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Abstract 

According to the bulk-edge correspondence principle, the physics of the gapless 
edge in the quantum Hall effect determines topological order in the gapped bulk. 
As the bulk is less accessible, the last two decades saw the emergence of several 
experimental techniques that invoke the study of the compressible edge. We 
review the properties of the edge, and describe several experimental techniques 
that include shot noise and thermal noise measurements, interferometry, and 
energy (thermal) transport at the edge. We pay special attention to the filling 
factor 5/2 in the first excited Landau level (in two-dimensional electron gas in 
GaAs), where experimental evidence of a non-abelian topological order was 
found. A brief discussion is devoted to recent interferometry experiments that 
uncovered unexpected physics in the integer quantum Hall effect. The chapter 
also addresses the theory of edge states, for systems with abelian and non-
abelian topological orders. 
 

1.   Introduction 

The fractional quantum Hall effect (FQHE) famously gives rise to quasiparticles 
whose charges are lower than an electron charge. Their exchange statistics is 
neither Fermi nor Bose. Roughly speaking, the knowledge of the topological 
order in FQHE systems consists in the understanding of the charges and the 
statistics of those fractionally charged anyons. Since the anyons exist in the 
gapped bulk of 2D electron liquid, experiments probing the bulk may a priori 
seem the best way to test the order of the state. Yet, such probes, being difficult 
to realize, are often not useful in respect to the latter. Hence, the focus of this 
chapter is on edge physics. The electron liquid is gapless at the sample’s edges, 
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where the filling factor changes from the bulk value to zero, and the bulk 
topological order, protected by the bulk gap, is absent. Naively, this makes the 
edge a wrong place to look for signatures of the topological order. Nevertheless, 
most of our knowledge of the topological order in the FQHE regime comes from 
probing the edge. 

The most basic question involves the charges of the anyons. Edge physics can 
shed light on this question, e.g., through measuring shot noise. Weak tunneling 
between opposite edges of the sample, brought to nearby proximity by means of 
a narrow constriction, leads to a universal noise that is proportional to the 
carriers’ charge. Additional information comes from strong tunneling 
experiments. This physics is reviewed in Section 3 below. 

Since the exchange statistics of anyons is defined in terms of particles moving 
around each other, anyonic interferometry is a natural tool to understand the 
states’ topological orders. In turn, interferometry is studied by splitting the 
incident chiral current emanating from the source into two (or more) different 
paths, and merging them again before the drain. We address interferometry in 
Section 5, focusing on the integer QHE (IQHE). Understanding interferometry in 
the IQHE regime is mandatory before one can rely on its interpretation in the 
FQHE. Recent developments, such as the discovery of the pairing effect and the 
lobe structure, underscore how challenging interferometry is even in the IQHE. 

Another approach has recently emerged as a powerful probe of topological 
orders: experiments involving energy transport. We first address the physics of 
neutral modes in Section 4. The simplest quantum Hall edges carry only 
downstream charged channels (the chirality is dictated by the magnetic field). 
However, more typically, charged channels may coexists with one or more (often 
upstream, namely, with opposite chirality) neutral modes. Since the neutral 
modes (not carrying net charge) weakly interact with external probes, accessing 
them is a difficult task. A breakthrough in that direction came in 2010, when the 
existence of upstream neutral modes was proven experimentally via shot noise 
measurements. An even more important development consisted in the 
measurements of the thermal conductance of quantum Hall edge modes (Section 
7). In particular, a thermal conductance experiment gave strong support to non-
abelian statistics at filling factor 5/2. 

Section 6 focuses on that enigmatic 5/2 filling factor. Its very existence 
was a surprise. The most intuitive way to think of FQHE states is based on 
composite fermions (CFs). Odd-denominator fractions can be interpreted as 
IQHE gapped states of non-interacting CFs. On the other hand, a picture of 
weakly interacting CFs suggests gapless states at even-denominator filling 
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factors. This agrees with the experiments in the first two spin-split Landau levels 
(LLs), but not in higher LLs. The apparent solution of this paradox lies in a 
picture of Cooper-pairing of CFs. Yet, the solution gives rise to another 
conundrum: numerous ways exist to build Cooper pairs and instead of ‘no 
obvious candidates for the 5/2 topological liquid’ we now have way too 
many. Until new experimental probes of neutral modes were developed, the scant 
amount of available experimental data shifted the focus to numerical 
calculations. Different orders were leading at different times, and most recently 
numerics gave support to the Pfaffian and anti-Pfaffian topological orders, 
exhibiting the beautiful property of non-abelian statistics. This feature is of 
current great interest for quantum computing. 

A very recent thermal conductance experiment does support a non-abelian 
liquid at 5/2; however the topological order appears to be neither of the two 
leading numerical candidates. The best fit to the existing data comes from the 
PH-Pfaffian topological order. Presumably, disorder effects, neglected in 
numerics, may be responsible for this order. More work is needed until the order 
of the 5/2 liquid and its universality are settled. 

In addition to key Sections 3-7 and a summary, this chapter reviews some 
background information: edge models in Section 2 and in Appendix A, bulk-edge 
correspondence at 5/2 in Appendix B, and Coulomb effects in 
interferometry in Appendix C. 

2.   Edge channels 

Halperin was the first to suggest that edge-channels transport is responsible for 
the conduction mechanism in the QHE [1]. According to this successful model, 
current flows along the edges of the sample, with electrons performing classical 
chiral ‘skipping orbits’. In the quantum mechanical language, current flows at the 
crossing of the Landau levels and the Fermi energy near the physical edges of the 
sample. In the IQHE regime, electron correlations are weak, and currents flow in 
non-interacting 1D-like channels. Alternatively, in the FQHE regime, electron 
correlations are strong, leading the edge channels to possess chiral Luttinger 
liquid-like properties [2]. Due to the chirality, backscattering in wide samples is 
minimized and the edge channels tend to propagate ‘ballistically’ for a long 
distance [3]. Since the interpretation of the experiments discussed here depends 
on the inner structure of the edge channels, we start with a brief introduction to 
edge channel models (excellent discussions can be found in the reviews by Kane 
and Fisher [4] and by Wen [3]). 
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apparent in Fig. 1, with charges drifting at the edge in perpendicular electric and 
magnetic fields. This is also evident from the semi-classical picture of skipping 
orbits [5]. The Hamiltonian  can be seen as a chiral part of a Hamiltonian of a 
non-chiral quantum wire. A similar Hamiltonian describes the opposite edge of 
the Hall bar, where excitations move in the opposite direction (at the same 
chirality). The Landauer conductance / 	 of a quantum wire agrees with what 
one expects in the IQHE. 

Even though electrons are fermions, it is often convenient to rewrite the edge 
model in terms of Bose operators. This approach does not make much difference 
in a non-interacting problem, but has advantages if Coulomb interactions at the 
edge are taken into account. While in terms of electron edge transport, the FQHE 
regime is a hopelessly complicated problem of strongly interacting fermions, 
many of the difficulties magically disappear in the Bose language, providing an 
easy way to describe the low-energy excitations, which are bosonic plasmons [3]. 

We focus on the 1D charge density  along the edge, obtained by 
integrating the charge distribution along the y direction. Defining the Bose field 

 according to /2 , we get an edge-action: 

 
ħ

 (3)	

which we further briefly discuss in Appendix A. This action is a minimal 
model of the edge in the IQHE regime, as additional terms are unimportant at 
low energies. When long-range Coulomb interactions are important, another 
term, / | |, must be included. The interaction is 
responsible particularly for a high edge velocity on an ungated edge and for a 
‘striped’ structure of an edge, which may reconstruct in realistic samples due to 
Coulomb interaction. As was predicted in[6, 7], and observed in [8], the edge 
may consist of compressible and incompressible stripes that form multiple 
parallel conducting channels, resulting from edge-reconstruction [9], thus 
necessitating the addition to the action of the contributions from pairs of counter-
propagating identical channels. Such pairs of channels are subject to Anderson 
localization via impurities on relatively short distances [10]. An extension of the 
action in Eq. (3) to integer states with filling 1 is easy: each filled Landau 
level leads to one edge channel. 

