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1 Introduction - an Overview

2 Spin Models

References: Chapters 1 and 2 in Ref. [1].

2.1 Model Building
2.1.1 First Quantization

We consider Bloch wave-functions which are the single electron solutions of the Hamiltonian

_ K2 .
Hps = {QZVQ + Vlon(ﬂi)] Ors(x) = epdps(x),

from which we can define a many electron Hamiltonian:
N
i=1
The Hamiltonian H° has eigenfunctions and eigenvalues

Fock
VRN @100 T20 TN, o, ) = At [Brs, (@0)] 5 Exc = ka“

where the €5 are bounded by the Fermi energy Ep.

The Hamiltonian H° describes non-interacting electrons. We add an interaction term and consider

0 el—el
H=%H +*2 g ‘ V (zi,25),
which we can write

Ne

H=> (H(Vi,z;) + V() ZV (2, ),

=1

where Ve is obtained by in a mean field sense by “freezing” one z; and summing over all other z; in vel=el and
V(ws,xj) = VI zy,z;) — (VI (2;) + VI (2;)) /Ne.

Taking the residual interactions V (z;, ;) instead of the of V'=¢!(x;,z;) represents screening. If we neglect V we obtain
an effective non-interacting theory of Fermions. However, the theory has, compared to H°, new effective parameters that
may be determined, for example, in a self-consistent way. We also assume dynamics which is slower than the plasma
frequency. The single electron approximation has been very successful in predicting various properties of many materials.
However, to describe phenomena such as magnetism and superconductivity, one has to go beyond that and consider the
residual interactions.

2.1.2 Second Quantization

We would like now to present the Many body Hamiltonian using the second quantization formalism. For that we define
a creation operator ¢{ (7). When acting on the vacuum state (a state with zero particles that we denote |0)) gives

(7, 0| DL(@) [0) = 650 8(F — §)-



(Anti)Commutation relations of
We can choose a basis of the Hilbert space {¢,} and write

{7/};( } Z ¢as ‘bﬁd ozs’ Cﬁff} Z d)as d)ﬁff 65050@
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The Hamiltonian is now

HO = Z / Bl () [QZLQVQ + VIOE) + VI(E) | )y (D)
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The ability to neglect V determines whether we can use a Fermi liquid theory with effective parameters or we get more
dramatic interaction effects. For a rough estimate of weather V is large or small we note that in materials with an outer
electron in the s shall the electron wave-functions obey (r) ~ a where a is the lattice constant and (r) is the average
distance of the electron from the nucleolus. For outer electrons in the d,f levels however, (r) < a.
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Figure 1: Wave function of hydrogen-like 3d and 3s orbital.



The typical kinetic energy of electrons is

1
EFZFLUFI{?F,kFN*?EFNUfF (5)
a a
while the interaction is (with k being the dielectric constant)
2
2
U= . 6
By (6)
giving a ratio
U 2
rp=—=—2_2 (7)

Er  kup (r)

Hence, in most cases, V will be more important in d, f materials (we know that in many metals % ~1).

In the case when (r) the nearest neighbour interaction is smaller than the on site interaction as it is controlled by:

2 2
es 1 e’ a a
—_— — Y 1 << ~ —, 8
krij; Br Kavp " (r) (8)

2.1.3 Effective interactions: Direct (Hartree) Exchange (Fock) and Cooper (Pairing) channels

Metals

We now have to study the interaction term of Eq. (4). To appreciate the importance of different ’channels’ of the
interaction, it is useful to assume that the interaction between the electrons is due to Coulomb forces and to consider it

in momentum space ({1(z) = ﬁ Zﬁe*iﬁ'fzﬁlﬁ).

2 1 o ~ ~ Ln o
V= 2 Z ¢;4Sw;20'v(pl - p2)w510¢ﬁ33551+ﬁ3752+ﬁ4' (9)

P1,P2,P3,P45,0

Pr,0 =11

2,8 tT’l

In principle, we can decouple this interaction using the Hubbard-Stratonovich in different ways. However, ’interesting’
physics is usually generated by processes where one of the three unbound momenta entering the interaction vertex is small.
Only these interaction processes have a chance to accumulate to an overall collective excitation of low energy. It may be
instructive to imagine the situation geometrically: In the three dimensional cartesian space of free momentum coordinates

(El, EQ, Eg), entering the vertex. There are three thin layers, where one of the momenta is small, ((j’, EQ, Eg), (El, q, Eg),

and (El, Eg, q_') , gl < |EZ| ~ pr - (Notice that we did not take all the momenta to be small, because that would be in

conflict with the condition that electrons have momenta close to the Fermi surface.) One will thus often chose to break
down the full momentum summation to a restricted summation over the small-momentum sub-layers:



V%VH-I—VF-FVC

Hartree (Direct)
Small momentum
long ranged

Fock (Exchange)
Large momentum transfer FOCk (Exchange)

Short range

Cooper (Pair) COOpeI' (Palrlng)

(12)

Each of these three contributions has its own predestinated choice of a slow decoupling field. In general we have the

decoupling identity:
P Vampm — £ / D=t Vambn=idmVarpn



The Hartree term should be decoupled in the direct channel py(q) = Zpﬂ 1/1;_ g.0¥p,o- The second in the exchange channel

=2, ¢;75¢p+q,g. The third in the Cooper channel pZ° = > 1 69 —ptq,s- One thus winds up with an effective theory
that contains three independent slow Hubbard-Stratonovich fields. (Notice that the decoupling fields in the exchange and
in the Cooper channel carry a spin-structure.)

The three terms may be represented by diagrams, where the circles denote the paired indexes.

Direct (Hartree) Pairing (Cooper) Exchange (Fock)
Figure 2: The direct (Hartree), exchange (Fock) and pairing (Cooper) channels.

Localized electrons

Although somewhat different the division to channels may be also performed in case of strong interaction and relatively

local wave functions. We then write (neglecting spin orbit coupling) ¥ (z) = > ¢a(z)cf, where ¢, () is a local (Wannier)
function:

V= Z ]\Zf(?fcloc;scvsc(;g
where

M otherwise

« 1 K [ = ) [ = P — — el l.Z\JO(ﬁ lf o = = :6
M =5 [ ad g6, @@V 7,716, (7)65(2) MMB:{ e i
~

Assuming now that we can neglect interaction terms that do not contain at least two identical indexes! we can split V
into three channels

Q_Z%WT t o AT t 7ot o
V= MG cloCaoClsCys — M50 ChaCasClsCro + MITClyClsCroCys,
ayso

(Notice the factor 1/3 in the diagonal term it is introduced to avoid double counting.) Using the following relation of the
Pauli matrices

3
Goor &ss’ = g O';U/ 'O';s/ = 2503/50/3 — 500’633’
i=1
sand the definitions

A 2 1 - -
Mo = ZCLGCM, Sq = §ZCLGJGSCQS, tl = CLTCL¢
o gs

we get

I This will be a good approximation, for example, when the interaction is short-range and the wave function ¢ are fairly localized but demand
justification in other cases.



V= (MY — M /2) hiaivy — 2MEYS, - 8y + MOCELE]
ay ——

Hartree (Direct) Fock (Exchange) Cooper (Pairing)
In cases where the off diagonal Cooper terms are neglected the Hamiltonian reduces to
V = Z ﬁijnmj — 2J”§l . §'j
_ Jij

and Uy = M7, Jij = M7,

ij s i

2.1.4 Definition of Heisenberg’s Model

The Heisenberg model neglects the pairing and the direct terms, so that the Hamiltonian is:
H=-2Y J;5 -5
j

with & = 30! Fa st
we will further assume
g Jo nearest neighbours
’ 0  otherwise

and Jy > 0 for a ferromagnetic interaction, Jy < 0 for anti-ferromagnetic interaction.

In the ferromagnetic case (Jp > 0) spins will prefer to be aligned. That happens when the overlap between the i and j
orbitals is large. Then (similar to the case of Hund’s rule) electron will tend to align their spin due to the Pauli principle.
However if we have opposite spins sitting in neighboring atoms then it can be energetically preferable for one to tunnel,
which is only possible if the spins are reversed, hence in this situation Jy < 0.

10



3 Tight Binding and the Hubbard Model (Tutorial)

3.1 Tight binding method

Consider a lattice of static Ions creating a periodic potential,

VLattice (7?) = Z Vion ('F— R) = Z Vvlfn (F) ) (13)
R R

where R points to the lattice sites and an (") = Vion (f’ — ﬁ) is the potential of the Ion positioned at R. In the limit of
infinitely far away Ions we can solve the system by solving the Ions independently,

[p v @] o (7) = R (7) (14)

2m

where (bf” (F) = ¢ (F — ﬁ) is the eigenstate of the n*® orbital of the Ions positioned at ]:f, with corresponding energy €f.
The total energy and wavefunction are:

N
E=Y e, (15a)
i=1
& = Slater [{ﬁ}N_J : (15b)

where N is the total number of electrons. Upon bringing the Ions closer together there are two main differences to consider:

1. Each site R start feeling the potential due to the other sites /. This leads to a small correction to the single Ton
potential: AV (7) = ZR/;&R Vlfi/l (7).

2. The wavefunctions corresponding to different Ions, positioned at R and R, begin to overlap: <¢§/ | ¢f”> # 0.

Therefore, we do perturbation theory in AV, which to first order gives a matrix element for electron tunnelling between
sites and orbitals,

I = (R [AVE |oF) . (16)

It should be noted that, as addressed in point number two above, the set of wavefunctions |¢§> are not orthogonal and

extra care should be taken to properly derive the tunneling matrix element tﬁ’ff. However, we will not dwell on this more
in this course. The tight-binding method will be taught in a rigorous manner in the next course, Solid State 2, and can
be found also in Ashcroft and Mermin’s book [?]. We have so far disregarded the electron spin completely. Adding it is
straightforward though, since the potential does not depend on it at all. The eigenstates will simply carry also a spin
index, on which the energies are degenerate, and the hopping matrix element ¢ will be diagonal in spin.

In 2" quantization we define creation and annihilation operators,

i = / Erog, (P67 (17a)
e = [ 105,000 (17h)
satisfying {CR no cTﬁ, . G/} =03 39n,m0%,07, and the Hamiltonian takes the form
— t R.R .t
H= Z Eé’ncﬁ,n,acévnﬁg B Z (tn,m cﬁ,n,ocﬁl’mag + hC) : (18)
R,n,o’ ﬁgﬁlﬁnumig

Before adding electron-electron interactions we will make some simplifications. Some are very widely used, and some are
just for our own convenience:

11



1. We will consider only a single orbital per site, and drop the index n. This is not justified in all systems, but will be
enough for our purposes.

2. Since the matrix element for electron hopping, ¢ 5, decays exponentially with ‘é - R , we will truncate it after

nearest neighbours (n.n.). Namely, ¢ 5, does not vanish only for n.n. sites, denoted by <§, R ).
3. We will assume that all Tons are identical, and set €z = p for all R as well as t, 5 RAny =1 for all n.n. R and R

Systems where this assumption is wrong are called “inhomogeneous”. In reality all systems are inhomogeneous, but
usually the inhomogeneity is weak, and can be neglected or treated in perturbation theory.

Armed with these simplifications, and specializing to one dimension (1d), the system is described by the Hamiltonian,
H=pY clcio—ty, (C},gcﬁl,a + C§+1,gcj,a) : (19)
J,o J,o

For the rest of the tutorial we will work at half filling, namely one electron per site. Notice that for a fixed number of
electrons the p term is just a constant, and so we will drop it.

To solve this Hamiltonian we use the (discrete) Fourier transform?

1 k:
cgz—ge_lrcg, 20a
k, /*Nj 7, ( )

1 -
Ciog = —— e e o 20b
7, \/Nzk: k, ( )

where N is the number of sites and k,, = 2”—”, where L = Na is the length of the system. Notice that ¢, 2« 2n ;= Cho
so k-space is 2 =% periodic and it is enough to consider the region k € [fg, %), namely the first Brillouin Zone (BZ1).

Plugging Eq.(20) into Eq.(19) (dropping the p term) we diagonalize the Hamiltonian

H= Z [ tc,c oCao( e“’ _Zk} Ze‘l (k=a)z;

k,q,0

= 5" [t ),

k.q,0

= Z [—2t cos (ka)] c,c oChyo (21)

k,o

where we used the fact that 5 > eik=dz; = 5, . The solution is depicted in Fig.3. In order to count the number of

states we notice that they are spaced Ak = —7; apart spanning kpax — kmin = 27” The number of states is then given by,

kaax - kmin — 9N

Ak ’ (22)

where the factor of 2 is for spin. At half filling (one electron per site, i.e., N electrons) the ground state has the lowest N
states occupied. The system is therefore gapless, meaning that it can be excited above the ground state by any infinitesimal
energy injection (or temperature). A gapless system of electron is called metallic, since it conducts.

In order to introduce a gap, consider a dimerization of the lattice such that all even sites are slightly displaced from their
position®. Instead of changing the distance between Ions we will use a trick and change the tunneling matrix element,

tjj+1 =t [1+A=1)7], (23)

20ne can use various definitions for the Fourier transform, but the symmetric ﬁ convention ensures cz » and ¢ , are indeed creation and
)

s . . . . . + _
annihilation operators, i.e., have appropriate anti-commutation relations {ckﬁ, Cpor | = Ok,q00,07 -

3In reality, such a dimerization is always energetically favorable in 1d system at half filling, since as the gap opens the (occupied) states
near the middle of the gap lower their energy. This lower energy overcomes the energy cost of displacing the Ions. Therefore, the lattice will
spontaneously break the translation symmetry from a to 2a, leading to an insulator rather than a metal. This effect is called Peierls instability,
or Peierls transition.

12



0.5

ka

N

Figure 3: Spectrum of a free fermion on a 1d lattice in the tight-binding approximation. The energy band is doubly
degenerate in the spin degree of freedom. At half filling all state below zero (between —m/2 and 7/2) are filled.

where A is governed by the displacement of the Ions. Indeed doing so captures essentially the same physics since, as can
be seen in Eq.(16), the size of ¢ relates to the distance between Ions. Notice that now the symmetry for translation by a
is broken, and one must define a unit cell of size 2a with two Ions in the unit cell. We will denote the creation operators
on odd sites by A;U and those on even by B}U. The Hamiltonian can now be written as

H=—t(1=8) Y (A, Bjo + Bl ,As0 ) — 1+ 8) Y (Al Bro + Bl Aji0) - (24)

J,0 50
We now transform again to k-space using the definitions (20), but with 2a and % unit cells to get

<t 0 ¢ — Eei2ka . - - 5
H= Z C’k),g’ 715/ o iefﬂka 0 Ck#f = Z Ck,aH(k)CkJ ’ (25)
k,o k,o

where C’Hk’g = ( Ao Bio )T7 t' =t(1—A) and t= t(1+A). To completely solve the system we just need to diagonalize
withing the unit cell, namely the two-by-two matrix H (k). This can be done easily by first noticing that

H(k) =dy, -7 = |dy| 7 - 7, (26)

where 77 = ( cos 20, sin26; 0 ) is a unit vector, 7 is a vector of Pauli matrices (here not related to the spin degree
i sin(2ka)

m] The energies and

of freedom but rather to “pseudo spin”), |dg| is the mudulus of dy, and 0, = %arctan {

eigenstates are then

Ea(k) = % |de| = £260/1 — (1 — A%) sin? (ka) , (27a)

rek)= (7 Y2 Lo a, <8 27b
i( )— E +1 —E(e k,o k,a) , ( )

and are depicted in Fig.4 for A = 0.2. Notice that there are two bands now, corresponding to the two sites in the unit
cell, and a gap between them. At half filling the lower band is completely full, while the upper is completely empty, and
the system is gapped. Meaning that exciting the system requires overcoming a finite energy gap, in this case 2A. For
example, thermal excitation of the system is suppressed by a Boltzman factor of exp [-kpT/2A]. A gapped system of
electrons is called insulating since it does not conduct.

3.2 The Hubbard Model

After playing around with the simplest non-interacting tight binding model we are ready to add interactions. We will do
so in three dimensions (3d). Consider electron-electron interactions of the form

Via= 3 [ rd v (= YL 0L o () ba(r) (28)

o0’

13
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Figure 4: Spectrum of a free fermion on a dimerized 1d lattice in the tight-binding approximation. Both energy bands
are doubly degenerate in the spin degree of freedom. At half filling the lower band is filled, while the upper is completely
empty.

where V(7 — #) could for example be Coulomb repulsion. In the tight binding approximation, roughly speaking using
Eq.(17), the interactions are given by

;
Ver-el = Z U @iani, + Z N0 e Z i R R o R o R CR o (29)
R#R R'#R.0,0

where ng = ng o is the electron density on the site positioned at E, ng o is the density of electrons of spin ¢ on the

site positioned at R, and the various matrix elements are:

Us s = ; /d3r1d3r2V(r1 — ) |pa | |6 (72 | , (30a)
JE _l/df"disv*—* )65 (1) (72) 05 (7 b
RR — 9 rid’ra V(7 7”2)¢1%(7“1)¢1§/(Tl>¢1%'<r2)¢ﬁ(r2)' (30b)

Notice that again we have three free parameters reminiscent of the “three channels”. Here however, J g i is very small

compared to Uj 5, since it includes two overlap integrals of wavefunctions centered around different sites. By far the most

important term in Eq.(29) is Uz 5. Consequently, the other terms are commonly truncated® resulting in the so-called
Hubbard model
HHubbard*_t Z (C-' CR/ +hC> +UZ”RTTLR,L ) (31)
(R,R'),0

where U = Uj 5 which again is assumed to be the same for all R. Although we have omitted many terms that in reality
are present, the resulting simplified model is still surprisingly rich. Moreover, even though it is arguably the simplest
interacting electron model one can write down, we do not know how to solve it exactly. Therefore, we will consider various
limits.

We already treated the U = 0 case in 1d. Generalizing it to 3d is straightforward, and we will skip it. One can treat

U < t using perturbation theory in Q. It does not lead to dramatic effects, and we will skip that as well. Interesting
results occur for the t =0 and t K U hmits, and so we will focus on these. For ¢ = 0 the Hamiltonian reduces to
Hy = UZnﬁy,rnéﬁL , (32)
R

for which the (degenerate) ground states can be easily inferred for any number of electrons. At half filling the ground
state energy is £ = 0 and the ground states have all sites occupied by a single electron. Lowest excited states, those that
have one doubly occupied site, have a finite energy U, so the system is again gapped, but now due to interactions (rather

4We will return to the Jg P term later on in this tutorial.
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than band-structure). This is called a Mott insulator. As opposed to a band insulator, which is completely inert, in this
Mott insulator there are still low energy degrees of freedom, namely the spins of the electrons

’ 1 "
Sk =15 > c%,sa;s,cm, . (33)
s,s’

The many degenerate ground states correspond to all possible configurations of the spins of the electrons. This degeneracy
is lifted by any finite ¢ leading to a tunneling Hamiltonian,

Ho=-t Y (c% iy +h.c.) : (34)

which will prefer certain spin configurations. We will treat H; in perturbation theory and derive an effective Hamiltonian
for the degenerate ground space. To second order in perturbation theory the effective Hamiltonian is given by

1 t3
Heg = FPyHPy+ PPHiP\—FFP HPh+ 0O | — 35
off 0t0+0t1EO_H01t0+ <U2)’ (35)
where Py = 3 .o | @) (o] is the projection operator to the ground space, and Py =1 — Py =3 .. |a) (a] is the

complementary projection. The first term in Eq.(35) clearly vanishes since H; connects states in Py with states in Py
which are the orthogonal to states in Py. The second term can be simplified by noting:

1. The g.s. energy is zero, namely Ey = 0.

2. Since H; acting on states in P, creates only one double occupied site, all states in P; H; Py have exactly one doubly
occupied site.

We can then write:
t3

Ha= ¥ % o) (alfila) (ol 5z 16} 41 H:18) (8] +0 (53)

«a,B€g.s. a,bel d.o.

1 43
=7 X 2 a><a|Ht|a><a|b><b|Ht|ﬁ><B|+O<U2>

a,B€g.s. a,bel d.o.

1 /3
=7 2 2 |0‘><aHt|a><a|Ht|ﬂ><ﬁ|+O<m)

«a,B€g.s. a€l d.o.

