(8.26)

and velocity

v(eν)
x =

�k21

m∗ +
βν
�
. (8.27)

It follows then that the circular photocurrent can be written as

j(e1)x = e
(
v(e2)
x τ (2)

p − v(e1)
x τ (1)

p

) η21I
�ω

Pc , (8.28)

where η21 is the absorbance or the fraction of the energy flux absorbed in
the QW due to the transitions in consideration, v(eν)

x is given by (8.27) and
minus in the right-hand side means that the e1-electrons are removed in the
optical transitions.

As indicated in Sect. 4.1.1, in available QW structures the inhomogeneous
broadening ∆21 of the gap E21 exceeds the width δ21 of absorption spectrum
in an ideal QW. The inhomogeneous broadening is taken into consideration
by multiplying the photocurrent j as a function of E21 by the distribution
function F (E21) of the gaps E21 and integrating over E21. Since δ21 � ∆21

the function F can be expanded in powers of E21 − �ω and it is enough to
keep the first two terms

F (E21) ≈ F (�ω) +
dF (�ω)
d �ω

(E21 − �ω) . (8.29)

The convolution of the current (8.28) with the inhomogeneous distribution
function (8.29) leads to

jx =
e

�
(β2 + β1)

[
τ2 η21(�ω) + (τ1 − τ2) Ē

d η21(�ω)
d �ω

]
IPc
�ω

, (8.30)

where η21 ∝ F (�ω) is the absorbance calculated, neglecting the linear-k
terms but taking into account the inhomogeneous broadening. Ē is the mean
value of the 2D electron energy, namely half of the Fermi energy EF for a
degenerate 2D electron gas and kBT for a nondegenerate gas.

In case of the e2-e1 transitions in (001)-grown QWs one should start from
the spin Hamiltonian

Hν = E0
eν +

�2k2

2m∗ + β(ν)
xy σxky + β(ν)

yx σykx (8.31)

and the intersubband matrix elements of the velocity operator (Chap. 4)
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||e · vs′zsz
|| =

�

m∗ k
(2,1)
z

[
ez Λ(ex − iey)

−Λ(ex + iey) ez

]
, (8.32)

Λ =
E21∆(2Eg +∆)

2Eg(Eg +∆)(3Eg + 2∆)
,

written in the basis of spin states with sz = ±1/2. In order to perform a
calculation taking into account all powers of βλµ one needs to use (8.23) and
(8.24) in a straightforward way. As soon as we are interested in contributions
to photocurrents linear in β we can set all β’s to zero except for one and
proceed similarly to the Cs-symmetry case. For example, we retain the term
β

(ν)
yx σykx in (8.31) and disregard the term proportional to β

(ν)
xy . The corre-

sponding current is induced in the x-direction perpendicularly to the plane
(y, z) of oblique incidence:

jx ∝ i(e × e∗)y = i(eze∗x − exe
∗
z) = Pc oy . (8.33)

Then the eigenstates have a fixed spin component on the y axis and the spin
split energies are determined by (8.25) where βν = β

(ν)
zx is changed by β

(ν)
yx

and ± means spin states with sy = ±1/2. Since the component ez is present
in (8.33) and the spin under z-polarized transitions is conserved, see (8.32),
only spin-conserving processes (e1, sy) → (e2, sy) contribute to the circular
photocurrent jx. From (8.32) one can find the corresponding matrix elements
of the velocity operator

〈e2, sy|e · v̂s′zsz
|e1, sy〉 = v21(ez + 2iΛsyex)

and, hence,

|〈e2, sy|e · v̂s′zsz
|e1, sy〉|2 = |v21|2(|ez|2 − 2ΛsyPcoy) , (8.34)

where the term quadratic in Λ is neglected. The second consequence of the
spin conservation is that, instead of (8.26), the wave vector component kx of
electrons involved in the transitions is expressed not via the sum but via the
difference of β coefficients

k21 =
�ω − E21

β
(2)
yx − β

(1)
yx

.

The final result for the circular photocurrent reads

jx = −Λe
�
(β(2)
yx − β(1)

yx )
[
τ2 η21(�ω) + (τ1 − τ2) Ē

d η21(�ω)
d �ω

]
IPc
�ω

oy , (8.35)

where η21 is the absorbance in the polarization e ‖ z.
An important conclusion is that the photocurrents (8.30) and (8.35)

change their signs within the resonance absorption spectrum. If the inho-
mogeneous broadening has a Gaussian character, i.e., if
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F (E21) =
1√
π∆21

exp

[
−
(
E21 − Ē21

∆21

)2
]
, (8.36)

the inversion point lies at the photon energy

�ωinv = Ē21 +
τ2

τ1 − τ2

∆2
21

2Ē
. (8.37)

Usually τ1 > τ2 and the inversion point should be blue-shift relative to the
resonance energy Ē21 determined from light transmission spectral measure-
ments. However, for τ1 � τ2 this blue shift is negligible. The sign inversion
of the circular photocurrent in the resonant e2-e1 transition region has been
recently observed in n-type GaAs/AlGaAs QW samples [8.12].

In contrast to electrons in the conduction band, the energy dispersion of
holes in the valence band of QWs is essentially nonparabolic and intersub-
band absorption can involve simultaneously different pairs of subbands hhν
and hhν′. However, with some modifications of the theory and complications
in calculations the intersubband circular CPE in p-doped samples can be
considered in a way similar to that in n-QWs.

Now we turn to intrasubband optical transitions

(e1,k, s) + �ω → (e1,k′, s′)

in the lowest electron subband e1. They are indirect in the k space, occur
due to additional scattering by phonons or static imperfections and involve
virtual intermediate states. This situation is realized in n-doped QWs for
photon energies to be not high enough in order to excite direct intersubband
transitions. The intrasubband photocurrent is given by the general equation
(8.18) where the generation matrix is a sum of contributions due to the
ingoing and outgoing electrons. The corresponding generation matrices have
the form

ρ̇
(out)
s′s (k) = −π

�

∑
k′j

M ind
k′j,ksM

ind ∗
k′j,ks′ (8.38)

×
[(
f0

ks′ − f0
k′j

)
δ (Ek′,j − Ek,s′ − �ω) +

(
f0

ks − f0
k′j

)
δ (Ek′,j − Ek,s − �ω)

]
,

ρ̇
(in)
j′j (k′) =

π

�

∑
ks

M ind
k′j′,ksM

ind ∗
k′j,ks (8.39)

×
[(
f0

ks − f0
k′j

)
δ (Ek′,j − Ek,s − �ω) +

(
f0

ks − f0
k′j′

)
δ (Ek′,j′ − Ek,s − �ω)

]
.

Here Ek,s ≡ Ee1,k,s, f0
ks is the electron distribution function in the e1 sub-

band and M ind
kj,ks is the matrix element of the indirect optical transition. In

the second order of the perturbation theory it is given by

M ind
k′j,ks =

∑
n

(
Ve1,k′,j;nkMnk;e1,k,s

Enk − Ee1,k,s − �ω
+
Me1,k′,j;nk′Vnk′;e1ks

Enk′ − Ee1,k,s ± �Ω

)
, (8.40)
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where the index n enumerates the intermediate states, Mn′k;nk and Vn′k′;nk

are the matrix elements of the electron-photon and electron-phonon or
electron-defect interaction, Ω is the phonon frequency, the sign ± corresponds
to emission and absorption of phonons. For the scattering by static defects Ω
is set to zero. An important point is that indirect transitions via intermediate
states in the same subband do not contribute to the circular PGE. The ef-
fect appears if virtual processes involve intermediate states in other bands or
subbands, n �= e1. The same takes place for intrasubband optical orientation
of electronic spins in the conduction band. The latter is discussed in more
detail in the next subsection in connection with the spin-galvanic effect.