2.1.    Particle-states in the FQHE regime 

We now turn to the FQHE and discuss the basics of the chiral Luttinger liquid 
theory, introduced by Wen [3]. For Laughlin states at 1/ 2 1), there are 
only minute changes in the expressions from those in the IQHE. This can be 
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Fig. 2. MacDonald’s clean edge configuration, with the edge modes of the ν=2/3 state. (a) Potential 
(and density) distribution near the edge. (b) Chirality is counter-clockwise, the 1 channel 
(blue) moves downstream, while the 1/3 channel (red) moves upstream. (c) Two-terminal 
conductance G=(1+1/3) e2/h. With inter-mode scattering, the downstream charge channel has 
conductance G=2e2/3h being accompanied by an upstream neutral mode (not shown). 
 

As the picture suggests, there are two counter-propagating edge channels. 
Since the electrostatic potential follows the electron density, the direction of the 
confining electric field is opposite at the two interfaces: one separating 1	 
from 0	 (at the sample’s edge), and the other separating 1	 from 

2/3	 (equivalently, 0	 of holes from 1/3	 of holes). Two oppositely 
propagating channels emerge: a downstream channel identical to that of ν=1 and 
an upstream channel of 1/3	 [13]. On a short scale, inter-channel 
equilibration does not take place with the theoretically expected (but never 
observed) two-terminal conductance of 4 /3  (Fig. 2c) [14]. At longer edges, 
after charge equilibration, the two-terminal conductance drops to 2 /3  (as is 
always experimentally observed; see also later). Edge-reconstruction may lead to 
additional pairs of counter-propagating modes on the edges of realistic samples. 
In particular, a pair of modes of conductance /3  was found [15, 16], 
replacing the modes’ picture of MacDonald [13]. A general way to construct 
edge actions is known as the K-matrix formalism [3]. We briefly summarize it in 
Appendix A. 

3.   Shot noise and charge in the FQHE  

3.1.   Theoretical considerations 

One of the most striking features of the FQHE is its excitations that carry a 
fraction of an electron charge. Such excitations are an inevitable consequence of 
the coexistence of the quantized Hall conductance /  with an energy 
gap in the bulk [17]. Following Laughlin, consider an FQHE system pierced by a 
solenoid in the middle of a plaquette in a lattice on which electrons move 
(electrons cannot enter the solenoid and are not affected by it as long as the 
magnetic field through the solenoid is zero). Next, the magnetic flux slowly 
increases within the solenoid by one flux quantum . The time-dependent flux 
gives rise to a circular electric field E around the solenoid and its attendant 
electric current in the bulk away from the solenoid. Charge moves away from the 
pierced plaquette to the edge of the sample. The total transferred charge is 
∆ , where the integration extends over a circle inside the 2D 
electron gas, with the center at the solenoid. The depleted charge is  - being the 
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the channels. The minimal tunneling charge is set by the bulk, being the charge 
of a quasiparticle [22, 23]. We thus turn to shot noise experiments in FQHE. 

3.2.   Measurements of shot noise 

Shot noise in mesoscopic conductors has proved to be a powerful experimental 
probe [19, 22-24]. The noise provides information that is not necessarily 
available from the time-average flux of the particles (see Fig. 3), such as the 
particles’ charge, their correlations, and even their temperature. 

At zero temperature, an unpartitioned edge channel is noiseless - a direct 
consequence of Fermi statistics [24-26]. At a finite temperature, the channel 
carries also thermal noise, which is a property of any conductor, independent of 
its microscopic details and the carriers’ charge. The spectral density of the added 
noise takes the form ST=4kBTg, with kB the Boltzmann’s constant, T the 
temperature, and g the conductance of the edge channel. The so-called ‘quantum 
shot noise’ (the excess noise above the thermal noise) differs from the classical 
shot noise by reflecting the noise-free property of the emitting reservoir and the 
finite tunneling strength [24-26]. This was demonstrated first in the simplest 
mesoscopic system - a QPC [27, 28]. At zero temperature, the contribution of the 
partitioned p’th channel (on a multi-channel edge), and a weakly back-scattering 
QPC (tp~1) is 

	 S
i
(0)  2e*Vg

p
t

p
(1 t

p
) 		,		 6 	

where Si(0) is the ‘zero frequency’ spectral density (f<<e*V/h), V the applied 
source voltage, gp the conductance of the fully transmitted p’th channel, ∗ the 
quasiparticle charge, and tp the effective transmission coefficient of the p’th 
channel (with Ip= p pVg t ) in the QPC [24, 29]. Note, that Eq. (6) can also be used 
when back-scattering is strong (tp<<1), but with e* replaced by e [22, 23]. The 
first limit in Eq. (6) corresponds to a constriction between two channels with the 
FQHE bulk filling, while the second limit emerges when the two channels are 
separated by a ~0 insulating region (a nearly depleted constriction). Clearly, 
only electrons are allowed to tunnel in the second case. 

To make the process of charge determination clearer, the fully reflected inner 
channels and fully transmitted outer ones do not contribute to the shot noise; only 
the partitioned channel does (Fig. 4). For example, at 2/5	 with p=2, 
consider the excess noise generated by partitioning the inner CF channel, which 
separates 2/5		from	 1/3. The effective transmission of the inner 
channel is / / / / , with the transmitted current it carries 
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We start with noise measurements of a single composite fermion channel at 

bulk filling =1/3 and g1/3=e2/3h. When we use a QPC constriction, even a 
relatively weak backscattering potential may lead, at the lowest temperature (10-
20mK), to a highly non-linear transmission coefficient with a non-universal 
dependence on the source voltage [36-39] (not agreeing with the chiral Luttinger 
liquid model [40-43]). Such non-linearity leads to a non-universal excess noise 
with a larger Fano factor, F=e*/e >1/3. Only at extremely weak backscattering, 
the transmission coefficient is nearly independent of the source voltage, with the 
Fano factor F=e*/e =1/3 [36] (Fig. 5). 

What about the excess noise at v=2/5? With nearly unity effective 

transmission, 1/3
inner

2/5 1/3

g g
t

g g





, the Fano factor increases smoothly with 

lowering the temperature; being F=2/5 at T~9mK and F=1/5 at T~82mK (Figs. 
5a & 5b). A similar trend of the Fano factor is found also at =3/7 [36]. 

In the strong backscattering limit, the quasiparticle charge is expected to 
approach the electron charge. An example of the measured shot noise at =1/3 as 
a function of the transmission is summarized in Fig. 6, where measurements 
taken with a few samples collapse onto one curve [44]. 

 

Fig. 6. Evolution of quasiparticle charge as a function of the backscattering strength at 1/3. At 
weak backscattering strengths the measured charge is e*=e/3, increasing as the QPC pinches, 
approaching the charge of an electron. Different colors represent measurements in different devices 
(from Ref. [44]). 
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3.5.   The puzzle of the noise formula 

One piece of the shot noise story has been left out: What is the justification for 
the fitting formulae in Eqs. (6) and (7)? Empirically, the justification is that they 
work. A microscopic approach to the noise builds on the chiral Luttinger liquid 
model with a point impurity [22, 23, 40-43], which allows an exact solution for 
the I-V characteristic and the shot noise. However, the solution does not agree 
with the data obtained with a partitioning QPC. While this is not a surprise, as 
the simplest integrable model misses much of the edge physics (Section 2), the 
surprise is that simplistic Eqs. (6,7) work. 

The key to this success is related to the Johnson-Nyquist (J-N) noise 4  
in Eq. (7) - a consequence of the general fluctuation-dissipation theorem (FDT). 
While the J-N formula applies only in thermal equilibrium, its non-equilibrium 
generalization was discovered from the exact expression for the noise in the 
integrable model [22, 23, 40-43], as well as in non-integrable models [45-47]. 

