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FIG. 1. Real-space orbitals. (a) Lattices and conventions. The
shaded region indicates the relative positions of the sites assigned
to the same unit cell. (b) The constructed quasiorbital h(B)

p+ in the real
space. ! = ei2"/6 and # = ! 2. Going from top to bottom, the entries
in the three-component vectors attached to the triangular sites denote
the amplitude for the pz, p+, and p! orbitals; those attached to the
kagome sites denote the amplitude of their associated s orbital.

six-component fermion creation operators for the orbitals
assigned to the unit cell at r [Fig. 1(a)]. We want to construct
a localized “quasiorbital” wave function h(l )

p+;r(x) such that
ĥ(l )†

p+;r "
!

x ĉ†
xh(l )

p+;r(x) has the same symmetry properties as a
p+ orbital centered at a honeycomb site, labeled by l = A, B
in the unit cell r. This can be achieved by using a trial wave
function which vanishes everywhere except on the three near-
est kagome and triangular sites surrounding the honeycomb
site. Site symmetries reduce the freedom in the wave function
to four real parameters [53], which we denote by a through
d [Fig. 1(b)]. Once ĥ(l )†

p+;r is specified, using symmetries one
can generate ĥ(l )†

p!;r centered at the same site, as well as those

centered on the other sites. Note that we have not imposed
orthogonality between the h(l )

p±;r(x) wave functions, and so
their associated fermion operators do not obey the canonical
anticommutation relations.

We are now ready to define the ten-band model. Recall,
in the above, we have not utilized the ($, p±)0 orbitals in the
system. Since they have identical symmetry properties as the
ĥ(l )†

p+;r quasiorbitals we constructed, we can couple the two sets
in a minimal manner:

Ĥ (t, %) = t
"

r,l=A,B,&=p±

#
$̂(l )†

&;r ĥ(l )
&;r + H.c.

$
+ % V̂ , (3)

where t is a real parameter, V̂ is a symmetry-allowed local
perturbation which we detail in Appendix B, and the di-
mensionless parameter % # [0, 1] controls the overall strength
of the perturbation. Note that the finite range of the wave
functions h(l )†

p+;r implies Ĥ is local [54].
Although the perturbation %V̂ in Eq. (3) is needed for

reproducing the detailed energetics features of the TBG band
structures, we remark that the essential physics of the model
can be understood by first setting % = 0, as is shown in
Fig. 2(a). By construction, the band structure of Ĥ (t, 0) in-
cludes two exactly flat bands pinned at zero energy [Fig. 2(d);
see also Appendix B], the symmetry representations of which
must match those of the nearly flat bands in TBG. Very briefly,
these flat bands exist here for the same geometric reason as
that of the Lieb lattice [55]. To see why, consider any tight-
binding model defined on a lattice with two sets of orbitals,
which we label simply as ' and (, and suppose that all the
bonds connect an ' orbital to a ( one. Due to this sublat-
tice symmetry, the Bloch Hamiltonian automatically takes an

FIG. 2. Band structures. (a, b) Bands from the ten-band Hamiltonian Ĥ (t0, %). For both panels, we choose t0 " 130 meV, and the wave-
function parameters (a, b, c, d ) = (0.110, 0.033, 0.033, 0.573). We set % = 0 in (a) and 1 in (b). (c) Bands obtained from the continuum theory
[4,12] for twisted bilayer graphene with a twist angle of ) = 1.05$, using the parameters described in Ref. [45]. The ten bands around charge
neutrality are highlighted. (d–f) A zoom-in of the two bands at charge neutrality for the corresponding panels in (a)–(c). The three-dimensional
plots in (e) and (f) are plotted over the first Brillouin zone centered at *, showing the presence of exactly two Dirac points pinned to K and
K% = !K. Note that (e) is generated from our tight-binding model, whereas (f) is generated from the continuum model.
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ĥ(l )†

p+;r "
!

x ĉ†
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Dirac cones, GK = 4!/(3!) is the magnitude of the wavevector "–K  
of graphene, !#= 0.246 nm is the lattice constant of graphene and  
! =  h/(2! ) is the reduced Planck constant, the lower of the hybri-
dized states is pushed to and crosses zero energy. A mathe matical  
derivation of the magic-angle condition6 gives the first magic angle, 
" = / " . °w !v G3 ( ) 1 1magic

(1)
0 K . In Fig. 1c we show an ab initio tight- 

binding calculation16 of the band structure for " =  1.08°. The flat bands 
(coloured blue) have a bandwidth of 12 meV for the E >  0 branch and 
2 meV for the E <  0 branch (where E is the band energy). From a 
band-theory point of view, the flat bands should have localized wave-
function profiles in real space. In Fig. 1h we show the local density of 
states calculated for the flat bands. The wavefunctions are indeed highly 
concentrated in the regions with AA stacking, whereas small but non-
zero amplitudes on the AB and BA regions connect the AA regions and 
endow the bands with weak dispersion6,15,18. A brief discussion about 
the topological structure of the bands near the first magic angle is given 
in Methods and Extended Data Fig. 1.

For the experiment, we fabricated high-quality encapsulated TBG 
devices with the twist angle controlled to an accuracy of about 0.1°–0.2° 
using a previously developed ‘tear and stack’ technique13,17,22. We meas-
ured four devices with twist angles near the first magic angle 
" " . °.1 1magic

(1)  In Fig. 2a we show the low-temperature two-probe  
conductance of device D1 as a function of carrier density n. For  
n "  ± ns =  ± 2.7 #  1012 cm$2 (four electrons per moiré unit cell for 
" =  1.08°), the conductance is zero over a wide range of densities. Here, 
ns refers to the density that is required to fill the mini Brillouin zone, 
accounting for spin and valley degeneracies (see Methods). These 
insulating states have been explained previously as hybridization- 
induced bandgaps above and below the lowest-energy superlattice 
bands, and are hereafter referred to as ‘superlattice gaps’13. The thermal 
activation gaps are measured to be about 40 meV (see Methods)13,17. 
The twist angle can be estimated from the density that is required to 
reach the superlattice gaps, which we find to be " =  1.1° ±  0.1° for all 
of the devices reported here.

Another pair of insulating states occurs for a narrower density range, 
near half the superlattice density: n "  ± ns/2 =  ± 1.4 #  1012 cm$2 (two 
electrons per moiré unit cell). These insulating states have a much 
smaller energy scale. This behaviour is markedly different from all 
other zero-field insulating behaviours reported previously, which 
occur at integer multiples of ± ns (refs 13, 17). We refer to the states that 
occur near ± ns/2 as ‘half-filling insulating states’. They are observed 
at roughly the same density for all four devices (Fig. 2a, inset). In  
Fig. 2b–d we show the conductance of the half-filling states in device 
D1 at different  temperatures. Above 4 K, the system behaves as a metal, 
exhibiting decreasing conductance with increasing temperature.  
A metal– insulator transition occurs at around 4 K. The conductance 
drops substantially from 4 K to 0.3 K, with the minimum value decreasing  
by 1.5 orders of magnitude. An Arrhenius fit yields a thermal acti-
vation gap of about 0.3 meV for the half-filling states, two orders of 
magnitude smaller than those of the superlattice gaps. At the lowest 
temperatures, the system can be limited by conduction through charge 
puddles, resulting in deviation from the Arrhenius fit.

To confirm the existence of the half-filling states, we performed 
capacitance measurements on device D2 using an a.c. low- temperature 
capacitance bridge (Extended Data Fig. 2)23. The real and imaginary 
components of the a.c. measurement provide information about the 
change in capacitance and the loss tangent of the device, respectively. 
The latter signal is tied to the dissipation in the device due to its 
 resistance23. Device D2 exhibits a reduction in capacitance and strong 
enhancement of dissipation at ± ns/2 (Fig. 3a), in agreement with an 
insulating phase that results from the suppression of the density of 
states. The insulating state at $ ns/2 is weaker and visible only in the 
dissipation data. The observation of capacitance reduction (that is, 
suppression of density of states) for only the n-side half-filling state in 
this device may be due to an asymmetric band structure or the quality 
of the device. The reduction (enhancement) in capacitance (dissipa-
tion) vanishes when the device is warmed up from 0.3 K to about 2 K, 
consistent with the behaviour observed in transport measurements.

0

–10–10

0.5

1.0

00

1010

LD
O

S

x (nm)y (nm)

S
D

SiO2/Si

Hexagonal boron nitride

Gate

a

b d

~A

Vg

–50

0

50

Ks

Ks

!s

!s

!

Ms

Ms

Ks"

Ks"

K"2

K"1

E 
(m

eV
)

T = 1.08°

T

O

c e f g

2w << "v0kTw = 0 2w ! "v0kT

2w

kT

vF = v0
"v0kT/2

K1

K1

K2

K2

AA

AB BA

AA AA

AA AA AA

AA AA

AB AB

AB AB AB

BABA

BA BA BA

ih

Twisted bilayer
graphene

vF # 0

T

Figure 1 | Electronic band structure of twisted bilayer graphene (TBG). 
a, Schematic of the TBG devices. The TBG is encapsulated in hexagonal 
boron nitride flakes with thicknesses of about 10–30 nm. The devices are 
fabricated on SiO2/Si substrates. The conductance is measured with a 
voltage bias of 100#µ V while varying the local bottom gate voltage Vg.  
‘S’ and ‘D’ are the source and drain contacts, respectively. b, The moiré 
pattern as seen in TBG. The moiré wavelength is # =  a/[2sin("/2)], where 
a =  0.246 nm is the lattice constant of graphene and " is the twist angle.  
c, The band energy E of magic-angle (" =  1.08°) TBG calculated using an 
ab initio tight-binding method. The bands shown in blue are the flat bands 
that we study. d, The mini Brillouin zone is constructed from the 
difference between the two K (or K% ) wavevectors for the two layers. 