8.2 Spin-Galvanic Effect

The mechanisms of the circular PGE discussed so far are linked with the
asymmetry in the momentum distribution of carriers excited in optical tran-
sitions which are sensitive to the light’s circular polarization due to selection
rules. Now we discuss an additional possibility to generate a photocurrent
sensitive to the photon helicity [8.13, 8.14]. In a system of free carriers with
non-equilibrium spin-state occupation but equilibrium energy distribution
within each spin branch, the spin relaxation or Larmor precession in an exter-
nal magnetic field can be accompanied by generation of an electric current.
Phenomenologically, this linkage between an electric current and the total
electronic spin s is described by

jλ =
∑
µ

Qλµsµ . (8.41)

The symmetry of the second-order pseudotensor Q coincides with that of the
tensor γ describing the circular PGE, see (8.1). Similarly, its non-vanishing
components can exist in non-centrosymmetric systems belonging to one of
the gyrotropic classes. In (001)-oriented QWs of the C2v symmetry equa-
tion (8.41) reads

jx = Qxysy , jy = Qyxsx . (8.42)

If the non-equilibrium spin is produced by optical orientation and the
spin sµ is proportional to the degree of light circular polarization Pc the
current generation can be reputed just as another mechanism of the circular
PGE. However the non-equilibrium spin s can be achieved both by optical
and non-optical methods, e.g., by electrical spin injection, and, in fact, (8.41)
presents an independent effect called the spin-galvanic effect. Here we bear in
mind spin-induced electric currents that appear under uniform distribution
of the spin polarization in the 3D-, 2D- or 1D space, respectively, in a bulk
semiconductor, a QW and a quantum wire. In this sense the spin-galvanic
effect differs from surface currents induced by inhomogeneous spin orienta-
tion [8.15] and other phenomena where the spin current is caused by gradients
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of potentials, concentrations, etc., like spin-voltaic effect which occurs in in-
homogeneous samples, e.g., the ‘paramagnetic metal-ferromagnetic’ junction
or p-n junction.

Ω

σ

σ

Fig. 8.4. Current jx as a function of the magnetic field B for normally incident
right-handed (open circles) and left-handed (filled circles) circularly polarized ra-
diation at λ = 148 µm and radiation power 20 kW. Measurements are presented
for an n-GaAs/AlGaAs single heterojunction at T = 4.2 K. Curves are fitted from
(8.43) using the same value of the spin relaxation time τs and scaling of the jx value
for both the solid and dashed curves. From [8.14].

Usually the circular photogalvanic and spin-galvanic effects are observed
simultaneously under illumination by circularly polarized light and do not al-
low experimental separation. However, they can be separated in time-resolved
measurements. Indeed, after removal of light or under pulsed photoexcita-
tion the circular photocurrent decays within the momentum relaxation time
τp whereas the spin-galvanic current decays with the spin relaxation time.
Next we consider a geometry of experiment under steady-state photoexcita-
tion which allows to observe the spin-galvanic effect and exclude the circular
PGE [8.14]. The geometry is depicted in inset in Fiq. 8.4. The circularly po-
larized light is incident normally to the interface plane (001) of a QW, the
light absorption yields a steady-state spin orientation s0z in the z direction
proportional to the spin-generation rate ṡz. The symmetry of (001)-grown
QWs forbids generation of a current proportional to the normal component
of s. To obtain an in-plane component of the spins, necessary for the spin-
galvanic effect, a magnetic field B ‖ x is applied. Due to Larmor precession
a non-equilibrium spin polarization sy is induced,



376 8 Photogalvanic Effects

sy = − ΩLτs⊥
1 + (ΩLτs)2

s0z , (8.43)

where τs = √
τs‖τs⊥, τs‖, τs⊥ are the longitudinal and transverse electron

spin relaxation times, ΩL is the Larmor frequency. The photocurrent mea-
sured in the x direction is depicted in Fig. 8.4 as a function of the magnetic
field for two opposite circular polarizations of the light. In accordance with
the phenomenological equations (8.42) and (8.43) the current jx exhibits non-
monotonous variation with the magnetic field. Comparison with theory allows
to find a product gτs and the spin relaxation time if the electron g-factor is
known.

There are two different microscopical mechanisms of the spin-galvanic ef-
fect, namely, kinetic and relaxational [8.13]. The experimental data of Fig. 8.4
can be understood in terms of the kinetic mechanism. It is inherently con-
nected with the spin dependency of matrix elements, Mk′s′,ks, of electron
scattering by impurities, other static defects and phonons. It is convenient to
represent the 2×2 matrix M̂k′k as a linear combination of the unit matrix Î
and Pauli matrices as follows

M̂k′k = Ak′kÎ + σ · Bk′k , (8.44)

where A∗
k′k = Akk′ , B∗

k′k = Bkk′ due to hermiticity of the interaction and
A−k′,−k = Akk′ , B−k′,−k = −Bkk′ due to the symmetry under time in-
version. For the conduction subband e1 in a (001)-grown QW the electron-
phonon deformation-potential Hamiltonian has the form

HDP (k′,k) = Ξc
∑

i=1,2,3

uii (8.45)

+ΞcvLcv {u12 [σ1(k′2 + k2) − σ2(k′1 + k1)] + σ3 [u31(k′1 + k1) − u32(k′2 + k2)]} .
Here k′,k are the electron final and initial wave vectors, uij are the strain
tensor components induced by acoustic vibrations, Ξc and Ξcv are the
conduction-band and interband deformation potential constants, the indices
1, 2, 3 represent the principal axes [100], [010], [001],

Lcv =
P∆

3Eg(Eg +∆)
, P = −i

�

m0
〈S|p̂z|Z〉 .

One can readily find the scalar Ak′k and pseudovector Bk′k for this particular
scattering mechanism. In the axes x ‖ [11̄0], y ‖ [110], z ‖ [001] the first term
in (8.45) remains invariant while the expression in braces in the second term
of (8.45) becomes

1
2
(uxx−uyy)

[
σx(k′y + ky) − σy(k′x + kx)

]
+σz

[
uzx(k′y + ky) + uzy(k′x + kx)

]
.

The spin-galvanic current observed in the geometry of Fig. 8.4 is caused by
the asymmetric spin-flip scattering of spin-polarized electrons in the systems
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ε

Fig. 8.5. Microscopic origin of the spin-galvanic current in the presence of k-linear
terms in the electron Hamiltonian. The σykx term in the Hamiltonian splits the
conduction band into two parabolas with the spin ±1/2 in the y direction. If one
spin subband is preferentially occupied, asymmetric spin-flip scattering results in
a current in the x direction. The rate of spin-flip scattering depends on the value
of the initial and final k-vectors. There are four distinct spin-flip scattering events
possible, indicated by the arrows. The transitions sketched by dashed arrows yield
an asymmetric occupation of both subbands and hence a current flow. If, instead of
the spin-down subband, the spin-up subband is preferentially occupied the current
direction is reversed.

with k-linear contributions to the effective Hamiltonian. Figure 8.5 illustrates
the electron energy spectrum with the βyxσykx term included. Spin orienta-
tion in the y direction causes an unbalanced population in the spin-down
and spin-up branches. Spins oriented in the y direction are scattered along
kx from the higher filled branch, say the spin-up or |1/2〉y branch, to the
less filled branch | − 1/2〉y. The matrix elements for these spin-flip processes
are proportional to the components Bk′k,x and Bk′k,z of the vector Bk′k in
(8.44).

Four different spin-flip scattering events are schematically sketched in
Fig. 8.5 by arrows. Their probability rates depend on the values of the wave
vectors of the initial and final states. Spin-flip transitions shown by solid ar-
rows have the same rate. They preserve the symmetric distribution of carriers
in the branches and, thus, do not yield a current. The two processes indicated
by broken arrows are not equivalent and generate an asymmetric carrier dis-
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tribution around the branch minima in each spin branch. This asymmetric
distribution results in a current flow along the x direction.

In considering the relaxational mechanism of the spin-galvanic effect we
can ignore spin-dependence of the scattering matrix elements but should
retain quantum corrections of the order of H(1)/Ē, where Ē is the average
electron kinetic energy. We apply the spin density matrix formalism used in
Chap. 5 while describing the electron spin relaxation and, in the same way,
assume the following hierarchy of relaxation times to be fulfilled

τp � τε � τs, τ0 , (8.46)

where τp, τε, τs are, respectively, the electron momentum, energy and spin
relaxation times, τ0 is the electron lifetime in case of the interband optical
photoexcitation.

The conditions (8.46) allow a straightforward solution of the kinetic equa-
tion for the electron spin density matrix

∂ρk

∂t
+
ρk

τ0
+

(
∂ρk

∂t

)
s.r.

+
i
�

[H(1)
k + HB, ρk] +Qk{ρ} = Gk , (8.47)

whereGk is the generation matrix,Qk{ρ} is the collision integral, (∂ρk/∂t)s.r.
is the spin relaxation term, H(1)

k and HB are the linear-k and Zeeman Hamil-
tonians. The current is given by the standard equation (8.16). In what follows
we derive a contribution to the current linear in the coefficients βλµ govern-
ing H(1)

k . It means that we retain only terms linear in H(1)/Ē and neglect
quantum corrections of the order HB/Ē. In this approximation, in the state
of thermal equilibrium the matrix ρk for electrons with non-equilibrium spin
polarization S per particle can be written as

ρ0
k =

{
f0(H′

k), 1 + 2σ · S
}
s
, (8.48)

where f0(E) is the Fermi-Dirac distribution function, {MN}s = (MN +
NM)/2, H′

k is the electron effective Hamiltonian at zero magnetic field, i.e.,
the sum E0

k+H(1)
k with E0

k being �2k2/(2m∗). Note that the total spin density
s in (8.41) is a product of S and the electron density Ne. Practically, one
should keep only zero- and first-order terms and replace (8.48) by

ρ0
k = f0(1 + 2σ · S) +

∂f0

∂E
H(1)

k +
∂f0

∂E
�

(
Ω

(1)
k · S

)
, (8.49)

where the angular frequency Ω
(1)
k is defined according to (2.116).