The equilibrium FDT is based on two ingredients: the linear response theory 
and the Gibbs distribution. Away from equilibrium, only the first ingredient 
remains; hence, the FDT crumbles. However, in chiral systems the linear 
response theory is based on the causality principle in the temporal and space 
domains; namely, any events have consequences only downstream. This stronger 
causality opens a way to derive rigorously numerous model-independent FDT-
like theorems for quantum Hall edge channels [45-47]. At weak backscattering, 
the FDTs agrees quite well with Eq. (7), as long as the transmission is weakly 
non-linear; yet, Eq. (7) has been also successful for relatively strong 
backscattering (with e replacing e* for QPC near pinch-off). This is harder to 
address since no model-independent equation could be derived in that regime, 
and only a crude, approximate expression exists [48]. Its analytical structure is 
rather different from Eq. (7), but amazingly, it is almost numerically 
indistinguishable from Eq. (7), thus explaining its success. Yet, it also shows that 
the determined charge ∗ can only be interpreted as the charge of the tunneling 
carriers (electrons or quasiparticles) for transmissions near zero or near one. In 
other cases, ∗ might be seen as some average of multiple charges, involved in 
transport. 

As a simplistic illustration of the latter, imagine, for example, that both 
quasiparticle and electron tunneling is possible. In a model with rare independent 
tunneling events of the two carrier types, the current ∗ ∗ , where p and 
∗ are the tunneling rates. The noise 2 ∗ ∗ 2 2 , where the 

effective charge 
∗ ∗

∗ ∗  is between the charges of an electron and a 

quasiparticle. 
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4.   Neutral Modes 

4.1.   Theory 

The edge models of the states at fillings 1, 1/3, 2/5, etc. are consistent with 
the quantization of the bulk conductance (Section 2); however, the simplest 
model of the =2/3 state is not. The most basic edge model includes two non-
interacting, counter-propagating channels of the downstream conductance /  
and upstream conductance	 /3 . As discussed below, such a model leads to an 
incorrect conductance of 4 /3  (Fig. 2). The correct (measured) two-terminal 
conductance of 2 /3  is restored by edge equilibration processes. 

The simplest model misses density-density interaction of the charges in the 
two counter-propagating channels. Yet, such interaction alone cannot change the 
incorrect value of the conductance. Indeed, in the thermodynamic limit, the total 
charge of each of the four edge channels on both sides of the Hall bar must be 
conserved separately (Fig. 2c). Thus, one can assign separate electrochemical 
potentials to each of the channels. For the two channels, emanating from the 
grounded terminal, the electrochemical potential is zero, and for the other two 
channels, emanating from the source, it is eV. Charge conservation dictates that 
the current must be conserved in all the points along the edge, independently of 
the interaction strength along the edge. This yields incorrect conductance, and 
hence, something beyond Coulomb effects is needed to solve our problem. 

The solution lies in inter-channel tunneling [49, 50], which equilibrates the 
electrochemical potentials of the counter-propagating channels on each edge. We 
briefly review the edge theory in the presence of the inter-channel tunneling in 
Appendix A. The discussion reveals a subtlety: momentum mismatch between 
the two edge channels makes tunneling ineffective in equilibrating the channels 
in a clean sample. Thus, the quantized electrical conductance crucially depends 
on the presence of disorder and the resulting random tunneling. 

The final outcome of the Kane-Fisher-Polchinski theory [49, 50] is a picture 
of decoupled charge and neutral modes with the action  

 
ħ

	  8 	

where the charge mode  carries charge and energy downstream, and the 
neutral mode  carriers energy without net charge in the opposite, upstream, 

direction. The coefficient 	  in the action of the charge mode encodes the correct 

electrical conductance 2 /3 . All the allowed perturbations that can be added 
to this action, such as random interaction of the charge and neutral modes, are 
irrelevant in the renormalization group sense. 
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Fig. 9. Detection of an upstream neutral mode at filling 	 2/3. Shown is the excess noise, 
measured by the amplifier as a function of the current In and the transmission t of the QPC (see Fig. 
8). The noise is proportional to In and approximately to t(1-t) (from Ref. [52]).  

 
With a downstream charge mode and an upstream neutral mode impinging 

simultaneously on the QPC, the shot noise exhibited a higher particle 
temperature and a smaller Fano factor [52]. 

While a direct impingement of an upstream neutral mode on a large drain 
contact was not expected to lead to charge fluctuations, they were found in a 
subsequent experiment [10]. Simple heating cannot account for this noise, as the 
contact is macroscopic and, thus, hardly should heat up. Yet, this phenomenon 
can be understood if one takes into account the cold downstream channel that 
counter-propagates with respect to the upstream neutral mode. Inter-mode 
particle-hole excitations are created along the path of the neutral mode, and close 
to the hot-spot of the source contact, the charge excitations will be reabsorbed by 
the source. However, close enough to the drain, the fluctuations will be absorbed 
by the drain [62]. 

Since neutral modes carry heat, the most direct way to detect them is to 
measure the temperature increase at the measurement point upstream from the 
heat source. This can be done, for example, with quantum dot (QD) 
thermometry, that is, by allowing a neutral mode impinge on a QD and 
measuring the ‘Coulomb blockaded’ conductance peaks [54, 56]. Moreover, 
employing QDs, one can convert the temperature difference between the input 
and output QPCs into charge current [56]. 

It is worth emphasizing the fact that neutral modes were found along short 
edges in many particle-like states (such as v=1/3, 2/5, 1), which are not expected 
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Two leading theoretical models catch some of the features of the lobes 
structure. One considers short-range inter-channel interaction at filling factor 
two, as well as long-range intra-edge interactions. Inter-channel interaction gives 
birth to two modes, slow and fast. Roughly speaking [78], the scale of the lobes 
is comparable to / , with  the velocity of the slow mode. The overall 
envelope is related to the fluctuations in the number of electrons in each arm of 
the MZI [79, 80]. However, the model fails to explain the phase rigidity away 
from , and especially at filling one. 

Another approach assumes ad-hoc bunching of two electrons with 
interference of all possible trajectories [81]. While this assumption seems 
unjustified, such bunching was found in experiments with FPI (see Section 
5.2.3). 

5.1.2.   Phase averaging versus decoherence 

Interference can be quenched in two different ways: First, decoherence, e.g., spin 
flips in one of the two paths. Second, phase averaging: particles interfere but 
each with a different phase (due to fluctuations of the phase in time or phase 
dependence on the energy). These two mechanisms can be distinguished by 
measuring the shot noise of the interfering signal. Assume a phenomenological 
parameter that accounts for decoherence, k, with t1

2=0.5; then, 
I1TSD1=0.5+k[t2

2(1-t2
2) / 〈cos 〉, where the angle brackets denote phase 

averaging. Obviously, either when k=0 (total decoherence) or when  spans a 
2 range, the interference term (second term) is expected to vanish. However, the 
shot noise S1TSD1(1-TSD1)=1/4-k2t2

2(1-t2
2)〈cos 〉, will have the following 

dependence on t2: i. For k=0, S1 is independent of t2; ii. For k>0, the 〈cos 〉 
term will not vanish upon averaging, leading to S1=1/4-k2t2

2(1-t2
2)/2. These two 

extreme behaviors may help in distinguishing between the dephasing 
mechanisms. Thus far, only k>0 was found (e.g., [64]). 

5.1.3.   Melting of the interference 

An observation of interference of anyons would be a step towards understanding 
their anyonic statistics. However, the complex edge structures of FQHE states, 
hosting counter-propagating charge and neutral channels, have been suspected to 
prevent the observation of the much sought after interference of anyons. 
Specifically, the interference of the outer-most edge channel in the MZI was 
found to diminish gradually as the filling was lowered towards ~1, followed 
by an apparent increase of the excitation of a ‘non-topological’ upstream neutral 
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used to change the enclosed area of the trajectories. A top gate is sometimes added for screening 
and testing. (b) An SEM micrograph of a typical FPI. The light gray areas are the gates forming the 
QPCs and the plunger gate (from Ref. [69]). 