Hybridization occurs between Dirac cones within each valley, whereas 
intervalley processes are strongly suppressed. Ks, %K s, Ms and & s denote 
points in the mini Brillouin zone. e–g, Illustration of the effect of interlayer 
hybridization for w =  0 (e), "!w !v k2 0  (f) and 2w "  !v0k" (g); 
v0 =  106 m#s$1 is the Fermi velocity of graphene. h, Normalized local 
density of states (LDOS) calculated for the flat bands with E >  0 at 
" =  1.08°. The electron density is strongly concentrated at the regions with 
AA stacking order, whereas it is mostly depleted at AB- and BA-stacked 
regions. See Extended Data Fig. 6 for the density of states versus energy at 
the same twist angle. i, Top view of a simplified model of the stacking 
order.
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Figure 1 | Electronic band structure of twisted bilayer graphene (TBG). 
a, Schematic of the TBG devices. The TBG is encapsulated in hexagonal 
boron nitride flakes with thicknesses of about 10–30 nm. The devices are 
fabricated on SiO2/Si substrates. The conductance is measured with a 
voltage bias of 100#µ V while varying the local bottom gate voltage Vg.  
‘S’ and ‘D’ are the source and drain contacts, respectively. b, The moiré 
pattern as seen in TBG. The moiré wavelength is # =  a/[2sin("/2)], where 
a =  0.246 nm is the lattice constant of graphene and " is the twist angle.  
c, The band energy E of magic-angle (" =  1.08°) TBG calculated using an 
ab initio tight-binding method. The bands shown in blue are the flat bands 
that we study. d, The mini Brillouin zone is constructed from the 
difference between the two K (or K% ) wavevectors for the two layers. 
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hybridization for w =  0 (e), "!w !v k2 0  (f) and 2w "  !v0k" (g); 
v0 =  106 m#s$1 is the Fermi velocity of graphene. h, Normalized local 
density of states (LDOS) calculated for the flat bands with E >  0 at 
" =  1.08°. The electron density is strongly concentrated at the regions with 
AA stacking order, whereas it is mostly depleted at AB- and BA-stacked 
regions. See Extended Data Fig. 6 for the density of states versus energy at 
the same twist angle. i, Top view of a simplified model of the stacking 
order.
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in the three-component vectors attached to the triangular sites denote
the amplitude for the pz, p+, and p! orbitals; those attached to the
kagome sites denote the amplitude of their associated s orbital.

six-component fermion creation operators for the orbitals
assigned to the unit cell at r [Fig. 1(a)]. We want to construct
a localized “quasiorbital” wave function h(l )

p+;r(x) such that
ĥ(l )†

p+;r "
!

x ĉ†
xh(l )

p+;r(x) has the same symmetry properties as a
p+ orbital centered at a honeycomb site, labeled by l = A, B
in the unit cell r. This can be achieved by using a trial wave
function which vanishes everywhere except on the three near-
est kagome and triangular sites surrounding the honeycomb
site. Site symmetries reduce the freedom in the wave function
to four real parameters [53], which we denote by a through
d [Fig. 1(b)]. Once ĥ(l )†

p+;r is specified, using symmetries one
can generate ĥ(l )†

p!;r centered at the same site, as well as those

centered on the other sites. Note that we have not imposed
orthogonality between the h(l )

p±;r(x) wave functions, and so
their associated fermion operators do not obey the canonical
anticommutation relations.

We are now ready to define the ten-band model. Recall,
in the above, we have not utilized the ($, p±)0 orbitals in the
system. Since they have identical symmetry properties as the
ĥ(l )†

p+;r quasiorbitals we constructed, we can couple the two sets
in a minimal manner:

Ĥ (t, %) = t
"

r,l=A,B,&=p±

#
$̂(l )†

&;r ĥ(l )
&;r + H.c.

$
+ % V̂ , (3)

where t is a real parameter, V̂ is a symmetry-allowed local
perturbation which we detail in Appendix B, and the di-
mensionless parameter % # [0, 1] controls the overall strength
of the perturbation. Note that the finite range of the wave
functions h(l )†

p+;r implies Ĥ is local [54].
Although the perturbation %V̂ in Eq. (3) is needed for

reproducing the detailed energetics features of the TBG band
structures, we remark that the essential physics of the model
can be understood by first setting % = 0, as is shown in
Fig. 2(a). By construction, the band structure of Ĥ (t, 0) in-
cludes two exactly flat bands pinned at zero energy [Fig. 2(d);
see also Appendix B], the symmetry representations of which
must match those of the nearly flat bands in TBG. Very briefly,
these flat bands exist here for the same geometric reason as
that of the Lieb lattice [55]. To see why, consider any tight-
binding model defined on a lattice with two sets of orbitals,
which we label simply as ' and (, and suppose that all the
bonds connect an ' orbital to a ( one. Due to this sublat-
tice symmetry, the Bloch Hamiltonian automatically takes an

FIG. 2. Band structures. (a, b) Bands from the ten-band Hamiltonian Ĥ (t0, %). For both panels, we choose t0 " 130 meV, and the wave-
function parameters (a, b, c, d ) = (0.110, 0.033, 0.033, 0.573). We set % = 0 in (a) and 1 in (b). (c) Bands obtained from the continuum theory
[4,12] for twisted bilayer graphene with a twist angle of ) = 1.05$, using the parameters described in Ref. [45]. The ten bands around charge
neutrality are highlighted. (d–f) A zoom-in of the two bands at charge neutrality for the corresponding panels in (a)–(c). The three-dimensional
plots in (e) and (f) are plotted over the first Brillouin zone centered at *, showing the presence of exactly two Dirac points pinned to K and
K% = !K. Note that (e) is generated from our tight-binding model, whereas (f) is generated from the continuum model.
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Fragile	topology

Smooth, real basis for lower bands: 
!!,# " , $$ !!,# " = ± !!,# "

Projected Hamiltonian:
'%&& " = ℎ' cos,'$$ + sin,'$(

A toy 4-band model with 0)$1 symmetry

Handle with care:

Shattering fragile topological bands by interactions

Erez Berg

Department of Condensed Matter Physics,
Weizmann Institute of Science, Rehovot, Israel 76100

(Dated: February 1, 2021)

I. FRAGILE TOPOLOGY

A. Model

A simple model for fragile topological bands is given by the following four-band Hamiltonian on the

square lattice:

Hk =

✓
m+ sin2

kx

2
+ sin2

ky

2

◆
�
z + ⌧

z
�
x sin kx + �

y sin ky +�1⌧
x +�2�

z
⌧
x + g(k)�y

⌧
x
. (1)

where g(k) = �g(�k). The model has the following symmetries:

C2 = �
z ⇥ (k ! �k) (2)

T = ⌧
x
K ⇥ (k ! �k) (3)

Hence the product C2T ⌘ T acts as

T = �
z
⌧
x
K. (4)

In addition, the model has mirror symmetry

My = ⌧
x ⇥ (kx ! �kx). (5)

There is also a chiral symmetry, Q = �
x
⌧
y
.

To find the spectrum for �0 = g(k) = 0, define mk ⌘ m+ sin2 kx
2 + sin2 ky

2 and square the Hamilto-

nian:

H
2 = m

2
k + sin2 kx + sin2 ky +�2 + 2mk�⌧

x
�
z + 2� sin ky⌧

x
�
y
, (6)

from which we see that

E = ±
r

m
2
k + sin2 kx + sin2 ky +�2 ± 2|�|

q
m

2
k + sin2 ky. (7)

The two lower bands touch each other at ky = 0, mk = 0, i.e., kx = ±2 sin�1 p�m. Such touching

points exist if �1  m  0. The two upper bands touch at the same points.

Po,	Vishwanath,	et	al.	(2017)
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Gap	at	charge	neutrality?
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Figure!1a is a schematic of a typical graphite-gated, hexagonal boron 
nitride (hBN)-encapsulated MAG heterostructure device. The atomic 
force microscopy image in Fig.!1b shows the high structural homoge-
neity of the device. Figure!1c shows four-terminal resistance Rxx as a 
function of n at different out-of-plane magnetic fields B", measured 
at a temperature T!of!16 mK. We find strong resistance peaks at n = 4n0 
# ±3 $ 1012 cm%2 that mark the edges of the flat bands, consistent with 
previous studies3,6,18. The full-band density corresponds to an average 
twist angle across the device of about 1.10°. By comparing 2n0 values 
extracted from two-terminal measurements between different contact 
pairs (Extended Data Fig.!4), we estimate that the variation in twist angle 
(&!) is only around 0.02° over a span of about 10 µm. Such homogeneity 
in the twist angle is, to our knowledge, unprecedented in a MAG device.

In addition to the resistance peaks at the CNP and at " = ±4, we also 
observe interaction-induced resistance peaks at all non-zero integer 
fillings of the moiré bands (" = ±1, ±2, ±3), corresponding to 1, 2 and 

3 electrons (+) or holes (%) per moiré unit cell (Fig.!1c). Signatures of 
some of these resistive states have been observed previously3,6,18,24, 
but they are much more strongly developed here. From temperature-
dependent transport behaviour over a range of 10 K (Fig.!1f), it is possible 
to extract the activated gap size of the correlated insulator states. We 
obtain values of 0.34 meV (" = %2), 0.37 meV (" = 2) and 0.25 meV (" = 3).  
Evidence for thermally activated transport is much weaker for the  
" = 1 state (0.14 meV) and is entirely absent for the " = %3 and " = %1 states, 
which might indicate that these are correlated semi-metallic states 
rather than insulating states25.