First of all we demonstrate that the distribution (8.49) leads to no electric
current and the collision integral vanishes upon substitution of the matrix ρ0

k.
In order to demonstrate the absence of current we notice that the sum

j = e
∑

k

Tr
{
v̂(k)ρ0

k

}
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after finding the trace reduces to three terms, namely

2e
∑

k

�k

m∗ f
0
(
E0

k

)
,

2e
∑

k

f0
(
E0

k

)
∇k

(
Ω

(1)
k · S

)
and 2e

∑
k

(
Ω

(1)
k · S

)
�k

m∗
df0

(
E0

k

)
dE0

k

.

The first term vanishes because of the odd parity of k f0
(
E0

k

)
while the

second and third sums may be transferred into∑
k

[
f0

(
E0

k

)
∇k

(
Ω

(1)
k · S

)
+

(
Ω

(1)
k · S

)
∇kf

0
(
E0

k

)]

=
∑

k

∇k

[(
Ω

(1)
k · S

)
f0

(
E0

k

)]
,

and also vanish. The second property, Qk{ρ0} ≡ 0, can be checked if we write
the collision integral for any particular mechanism of electron scattering. Say,
for elastic scattering with spin-independent scattering matrix elements Vk′k
one has

Qk{ρ} =
2π
�

∑
k

Ni |Vk′k|2 (8.50)

×
{
δ
(
E0

k + H(1)
k − E0

k′ + H(1)
k′

)
, ρk − ρk′

}
s
.

Here the curly brackets with the subscript s mean the antisymmetrization
of matrices, Ni is the concentration of static defects and the δ-function is
understood as

δ
(
E0

k − E0
k′
)

+
(
H(1)

k −H(1)
k′

) ∂

∂E0
k

δ
(
E0

k − E0
k′
)
.

Substituting (8.49) into (8.50) and retaining zero- and first-order terms we
obtain zero by using the identity

[
F (E0

k) − F (E0
k′)

] ∂

∂E0
k

δ
(
E0

k − E0
k′
)

= −δ
(
E0

k − E0
k′
) ∂

∂E0
k

F (E0
k)

for any analytical function F (E).
We demonstrate the relaxational mechanism under conditions of inter-

band optical orientation by circularly polarized light and then briefly discuss
the intraband excitation. Since τε � τ0 it is not necessary to study the re-
laxation of the energy of hot photoelectrons to the bottom of the conduction
band, and the generation matrix Gk in (8.47) can be written in the form

Gk = (g/n)
{
f0 (H′

k) , 1 + 2σ · S0

}
s
, (8.51)
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where g is the rate of optical excitation of electrons in the conduction band, n
is their density and S0 is the average spin of a photocreated electron relaxing
to the conduction-band bottom. As in the case with ρ0, one needs to expand
(8.51) up to the first-order terms

Gk =
g

n

[
f0(1 + 2σ · S0) +

∂f0

∂E
H(1)

k +
∂f0

∂E
�

(
Ω

(1)
k · S0

)]
.

We use the simple momentum-relaxation model and present the collision
integral in the form

Qk{ρ} =
ρk − ρ0

k

τp
. (8.52)

While solving the kinetic equation (8.47) we write the spin density matrix as

ρk = ρ0
k + δρk (8.53)

and assume δρk to be a small correction. It is an odd function of k.
Under steady-state photoexcitation ρk is time-independent, and the first

term in the left-hand side of (8.47) vanishes. After averaging the terms of
this equation over the vector k we obtain

g

n
=

1
τ0
,

(
1
τ0

+
1
τs

)
S + S × ΩL =

1
τ0

S0 , (8.54)

where ΩL is the Larmor vector frequency, and τ−1
s is the spin relaxation rate

including the contribution due to the Dyakonov-Perel’ mechanism related to
the term (i/�)[H(1)

k , ρk] in (8.47). These are the balance equations discussed
in Chap. 5. Now we derive, from (8.47), an equation for δf = Tr{δρ/2}. It
has the form

1
τ0

∂f0

∂E
�

(
Ω

(1)
k · S

)
+
δfk

τp
=

1
τ0

∂f0

∂E
�

(
Ω

(1)
k · S0

)

and, therefore, the correction δfk is given by

δfk = �
∂f0

∂E

τp
τ0

Ω
(1)
k · (S0 − S) . (8.55)

One can see that it is smaller than the last term in (8.49) by a factor of
τp/τ0. However, this is the correction contributing to the current and for a
nondegenerate gas of photoelectrons one obtains

j = 2e
∑

k

�k

m∗ δfk = −egτp∇k

(
Ω

(1)
k ,S0 − S

)
(8.56)

or, according to (8.54),
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j = −egτ0τp∇k

(
Ω

(1)
k ,

S

τs
+ S × ΩL

)
. (8.57)

If S is varying in time and the characteristic time of variation is long as
compared to τp, τε then (8.56) is generalized to

j = −egτp∇k

(
Ω

(1)
k ,S0 − S − τ0

dS

dt

)
, (8.58)

which can be just as well converted into (8.57).
In order to consider the relaxational mechanism under intraband optical

orientation of electronic spins in n-doped QWs the lifetime τ0 in (8.47) should
be set to infinity. The intraband generation matrix has the form

Gk = 2
{
f0 (H′

k) ,σ · Ṡ
}
s
, (8.59)

where Ṡ is the spin generation rate per particle. Then we obtain for the
correction δfk contributing to the current

δfk = �
∂f0

∂E
τp Ω

(1)
k · Ṡ

and for the current
j = −eNeτp∇k

(
Ω

(1)
k · Ṡ

)
. (8.60)

Under normal incidence of the light on a (001)-grown QW the vector Ṡ is
directed along z and the current is zero. Thus, the relaxational mechanism
makes no contribution to the spin-galvanic current in the set-up of Fig. 8.4
and the latter is completely related to the kinetic mechanism.

The radiation of the CO2 laser causes direct e2-e1 optical transitions
in GaAs/AlGaAs MQWs. It can induce the resonant spin-galvanic current
at normal incidence of radiation in the presence of an in-plane magnetic
field, as this effect was observed under intrasubband transitions (Fig. 8.4).
Since the spin generation rate Ṡz ∝ K⊥ ∝ Kz, where K⊥,Kz are defined
in (4.21) the spectral behavior of the spin-galvanic current must coincide
with the absorption spectrum. One can see from Fig. 4.5 that the wavelength
dependence of the spin-galvanic effect obtained between 9.2 µm and 10.6 µm,
indeed, repeats the spectrum of the intersubband absorption.

8.3 Photon Drag Effect

In the calculation of the circular PGE, the photon momentum �q was ne-
glected. The photon drag effect described by the tensor T in (8.1) is entirely
owing to the existence of a photon momentum. Classically, the momentum
carried by electromagnetic waves can manifest itself through a radiation pres-
sure on a surface as described already by Maxwell. Light pressure effects are
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found in several fields of physics, namely, astrophysics, atomic and molecular
physics, solid-state physics, including metals and semiconductors, bulk mate-
rials and nanostructures. If the absorption in a solid is caused by free-carrier
optical transitions, intraband, interband, bound-to-continuum etc., these car-
riers acquire a directed motion due to momentum transfer from photons to the
particles. In bulk crystals the photon drag current was first observed experi-
mentally in the microwave region [8.16] and in quantum transitions between
the valence subbands in Ge excited by a CO2 laser [8.17,8.18]. New features
of the photon drag effect in a 2D electron gas were predicted by Vasko [8.19],
Luryi [8.20], Grinberg and Luryi [8.21] and observed experimentally by Wieck
et al. [8.22]

A reasonable estimation of the light-induced drift of quantum-confined
carriers can be obtained on the basis of the following simple argument applied
for example to a QW. If η is the relative absorbance and q‖ is the photon
in-plane wave vector component then the rate of momentum transfer per
particle per unit area is given by

F = �q‖
ηI

�ωNe
.