1 ¢
——5 T talmm (5140 () (36)
a,BEg.s.
So we need to compute that Matrix elements (o« |H?|3). Since H; = >_(& iy (Ht) g g only connect n.n. we concentrate
on the spin configuration of two specific n.n. sites & and R’. We denote the states in short [8) = |-+ ,05,0%,--+) =
|0,0%, ), and look at the various cases:

(I) If both spins are oriented at the same direction, namely |3) = | 15,15 ) or [B) = | {3 5 ), they will be
annihilated by (H;); z since the site R (or R ) cannot be occupied by two electrons with the same spin (Pauli
exclusion principle):

() g |0 o) =0 (37)

(II) If the spins are opposite, namely |3) = | 15,15 ) or |8) = | Lz 15 ), then (H;)z 5 leads to a doubly occupied
site B or R
(Ht)ﬁ,ﬁ/ |0’R‘,5'R'/> = —t‘0é5§,0> _t|0701§'5é/> . (38)
The second (Hy) 5 5 then splits them back onto both sites, by either going back to the original state or by exchanging
the electrons:
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(a) Back to original state:
(Ht)RR,|O'R,O'R,>:2t2|0'R‘75'R',> . (39)

(b) Exchanged electrons:
(Ht)R R |0Ra OR/ > = _2t2 |6_}5;a OR > : (40)

The extra minus sign in this case comes from the exchange of the electrons, and can be seen explicitly:

(Ht)ﬁﬁ | 0505 )

_ i i _
= (Ht)fé,fé/ (_tcﬁ’,’rcéﬁ — tcﬁ,icé’vl’) | 0B, 05 )
_ gt . T . T . g T . o=
- [(ne) () = () ()] e
(. i P .
=t (Cﬁ (CRACR L 4 +C§,TCR7¢CR',¢C§/,i) |05, 05 )

— —2t26Tﬂ CRT T CR",¢ | U§75§’>

= 2|05 05) - (41)
Noticing that 5% = sl 1a) (Mgl =14z gl S+ =[15) ({5 | and Sz = | 1p) (Ts | we write cases (I) and
(I1)(a) as
2t2 4 o
and case (II)(b) as
212 2t2 t 4 sts

In total, summing over all n.n. we get (dropping the constant factor) the effective Hamiltonian

eﬂ_JZ{szz (SS++S+SR/}—JZ -Sg (44)

(R,R) (R,R")
with J = % > 0, namely a Heisenberg anti-ferromagnet. Recall now that earlier in the tutorial we truncated the
interaction term
_gF Pt
ik Z cﬁ,acﬁ’,a’cﬁﬁlcé/ﬁ ! (45)
(R.R")

and the V') (R VR The latter is trivial in the ground space, namely Pynzng Py = 1, but the former actually also
gives a Heisenberg Hamiltonian
PoH;r Py = —2JF Z Ss-S5 . (46)
(R,R)

It can be shown that for Coulomb interaction (and also for a contact interaction) J¥ > 0, namely this interaction is
ferromagnetic. Previously we could disregard it with respect to U, but now that the effective Hamiltonian (44) is of
order % the two can be comparable and should be taken together. Indeed different systems can have either one of
them dominating over the other and consequently display either ferromagnetism or antiferromagnetism. This is the main
mechanism by which magnetism arises in systems.

The Hubbard model can also describe BCS superconductivity. This requires changing of the sign of U from positive
to negative, i.e., from repulsive to attractive. We will not dwell at this stage on how can electrons have an attractive
density-density interaction (obviously Coulomb is not enough), but take this axiomatically and see how it leads to the
formation of cooper pairs. Consider the following transformation on the creation and annihilation operators

— d
B
R it ) (47)
{ i (= )Rdm
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where (—l)é is the parity of the site at position R, e.g. (—1)*/atv/at2/a on a 3d cubic lattice with unit cell of size a3.
It is easy to check that the d operators are also creation and annihilation operators, and plugging this into the Hubbard

model we find
Huyupbara = —t Z (d%)gdﬁ/,a + hC) - UZnéanﬁqi s (48)
(R,R'y,o R

namely the Hubbard model but with U — —U. Performing the same transformation on the spin operators we find

S% — ng -

+ R
SR — (—1) dad¢ . (49)
S}% — (—1)Rd¢dT

We conclude that there is a correspondence between magnetism in the repulsive Hubbard model and cooper pairs in the
attractive Hubbard model. We will learn more about superconductivity later in the course.
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4 Mean Field Solution of the Heisenberg Model — Spontaneous Symmetry
Breaking

Before discussing the mean field solution of the Heisenberg Model let us discuss the general mean field approach in general.

4.1 General Mean Field approximation

The general approach is to take a Hamiltonian of the form

H=A+B+AB

and simplify the interaction term by replacing the operator A by A — (A) + AA, where (A) is the mean value, and
AA contains the fluctuations around it. Within the mean-field approximation we will assume that AA is small. For
consistency we need to check in the resulting solution that we have

AA < (4),
otherwise the mean field solution is incorrect.

After a similar substitution for B

H=A+B+AB—AB)+ (A—AA)B+AAAB — (A— AA) (B — AB)

= A+ B+ A(B)+ (A) B+ AAAB — (A) (B).

Assuming the fluctuations are small we define the mean field Hamiltonian
Hyr =A+ B+ A(B)+(A)B—- (A)(B).

4.1.1 Mean Field solution of the Heisenberg model

Coming back to the Heisenberg case we have
Hyp = —2) Jij (si) 55— 2> _Jijsi (s5) +2)_Jij (si) (s;)
ij ij ij
since we can rotate all the spins together without changing the Hamiltonian, we will have (s;) = 0 in the absence of any
symmetry breaking (i.e., if the ground state respects the symmetry for rotations). We look for a situation where spon-

taneous symmetry breaking does occur, i.e., the system develops a spontaneous magnetization. In the case of symmetry
breaking we look for a state where (s;) = (s,)é,. We define the magnetization

m = 22Jij (s2) €, =2nJy (s.) é,
17
where n is the number of neighbors. Then if the total number of spins is N,

Hyp = =2 i+ + || N (s.)

K2

We write the partition function
Zyvr =T (e_BHMF) = (eﬁm + e_Bm)N ePmN(sz) — ((eﬁm + e_Bm) eBm2/2nJ0)N
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We want to minimize the free energy with respect to m to find the equilibrium value:

oF 10lnZ _ ePm — g=Bm m

. = = N— =0
om B Om ePm 4 g—Bm + nJy

m
’I‘LJ()7

defining a = b = nJy we obtain

a = tanh (ab) .

If we consider a as an order parameter which is zero in the disordered phase (since it is proportional to m), we can assume
that it is small and expand:

1 .
a ™ ba — g(ba)d

we can look at different cases:

b>1 Lo b<1
\ﬁw/‘ ¢
‘ NG
51 ) 5 F sk
O

( 3
b — %U"ﬂ

mx\\\&b‘ﬁ =

5 1 5 1 5 1
a

Figure 5: for b < 1 the to lines do not cross so there is no solution while for b > 1 there is a solution. The value
b=1=nJy/T. defines the phase transition temperature 7.

from which we can see that we get a non-zero solution only if b6 > 1. The value of b which separates the two regimes define
a critical temperature:

b=1= kT. = nJ,.

For small a we can solve giving

1 /3(b—-1) B [ T.—T
a—b 5 =m=nJyy/3 T

taking T'— 0 = b — oo we get a — 1 which means m — nJy giving the following phase diagram

4.2 Goldstone Modes (Magnons)

The fact that when continuous symmetry is broken a soft (“gapless”) Goldstone mode arises is a general phenomenon.
To be explicit, we will work on the Heisenberg model and consider the 1D case although similar results hold for higher
dimensions.

We would like to find the low energy excitation of the problem. The ground state is |G) = |11 ... 1), i.e., the state where
all the spin point up.

o - - 2
HI|G) = —QJZSi -5 |G) = —2JOZsfs§ |G) — JOZsjsj +s; Sj |G) = —2JyNs*|G) = E¢ |G) .
ij (i5) (i4)
Notice that the term S;" destroy the state as the spin is already in its maximal value and in the last equation the pre-factor
is correct only in one dimension as each spin interacts with its left and right spin but we have to avoid double counting.
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magnetization
guB

m
TLJO

T T >
TC = ?’LJQ r

Figure 6: The magnetization as a function of the temperature

In looking for the energy of the excited states it is reasonable to assume that the first excited steaks will be build of linear
coherent combination of a single spin flip.

Denoting the single spin states:|i) = | 11 ... T + ) and projecting on these single spin states is done by writing
~—

ith position
H =>"i) (i| H|j) (j] -
ij

The diagonal terms take the form (i| H |i) = Eg + 2J5? as two bonds are flipped (we assume that the spins are not at
the edge of the sample). However, because of the nearest neighbor coupling terms, the above states are not eigenstates
of the Hamiltonian. Due to the definition of the Heisenberg model, off diagonal matrix elements do not vanish only for
nearest neighbor and given by(i| H |i + 1) = JS? combing these we get the Hamiltonian (for the 1D case)

H = (Eg+2J5%) Z i) (i = JS*> " (li+ 1) (i + ]d) (i + 1)),

2

which can be solved by a fourier transform: |¢) = >_e9% |j), with a being the lattice constant. In general, such translation

J
invariant quadratic Hamiltonians can be diagonalized by going to Fourier space. We diagonalize the Hamiltonian and get
the spectrum :

E,=Eg+2J5%[1 — cos(qa)] .

Taking ¢ — 0 the excited state energies are

E,— Eg — Ja*¢*.

These are the soft modes known as the Goldstone modes - their energy goes to 0 as the wave number goes to 0.

Generally the Goldstone modes are linear in ¢ and not quadratic in ¢ as in the ferromagnetic case. In the ferromagnetic
case, our order parameter M oc S = 3" 5, commutes with the Hamiltonian:

>[5 58] = DTS4 [55 58] + [Sh, 8] 85 = D deins (955905, + SiSh0ay ) = S x St =0,

afy afy afy

Indeed writing the equation of motion in real space, assuming we have a quadratic dispersion, we get

1 = DV?m.
An integration gives a conserved total magnetization
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M =D §1§ Vm =0,
which would not have happened if we had a linear dispersion.

(Remark: the situation is similar to the diffusion equation of particles that is quadratic in ¢ implying that the total number
of particle is conserved.)

In the above we have demonstrated the very important concept of Goldstone bosons. These are gapless modes (or fields)
that occur in quantum and classical field theories whenever a continuous symmetry is spontaneously broken.

4.2.1 Holstein-Primakoff

Before we talked about a system of spin % Now we turn to talk about very large spins, for which (as we will see below)
quantum fluctuations become less important.

We seek a semi-classical approximation for the Heisenberg model. Considering AxzAp = ([x, p]) ~ h, the spin fluctuations
obey

AsiAsj = ([si,85]) = |eiji (sk)| < s

Asi Asj _

| =

— 0
S S S s—00

hence quantum fluctuations become negligible when we increase the spin size. Adding a lower index to denote lattice site,

k l . j
[Sm7 Sn} = ZEk:ljszlamn

. + _ =z -y
and defining s;, = s7, £ is¥, we have

(s, 57] = 20mns7,, [52,, 55 = £0pms,

m’en m? m’en

All this has been exact. Defining

- _ ,f i + _ T z 1
m =0\ 25— amam, S, =\ 25 — amGmam, S;, =5 — a,,0m

where a,, are bosonic ladder operators, we can check that the new operators obey the same commutation relations. The
HP approximation is taking the limit s — co (where s is the spin in each lattice) giving

S

S RV 25a:rn, st~V 2san,

in 1D with periodic BC we have
z z 1 — -
H= —2JZ (smsm+1 + 5 (S;Serl + sms;H))
m

G——>>oo _QJNSQ —2Js Z <_2a:rnam + ajnamﬂ + hc)

Using periodic BC $p4n = S = ajTH_N = a,, and moving to Fourier space with a,, = \/% > e~ *ma, giving

hwy, = 4Js (1 — cosk) e 2.J sk?

k—
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giving the same dispersion relation we found before.

Using the mean field analysis, we were able to demonstrate, neglecting fluctuations, that the Heisenberg model has a
ferromagnetic (ordered) phase which may occur at low temperatures. Once we understood that there is a ferromagnetic
phase, we turned to study the relevant degrees of freedom describing low energy excitations in this phase. In our case, these
were the gapless spin waves (and in more general cases, these are called Goldstone modes). For the ferromagnetic phase
to be stable, the fluctuations generated by the Goldstone modes must not destroy the order. As we will see below, this
self consistency requirement is not fulfilled in low dimensions, leading to the absence of spontaneous symmetry breaking
in 1D and 2D systems with continuous symmetries.

4.2.2 Absence of LRO (Long Range Order) in 1D and 2D systems with broken continuous symmetries -
Mermin-Wagner Theorem

4.2.3 Average magnetization

We turn to study the deviations of the magnetization from it’s maximal value. Within the Holstein-Primakoff approach,
this takes the form

Am 1, 1
2Jns N ($tot) =5 = N Xk:nk

where ny, are the average number operators, ny = where we have used the fact that n; counts the number of

e“k /T—l I
excitations with a given k, which are decoupled bosons of energy wy.

To perform the summation we introduce an IR cutoff kg ~ % for system size L and assuming fw;, < T' < Js we expand
the exponent and set the expression for w; that we found

i
dkkd=1 T 1
Am = — 0 _
mn /(gﬂ)d K Tor NZ”’“
ko k>k

There is a clear dependence on dimension, in one and two dimensions the first term diverges with system size:

_T 1 1D
Amoc{;’]foko(;c> oD "
s g ko

The divergences contradict the original assumption that fluctuations around the ordered state are small, and signal that
the ordered phase is unstable.

This demonstrates the very general result, called the Mermin-Wagner theorem: continuous symmetries cannot be sponta-
neously broken in systems with sufficiently short-range interactions in dimensions d < 2 (see tutorial for more details).

oo
On the other hand, in 3D we use = Ze‘"“’k/T to write

n=1

[
evk/T—1
k

dkk? & 2nk2Js 1/ 7T\ 1 1/ 7 \* 3
= — - % —_ — — T — — —_— _— .
m /(271—) 1exp( T ) 8 (ZJSW) Z,l n3/2 8 <2Js7r> C(2)
k n— n=

0

This shows that in 3D the ferromagnetic state is stable. This remains true for higher dimensions. It is in fact a general
principle that as the dimension is increased, fluctuations become less important.
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5 The Mermin-Wagner theorem (Tutorial)

This tutorial focuses on the famous Mermin-Wagner theorem. Basically, what the Mermin-Wagner theorem says is that
2D systems with a continuous symmetry cannot be ordered, i.e., cannot spontaneously break that symmetry. It is a very
universal result that applies, for example, to magnets, solids, superfluids, and any other system characterized by a broken
continuous symmetry. It illustrates the fact that as we go to lower dimensions, fluctuations become more important, and
below D = 2, they destroy any potential ordering.

We start by focusing on a simple model: the classical xy model. In this model we have a square lattice with a planar
spin on each site. The Hamiltonian takes the form

H=-7JY si-sj=—J cos(¢i — ).
(4,5) (4,4)

The system is rotationally invariant (i.e., symmetric under ¢; — ¢; + ¢). However, the energy is minimal if all the spins
point at the same direction, so the ground state spontaneously breaks the symmetry.

One would naively expect a ferromagnetic phase, with a broken rotational symmetry, to survive the introduction of
finite temperatures (at least for low enough temperatures). This expectation is motivated by the naive intuition that
the physics at zero temperature should not be different from the physics at a nearby infinitesimal temperature. At high
enough temperatures, of course, there must be a transition to a disordered phase. In 3D, this is indeed the case - there is
a finite temperature 8J, where (3 is a dimensionless number of order 1, below which the spins point at the same direction
on average (even though they may be fluctuating locally).

How do we characterize order in this system? We can define a correlation function ¢(r —r’) = <ei(¢(r)’¢(r'))>. At

zero temperature, where all the spins point at the same direction this function is 1. In an ordered system, at non-zero
temperatures the ¢s are homogenous on average and the correlation should remain non-zero even at large distances. This
means we have long range order. On the other hand, if the system is disordered, distant spins become uncorrelated and
we expect this function to go to 0 after some finite correlation length.

To see if our 2D system is ordered, we first assume it is and approximate the Hamiltonian based on this assumption.
Then, we use the approximated Hamiltonian to calculate the correlation function. If the system is indeed ordered, self-
consistency requires that the correlations stay non-zero. We will see that in 2D this is not the case, as the Mermin Wagner
theorem dictates.

In the first step, we say that if the system is ordered, the fluctuations between adjacent spins are small, so we can
approximate H ~ Eg + % Z@ I (¢ — quj)Q. Now we have a quadratic Hamiltonian, so we can actually calculate the above
correlation function. Before doing that, we make another simplification by noting that if the system is ordered, at low
enough temperatures the correlation length will be much larger than the lattice spacing (which is 1 in our units). In this
case, we cannot “see” the lattice, so we can go to the continuum limit (small k& expansion). In doing so, we rewrite the
lattice theory as a field theory with the Hamiltonian

S [ o 2
H~ §/d x(Vo(r))=.

Note that this step is actually unnecessary, as we already had a quadratic Hamiltonian, but it will simplify later compu-
tations.

First, let us decouple the Hamiltonian. As usual, this is done by going to Fourier space, and defining

1 or
o(r) = - / d?ke™ T (k).
Plugging this into the Hamiltonian, we get
J o
H=——"s e /d%/d%/d%’ezk*e* To(k)p(K )k - K.

By performing the integration over r, we get a delta-function of the form §(k + k'), so we have

H= %/d2k¢(k)¢(7k)k2 =
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-1 / dke(k) [6(K)]°

with e(k) = Jk?. Note that we have used the fact that the original field ¢(r) is real, so ¢(—k) = (¢(k))*. In fact, the
terms for k and —k are identical, so we can actually write this as an integral over half the plane:

H= [ &k|ok)| k).
k>
Since we now have many decoupled degrees of freedom, we can immediately write

ny _ J Pod(k)e(k)e 5k +K')
e

Now recall that we want to calculate the correlation function ¢(r —r') = <ei(¢’(‘")_¢(r/))>. Since we have a Gaussian
Hamiltonian, we can immediately write
clr—r') = o 1/2((6(x)=0(r")?)

To calculate the expectation value <(¢(r) — o(r’ ))2>, we write it in terms of the decoupled Fourier components

d*K' d?k

(277)2 (eikr _ ez’kr’) (eik"r _ eik"r’) (p(k)p(K')) =

((606) = o)) = [

_ (271r2 /d2k’d2k (eikr _ eik-r’) (eik’-r _ eik’»r’> 5(;;5{1)(/) _

2 ik-r ik-r/ —ik-r —ik-r’ 2, (1 —cos (dr - k))
o | (=) (77 =) i = g [ PG

Notice that in the large r limit, we can separate the integral into two regions, k < ér—1, k > dr—!, giving a qualitatively
different contribution. In the first case we have

Ver (1 —cos(dr-k)) L/ér 2
2.\ PP AR M) < 2. = >
/ &k e(k) _/ d ke(k) 0

so it will not be the leading order at large ér. In the second case, k > 67!, the cosine is strongly oscillating, and will
again not provide leading terms, so we neglect it. We end up with the integral

1 / 1
— dk—.
ﬁJTr 1/6r k

Note that this integral has a logarithmic divergence at high momenta. This divergence is of course an artifact of the
effective continuum model, and in the original model the lattice spacing sets a high-momentum cutoff (that is, k is
restricted to the Brillouin zone). We put the cutoff back by hand, and get

{(6(6) = 9(17))%) = 73-log (adr).

where o oc a! is the cutoff. Finally, putting this back in ¢, we get

e(r —1') o< (abr) ")

where n = %
This shows that the correlation between distant spins goes to zero and the system is not ordered at any non-zero tem-
perature. In particular, the physics at zero-temperature is very different from the physics at an infinitesimal temperature
above it. However, the way the correlation function goes to zero is different from the behavior of disordered systems.
The power law correlations show a decay without a length-scale. The correlation length is actually infinite, similar to a
second order phase transition. The difference is that here we are not at an isolated point in parameter space, but find this
behavior for a region of parameters. We call such a phase a quasi-long-range-ordered phase.

One may think that this result is specific to the classical xy model, but it is actually quite universal. Any classical system
in 2D with a continuous symmetry will have a massless field by the Goldstone theorem. The fluctuations created by
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these Goldstone modes destroy the order in a similar fashion to what we have seen above - even if the corresponding
Hamiltonians are much more complicated. This has been proven in very general scenarios over the years.

For example, we can study the stability of 2D classical solids: let’s look at the case of a square lattice, and assign
a displacement vector to each lattice point u;. Approximating the deviations of the potential from equilibrium to be
harmonic, we write the energy in the form
K 2
E Z(ul — Llj) .
(4.9

Note the similarity of this to the form we wrote for the zy model. We can therefore immediately say that this Hamiltonian
will result in the fluctuation of the form

<(u1- — uj)2> x Tlogli — j| .

This means that the relative displacement vector between two distant sites is wildly fluctuating, and the original crystal
structure is unstable.

The Mermin-Wagner theorem is not special to 2D classical problems. It actually applies to various quantum problems as
well. We have seen in the previous tutorial from the path integral formulation that the partition function of a quantum
many body system takes the form

7 — /D[?/),'l/_)]ef fOB drddz(@za'rerH[&,lp]7HN[157¢])'

Thinking about the Lagrangian density as an effective classical Hamiltonian density, and about the 7 (time) direction as
another spatial direction, we see that this partition function describes a classical d + 1 dimensional system which is finite
in one direction (the time direction), and infinite in the d other directions. At zero-temperature, the system is infinite in
the 7 direction as well, so the quantum many-body problem is mapped into an infinite classical D = d + 1 dimensional
system. This mapping is called the quantum-classical mapping.

This way, a zero-temperature quantum problem in 1D is mapped into a 2D classical problem, where the Mermin Wagner
theorem applies. This means that 1D quantum problems with a continuous symmetry cannot be ordered. A 2D quantum
problem at zero-temperature is mapped onto a 3D classical problem, where order can occur. However, at finite temper-
atures, the system is a “thick” 2D classical system, where the Mermin-Wagner theorem should apply (if we look at large
enough distances).

One last note: we have shown that the low temperature phase of the 2D xy model is quasi-long-range-ordered. It is
interesting to ask whether at high temperatures a phase transition occurs between the quasi-long-range-ordered to a
disordered phase. We usually associate a phase transition with a process of symmetry breaking, but here neither of the
phases breaks any symmetry, so one naively expects not to find a transition. As it turns out, there is a transition, and
it is called the Berezinskii-Kosterlitz-Thouless transition. Historically, it was the first example of a topological phase
transition. You will study this transition extensively later in this course.
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6 Path integral formulation and the Hubbard-Stratonovich transformation
(Tutorial)

References: See Altland & Simons [2] Chapter 4 & 6.