Our device also shows clear temperature-activated transport behav-
iour below 33 K at the CNP, with an extracted gap size of 0.86 meV. Gaps 
at the CNP do not require broken flavour symmetries, but they do require 
that at least one of the emergent C3 and C2T symmetries—which pre-
vent CNP bands from touching—be broken. These symmetries can be 
explicitly broken by crystallographic alignment of the MAG and hBN 
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Fig. 1 | Integer-filling correlated states and new superconducting domes.  
a, Schematic of a typical MAG device. b, Atomic force microscopy image and 
schematic of how various measurements are obtained. Scale bar, 2 µm.  
c, Four-terminal longitudinal resistance plotted against carrier density at 
different perpendicular magnetic fields from 0 T (black trace) to 480 mT (red 
trace). d, Colour plot of longitudinal resistance against carrier density and 
temperature, showing different phases including metal, band insulator (BI), 
correlated state (CS) and superconducting state (SC). The boundaries of the 
superconducting domes—indicated by yellow lines—are defined by 50% 
resistance values relative to the normal state. Note that the transition from the 
metal to the superconducting state is not sharp at some carrier densities, which 
adds uncertainty to the value of Tc extracted. e, Longitudinal resistance at 
optimal doping of the superconducting domes as a function of temperature. 
The resistance is normalized to its value at 8 K. Note that data points for  

n = %7.5 $ 1011 cm%2 are overlaid by the data points for n = 5 $ 1011 cm%2, as both 
curves follow a very similar line. f, Conductance Gxx plotted against inverse 
temperature at carrier densities corresponding to " = 0, 1, ±2 and 3. The straight 
lines are fits to Gxx!!!exp(%&/2kT)!(where!& is the size of the correlation-induced 
gap and k is the Boltzmann constant), for temperature-activated behaviour, and 
give gap values of 0.35 meV (" = %2), 0.14 meV (" = 1), 0.37 meV (" = 2), 0.27 meV  
(" = 3) and 0.86 meV (" = 0; CNP). g, Mean-field phase diagram for neutral " = 0 
(CNP) twisted bilayer graphene, as a function of twist angle and interaction 
strength, showing different configurations of C2T symmetry and Chern number 
(C). Red and blue regions with solid outlines indicate states that do not break 
symmetry, and therefore have bands with no Berry curvature and vanishing 
Chern number. Blue indicates a gapped state and red indicates a gapless state. 
Zones filled with other colours indicate gapped states that break C2T symmetry 
and have bands with different Chern numbers, as shown.

Gap	at	charge	neutrality	in	MATBG	
Lu,	Efetov et	al.	(2018)

Without interactions: at charge neutrality, if the active 
bands are separated from the rest of the spectrum, the 
system is metallic unless a symmetry (e.g. !!"") is broken.*
*	Translation	symmetry	breaking	can	also	open	a	gap:	Kang,	Vafek (2019)	

Q. With strong interactions,
are there other options? 
Topological order? 

“Featureless” insulator?

Gap	at	charge	neutrality	(theory):
Xie,	MacDonald	(2020);	Bultnik,	Khalaf	et	
al.	(2020);	Liao,	Kang,	Meng	et	al.	(2021)



Gap	opening	by	interactions

'

1. Turn on interaction: 
!()*,, = −|%,| &,-&, + &.-&. ℎ-ℎ

⇒ “Trion” *- = &,-&.-ℎ- bound state near Γ

/$
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2. Turn on trion-electron hybridization: 
!()*,. = %. ℎ-&,-&.-, + ℎ. .. ∼ *-, + ℎ. ..

Turner,	EB,	Stern,	arXiv:2104.09528



Gap	opening	by	interactions
Near 0 = 0, 3×3 effective real Hamiltonian:

!788 =

49. − 4:. −24:49 64:
−24:49 4:. − 49. 649
64: 649

4.
27*

− 8;

electrons trions

Wavefunction of lowest band:

Note: not possible with a single 
Dirac point (9 Berry phase)

Turner,	EB,	Stern,	arXiv:2104.09528



Twisted	bilayer	graphene	at	
charge	neutrality

• What could happen?
Constraints on interaction-driven insulators by topology
Ari Turner,	EB,	Ady Stern,	arXiv:2104.09528

• What does happen?
Sign-free QMC simulations of TBG at charge neutrality 
Johannes	S.	Hofmann,	Eslam Khalaf,	Ashvin	Vishwanath,	EB,	
Jong-Yeon	Lee,	arXiv:2105.12112	

Jong	Yeon	Lee	(KITP)Johannes	Hofmann	(WIS) Eslam Khalaf	(Harvard)



Many-body	simulations	of	
twisted	bilayer	graphene

2

FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians

• No localized Wannier description of narrow 
bands: k-space description required

• 2 bands, 2 valleys, 2 spins = 8 degrees of 
freedom per unit cell

• Long-range Coulomb interactions

T	=	0	simulations	of	TBLG:
ED:	Repellin,	Senthil	et	al.	(2020);	Xie,	Regnault et	al.	
(2021);	Potasz,	MacDonald	et	al	(2021),…		
DMRG: Kang,	Vafek (2020);	Soejima,	Zaletel et	al.	(2020);	
Chatterjee,	Zaletel (2020)

This work: sign-free momentum space quantum Monte Carlo 
simulations at : = 0, enabled by particle-hole symmetry 

<
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Figure!1a is a schematic of a typical graphite-gated, hexagonal boron 
nitride (hBN)-encapsulated MAG heterostructure device. The atomic 
force microscopy image in Fig.!1b shows the high structural homoge-
neity of the device. Figure!1c shows four-terminal resistance Rxx as a 
function of n at different out-of-plane magnetic fields B", measured 
at a temperature T!of!16 mK. We find strong resistance peaks at n = 4n0 
# ±3 $ 1012 cm%2 that mark the edges of the flat bands, consistent with 
previous studies3,6,18. The full-band density corresponds to an average 
twist angle across the device of about 1.10°. By comparing 2n0 values 
extracted from two-terminal measurements between different contact 
pairs (Extended Data Fig.!4), we estimate that the variation in twist angle 
(&!) is only around 0.02° over a span of about 10 µm. Such homogeneity 
in the twist angle is, to our knowledge, unprecedented in a MAG device.

In addition to the resistance peaks at the CNP and at " = ±4, we also 
observe interaction-induced resistance peaks at all non-zero integer 
fillings of the moiré bands (" = ±1, ±2, ±3), corresponding to 1, 2 and 

3 electrons (+) or holes (%) per moiré unit cell (Fig.!1c). Signatures of 
some of these resistive states have been observed previously3,6,18,24, 
but they are much more strongly developed here. From temperature-
dependent transport behaviour over a range of 10 K (Fig.!1f), it is possible 
to extract the activated gap size of the correlated insulator states. We 
obtain values of 0.34 meV (" = %2), 0.37 meV (" = 2) and 0.25 meV (" = 3).  
Evidence for thermally activated transport is much weaker for the  
" = 1 state (0.14 meV) and is entirely absent for the " = %3 and " = %1 states, 
which might indicate that these are correlated semi-metallic states 
rather than insulating states25.

Our device also shows clear temperature-activated transport behav-
iour below 33 K at the CNP, with an extracted gap size of 0.86 meV. Gaps 
at the CNP do not require broken flavour symmetries, but they do require 
that at least one of the emergent C3 and C2T symmetries—which pre-
vent CNP bands from touching—be broken. These symmetries can be 
explicitly broken by crystallographic alignment of the MAG and hBN 
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Fig. 1 | Integer-filling correlated states and new superconducting domes.  
a, Schematic of a typical MAG device. b, Atomic force microscopy image and 
schematic of how various measurements are obtained. Scale bar, 2 µm.  
c, Four-terminal longitudinal resistance plotted against carrier density at 
different perpendicular magnetic fields from 0 T (black trace) to 480 mT (red 
trace). d, Colour plot of longitudinal resistance against carrier density and 
temperature, showing different phases including metal, band insulator (BI), 
correlated state (CS) and superconducting state (SC). The boundaries of the 
superconducting domes—indicated by yellow lines—are defined by 50% 
resistance values relative to the normal state. Note that the transition from the 
metal to the superconducting state is not sharp at some carrier densities, which 
adds uncertainty to the value of Tc extracted. e, Longitudinal resistance at 
optimal doping of the superconducting domes as a function of temperature. 
The resistance is normalized to its value at 8 K. Note that data points for  

n = %7.5 $ 1011 cm%2 are overlaid by the data points for n = 5 $ 1011 cm%2, as both 
curves follow a very similar line. f, Conductance Gxx plotted against inverse 
temperature at carrier densities corresponding to " = 0, 1, ±2 and 3. The straight 
lines are fits to Gxx!!!exp(%&/2kT)!(where!& is the size of the correlation-induced 
gap and k is the Boltzmann constant), for temperature-activated behaviour, and 
give gap values of 0.35 meV (" = %2), 0.14 meV (" = 1), 0.37 meV (" = 2), 0.27 meV  
(" = 3) and 0.86 meV (" = 0; CNP). g, Mean-field phase diagram for neutral " = 0 
(CNP) twisted bilayer graphene, as a function of twist angle and interaction 
strength, showing different configurations of C2T symmetry and Chern number 
(C). Red and blue regions with solid outlines indicate states that do not break 
symmetry, and therefore have bands with no Berry curvature and vanishing 
Chern number. Blue indicates a gapped state and red indicates a gapless state. 
Zones filled with other colours indicate gapped states that break C2T symmetry 
and have bands with different Chern numbers, as shown.

Lu,	Efetov et	al.	(2018)

Particle-hole	symmetry	at	! = #?