This is nothing but the drag force acting upon each electron. It gives rise to
a drift velocity vd = (τp/m∗)F and a current density

jPD = eNevd = eτp
�q‖
m∗

ηI

�ω
. (8.61)

The same estimation follows from the momentum and energy conservation
laws

Ee2,k+q‖ − Ee1,k = �ω (8.62)

for the direct interband optical transition (e1,k) → (e2,k + q‖). The kinetic
energy �2(k + q)2/(2m∗) has a linear-k term, �2(k · q)/m∗, which is rem-
iniscent of the linear-k spin-dependent term in (8.8). One can see that the
current (8.61) is obtained from the estimation (8.12) for the circular PGE
as soon as the velocity, β/�, related to the electron linear-k dispersion is
substituted by the velocity, �q‖/m∗, of an electron with the momentum �q‖.
Continuing this analogy we can use (8.10), change βe by �2q‖/me, set βv to
zero and Pc to −1, use the identity memh/µ = me + mh ≡ M and finally
come to the interband photon drag current induced under normal incidence

j = e(τep − τhp )
�q‖
M

ηcvI

�ω
. (8.63)

The photon drag effect induced by the e2-e1 resonant transitions can be found
from (8.30) by performing the replacement β2 + β1 → (�2q‖/m∗), Pc → +1,
η21(e ⊥ z) → η21(e ‖ z) |ez|2 which leads to

j = e
�q‖
m∗ |ez|

2

[
τ2 η21(�ω) + (τ1 − τ2) Ē

d η21(�ω)
d �ω

]
I

�ω
, (8.64)



8.3 Photon Drag Effect 383

where for the sake of brevity η21 stands for η21(e ‖ z). It is worth to note that
q‖|ez|2 = q sin3 θ. In Fig. 8.6 the spectral response of the photon drag effect
in a modulation-doped GaAs/Al0.35Ga0.65As MQW structure is presented
[8.23]. A Lorentzian absorption is taken for the fit using (8.64). The spectral
line shape of the photon drag current yields a relaxation time ratio τ1/τ2 =
1.6.

µ

Fig. 8.6. Photon drag spectrum at room temperature of the modulation-doped
GaAs/AlxGa1−xAs MQW sample, measured at a micropulse intensity of 2.5
MW/cm2. For a better signal to noise ratio, an integration is made over the en-
tire macropulse of FELIX (5.6 µs). Solid line is the best fit according to (8.64).
From [8.23].

It is instructive to compare equations (8.63, 8.64) derived for particular
mechanisms with the general symmetry considerations. For QWs of the sym-
metry C2v, the phenomenological description (8.1) gives for the photon drag
effect

jPD,x = qxI
∑

µ=x,y,z

Txxµµ|eµ|2 + qyITxyxy
(
exe

∗
y + eye

∗
x

)
, (8.65)

jPD,y = qyI
∑

µ=x,y,z

Tyyµµ|eµ|2 + qxITyxyx
(
exe

∗
y + eye

∗
x

)
.
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In symmetrical QWs characterized by the symmetry D2d some of the above
coefficients Tλµνη are interrelated, namely

Txxzz = Tyyzz , Txxxx = Tyyyy , Txxyy = Tyyxx , Txyxy = Tyxxy . (8.66)

The photon drag current (8.63) corresponds to equal Txxxx and Tyyyy while
the photocurrent (8.64) is described by the coefficients Txxzz = Tyyzz. For
more complicated band structures these relations can be violated and, more-
over, all other coefficients in (8.65) become nonzero.

8.4 Linear Photogalvanic Effect

For the linear PGE, the phenomenological equation (8.1) in QWs of the C2v

symmetry reduces to

jLPGE,x = χxxz (exe∗z + eze
∗
x) I , jLPGE,y = χyyz

(
eye

∗
z + eze

∗
y

)
I . (8.67)

In symmetrical QWs of the point-group D2d, the pair of coefficients are lin-
early dependent, χxxz = −χyyz.
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Fig. 8.7. Photogalvanic current in a (113)-grown Si0.75Ge0.25(5 nm)/Si single QW
normalized by the light power P as a function of the phase angle ϕ. The results are
obtained under normal-incidence irradiation at λ = 280 µm at room temperature.
The full line is fitted according to (8.70). Broken and dotted lines show jx ∝ sin 2ϕ
and jx ∝ sin 2ϕ cos 2ϕ, respectively. From [8.9].
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The Cs symmetry allows both circular and linear PGEs for normal inci-
dence because in this case the tensors γ and χ have the additional nonzero
components γxz, see (8.2), χxxy = χxyx, χyxx and χyyy. As a result, under
normal incidence one has

jx =
[
γxzPc + χxxy

(
exe

∗
y + eye

∗
x

)]
I , jy =

(
χyxx|ex|2 + χyyy|ey|2

)
I . (8.68)

In particular, for linearly polarized light

jLPGE,x = Iχxxy sin 2α , jLPGE,y = I (χ+ + χ− cos 2α) , (8.69)

where χ± = (χyxx ± χyyy)/2 and α is the angle between the plane of polar-
ization and x. Figure 8.7 presents the measured dependence of jx and jy as
a function of the angle α and the fit to (8.69) for a p-type SiGe (113)-grown
asymmetrical QW structure. In the experimental setup, where the laser light
is linearly polarized along x and a λ/4 plate is placed between the laser and
the sample, (8.68) takes the form

jx = I (γxz + χxxy cos 2ϕ) sin 2ϕ , jy = I (χ+ + χ− cos 2ϕ) , (8.70)

where ϕ is the angle between the initial plane of linear polarization and
the optical axis of the polarizer. The circular and linear polarizations of the
incident light vary with ϕ in accordance to Pc = cosϕ, see (8.5), and Pl =
sinϕ. In Fig. 8.7 experimental data and a fit to these functions are presented
for the same p-type SiGe (113)-grown QW structure.

The linear PGE was observed in some insulators as early as the 1950s, and
possibly even earlier, but was correctly identified as a novel phenomenon only
in 1974-75 [8.24, 8.25]. In semiconductors, the linear PGE was first observed
on tellurium [8.26,8.27] and then studied in detail on p-GaAs [8.28].

Microscopically, a current of the linear PGE consists of the so-called bal-
listic and shift contributions [8.29–8.32]. The first of them is described by the
conventional equation

j = e
∑
nn′

Wn′n(vn′τ (n′)
p − vnτ

(n)
p ) . (8.71)

Here the index n describes all quantum numbers characterizing the electron
eigenstates, namely the band and subband labels, spin sublevel and wave
vector k; the probability transition rate from the state n to n′ is given by
Fermi’s golden rule

Wn′n =
2π
�

|Mn′n|2 (fn − fn′)δ(En′ − En) , (8.72)

Mn′n is the transition matrix element, vn and τ
(n)
p are the electron velocity

and momentum relaxation time in the state n, fn is the distribution func-
tion, or the occupation, of the state n. The energy En includes the photon or



386 8 Photogalvanic Effects

phonon energy in the initial or final state. Equation (8.71) is a contribution
to the general expression for the current (8.13) of diagonal components of
the electron density matrix, ρnn = fn, and of the velocity vnn ≡ vn. The
ballistic current is nonzero only if one simultaneously includes in Mn′n carrier
interaction both with a photon and with another particle, a phonon, impu-
rity or static defect, another electron or hole, including a geminate partner
photocreated in the same photoabsorption process. In other words one needs
to go beyond the Born approximation in calculating Mn′n.

The second contribution to the linear PGE current comes from inclusion
in (8.13) of the nondiagonal components ρnn′ and vnn′ with n′ �= n. This
current was shown [8.31] to originate from the shift of the wave packet’s
center-of-mass in quantum transitions and can be written as

j = e
∑
nn′

Wn′nRn′n . (8.73)

For the shift in the real space we have

Rn′n = − (∇k + ∇k′)Φn′n + Ωn′ − Ωn , (8.74)

where Φn′n is the phase of the transition matrix element, k and k′ are the
wave vectors in the states n and n′, Ωn is the diagonal matrix element of the
coordinate

Ωn = i
∫
u∗n∇kun dr ,

and un(r) is the Bloch periodical amplitude. In a steady-state regime, when
the processes of generation, scattering and recombination are taken altogether
into consideration, the contributions associated with Ωn vanish since they
describe the static charge redistribution. The first term in the right-hand
side of (8.74) can be rewritten as

Rn′n = − Im {M∗
n′n (∇k + ∇k′)Mn′n}

|Mn′n|2
. (8.75)

This form is useful for practical calculations. It is worthy of note that a shift
of an electron under the quantum transition has a physical tie to the well-
known Goos-Hänchen effect in classical optics [8.33]. In the latter, the totally
reflected beam is spatially displaced with respect to a ray reflected by the
geometrical interface between the two media. The physical connection be-
comes apparent when considering the totally reflected beam a superposition
of plane waves and taking into account that the phase shift under reflection
is a function of the angle of incidence [8.34,8.35].