6.1 Introduction

In this tutorial we have two objectives: (i) Imaginary time coherent state path integral formalism - to prove the identity
(53). The motivation will be to show that quantum averages of many-body systems in thermal equilibrium can be computed
using functional integrals over field configurations. (ii) The Hubbard-Stratonovich transformation - To provide a rigorous
formalism in which the phenomenological Ginzburg-Landau (GL) theory can be related to an underlying microscopic
theory theory.

6.2 Coherent state path integrals

When we study single-body problems, the particle can be described by its position operator q. To get the path integral
we then work in an eigen basis of this operator and calculate the propagator (q't’|q,t), for example, which turns out to
be related to integration over the paths q(t).

In field theory we have a field, i.e., a “position” operator at each point in space ¢(x). We anticipate that the path integral
will be related to an integration over the field configurations ¢(z,t). To make sense of this, it is clear that we first need
to work in a basis that diagonalizes the field operators. The states that do this are called coherent states.

To be more specific, a coherent state is an eigenstate of an annihilation operator a
) = ¢ J0)

where ¢ =1 (¢ = —1) for Bosons (Fermions), such that a |¢)) = v |1)). Remember that our field operators are annihilation
operators labeled by the spatial coordinates, so these are clearly the type of states we need in order to construct the path
integral.

If we have many annihilation operators labeled by some index 7 (which in our case will be the spatial coordinate), we write
a simultaneous eigenstate as

) = ecvect

0),
such that a; [) = ¥; [).

There are some crucial differences between the states corresponding to boson fields and those corresponding to fermion
fields. Below we list the important properties of the two cases.

6.2.1 Bosonic coherent states

In the simpler case a describes a bosonic degree of freedom and v is simply a c-number. We will make use of three basic
identities: first the overlap between two coherent states

(Y1 |ipa) = e¥1¥2. (50)

The second is the resolution of identity which follows directly from (50)

1= / dipdipe" ) (| (51)

Here we use the notation that 1 is a vector with a discrete set of components v; corresponding to the underlying Fock
space. When studying a field theory in the continuum limit, this will be ¢ (z). In the general case the above notations

mean Y = > ;0 and dpdy) = iy pip g y, the third identity is the Gaussian integral of the complex variables
i ;inb; and dipdap , Wil Finally, the third id he G 1 of tl ] bl
1 and 9
- 7 1
dpdipe VAV =
/ Al

where A is a matrix with a positive definite Hermitian part.
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6.2.2 Fermionic coherent states

If the operator a describes a fermionic field things become a bit more complicated. To see this, let us assume again
that |¢)) is an eigen state such that a; [¥)) = ;|¢). The only way to make this consistent with the anti-commutation
relations between different a’s is to demand that different 's anti-commute as well. We therefore need special numbers
that anti-commute. These are known as Grassmann numbers, and they satisfy:

ihy = =1

The operation of integration and differentiation with these numbers are defined as follows
[ =0 [avw=1

The overlap between two coherent states and the resolution of identity remain in the form of (50) and (51). The Gaussian
integral on the other hand is significantly different

and Oyy = 1.

/ ddipe A% = | 4| (52)
where A can be any matrix.
6.2.3 Derivation of the path integral
In what follows we will prove the central identity
7 Tye-BEH-uR) _ / D[, e~ I dr(Gorv-+H01-nN (G v1) | (53)

where H and N are the Hamiltonian and particle number respectively and v, are c-numbers (Grassmann numbers) in
the case that the particles have Bosonic (Fermionic) mutual statistics, assigned to each point of space and “time” 7. The
boundary conditions of this path integral is ¥(0) = (¥ (5) and ¥ (0) = (¥ (B).

As mentioned above, our motivation will be computing expectation values of quantum many-body systems in thermal
equilibrium. For example, if we have an operator A[a, a'], its expectation value will be

) =3 / DI, Gl A[w, dle 16 Ar(Forv e HIG VI (E.0]),

Let start with the definition of the trace

Z = Tre PH=1N) = N7 (] e (H=1N) ) (54)

n

Notice that each term in this sum is the probability amplitude of finding the the system at the same Fock state it started
in, i.e. |n), after a time t = /8, which, as you know, can be written as a Feynman path integral. In the first step we will
want to get rid of the summation over n. To do so we insert the resolution of identity (51) into equation (54)

2= [ aiave ™ Y o) wle ")

We can sum over n using the resolution of identity 1 = Y, |n)(n| but we first need to commute (n|¢) with (1|e = #H=#N)|pn),
In the case of bosonic particles this is just a number and it commutes with anything. In the case of fermions Grassmann
numbers are involved and we need to be more careful. If we expand the matrix elements in terms of the Grassmann
variables, we find an additional sign:

Z- / didipe (Cople P A1)y (55)
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Now let us continue to the second step: we divide the imaginary-time evolution operator into M small steps
S o \NM
o~ BH=uN) _ (675(H*MN)>

where § = 8/M. In the third step we insert M resolutions of identity in the expectation value in equation (55)

(Cuplfe=d(H=nN) My — / H i dym e S T (56)

(o™ (M e dH=mN) M1y (2= (H=uN) |y 1y 1 e ~3(H=010) )
Expanding in small §, we have
(e U jym) o (L= 5 (H = uV ) [97)
— (™) (1= 6 (H[P™ T, 9m) — pN[E™H, 9m)))
o VTS (HT T N )

wnz+1 |I"_I‘w7n>

where we have defined H[y)™*! ¢™] = W

Now if we insert this expression in (55) we get

/ H i dypmed o [(FEE ) wmHHT T g N )]

with 40 = M+ = ). Finally, in the fourth step we take M — oo and obtain
= /D[z/), @]e—fo" dr(dory+H[P,)]—puN[P,y])

where

D[, ¢] = Jim H dp™ dyp™

The integration is to be carried over fields satisfying ¢ (/5) = (¥ (0). It is very important to note that by neglecting the
time derivative term we resume to the classical integration over configurations of the fields ¢ and 1. Indeed the time
derivative term takes into account the effects of the non-trivial (anti-) commutation between a; and aj which have now
been transferred to fields ¢; and v; which always have trivial (anti-) commutation relations.

To be more specific, we usually discuss an interacting Hamiltonian of the form

S = / dr sz T 52] + hzg '(/)] + Z ‘/Uklwz )&j (T)wk(T)wl(T)

gkl

To compute path integrals we usually transform to the Fourier basis where the derivative operators are diagonal. This
procedure applies also for the imaginary time

1 .
Y(r)=—F= ) (v)e ™7
73
in which case the action takes the form

S = Zizm [(—ivn — @) 035 + hij) jn+

nyij

6 Z Vvljkﬂ/)znlenzwkn:ﬂ/)lnél ni+ngs,m3+ng.

ijkl,n;
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—ivT

To obey the boundary conditions ¥(0) = (¢(5) we choose the following frequencies in the wave functions e

27’7‘” Bosons
v, —
n (2n+1)m .
B

Fermion

These imaginary-time frequencies are known as Matsubara frequencies. Summing over them is a whole story to itself. You
will see an example in the exercise. I want to note that in the limit of zero temperature (5 — oo) the sum becomes a
simple integral 4 32, [ v

oo 27"

6.3 The Hubbard-Stratonovich transformation

In this tutorial we will learn a general method to relate a Ginzburg-Landau theory to the underlying microscopic theory.
For example let us consider the GL theory of a ferromagnet

Fap = /dga: [~amV?m + am® + fm?].

Here, if a < 0 a transition to a ferromagnetic state may occur.

To see how to relate this theory to an underlying microscopic theory let us consider an interacting model of fermions

~ [ piduies

5— / s | 30 (00— 3 = ) e+ g (57)

s=Tl

Notice that the local interactions may be reorganized in the following manner

Uy (@)Y () (2)yr () = —s(2) - 5(2)
where s(z) = %&sasslwsl and thus the action is equivalently given by
B 3 _ v2
S:/O drd’z Z¢S<8T—2m—u>ws—gs~s = (58)

s=T}

Now we will employ the Hubbard-Stratonovich transformation which relies on the following identity

/ Dfm)] exp [— /O b (m? — 2 s)] (59)
- / D[m] exp [— /0 ’ drd®z (m — 5)21 exp l /0 ’ dfd%s?] (60)

N

B
/0 de3x521 : (61)

where N does not depend on the field s. Thus, equation (57) may be equivalently written as follows

= Nexp

1 _
= N/D[w,qp,m]e_s‘qs (62)
where

B B 2
Sus = drd®z E P (87— Vv —,u) s — 2gm - s + gm?
m
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Notice that the action above resembles a mean-field decoupling of the interaction term. To see this substitute s = M + ds
in the interaction term, where M is the mean-field, and neglect terms of order O(ds?)

= (M +6s)(M + 6s) ~ 2M - s — M?

However, there is a crucial difference: M is a mean-field with a single value whereas the field m fluctuates and we integrate
over all possible paths of this field. Actually, equation (62) is exact, we made no approximations in deriving it. As you
will see in the exercise the saddle point approximation of this theory gives the self-consistent mean-field approximation
obtained from a variational method. This observation suggests that the field m, introduced by some formal manipulations,
may be interpreted as a local magnetization field.

Finally, let us discuss how we can use the HS theory (62) to obtain an effective theory for the magnetization field m.
The standard way is to integrate over the Fermions. Since the m-field interacts with the fermions, their integration will
generate terms containing the m field. First let us rewrite the theory as follows

2m
s=1] X

G-1

2
SHs = / drd3z Z 1/’9 (87 - Z - ﬂ) Ossr — gmosgr | Y Jr9m2
—_—

Formally, the fermionic part of the path integral has the quadratic form
[ v e,

where A = G~! — X[m)]. Thus using (52) we can perform the integral over the fermions which gives

1 2 1 2 10w 1 2
_ —gm® _ —gm~+log|A| _ —gm~+Trlog A
—N/D[m]|A|e —/D[m]e —/D[m]e

The trace of the logarithm can be expanded perturbatively in small X in the following manner:
Tr log A = Trlog (Gil —X)=Tr logG™' 4+ Trlog (1 - GX) =
1
Tr logG~ !+ Tr [_GX + 5GXGX + }
Now since X is linear in m each order gives the corresponding order in the Ginzburg-Landau theory. The first order

vanishes, as can be anticipated on symmetry grounds. The second order term, if expanded in momentum basis, gives the
quadratic term

Tr[GXGX] = ZH q,w) mg(w)m_q(-w),

where

1
ﬂQZfW+f*u i(y+w)+%7u,

and we have used the fact that G is diagonal in spin space and that the Pauli matrices are traceless. We can expand this
in small q and get the parameters of the Ginzburg-Landau theory:

a:g—H(0,0),

_ 1 (0°11(q,0)
473 0q?

Of course 8 will be derived from a higher order term with four powers of X.

and

q=0
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7 Superfluid

(Based on Ref. [2])

In this chapter we consider a system of bosons, (for example *He particles), with contact repulsion described by the
Hamiltonian:

H= /ddr {af(r) (5; - u) a(r) + g (aT(r)a(r))2 . (63)

Here af(r) is the creation operator of a “Helium particle, a boson, at position 7. Notice that the operator a has dimension
of 1/V/L4, with d being the system dimension (3 if we think about liquid helium). So that the dimension of g which
describe a short range contact interaction is energy times a typical length?. The typical length itself should be of order of
the Helium atom size.

7.1 Symmetry (Global Gauge symmetry)

Following the path integral formulation in Sec. 6 we write the partition function as a path integral:

Z="Tr(e?H) = /wa—s(%@ (64)

S(1p,1p) = /dT/d3[ (a—v2—u>w( T) +

Recall that in deriving the path integral, the ¢-fields were defined as the eigenvalues of the corresponding coherent states:

where

(&(r, m)(r, )| - (65)

[NRISY

Yy = alp), ) = e 2% o). (66)

The system we study has a global U(1) symmetry, which is formaly seen by the invariance of the action under the
transformation 1 = e~*?1) — e~ 1.

From Noether’s theorem we have a conserved current

5S O 55 o
J,=——-" =0, , 2 67

giving (using the relation /0y = 1))
1 - _
Jp = _% (¢VZ¢_¢VZ¢) ) l_xvyaz' (68)
The conserved charge is a space integral over

S -
Jo="2ith =g = p. (69)
5

Noether theorem itself gives the continuity equation 9,,j* = p — V-J= 0, meaning the number of particles is conserved.
Thus, the above U(1) symmetry is associated with charge conservation.
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7.2 Bose-Einstein Condensation (BEC)

We consider first the non-interacting case with g = 0 so that

H — Hy = /dffm*(r) <V2 - u) a(r). (70)

2m

The main purpose of this section is to derive the physical results of the Bose-Einstein condensation phenomena using the
field theoretical approach so that we will learn some of the tricks associated with it.

Matsubara frequencies
To represent the free partition function it is useful to use the imaginary (Matsubara) frequency using the relation:

1 — W T _ 1 TWn T
007 = 5 ST nlr) = 5 [ ares Tt
with

L WnTaho (1), Un(r) = 1 e T (r, T
1/)(7"»7):%;6 7/’71( )a wn() \/B/d w(a )

1
wy, = 2T for bosons , w, = 27 (n + 2) T for fermions

ensuring periodic and anti-periodic boundary conditions in 7for boson and fermion respectfully.

Using the Matsubara presentation for ¢ (r,7) and the relation

8
/ T dr — 35, o, (71)
0
we have
B8
[ardtr ot = Y bl =it (72)
0 Wy =27TTN

If we further diagonalize the Hamiltonian and develop the field in terms of the eigenfunction ¢y, i.e., ¥, (1) = > Prtin
we can write the partition function Z in terms of the Fourier field vy,

. ) - _ , 1
7 = /Dwa exp [~S(¥,9)] = /Hﬁ VknVkn €XPp (-;Wn (—iwn +§k)¢kn> =1I11 o6 (73)

nk k n

Withfk:’i— =€, — [

2m

Stability of these integrals demands p < 0. Using the thermodynamic relation for N(u) we find

0 0 —iwp, + &k 1
N(p) = —Ta—# log Z = —T%Zbg (T) = TZm (74)
n,k n,k

Knowing that this is a non-interacting problem, we expect N(u) to be Zm, and indeed we can see that this
i

function has poles at S(ex — p) = 27ni, similar to Eq. (74( (since w,, = 2anT). Hence the two functions have the same
poles, hinting that they represent the same function. Contour integration with a few beautiful tricks (see for example|2]
Altland-Simons page 170) shows that indeed:

S 1 1
T _ _ .
- Wy — €k + 1 eBler—n) — 1 nB(gk)
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Figure 7: (a)The chemical potential pas a function of the temperature T. (b) The number of bosons in the ground state.

For a fixed external number of particles N the equation
N = N [u(T)

is an equation for the chemical potential x(7") as a function of the temperature T'. In three dimensions we can write this
equation using the relation

1

QLi; eﬁ“
ND) = np(&) = Q%} np(&) = U /d3kn3(§k) = Q% dkk?*np (&) = : (<)
k k

222 (5 m)P2

(75)

with © being the system volume. Importantly, to satisfy the condition N[u(T)] = N we must increase p as we decrease
the temperature until at ¢ = 0 we have

1 ¢(2) 1 1
N[u(T) =0] = Qc—, with c = ——=22- =0.165869 and —— =T — A\ = —. 76
(1) = 0] N TCT o) ez T mT (76)
Ar is known as the particle thermal length. If we go below the temperature for which N(0) = Qc< = N, we can not

3=
longer satisfy the equation N = N [u(T)]. This means that a macroscopic number of particle Ny must occupy the ground
state. We call such a phase a Bose-Einstein condensate. Notice that it occurs at the temperature for which the average
distance between the particles 1/n'/3 = (Q/N)/? ~ 0.54)\7 is of the order of the thermal length. This gives

(en)?’? _ 0.3ﬂ3.
m m

T, =

WE have now a prediction: T, increases for lighter particles and denser materials!

Below T, we can write the action in terms of the field ¥ corresponding to the ground state. We identify the number of
particles in the ground state as

No = Qiporbo, (77)
and write the action ~ ~
S = QpoBurbo + ZWn (—iwn + €k — 1) Vrn- (78)
k0

Notice that the imaginary time derivative 9, — —iw,, does not appear in the first term, this is already an approximation.
In the formulation of the path integral the derivative in imaginary time appeared due to the commutation relation of the

operators, neglecting them meaning that we omit quantum effects. In our case it is justified to perform this semiclassical

approximation for the operator ag since agao ~ N > 1 while the commutation relations are [a%, ao} =1.

So that in the first term we take into consideartion only the thermal fluctuations (zero Matsubara frequency). In the
second term, on the other hand, quantum fluctuations are included (We note that the Ginsburg-Landau theory in fact
neglects the quantum fluctuations).
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Using the action S we can write the particle number as

1 . Q : 1
—— =0 &’k
iwn — g Yovbo + (2r)? / eBR22m _ | (79)

3/2 3/2
Q¢0¢0+(T;Z) <(§)=N0+N(f) |

N=-0,F = Qotbo+ TZ
nk

In 3D this gives us

No (T.T 3/2
N T,

The behavior of the total number of particles in the ground state Ny as a function of the temperature is plotted in Fig. ?7b

Green’s function and Density of states
We found a propagator

1

—iWn + €k

from which we can find the spectrum by analytic continuation, where we get poles at energy eigenvalues:

1

— ck

Im (G"(k,w)) = —7d(w — &k)
With G"(k,w) being the retarded Green function. Hence the total density of states is formally give by:

DOS(w) = Y 6w — ) = % > Im (G (k,w))
k

k

7.3 Weakly Interacting Bose Gas

We now study the effects of weak interactions of the above non-interacting picture. We assume that the interaction are
sufficiently weak so that the general picture of a macroscopic number of particles in the ground state, i.e. that we have a
condensate is still valid.

7.3.1 Mean Field Solution

We look at the action of the field ¥y which describes the classical part of the wave function of the Bose-Einstein-Condensate.

S(ho, o) = BQ | —ptbotho + g (1/30%)2} : (80)

Notice that we take into consideration only the classical part of ¢ as we assume that 1o does not depend on 7. Recall that
this is justified because the total number of particles in the condensate is Ny = g1y > 1 and the commutation relation of
the correspond operators is [af,a] = 1. The dimensions of the two terms in Eq. (80) coincide because dim[g] = Energy x Q

The corresponding partition function is
7 = /dlﬁod¢0€_s($°w°)~

For T' <« p we estimate the partition function Z via the saddle point approximation, giving the equation:

58 . :
300 = 0= Yo (cutg (Govo)) =0,
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Figure 8: The action S of Eq. 80 (a) For u < 0 at the minimum \1/10|2 =0. (b) For p > 0 the symmetry is spontaneously
broken vy aquire a finite value and we have a macroscopic number of particles in the condensate. (¢) The number of
bosons in the condensate Ny = Q|1|?> = Qu/g is macroscopic, it is proportional to the volume of the system € .

with

o] = \/ﬁ=> No = Qiho|* = ok,
g g

Notice that the total number of particle in the condensate Ny is proportional to the volume €2 as it should be. Due to the
interaction term g we no longer have a condition on the sign of u, and the transition occurs at g = 0. In the interacting
case, we find that the number of the particles in the condensate is proportional to p.

7.3.2 Goldstone Modes

Notice that in the ground state |z/10|2 = 0. This forces 1y to have a well defined phase, thus spontaneously breaking the
U(1) symmetry of the problem. As we saw for magnetic systems, since we have a continuous symmetry, we expect to find
gapless excitations due to the Goldstone theorem.

We will find now the Goldstone modes of the system, to do so we define the average condensate density
po = Yot

Allowing for spatial and temporal fluctuations, the field ¢ is given by:

d(r,m) = Vpo + p(r,m)e ).

The amplitude of the fluctuations is given by p(r,7) and the phase of the condensate is ¢(r, 7).

Substituting in the action, we find:

2
S = /dedr [JJ <aT - Zm) v+ %g [|? (|¢|2 - 2po) — Hex W]

this is equivalent to the action discussed above with pex = @ — ppog, where we have added terms which depends on
derivatives with respect to imaginary time and space to account for temporal (quantum) and spatial fluctuations. Taking
for simplicity pex = 0 and assuming that p(r, 7) < pg, and expanding the action we have
y ; i Po 2 " u 3
S~ [ardls [ipyd+ ipd+ 2% (6) + o 50| + 00 (V)
2m 8mpg 2

In analogy to the Lagrangian of a single particle L = pg— H, where p and ¢ are conjugate variables satisfying [p, g] = i, the
underlined terms in S helps us identify ¢ and p as conjugate variables. We therefore expect, in the operator (canonical)
formulation, to get

[6,p] = i6(x — a').

35



We want to integrate over the p part to obtain an effective action for ¢ which is the Goldstone mode field. Recalling that
for one variable we have

P2
S= [dr (iparq T om V(Q))

2
/ dr Y (82TQ) —V(q).

In our case we first go to Fourier space and then perform the functional integral over p, giving us

an integrating over p gives

¢k¢k:| , with & = 4mgpy.

B
ddk . . Lo ;2 1
S = /dT |:ZPO¢O + %k PrO_k + m
0

(2m)"

For k€ < 1 we can easily transform back to real space, and we get the effective action

B
S = /dedr [i,ooaT(b + % (8,0)° + 2%)1 (V(l))ﬂ (valid for r > £).
0

This is a continuum XY model. The name XY originates from the fact that the order parameter 1 is a complex function
that can be represented by a real and imaginary part i.e. a planar vector that "lives" in an XY plane.

Examining the action, it seems identical to the quadratic action we always had, with one important difference: ¢ is now
a compact angle: ¢+ 27 = ¢. An implication of that is that to fully describe the theory, we need to consider vortices: 2D
solutions in which the phase completes an integer number of windings as we wind around some point in space (see Fig.