2

FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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Dirac cones, GK = 4!/(3!) is the magnitude of the wavevector "–K  
of graphene, !#= 0.246 nm is the lattice constant of graphene and  
! =  h/(2! ) is the reduced Planck constant, the lower of the hybri-
dized states is pushed to and crosses zero energy. A mathe matical  
derivation of the magic-angle condition6 gives the first magic angle, 
" = / " . °w !v G3 ( ) 1 1magic

(1)
0 K . In Fig. 1c we show an ab initio tight- 

binding calculation16 of the band structure for " =  1.08°. The flat bands 
(coloured blue) have a bandwidth of 12 meV for the E >  0 branch and 
2 meV for the E <  0 branch (where E is the band energy). From a 
band-theory point of view, the flat bands should have localized wave-
function profiles in real space. In Fig. 1h we show the local density of 
states calculated for the flat bands. The wavefunctions are indeed highly 
concentrated in the regions with AA stacking, whereas small but non-
zero amplitudes on the AB and BA regions connect the AA regions and 
endow the bands with weak dispersion6,15,18. A brief discussion about 
the topological structure of the bands near the first magic angle is given 
in Methods and Extended Data Fig. 1.

For the experiment, we fabricated high-quality encapsulated TBG 
devices with the twist angle controlled to an accuracy of about 0.1°–0.2° 
using a previously developed ‘tear and stack’ technique13,17,22. We meas-
ured four devices with twist angles near the first magic angle 
" " . °.1 1magic

(1)  In Fig. 2a we show the low-temperature two-probe  
conductance of device D1 as a function of carrier density n. For  
n "  ± ns =  ± 2.7 #  1012 cm$2 (four electrons per moiré unit cell for 
" =  1.08°), the conductance is zero over a wide range of densities. Here, 
ns refers to the density that is required to fill the mini Brillouin zone, 
accounting for spin and valley degeneracies (see Methods). These 
insulating states have been explained previously as hybridization- 
induced bandgaps above and below the lowest-energy superlattice 
bands, and are hereafter referred to as ‘superlattice gaps’13. The thermal 
activation gaps are measured to be about 40 meV (see Methods)13,17. 
The twist angle can be estimated from the density that is required to 
reach the superlattice gaps, which we find to be " =  1.1° ±  0.1° for all 
of the devices reported here.

Another pair of insulating states occurs for a narrower density range, 
near half the superlattice density: n "  ± ns/2 =  ± 1.4 #  1012 cm$2 (two 
electrons per moiré unit cell). These insulating states have a much 
smaller energy scale. This behaviour is markedly different from all 
other zero-field insulating behaviours reported previously, which 
occur at integer multiples of ± ns (refs 13, 17). We refer to the states that 
occur near ± ns/2 as ‘half-filling insulating states’. They are observed 
at roughly the same density for all four devices (Fig. 2a, inset). In  
Fig. 2b–d we show the conductance of the half-filling states in device 
D1 at different  temperatures. Above 4 K, the system behaves as a metal, 
exhibiting decreasing conductance with increasing temperature.  
A metal– insulator transition occurs at around 4 K. The conductance 
drops substantially from 4 K to 0.3 K, with the minimum value decreasing  
by 1.5 orders of magnitude. An Arrhenius fit yields a thermal acti-
vation gap of about 0.3 meV for the half-filling states, two orders of 
magnitude smaller than those of the superlattice gaps. At the lowest 
temperatures, the system can be limited by conduction through charge 
puddles, resulting in deviation from the Arrhenius fit.

To confirm the existence of the half-filling states, we performed 
capacitance measurements on device D2 using an a.c. low- temperature 
capacitance bridge (Extended Data Fig. 2)23. The real and imaginary 
components of the a.c. measurement provide information about the 
change in capacitance and the loss tangent of the device, respectively. 
The latter signal is tied to the dissipation in the device due to its 
 resistance23. Device D2 exhibits a reduction in capacitance and strong 
enhancement of dissipation at ± ns/2 (Fig. 3a), in agreement with an 
insulating phase that results from the suppression of the density of 
states. The insulating state at $ ns/2 is weaker and visible only in the 
dissipation data. The observation of capacitance reduction (that is, 
suppression of density of states) for only the n-side half-filling state in 
this device may be due to an asymmetric band structure or the quality 
of the device. The reduction (enhancement) in capacitance (dissipa-
tion) vanishes when the device is warmed up from 0.3 K to about 2 K, 
consistent with the behaviour observed in transport measurements.
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Figure 1 | Electronic band structure of twisted bilayer graphene (TBG). 
a, Schematic of the TBG devices. The TBG is encapsulated in hexagonal 
boron nitride flakes with thicknesses of about 10–30 nm. The devices are 
fabricated on SiO2/Si substrates. The conductance is measured with a 
voltage bias of 100#µ V while varying the local bottom gate voltage Vg.  
‘S’ and ‘D’ are the source and drain contacts, respectively. b, The moiré 
pattern as seen in TBG. The moiré wavelength is # =  a/[2sin("/2)], where 
a =  0.246 nm is the lattice constant of graphene and " is the twist angle.  
c, The band energy E of magic-angle (" =  1.08°) TBG calculated using an 
ab initio tight-binding method. The bands shown in blue are the flat bands 
that we study. d, The mini Brillouin zone is constructed from the 
difference between the two K (or K% ) wavevectors for the two layers. 

Hybridization occurs between Dirac cones within each valley, whereas 
intervalley processes are strongly suppressed. Ks, %K s, Ms and & s denote 
points in the mini Brillouin zone. e–g, Illustration of the effect of interlayer 
hybridization for w =  0 (e), "!w !v k2 0  (f) and 2w "  !v0k" (g); 
v0 =  106 m#s$1 is the Fermi velocity of graphene. h, Normalized local 
density of states (LDOS) calculated for the flat bands with E >  0 at 
" =  1.08°. The electron density is strongly concentrated at the regions with 
AA stacking order, whereas it is mostly depleted at AB- and BA-stacked 
regions. See Extended Data Fig. 6 for the density of states versus energy at 
the same twist angle. i, Top view of a simplified model of the stacking 
order.
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��⌧(ĤBM)

s,⌧ e
�i�⌧

P
q ⇢q,s,⌧��q

#

�
⇤
q = ��q

` = 1, . . . , N⌧ ,

�⌧ = �/N⌧

1

Many-body	Hamiltonian
“Standard model” of TBLG:

<latexit sha1_base64="ILDtkFGZX+cwLsuqJRoEGkOnGZk="></latexit>

c† =
�
c†�,µ,s,⌧

�
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H = ĤBM + V̂

V̂ =
1

2

X

q

Vq�⇢q�⇢�q
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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ĤBM =

ˆ
d
2
r

(2⇡)2
c
† (Hg +HT ) c

where

c
† =

�
c
†
�,µ,s,⌧

�

Hg = �ve
�i ✓

2µ
z�z

✓
⌧
z
�
x 1

i
@x + �

y 1

i
@y

◆
e
i ✓
2µ

z�z

HT = µ
x

3X

m=1

h
w0 + w1

⇣
e

2⇡im
3 ⌧z

�
+ + h.c.

⌘i
e
iqm·r

qm =
GMp

3
Rz

2⇡/3

✓
0
1

◆

q1 q2 q3

1

H = ĤBM + V̂

V̂ =
1

2

X

q

Vq�⇢q�⇢�q
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ĤBM =

ˆ
d
2
r

(2⇡)2
c
† (Hg +HT ) c

where

c
† =

�
c
†
�,µ,s,⌧

�

Hg = �ve
�i ✓

2µ
z�z

✓
⌧
z
�
x 1

i
@x + �

y 1

i
@y

◆
e
i ✓
2µ

z�z

HT = µ
x

3X

m=1

h
w0 + w1

⇣
e

2⇡im
3 ⌧z

�
+ + h.c.

⌘i
e
iqm·r

qm =
GMp

3
Rz

2⇡/3

✓
0
1

◆

q1 q2 q3

1
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ĤBM =

ˆ
d
2
r

(2⇡)2
c
† (Hg +HT ) c

where

c
† =

�
c
†
�,µ,s,⌧

�

Hg = �ve
�i ✓

2µ
z�z

✓
⌧
z
�
x 1

i
@x + �

y 1

i
@y

◆
e
i ✓
2µ

z�z

HT = µ
x

3X

m=1

h
w0 + w1

⇣
e

2⇡im
3 ⌧z

�
+ + h.c.

⌘i
e
iqm·r

qm =
GMp

3
Rz

2⇡/3

✓
0
1

◆

q1 q2 q3

|qm| = 8⇡ sin (✓/2)

3
p
3a

1

Inter-layer 
tunneling

H = ĤBM + V̂

V̂ =
1

2

X

q

Vq�⇢q�⇢�q
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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FIG. 3. Spectral function A(!, k), summed over band, valley
and spin, at the Dirac point k = KM (a,c) and the BZ center
k = �M (b,d) for  = 0.75 (top row) and  = 0.3 (bottow
row). The dashed vertical lines indicate the non-interacting
excitation energy, shifted by the charging energy, the dotted
line represent interaction-only limit. We find that the spectra
for  = 0.75 are in fairly good agreement with the excitation
energies of the interaction-only limit. For  = 0.3, instead,
sharp peaks arise at low temperatures at the Dirac point k =
KM , their energy agrees with the finite-size charging energy,
indicating the semi-metallic phase. Note the spectral weight
at ! ⇠ ±15meV, reminiscent of the purely interacting mode.
One cannot distinquish those two modes at k = �.

ness of the non-linear sigma model describing the ground
state manifold [38, 57]. This value controls the disper-
sion of the low-energy charge neutral bosonic modes [57]
as well as skyrmion excitations [38]. As shown in Ap-
pendixG, the sti↵ness ⇢ can be extracted using the cor-
relation length data. By fitting the relation ⇠ ⇠ e⇡⇢/2T

which is valid above the saturation temperature Fig. 10,
we extract ⇢ ⇠ 1meV. The value of ⇢ obtained here
is in rough agreement with the value obtained through
Hartree-Fock calculation in Ref. [38].