To illustrate, we estimate the linear PGE under the hh1 → e1 interband
transitions induced by linearly polarized light normally incident on a [hhl]-
grown QW (h �= 0). The shifts (8.75) become nonzero if both even and odd
terms in k are included into the interband matrix elements. For transitions
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from the heavy-hole subband the optical matrix elements can be presented
by

Mcv(k) ≡Me1,±1/2,;hh1,±3/2(k) = ∓[iM0(ex ± iey) +Q
(±)
λµ kλeµ] . (8.76)

The first term on the right-hand side is the main contribution described by
Table 2.2 while the complex coefficients Q(±)

λµ describe linear-k corrections.
They satisfy the conditions

Q
(−)
λµ = Q

(+)∗
λµ , Q

(±)
λµ = Q

(±)
µλ .

From (8.75) we obtain

Rcv,λ(k,±) = M−1
0

(
exRe

{
Q(+)

}
λµ

+ eyIm
{
Q(+)

}
λµ

)
eµ . (8.77)

Now we can start from the interband matrix elements written in the principal
axes x0, y0, z0 and rewrite them in terms of x, y, z components. As a result,
the ratios Q(+)

λµ /M0 can be presented as

Qxy
M0

=
Qyx
M0

= sin θ
P

Q
,

Qxx
M0

= i sin θ
P

Q
,
Qyy
M0

= −3i sin θ
P

Q
,

where the parameters P and Q are introduced in (3.210), and θ is the angle
between the axes [hhl] and [001]. Then from (8.73) and (8.77) we come to
the shift contribution to the interband photocurrent

jx = e sin θ
ηcvI

�ω

P

Q
2exey , jy = e sin θ

ηcvI

�ω

P

Q

(
e2x − 3 cos2 θe2y

)
. (8.78)

Particularly, for QWs grown along [111] and characterized by the C3v symme-
try, we have 3 cos2 θ = 1 and obtain the polarization dependence jx ∝ 2exey,
jy ∝ e2x − e2y which follows as well from the general symmetry considerations
for the C3v point group (Table A.4).

For the estimation of the ballistic photocurrent we should consider indirect
interband transitions. Similarly to (8.40) the compound matrix element of the
transition has the form

M ind
e1,±1/2;hh1,±3/2(k

′,k) (8.79)

=
V ck′kMcv(k)

Ee1,k − Ehh1,k − �ω − iγ
+

Mcv(k′)V vk′k
Ehh1,k′ − Ehh1,k ± �Ω − iγ

,

where γ → +0 and V c,vk′k are the scattering matrix elements in the conduction
and valence bands. While calculating the square modulus of M ind, the energy
denominators are transformed using the identity
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1
Ei − Ej ± iγ

∣∣∣∣
γ→+0

= P 1
Ei − Ej

∓ iπδ(Ei − Ej) .

Only the terms containing the product of the real part for one of the denomi-
nators in (8.79) and the imaginary term for the other denominator contribute
to the current. Therefore, the effect is due to the transitions where the en-
ergy conservation law holds not only between the initial and final states but
also for one of the intermediate states as well. Formally it means that the
following part

πIm {V c∗k′kV
v
k′kM

∗
cv(k)Mcv(k′)}

×
(
−δ(Ee1,k − Ehh1,k − �ω)

Ehh1,k′ − Ehh1,k
+
δ(Ehh1,k′ − Ehh1,k)
Ee1,k − Ehh1,k − �ω

)

of |M ind|2 contains a contribution antisymmetrical in k. Substituting this
expression into (8.71) and taking into account the k-dependent correction
to Mcv(k′) one can complete the calculation. The ballistic contribution to
the photocurrent has the same order of magnitude as the shift contribution.
Really, the antisymmetric part of |M ind|2 is proportional to the product V cV v

while the momentum relaxation times in (8.71) are proportional to (V c)−2 or
(V v)−2 so that the dependence of the ballistic current on the absolute values
of electron-photon or electron-defect coupling constants disappears.

The linear PGE can also be induced in noncentrosymmetric SLs, i.e., in a
saw-tooth SL, and MQW structures, i.e., in MQWs with asymmetric double
wells, under illumination with unpolarized light [8.36–8.39]. The photocurrent
is generated along the growth direction z because of the lack of reflection
symmetry z → −z. Note that in MQWs the effect has a threshold at the
edge of transitions between quantized and continuum states, the so-called
bound-to-continuum or above-barrier transitions.

8.5 Saturation of Photocurrents at High Light
Intensities

Here we discuss nonlinear behavior of the linear and circular PGEs, which will
take place with increasing the light intensity due to saturation or bleaching
of the absorption. Since the saturation effect was observed on p-doped QW
structures [8.40] we consider direct intersubband optical transitions from the
heavy-hole subband hh1 to higher subbands, say the lh1 subband.

Spin sensitive bleaching can be analyzed in terms of the following simple
model taking into account both optical excitation and nonradiative relax-
ation processes. The probability rates for direct optical transitions from the
hh1 states with m = ±3/2 to higher subbands are denoted as W±. For lin-
early polarized light, W+ and W− are equal. For the circular polarization,
right-handed, σ+, or left-handed, σ−, the rates W± are different but, due
to time-inversion symmetry, satisfy the condition W+(σ±) = W−(σ∓). The
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photoexcited holes are assumed to loose their spin orientation in the course
of energy relaxation to the bottom of the hh1 subband, due to rapid spin
relaxation in hot states. Thus, spin orientation occurs only in this subband.
If p+ and p− are the 2D densities of heavy holes occupying the subbands
(hh1,+3/2) and (hh1,−3/2), respectively, then the rate equations for p±
can be written as

∂p+

∂t
+
p+ − p−

2τs
= −W+ +

1
2
(W+ +W−) , (8.80)

∂p−
∂t

+
p− − p+

2τs
= −W− +

1
2
(W+ +W−) .

The second terms on the left-hand side describe the spin relaxation trying
to equalize the population in the (hh1,±3/2) spin branches. The first terms
on the right-hand side describe the removal of holes from the hh1 subband
due to photoexcitation while the second terms characterize the relaxation of
holes which come down to the (hh1,+3/2) and (hh1,−3/2) states with equal
rates. If the laser-pulse duration is longer than any relaxation time, the time
derivatives in (8.80) can be omitted and, instead of this equation, we have

p+ − p−
τs

= −(W+ −W−) . (8.81)

The hole-removal rates can be presented in the form

W+ =
1
2
ηI

�ω
(1 − ρ0Pc)(1 + ρ) , W− =

1
2
ηI

�ω
(1 + ρ0Pc)(1 − ρ) , (8.82)

where ρ is the hole spin polarization degree (p+ − p−)/(p+ + p−), η is a
function of the light intensity I, the parameter ρ0 is defined as the ratio
(W−−W+)/(W−+W+) for the σ+-polarized radiation of low enough intensity
where η is constant and W± is proportional to I. The factors 1 ± ρ0Pc take
into account the sensitivity of optical transitions to the circular polarization
of light and spin of involved particle. The factors 1 ± ρ take into account
that the transition probability rate depends on the occupation number of the
initial state and, hence, on the hole spin polarization. Substitution of (8.82)
into (8.81) leads to the linear equation for ρ

ps
τs
ρ =

ηI

�ω
(ρ0Pc − ρ) , (8.83)

where ps is the hole density and we rewrote p+ − p− as psρ. The solution
reads

ρ = ρ0Pc
τsηI/(ps�ω)

1 + [τsηI/(ps�ω)]
. (8.84)

Bleaching of absorption with increasing the intensity of linearly-polarized
light is described phenomenologically by the function
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Fig. 8.8. Photogalvanic current jx normalized by the intensity I as a function
of I for circularly (curve 1) and linearly (curve 2) polarized radiation at T = 20
K. The inset shows the geometry of the experiment; ê indicates the direction of
the incoming light. The current jx flows along [11̄0] direction at normal incidence
of radiation on p-type (113)A-grown GaAs/AlGaAs QWs. In order to obtain the
circular PGE right or left circularly polarized light has been applied. To obtain the
linear PGE linearly polarized radiation with the electric field vector E oriented at
45◦ to the x direction was used. The measurements are fitted to jx/I ∝ 1/(I +I/Is)
with one parameter Is for each state of polarization (full line: circular, broken line:
linear). From [8.40].