14) . An example of such a solution is ¢(z,y) = n arctan (g:—zz) Such a solution is interesting because of it’s topological
stability: a vortex configuration cannot be locally deformed into a uniform configuration. In more general terms, these
are examples of topological defects. We will elaborate on vortices later.

A common definition is the superfluid density: ps = 22 which determines the energetic cost of deforming the condensate

phase in space, and a compressibility x = % which determines the cost of phase changes in time. Transforming to ¢,w
space we get

1
S = 52 ("ﬁwg + psqz) qj)qwqj)quwv

q,w

wg=cq=c=+/ps/k= @.
V' m

Reminder: we assume |r| > &, meaning we have performed coarse graining.

indicating that the dispersion is

7.4 Superfluidity

To discuss superfluidity let us add an external chemical potential pext to the system. Working in the canonical formulation,
we write the Hamiltonian as

1 1
H= i/dx [pS(v¢)2+p2NezP .
K
Recall, now p and ¢ should be understood as operators satisfying
[b(2), p(a)] = 6(x — 2").

The current operator is

J = (5 - V) =

2msi

t
Pt G n PO — povs.
m m
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The Hamilton equations are

Op _ OH _ oo,
ot~ g Vo=V

which is the expected continuity equation. The more interesting equation is

0 0H
j = 53 = Mex _UPEH(Tvt)'

o dp
This is one of the Josephson relations - the time derivative of the phase depends linearly on an external potential.

To see how this system exhibits superfluidity let assume that ¢ = gz then we have
J=Pvs= ¢z
m m
and the phase vector in x space looks like this:

=7 PA R \ N PR R \ >
> PA R Vo AR \ N

qg>0

>N\ J e\ PN\ e\ P>
>N\ K foNN e >

q<0

Figure 9: Phase evolution in the presence of current

7.5 Landau’s Criterion for Superfluidity

The quantum liquid we describe above with gapless linear spectrum, due to the Goldstone mode, has a remarkable property
known as superfludity: the liquid flow through capillaries without showing viscosity. This is surprising as we expect that
the liquid flow will excite the gapless Goldstone modes and will slow it down.

To understand why these excitations do not occur consider a superfluid at zero temperature with a total mass m moving
uniformly in a capillary. If the fluid velocity in the lab (capillary) frame of reference is ¥ and there are no additional
internal excitations the fluid has a total energy EL, = %mvg. In viscous fluids, due to friction with the wall we expect
that the fluid will lose its kinetic energy. Such a dissipative process takes place through the creation of excitations in the
fluid. These excitations themselves will continue to move together with the fluid.

It is convenient to discuss the flow in a frame of reference that is moving with the fluid, where the energy and the
momentum are zero if there are no excitations: EJ, = 0 and P = 0. If excitations are introduced in the fluid, the
energy of the system in the fluid frame of references is equal to the energy of the excitation E§X = ¢(p) = ¢ - p and their
momentum is P§X = p. Using now the Galilean transformation ® to go back to the lab frame, where the capillary walls
are at rest. We get the energy

L

2

5The standard Galilean transformation for a mass M with velocity V in the lab frame of references is: 131ab = ﬁﬂu + MV and FElap = 21;‘/}’ =

(Pru+MV)?
o0

- 5o
=S 4 Py, V4 IMV?2 = Eg, + Pa, -V + $MV2.
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1 L
E%=5mﬁ+ﬂrv+dm

(the term £mu? is the original kinetic energy of the moving fluid and the - 7+ €(p) terms are from moving the excitation,

the p'- ¥ term appear due to the transformation from the fluid to the lab frame.)

To have dissipation, it must be energetically favorable to create excitations. Therefore, if we want to have dissipation as

a result of excitations, we must have B — E), < 0= p-0+¢e(p) =p- 0+ - p < 0 which requires || > ¢. This means

that for low speeds this doesn’t hold and there is no dissipation. The fact that we have a linear dispersion relation means
that there is a range of velocities for which the system is non-dissipative. Usually we have a quadratic dispersion relation
which means we can always excite the system.

7.6 Various Consequences
7.6.1 Quantization of Circulation

Considering

J=2v4
m

we integrate over a closed path

5£v¢ — o(L) — $(0) = $(27) — $(0)

and since ¢ is compact (1) = pe’?) we require

fo—2m

:>/v~dl=/i-dlzﬁ27m=h—n
0o m m

where we reintroduced h. We have a quantization of superfluid velocity.

7.6.2 Irrotational flow

Due to the relation J = p;V¢, the flow is irrotational:

VxJ=pVxVp=0 (81)
7.6.3 Vortices
A vortex solution is a singular ¢ configuration, which violates Eq. 81. We take

p=nb,necZ.

where 0 = arctan(i) is the polar angle in real space. The fact that n is an integer guarantees that after a full rotation in
real space the field ¢ o €' is single valued.

The current is given by:
n ~
J=psVo = ps;&
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It is easy to show, using Stoke’s theorem, that V x V¢ = 2mno(r).

This seems to diverge for small r but we have a cutoff » > £. The velocity is:
v=""
mr
The proportionality of the velocity field to 1/r is very different from a rigid rotation where

v=wrf,V xv=wz
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8 The BCS Theory of Superconductivity

In the lectures you saw a phenomenological analysis of superconductors. In particular, you saw that given some empirical
results, many additional predictions can be made using the Ginzburg-Landau formalism. Historically, this approach has
been very successful. However, the theory is still incomplete without a microscopic explanation. In this tutorial we will
fill this gap by reviewing the famous BCS theory, established by Bardeen, Cooper, and Schrieffer about 50 years after
the initial discovery of superconductivity. Then, we will connect the microscopic picture to the phenomenological one by
deriving the Ginzburg-Landau theory.

8.1 Preliminaries
The BCS theory is based on two important insights:

1. Cooper’s realization that attractive interactions between electrons in the vicinity of the Fermi-energy favor the
formation of bound states made of two electrons, called cooper pairs.

2. The result that interaction between two electrons, mediated by phonons, can be attractive.

Once one realizes these things, the next step is to assume that the ground state of a many body system with attractive
interactions can be described in terms of a condensate of such weakly interacting pairs. The pairs satisfy Bose statistics,
giving rise to a physics similar to that of a superfluid, yet different due to the fact that the bosons are now charged. We
will see that this picture is capable of explaining superconductivity. We begin by elaborating on the above two crucial
points:

8.1.1 Attractive interaction for fermions

We begin by analyzing the possibility of having attractive interactions between electrons. As it turns out, such electron-
electron interaction can originate from electron-phonon coupling, namely mediated by phonons. We will only discuss a
very qualitative picture here, but this can be made more rigorous. The idea is that an electron can pass at some time
near an ion and distort it from its equilibrium position by attraction. Since the ions are much slower than the electrons
wf,l > Egl the ion will not relax to equilibrium long after the electron passed through. The result is that for a long time
(in the electronic scale), at the distorted position, on the path of the original electron, there is a concentration of positive
charge attracting other electrons. The net effect is an attractive interaction between the two electrons (which in reality is
mediated by the phonons) that overcomes the Coulomb repulsion.

8.1.2 Formation of bound states: Cooper pairs

To see that pairs of electrons can form bound states, we examine the following toy model. We imagine two electrons,
with an attractive interaction between them, on top of a Fermi sea. The two additional electrons do not interact with
the Fermi sea electrons, but feel their presence via the Pauli exclusion principle. We would like to find the corresponding
two-electron eigenstates.

We assume that the total momentum is zero and that the spin-part of the wavefunction is antisymmetric, such that

b (11, 12) o Zk: [gkeik(rﬁrz)} ( | T1¢2>\/§| Lit2) > ' (82)

The Schrodinger equation for the two electrons is

h2 h?
[_vag v - rQ)} B(r1ors) = Eb(rira) | (83)

and plugging in our anzats, Eq.(82), we find

2e0i + Y Vi gie = Egic, (84)
k/
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with the Fourier transform defined by
1 ) /
Vi = a /drV (r) e i(kK)r, (85)
Obviously the energies depend on the form of the interaction Viys, but since the phenomena we want to see should be

universal for Fermions with attractive interactions, we can pick a simple form such as

-V Ep<egep < FE AE
ka/{ P otk Pt . (86)

0 Otherwise

This merely means that the attractive interactions only affect electrons occupying states in a small energy shell AE above
the Fermi-sea. Plugging this form of the interactions into Eq. (84) we find

- Vzgk’ = (E — 26k) gk , (87)
k/

where the sum over k' is restricted to k' values satisfying the requirement in Eq. (86), namely for which e is withing AE
from the Fermi surface. Dividing the equation by F — 2¢; and summing of over k (under the same restrictions), we get

v
— —=1. 88
; E — 2¢, (88)
We now transform the sum over k to an integral over energy, introducing the density of states n(e) to find

Er+AE
F Vn(e)
/EF de—sc =1 (89)

Since we integrate over a thin shell AE we can assume the DOS does not change over it and approximate it by v (Er).
Then it can be taken out of the integral which is now easily solved to give

Vn(Er), (E—-2(Ep+AFE)
1 =1
s (E B0 , (90)
2
= F =2Ep — 2AEe Vn(Fr). (91)

Remember that until now we considered adding two electron on top of the Fermi-sea. Let’s now think instead of taking

two electron from the Fermi-surface and putting them into this cooper pair bound state. Obviously removing the from

the Fermi-surface saves 2E of energy. Therefore, it is clear that taking pairs of electron from the Fermi-sea and putting
2

them into cooper pairs saves energy in the amount of 2AEe V*(2r) > 0, and is thus energetically favorable. This result
demonstrates a general principle: if there is an attractive interaction (which can be arbitrarily small) between the electrons,
there is an instability towards the formation of cooper pairs. Therefore one can then assume that the ground state of a
many-body system with attractive interactions is composed of many weakly interacting pairs.

8.2 BCS theory of superconductivity

Having the above physics in mind, we postulate that as the system becomes superconducting, there is an instabil-
ity toward condensation of pairs. To investigate the physics that arises from that, we assume that the ground state
of a system with attractive interactions |{s) is characterized by a macroscopic number of pairs. This means that

A = L5 Q| Vi, ¥kt [Q), and its complex conjugate A = £ 3, (Q] ¢£T¢ik,¢ |Q2,) are non-zero. We regard these
quantities as the order parameters of our system.

With the above assumption, we use the usual mean field formulation to transform the interacting Hamiltonian into
a quadratic one, neglecting some quantum fluctuations. We start from a system of fermions with attractive contact

interactions g
H=> o (ac—p) — Q > Vbt Vi ral i - (92)
k,o kk',q
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Under our mean-field assumption, ), ¥k 4q ¥k't, is governed by small q’s (only very long wavelength fluctuations),
and has a mean-field value about which fluctuations are small. Therefore, we write

QA QA
wakurqiwk% ~ wak’ﬂ/)k% =—+ Z Yow Y — —
k/ k/ g k/ g

Small
A A
D el # D vty = ==+ D wlpel - = (93)
K X 9 X 9
Small

Plugging these into the Hamiltonian and keeping only the first order terms in the small fluctuations, we get the mean-filed
Hamiltonian

Q _
Hyr = an’g(ek — ,U) + 3 |A|2 - A Zdﬁtﬂ/’iki - A wakiwkT ) (94)
k k

k,o
which is sometimes called the Bogoliubov de-Gennes (BdG) Hamiltonian.

We have transformed the interacting Hamiltonian into a quadratic mean-field Hamiltonian that captures the correct
ordering in our system. Note, however, that this form is dramatically different than the type of mean-field Hamiltonians
we usually write as it doesn’t conserve the number of particles. The number of particles is indeed not conserved, but
the parity of that number (i.e., the number of particles mod 2) remains a good quantum number. We would now like to

T
diagonalize the BDG Hamiltonian. To do so, we define the Nambu-spinor ¥y = ( Yt wik . ) , in terms of which the

Hamiltonian is given by

Q
H= 7 A + Z (e — p) + Z\I/LthG‘I’k ;
K K

hpac = ( L. (;ﬁ ) ) . (95)

To explicitly see that this is correct we plug in the definition of Wy:

0
H= S AP+ (ac— )+ Y Uhpac T
k k

=2 1ar+ PBEREDY (e = 1) (vl —vosawtiy) = (Avfiwli + Bvoigtia )|

Kk
Q _
= an,fr(Ek - M) + — |A|2 -A Z%ZTW,M - A wakiwkﬂ“ . (96)
k,o g k k
Now, the matrix hppg, being hermitian, can always be diagonalized by a unitary transformation such that (assuming A
is real)
_ A 0
1_ k
UhppcU —< 0 _)\k) ;
U( 1/?4 >E<Wfk’T )Erk- (97)
"/}_k 1 Yk,
The unitary transformation can be parametrized by
_( cosby  sinfx
U= ( sinfy, — cos B ) ’ (98)

where tan(26y) = —ﬁ, and the eigenvalues are A\ = 1/A? + (ex — p)2. In terms of these, the Hamiltonian takes the
diagonal form

Q
H = E|A|2+Z(6k_/”L_/\k)+z)\k,ylt,07kﬁg . (99)
k k,o

Taking e, = %, we get the dispersion shown in Fig. 10a.
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Figure 10: (a) Spectrum of BdG Hamiltonian for e; = QE—;, and (b) Comparison between BCS gap equation and experi-
mental data.

It is now simple to identify the ground state: much like the Fock space vacuum, it is the state anihilated by all vk »
operators,

|BCS) = HVk,T'Yfk,i |0) o H (cos Ok — sin sz/JLTz/JikO [0) , (100)
k Kk

where |0) is the vacuum of the Fock space spanned by 1/1;2‘0, ie., for all k£ and o0, Y1, |0) = 0, and the corresponding
ground state energy is

Q
By =~ AP+ (e — 1= M) - (101)
k

Crucially, there is a gap A to excitations. This gap is essential for superconductivity. Recall that A was defined as the
expectation value A = &> (Q| ¥ k  Yir [2s). We are now in a position to write a self-consistent equation for it. All
we need to do is to write the iy , operators in terms of i », for which it is easy to compute. We find

QZ (BCS| vy ey |BCS) = —f—ZSln (26x) = QZM (102)

By transforming the sum over k into an integral over energy, using the density of states n(¢), and recalling that the
attractive interaction occurs only at a thin shell of order wp around the Fermi-energy, we write

9 e e ds )
12/wD dﬁ\/mfvgn(o) ; Ao gn(0) sinh (A) . (103)

We can solve this for A, assuming that it is small compared to wp, finding
A~ 2wpe” T (104)

which is indeed much smalled than wp.

Finally, it is instructive to find the critical temperature from this formalism. To do this we need to write the self-consistency
equation at finite temperatures. We can use the machinery we already have and write A as a sum of Matsubara frequencies
using the coherent state path integral formulation. However, since we understand the excitations of the Hamiltonian (99),
we can do something simpler and write

(Y—x, 1 ir) = ésin (20%) | s et) — <%k,wik,¢>] (105)
- %sin (200) [ () — (1= 1 ()] - (106)
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Plugging this into the definition of A, we get the finite temperature self consistent equation

BA
gA 1=2np(\)  gA tanh (Tk)

g
A=LN - 1= 2np(hd _ e )
R > (ki) 20 . 50 ™ ; (107)
k k k
B
~1=9 M (108)
20) ” Ak

As before, we will transform the sum over k into an integral over energy, again using the density of states n(¢) to obtain

the well-known BCS gap equation
i (203752

onlo) [ e Ve

A comparison between this mean-field approximate solution and experimental measurements is shown in Fig.10b.

1=

(109)

Above the critical temperature A = 0, and close to the critical temperature, on the superconducting side, A = 0.
Therefore, We can now find the critical temperature by setting A = 0 into the gap equation. We find

wp tanh (%) wp 1
1= gn(O)/ dff ~ gn(O)/ dx—,
0 T. x
=T, = CwDe_m , (110)

where C' is some numerical factor of order 1.

To summarize this part, we now have a microscopic theory that explains the condensation of pairs and the emerging gap
to excitations. However, this picture doesn’t actually allow us to find the electromagnetic response of the system. To
capture this part, we need to include an additional degree of freedom in our picture: the Goldstone mode associated with
changing the phase of A. Such a treatment necessarily goes beyond the above mean field treatment, which treats A as a
constant. This is the focus of the next section.

8.3 Deriving the Ginzburg-Landau theory for superconductivity

To make contact with the phenomenological analysis, and include the phase mode in the analysis, we turn to derive the
Ginzburg-Landau functional from the microscopics using the Hubbard-Stratonovich transformation. This is very similar
in spirit to what we already saw in the second tutorial when we discussed magnetism.

The partition function is given by

Z= /D [, 9] e~ I drda{ 3, bo[0r +iedt oz (—iV—cA)’ —uva—gPriivir} (111)

where we have introduced coupling to the electromagnetic field in the form of the minimal coupling: 0, — 9, + ie¢, and
—iV — —iV — eA. The first step towards obtaining the Ginzburg-Landau theory is to decouple the interacting term by
introducing a Hubbard-Stratonovich field A

a2 _

eff dr [dagr iy /D [A,A} effoﬁ dr [ dx [T (ATIJM/’TJrAl/;ﬂh)} . (112)

The resulting action is identical to the mean-field action we had in the previous section if we treat A as a constant field,
thus interpreting it A as the superconducting order parameter. However, now we will not do that, but instead treat it as
a dynamical field, with amplitude and phase fluctuations.

The second step is to integrate out the fermions. To do so we define the Nambu-spinor ¥ = ( Py )T in terms of
which the partition function is

Z:/D[q/_z,q//]D[A,A]e’s,
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; (113)

B 2
s= [ [as [w@m
0 g

g—1:<[G“’f1_1 A ) (114)

A [
where
]! : LI 2
[G } =0, —ied— 5 - (~iV —eA)’ +p, (115)
(h) -1 . 1 . 2
[G } - —8T+ze¢+%(zv—eA) — . (116)

Integrating out the fermions, to get an effective action for A is simple, and the result is

zz/D[A,A}e—S,

B
S:/ dT/dac
0

Again, the mean-field results can be obtained from this effective theory by deriving the equations of motion, and neglecting
quantum fluctuations in A. Doing so will reproduce the gap equation we got in the mean-field analysis in section 2.
However, here we want to go beyond mean-field by considering the effects of fluctuations. To do so We will assume that
A is small, which is true close to the transition, and expand log [det (g—l)} =tr [log (g—l)] to lowest orders in A. First
we write

AP

J + log [det (g*l)] . (117)

G =G;'+A=G;' (1+GoA) (118)
where go—l =G 1(A=0), and A = ( ﬁ ), such that

Do

tr [log (G7')] = tr [log (961)] +tr {log (1 + gOA)}

i 1 O\ 2n
= tr [l O =) —t ( A) : 119
g (6")] = 5.0 (40 (119
We will not calculate the traces here, but those who are interested in such details are referred to Altland & Simons, [2]
chapter 6. Neglecting temporal fluctuations (making it a semi-classical Ginzburg-Landau theory) the result is

Sor=8 [ do[3IAP + §1(0: - 2ieA) AP + ulal'] (120)

with r = n% This is exactly the phenomenological theory you saw in class.

Let’s see how the unique experimental properties of superconductors arise from this action. Below T, we have r < 0 so

the potential IA]> + u|A|* has a minimum at |A]* = \/ 7= = Aj. However, the phase of A, i.e., the Goldstone mode, is

not determined by the potential. Therefore, we write A = e?? A in the Ginzburg-Landau actionto get
Sar = ZCAgﬁ/da: (8,0 — eA)® . (121)

We want to find the electromagnetic response of the system, so we need to treat it as dynamical field. Therefore, we
should also add its kinetic term Sprezwens = g [ dx(V x A)? (assuming ¢ = 0, and the field is static), such that the total
action is

S[A,0] s 1 2
Tf/dx {%Ag (00 — eA) +2(V><A)} : (122)

In order to get an effective action for the gauge field A we integrate over the Goldstone mode. You already saw that
explicitly in class, so I will not repeat this here, but the result is that after integrating out 6, the electromagnetic field
acquires a mass (Higgs mechanism)

% _ %/dz [2a? +0,80:A] | (123)
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where we have adopted the notations used in class. Deriving the equations of motion, we get 22 A = V2A, and taking the
curl we reproduce the London equation

B -vB, (124)
m

which was discussed in class. In particular, it was already shown that it results in the decay of the magnetic field as we
go into the bulk of the superconductor.

The second effect we want to see is the zero DC resistivity. To do that, we find the electric current

PO A2 o
dr—A*“ = —A 125
/ JC2m m (125)

i) =54 ®
Taking the time-derivative, working in a gauge where ¢ = 0 and E = —i0,; A we find that the electric field satisfies

E=—i—8,j. (126)
Po

Therefore, for a constant DC current there will be no electric field, and thus no voltage drop, hence dissipation-less current.
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9 Superconductivity

9.1 Basic Model and Mean field solution

See Sec. 8

9.2 The Anderson -Higgs Mechanism
9.2.1 Local gauge symmetry

In regard to gauge symmetries the essential difference between a Superconductor and a superfluid is that the particles
are charged so we must add coupling between the matter particles and the electromagnetic field. We will now consider
the consequences of this coupling on the Goldstone modes. As we will see, this will give rise to a mass of some of the
Goldstone modes and will give explanation to the various known experimental consequences of superconductors, and in
particular to the so called Meisner effect where a superconductor repels magnetic filed lines.

The coupling to the electromagnetic field is done by the standard “minimal coupling” formalism, which yield for the free
part of the action

S = /ddm% \(v - i%A) W(r, T)(2

The presence of the vector potential A changes the symmetry from a global U(1) to a local gauge invariance under U(1):

Y — e A A— V().