D. Spectral Function and Charge Gap

The momentum dependence of the spectral function
has already been shown in Fig. 1 and has been discussed
in Sec. II. Let us therefore focus on the frequency and
temperature dependence of spectral function at particu-
lar momenta, presented in Fig. 3. The spectral function is
reconstructed using maximum entropy method [81] from
the electron Green’s function G(⌧), shown in Fig. 9 of
AppendixF.

Spectral evolution with temperature in the K-
IVC insulator: In Fig. 3(a), we show the spectral func-
tion A(!,k = KM ) (at the Dirac point) for  = 0.75 at
di↵erent temperatures. At the lowest temperatures, we
observe two clear peaks located around ±19meV, whose
values are very close to the exact excitation energies of
the interaction only Hamiltonian (H0 = 0), which also

has a K-IVC ground state [27]. Clearly, since the H0 has
gapless excitations at the Dirac points, the observed gap
is a result of interactions.
As we increase the temperature, the K-IVC correlation

length become smaller than one lattice spacing around
10K, as shown in Fig. 1(c) and Fig. 2(d). Surprisingly,
this does not immediately lead to the disappearance of
the gap-like features in the spectral function. Rather,
the location of the peak in A(!,k = KM ) broadens and
moves towards ±15meV. Such peaks persist for an inter-
mediate range 10K . T . 100K. The spectral weight at
! = 0 increases with increasing T , which may arise as the
superposed tails of two thermally broadened peaks. By
T = 116K, the gap finally fills in, and there is a single,
broad peak centered at ! = 0.
The spectrum at the �M -point is shown in Fig. 3(b).

The picture is qualitatively similar to that at the KM

point, although the magnitude of the gap is smaller. The
gap features fills in by T = 60K.
To summarize the results for  = 0.75, the spectra

show a pseudo-gapped regime at intermediate tempera-
tures before a fully gapped state with substantially long-
ranged K-IVC correlations develops below 10K. The en-
ergy density obtained by the DQMC simulation for L = 6
at T = 1.8K is E = �0.377 ± 0.006meV per moiré unit
cell, which is in good agreement with the self-consistent
Hartree-Fock calculation result, E = �0.384meV per
moiré unit cell. Furthermore, the excitation spectrum ob-
tained in the DQMC coincide with the HF solution. This
indicates that the Hartree-Fock calculation is accurate in
this case, i.e., the ground state is well approximated by
a Slater determinant.

Spectral evolution with temperature in the
semi-metal: The second row of Fig. 3(c,d) shows the
same quantities as (a,b), but for  = 0.3. In Fig. 1(j),
we saw that the system behaves like a semimetal at the
lowest temperature. The dispersion of the low-energy
quasiparticle peaks is close to that of the bare Hamilto-
nian Ĥ0. This is in stark contrast with the K-IVC state
at  = 0.75, where the dispersion is close to that of the
interaction-only Hamiltonian [Fig. 1(d)].

To understand this behavior better, we focus on k =
KM [Fig. 3(c)]. At T = 116K, we observe a broad max-
imum around ! = 0. At lower temperatures, two dis-
tinct narrow peaks appear at ! ⇠ ±1.4meV. These
peaks can be identified with the quasi-particle excitation
of the Dirac semi-metal. This finite gap originats from
the finite-size charging energy Vq=0, which is 1.4meV for
L = 6, and vanishes in the thermodynamic limit.

Additionally, there are two broad peaks that give rise
to the ‘shoulders’ at ! ⇠ 15meV, close to the excita-
tion energy of interaction-only Hamiltonian, shown by
the thin dashed lines in Fig. 3(c) [see also Fig. 1(j)]. Thus,
the low-temperature spectrum at KM contains two dis-
tinct features, one near the excitation energy of Ĥ0 and
another at the interaction energy scale. This behavior
is reminiscent of that of a Hubbard model, where co-
herent low-energy quasiparticle peaks can coexist with
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FIG. 3. Spectral function A(!, k), summed over band, valley
and spin, at the Dirac point k = KM (a,c) and the BZ center
k = �M (b,d) for  = 0.75 (top row) and  = 0.3 (bottow
row). The dashed vertical lines indicate the non-interacting
excitation energy, shifted by the charging energy, the dotted
line represent interaction-only limit. We find that the spectra
for  = 0.75 are in fairly good agreement with the excitation
energies of the interaction-only limit. For  = 0.3, instead,
sharp peaks arise at low temperatures at the Dirac point k =
KM , their energy agrees with the finite-size charging energy,
indicating the semi-metallic phase. Note the spectral weight
at ! ⇠ ±15meV, reminiscent of the purely interacting mode.
One cannot distinquish those two modes at k = �.

ness of the non-linear sigma model describing the ground
state manifold [38, 57]. This value controls the disper-
sion of the low-energy charge neutral bosonic modes [57]
as well as skyrmion excitations [38]. As shown in Ap-
pendixG, the sti↵ness ⇢ can be extracted using the cor-
relation length data. By fitting the relation ⇠ ⇠ e⇡⇢/2T

which is valid above the saturation temperature Fig. 10,
we extract ⇢ ⇠ 1meV. The value of ⇢ obtained here
is in rough agreement with the value obtained through
Hartree-Fock calculation in Ref. [38].

D. Spectral Function and Charge Gap

The momentum dependence of the spectral function
has already been shown in Fig. 1 and has been discussed
in Sec. II. Let us therefore focus on the frequency and
temperature dependence of spectral function at particu-
lar momenta, presented in Fig. 3. The spectral function is
reconstructed using maximum entropy method [81] from
the electron Green’s function G(⌧), shown in Fig. 9 of
AppendixF.

Spectral evolution with temperature in the K-
IVC insulator: In Fig. 3(a), we show the spectral func-
tion A(!,k = KM ) (at the Dirac point) for  = 0.75 at
di↵erent temperatures. At the lowest temperatures, we
observe two clear peaks located around ±19meV, whose
values are very close to the exact excitation energies of
the interaction only Hamiltonian (H0 = 0), which also

has a K-IVC ground state [27]. Clearly, since the H0 has
gapless excitations at the Dirac points, the observed gap
is a result of interactions.
As we increase the temperature, the K-IVC correlation

length become smaller than one lattice spacing around
10K, as shown in Fig. 1(c) and Fig. 2(d). Surprisingly,
this does not immediately lead to the disappearance of
the gap-like features in the spectral function. Rather,
the location of the peak in A(!,k = KM ) broadens and
moves towards ±15meV. Such peaks persist for an inter-
mediate range 10K . T . 100K. The spectral weight at
! = 0 increases with increasing T , which may arise as the
superposed tails of two thermally broadened peaks. By
T = 116K, the gap finally fills in, and there is a single,
broad peak centered at ! = 0.
The spectrum at the �M -point is shown in Fig. 3(b).

The picture is qualitatively similar to that at the KM

point, although the magnitude of the gap is smaller. The
gap features fills in by T = 60K.
To summarize the results for  = 0.75, the spectra

show a pseudo-gapped regime at intermediate tempera-
tures before a fully gapped state with substantially long-
ranged K-IVC correlations develops below 10K. The en-
ergy density obtained by the DQMC simulation for L = 6
at T = 1.8K is E = �0.377 ± 0.006meV per moiré unit
cell, which is in good agreement with the self-consistent
Hartree-Fock calculation result, E = �0.384meV per
moiré unit cell. Furthermore, the excitation spectrum ob-
tained in the DQMC coincide with the HF solution. This
indicates that the Hartree-Fock calculation is accurate in
this case, i.e., the ground state is well approximated by
a Slater determinant.

Spectral evolution with temperature in the
semi-metal: The second row of Fig. 3(c,d) shows the
same quantities as (a,b), but for  = 0.3. In Fig. 1(j),
we saw that the system behaves like a semimetal at the
lowest temperature. The dispersion of the low-energy
quasiparticle peaks is close to that of the bare Hamilto-
nian Ĥ0. This is in stark contrast with the K-IVC state
at  = 0.75, where the dispersion is close to that of the
interaction-only Hamiltonian [Fig. 1(d)].

To understand this behavior better, we focus on k =
KM [Fig. 3(c)]. At T = 116K, we observe a broad max-
imum around ! = 0. At lower temperatures, two dis-
tinct narrow peaks appear at ! ⇠ ±1.4meV. These
peaks can be identified with the quasi-particle excitation
of the Dirac semi-metal. This finite gap originats from
the finite-size charging energy Vq=0, which is 1.4meV for
L = 6, and vanishes in the thermodynamic limit.