 
An FPI is a large quantum dot (QD). Like an MZI, it is formed by two QPCs 

but without an internal drain contact. The transmitted and reflected currents are 
absorbed by two remote detectors. Interference takes place among multiple 
trajectories that circulate around the inner perimeter of the FPI (Figs. 10 and 13). 

In the lowest order, when the backscattering in both QPCs is weak, the 
interference takes place only between two dominant partial waves, with I1 the 
transmitted current, 

 ~ 2  (10)	

where the parameters are defined above (I2 is the complimentary reflected 
current). 

Like in the MZI, the relative phase between consecutive rounds is controlled 
by varying the enclosed AB flux (with the magnetic field or a modulation gate). 
When Coulomb interaction is dominant, the enclosed charge tends to be constant, 
maintaining charge neutrality. This regime is called the Coulomb Dominated 
(CD) regime [67-69, 82, 83]. 

5.2.1.   Aharonov-Bohm and Coulomb-dominated interference 

In the purely AB regime Coulomb interactions are negligible, and the ‘flux 
containing area’ remains nearly constant with changing the magnetic field. Since 
the degeneracy of the LLs increases, charge is added to the liquid and the 
periodicity is expected to be that of a flux quantum. Here, since screening is 
highly effective, we assume that no quasiparticles are added to the bulk. When 
interactions dominate, the behavior of the FPI in the CD regime is quite different. 
For a general filling factor, there are fully reflected, partially transmitted, and 
fully transmitted edge channels in the QPCs that form the FPI. The number of 
fully reflected channels is the same as the number of the circulating channels 
within the interior of the FPI. Numbering the fully reflected channels by fR and 
the fully transmitted ones by fT, the total number of participating channels is 
fedge=fT+1+fR - being determined by the bulk filling factor  (for IQHE fedge=). 
Each configuration can be denoted as (, fT). The experiments [69] revealed the 
following: 
1. Each of the edge channels could be made to interfere independently of the 

others; 
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5.2.2.   The AB – CD mixed regime 

 
Fig. 15. Two realizations of screened FPIs. (a) A grounded top gate screens the interior of the FPI, 
allowing adding or subtracting charge with little energy cost. (b) A grounded ohmic contact in the 
center of the FPI eliminates the restrictions forced by Coulomb interactions. Charge can be added 
or drained from the bulk with no energy cost. While the configuration in (b) always exhibits AB 
interference, configuration (a) exhibits AB interference only above a critical area (from Ref. [84]). 

 
Several ways to overcome the CD behavior were suggested: 1) Covering the 
sample with a top gate in order to increase the total capacitance (Fig. 15a) [68, 
69, 85], or adding an internal screening layer [86]. 2) Placing an ohmic contact in 
the bulk to break its isolation and allow carrier drainage (Fig. 15b) [84, 87]. This 
method was found to be more effective than placing a top gate. 3). An 
intermediate coupling regime was achieved by placing a large ohmic contact 
outside the perimeter of the interferometer [88]. A checker-board pattern of the 
conductance (as a function of B and VMG), with periodicities that correspond to 
both AB and CD regimes, is typically observed (Fig. 16) [88]. This configuration 
is promising, since it allows for construction of small interferometers; yet, 
provides information on the coherent component of the interference pattern. 
Note, the physics behind the partial suppression of the Coulomb interaction is not 
yet understood. 
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Fig. 16. The mixed AB-CD regime. (a) Measured checker-board pattern of the interference. (b) 
Calculated checkered-board (from Ref. [88]). 

5.2.3.   The Pairing effect 

Electron ‘pairing’ is a rare phenomenon appearing only in a few unique physical 
systems, e.g., superconductors and Kondo-correlated quantum dots [89, 90]. Yet, 
in an FPI in the AB regime (with suppressed Coulomb interactions), an 
unexpected, but robust, electron ‘pairing’ was found in the IQHE regime. The 
pairing took place within the outermost interfering edge channel in a wide range 
of bulk filling factors, 2<ν<5 (Fig. 17) [84, 86, 87]. The main observations were: 
i. High visibility AB conductance oscillations with the magnetic flux periodicity 
of 0/2=h/2e (instead of the ubiquitous h/e periodicity); ii. The interfering 
quasiparticle charge was e*~2e, as determined by shot noise measurements; iii. 
The h/2e periodicity was fully dephased when the first inner (adjacent to the 
outermost) edge channel was dephased (while keeping the interfering edge 
channel intact). This was a clear observation of inter-channel entanglement; and 
iv. The AB flux periodicity was exclusively determined by the enclosed area of 
the first inner (adjacent to the outermost) channel and not by the outermost 
interfering channel. 
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that an FQHE liquid is made of electrons, and any integer number of flux quanta 
is invisible to electrons that make a circle around the enclosed flux. 

In order to solve the paradox one must recall the notion of fractional statistics. 
Specifically, the quasiparticle wave function accumulates a non-trivial phase 
when encircling another quasiparticle. Then the statistical phase  in Eq. (9) in 
combination with  leads to a total phase that is proportional to the number n 
of /3 quasiparticles inside the dashed circle (Fig. 18). Each tunneling event 
changes n, since the tunneling quasiparticles are absorbed by drain D2 inside the 

dashed loop. Hence, the oscillating transmission depends on tSD2=	cos

	 returning to its initial value after three consecutive tunneling events of 

quasiparticles. The three events transfer to D2 the combined charge of one 
electron. This is crucial for the “single-electron” periodicity, demanded by the 
Byers-Yang theorem. The drain current can be found as the ratio of that charge 
and the average time it takes for three tunneling events, ISD2= , where 

p(i) is the transmission probability after i consecutive tunneling events (modulo 
i=3). This result [92] is consistent with the Byers-Yang theorem [91]. 

6.2.   Non-Abelian statistics and the 5/2 liquid 

In the previous Section we considered an example of abelian statistics: particles 
accumulate non-trivial phases when they go around each other, but combining 
(or fusing in the usual terminology) any two anyons results in a unique particle 
type, as two fermions always fuse into a boson. However, non-abelian anyons 
have multiple fusion channels [93, 94]. Two identical anyons can form multiple 
bound states, which can be understood as composite particles - and different 
composite particles can exhibit at least two different statistics. Such property is 
seen as valuable for quantum computing [94, 95]. The existence of non-abelian 
anyons was first conjectured at the FQHE filling of v=5/2, consequently, 
attracting intense interest from experimentalists in recent years. 
     In studying this fractional state, geometric resonance measurements observed 
cyclotron motion of CFs [96, 97], suggesting that CFs are present at 5/2. 
This leads to a theoretical challenge. Indeed, in a mean-field description, CFs of 
even-denominator states move in an effective zero magnetic field. This seems to 
conflict with the observed energy gaps at 5/2 and 7/2, since the liquids 
of weakly interacting fermions in a zero field are gapless, as is indeed the case at 

1/2 and 3/2. To explain the observed gapped states, one has to assume 
that CFs form Cooper pairs [98]. 
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The language of Cooper pairs allows a prediction of the quasiparticle’s 
charge. In a rather simplistic picture, the Cooper pairs are interpreted as 
independent bosonic particles of charge 2e, while the two filled integer Landau 
levels are ignored. Taking 1/2 for electrons translates into the filling factor 

1/8 for the charge-2e bosons. Just as the quasiparticle charge is  in the 
Laughlin state of the filling factor 	for electrons, now the quasiparticles are of 
charge 2 /4. In other words, the paired state allows insertion of a half-
vortex with the corresponding charge e/4. This quasiparticle charge is consistent 
with several experiments [99-102]. 