In the polar representation, [taking e = h = ¢ = 1, and completely ignoring the fluctuations in /p|, we get

- /ddrdT% (Vo - %A)z.

Taking the lowest orders in the density fluctuations, and following steps similar to the ones we performed for the neutral
superfluid, we get after integrating out the massive fluctuations of the amplitude p

S:;/df/dBT(an)Z—i-ﬁg(qu—;A)z.
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When Quantum fluctuations can be ignored?
To study the Anderson Mechanism we will ignore quantum fluctuations — when is that justified? The full action is

1 5 1 e \?2 2, Po € 2
S[o, A] = 5/dnz - (-0 ﬁAo> + (VA + 22 (Vo ﬁA> +(V x A)2.
Looking at the terms which contain Ag in Fourier space, we have
1 2 2
—wW?P? + Zewd Ay + (e + q2> A2
g g g
a b

Integrating over the temporal part of the vector potential (the electric potential) Ay gives

2
1
9 (EGUJ) 2 W2q2
P e o K et
9 (%+q2) < +q
—_———
a?/4b

Assuming that there is no external magnetic field and minimizing the free energy of the full action we have

w?q? oo
2 + 2 ;;{q )
g q
which for small q gives
2 3
e 4me’n
2 — @— = = w12)
mu m

This is the plasma frequency. It is related to the dielectric constant € due to the folloeing observation. of a material by
the following development (see p. 18 of Ashcroft-Mermin’s book Ref. [3]]

d dj nE je?
d—f =e ’d% = _enrfb ;iwj = —%Eza(w)Ewitha(w) = %
using Maxwell’s equations we find:
4 ] 2 4 2
CV2E=VxVxE=iVxH=i (”j“”E) S <1+ mg)Ews(w)E (127)
c c\ ¢ c c w c

and by definition

(-3

When ¢ is real and negative w < w, the solution of Eq. (127) decay in space, i.e. electric field can not propagate in the
material, for w > w, radiation can propagate in the metal and it become transparent.

The ¢? term came from a 3D Fourier transform of a Coulomb interaction V(q). When the material is confined 2D (and
the electric field lines can propagate in 3D) v(q) ¢, giving w ~ ,/g. In 1D metal of width a when V(q) o log ga given
w ~ ¢ and quantum fluctuations can not be ignored.

Taking the classical approximation (no 7 dependence) and adding a Maxwell term for the action of the magnetic field

S[A,m:g/d?’r&nj (v¢—§A)2+(vXA)2:§/d3r% (V¢—%A>2+§/d3r|3|2,

In momentum space
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/8 00 R o N . o . o
T2 zq: m {qz 79-q¢— 21q- A_gpq+ Ag - qu*} + (q X q*) (—q X Aﬂz”)
) L a(aAy) a(aAy)
We break up A into a longitudinal and transverse part: Ay = Az — 5 + 5
q q
AL 4

Notice that only the transverse part will contribute to the magnetic field, since B:i =X A(JI- (since ¢x ¢ =0). Performing

a gaussian integral on the ¢ degrees of freedom (f e~ YT ey2) we have
B—ro | 7 7
Al = 525 Ag- A -
q

B Ll
=52 (o +e) A,
q
The equation of motion is
(@ - v2) AL =0. (128)
m
The mechanism that we encounter here can be summarized as follows:

1. A symmetry breaking that we find through a mean field solution.
2. The appearance of Goldstone soft modes ¢ in the superconducting case.
3. Coupling between the Goldstone mode and the gauge filed A.

4. Upon integrating the Goldstone mode, the gauge field acquires a mass.

This is known as the Anderson Higgs mechanism.

9.3 London Equations (Phenomenology of Superconductivity)

Taking a curl of Eq.(128) we get

(%O - VQ) B=o. (129)

This is the first London equation. It shows that the field decays inside the superconductor with a length scale

o [T me2
VooV dmnge?’

where n, represents the density of particles in the superconducting phase.

Since
4
VxVxA:—Trj
c
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Figure 11: The Meissner effect: due to the Anderson-Higgs mechanism. An external field outside the superconductor
induced diamagnetic supercurrent inside the superconductor — these current generates a counter field that diminishes the
external field.

if we choose the London gauge

2y
Q) 4
I

o

we get

gxqgx AL =q¢A,

4
viA="";
C
. mc
j=4 (130)

Eq. (130) is known as the second London equation. It presents a perfect diamagnetism (notice that it is not gauge
invariant).

Physically the Meisenner effect results from currents that, due the the Biot-Savart law, create magnetic fields that cancel
the external one, see figure .

9.4 Vortices in Superconductor
9.4.1 The magnetic field penetration depth

To study the behavior of magnetic field in superconducting region we will start from the Ginzburg-Landau theory. The
Ginzburg Landau theory can be obtained by introducing a Habburd-Stratanovich field Athat decouples the interaction
term gy* — A LWy + Az/;ﬂﬁ - % the action is then quadratic in ¢ so we can integrate out the 1 field and expand the
action, assuming that A is small. We finally get (See [4] for details):

Fs:/fgdB.l?

2 B2
+ —

8 4w 1 |(h_ e
= P4+ 20t — (V- —A4|U
fo=FntalWP+ S+ 5 5V - A 8

were we switch to the notation A — W. A microscopic theory gives
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T-T, 1272mT? !
r—_~¢ ’:7ﬁm26,5:a—,e*:26,m*:2m
C3)Px Ne

where n. is the electron density. f,, describes the free energy of electrons which aren’t in the superconducting phase. B
is the magnetic field. For a@ < 0 we have a minimum at

—a? B?
fs*fn*ﬁJrg

We expect that the field will eventually be too strong to be repelled by the superconductor, and the critical magnetic field
is found from the above equation

H? o nemT?
C = = ¢ — mPpT?
st 28 Pz e

mPr is the density of states at Ep.

This results should not be surprising as in the nornal state we have electrons near the Fermi level, while in the su-
perconduting state a gap of size A is formed the energy of the electrons that are “repelled” from the Fermi surface is
D i <n €i ~ VAZ . (See exercise)

We can identify a magnetic length by comparing terms in F

B> (VxA)? 142 e? 1

2| 42
—_— X ——~ — A
81 81 A2 81 c? 2m* ¥ ‘
N2 m*c?
= —————
¢ 47T|w\26*2
I |2 o . Me m*c? m*c?
50 =—==n;=—= 2: RV
153 2 4e* 8me? Ay

Notice that the units in the last equation are right as h/mc has units of length and fic/e? is dimensionless so that |¥|?
has units of 1/volume as it should. Finally we can identify

2e? 9
o(T) = 5 HAT )Nz (1)
These relations are useful as H. and Aare experimentally measurable quantities, so we can find « even without a microscopic
theory.

05/07/13

9.4.2 The Coherence Length

We discussed the following free energy for the superconductor

1 |(hg e > p?
fs:fn+a|\ll|2+é\\ll|4+ V- —A)Y| +—
2 2m* |\ ¢ c 8m
and found the magnetic length
Mp=
4 [pF e
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We can also define another length scale - the coherence length. Minimizing the free energy, we get the equation

of
S+

— 0= ot + B2 — ——u" = 0.
2m*

which has the homogeneous solution

«

WOOIQ = -

=

Dividing the equation by ¥, we get

b (L)L L
Yoo a) Yoo 2m*a Yoo
Assuming v is real and defining f = w% we have

2

f- £ " =o.

2m* |

The coefficient of the last term has units of 1/area, which allows us to define a coherence length:

h? T,
2 c
T) = .
&) 2m*|a\o<Tc—T
At zero temperature
1 I v} v
27 — f _ L ——
ST=0e 22 < 2T T ST

microscopic expression for «

For dirty systems with diffusion we derive a length scale from the diffusion equation which contains the mean free path

due to diffusion:
D D Upl
= =T. =/ ==/ = /¢
52 = gd T. T. \/g

We can look at small deviations from ., by defining f = g + 1 and linearizing the equation

(1+9)—(1+9)°+&9¢" =0

9" =29

~ eEV2/E,

9.4.3 Two types of superconductors

The relation between the two length scales defines two types of superconductors.

In type I materials, A < £ we expel the magnetic field which costs energy, but are not yet in the superconducting phase
which is beneficial energetically, hence such a boundary costs energy

F,>0
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Type I: £/2 > A Type II: £v/2 < A
positive surface energy negative surface energy

v

Figure 12: The surface energy is positive when A < £ we "pay" (the free energy is positive) for repealing magnetic field and
still do not gain energy from the superconductor. For A > £ we have superconductor and still do not repel the magnetic
field hence "gain" from both, the surface energy is negative.

In type II materials, A > £. In this case we obtain the reduced energy of entering the superconducting phase without
having to spend much energy on expelling the field. We then have

Fp, <0

and it becomes energetically favorable to increase the boundary as much as possible, which is done by generating vortices.
The phase diagram for type II looks like this (see Fig 13)

We recall that each vortex carries at least ®( of flux. Hence if the flux through the entire model is less than ®, there can
be no vortexes and we have a perfect Meissner effect. The next phase allows creation of vortexes. Eventually the vortexes
are so common that they coalesce, leaving the superconducting phase only on the boundary.

9.4.4 Vortexes in Type II superconductor

Looking at a type II superconductor near H.; where we have a single vortex. The energy is
3.1 [12, 2 2
F= dr—Wh+A(me
8

mc?

the last term is the kinetic energy which was derived using j = ensv =V X h%’r and A = 4/ =

1 1 m
Eyin = gmvzns = 571562]2 =\? (V X h)2

Taking a variation we derive the equation of motion:

h4+ XMV XVxh=0

We want to solve for a single vortex hence we add a term to ensure the integration over the surface gives the correct flux.

h+ NV x V x h = ®y6(r)

integrating over the surface of the model

/dm+Aa/@vXthz/ﬁm+Aﬂ¢vah:¢0
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For r > X , the field is effectively uniform along the integration contour and the second term drops giving

/dSh = (I)O

while if £ < r < A the first term is negligible
A2§1§dlv x h=2mrA’V x h = @,
C

dh @ 1
dr — 2w)\27r

= 2 (1o (2) 4 const
=52 \ o8 cons

We can also solve exactly by a Fourier transform:

while for 7 > X we have h ~ e~ "/,

h+ XK' = ®od(r)

(1+X%K?) hy = @

h(r) = 5 Ko(r/A)

ol /eikrcosekdkdﬁ B <I>0/ kdk g
27

= 0 [ 2 g(kr) =
enf) TTraeRe 2 | Tyt

The free energy of a vortex of a model of height L is given by

R+ X2(V x h)> @y A
/ v 8 87 2mAz 08 (g)

The critical field for creating separated N vortex is thus given by

OZF’UOT_/BH01 =N F‘vor_(I)O}Ic1
4 4

where the second term is the multiplication of the internal B field by the external one (see Ref. [5] (pages 33 50 and 66)).

@, A
Her = 47 \2 log (f)

We ignored the energetic cost of destroying the superconducting phase in this calculation. The energy we gained per unit
volume of superconductor is

o? 2 ,
— = — o mprT,
8 87 Prie

(H, is defined for type 1 superconductors)

and this the energy loss due to the creation of the core of the vortex is

Eeore = CvT?€EL

where v is the density of states, and ¢ is c-number of order O(1) that depends on the details of the core shape.
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H.,
B, Surface SC
H,, 5—2
o, Vortices

Meissner effect

>
1. T

Figure 13: H.; the critical filed when the first vortex penetrates. H.o, when the vortices core overlap and H.3 when the
residue superconductivity on the surface disappears

10 Supplementary topics in superconductivity (Tutorial)

10.1 Phonon mediated attractive interaction for electrons

In the previous Tutorial we argued that since electron dynamics are governed by ¢ and phonon dynamics by wp < €p,
phonons can mediate attractive interaction between electrons. The picture was that an electron passing through some
position in space will distort the lattice there by means of Coulomb attraction, and since the lattice relaxation is very
slow (compared to the dynamics of the electrons), other electrons will be drawn to the distorted position after the original
electron left it. Therefore the instantaneous repulsion between electron is complemented with a retarded attraction through
the lattice distortion.

In this section of the tutorial we will support this qualitative picture with a quantitative analysis of an electron-phonon
Hamiltonian. We will derive an effective model for the electron in which there is a retarded attractive interaction between
them, due to the coupling to the phonons. To be specific, consider the following model of electrons coupled to phonons

H=Y "t eco+ 3 wiblbay + A / drp(r)V - u(r) + Hing | (131)
k,o q,p

where p(r) = > ¢5(r)1hs(r) is the electron density, w, is the phonon dispersion, & = ex — €p is the electron dispersion.
The electron-phonon couple through the induced charge P = —V - u(r), where u(r) is the lattice displacement field,
governed by the coupling constant \. We also include an unspecified electron-electron interaction, Hiyg, €.g., Coulomb
repulsion. We wish to integrate out the phonons to obtain an effective theory for the electrons, in which the phonons are
encoded through an effective interaction between electrons.

To do so we first write the coupling term in momentum space and in terms of phonon creation and annihilation operators

1 iq-r
p(I‘) :szqeq )
q

m T
= /\/drp(r)V-u(r) = E QulquP—q = A E ———= (bl , +bqp)p—q (132)
a ulq,uP—q e B, T Van)Pa
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where pq = ﬁ D ko zzkwgwlﬁq,g, is not the electron density in mode q but rather the q mode of the electron density in
real space, and m is the ion mass. In order to integrate out the phonons, we go to the partition funcation and the action

Z = /D (¢, 9] e (133a)
S = Z '(Z}k,n,o’(_iwn + gk)’(/)km,o’ + Sint
k,n,o
; * qulf *
+ Z (—iwr + we) b 1,1, Pt + A Z B ((bq,l,u + (bfq,fl,p,) P—q,~1 5 (133b)
Qb b \/m

Sph

where w,, are fermionic Matsubara frequencies, w; are bosonic Matsubara frequencies. Let us concentrate on the phononic
part of the action and notice that it is quadratic in the phonons. We can therefore complete the square and integrate
them out to get an effective action for the fermions. Completing the square requires first writing the phononic action in
a “symmetrized” way

B 1 % —iwl + Wq 0 d)q,l,;t
Sm=3 2 (G omamt) (707 5 0 ) (o0

T Pal ; ;

2 iAq iAq ¢ A,

+35 Z qvlnu‘ ¢_q>_l7/‘ ) *’i;z](:iq +< ‘/Zm‘:quiq’il ‘/Qm‘:uq P—a,—l ) ( ¢*q a ) ; (134)
q,l# \/2mwq —q,—Lp

where to get this we wrote the action as a sum of two copies of itself (introducing an overall factor of half), and changed
q — —q and w; — —w; in one copy. We now notice that the action is of the form

1 - —. N
Sph = 5 Z [ a,l #A(I)q Lp (I’q L bad T b:r;,z,u : (I)qyl,u} . (135)
aQl,p

for which completing the square and integrating out the phonons is easy

1 - - > -
_ T T
Sph - 5 Z [q)q,l,uA(I)Cbl»H + (I)q,l, bq L + bq, Ly " CIJ»,U«:|
Qlp

1 -1 5 -1z -1z
5 Z ( q,l,,u q l ,uA ) A ((bq,l,u +A bq,l,p,) Z bq l, /,1, bq,l,p,
q,l,t

q7l H
1 - -
-1
~ D) E :b ,l,uA ba,i,u
a,l,p

1 A VT
—iw;Fwq 0 ) \/ 2mwy Pasl

1 iAqu Ay
- 5 z[:( £/ 2mwq P-a,~ w/2qup_q’_l ) 0 _ 1

"Z A2g? Lo,
- 2mw @t —lwy +wg  dw + wy P-a-t

1 A2¢? 1
= > o (o2 +wp) PPt (136)
q,! d

Therefore, the effective interaction for the electrons is

1 A2q?

- —q.—1 137
gO(CI) 29m (wf+w2) Pq,lP—q,—1 ( )

Seﬁ = Z @k,n,a(_iwn + Ek)wk,n,o’ + Z

k,n,o q,l
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where go(q) is the original electron-electron interaction (say Coulomb repulsion). The effective electron-electron has also
a contribution from the phonons, and is given by
1 /\2(]2

ot (a1, iwy) = ——— . 138
Gert(q, iwr) = go(q) 2 9m (w2 + ) (138)

Wick rotating the effective interaction to real time, i.e., taking w; — —iw — §, we find that for every momentum mode q
the phonon-mediated correction to the interaction is attractive at low enough frequency: w < w,. Since acoustic phonons
have wy g, it is either high energy acoustic phonons, or, more commonly, optical phonons that generate the attractive
interaction. We can thus estimate w, ~ wp and the effective interaction

1 )\2(]2

C22m (W — w?) (139)

9(q,w) = go(a)

is still repulsive for w > wp, but may become attractive for w < wp (if this negative contribution overcomes the original
repulsive interaction.This dependence on w is exactly the retardation effect.

10.2 RG equation for the Cooper channel

In this section we will begin from a generic interacting Hamiltonian and derive the RG equation governing the interactions
in the Cooper channel. We will disregard all other channels, and thus won’t be able to say anything about what happens
there. Therefore, our picture will be incomplete, and we will not know what actually happens to the system. However,
we will be able to say if (and when) the Cooper channel is important.

We begin our discussion from the following Hamiltonian of electrons with density-density interaction V(ry — rs2), e.g.,
Coulomb repulsion:

H = Ho + Hint 3 (140&)
2
o= [[ar S [u00) (~5 — ) vate)] (1400)
Hin, = %/dhdrz > [l (e)wl, (r2)V(r1 = r2)tbe, (r2)0, (r1)] (140c)

01,02

We define the (bosonic) operator creating two electrons with arbitrary spins at arbitrary positions
‘1’21,02 (ri,rg) = 1/); (r1) 1/);2 (r2) , (141)

and its hermitian conjugate, annihilating two such fermions. Transforming to the center of mass coordinate R = %
and relative coordinate r = r{ — ro we can write

@b, 0, R) = vl (R+3)ul, (R-3) . (142)

in terms of which the interaction Hamiltonian is

(r,R)®,, -, (r,R) . (143)

01,02

Hiye = % / drdRV (r)®]

Notice that we have written the interaction in a suggestive way, namely, focusing on the cooper channel.® For short-range
interactions, since we are interested in long-wavelength physics, we can approximate V(r) = gd(r) to obtain

Hus =9 [ AR, (0. R)B,OR) (144)

where we have specified to electrons of opposite spin since for » = 0 same spin contributions vanish. It is important to
note that even for the long-range Coulomb interaction this approximation is valid. The reason is that in metals, where the

SEverything we did so far is of course exact, and so even if the cooper channel is not the important channel, doing so is still correct. However,
going forward with the derivation requires some assumptions which we will perform on this channel. By making these assumptions on this
specific form of the Hamiltonian we are essentially focus on the cooper channel.
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fermions form a Fermi surface state (as in Hy), the long-range Coulomb interaction is screened, and becomes effectively
short-range.