Additionally, there are two broad peaks that give rise
to the ‘shoulders’ at ! ⇠ 15meV, close to the excita-
tion energy of interaction-only Hamiltonian, shown by
the thin dashed lines in Fig. 3(c) [see also Fig. 1(j)]. Thus,
the low-temperature spectrum at KM contains two dis-
tinct features, one near the excitation energy of Ĥ0 and
another at the interaction energy scale. This behavior
is reminiscent of that of a Hubbard model, where co-
herent low-energy quasiparticle peaks can coexist with
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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k-space continuum model of TBG, including several of the
remote bands [10,12,13]. While Mott-Hubbard representa-
tions [7,8,17,18] are complicated by the topology of the
nearly flat bands [6,11,19–22], one can work directly in the
space of the continuum wave functions. Here, careful
analysis reveals some generic features of the Coulomb
matrix elements that arise from the symmetry and topology
of the flat bands. This analysis allows us to identify both an
enlarged U!4" ! U!4" approximate symmetry group and an
intervalley-coherent (IVC) order at neutrality, which were
missed in previous approaches.
This “hidden” symmetry of the model has important

phenomenological consequences. Experimentally, many of
the basic phenomena—such as the existence of correlated
insulators at integer fillings, the location of superconduct-
ing domes, and the presence of anomalous Hall effects—
differ from sample to sample. Since the energetics may
depend on parameters like the precise twist angle, align-
ment with the h-BN substrate, and strain, the search for a
“unified” theory of TBG may become mired in a swamp of
microscopic details. However, in this work, we identify a
hierarchy of energy scales in TBG that can naturally unify
many of these findings. Because of the remarkable properties
of the TBG band structure, we show that the largest energy
scales (15–30 meV) preserve the approximate U!4" ! U!4"
symmetry, which relates a small number of competing
symmetry-breaking orders. Smaller effects (0.2–5meV) then
choose between these orders, and we identify several con-
crete mechanisms, such as strain or substrate alignment,
which can tilt the balance between them.
The primary focus of this work is to understand the

implications of this hierarchy at charge neutrality (! # 0).
In certain samples with low twist-angle disorder, an
insulating state is observed in transport at ! # 0, even in
the absence of apparent hBN alignment [5]. Scanning
tunneling microscopy also finds that the density of states
(DOS) is reconstructed at ! # 0, where a gap of about
15–30 meVopens up [11,23–25]. We identify this phase as
a new Kramers intervalley-coherent (K-IVC) state. In the
K-IVC phase (Fig. 1), time reversal is spontaneously
broken in each spin component, and a pattern of alternating
circulating currents develop which triple the graphene unit
cell (the moiré unit cell is unchanged). See Fig. 1 for a
graphical illustration of this alternating current order. The
K-IVC order does not have a net magnetization; rather, it is
a “magnetization density wave” at the wave vector K of
graphene’s Dirac point. Like an antiferromagnet, the K-
IVC preserves a modified time-reversal symmetry T 0

combining the regular (spinless) time reversal T with a
" shift in the IVC phase. The new time reversal has the
remarkable property that !T 0"2 # !1; i.e., it is a Kramers
time-reversal symmetry arising from the valley rather than
spin. The presence of T 0 leads to Kramers pairing in the
spectrum, independent of spin, and may have important
implications for the nature of superconductivity when the

K-IVC insulator at ! # 0 is doped. Furthermore, restricting
to each spin, the K-IVC state is a topological insulator,
though the protecting T 0 symmetry may be strongly broken
by the edge (due to broken translation symmetry).
Before detailing the Hamiltonian, let us briefly summa-

rize the origin of the approximate U!4" ! U!4" symmetry.
The eight flat bands are labeled by spin s, valley #, and a
twofold “band” index $. Since the bands are quite flat, there
is no particular reason that $ should label the single-particle
eigenbasis. Instead, it turns out that the two bands can be
decomposed into a Chern C # 1 band and a C # !1 band
related by C2T symmetry, leading to a total of four C # 1
and four C # !1 bands. Remarkably, the wave functions in
the Chern basis have a substantial sublattice polarization;
i.e., they have a larger projection on one sublattice
compared to the other. Thus, we can label them by $z #
A=B # $1 with the Chern number C # $z#z. Because of
this sublattice polarization, the slowly varying part of the
charge density decouples, to a good approximation, into the
two Chern components: n!r" # nC#1!r" % nC#!1!r" (oth-
erwise, there would be large cross terms). The four C # 1
(C # !1) wave functions are almost identical up to a
permutation of the spin and sublattice, so n!r", and hence
the interaction, is invariant under separate U(4) rotations
acting on the C # 1= ! 1 components. The single-particle
dispersion and other perturbations then weakly break this
symmetry down to the physical one.
This case is, in fact, highly reminiscent of the QH effect

in the zeroth Landau level (ZLL) of monolayer graphene,
which also has a sublattice-valley locking $z#z # sgn!B",

FIG. 1. Circulating currents and magnetization of the K-IVC
state. Similar to a Kekule distortion, spontaneous intervalley
coherence between the K ! K0 points of the graphene triples the
graphene unit cell. The amplitude of the circulating current slowly
modulates over themoiré unit cell, shownhere as themagnetization
densitym!r", while preserving the moiré superlattice translations.
We show the contribution from a single spin species summed over
the two layers; the other spin carries either identical or reversed
currents if the K-IVC state is a spin singlet or spin “triplet,”
respectively. The lower-left inset shows an example of the circulat-
ing current pattern that retains C2T symmetry, at the scale of the
graphene lattice, in the AA region of the moiré unit cell.
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Let Ĥs be a HS-decoupled Hamiltonian for spin flavor s,
containing both valleys and bands. Then, we can show
that (sxC)Ĥs(sxC) = Ĥ�s. Therefore, using anti-unitary
particle-hole symmetry sxC we obtain that W ⇤

" = W#
and W = W"W# = |W"|2 > 0.

We can also include a ‘valley-Zeeman’ field,

ĤvZ = �hvz

X

k

d†k⌧zdk. (15)

This term is symmetric under C, and does not cause a sign
problem even if we have a single spin flavor. Similarly, we
can add the uniform sublattice polarization (⇠ ⌧znx in
band basis) and perpendicular electric field terms, which
are also symmetric under C. Therefore, in principle we
can turn on all these four kinds of external fields and
simulate the system without a sign problem.

V. SIMULATION RESULTS AND DISCUSSION

In this section we report the results of our QMC com-
putations. Our implementation of the algorithm de-
scribed above is built on top of the software package
ALF [88, 89]. We investigate the leading instabilities
of the BM model at charge neutrality, and benchmark
our simulations by comparing the results to the analyt-
ical solutions in the strong coupling limit [27]. Further-
more, we present a more detailed analysis of the spectral
functions shown in Fig. 1 focusing on their temperature
dependence.

A. Parameters

We used to following set of parameters in the simula-
tions. In the BM model, we used ~vF

3a0/2
= 2700meV and

w1 = 105meV. We set ✓ = 1.05 which is close to the
magic angle for the above parameters. For the interac-
tion, we focus on a relative dielectric constant ✏ = 10 and
a gate distance of d = 20nm. We confirmed the conver-
gence of QMC results for a Trotter step size of down to
� = 0.01meV�1.

E↵ectively, two most important parameters in the sim-
ulation is the bandwidth W of bare dispersion Ĥ0 and
the interaction energy scale. It is worth noting that W
is a complicated function of the system parameters. Due
to the correction term in Eq. (6), it depends on the in-
teraction parameters, ✏ and d, as well as on the choice
of reference state P0 and the hopping ratio  = w0/w1.
The interaction energy scale can be represented by the
bandwidth of electron and hole excitations in the strong
coupling limit, Ĥ0 = 0 (AppendixC). In Fig. 1(b), we
plot W and the interaction scale as a function of  at
✓ = 1.05�. In this plot, W decreases with , while the
interaction scale barely changes. However, this behavior
is not universal; as we move away from the magic angle,
W can increase with . (Fig. 6).

B. Observables

In our DQMC simulation, there are two observables we
examine: (i) the electron Green’s function G(k, ⌧), and
(ii) correlation functions Sa of fermion bilinears Oa,

Sa(q) ⌘
1

L2
hOa(q)Oa(�q)i

Oa(q) ⌘
X

k

d†k+q⇤a(k, q)dk. (16)

NM = L2 is the number of moiré unit cells in the system
and ⇤a is the operator-dependent form factor,

[⇤a(k, q)]ij ⌘ huk+q,i|Ma |uk,ji , (17)

where i, j runs over the flavor indices (s, ⌧, n) of the pro-
jected flat bands. The microscopic operator Ma for var-
ious correlation functions are defined in Tab. II, which
act on the vector space of the unprojected electron oper-
ator. The normalization of (16) implies that a spatially
homogeneous long-range order gives rise to an extensive
scaling of Sa(q = 0) ⇠ L2. Note that the HS decoupled
Hamiltonian is a fermion bilinear such that higher corre-
lation function can be extracted using Wick’s theorem, as
illustrated in AppendixD 4. The correlation length, ⇠a,
which we presented in Fig. 1, is extracted from the mo-
mentum dependence of Sa(q) at small wavevectors [90],

⇠2
a
/a2

M
=

3

16 sin2(⇡/L)

✓
Sa(q = 0)

Sa(q = qnn)
� 1

◆
, (18)

where qnn are the six nearest-neighboring momenta of
q = 0, Sa(q = qnn) is averaged over them.
At each momentum k we have eight electron flavors,

and therefore there is a large manifold for potential sym-
metry breaking. In order to examine the nature of the
ground state manifold, we choose six representative order
parameters: valley polarized (VP), spin polarized (SP),
valley-Hall (VH), two types of intervalley coherence (t-
IVC/K-IVC), and quantum Hall (QH), whose correspod-
ning microscopic operators Ma are listed in Tab. II.

C. Hierarchy of Symmetries and Degeneracy of
Ground-state Manifold

In Fig. 2, we show the correlation function Sa(q = 0) as
function of temperatures for four di↵erent cases: (a) flat
(i.e., Ĥ0 = 0) chiral, (b) nonflat chiral, (c) flat nonchi-
ral, and (d) nonflat nonchiral. For simplicity, we omit
the correlation functions for SP and t-IVC order param-
eters. The magnitude of SP is equivalent to that of VP
by symmetry. The magnitude of t-IVC is equivalent to
the others only at chiral flat limit, and is suppressed in
all other cases. In this simulation, we used the follow-
ing set of parameters to expose the hierarchy of scales
and symmetries. For chiral and nonchiral limits, we have
 = 0 and 0.75 respectively. For flat and nonflat bands,

K-IVC correlation length

Gap-like feature onsets 
far above ordering
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths for
two system sizes L = 3, 6 and 9 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-j) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA. In
(g), the empty square represents the zero temperature data obtained by a projective variant of the QMC method [70, 71].

density of states and enhancement of the separation be-
tween van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [75–78].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[79] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents a new kind of
correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives

corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole
symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [80]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians
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Let Ĥs be a HS-decoupled Hamiltonian for spin flavor s,
containing both valleys and bands. Then, we can show
that (sxC)Ĥs(sxC) = Ĥ�s. Therefore, using anti-unitary
particle-hole symmetry sxC we obtain that W ⇤

" = W#
and W = W"W# = |W"|2 > 0.