What is the exchange statistics of the e/4 anyons? Following Laughlin’s 
argument (Section 3), the insertion of one flux quantum generates an excitation 
of charge e/2 at filling v=1/2. Thus, one might naively think that one just needs to 
insert two flux quanta to get an electron with charge e. However, the argument 
for the exchange phase here is different. The exchange of electrons generates an 
exchange phase of ; achieved also by moving one electron along half a circle 
with the center at the other electron. Yet, such half-encircling of the two inserted 
flux quanta in the center leads to an accumulated Aharonov-Bohm phase of 2  – 
suggesting that flux insertion generates a charge-e boson (instead of an electron). 
Hence, a combination of a hole of charge  with such boson yields a neutral 
fermion. In the composite fermion language, this is just an unpaired composite 
fermion. Such fermions can be combined with charge-e/2 excitations, which thus 
come in two species. In other words, we can build two combinations of two e/4 
anyons. Two logical possibilities are now open: 1) The system has more than one 
sort of e/4 particles; 2) only one sort of e/4 anyons exists. In the first case, two 
types of e/2 anyons could be built from different combinations of elementary 
anyons. In the second case, there must be two ways to fuse two identical 
particles. This is a signature of non-Abelian statistics. 

To refine the list of possibilities, we turn to the edge physics. Naively, the 
edge action is very similar to the actions at 1 and at 1/3. 

 
	ħ

		,	 13 	

with the coefficient of 2 reflecting the electrical conductance /2  of the half-
filled Landau level. To identify the electron operator at the edge, an operator that 
destroys charge e must be constructed. This follows the logic of Appendix A and 
yields the operator exp	 2 . Alas, this answer cannot possibly be correct, as 
it satisfies bosonic commutation relations instead of the expected fermionic ones. 
Hence, we have to assume that the edge has an additional neutral fermionic mode 
(or modes, ), 
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	ħ

∑ 	,	 14 	

with electron operators constructed as exp 2 . The operators  do not 
have to be complex Dirac fermions. They can also be real Majorana fermions, 
which are real or imaginary parts of Dirac fermions. Indeed,  account for the 
fermionic parity of the system, while the total number of fermions is counted by 
the Bose field . Moreover, since a Dirac fermion is just a combination of 
two Majorana fermions, then, without loss of generality,  can represent 
Majorana operators. 

Opposite signs of  correspond to opposite chiralities of edge modes. With 
 having opposite signs, pairs of counter-propagating Majorana modes would 

be localized (gapped) by disorder. Thus, we can assume the same sign for all .	 
Different allowed edge structures are distinguished by the Chern number , that 
is, by the net number of the Majorana edge modes [103].  is negative if the 
propagation direction of the Majorana modes is upstream, while the central 
charge, proportional to the fully equilibrated thermal conductance, is c=1 /
2. 

According to Kitaev’s classification [95], all topological orders can be 
distinguished by the Chern number. In particular, an even  corresponds to 
abelian statistics while an odd  to a non-abelian topological order. To see the 
origin of this rule, the principle of bulk-edge correspondence is discussed, 
though heuristically, in Appendix B. A rigorous approach is addressed in detail 
in Refs. [95, 103]. 

6.3.   Proposed 5/2 states 

Not all choices of the Chern number are equally interesting or likely to occur in 
nature. All the realistic possibilities in the literature have a small . Moreover, 
according to Kitaev’s 16-fold way [95], fractional statistics depends only on 
	mod	16. Table I lists the states that received most attention. 

 
Table I. Proposed states with low Chern numbers.  
 

 -3 -2 -1 0 1 2 3 

order anti-Pfaffian 113 PH-Pfaffian 8 Pfaffian 331  
Refs. [58, 104] [105] [104, 106-109] [110] [93] [111] [112, 113] 

 

The non-abelian PH-Pfaffian order is particularly interesting due to its particle-
hole symmetry [106]. The filling factor of 1/2 can be interpreted in two ways: as 
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a half-filled Landau level of electrons or a half-filled Landau level of holes. The 
particle-hole (PH) transformation changes electrons into holes and vice versa. In 
general, the PH-transformation changes the topological order since the 
topological orders for the electrons and holes do not have to be the same. We 
proceed in the spirit of Fig. 2, which illustrates the effect of the PH-
transformation on the edge modes of the 2/3-liquid of electrons, which can be 
also thought of as Laughlin’s v=1/3 state of holes. The figure shows how the 
v=2/3 edge mode hosts a downstream integer v=1 channel and an upstream v=1/3 
channel. The same trick applies at 5/2, where the downstream integer 
channels are ignored. For example, start with the Pfaffian edge, which contains a 
downstream charged bosonic mode (with conductance e2/2h) and one 
downstream Majorana mode. The PH-transformation yields a downstream 
integer channel (with conductance e2/h), an upstream charged bosonic mode 
(with conductance e2/2h), and an upstream Majorana mode. The same arguments 
as presented in Appendix A show that the two bosonic modes (a downstream 
integer and an upstream with conductance e2/2h) reorganize into a downstream 
charge mode with conductance e2/2h, and an upstream neutral mode (preserving 
the central charge). The latter can be fermionized and represented as two 
upstream Majorana modes. Accounting for one more upstream Majorana, we get 

3, that is, the anti-Pfaffian state. The PH-Pfaffian state is unique in not 
changing its structure under the PH transformation. The edge contains a 
downstream charged mode of conductance e2/2h and an upstream Majorana 
fermion. The PH transformation results in a downstream mode of conductance 
e2/h, upstream mode of conductance e2/2h, and a downstream neutral Majorana 
mode. The two charge modes reorganize into a single downstream charged mode 
and an upstream neutral boson. The boson can be fermionized and represented as 
a combination of two upstream Majorana modes. Interaction with the 
downstream Majorana gaps one of them out. We are left with the initial edge 
structure of the PH-Pfaffian liquid. 

Past experiments did not provide a way to determine the topological order of 
the v=5/2 state, and the focus had been on numerical calculations. Numerical 
evidence was produced for several orders [114-116], and eventually, the 
numerical debate concentrated on the Pfaffian ( 1) and anti-Pfaffian 
( 3) states [116-118]. Yet, as shown below, experimental evidence has 
increasingly pointed towards the PH-Pfaffian order ( 1) [107]. 
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6.4.   Experiments at /  

As discussed above (Section 6.2), multiple groups have obtained results 
compatible with the quasiparticle charge of e/4. This does not shed light on the 
topological order since the same charge is predicted for all orders of the 16-fold 
way. Other existing probes of bulk properties unfortunately shed little light on 
topological order. More useful information comes from edge probes [103]. The 
observation of upstream heat transport at 5/2 provides evidence of a 
negative Chern number and is inconsistent with numerically supported Pfaffian 
order. As discussed in Ref. [107], tunneling experiments appear inconsistent with 
the numerically supported anti-Pfaffian state [119-122]. On the other hand, those 
experiments seem compatible with the PH-Pfaffian order. A natural way to 
distinguish the PH-Pfaffian state from numerically supported candidates is based 
on thermal conductance measurements, discussed in the next Section. Another 
approach is interferometry. 

The most obvious and deterministic way to measure the braiding statistics of 
quasiparticles involves interferometry. For non-abelian states, the FPI is expected 
to exhibit the even-odd effect [123, 124]. In other words, the contribution of the 
interference to the current, which follows 	~cos	 , can only be observed if 
the total number of e/4 quasiparticles inside the interferometer is even. This can 
be understood in the following way: Let the number of trapped anyons be odd, 
say one. The trapped anyon has two fusion channels with the anyon at the edge 
mode. The probabilities of the two fusion outcomes turn out to be the same, 
while the statistical phases differ by . This leads to total destructive interference 
of the two fusion channels and no magnetic flux dependence of the current. The 
argument does not apply for systems with an even number of trapped anyons, 
where the interference should be restored because then there is only one fusion 
possibility. As an example, the existence of a single fusion channel is most 
obvious when the number of trapped anyons is zero since then the edge anyon 
can fuse with nothing in only one way. This beautiful effect is a striking 
signature of a non-abelian topological order; yet, it cannot distinguish among 
different non-abelian orders. Surprisingly, under certain conditions it might not 
be able to distinguish non-abelian orders from abelian ones, since the existence 
of two types of abelian e/4 particles can mimic two fusion channels of non-
abelian anyons [125]. 