η(I) =
η0

1 + I
Ise

, (8.85)

where η0 = η(I → 0) and Ise is the characteristic saturation intensity con-
trolled by energy relaxation of the 2D hole gas. Since the photocurrent of
linear PGE, jLPGE, induced by the linearly polarized light is proportional to
ηI, one has

jLPGE

I
∝ 1

1 + I
Ise

. (8.86)

The circular current jCPGE induced by the circular polarized radiation is
proportional to W+ −W− ∝ ρ. Substituting η(I) from (8.85) into (8.84) we
find after some development
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jLPGE

I
∝ 1

1 + I
(

1
Ise

+ 1
Iss

) , (8.87)

where Iss = ps�ω/(η0τs).
The measurements illustrated in Fig. 8.8 indicate that the photocurrent

jx at a low power level depends linearly on the light intensity and grad-
ually saturates with increasing intensity, jx ∝ I/(1 + I/IL,C

s ), where IL,C
s

is the saturation parameter for linearly and circularly polarized radiation.
This corresponds to a constant absorbance at low values of I and decreasing
absorption with rising I. From (8.86, 8.87) we obtain

IL
s = Ise , I

C
s =

IseIss
Ise + Iss

. (8.88)

One can see from Fig. 8.8 that the measured saturation intensities IL,C
s are

different, namely IC
s < IL

s . This is in agreement with theory. The saturation
of the absorption of linearly polarized radiation is governed by the energy
relaxation time τε whereas in case of the circular polarization it is governed
by both τε and τs. If τs is of the order of τε or larger, the saturation becomes
spin sensitive and the saturation intensity of circularly-polarized radiation
drops below that for the linear polarization.

Taking into account that Iss = IL
s I

C
s /(I

L
s − IC

s ) and using the measured
values of IL

s , IC
s one can estimate the parameter Iss = ps�ω/(η0τs) and even

the time τs. The latter is possible if the absorbance η0 is known from an
independent experiment or theoretical calculation, see details in [8.40,8.41].

8.6 Chirality Effects in Carbon Nanotubes

The point-group symmetry of a chiral medium makes no difference between
polar and axial vectors. Thus, by definition, the chirality effects are those
where a polar vector and an axial vector (or a pseudovector) are intercon-
nected by a phenomenological equation. Here we consider chirality related
effects in photogalvanic, electron-transport and optical properties of carbon
nanotubes. For this purpose we apply the effective mass theory used previ-
ously in Chaps. 3, 4 for the analysis of absorption spectra of one-dimensional
structures. It will be shown that the chiral properties are determined by
terms in the electron effective Hamiltonian describing the coupling between
the electron wave vector along the tube principal axis and the orbital mo-
mentum around the tube circumference (Chap. 2). We derive equations for
the circular photocurrent and magneto-chiral dc electric currents, which are
linear in the external magnetic field and quadratic in the bias voltage or
amplitude of the electro-magnetic field. Moreover, we perform analytic esti-
mations for the natural circular dichroism and magneto-spatial effect in the
light absorption.
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8.6.1 Circular Photocurrent in Nanotubes

In chiral nanotubes, the circular PGE is an electron analog of a screw thread
or a plane with a propeller. In this case the tensor γ in the general phe-
nomenological equation (8.1) has only one nonzero component γzz and the
dc circular photocurrent is described by

jCPGE,z = Iγ i(e × e∗)z , (8.89)

where γ ≡ γzz is a real coefficient. For a wave propagating along the nanotube
principal axis z, one has instead of the above equation

jCPGE,z = IγPc . (8.90)

We remind that the circular photocurrent reverses its direction under in-
version of the light circular polarization and vanishes for linearly-polarized
excitation.

The consideration of the circular PGE and spin-galvanic effect in QWs in
Sects. 8.1 and 8.2 is based on allowance of spin-dependent linear-in-k terms
in the electron effective Hamiltonian. In carbon nanotubes the spin-orbit in-
teraction is negligible and the similar role is played by the coupling between
n and kz described by (2.82). Here we take a chiral carbon nanotubes with
ν = 1, assume that the tube is n-doped and consider the direct intersubband
optical transitions of electrons from the lowest to the first excited conduc-
tion subbands. Taking into account the conservation of the angular momen-
tum z-component the allowed transitions are as follows: (c, n = 0, kz,K) →
(c, n = 1, kz,K) under σ+ excitation and (c, 0, kz,K) → (c,−1, kz,K) under
σ− excitation. In accordance with (8.90) they lead to circular photocurrents
of opposite polarities.

In a 1D system with parabolic subbands, only two values of kz satisfy the
energy conservation law

E(c, 1, k±z ,K) − E(c, 0, k±z ,K) = �ω . (8.91)

Their average value k̄z = (k+
z + k−z )/2 is nonzero because of the linear-kz

terms. The electron average velocities in the excited and initial subbands
coincide and are equal to

v̄z =
m1β1 −m0β0

�(m1 −m0)
.

It follows then that the photoexcited carriers contribute to an electric current
before they loose their average velocity because of the momentum relaxation.
Under the steady-state optical excitation this mechanism leads to the pho-
tocurrent

jCPGE,z = eW10v̄z(τ (1)
p − τ (0)

p )Pc , (8.92)
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where W10 is the probability rate for the intersubband transitions and τ (n)
p is

the momentum scattering time in the n-th subband. We ignore in (8.91) the
small frequency region where the terms linear-in-kz exceed or are comparable
with the terms quadratic in kz. Then one can use the expression [8.42]

W1,0 =
2π
�

2πe2I
ω2cnω

1
32

(
γ

�

kz
k⊥,0

)2

f0
c (E0) g10(∆10 − �ω) (8.93)

derived for βn = 0. Here I is the light intensity in units energy · length−1 ·
time−1, k⊥,0 is the size-quantized wave vector (2.78) at n = 0, the 1D reduced
density of states equals to

g10(E) = 2 ×
∑
kz

δ(−�2k2
z

2µ10
− E) =

1
π

(
2µ10

�2E

)1/2

θ(−E),

the factor of two makes allowance for the spin degeneracy, θ(x) is the step
function, −µ−1

10 is the inverse reduced effective mass m−1
1 −m−1

0 [since m1 >
m0, a value of µ10 is positive and g10(E) is defined for negative values of E],
and f0

c (E0) is a value of the equilibrium distribution function at the energy
E0 = (�2k2

z/2m0) = (µ10/m0)(∆10 − �ω) = 2(∆10 − �ω).
Equation (8.92) gives one of four possible contributions to the circular

PGE. Three others are also related to the photoexcitation asymmetry in the
kz space. They arise due to the kz dependence of the optical matrix element,
momentum relaxation time and electron equilibrium distribution function. A
sum of all four contributions is given by

jCPGE = eW1,0(lv + lm + lτ + lf ) , (8.94)

where the lengths lv, lm, lτ , lf are related to the photoexcitation asymmetry
arising due to the kz-dependence of the velocity and density of states (lv),
of the squared matrix element (lm), of the momentum relaxation time (lτ )
and of the equilibrium distribution function (lf ). For the optical transitions
under consideration the straightforward derivation results in [8.42]

lv =
3β0

�
(τ (1)
p − τ (0)

p ) , lm =
2β0

�
(τ (1)
p − 2τ (0)

p ) , (8.95)

lτ =
6β0

�

(
τ (1)
p

d ln τ (1)
p

d lnE1
− τ (0)

p

d ln τ (0)
p

d lnE0

)
,

lf =
3β0

�
(2τ (0)

p − τ (1)
p )

∆10 − �ω

kBT
[1 − f0(E0)] .

Here f0 is the equilibrium distribution function, we assume that in equilib-
rium the upper subband (c, 1,K) is unoccupied, and E0 is the initial energy
of an electron photoexcited from the subband n = 0. Obviously, the momen-
tum relaxation time τ (1)

p is shorter than τ (0)
p because a photoelectron excited



394 8 Photogalvanic Effects

to the subband (c, n = 1) can be readily scattered to the subband (c, n = 0).
For crude estimations one can use the equation

jCPGE,z = eW10(β0/�)τpPc (8.96)

which is just another form of the estimation (8.12). For the band parameters
of carbon nanotubes, L < 100 Å and under the saturation of the optical
transitions (high-intensity pulsed laser radiation), the photocurrent jCPGE
can amount a value of 10−9 A. It can be significantly enhanced in recently
discovered carbon-nanotube crystals [8.43]. Note that in undoped nanotubes
the circular PGE disappears because the contribution to the circular pho-
tocurrent due to interband optical transitions from (v, n,K) to (c, n+ 1,K)
is completely compensated by that due to transitions from (v,−n− 1,K ′) to
(c,−n,K ′) as a result of a particular charge conjugation symmetry of carbon
nanotubes.