We can also include a ‘valley-Zeeman’ field,

ĤvZ = �hvz

X

k

d†k⌧zdk. (15)

This term is symmetric under C, and does not cause a sign
problem even if we have a single spin flavor. Similarly, we
can add the uniform sublattice polarization (⇠ ⌧znx in
band basis) and perpendicular electric field terms, which
are also symmetric under C. Therefore, in principle we
can turn on all these four kinds of external fields and
simulate the system without a sign problem.

V. SIMULATION RESULTS AND DISCUSSION

In this section we report the results of our QMC com-
putations. Our implementation of the algorithm de-
scribed above is built on top of the software package
ALF [88, 89]. We investigate the leading instabilities
of the BM model at charge neutrality, and benchmark
our simulations by comparing the results to the analyt-
ical solutions in the strong coupling limit [27]. Further-
more, we present a more detailed analysis of the spectral
functions shown in Fig. 1 focusing on their temperature
dependence.

A. Parameters

We used to following set of parameters in the simula-
tions. In the BM model, we used ~vF

3a0/2
= 2700meV and

w1 = 105meV. We set ✓ = 1.05 which is close to the
magic angle for the above parameters. For the interac-
tion, we focus on a relative dielectric constant ✏ = 10 and
a gate distance of d = 20nm. We confirmed the conver-
gence of QMC results for a Trotter step size of down to
� = 0.01meV�1.

E↵ectively, two most important parameters in the sim-
ulation is the bandwidth W of bare dispersion Ĥ0 and
the interaction energy scale. It is worth noting that W
is a complicated function of the system parameters. Due
to the correction term in Eq. (6), it depends on the in-
teraction parameters, ✏ and d, as well as on the choice
of reference state P0 and the hopping ratio  = w0/w1.
The interaction energy scale can be represented by the
bandwidth of electron and hole excitations in the strong
coupling limit, Ĥ0 = 0 (AppendixC). In Fig. 1(b), we
plot W and the interaction scale as a function of  at
✓ = 1.05�. In this plot, W decreases with , while the
interaction scale barely changes. However, this behavior
is not universal; as we move away from the magic angle,
W can increase with . (Fig. 6).

B. Observables

In our DQMC simulation, there are two observables we
examine: (i) the electron Green’s function G(k, ⌧), and
(ii) correlation functions Sa of fermion bilinears Oa,

Sa(q) ⌘
1

L2
hOa(q)Oa(�q)i

Oa(q) ⌘
X

k

d†k+q⇤a(k, q)dk. (16)

NM = L2 is the number of moiré unit cells in the system
and ⇤a is the operator-dependent form factor,

[⇤a(k, q)]ij ⌘ huk+q,i|Ma |uk,ji , (17)

where i, j runs over the flavor indices (s, ⌧, n) of the pro-
jected flat bands. The microscopic operator Ma for var-
ious correlation functions are defined in Tab. II, which
act on the vector space of the unprojected electron oper-
ator. The normalization of (16) implies that a spatially
homogeneous long-range order gives rise to an extensive
scaling of Sa(q = 0) ⇠ L2. Note that the HS decoupled
Hamiltonian is a fermion bilinear such that higher corre-
lation function can be extracted using Wick’s theorem, as
illustrated in AppendixD 4. The correlation length, ⇠a,
which we presented in Fig. 1, is extracted from the mo-
mentum dependence of Sa(q) at small wavevectors [90],

⇠2
a
/a2

M
=

3

16 sin2(⇡/L)

✓
Sa(q = 0)

Sa(q = qnn)
� 1

◆
, (18)

where qnn are the six nearest-neighboring momenta of
q = 0, Sa(q = qnn) is averaged over them.
At each momentum k we have eight electron flavors,

and therefore there is a large manifold for potential sym-
metry breaking. In order to examine the nature of the
ground state manifold, we choose six representative order
parameters: valley polarized (VP), spin polarized (SP),
valley-Hall (VH), two types of intervalley coherence (t-
IVC/K-IVC), and quantum Hall (QH), whose correspod-
ning microscopic operators Ma are listed in Tab. II.

C. Hierarchy of Symmetries and Degeneracy of
Ground-state Manifold

In Fig. 2, we show the correlation function Sa(q = 0) as
function of temperatures for four di↵erent cases: (a) flat
(i.e., Ĥ0 = 0) chiral, (b) nonflat chiral, (c) flat nonchi-
ral, and (d) nonflat nonchiral. For simplicity, we omit
the correlation functions for SP and t-IVC order param-
eters. The magnitude of SP is equivalent to that of VP
by symmetry. The magnitude of t-IVC is equivalent to
the others only at chiral flat limit, and is suppressed in
all other cases. In this simulation, we used the follow-
ing set of parameters to expose the hierarchy of scales
and symmetries. For chiral and nonchiral limits, we have
 = 0 and 0.75 respectively. For flat and nonflat bands,

K-IVC correlation length

Ground state: 
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians

HF predicts K-IVC with a 
gap of ∼ 17meV

Finite-size charging 
energy∝ ^/`.

10

FIG. 3. Spectral function A(!, k), summed over band, valley
and spin, at the Dirac point k = KM (a,c) and the BZ center
k = �M (b,d) for  = 0.75 (top row) and  = 0.3 (bottow
row). The dashed vertical lines indicate the non-interacting
excitation energy, shifted by the charging energy, the dotted
line represent interaction-only limit. We find that the spectra
for  = 0.75 are in fairly good agreement with the excitation
energies of the interaction-only limit. For  = 0.3, instead,
sharp peaks arise at low temperatures at the Dirac point k =
KM , their energy agrees with the finite-size charging energy,
indicating the semi-metallic phase. Note the spectral weight
at ! ⇠ ±15meV, reminiscent of the purely interacting mode.
One cannot distinquish those two modes at k = �.

ness of the non-linear sigma model describing the ground
state manifold [38, 57]. This value controls the disper-
sion of the low-energy charge neutral bosonic modes [57]
as well as skyrmion excitations [38]. As shown in Ap-
pendixG, the sti↵ness ⇢ can be extracted using the cor-
relation length data. By fitting the relation ⇠ ⇠ e⇡⇢/2T

which is valid above the saturation temperature Fig. 10,
we extract ⇢ ⇠ 1meV. The value of ⇢ obtained here
is in rough agreement with the value obtained through
Hartree-Fock calculation in Ref. [38].

D. Spectral Function and Charge Gap

The momentum dependence of the spectral function
has already been shown in Fig. 1 and has been discussed
in Sec. II. Let us therefore focus on the frequency and
temperature dependence of spectral function at particu-
lar momenta, presented in Fig. 3. The spectral function is
reconstructed using maximum entropy method [81] from
the electron Green’s function G(⌧), shown in Fig. 9 of
AppendixF.

Spectral evolution with temperature in the K-
IVC insulator: In Fig. 3(a), we show the spectral func-
tion A(!,k = KM ) (at the Dirac point) for  = 0.75 at
di↵erent temperatures. At the lowest temperatures, we
observe two clear peaks located around ±19meV, whose
values are very close to the exact excitation energies of
the interaction only Hamiltonian (H0 = 0), which also

has a K-IVC ground state [27]. Clearly, since the H0 has
gapless excitations at the Dirac points, the observed gap
is a result of interactions.
As we increase the temperature, the K-IVC correlation

length become smaller than one lattice spacing around
10K, as shown in Fig. 1(c) and Fig. 2(d). Surprisingly,
this does not immediately lead to the disappearance of
the gap-like features in the spectral function. Rather,
the location of the peak in A(!,k = KM ) broadens and
moves towards ±15meV. Such peaks persist for an inter-
mediate range 10K . T . 100K. The spectral weight at
! = 0 increases with increasing T , which may arise as the
superposed tails of two thermally broadened peaks. By
T = 116K, the gap finally fills in, and there is a single,
broad peak centered at ! = 0.
The spectrum at the �M -point is shown in Fig. 3(b).

The picture is qualitatively similar to that at the KM

point, although the magnitude of the gap is smaller. The
gap features fills in by T = 60K.
To summarize the results for  = 0.75, the spectra

show a pseudo-gapped regime at intermediate tempera-
tures before a fully gapped state with substantially long-
ranged K-IVC correlations develops below 10K. The en-
ergy density obtained by the DQMC simulation for L = 6
at T = 1.8K is E = �0.377 ± 0.006meV per moiré unit
cell, which is in good agreement with the self-consistent
Hartree-Fock calculation result, E = �0.384meV per
moiré unit cell. Furthermore, the excitation spectrum ob-
tained in the DQMC coincide with the HF solution. This
indicates that the Hartree-Fock calculation is accurate in
this case, i.e., the ground state is well approximated by
a Slater determinant.

Spectral evolution with temperature in the
semi-metal: The second row of Fig. 3(c,d) shows the
same quantities as (a,b), but for  = 0.3. In Fig. 1(j),
we saw that the system behaves like a semimetal at the
lowest temperature. The dispersion of the low-energy
quasiparticle peaks is close to that of the bare Hamilto-
nian Ĥ0. This is in stark contrast with the K-IVC state
at  = 0.75, where the dispersion is close to that of the
interaction-only Hamiltonian [Fig. 1(d)].

To understand this behavior better, we focus on k =
KM [Fig. 3(c)]. At T = 116K, we observe a broad max-
imum around ! = 0. At lower temperatures, two dis-
tinct narrow peaks appear at ! ⇠ ±1.4meV. These
peaks can be identified with the quasi-particle excitation
of the Dirac semi-metal. This finite gap originats from
the finite-size charging energy Vq=0, which is 1.4meV for
L = 6, and vanishes in the thermodynamic limit.