Interference experiments performed with a small FPI with the v=5/2 state are 
consistent with non-abelian statistics [126]; yet, their theoretical interpretation 
has proved difficult [127]. The MZI [64] is free from some of the challenges of 
the FPI. Hence, it should offer unique signatures for various topological orders 
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[92, 128-133]. The theory of the MZI as an anyonic interferometer is 
considerably more involved than that in the FPI case [92]. Here, we only mention 
a particularly striking behavior, predicted for the PH-Pfaffian state [107]: the 
transmitted current through the MZI is not expected to depend on the magnetic 
field, while the noise of that current diverges at some values of the field. The 
very different behavior of the current and noise in the MZI reflects a long-term 
memory effect (Section 6.1), absent in the FPI. 

7.   Thermal transport 

7.1.   Theoretical arguments 

It has long been known that in the QHE both electrical and thermal conductance 
are quantized [134-136]. Yet, the first observation of quantized heat current in 
the QHE regime came more than three decades after the discovery of quantized 
electric transport reflecting the difficulty of probing neutral modes. 

The fundamental limit of quantum heat flow was discovered around the same 
time as FQHE [134-136]. The simplest example of the quantization is a 1D 

quantum wire. Let 
ħ

 be the velocity of non-interacting fermions in a 

1D conductor. Assume that they enter a 1D ballistic quantum wire from the left 
at a temperature  and from the right, where the fermions are at a temperature 

. The heat flow through the wire is 

	 	 15 	

with n(T) the Fermi distribution at the temperature T. This yields the quantized 

thermal conductance 	
∆

, where ∆ → 0 (linear 

regime). 	In contrast to the quantization of the electrical conductance in quantum 
wires, the result in Eq. (15) does not hold in the presence of inter-mode 
interaction among counter-propagating channels. Evidently, inter-channel 
equilibration will backscatter heat via the upstream channels. At the same time, 
quantization of the heat conductance in the QHE regime is still expected as long 
as the propagation length is substantially longer than the thermal equilibration 
length among all channels. Moreover, no heat exchange between the two 
spatially separated edges of the sample should be allowed. Note that the same 
quantization of heat transport as in IQHE channels holds for abelian FQHE 
channels [135, 137]. The reason is simple: the action given in Eq. (4) for an 
FQHE channel can be reduced to the action of IQHE in Eq. (3) by a rescaling of 
the Bose field  . The same argument would not work for charge transport since 
the rescaling would affect the definition of the charge density. No such problem 
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is encountered for the energy density since it is nothing else but the Hamiltonian 
density. 

For the case of several non-interacting co-propagating chiral downstream 
edge channels, their thermal conductances simply add up: 

 	 16 	

where n is the total number of the channels. Essentially, the same argument as for 
charge transport in Section 4 shows that interaction between co-propagating 
modes cannot change Eq. (16). In the presence of counter-propagating channels 
for a long distance, n becomes the difference between the numbers of the 
downstream and upstream channels (that is, the net downstream number of 
channels). 

While the heat conductance does not distinguish states in the IQHE from 
abelian states in the FQHE, it distinguishes non-abelian orders from abelian ones. 
Indeed, for non-abelian orders, n in Eq. (16) is no longer an integer [136]. The 
example of Majorana fermions is most important in this context. A Majorana 
fermion is a real or imaginary part of a usual complex fermion, and hence, can be 
thought of as a half of a Dirac fermion. Thus, the thermal conductance of a 
Majorana channel is one-half of the thermal conductance of a Dirac channel, 
thus, contributing 0/2 to the thermal conductance. This suggests a tempting way 
to probe the topological order of the 5/2 state: all needed to know is the 
Chern number, and the thermal conductance is proportional to it. 

7.2.   Experimental results 

A pioneering measurement of the thermal conductance in the IQHE regime was 
performed by Jezouin et. al. [138]. This work was extended to the FQHE regime 
by Banerjee et al. [139], proving the universality of the thermal conductance in 
‘particle-like’ fractional states. Moreover, measurements were extended to the 
more intriguing ‘hole-conjugate’ states (i.e., =2/3, 3/5, and 4/7), which support 
counter-propagating charge and neutral modes. Having this baseline, the 
developed methods allowed exploring the states in the second Landau level, and, 
in particular, the intricate v=5/2 state. The latter was found to support a fractional 
thermal conductance [140]. 

More specifically, the v=1/3 Laughlin state, with conductance e2/3h and 
quasiparticle charge e*=e/3, was found to carry one unit of thermal conductance 
10T, without a factor 1/3 [139]. The ‘hole-like’ states, v=3/5 and v=4/7, 
supporting a larger number of upstream chiral neutral modes (see Section 2.2), 
had a negative thermal conductance determined by the net chirality of all their 
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Fig. 19. The heart of the device used to measure thermal transport at filling v=5/2. The small ohmic 
contact (area 12µm2) serves as the heated floating reservoir and injects currents into four arms. The 
effective propagation length (to a cold contact, not shown) in each arm is ~150µm. Arms can be 
pinched-off by negatively charging surface gates. As an example, the energy carrying edge modes 
that correspond to the PH-Pfaffian order are shown (‘cold modes’ are not shown). The solid orange 
arrows represent downstream charge modes; each carries 0T heat flux. The dashed orange arrow 
represents an upstream Majorana mode, carrying 0.50T heat flux (from Ref.[140]). 

7.4.   Experimental considerations 

Measuring the thermal conductance is more demanding and less accurate than 
measuring the electrical conductance. Here are a few points that highlight a few 
of the difficulties: i. Charge should fully equilibrate in the heated small floating 
contact; ii. The floating contact must be ‘close to ideal’; namely, with a 
negligible reflection coefficient (to minimize producing excess shot noise); iii. 
The outgoing current must split equally between all the open arms; iv. Bulk heat 
conductance must be negligible (in particular for the  =5/2 samples, where the 
doping scheme can leave parallel heat conduction through the doping regions 
[140, 142, 143]); v. The temperature must be stable during prolonged 
measurements (in particular at the lowest temperatures); vi. The gain of the 
amplification chain must be carefully calibrated, as it is crucial in the 
determination of the temperature; vii. Energy loss to the environment (e.g., due to 
Coulomb interaction with metallic gates) must be minimized. 

7.5.   Inter-channel equilibration 

Deviations from the expected thermal conductance were found at the filling 
factors v=2/3 [139] and v=8/3 [140]. At 5/2, the observed thermal 
conductance was ~2.50T at a range of temperatures, but increased to ~2.750T at 
a lower temperature. It is likely that the reason in all three cases is incomplete 
inter-mode thermal equilibration. 

We start with a discussion of the physics at 2/3. Here, one upstream 
mode coexists with one downstream mode. They emanate from different 
reservoirs and can have different temperatures  and . In the absence of 
interactions, the heat current through each channel is 

  (17) 

where  and  should be substituted in place of T for the upstream and 
downstream channels. Electron interactions result in energy exchange between 
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the channels and make their temperatures coordinate-dependent. In the simplest 
model, the inter-channel heat current per unit length can be expressed in the spirit 
of Newton’s law of cooling,  

  , (18) 

where  is the temperature-equilibration length. The energy balance equation 
becomes 

 		.  (19) 

Its solution reveals that the observed thermal conductance is diffusive, and thus 
far from the naïve zero value at full equilibrium (at the sample length ≫ ). It 
takes the form 

 ~
/
		.  (20) 

Detailed analysis [140, 144] shows that the equilibration length increases at 
lower temperatures, and hence, the thermal conductance grows as the 
temperature decreases – as observed. 