We now go to the partition function, and perform a Hubbard-Stratonovich transformation, introducing the bosonic field
A(R,7) which decouples the interactions in the Cooper channel to get

Z = /D [@[_1,1/1, A, A] exp [—Sus.] , (145a)

Sus. :/deTZ;ZC,(R,T) [a - V—z 4 Yo (R,T) + ;/deTA(R,T)A(R,T)

+ / dRdT [iA(R, 7)), (R, 7)1 (R, T) + iA(R, 7)1 (R, 7)1 (R, T)]

- Z A (Q, wm)A(Q, wy,) + Z (—iwn + &) zﬂa(k,wn)¢o(k,wn) (145b)

Q wWm o.k,wn

A(Qawm)d} (Q -k, wy, — Wn)w (kvwn)
\/7 Z Q§” + T

$U‘)77,
v Z Z A(Q, wim )P4 (K, wn )Y (Q — K, Wi — W)
ﬂV k,wn Q,wm
where &, = % — ep. We are interested in the low-energy physics, and so we expand in Q and w,, keeping only the

zeroth-order term. Effectively this means setting Q = 0 and w,, = 0 to get

Sus. = *AA + Z —iwn, + &) &U(kv W)Yo (k, wn)

o.k,wny,

+ ﬁ Z AM(*k, an)wT(k, Wn \/W Z A?/JT k wn)wi( ) , (146)

k,wy, k,wn

This step is where we specifically consider the physics of the cooper channel. Up to now everything we did was exact and

could capture any physical effect. In this step we focus on the cooper channel, analyzing what happens specifically there
7

To perform the RG analysis we introduce a high-energy cutoff Q for the electrons, i.e., || < Q. The cutoff dependent
action takes to form

S(Q) 7AA + Z Z an + é-k wa k,wp ¢o’ k,wn
o,Wn €, ]<Q
/ Z Z A/l/}‘]” k,—wn wT k,wn + AwT k qu/}iy _Ww}
wn €<
—iwp + & —_A "
AA+ Yo (k. lok-w, )( P 72_\0/05775 ) ( Jf/)m: ) : (147)
T,wn |€|<Q VBV n k 1=k, —wn

We now split the action into a low energy part, || < € — d€2, and high energy part, Q — dQ < || < 2, and integrate
out the high energy electrons to obtain the action at the scale Q — df)

Z= /WQD [0, 9] exp [=S(A)] = /Immdg@ [, ] /Q R A i)

_ / D [ih, 4] exp [~S(S2 — dS)] (148a)
eel<—dn

"More generally one can decouple the Hamiltonian in many channels simultaneously, and in each of them consider the low-energy long-
wavelength limit of the relevant Hubbard-Stratonovich field, to find the RG euqations of that specific channel.
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1
S(Q — d) f—AA >y log[ w2 — &+ —
0,wn Q—dQ<|EL|<Q 6‘/

A —itwn, i y
+> > (ke Yk ) ( N I ) ( Prkwn ) .

wn |€x]<Q—dQ VBV Wy, —k,—wn

AA}

Notice that the second part is already of the same form as the original action. To proceed, and find a form similar to the
original action also for the first part, we expand the logarithm and identify the coupling constant, g, at the new scale

AA Y log [—wi—&k—s—wAA]

wn Q—dQ<|&]|<Q

1 AA
AN — Z Z log [1 — BV“M} + const

wn Q—dQ<|E|<Q

1 ~ 1 _
E E — | AA= ———AA. (149)
w2 & &2 —
V wn Q—dQ<|&]|<Q wi + & g(§2 - df2)

So we have found the following equation describing the scale dependence of the coupling constant

1 1
9(Q—d) ~ g(Q t v Z > D (150)

wn Q—dQ<|€,]<Q “n

The final step is to resolve the sums, by first approximating the sum over w,, with an integral, and then transform from
sum over k to integral over £ (using the the density of states)

1 1 1 1 1
Z Z 577&,3#@3“? Z /QM,QHQZT Z 1€x]

wn Q—dQ<|E|<Q Q—dQ<|£x]|<Q Q—dQ<|£,]|<Q

Q
B ¢ Q B Q—d\ dQy - dQ
_VO/Q—dQ —E = g log <Q—dQ> = V010g< O ) = —yglog (1 q ) ALl (151)

where v is the density of states (normalized by spin and volume) on the Fermi surface. The resulting RG equation is
therefore

dA | g(A)
d 1
| — | =y . 152
= dlog (A) [gm)] v e
The solution of the RG equation is
g(A) = - (153)

1+ Yogo log (%) ’

where go = g(Ap). What does this mean? If the sign of gg is positive, namely, the interactions are repulsive then g
decreases with decreasing scale A, making the interactions irrelevant at low energy. However, if the sign of gg is negative,
namely, the interactions are attractive then g remains negative but grows in its absolute value, making the interactions
relevant and ultimately dominant. We know that attractive interactions are a result of phonon mediated interaction
between electrons, and thus occur only below ~ wp. How can interactions in such a small energy range overcome the
repulsive interaction in the much larger range? To answer this, let us look again at the RG equation (152), and integrate

it from g all the way down to wp
9o

1+ Y04go log (%)

g(wp) = (154)
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Qg should be of the order of the Fermi energy, which is typically roughly two orders of magnitude larger than wp leading
to log (3—]‘;) ~ log (%) ~ 5. Define a dimensionless interaction strength I" = 1 * g we find that g(wp) is quite small

Iy

Flwp) ~ 14 5@

IN

1
- 1
2 (155)

and can thus be overcome by some week phonon mediated attractive interaction. Therefore, at this point we add the
attractive interaction due to phonons, IV (wp) = I'(wp) —I'ph, and keep integrating the RG equation to even lower energies

F/
- 1+ TI"log (“’TD)

I'(w) : (156)

where I =I"(wp) =T'(wp) — T'pn. If indeed IV < 0, then g(w) diverges (in its absolute value) as w is reduced toward the
value at which TV log (“’TD) = —1. This divergence is a sign of some sort of instability or phase transition. We can estimate
the critical temperature using the scale at which the interactions are of order -1 (not small anymore),

_F/
T(Te) = —1 = i :
1= [1"]log (42)
1 1
=T ~wpexp|—— | =wpexp | ——— | . 157
6~ wp p{ md » p[ uo|gf] (157)

This is indeed the same T¢ we got from BSC theory (perhaps up to a numerical prefactor)!
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11 The 2D XY Model: The Berezinskii-Kosterlitz-Thouless transition

We turn to study the XY model. This model has a global U(1) symmetry, and its order parameter is therefore a planar
vector S = (S;,5y), or equivalently a complex scalar

=8, —iS,.

A superfluid described by a complex order parameter, which has a phase and an amplitude is one example but there are
many other examples, e.g, spins confined to be in a plane, having only x and y components. Below we think of a classical
statistical mechanics theory (or a quantum theory at relatively high temperatures). However, the results apply directly
to quantum systems by the quantum-classical mapping.

We define
,(/) = ¢06i¢(r)a
and the corresponding classical Hamiltonian, favoring alignment of different points, is
1 2 9
H= 5 [ #o (Vo) d*r. (158)

It can be seen that the U(1) symmetry of the problem is respected.

We already saw that 2D systems with a continuous symmetry do not have long range order. However, as we will see
below, the system is not entirely disordered, as the correlation function decays without a characteristic length scale.

The correlation function is

(" (r)1(0)) = <woei¢<’“>woe*w<’“>> = [gho? e~ H{(#()=4(OD7) (159)

with

and the relation:

Using the free Hamiltonian in Eq. (158) we find:

1 S = S = 1
@ /d2r/d2k:/dgk’V(eZk'TqSE)V(e“f o) = KW/d2k/€2¢E¢7E

from this we can easily find the correlation function:

H==x

1

(bpdp) = 6k — E’)mﬁ

Using the relation

F(7) = kT 1| = (cos(kr) — 1)2 + sing(kr) =1-—2cos(kr) + cos2(kzr) + sin2(kr) =2 — 2cos(kr)

‘ 2

we notice that for k-7 < 1 the function F (|7) is zero. For kr > 1, the cos terms is strongly oscillating so that the integral
over it is not expected to be the leading order and we can ignore it. We can therefore approximate Eq. (159) by:
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(0t - o0)*) = 2= [ Tfan= 105 (%)

(27)? Ko
1
Here a is a short range (ultra violet) cutoff. Hence we have

wmwon=laf (3)

o 271'/430-

The fact that the correlation vanishes at large distances shows that the system is not long range ordered. If the correlations
decay as a power law, the system is said to be quasi-long-range ordered.

11.1 Vortices in the XY model

¢ = —narctan(x/y) + ¢

Sy = cos¢; S, = sing

Figure 14: vortex and anti vortex in the spin configuration 1 = ¥e’® = S, — 15y, denoted by arrows in the spin direction
and in the velocity V¢ dented by bold lines

For 1 # 0, we define a velocity field

From the fact that e’® is single valued, we have a condition for an integral around any point:

ygv(r)dr = 27mn.

If the contour does not enclose a vortex, n is zero. In general, the integer n counts the number of windings the phase ¢
does, or equivalently, the number of vortices inside the contour:
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1

=5 v(r)dr.

If the contour encloses a number of vortices, we get the generalized relation

y§v dr = Z%Ni =27N,, (160)

where N; represents the charges of the various vortices, and N, is the total topological charge.

We can define a local vortex charge density

=Y Nib(r — Ry). (161)

Using this definition, and Eq. 160, we get

Nc:/dsN(r):;ﬁv(r)drz%/vads,
™ T

using Stoke’s theorem. We get the local relation

which gives the following continuity equation

OR;, O B
at BtZN5 ;N”Wam (r=FRi)==)

0 OR; 0
2 (s )= 2.

A configuration with a single vortex at (zg,yo) can be written in the form

¢(x,y) = narctan (y—yo> ,

Tr — X

where n is the topological charge. Using this expression, we find that the energy of a single vortex of charge 1 in a circular
system of radius R is

R R
2
dr R
= core + 27-‘—7’d7ﬂ"<50 = Ecore + TRy | — = Eco’r‘e + mKo log Z .
T
13

This expression diverges unless we add another vortex with an opposite charge at a distance xg > £, which results in

FEy = 27kg log ( 3 ) + const,

where const =~ 2E.,y¢.
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11.2 Kosterlitz-Thouless Argument

We now wish to show that despite the diverging energy of a single vortex, it can become stable due to entropic effects. As
we will see below, the positional entropy provides a diverging contribution to the free energy, which competes with the
energy found above.

The probability of creating a single vortex (at some fixed position) is

- R E, R\ "o/t

We have (R/{)2 possible locations to place the core, giving us the probability

R 2 R —mko /T R 2—7ko /T
P = v —E. /T [ 2% _ —-E./T () .
(5) ‘ (5) ‘ ¢

TKQ TR
2——>0=>T> — =Tk,
T 2 KT

Thus if

it becomes preferable to create vortices. Below Tk isolated vortices are unstable. We saw that at low temperatures (in
which case vortices were ignored)

w00 =l (1) 1=

2’]TI€07

hence if T' < Tkt = 1 < 1/4, and exactly at Tt we get n = 1/4.

The argument we gave here is equivalent to the competition described above between the energy and the entropy of a
single vortex. The free energy of the vortex is:

F=FE—-TS =m7kplog <§) — 2T log <§) .

If the temperature is low enough, the energy “wins”, and F' is positive = vortices are not created. If the temperature
is above Tx7 the entropy term wins, F' becomes negative, and vortices proliferate. We expect a phase transition at
Tkt = wko. Below Txr we will have vortices bound in pairs, and above T, we will have free vortices — a plasma of
vortexes.

11.3 Describing vortices as a Coulomb gas

We will show now how this vortex plasma is mapped onto a 2D Coulomb gas, with logarithmic interactions. In the absence
of a magnetic field the total vorticity is zero hence the topological charges obey

Y Ni=o0.

We take the velocity field defined above and divide it into a rotational and irrotational part

VxV
2T

N(r) = = V x Vy = 2xN(r)

From which we have
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/ﬁ-%d%:/(v-@%d%:/v- (¢I7b)d2r:§£¢17udl:0.
Defining

H= Hvortea: + HSW

K
?O / IVo|? d?r + core energies

Hvorte:r =

K
Hgyw = 20 /| 1|2d2r
And defining an analog of the electric field of the form

E: —27TI<607:’ X V%

we obtain

V- Vp=0=VxE=0

VOL:0$E||=O

VxVo=2rN(r)= V- -E=

1 2 9 1 5 B 2
Hyortes = %/\ﬂ d*r + core = Te()isziNjG( iaRj)+ZNi E.

where the last equality is from previous lectures (or by analogy to the electrostatic problem). The effective interaction is
similar to the 2D Coulomb interaction

11.3.1 RG Approach

We expect that when we apply coarse graining, the dielectric constant of the medium will change due to screening by
intermediate vortex pairs which act as effective dipoles between any given vortex pair. We can define a new dielectric
constant

er =¢€o+4mx

finite T <T¢
ER —
o0 T>1Tc

here T is the temperature that signals the onset of vortex proliferation (Note that vortices still exist at lower temperatures
due to fluctuations despite the fact that they are not energetically favorable).

65



€=¢€+ 47r/ P 27 p(r) dr

polarizability probability to have a pair at distance r

using the form Ey(r) = 2E. + 27kg log % describing the energy of a dipole, we get

p(r) ~ e~ B2(n/T — exp ( <2Ec + 2mkg log 2) /T> .

We assume that the gas is dilute enough such that the probability to have more than one pair is negligible. Thus this
treatment only holds for T' < T, or near T,. Rewriting this, we get

27ko /T
plr) = =103 (§> :

g\

—E./T

where yg = e is called the fugacity, and is assumed to be small. The factor 1/¢* is there from dimensional
4

considerations, as this probability distribution is integrated with a measure of dimension xz*.

The polarizability is related to the potential by

V= —?ﬁ = —pEcosf = —qrFE cosf

—V/kT s0do gqrE cos 0/kT s0do d 2
P =qrcosf = qrf c ?Ob = qrf ¢ ?Ob = —log edracost gn | (qr) a,
fe—V/deg feqTE cos 0/kT O ~~ da \,lz 2
a:% a<
assuming ¢ = 1 we find:
2
r
P=—
27’

which gives

< 5 27ko /T 5 % 3—2/eT
2 (2mr) o (& 47e 4 r r
E:€§+4ﬂ-/ﬁ 54 yo ; dr:5£+7y£ g d E
3
We now want to apply coarse graining, i.e., integrate over small distances:
&(1+dl)

A2 3—2/eT A2 R
et [(5) (f) e [ (G
13

£(1+dl)

ﬁ
N———
¥
v}
~
o
K]
&
VR
m3
N———

EEs/

where & = £ (1 +dl)

472 N\ 4—2/eeT > 3—-2/eT
eri(e) @) (@)
—_—

Eyg/

472 9 7 r\ 32T r
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from the equation defining e¢/,

472
55/ = 56 + ygTdL

and the fact that dl is small, we get

de  4n?

a7
By definition
! — d l
£ :§(1+dl):>?=dl:§(l)zfoe.

The coarse-grained fugacity takes the form

Defining
_ 1
me el'n
d
YW _ 2 kn)y+ 0@
dl
dr~!
_ 4 2 4
¥ Ty +O0(y")

and for km < 2 y increases while for km > 2 it decreases.

xr = i -1
KT
dr~ ' = gdx
%dz = 4732
2
~—(1-—
= (1-a)
—dxr =14
dy £ 2.2
2 — 2 ———
A= g =Y
d2z 2 d(4my)

67



with £ = 22 and y = 47y we have

These are the KT RG flow equations.

&, dy
a v

(162)

We can define a constant of the motion by multiplying the first equation by Z, the second by § and subtracting

d 52 2
M = 0= 7% — §° = const.
dl
We remove the tildes from now on. Along the line z = —y
y A
0 : x
dy _ o
dl
d 1 1
~Y_a llog<€)
Ye Yo &o
_ % 1
Ye 1+ yol l
1

at T =Tc wehavex =0 = k=58

y: -y = -
£
log(go)

1

2 _ . . .
7 = %, €r = 37 where ep is the dielectric constant at T¢.

The probability to find a pair at a distance r from one another at T¢ is

2 1
T r4log? (r/&o)

We now look at other regions of the phase diagram.
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\.)\/Q’ y fugasity ~ G—Core Energy/T
A

>
C

Line of Fixed Points x ~ superfluid stiffness ™+

For T' < T¢, near y =0

2?2 —y? = (T —Tco)V?

we can assume a linear dependence because 2 — 32 changes sign when we change the relative sizes of T and T

r=b/Tc - T

2
=S n/To-T

Tc

This derivation breaks down in the area of positive x where y grows. This is because it was based on the assumption that
the fugacity is small and the pair density is low.

For T > Tc

i =22 + 02 (T —T¢)

dx 9 9
el T_T
dl x —l—b ( C)

1

y d

X
= | mwe—m
o

Zo

where we take £ = 1 because at scales of order 1, our RG treatment breaks down

! 1

1 x
= ——  tan ' (—2 )| A
T —To (b«/T—TC) v BT —Tc

From this we can extract a length. We identify this temperature dependent length scale as the screening length

§+ =Tsec = foel/b T-Tc

If we want to discover how many vortices we have, we can calculate the effective screening radius of a certain vortex
concentration and compare to the one we found. According to Debye
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4=7Tnfree

Te = 8T Nfree
from which
Nfree = 75
&

11.3.2 The order of the KTB phase transition

Which thermodynamic quantity changes in this phase transition?

oy = [ [av? + 50t . (V0] dir

and a saddle point approximation gives 1? = % Assuming the derivative terms are of the same scale as the potential
terms

J
? ~
1 2 1d i 2 JE%a TP 4y
5 [Tt gl = e
For d = 2 we have
1
HNU XX ?
Esingular ~ ?
thus
IE _ b o—2/0/T=TG

oTn (T i Tc)n+1/2

meaning the transition is continuous at any order.

The superfluid density however changes discontinuously.

%
K A *4

N

— 2T 2

™

=
r

0 T, T

Due to the presence of vortices above the transition, the 2 point function changes its behavior as well:

T>Te e "/é+

(W(r)o(0) = {T STy (nT
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11.4 Coulomb gas and the Sine-Gordon mapping (Momentum RG)

11.4.1 Mapping between Coulomb Gas and the Sine Gordon model

)+ZN2

Sv=17 2€OZNNG(

G(z) = —2log (x)
z= Z exp (—Sv)
N;=0,%1

where we drop vortices with charge larger than 1. Using the general formula for a Gaussian integral

dxq...dx, 1 —1/2 1 -1

-1

1/2
1 1% .
exrp (—25()N1vaij> = det ( 5 > @ 1/2 /d<,01 dopexp ( —%V ©; + upiNi)

and adding the core energy term

z= N/Dcp x)exp —fZgo )V — ;) o(yi)2e0T | II Z exp (i(piNi —|—Ni2EC/T)
i#£] ! N;=0,£1,...
= N/Dgo x)exp —fZga (z;)V — i) @(yi)QEOT) 1;[ (14 2(cosyp;) exp(—E./T))
i#£j

~ N/Dw x)exp —72}9 z;)V - yi)w(yi)%oT) exp (—y22(608%))

i#]

Vi) =% =V g =¢ = V(z) =6x)V?

= N/’Dga(x)exp (—;/(Vgo(x))2 d?x2e0T + z:;//d2xcoscp(x)>

changing variables to v/2¢¢Tp, 8 = ﬁ, M = 2yy = 2~ Fe/T

= N/Dga(x)exp —%/(V¢)2d2x+M/d2xCOS(6<p)

So

S1
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11.4.2 (Momentum shell) Renormalization group of the sine Gordon Model

[Here we follow with some additional details chapter 10 of Ref. [6]]

We split a high momentum shell from the system (b > 1)

@A(x) — % Z eikr(pK + Z eikr(pK

K<4 L<K<A

ws(w) or(x)

and since Sy is diagonal in momentum space,

Zp = /DSDSD@Fe_SU[‘PS]_SU[WF]_Sl[LPF"FLPS]

—Soler]=S1lpr+es]
_ ~Solipr] ~solps] J Pre
= /'DSDFG /Dwse [DypeSoler]

_ ZF/Dgpse—So[@s] (emsilertesl)

giving an effective action for the slow degrees of freedom:

Seff(‘pS) = SQ ((ps) — IOg <e—sl[¢p+<ﬁs]>F )

The basic idea here is to average over the fast degree of freedom a ¢; and obtain an effective action in terms of the slow
variables ;. The parameters of the action S are renormalized and the RG procedure is established.

We assume the core energy is small, hence M is small. Thus using the cumulant expansion log <1 -5+ %Sf > = () —
1(87) + 3 (51)° we get

1 1
Sett(ps) = So (ps) — (S1 (pr + ¢s)) + 5 (5% (¢r + ¢s)) — 5 (S1(oF +ps))?
11.4.2.1 First order term

11.4.2.1.1 Integrating out the fast variables — thinning the degrees of freedom The first order term is

(51 (or +9)) = o5 [ & cos (8 (0 + o)

1M iBo iBo
:§a72/d2xzeﬁ ¢S<€B ¢F>F

o==+1

1

(efBoer) = e 18(eh) = = 3F°C00) = (o)

A
1 1 1 dk 1 1
= = Pk—=— [ == = —dlogh = —di
GO0) = (pr O)pr () = 3 J-r Litogr = -
A—dA=A/b



2
_ ey B
A(0) =e 1 47le

Thus to first order

2 2
Set(¢s) = %/(VS@S)Q d’z+ M (1 — fﬂdl) /d—fcos (Bes)

a
11.4.2.1.2 Rescaling We apply

¥ =xz/b=q¢ =bq

_ 1
where b = =

which doesn’t change Sy

1 2 92 62 d213,
Set (ps) = 5/(V<ps) ' +M|1+]2- y dl / 5 C08 (Bes)
~—

dim

M' =M (1+ (2 — dim) dl)

dM

o e T
M’ =M = == = (2~ dim) M
2—dim
M(L) = M, <L>
a

My represents the fugacity. We can see that for dim < 2 the coefficient M grows and our approximation breaks. This
allows us to obtain a scale which is an effective screening length, since beyond it there are many vortices and our treatment
breaks down.

1

= () e (3

It is useful to remember that an operator with a large dimension is irrelevant in the renormalization group sense

)1K2fdhn)a.

11.4.2.1.3 Field rescaling We neglected the fact that ¢g also depends on x when we changed variables to /. We
can show that to first order this is trivial

o(z) = Cps (2)

Pq = C%Oq’

we choose ¢ = 1 to keep Sy invariant. This means
Vg = /dzxeiqxgaS(x) =? /de’goS(x’)eiq/zl = by,
giving
(=0
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11.4.2.2 Second order term

11.4.2.2.1 Integrating out the fast variables We now consider the O(M?) terms in the cumulant expansion of
Sefr(ps):

20(M?) = (S? (¢ + ¢s5)) — (S1 (¢ + ¢s))°

=M /deadQJSb (cos (B (¢ + 9%)) cos (B (¢ + 05))) — (cos (B (¢ + ¢%))) (cos (B (¢ + ¥5)))

2
_ MT / Prdn, Z ( < pi0aBe ewbwp> _ <eiaaﬁ<p%> <ewb6<,o%>) i0aBPE pioLBPY

oq,0p=11

The sum over o, 0, = £ gives four terms. The one with o, = 0, = 1 (whose integrand we denote by Y7) is given by
2 2
MT/d2xad2$b <<eiﬁ¢%eiﬁ“"%> — <elﬂ‘p%> <em“"%>) 1BPE ¢iBPs = MT /deadewaiﬁ“"gew“”bs.

. a 2 a
Since the free part of the action is quadratic we have (eF"#¢F) =1+ (iBp%) — %2 (pB)+- - =1— %2 (%) = e~ T (¢F).

(An alternative way to prove this identity is to complete to a square and perform the Gaussian integration.) Using this
identity we find:

2
Y, = o~ (PR Heh)") | B (o) - B (02) -5 {eF) (e—ﬂww%) _ 1)

= ¢ A°G(0) (e‘ﬁzc(‘”“_‘”b) — 1) = A2 (0) (A2 (g —xp) — 1) .