We conclude this subsection by comparing the circular photocurrent
(8.96) with the photon drag current which is independent of the sign of
the circular polarization. In accordance with (8.61) the photon drag effect is
estimated as

jPD ∼ eW1,0
�q

m0
τp , (8.97)

where q is the photon wave vector (in vacuum q = ω/c). Thus, for �ω = 0.1
eV we have jCPGE/jPD ∼ β0m0/(�2q) ≈ 3.

It is worth-while to remind that, in addition to the circular PGE, in
noncentrosymmetric media a photocurrent of another kind can be induced
by the electro-magnetic wave. It is the linear PGE described in (8.1) by a
third-rank tensor χλµν symmetrical with respect to interchange of the indices
µ and ν. Ideal carbon nanotubes are unpolar with their principal axis, z, being
two-sided which forbids nonzero components χzµν . In BxCyNz nanotubes the
symmetry is reduced, the principal axis is polar and the linear PGE becomes
allowed as predicted in [8.44]. In the next subsection we show that, in the
presence of an external magnetic field B ‖ z, the photocurrent can be induced
by linearly-polarized or unpolarized photoexcitation even in an ideal carbon
nanotube.

8.6.2 Magneto-Chiral Currents and Optical Absorption

Other chirality effects allowed in chiral nanotubes are as follows.
(a) Magneto-chiral photogalvanic effect described by

jz = IBz(Λ‖|ez|2 + Λ⊥|e⊥|2) . (8.98)

It was predicted in [8.1] for bulk gyrotropic crystals and observed first in QW
structures [8.45,8.46] (ez, e⊥ are the longitudinal and transverse components
of the polarization unit vector e, Bz is the external longitudinal magnetic
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field). For the interband transitions (v, 0) → (c, 0) excited in an undoped
carbon nanotube by the linearly polarized light E ‖ z, one has the following
estimation for the magneto-chiral photocurrent

jz ∼ eW cv
00 τpν

β

�

Φ

Φ0
,

where Φ is the magnetic flux, BzL2/4, passing through the cross section of a
tube and Φ0 is the magnetic flux quantum, ch/e. For Bz = 10 T and L = 100
Å, the ratio Φ/Φ0 ≈ 2 · 10−2. While deriving the above equation we took
into account that, in an external magnetic field, in the expression for the
quantized value of kn one should change n by n + (Φ/Φ0). Then, for ν �= 0,
the band gaps ∆(K) and ∆(K ′) differ and the contributions from the K and
K ′ valleys to the magneto-chiral photocurrent do not compensate each other.

(b) Magneto-chiral conductivity described by the second term in the
current-field relation

jz = σFz + ΛF 2
zBz (8.99)

predicted for gyrotropic crystals [8.47] and simple spiral nanotubes [8.48]
and observed recently by Rikken et al. in chiral carbon nanotubes [8.49] (Fz
is the dc electric field, σ is the conventional conductivity). The magneto-
chiral conductivity becomes nonzero if one takes into account that in the
case of a chiral carbon nanotube the electron-phonon deformation potential
has contributions both even and odd in kz. For a doped nanotube with the
Fermi energy EF one can obtain [8.42]

δjz
jz

=
ΛFzBz
σ

∼ sin 3θ
eFzτp

�

γ

�

Φ

Φ0
,

where the parameter γ is the tight-binding parameter defined in (2.72). For
L = 70 Å, Bz = 10 T , Fzτpγ/� = 0.01 V and EF = 0.1 eV we obtain
δjz/jz ∼ 10−3.

(c) Natural optical activity and circular dichroism, the latter described by

W (σ+) −W (σ−) ∝ qz (8.100)

with qz being the z-component of the light wave vector and W (σ+),W (σ−)
being the absorption rates for the σ+ and σ− circularly-polarized radiation.
For carbon nanotubes, the effects (c) were considered theoretically in the
framework of the microscopic tight-binding model by Tasaki et al. [8.50].
Below we present an estimation for the natural dichroism derived for the
interband optical transitions taking place in the vicinity of the gap, ∆cv

10,
between the (v, 1,K) valence and (c, 1,K) conduction bands

D ≡ W (σ+) −W (σ−)
W (σ+) +W (σ−)

∼ βqz
�ω −∆cv

10

.

The product βqz can be estimated as 0.1 meV. It is instructive to present
here as well an estimation for the magneto-induced dichroism
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D ∼ ∆cv
10

�ω −∆cv
10

Φ

Φ0
.

(d) Magneto-chiral absorption (or emission) described by the second term
in the equation for the light absorption (emission) probability rate

W (Bz) = W 0 + αBzqz (8.101)

and observed in few chiral media, see [8.51,8.52] and references therein. Note
that the first magneto-spatial dispersion effect was reported by Gross et al.
[8.53]. The magneto-chiral correction is expected to be more remarkable for
optical transitions in the vicinity of the gap ∆cv

00. In this case it is given by

δW cv
00

W cv
00

≡ αBzqz
W 0

∼ βqz∆
cv
00

(�ω −∆cv
00)2

Φ

Φ0
.

It is worth to mention effects which are inverse to the circular and
magneto-chiral PGEs. In the absence of magnetic field the dc current in
a carbon nanotube should induce the circular dichroism of the optical ab-
sorption or the circular polarization of the photoluminescence. Up to now
the effect of the electric current on the optical activity has been observed
only in bulk gyrotropic tellurium [8.54]. In the presence of an external mag-
netic field parallel to a nanotube the current jz should induce a change in
the photoluminescence intensity proportional to jzBz.
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“It is not the end yet!”

Hexagram N 64 of Chinese “Book of Changes”

At the opening and concluding sessions of International Conferences on the
Physics of Semiconductors (ICPS) the speakers are traditionally encouraged
to describe in broad terms the state and future of semiconductor physics. In
his introduction to the 6th ICPS (Exeter, 1962) Sir Nevill Mott predicted the
death of semiconductor physics on about a ten year time scale. In the clos-
ing address at the 11th ICPS (Warsaw, 1972) J.J. Hopfield reminded those
words of Mott. Nevertheless, he also expressed his own doubts in the future of
semiconductor physics as a part of the fundamental physics and, among clear
promises for continued science, mentioned “systems of lower dimensionality”
and “opto-electronics”. In fact, the expectations that in the seventies-eighties
all fundamental problems would have been solved were rather strong. Sur-
prisingly, the approaching crisis had been resolved in a positive way. It is
true, nowadays the interest in investigation of bulk semiconductor crystals
is limited. However, they represent only a small area of a big field occupied
mainly by semiconductor nanostructures. L.J. Sham openly expressed his op-
timism in the program summary at the 17th ICPS (San Francisco, 1984) and
predicted the continued flourishing of semiconductor physics. More recently,
in his welcome address to participants of the 25th ICPS (Osaka, 2000), H.
Yoshikawa emphasized that “semiconductor physics is one of the most im-
portant research areas of basic physics, and many important discoveries or
the creation of new concepts in this area have greatly influenced the other
research fields of basic science”.

At present the optimism in liveliness of semiconductor physics is founded
on the exciting progress in nanotechnology. The latter is aimed at the de-
velopment and use of devices that have a size of only a few nanometers.
The top-down and bottom-up approaches to produce nanostructures on a
molecular level by a suitable sequence of chemical reactions or lithographic
techniques may result in a close and efficient link between physics, chemistry
and biology as it took place in physics and chemistry during 30 years after
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appearance of the first semiconductor rectifiers and photocells at the end of
1920’s.

Now it is widely accepted that basic studies are crucial to expose new
ideas and opportunities to fabricate by design the three-dimensional compli-
cated nanoobjects by using atoms, molecules, clusters, nanoparticles, super-
lattices, quantum wells, wires, dots, rings, nanotubes, nanomagnets etc. as
building blocks. Optics can play an important role for the characterization
and optimization of such objects provided it retains its freedom and status of
fundamental science. For example, the extension of quantum electrodynamics
to describe the interaction between N -dimensional (N = 0, 1, 2, 3) photons
and N ′-dimensional (N ′ = 0, 1, 2, 3) excitons has direct implication for the
development of lasers based on quantum microcavities. The nanotechnolo-
gy related to making artificial heterostructures of different dimensionalities
needs the basic knowledge on interfaces and their properties. The interface
physics seems to be growing out of its infancy. The better understanding
in this area can be also achieved in the basic research of optical and trans-
port interface-dependent phenomena, i.e., the phenomena dependent on the
character and orientation of chemical bonds at the interface. And one more
example: Semiconductor spintronics has reached a stage of understanding
various mechanisms of spin injection, accumulation, detection and manip-
ulation, both optical and nonoptical. But the common feeling is that novel
conceptual ideas are needed to trigger the realization of effective spin devices.



Appendix. Character Tables of Point Groups

Below we present character tables of some point groups and examples of bases
of irreducible representations.