The above discussion crucially depends on the equal numbers of the upstream 
and downstream channels at 2/3. In the states with an unequal numbers of 
up- and down-stream channels, finite size corrections to the equilibrium thermal 
conductance are much smaller than in Eq. (20) and exhibit an exponential 
dependence on /  [139, 140]. At first sight, this makes puzzling the observed 
deviations from the expected equilibrated thermal conductance at 8/3. The 
observed behavior can be explained by decoupling of some of the channels from 
the rest of the system [144]. Strong Coulomb interaction between integer and 
fractional edge channels makes it meaningless to assign different temperatures to 
integer and fractional channels. The right language to use is ‘weakly vs strongly 
interacting modes’. In this case, the appropriate weakly interacting modes are the 

overall downstream charged mode of the conductance	 , the spin mode, the 

upstream neutral mode, and one more neutral downstream mode [144]. Since the 
downstream charged mode is much faster than the neutral modes, the thermal 
excitations of that mode rapidly travel through the system before they can 
exchange their energy with the neutral modes. This example gives a hint of the 
importance of equilibration among modes in thermal measurements. 

The observed increase of the thermal conductance at low temperatures at 
5/2 cannot be easily explained in the same way. With the assumption that 

the state is a PH-Pfaffian liquid, it is crucial that the PH-Pfaffian equilibration 
length diverges faster at low temperatures than it does in the other possible states 
[140]. A lack of equilibration was also used to explain the observed thermal 
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conductance at 5/2 assuming the anti-Pfaffian order, however, these 
explanations face difficulties [144-147]. 

8.   Conclusion 

In the first twenty years of the quantum Hall effect the focus of the experimental 
research was on bulk physics. In the late 1990s, the focus began shifting towards 
probing the edges. The first major success in the fractional regime was the 
detection of fractional charges via shot noise [34, 35], followed by the Nobel 
Prize to Stormer, Tsui, and Laughlin in 1998. Experiments concentrated in the 
following years on the properties of exotic states that harbor multiple and 
counter-propagating edge modes. Hand in hand, material quality improved 
substantially, mainly in GaAs-AlGaAs heterojunctions [143, 148, 149]. Follow 
up work has concentrated on deducing bulk topological orders from edge 
behavior. 

One major research direction has been QHE interferometry, which may serve 
as a beacon to the anyonic statistics, be it abelian or non-abelian. Fabry-Perot 
(FPI) [66-69] and Mach-Zehnder (MZI) [64, 65] interferometers were employed. 
The FPI can be constructed in smaller dimensions, yet, it tends to suffer from 
strong Coulomb interaction, which hides the Aharonov-Bohm (AB) interference 
- making the interpretation of the data more difficult. The MZI, on the other 
hand, being larger (harboring an ohmic contact in its interior), shows always a 
non-interacting, two-path, AB interference. Interference in the integer regime is 
relatively easy; yet, new and unexpected effects have been discovered (electron 
pairing [84] and lobe-structure of the visibility [65]) – likely due to interactions 
in the integer regime. These unexpected effects prove the absence of full 
understanding even in the integer regime. On the other hand, experimental 
evidence of AB interference in the fractional regime is rather scarce, preventing 
thus far an assured demonstration of the anyonic nature of the quasiparticles [86, 
126, 150]. Neutral modes (either topological or due to spontaneous edge-
reconstruction) may be responsible for the dephasing in the fractional regime 
[63]. 

Upstream neutral edge modes, though theoretically predicted earlier [50], 
were observed only more recently [52-57]. Indeed, measuring energy transport is 
more difficult than measuring the transport of charge. The results gave a strong 
confirmation of the existing theory of abelian topological orders. Even more 
interesting results were obtained for the v=5/2 state, where a non-abelian 
topological order has long been suspected. 
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Numerical works have produced preponderance of evidence in favor of the 
non-abelian Pfaffian and anti-Pfaffian orders [116-118]. At the same time, 
experimental evidence seems to point towards a related, but distinct, PH-Pfaffian 
order [107]. A recent thermal conductance experiment [140], performed in an 
extremely high-mobility 2DEG buried in GaAs-AlGaAs heterostructures, 
showed results consistent with the PH-Pfaffian order. If one accepts the PH-
Pfaffian order, then what is wrong with the numerical prediction? 

Numerical works treat Landau level mixing (LLM) in an approximate 
manner, and it was suggested that LLM may be responsible for a different 
topological order in realistic samples [151]. More attention has focused on 
disorder-based explanations [107, 152, 153]. Indeed, until a recent preprint [154], 
no attempts were made to include disorder in simulations of the 5/2 physics. 
Under appropriate conditions, LLM and disorder may result in the macroscopic 
PH-Pfaffian order. It was proposed that a system with long correlations in its 
disorder can split into microscopic domains of Pfaffian and anti-Pfaffian liquids 
with a PH-Pfaffian emerging as a coherent average [152, 153]. A different 
approach was taken by interpreting the data in terms of the anti-Pfaffian state, 
assuming partial equilibration [144]. Yet, this interpretation must satisfy a few 
stringent constraints [146]. 

One thing is clear: whatever future developments await us, edge probes of 
topological orders will play a crucial role. 
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Appendix A.   Edge Actions 

A.1.  		  

We briefly address the origin of the action in Eq. (3): 

	
	ħ

	 A1 	

The second term in the action, quadratic in , is the energy cost of changing 
the charge density away from the minimal-energy configuration. To justify the 
first term and the coefficient  in front of the second term, we make two 
observations: (i) The equation of motion for the action, 

 0	 A2 	

reveals chiral transport with the speed , exactly as in the fermionic formulation; 
(ii) The action gives the correct conductance. One can check it by adding the 
contribution of the chemical potential , minimizing the action with 
respect to the charge density, and finally computing the current /2  
from the equation of motion. The structure of the action determines the 
commutation relations for the field 	. Indeed, the action combines the 
Hamiltonian with a piece, containing the time derivative of . This piece tells us 
what variable is canonically conjugated to . The corresponding commutation 
relation is , 2 , or equivalently, ,
	sign .	This allows identifying the electron operator , which is a Fermi 

operator that changes the total charge  by an electron charge e. The 
above commutation relations shows that any operator of the form exp	 2
1  satisfies the Fermi anti-commutation relation. Finally, the effect of electron 
annihilation on the charge of the edge implies the commutation relation	 ,

, being consistent with exp	 . 

A.2.  A general Abelian edge 

A systematic way to construct edge actions is known as the K-matrix formalism 
[3]. The topological properties of the bulk are encoded by an integer symmetric 
matrix K and an integer column t. Each bulk excitation corresponds to an integer 
column . The filling factor equals ,		the quasiparticle charge is , 
and the statistical phase accumulated by an anyon of type  making a full circle 
around an anyon of type  is 2 . Unimodular (determinant=1) integer 
matrices  define equivalent descriptions of the same phase with → ,
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→ . According to the ‘bulk-edge correspondence’ principle, topological 
properties of the edge are determined by those of the bulk. In particular, the 
simplest edge theory is given by the action 

 
ħ

∑ 		,	 A3 	

where the first term contains the bulk K-matrix and the second term V describes 
interactions. To identify edge channels one needs to diagonalize simultaneously 
the symmetric matrices K and V. The signs of the eigenvalues of K determine the 
propagation directions of the modes. One can deduce the K matrices at 1, 
1/3, and 2/3 from the discussion above and in Section 2. 

A.3.  Disorder on the edge at /  

The simplest edge model of the hole-conjugate 2/3 state has the action 

ħ
		

	 / / / / 		 A4 	

where the fields  and /  define the charge densities within the two channels. 
As discussed in Section 4, such an action results in an incorrect electrical 
conductance. The goal of this section is to incorporate the missing inter-channel 
interaction and tunneling into the model. This allows fixing the conductance 
issue. 