Averaging over the free field action Sy give the following expression for the function G:

A
eip(l'a_xb)
G(xa — .'L'b) = /(271—)22?2d2p
AJb

A similar term Y5 = Y7 when taking o, = 0, = —1 and two other terms where the sign in the first exponent is flipped,
giving

O(M?) = MT /d%ad?xb [A2 (0) (A2 (zq — @) — 1) cos (B (9% + ¢%)) + A% (0) <M — 1) cos (B (9% — ©%))

£ipT

A
For z > £ the oscillations in G(z) oc [ _rdp lead to G(z) = 0 = A%(z) ~ 1, and thus A%(z) # 1 only for small z < b/A.

AJb

Hence z, is very close to x;. Setting x, = x; the first term contains cos (25¢%) which is a vortex of charge 2 made by two
overlapping charge 1 vortices - even though we didn’t include such vortices in our partition function. In such situations
we say that the RG procedure generated a new term. For parameters near the KTB transition (large

The second will act like a derivative.

Defining z = %,f = x4 — Xp, around x, = Tp
o) = [ e | 4% 0) (42 (€) 1) cos (28405 (2)) + 42 0) (s — 1) cos (€006 (2)
= z s (28¢s (= A2 L5 (2))] -
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and since ¢ is very small we can use the approximation cos (£80.¢s (2)) ~ 1 — 1 (8005 (2))? to find:

2 4o 32
O(M?) = MT /d22 [al cos (28¢s (2)) + as — 225 (Vgos)z} ,

ok 1) as= [ der o (A21<s> - 1) |

where
a1 = / d*€A%(0) (A2 (6) — 1) ;a9 = / 662 A% (0) <A2 ©)

In addition
1 T einteost 1 dA
etpEcos
= —— | ————pdpdl = — A) —
(5) (271’)2/ 2 pap 27TJO (g ) A
A/b

where Jy is a Bessel function. It features oscillations which are due to the fact that we used a sharp cutoff. Expanding

the exponent in A,
1 dA
oame o [ e en) F =
-~
di

B2diC

where C is a number. Carefully examining the last integral we see that it does not converge, it can be shown (we do not
show it here) that when the sharp cutoff is replaced by a soft one, the expression for C' converges. This gives

O(M?) = L M?B* (20) dl (Vps)*

Gathering terms of order M as well we write:

L /d% [(1 + M?8*2Cdl) (Ves)? + M <1 - iidl) cos (Bps) + a1 M? cos (2Bps) + as

Seff = §
where the term o< ag is irrelevant in the RG sense, and the term ag is a normalization constant. The normalization

constant is not important as it will drop off in all the Gaussian averaging procedures.

11.4.2.2.2 Rescaling Rescaling the space = as in sub paragraph 11.4.2.1.2 we obtain the equation:

M=MI[1- 2
~~ 47

from rescaling of =

11.4.2.2.3 Field Rescaling Unlike the first order case the field rescaling here is not trivial. Defining

1+ M23%2Cdlps ~ (1 + M?8*Cdl) ps

Pnew =

B =p(1-M*g'Cdl)

So that eventually

Sof == N’/Dgp(x)e:cp f}/(V¢)2d2x+M//d2$COS(ﬂ/SD)
2 | ~—{—

S
0 P
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To complete the RG equation near the KTB transition we define % = 2—x which yield: % =zM; % = M?B5C defining

now y = +/(8m)2C'M we get the RG equations which are similar to the one in the real space approach in Eq. (162)

dy dz 9
= —qy. — = —q?, 1
dl Ul 4 (163)

The sign changed compared to the former renormalization is because now we go to smaller momenta vs. longer lengths.

12 The Quantum Hall Effect — This chapter is still under construction

A nice review of the quantum Hall Effect is given in [7] it includes discussions of Graphene as well.

12.1 Classical Hall Effect

&

<

S

—_—
—_—

~
&151

Figure 15: The Hall effect in classical system, current is driven in the x direction and in the presence of magnetic field
the Lorentz force pushes electrons to the boundaries of the sample. This process continues until the electric field due to
the electrons accumulated at the boundaries cancels the Lorentz force

The classic Hall experiment is depicted in Fig. 15. In response to the electric Field E, current J, is flowing in the wire.
In addition due to the magnetic field B in the 2 direction a Lorentz force deflect the electrons. The deflected electrons
are accumulated in the sample boundary and build up an electric field E, that cancels the Lorentz force. Working in the
convention e = — |e| we find:

U x B =—el,.

[SI

Defining j in terms of the carrier density n as j = env we find:

env - B -
B— x 2= —enk, = FE=——Jx2z,
c enc

which gives

E, —-B
—~ =Rp=—.
Sz B~ enc

Hence, measuring the Hall voltage allows measuring the carrier density n and the sign of their charge. Notice that in the
absence of impurities the current flows in a direction that is perpendicular to both the the electric and the magnetic field
Jx E x B.

If we add impurities, quantify their strength by the mean free collision time 7 between them the EOM become:

N . - ne? o e - _, -
mi=eE+-txB—-— = J=—FE+—JxB-J/rt.
c T m cm
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Figure 16: the Hall conductance o, as a function of magnetic
We solve the equation in the frequency space, with (i) J = iw.J and (i) the matrix relation between .J and E
E, Pyz  Pyy Jy

P T (1 +iwT) %
- B (1 +iwT) )

nec ne2r

we find:

Using the matrix relation demand careful examination of the boundary conditions, for example assuming that we apply
electric field F = EZ in the presence of magnetic filed, B = BZ because current is not flowing in the y direction we will
obtain E, = pgyJs.

We can rearrange p in the form:

N o WeT
P= o0 —wr 14dwr )7

where o9 = %27, We = fn—Bc. Inversion of the resistivity matrix to the conductivity we have:
o 1 WeT — oy =TS
. 0 : B
R el (I L) Iemell (I B (164)
(1 + (weT) ) ¢ B (wer)?

We note that for large w7 (large B) both the resistivity (p, and p,,) and conductivity (¢, and oy,) on the diagonal
are negligible (with w = 0) with respect to the Hall terms.

This "wired"situation that both resistance and conductance are small is special to the motion of electrons in strong
magnetic field. To understand qualitatively the origin of this behavior we note that the terms on the diagonal can be

written as:
e’n 1
2 r >
m (WCT)




giving

1
Tef = —5—
€ (2:7_
From dimensional considerations we can define a diffusion constant. [D] = [lv] = v?7 = [?/7 with [ typical step length

in a random motion and 7 the typical time between steps. And hence (since the electrons move typically in the Fermi
velocity) we have

(vpwe)® _ Iig

T T

D = vi7Teg =

In strong magnetic field the typical step is R, the cyclotron radius and the typical time between "hoping between circles" is
7. We note the surprising fact that increasing the impurities and hence decreasing T will actually increase the conductivity.
This can be explained by the fact that without impurities the electrons will simply perform circular orbits. The scattering
from the impurities will cause them to move in the direction of the external field.

12.2 Quantum Hall effect

The (Integer) Quantum Hall effect was discovered in 1980 by Klaus von Klitzing who measured the Hall resistance
in a two-dimensional electron gas, realized with a silicon metal-oxide-semiconductor field-effect transistor. The Hall
conductance was quantized of e?/hv with v being an integer. Later, in 1982 Dan C. Tsui, Horst L. Stormer, and Art
C. Gossard observed conductance quantization at a fractional values v = 1/3 more fraction were measured later on
v=2/5,3/7,2/3,3/5,1/5,2/9,3/13,5/2,12/5.... The fractional values are observed originally and in most experiments
later on heterostructure of Aluminium Gallium Arsenide/ Gallium Arsenide. In the boundary between the two materials
a clean two dimensional electron gas is formed. Recently quantum and fractional Hall effect where also observed in
Graphene.

8

Two Nobel prizes were awarded for the discoveries and the explanation of the Integer and fractional quantum Hall effect.
The purpose of this chapter is to highlight the experimental finding and to show how we use topological arguments to
explain the novel state of matter that give integer values for the Hall conductance.

The discussion here tries to exemplify the dialogue between theory and experiment. Experimental results give hints and
clues for the state of the system then clever arguments lead to additional conclusions about the nature of the system,
those are drawn even without having a microscopic theory.

12.2.1 Experimental observations
Fig. 17 depicts typical experimental observation of the quantum Hall effect, the main effects are:

1. Quantized values of the Hall resistance

The Hall resistance show plateaus at

2. Effect of disorder It was found experimentally that for cleaner samples we have more plateaus however that
plateaus are narrower.

8Notice that in a square 2D sample of thickness d and linear dimension L; = Ly = L the resistance Rzz = deTI = %
Yy
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Figure 17: Here we plot the Hall resistance R, and the resistance R, In the classical Hall effect R, is constant and
R, depends linearly on the Magnetic field. As we see the experimental result are quite different, R,, fluctuates with the
magnetic field and is zero at filling integer and fractional filling factor.

3. Vanishing longitudinal resistance R,

As we can see in the Fig. 17 at small magnetic field there are small oscillations in the resistance these are known
as the Shubnikov-deHaas oscillations, similar oscillations in the magnetization are deHaas van Alphen oscillations).
At stronger magnetic field when plateaus are developed in the Hall resistance R,, the longitudinal resistance R,
is close to zero. Notice that due to the strong magnetic field, not surprisingly, the longitudinal conductance is also
very small. The temperature dependance of the resistance is not shown in Fig. 17, but it was found that it increases
exponentially with the temperature, i.e., o ~ e~ T0/T,

12.3 Basic explanation of the quantization effect

The Hamiltonian describing electrons moving in three dimensions in the presence of magnetic field is given in Landau’s
gauge by:

ﬁ—iza—QJri(hk —eBy)’ + eB,x + Uz )+k—§— (165)
C2moy? 2m 4 * T o TR

In finite width samples (in the z direction) electrons can not move in the z direction hence k, = mn, /L, is quantized. We
will assume henceforth that only the first sub-band with n, = 1 is occupied and absorb the energy k2/2m in the definition
of i . The potential U(x,y) describes the effect of disorder — scattering of the electrons due to impurities. In principle,
we should include also interaction effects between the electrons. Microscopically, these interactions are responsible for the
formation of the fractional states.

The motion of the electrons in a strong electric field lead to the formation of Landau’s levels. Taking periodic boundary
conditions in the z direction, (having a Corbino geometry) we obtain a set of of Landau levels as follows. First choose a
convenient gauge ¥ (z,y) = e***¢(y) the Schrodinger equation become:

1 1

o (ke — eyB) + 0%~ | 6(y) (166)

Vet _ iks
¢($,y) € 2m Yy
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with the periodic boundary condition in the z direction we have k, = Q%nz with n, an integer. Defining now:

27h ZQB h
=""n,=-Ln,; BEi=-=09
Yn, Be Ty Lz Ty ZB e 0
we obtain
T 1
Hy (x,y) = =" - W= Un,)” + %85 — | o(y) (167)

hence the Landau levels with energy E = fiw.(npan + 1/2) are centered around y,, .
From the requirement 0 < y,, < L, we can find the degeneracy of each level:
L.L, L.,L,B &

0<n, < =,
% o3 dq

Denoting N the total number of particle we can define also the filling factor:

number of electrons N Qg flux quantum N®y N/(LxLy)®o ndg

degeneracy of LL. ~ ®/® - ®/N  flux per electron &  ®/(L,Ly) B '

For example for v = 2 we have exactly one flux quantum for two electrons, and the spin up and spin down levels of the
first Landau’s level (with ny., = 0) are filled. For v = 1/3 we have 3 quantum fluxes per electron.

Semiclassically, we expect that near the edge of the sample the parabola will be effectively narrower (as one side is blocked
by the infinite potential of the sample edge) so that the energies of the Landau levels are higher near the edge.

Similarly we expect that smooth disorder (smooth on the scale of {5) will tend to change the Landau level energies in the
bulk of the sample. It can be shown (we do not explain it in details here) that states with energy at the center of the
Landau level are delocalized through out the sample while those away from the center are localized. These qualitative
explanations are summarized in the Fig. 18.

>
y/1%

Figure 18: (a) Corbino geometry. (b) The np., = 0,1 Landau levels, in the presence of disorder the level is broaden, at
strong magnetic filed away from the Landau level center the state are localized. (Zeeman effect that split the level further
is not shown here). Near the edges of the sample we have extended states.

Having this rough picture in mind we can understand qualitatively the integer quantum Hall effect.

1. The first and most crucial observation of plateaus: As we increase the external magnetic field or decrease the electron
density by reducing the chemical potential the filling factor v crosses integer values. Since the states between the
Landau levels are localized and can not conduct we observe conduction plateaus.

The fractional case is much more delicate and goes beyond the scope of this course.
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2. Effect of disorder: An increase in the disorder will make the plateaus wider as more states between the Landau level
are localized and do not contribute to the conductance as we change the chemical potential.

Interestingly from the third experimental observation, i.e., the exponential temperature dependance of the resistances we
can conclude that there us a gap in the system. This will lead us later on the a set of conclusions.

1. In the classical limit we saw that due to the matrix structure of the resistance both the conductance and the resistance
are small compared to the off diagonal terms. °

Experimentally it is observed that both

Pza o To/T
h/e?

and we expect that also the conductance will have similar exponential dependance on the temperature.

As we know the dissipative conductance is related to the rate W of absorbing external electro-magnetic field W ~
JE ~ cE?. To calculate this rate we can use the standard Fermi golden rule:

W~y S hw|(FIH) (5 (g — e —w) 46 (ef — e +w)),

initial states final states

e—Ei/t

with H’ presenting the interaction of the electrons in our sample with the external EM field. ¢; the energy of the
initial state and €7 the energy of the final states. Since we are interested in the limit of w = 0 we have to require
€f ~ g;. If there is a gap in the system then the factor oc e~%/T will yield an exponential dependance in the
temperature.

12.4 Additional conclusions, based on the existence of a gap in the system

12.4.1 Edge states

Ozz =

E mmp
\ A A ’ 0“:02

S
S v

T T

Figure 19: (a) Semiclassically: in the bulk electrons move in circles and near the edge in skipping orbits. (b) When we
have a gap we find 0,, = 0, then on the boundary separating o, # 0 and 0., = 0 we must have an edge state.

Due to the exponential dependance on the temperature we expect that at zero temperature o,, ~ 0 so that the electrons
move perpendicularly both to the electric field and to the magnetic field. We saw that

V€2

Ogy = h 0z =0

9Notice that in thin sample the resistance is Rzy = pmem/(Lyd) so that for a square sample with L, = L, the resistance R is equal to
the resistivity p/d. Similarly the conductance G is equal to the conductivity o times the thickness d. We therefore usually do not distinguish
between conductivity and conductance (per square) or resistivity and resistance per square when discussing 2D systems.
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and since the current is perpendicular to both the magnetic and electric field, if we look at an edge parallel to the electric
field we have a current towards the edge. As we reach the edge, since charge can not be accumulated on the edge, we
must have a current parallel to the edge.

This can be explained semiclassically in terms of skipping orbits performed by electrons near the edge. As we already
so the motion of the electrons is perpendicular to both F and B the edge its self exert an electric field on the electrons
perpendicular to the edge so that electron will move along the edge.

12.4.2  Fractional charges (Laughlin)

o(t)

Figure 20: A change of the flux by ¢ does not change the spectrum but push charges from edge to edge.

Noting o4y = 1/% we will show now (following an argument by Laughlin) that there are fractional charges in the system.
To do so we will use to important concepts:

1. The adiabatic principle: Assume that the system has a gap E, for excitations above the (non degenerate) ground
state | (R(t))). When we change the parameters R(t) controlling the system at a slow rate I' such that E, > Al
then the system will follow the ground state |¥ (R(t))) (and will not be excited to a different state).

2. Gauge invariance: Byers and Yang (1961): showed using gauge invariance, that spectra of rings threaded by flux
are periodic in the flux with period of the flux quantum ¢g = h/e. The Byers and Yang theorem is valid also in the
presence of disorder and electron electron interaction.

Assuming we have a solenoid passing through the core of the system and we slowly (compared to the gap in the system)
increase the flux. This generates an electric field in the & direction. (See Fig. 20) As there is a constant magnetic filed

perpendicular to the sample a Hall current will flow perpendicular to B and E, which will cause electrons to flow outward
towards the edge.

From gauge invariance, after changing the flux by a flux quantum ¢y we must return to the original spectrum. Hence the
total charge the transferred between the edges is:

[0
AQ = /Iydt = /JQﬂ'rdt = awy/27r7‘Edt = ny/%dt = 05y AP

Using 6® = ¢y = h/e we obtain: AQ = y%% = e

i.e. a fractional charge was transferred from edge to edge.
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Figure 21: A change of the flux adiabatically move the Landau states. At ¢g each state is replacing its neighbor position.

12.4.3 Quantization of Hall conductance in the integer case

In the presence of the flux the boundary condition on k, after Eq. (166) are modified so that e+l = ¢?27®(1)/%0 wwhich
gives:
27 <I>(t)>
kx(t)=—|n+—]).
W=7 ( bo

Pictorially, the parabolas of the Landau levels are adiabatically moving in the y direction until for ®(¢) = ¢ each parabola
substitution the position of its neighbor. For the v = 1 case each state was filled exactly by 1 electron so that in this
process 1 electron was transected from edge to edge. So that we have:

0P
e=AQ = /Iydt = /J27r7°dt = Oy / 2rrEdt = 04y / Edt = 04y AP
hence for a change of one flux quantum
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12.4.4 Quantization of the Hall conductance and Chern numbers using Linear response

In this subsection we are following an argument by Thouless that lead to quantization of the Hall conductance. This
argument is very similar to Laughlin arguments mentioned above and also related to works by Berry (The Berry phase)
and Avron. It is based on a formalism that is called "The Linear Response" formalism.

the y direction, see Fig. 22
In the presence of electric field the Hamiltonian of Eq. (165) is modified by adding a term
0H =efx

where & is the applied electric field in the = direction. For & = 0 we must have

Jy = (T J, [To) = 0.

Here |Uy) is the many body ground state. We now assume that £ is small and calculate the change in the current using
perturbation theory.

The first order perturbation theory (in the operator e£%) for the ground state gives

i'()m
§|%o) :egz:ﬁ im) .
m£0 0 m
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(a)

(b)
Valtage Loop

Solenoid m\—q); Alenoid

Current Loop \w

L

Fig. 14. The Hall bar, with current and voltage leads, shown in (a) can be replaced by the
arrangement shown in (b), where the voltage is supplied by changing flux &y through one

loop, and the current is monitored by observing changes of the flux & ; through the other
loop.

Figure 22: This figure is taken from Thouless ]

Writing it in a slightly different and compact form, that will simplify the notation later we have:

) ‘\I/0> = 65

|‘1’0

e€
|‘I’0> = Z ﬁxmo

m##0
, where P is a projection operator that projects out the ground state and E = Ej.

Similarly we have for the bra part of the ground state:

P
6 (Wo| = e€ (Vy|z
(Wo| = €€ (ol i

Combining the expressions we find:

(W] Jy |¥) ((Wol +8 (ol) Jy (1Wo) + [ Wo))

P
£ v J v Wyl
€ << ol 33\ 0> < 0|93E

?ﬁjy|\1/0>) . (168)

In addition we have the relation



_Z’gjz W) = {Hx} |Wo) = (H — E) & [Vo) =

R h P
&) = = s e Vo). (169)

Substituting Eq. (169) (and a similar expression for the bra term.) in Eq. (168) we obtain

J, = —ih€ <x110 jy(}gjjﬁ)sz - jx(Ei;)Z’jy \1/0> . (170)

We can continue and express the current operators in a different form. Closing the two leads in each direction to form a
loop which allows to pass a flux through it, using the relation

oH

J = — 171
J=51 (171)

and defining @y as the flux through the loop in the plane perpendicular to § and ®; as the flux in the loop in the plane
perpendicular to & (see Fig. 22) we have

. 0H . 0H
Tody Y 0%y

Substituting in Eq. (170) we have:

UH(¢>V,<I>J)=m<\1/ OH P OH  OH P OH %>

10, (E*ﬁ)Q vy 0Dy (E7H>2 0% ;

We can further simplified the expression by noting that writing

OH
H=Hy+ —6®
o+ 9%y 1%
we have p oH
5| = 6By W)

giving

§|Wo) |6We\ P OH 1To)

50y |00y /) E—Hody ' °
and hence

. oWy [|0Pg o || 6%
og =ih | { — ||—=— — ).
0Py ||0D; 50, || 6@y
Since the result cannot depend on the flux we used to perturb the system and create an electric field (as long as there is
a gap in the spectrum), we can integrate over it and find:

8¢0 8¢0 6¢0 3%
O'H—Zh /dq)J/dq)V(<a(PV 8(I)J>—<aCI)J a(:[)v>>_h /dq)J/d(I)B

Due to the periodicity in ¢y = h/e (due to the gauge invariance) both in ®y and ®; the space of the fluxes forms a torus.

We can define a Berry curvature B and Berry connection A which obey

85



VxA=B

- 1 oA\ oY O O
A== — ||Pg )— — - .
2 <<a<1>J °> <¢° 6¢J> ’ <ac1>v Yo || 33,
Notice that A is in fact given by the gradient of the argument of the wave function indeed, if we write |¥o o, 0,) =

Voo, .0, ({i} = re, e, {zi}e®rov{®} with the set {x;} being the set of the location of all the particles we have
(suppressing the arguments in the middle terms):

i Im ((Uq] |09 ¥p)) = §i/dei Im (r'e"re™"" + in'r?e"e " + c.c.) = i/Hda:irzg—g = z% = zg—g

hence

v ( On On
A‘(a%’anbv)'

We now have to perform the integral. We use Stokes’ theorem to convert the integrals to ones over A.

/de:/VXAdU:§£AdS

Since the integral is on a torus we have to be a bit careful.