Additionally, there are two broad peaks that give rise
to the ‘shoulders’ at ! ⇠ 15meV, close to the excita-
tion energy of interaction-only Hamiltonian, shown by
the thin dashed lines in Fig. 3(c) [see also Fig. 1(j)]. Thus,
the low-temperature spectrum at KM contains two dis-
tinct features, one near the excitation energy of Ĥ0 and
another at the interaction energy scale. This behavior
is reminiscent of that of a Hubbard model, where co-
herent low-energy quasiparticle peaks can coexist with
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and spin, at the Dirac point k = KM (a,c) and the BZ center
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row). The dashed vertical lines indicate the non-interacting
excitation energy, shifted by the charging energy, the dotted
line represent interaction-only limit. We find that the spectra
for  = 0.75 are in fairly good agreement with the excitation
energies of the interaction-only limit. For  = 0.3, instead,
sharp peaks arise at low temperatures at the Dirac point k =
KM , their energy agrees with the finite-size charging energy,
indicating the semi-metallic phase. Note the spectral weight
at ! ⇠ ±15meV, reminiscent of the purely interacting mode.
One cannot distinquish those two modes at k = �.

ness of the non-linear sigma model describing the ground
state manifold [38, 57]. This value controls the disper-
sion of the low-energy charge neutral bosonic modes [57]
as well as skyrmion excitations [38]. As shown in Ap-
pendixG, the sti↵ness ⇢ can be extracted using the cor-
relation length data. By fitting the relation ⇠ ⇠ e⇡⇢/2T

which is valid above the saturation temperature Fig. 10,
we extract ⇢ ⇠ 1meV. The value of ⇢ obtained here
is in rough agreement with the value obtained through
Hartree-Fock calculation in Ref. [38].

D. Spectral Function and Charge Gap

The momentum dependence of the spectral function
has already been shown in Fig. 1 and has been discussed
in Sec. II. Let us therefore focus on the frequency and
temperature dependence of spectral function at particu-
lar momenta, presented in Fig. 3. The spectral function is
reconstructed using maximum entropy method [81] from
the electron Green’s function G(⌧), shown in Fig. 9 of
AppendixF.

Spectral evolution with temperature in the K-
IVC insulator: In Fig. 3(a), we show the spectral func-
tion A(!,k = KM ) (at the Dirac point) for  = 0.75 at
di↵erent temperatures. At the lowest temperatures, we
observe two clear peaks located around ±19meV, whose
values are very close to the exact excitation energies of
the interaction only Hamiltonian (H0 = 0), which also

has a K-IVC ground state [27]. Clearly, since the H0 has
gapless excitations at the Dirac points, the observed gap
is a result of interactions.
As we increase the temperature, the K-IVC correlation

length become smaller than one lattice spacing around
10K, as shown in Fig. 1(c) and Fig. 2(d). Surprisingly,
this does not immediately lead to the disappearance of
the gap-like features in the spectral function. Rather,
the location of the peak in A(!,k = KM ) broadens and
moves towards ±15meV. Such peaks persist for an inter-
mediate range 10K . T . 100K. The spectral weight at
! = 0 increases with increasing T , which may arise as the
superposed tails of two thermally broadened peaks. By
T = 116K, the gap finally fills in, and there is a single,
broad peak centered at ! = 0.
The spectrum at the �M -point is shown in Fig. 3(b).

The picture is qualitatively similar to that at the KM

point, although the magnitude of the gap is smaller. The
gap features fills in by T = 60K.
To summarize the results for  = 0.75, the spectra

show a pseudo-gapped regime at intermediate tempera-
tures before a fully gapped state with substantially long-
ranged K-IVC correlations develops below 10K. The en-
ergy density obtained by the DQMC simulation for L = 6
at T = 1.8K is E = �0.377 ± 0.006meV per moiré unit
cell, which is in good agreement with the self-consistent
Hartree-Fock calculation result, E = �0.384meV per
moiré unit cell. Furthermore, the excitation spectrum ob-
tained in the DQMC coincide with the HF solution. This
indicates that the Hartree-Fock calculation is accurate in
this case, i.e., the ground state is well approximated by
a Slater determinant.

Spectral evolution with temperature in the
semi-metal: The second row of Fig. 3(c,d) shows the
same quantities as (a,b), but for  = 0.3. In Fig. 1(j),
we saw that the system behaves like a semimetal at the
lowest temperature. The dispersion of the low-energy
quasiparticle peaks is close to that of the bare Hamilto-
nian Ĥ0. This is in stark contrast with the K-IVC state
at  = 0.75, where the dispersion is close to that of the
interaction-only Hamiltonian [Fig. 1(d)].

To understand this behavior better, we focus on k =
KM [Fig. 3(c)]. At T = 116K, we observe a broad max-
imum around ! = 0. At lower temperatures, two dis-
tinct narrow peaks appear at ! ⇠ ±1.4meV. These
peaks can be identified with the quasi-particle excitation
of the Dirac semi-metal. This finite gap originats from
the finite-size charging energy Vq=0, which is 1.4meV for
L = 6, and vanishes in the thermodynamic limit.

Additionally, there are two broad peaks that give rise
to the ‘shoulders’ at ! ⇠ 15meV, close to the excita-
tion energy of interaction-only Hamiltonian, shown by
the thin dashed lines in Fig. 3(c) [see also Fig. 1(j)]. Thus,
the low-temperature spectrum at KM contains two dis-
tinct features, one near the excitation energy of Ĥ0 and
another at the interaction energy scale. This behavior
is reminiscent of that of a Hubbard model, where co-
herent low-energy quasiparticle peaks can coexist with
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths for
two system sizes L = 3, 6 and 9 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-j) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA. In
(g), the empty square represents the zero temperature data obtained by a projective variant of the QMC method [70, 71].

density of states and enhancement of the separation be-
tween van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [75–78].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[79] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents a new kind of
correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives

corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole
symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [80]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
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• Strongly correlated fragile topological 
bands: unusual gapping mechanism 
can lead to “featureless insulator”. 
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P-H symmetry.
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above ordering temperature.  
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FIG. 1. (a) Electron-hole excitation spectrum at charge neutrality [eigenvalues of Ĥ0 in Eq. (6)]. In the DQMC simulations,
we project the Hamiltonian onto the middle two narrow bands (red and blue). Solid (Dashed) lines are for + (�) valley. (b)
Bandwidth of Ĥ0 as function of  = w0/w1 (red), along with the bandwidth of the excitation spectrum in the interaction-only
limit, where Ĥ0 is neglected (blue). (c-f) DQMC results for  = 0.75, for which W = 8meV: (c) K-IVC correlation lengths
for two system sizes L = 3, 6 in the unit of moiré lattice vector, (d) single-particle density of state ⇢(!) =

R
d2kA(!,k), (e,f)

spectral function A(k,!) along a cut through the moiré Brillouin zone for T = 29K and 1.8K, respectively. The red crosses
denote the single particle dispersion Ĥ0, while the blue crosses represent the single particle dispersion in the interaction only
limit. (g-i) Same as panels (c-f) for  = 0.3 (W = 14meV). The parameters used in the simulations are given in Sec. VA.

of density of states and enhancement of the separation
between van Hove peaks at CN, but, in the absence of fur-
ther input, does not conclusively establish a gap [73–76].
The di↵erent behavior between samples could arise from
substrate alignment, disorder[77] or strain which was ar-
gued to induce competition between a correlated insu-
lator and a nematic semimetal [59, 65]. In the absence
of these e↵ects, Ref. [27] have proven that the ground
state is necessarily an insulator in the limit of small dis-
persion. On the other hand, for the physically realistic
parameters where interactions themselves give rise to a
significant dispersion, such a correlated insulator can be
destabilized. Therefore, unbiased numerical simulations
are needed even to establish the phase diagram of pristine
twisted bilayer graphene.

Furthermore, access to the physics at finite tempera-
ture can shed light on a host of phenomena mentioned
previously. More broadly, TBG represents an new kind
of correlated insulator which occurs in topological bands,
and revealing the detailed formation of such a state, as
we outline here, can have far reaching consequences.

The rest of the paper is organized as follows. In Sec. II,
we summarize the main results of the paper. In Sec. III,
we examine the TBG Hamiltonian in detail and define
the interacting Hamiltonian to be used in DQMC. As
pointed out in [11, 27, 59], the bare kinetic energy receives
corrections in the interacting problem which needs to be
duly incorporated. In Sec. IV we revisit the sign-problem
in DQMC. We elucidate the role played by a particle-hole

symmetry in sign problem. Using this, we show that the
sign-problem is absent in TBG at charge neutrality under
a minor approximation, which amounts to neglecting the
small angle rotation of the Dirac matrices [42, 44]. In
Sec.V, we present DQMC results with various parameter,
system sizes, and temperatures. In Sec. VI, we conclude
the paper with an outlook.

II. SUMMARY OF RESULTS

Our starting point is the continuum model describing
the moiré bands in TBG [56] at charge neutrality, supple-
mented by long-range Coulomb interactions. This model
respects all the relevant symmetries and the non-trivial
topology of the low-energy bands. For computational
simplicity, we keep only the pair of bands closest to the
Fermi level [see Fig. 1(a)], and project out all the other
bands, assumed to be either empty or full [78]. Crucially,
we take into account the renormalization of the single-
particle dispersion as a result of interactions [11, 27, 59],
as described in Sec. III B. As we shall see, this e↵ect can
significantly impact the nature of the ground state.
Our key observation is that the continuum model for

TBG at charge neutrality is nearly free of the fermion
sign problem in quantum Monte Carlo, due to its ap-
proximate particle-hole symmetry (PHS). Under a slight
deformation of the model – neglecting the rotation of
the Pauli matrices in the individual Dirac Hamiltonians