The new model represents the total charge density at the edge as 		 /
2 		 / /2 , accompanied by a neutral mode 
3 / /√2. The form of  is motivated by: (i) This choice simplifies the 
expression for the tunneling operator that transfers an electron between the two 
edge channels: exp √2 ; and (ii) The K-matrix contribution to the 
action in Eq. A3 remains diagonal in the variables  and . The action than 
becomes, 

 

ħ
	

exp √2 . .  , (A5) 

where  describes the interaction between the neutral and charged modes, and 
 is the position-dependent tunneling amplitude. 
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The mode velocities  and 	 are determined by the Coulomb interaction, 
similarly to , and it is expected that , . On an etched edge, where 
the Coloumb interaction is not screened by defining gates,  is dominated by the 
long-range part of the Coloumb force, and the velocity of the low-energy 
excitations of the charge mode diverges logarithmically with the wave-length. 

	 depends on the microscopic details. In a clean sample, 
~exp	 ∆  carries information about the momentum mismatch ∆  of the 

edge modes  and / . Indeed, Fig. 2 shows that these modes are spatially 
separated, while Eq. (1) shows that spatial separation translates into momentum 
difference in a strong perpendicular magnetic field. This leads us to a new 
difficulty: in the low-energy limit, no tunneling processes satisfy both energy and 
momentum conservation. Thus, charge tunneling is ineffective and we still get a 
wrong conductance. The crucial observation is the role of disorder [50], since in 
any realistic sample,  is a random function of the coordinate. 

The role of the random tunneling term can be understood from its behavior 
under renormalization group (RG) transformations [49, 50]. In the lowest order, 
the RG procedure consists of two steps: (i) Using the quadratic part of the action 
(Eq. (A5)) to integrate out the large wave-vector part of  from the 
tunneling operator exp √2 ; and (ii) Rescaling x and t. For a coordinate-
independent W(x), the rescaling of x and t by a factor of s would multiply W by 

. Since W is spatially random, the rescaling of x generates a factor of √ , so 
that the total rescaling factor is / . Assuming ≫ , one finds that the 
renormalized tunneling amplitude grows as ~ / , where the length l is the 
running RG ultraviolet cut-off scale. Thus, even arbitrarily small W results in 
strong inter-channel tunneling at low energies on a sufficiently long edge. 

Since RG flows into the strong coupling regime, it is not obvious, what 
exactly happens at low energies. Kane, Fisher, and Polchiski [50] found an 
answer by fermionizing the action (Eq. (A5)), leading to decoupled charge and 
neutral modes:  

ħ
	 	 A6 	

This action describes the RG fixed point. In general, irrelevant perturbations are 
also present. 

Appendix B.   Bulk-edge correspondence at / . 

The goal of this section is to explain why an odd number of edge Majorana 
modes corresponds to non-Abelian statistics in the bulk, and an even number of 
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edge Majorana modes corresponds to Abelian statistics (Section 6.2). Our 
approach is heuristic. A more rigorous discussion is beyond the scope of this 
chapter. Our discussion builds on bulk-edge correspondence. 

We interpret the bulk anyons as small holes in a 2D electron gas, with each 
hole having a perimeter and hence carrying edge modes with an action of the 
type of Eq. (14). Such picture does not reflect the microscopic details of realistic 
samples, since propagation of these holes would involve dramatic destruction and 
reconstruction of chemical bonds in the material. Still, it is sensible to expect that 
this simplistic model captures the universal topological properties. Besides, the 
2D gas can be locally depleted by a scanning tip. The resulting “hole” in the gas 
can bind anyons. 

Let us start with the Chern number 2. The two neutral edge modes 
around the hole can be combined into a single Dirac fermion. For a large hole, 
the edge spectrum is almost continuous. Yet, in the limit of a small hole, most 
edge states have a high energy and drop out from low-energy physics. In the 
simplest model, exactly one fermionic state survives in the low-energy limit. The 
state can be either filled or empty. This corresponds to an almost trivial 
Hamiltonian , where  is a complex fermion operator, represented as 
a combination of two real fermions a and b: . Since  and  are c-
numbers, the Hamiltonian reduces to, 

	 2 .	 B1 	

Effectively, two neutral Majorana fermions live in the hole. With two holes in 
close proximity in a 1 system and each hole carrying a single Majorana 
mode, there are two of them altogether. Consequently, it is sensible to expect that 
the low-energy physics is similar to that of a single hole at 2, and that the 
Hamiltonian is still the one in Eq. (B1). When one moves the two holes far from 
each other, the general structure of the Hamiltonian remains; however, the distant 
neutral excitations cannot interact anymore (thus, → 0). The system hence 
possesses two degenerate states of different total fermionic parity 

. In other words, the two holes can form states of two different statistics. The 
holes are anyons in our model, and so we have discovered two fusion 
possibilities.  

To establish non-Abelian statistics, each hole should represent the same 
anyon type irrespectively of the fusion channel. If this were not the case, some 
local observable would be different in the two fusion channels. Local observables 
are Hermitian Bose-operators built from a only or from b only. Any such 
operator is an even power of a Majorana fermion, and hence, a trivial constant. In 
other words, no local measurements can distinguish the states of the holes in the 
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two fusion channels, and both fusion outcomes emerge from a combination of 
the same anyons. 

 

Appendix C.   Coulomb dominated regime in the FQHE regime 

For fT=0 in the integer regime, increasing B leads to area shrinking, keeping the 
threading flux constant, and to imbalance between electrons and ionized donors. 
Eventually, the imbalance relaxes (when interactions reach the charging energy), 
by adding a quasiparticle within the interfering Landau level. The area returns to 
its initial state with the addition of a flux quantum - being invisible in the 
interference pattern. For fT>0, with increasing B the interfering channel loses 
electrons to the fT lower Landau levels (whose density increases with field), and 
the threading flux reduces (opposite to the behavior in the pure AB regime). 
     We discuss now the periodicity in the gate voltage VMG, as it provides an 
insight to the charge of the interfering quasiparticle. We assume that the 
capacitance C between the modulation gate and the interfering channel depends 
only on fT, namely, C=C(fT). The interfering channel flows at the interface 
between two areas with different filling factors, out and in, each with 
quasiparticle charge qi=ei. As long as the sole function of biasing the plunger 
gate by VMG is to move the interface between the two filling factors by area A, 
and thus expel a q charge from within the interferometer, we may write: 

	
 MG in out

0

δ
δ δ

B A
q C V e  




   
	 C1 	

Assuming that the change in the area does not change the number of 
quasiparticles enclosed by the interfering loop (large energy is required to induce 
quasiparticles or quasiholes), the change of the area leads to a change in the AB 
phase, 

	

*

0

δ
δ 2

e B A

e
 





	 C2 	

Combining Eq. (C1) and (C2) we get a relation between the interfering 
quasiparticle charge e* and the periodicity VMG: 

	
e*

e


vin  vout

VMG / Ve

		,	 C3 	
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where eV is the gate voltage needed to expel one electron. 
Indeed, in the cases (1/3, 0) and (2/5, 0), the periodicities in the gate voltage 

are the same as for fT=0 in the integer cases; namely, the expelled charge per 
period must be in both cases e. Since the interfering edge channel in both cases 
belongs to the 1/3 fractional state, vin-vout=1/3, the interfering quasiparticle charge 
must be e*=e/3 (Eq. (C3)) [69]. 

In the case (2/5, 1/3), where the interfering channel belongs to the 2/5 
fractional state, the observed [69] periodicity is nearly 1/3 of the period in the 
integer cases, and thus the expelled charge must be e/3. As in-out=1/15 the 
interfering charge is e*=e/5. This is a striking example of an expelled charge e/3 
per period of gate voltage, while the interfering quasiparticles carried charge e/5 
[69]. 
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