Table A.1. Group Cs. The mirror plane σh is perpendicular to the axis x and

contains the axes y, z. Ji are components of an axial vector.

e σh
A+ 1 1 y; z; yz;x2; y2; z2;Jx
A− 1 −1 x;xy;xz;Jy;Jz

Table A.2. Group C2v. The mirror planes σv, σ′
v are perpendicular to the axes

x and y respectively, the two-fold rotation axis is parallel to z.

e C2 σv σ′
v

A+ 1 1 1 1 z;x2; y2; z2

A− 1 1 −1 −1 xy;Jz
B+ 1 −1 1 −1 y; yz;Jx
B− 1 −1 −1 1 x;xz;Jy

Table A.3. Group D2d. The mirror-rotation axis S4 is parallel to z, the mir-

ror planes σd, σ′
d are perpendicular to the axes x and y respectively, the two-fold

rotation axes u2, u
′
2 are obtained from x, y by the rotation around z by 45◦.

e C2 2 S4 2 u2 2 σd
A1 1 1 1 1 1 z2;x2 + y2

A2 1 1 1 −1 −1 Jz
B1 1 1 −1 1 −1 x2 − y2

B2 1 1 −1 −1 1 z;xy
E 1 −2 0 0 0 (x, y); (Jy, Jx); (xz,−yz)
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Table A.4. Group C3v. The three-fold rotation axis is parallel to z, one of the

mirror planes σv contains the axis x.

e 2C3 3σv
A1 1 1 1 z; z2;x2 + y2

A2 1 1 −1 Jz
E 2 −1 0 (x, y); (2xy, x2 − y2); (xz, yz); (Jy,−Jx)

Table A.5. Group Td. The symmetry operation σd is mirror reflection with

respect to one of these six planes: (110), (11̄0), (101), (1̄01), (011), (011̄); x, y, z are

the principal axes [100], [010] and [001], respectively.

e 8C3 3C2 6σd 6S4

A1 1 1 1 1 1 x2 + y2 + z2

A2 1 1 1 −1 −1 xyz; {JxJyJz}s
E 2 −1 2 0 0

√
3(x2 − y2), 2z2 − x2 − y2

F1 3 0 −1 −1 1 Jx, Jy, Jz
F2 3 0 −1 1 −1 (x, y, z); (yz, zx, xy)



References

English translations of bibliographic data are given in square brackets.

References of Chapter 1

1.1 L.V. Keldysh: Fis. Tverd. Tela 4, 2265 (1963).
1.2 L. Esaki, R. Tsu: IBM J. Res. Dev. 14, 61 (1970).
1.3 R. Merlin, K. Bajema, R. Clarke, F.-Y. Juang, P.K. Bhattacharaya: Phys.

Rev. Lett. 55, 1768 (1985).
1.4 F. Laruelle, B. Etienne, Phys. Rev. B 37, 4816 (1988).
1.5 R.F. Kazarinov, R.A. Suris: Fiz. Tekh. Poluprovodn. 5, 797 (1971) [Sov. Phys.

Semicond. 5, 707 (1971)].
1.6 J. Faist, F. Capasso, D.L. Sivco, C. Sirtori, A.L. Hutchinson, A.Y. Cho: Elec-

tron. Lett. 29, 2230 (1993); Science 264, 553 (1994).
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Contreras-Solorio, V.R.Velasco, F. Garśıa-Moliner: Phys. Rev. B 49, 14020
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8.9 S.D. Ganichev, U. Rössler, W. Prettl, E.L. Ivchenko, V.V. Bel’kov, R. Neu-
mann, K. Brunner, G. Abstreiter: Phys. Rev. B 66, 75328 (2002).

8.10 S.D. Ganichev, W. Prettl: J. Phys.: Condens. Matter 15, 935 (2003).
8.11 L.E. Golub: Physica E 17, 342 (2003); Phys. Rev. B 67, 235320 (2003).
8.12 S.D. Ganichev, V.V. Bel’kov, Petra Schneider, E.L. Ivchenko, S.A. Tarasenko,

W. Wegscheider, D. Weiss, D. Schuh, E.V. Beregulin, W. Prettl: Phys. Rev.
B 68, 35319 (2003).

8.13 E. L. Ivchenko, Yu.B. Lyanda-Geller, G.E. Pikus: JETP Lett. 50, 175 (1989);
Zh. Eksp. Teor. Fiz. 98, 989 (1990) [Sov. Phys. JETP 71, 550 (1990)].

8.14 S.D. Ganichev, E.L. Ivchenko, V.V. Bel’kov, S.A. Tarasenko, M. Sollinger,
D. Weiss, W. Wegscheider, W. Prettl: Nature 417, 153 (2002).

8.15 N.S. Averkiev, M.I. D’yakonov: Sov. Phys. Semicond. 17, 395 (1983).
8.16 H.E.M. Barlow: Proc. IRE 46, 1411 (1958).
8.17 A.M. Danishevskii, A.A. Kastal’skii, S.M. Ryvkin, I.D. Yaroshetskii: Zh. Eksp.

Teor. Fiz. 58, 544 (1970) [Sov. Phys. JETP 31, 292 (1970)].
8.18 A.F. Gibson, M.F. Kimmit, A.C. Walker: Appl. Phys. Lett. 17, 75 (1970).
8.19 F.T. Vasko: Fiz. Tekh. Poluprovodn. 19, 1319 (1985) [Sov. Phys. Semicond.

19, 808 (1985)].
8.20 S. Luryi: Phys. Rev. Lett. 58, 2263 (1987).
8.21 A.A. Grinberg, S. Luryi: Phys. Rev. B 38, 87 (1988).
8.22 A.D. Wieck, H. Sigg, K. Ploog: Phys. Rev. Lett. 64, 463 (1990).
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Born approximation, 222
Bose-Einstein condensation, 78
boundary conditions, 17, 19, 26
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in the Kane model, 31
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Brillouin function, 167

carbon nanotube, 1, 8, 38
armchair, 42
chiral, 392
multiwalled, 8
singlewalled, 8
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fine structure of excitons, 251, 254
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degenerate, 334
in microcavity, 351
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Hanle effect, 227, 247
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electron spin splitting, 55, 320
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inhomogeneous broadening, 99, 176,
371

acceptor levels, 251
excitonic transition, 337
Gaussian, 215, 372
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interband transitions, 21, 68, 123, 328,

386
selection rules, 69, 226

intersubband transitions, 21, 174, 388
in p-type QWs, 188
in MQWs, 178
in nanotubes, 393
intersubband resonance, 176
selection rules, 172

intrasubband transitions, 21
assisted by phonons, 192, 374
defect-assisted, 191

Kane model, 15, 30, 177, 242
Kramers degeneracy, 52

Kramers-conjugate states, 238
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Larmor frequency, 227, 376, 380
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light scattering, 287
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optical phonons, 297
spin-flip, 242, 315
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acoustic, 64
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exciton, 260, 265

in QDs, 273
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free carriers, 291
intersubband excitations, 300
phonons, 296, 299
spin-flip, 315

scattering or Raman tensor, 312, 313
second-harmonic generation, 325, 339

excitonic effects, 340
in cascade laser, 343
intersubband transitions, 341

semimagnetic semiconductor, 165, 321
paramagnetic phase, 167
spin-glass phase, 167

type-I–type-II transition, 167
Snellius relation, 346
spin relaxation mechanisms, 228

Bir-Aronov-Pikus, 228, 237
D’yakonov-Perel’, 228, 232, 268, 380
Elliott-Yafet, 228, 238
interaction with nuclei, 237

spin-density matrix, 227, 229, 368
exciton, 265

spin-orbit interaction or coupling, 22,
53, 54, 265

Stokes parameters, 163
Stokes shift, 205, 216
subband, 1, 4, 17, 171, 197

metal-oxide-semiconductor, 183
valence, 29, 186

superlattice (SL), 1, 4
compositional, 5
Fibonacci, 6
Stark ladder, 147, 321
transition from type-I to type-II, 78
two-dimensional, 137

superradiant mode, 115, 137, 338
susceptibility, 325

electronic, 293
nonlocal, 96
second-harmonic, 340

tight-binding approximation, 185
tight-binding model or method, 28, 263

atomic orbital, 280
Hamiltonian, 280
planar orbital, 280

time inversion, 27, 40, 41, 368, 376
transfer matrix, 58, 102

eigenvalues, 110
through a SL period, 58
unimodularity, 59

transmission
quantum microcavity, 346
resonant Bragg structure, 112
single QW, 92

trion, 82, 98, 275
binding energy, 83
localized, 220
trial function, 83

Wannier-Stark localization, 147
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