Figure 23: The integration contour for the calculation of the Chern number

We first integrate on loops of ®y at different values of ®;. This integral will give the flux through that slice.

0
?gA (@ +06Py)dD, — §I§A (@) dP, =n(R;+06P;) —n(Py) = 8%5‘?}
J
And now it remain to integrate on the loop of ®:

on_

8(I)Jd@J =n(2m) —n(0) =2mn
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The last equal sign is correct because 7 is a phase on a loop and mast return to its value mod 27 after the rotation so
that the wave function is unique.

Substituting in the expression for the conductance we find finally

62

O'H:ﬁn

with n defined as the Chern number, which we have shown is an integer.
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13 Introduction to Graphene (Tutorial)

This chapter should be taught at the beginning of the course. Discuss to convension of tight binding! discuss 1D model
to avoid double counting!

13.1 Tight binding models

We would like to analyze the general problem of non-interacting electrons in a periodic potential that results from a lattice
of ions. We note that the tight binding method is more general than what is presented here. If you would like to learn
more, the book by Ashcroft and Mermin has a very good chapter on this subject.

In first quantization, we write the corresponding Schrodinger equation as

(=5 7 # Vion () 0109 = B0, (1)

—

with Vi, (7) = > g Vi(F — R). Here, V;(7) is the contribution to the potential from a single ion located in the origin, and
the set of vectors R are the lattice vectors.

We start by approaching the problem from the limit where the ions are extremely far apart. In this limit, the single-particle
eigenstates will be those that correspond to the problem of an electron affected by a single ion:

<—2h1nv2 + Vz(ﬂ) Pn(7) = Engn (7). (173)

The solutions are bound to the corresponding ion, hence the name tight binding.

Once the spatial extent of the single ion wavefunctions becomes comparable to the lattice spacing, this stops being true,
and coupling between different sites must be taken into account. However, within the tight binding formalism, we write
the corrections to the above ideal picture in terms of the localized wavefunctions ¢,,.

The coupling between ¢, (7) and ¢, (7 — ﬁ) , which correspond to different ions introduces matrix elements of the form
(6n(7 = ) |H|6(7)) = —tn(R). (174)

Working in second quantization, we define an operator c], (R) that creates an electron in the state ¢, (7 — E) In terms of
these, we write the Hamiltonian in the quadratic form

H=— > to(R—R)c}(R)en(R). (175)
n,R,R/

13.2 Graphene
Graphene is a material made of a single atomic layer. This two dimensional system is made of Carbon atoms, arranged
in a honeycomb lattice, as depicted in figure 24a.

Remember that a honeycomb lattice is actually an hexagonal lattice with a basis of two ions in each unit cell. If a is the
distance between nearest neighbors, the primitive lattice vectors can be chosen to be

i =5 (3,V3),d =5 (3,-V3),
2 2
and the reciprocal-lattice vectors are spanned by

- 2 - 2

b =2 (1\/§) by =21 (1,7\/5) :
3a 3a

The first Brillouin zone is shown in figure 24b.

In this tutorial we want to calculate the spectrum of non-interacting electrons in this material. We restrict ourselves here
to the case of nearest-neighbor tunneling terms only. In the homework, you will extend this to slightly more complicated
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situations, and you will see that the important features of the spectrum remain the same as long as very large deviations
are not included.

We directly work in second quantization, and define the annihilation operators of an electron at the lowest orbital centered
around atoms A and B:

A(R), B(R).

These operators satisfy the anti-commutation relations
{A@. 1R} = {BE).BUR) | =55 5.
{A@R) ay}y = {B(R), BR)} = {ad), BUR)} = {aR), B (7)} =0

Notice that the nearest neighbor of an ion of type A is always an ion of type B (and vice versa). We therefore write the
tight binding Hamiltonian as

=—t Y ANB)B(R)+hc =—ty AN(R)B(R+5)+ h.c.
(R,R) R3S
The vectors 4, connecting the A atoms to their nearest neighbors are given by

5, = g (1\/5) 5y = g (1,—\/5) 3 =a(—1,0).

We want to diagonalize the Hamiltonian. Since we have a translation invariant system, it is a good idea to go to Fourier
space and write

L 1 s -
AR) = —= Y Ak)e*  B(R)=— > B(k)e* "
Like the operators in real space, the non-vanishing anti-commutation relations are

{AWB, AT} = {BGE), B} = o 5

and the rest are zero. Plugging this into the Hamiltonian, we now have

:ftZAT R+5)+hcff%ZZe"75 B(7F) AT (K)B(§) + h.c. =
73
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Using the fact that % Yoi eiﬁ'(qt’z) =4

. . AT
If we define (k) = (A(kz), B(k)) ,we can rewrite this as

H =3y (@)h(F)w (),

k

where the matrix h, called the Bloch Hamiltonian, takes the form

)
()

with f(E) =—t> eihd — ¢ (e*ikza + 2¢tk2a/2 o (L‘;ﬂ))

Since h is an Hermitian matrix, it is guaranteed that we can diagonalize it using some unitary matrix U, such that

oot =( S 0.
0 e_
Defining U = (cy, c_)T, we can write

H=>Y"c (k) (B)es (k) +e_(k)c! (k)e_(k),

k

with the non-vanishing anti-commutation relations
{eh ), e (@)} = { (B e- ()} = 0

Notice that we have two bands, one for each element of the unit cell, and the corresponding energy spectra are given by
€i(k‘).
We understand that in order to get the spectrum, we need to diagonalize the Bloch Hamiltonian A.

The corresponding eigenvalues are given by

€4+ ==+ ’f(E) = :I:t\/3 + 2cos (\/?;k;ya) + 4 cos (\/gkya/2> cos (3kza/2).

The spectrum is shown in Fig. 25a.

13.3 Emergent Dirac physics

Notice that the two bands touch at some points in the first Brillouin zone. Since Graphene has one accessible electron per
atom, we get by taking spin into account that the lower band is exactly filled. This means that if we would like to discuss
small excitations above the ground state, the excitations that will contribute are those near the crossing points.

To write the low energy theory, we would therefore like to identify these points. We get them from the condition f (E) =0.
The two real equations that result from this requirement are

a3\ _ (176)

) _— (177)

k
cos (kza) + 2 cos (kya/2) cos ( Y

2
(kya\/g

—sin (kya) + 2sin (kza/2) cos 5
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We can manipulate equation 177 such that it takes the form

sin (kza/2) <— cos (k;a> + cos (W)) = 0.

So we have two options: either sin (k;a/2) = 0 (which means that cos (kya/2) = 1), or cos (kga) = cos (kyaT\/g>

The first option gives us the points (0, + 33‘/%(1) plus any reciprocal lattice vector. The second option gives us :I:%—Z (17 L),

and ig—g (1, —%) (again, up to reciprocal lattice vectors).

Actually, all the points listed above sit in the corners of the first Brillouin zone. A simple inspection shows that the above
set of k-space vectors is not independent: the set of vectors (O dn ) 2n (1, fi) 2n (71, f%) can be connected by

’3v/3a )’ 3a V3)’ 3a
a reciprocal lattice vector. This is correct for the set (O, 733‘/’%&> , %—Z <71, %) , ?,,—Z (1, %) as well. To see this, we write

(o, 34\/;) by = :2?7; <1, \%) (178)

(0, 3‘5%@) —b = % (—1, _\}3) : (179)

The other equivalence relations result from taking linear combinations of the above equations. We choose one representative
vector from each set. These are conventionally called K and K':

. 2 1 - 2 1
K="—(1,—) K ==—1(1,—].
5w (078) K =5 (1-25)

Remember that the energy bands cross at these points, and the gap closes. Because of that, there are two branches of low
energy excitations - one of excitations with a given momentum close to K and another close to K’.

Therefore, if we would like to focus on the low energy physics, we expand the Hamiltonian around each of these points.
Expanding around K’, for example, we get

27i

+ (qy +1gz) -

= 3t
JR + @)~ =e
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This means that the Hamiltonian can be approximated as

3ta 0 e 5 (qy +iqa) )
h Kl‘i’ - T4 2mi Y v .
( ) 2 < e (gy —igy) 0

Upon changing the phases of A and B, which physically means changing the phases of the basis wavefunctions ¢,,, this
matrix can be brought to the form

WK+ §) = - d, (180)

where o is the vector of Pauli-matrices. This is just the 2D massless Dirac Hamiltonian, which describes free relativistic

electrons, where the speed of light has been replaced by vp = ?’Qt—;:

Remember that the Dirac Hamiltonian takes the form Hpjrqe = ¢, aip; + Bmc?, where the matrices o and 3 satisfy the
relations

g2 =1
{ai7aj} = 26@*.
The effective Hamiltonian in equation 180 takes exactly this form in 2D, if we identify «; = 0;, and m = 0.

The eigenvalues and eigenfunctions of this equation are
1 ) .
E = ihv , Ve = — eleq/2 ’ie—lgq/Q T.
Pl v = =5 )

Here, 4 is the angle of the planar vector ¢ with respect to the z-axis.

Note that the phase of the wavefunction changes by 7 as q winds around the origin, and completes a full winding as we
wind twice around the origin. The phase after a full cycle does not depend on the trajectory. We can view this phase as
a vortex, and the corresponding winding number as an integer which characterizes this Dirac cone. This is an example of
a topological property, as it is insensitive to small deviations.

You will see in the homework how this topological property, together with the symmetries of the problem, makes it difficult
to get rid of the Dirac cones. This means that the effective Dirac theory in our system is not an artifact of our nearest
neighbor approximation, and can actually be expected to be observed in experiments. Indeed, the Dirac spectrum has
been successfully measured (see Fig. 25b).

Note that a similar derivation would give us, h(K + q) = h*(K’ + ¢), and we get the same spectrum around K.

If we want to describe the full low energy theory, we have two independent Dirac modes, one around K and another

around K’. It’s therefore useful to work in a basis ¥ = (ARJrq, Bl?+¢i’ AI?Urq“’ BI?“rq“) , in terms of which the full low

h:vF( T i )

We have found emergent Dirac physics. The physical picture we have at large length scales (that is, small ¢’s) is completely
different from the physics at the microscopic level. We started from a problem of non-relativistic electrons, and got that
the low energy physics of the problem corresponds to that of relativistic fermions.

energy Hamiltonian takes the form

This is very exciting because now can use this fact to directly measure relativistic effects, and even some which have
never tested in any particle physics experiment. As an example of such a property, the Klein paradox, where a relativistic
electron, obeying the Dirac equation, is fully transmitted after hitting a very strong potential barrier, has been measured
in Graphene.
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14 Graphene — Quantum Hall effect without constant magnetic field

Figure 26: Haldane’s Hamiltonian of Graphene with next nearest neighbor interactions finite flux in the shaded triangles
and opposite flux in the complementary triangles

In this chapter we will show that a non zero Chern number leading to o, # 0 and to the presence of edge modes can
be obtained in a lattice. The basic idea is to take a magnetic field which is alternating within the unit cell such that on
average it is zero and the system still posses translational invariance. In such a case the Chern number can be formulated
as an integral over Berry curvature in the first Brillouin zone. As an example we will consider a Graphene sheet, which
has hexagonal lattice structure.

14.1 Tight-binding approximation for Graphene

Carbon has four valence electrons, two of which fill the 2s orbital and two in the 2p. The two p electrons form the covalent
bands that glue the carbon atoms to each other. Each atom in the hexagonal structure (Fig.26) shares 3 bonds with
it’s nearest neighbors such that over all there is one electron per atom which does not participate in the bonding (it is
anti-bonding). The repulsion of the existing bonding electrons pushes these free electrons away form the in-plane bonds
into the p, orbital state (pointing out of the plane).

Let us now turn to the lattice structure. The Bravais lattice is triangular with a basis containing a single additional site.
One possible choice is to define the triangular Bravais lattice points on the blue sites named A in Fig.26 and then the B
sites are the basis connected by one of the three lattice vectors to the Bravais lattice. The three lattice vectors are given

b
’ leg(\/3,—1)762:%(—\/3,—1),63:(1(0,1).

The nearest neighbor tight binding approximation is obtained by computing the energy shift of the p, states within
degenerate perturbation theory .
t = (p:; Rj|0H |p=; R; + 8a) (181)

where 6H are terms in the Hamiltonian that hybridize neighboring sites.! The resulting tight-binding Hamiltonian is
then given by

H=-t>» cle (182)
<ij>

where the <> brackets denote summation over nearest neighbors.

14.2 Band structure - Dirac dispersion in quasi momentum

The solution of the Hamiltonian (182) is obtained by dividing the lattice operators cg into to types belonging to the

two sublattice sites A and B, and then transforming to momentum space (c}A, C}B) = Tlﬁ Dok e kR (CLA, CL’B). The

10Tn the absence of any symmetry breaking term the only contribution to the hopping element ¢ comes from the off-diagonal (not on site)

2
elements of the electron-ion Coulomb interaction ¢ ~ [ d®r @5, (1) h’iiﬁ\ Op, (r —84).
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resulting Hamiltonian is given by

3 ik,
HY o, 0 T N () LS dk) o e (183)
(ck:A CkB) _tZS 1eik.5a 0 CkB k k
k =

k

where d(k) = (2cos Y35 cos Bs® 4 coskya, —2 cos Y320 gin ¥2% | gink,a) is a momentum dependent "magnetic field"

for the pseudo spinor CL = (cJ,rc AmikB) and s is the vector of Pauli matrices acting in the same basis. Note that the

Hamiltonian additionally two-fold degenerate due to real spin.
The dispersion which is simply the magnitude of the d-vector ey (k) = £|d(k)|, is plotted in Fig.26.

The most striking feature of this dispersion is the existence of two Dirac cones in each Brillouin zone, which are located

at the two K-points
27 (1 4
K="—|(-—%1),K = 1,0
3a <\/§ ) 3\/§a( )

Expanding the Hamiltonian around these two points yields the two Dirac cones

1 1
dk~K) - o~uv {2(5/@% +V30k,)o® + 5(\/??5@ — 6k,)o? (184)
dk ~K') o ~v[dk,o” — dkyoY] (185)
where dk is the vector relative to K or K’ and v = 3ta/2 is the velocity. Therefore, at low energy we can throw away the
non-linear parts of the band structure and keep only two degenerate Dirac cones belonging to two valleys K and K'.

Note that the sub-lattice degree of freedom can be treated as a pseudo-spin which winds around each Dirac cone like
a vortex according to the momentum dependent "magnetic field" d(k). In the K valley the pseudo-spin structure is
of an anti-vortex whereas the K one is a vortex. The vortex is a topological defect which is protected against smooth
perturbations to the momentum distribution. This allows us to classify the type of perturbations that can "gap out" the
Dirac cones (exercise).

14.3 The Haldane model

Following Haldane, PRL 61, 2015 (1988) we define a hopping Hamiltonian which includes next nearest neighbors interac-
tion:

H= tlZCjCj +to Z e~ mitcle; + MZ&CIQ‘ (186)
(ig) (@) g

with £; = the on site energy . In Graphene all ¢; are identical, since they are all carbon atoms, but in other examples,
like that of Boron Nitride where the A and B atoms are different the situation is modified. The gist of Haldane idea is
to study situations with an alternating magnetic field whose average is zero. For example a situation for which triangles
around the B atoms circling positive flux and the complementary triangles negative flux.

Formally, we can include the alternating magnetic field by adding phases to the second nearest neighbors hopping matrix
elements. For example we can choose v;; in Eq. (186) to be:

vij = sign (3; x &)
where §;,d; are the vectors between sites ¢ and j and the site between them. This ensures that a loop of 3 sites which

contains a site gives a positive sign for v while one that doesn’t gives a negative sign. Any other choice of phases consistent
with that condition is possible.

In Fourier space, choosing €4 = 1,65 = —1 for the two sublattices we have:

H =" clh(k)cpwith h(k) = (k)T + d; (k) - o; (187)
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e(k) = 2tg cos qbz cos (k- 6;)

d1 = tlz COS (k . (Sl) 5 d2 = tlz sin (k‘ . 61) N d3 =M — 2t2 Sin¢ (Z sin (]{3 61))
where 61 = 69 — 03,02 = 03 — 01,03 = 01 — o are the vectors connecting the next nearest neighbors.

Few symmetry properties of the Hamiltonian are noticeable. To study them let us first analyze the consequences that
time-reversal has for Bloch Hamiltonians.

Time reversal symmetry
For spinless particles, T' leaves the on-site creation operators unchanged, (unlike the case for spinful particles). We have:

Te; T ' =¢;

where we can add any orbital indices to the creation operators as long as the index is not spin.
Using these rules we then have in the Fourier space:

1 : 1 A
TCjT71 — ﬁ Z eflkRjTCkal — ﬁ Zef’kachkal
k k

In the above, the Fourier exponent was complex conjugated because of the action of the T" operator on complex ¢ numbers
is to complex conjugate them. Hence the action of the time-reversal operator on the annihilation operator of an electron
at momentum k just flips the sign of the momentum. In order to fulfill the condition T'c;T~! = ¢; we must have

Ter T =c_y

this forms the rules for time reversal transformation of spin less particles in the momentum space.
We are now ready to explore the condition for time reversal of a Bloch Hamiltonian h(k). By definition in clean systems

we have:
H= Zc;hi_jq = Zczh(k)ck
ij k
The time reversal operation will be then:

THT =3 el Th(k) T e = >l yhox (K)ey,
k k

we therefore conclude that THT ! will be identical to H, i.e. will be time reversal invariant when h x (k) = h(—k).
Coming back to Haldane’s Hamiltonian in Eq, (187) we note that for the special case of ¢ = 0, 7 time reversal symmetry
is preserved.

Indeed at this point we have

di(k)" = di(k) = di(—k).

hence time reversal symmetry is preserved at these values of the flux.
In addition h(k) unchanged also under the inversion symmetry I

I:0.h(—k)o, = h(k)

In the discussion of the conductivity using the fluxes we use Eq. (171) for the definition of current when the momentum
k is a good quantum number the current can also be defined as:

edH
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The integration over the periodic fluxes is than substituted by an integration over a full Brillouin zone and we can also
write the conductivity as

Tay = 7 / dkydky Fyq (k) (189)

Full Brillouin Zone

0A  0A
For= 50~ ok (190)
Aj=—i Y B I PN (191)
j ok |
Full bands

where « is a band index. The Chern number is then given by:

Ch = % / dkydkyFye (k) = (192)
FBZ

Generally when h(k) is a 2 X 2 matrix (as in Eq. (187)) its diagonalization gives:

Ey=c+d(k)=c+/d3+d3+d3

1/)_1( d3+d>¢—1< dgd)
T d(d+dy) \ di—idy )T 2d(d—ds) \ 1 —id>
hence:
. 1
Aij =1 <w—|akj |'(/J_> = —m (d28jd1 — dlajdg) (193)
1 A n .
Fij = §€abcdaaidbajdc (194)

14.4 Chern number in Haldane’s model and Obstruction of Stokes’ theorem
14.4.1 Obstruction of Stokes’ theorem

There is a nice topological interpretation for the integral of the k space. Due to the periodic boundary conditions the &
variables span a two dimensional torus 72. On the other hand the unit vector d(k, ky) is a point in the two dimensional
sphere S2.

The expression for the Chern number in Eq, (192) forms a mapping from the torus (k) space to the sphere (d) space. i.e.,
T? s S2.

It appears that the Berry curvature F' is simply the Jacobian of this transformation, indeed according to the result of
Eq. (194) we have:

d do ds

00 96
Fj=<| Opdi Oh,dy O, dy | =sind| %y % |
akydl aky d2 aky d3 aky k:y

in the last equation we used the standard spherical coordinate system

dy = sinf cos ¢, ds = sinfsin ¢, d3 = cos
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The expression for the Chern number is now:

Ch = = sin 0dfdo,
47 E]

but we have to determine the boundaries 0 of integration.

To do so we neglect the ¢ which will not change the eigen vectors then the Hamiltonian is:

. o - cosf  sinfe ®
h(k) = e(kk) + o - d(k) — ( sinfei®  — cosf )

and the lower energy solution is:

a — e~ gin @
oy = 1 ( ddd_ Z ) . ( e ,SGmZ )
2d (d + ds) 1t €os 3

which isn’t defined at § = 7 (it has multiple values depending on the value of ¢). On the other hand we can multiply it
by a phase and have

b = —sin g
H €' cos %

which isn’t defined at & = 0. Hence we can use each % only in the half sphere where it is well defined. We can then use
Stokes’ theorem to obtain that the integral over the sphere can be converted to two integrals over the respective Berry
connections of the two half spheres on the equator, giving:

1 1
E/cosemb: E/<AI_AII)CH

where A; =i (;|V|1;) is the Berry connection for the region where t; is defined.

We can easily calculate A; and A;; on the equator and and find

T, —e'
AI:2(61¢,1)3¢( ) ):1
and similarly

A[I =-1

giving

Ch:i/quﬁ:l
4

The conclusion of these procedure, known as the obstruction of stokes theorem, is the following: if the vector d of the
solution reaches both the north and the south poles of S? the Chern number is 1. If on the other hand d span only the
north hemisphere then we can do the whole integration with one of the wave function shrink the loop of integration to a
point and the Chern number is zero.
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14.4.2 Chern number in Haldane’s model

Coming back to Haldane’s model in Eq. (187) we find the following results

for ¢ =0, d3(k) = M = const so clearly as we change k we will not get into the south pole and the Chern number is zero.

-

A more careful analysis of the dependance of d(k) on k (we will discuss that in the next section) shows that it is sufficient
to discuss the behavior of d3 near the special points K and K’. At these points:

d3(K) = M — 3V/3tysin ¢, ds(K') = M + 3v/3tysin ¢

and we can use these values to see whether d reaches the south pole, which means we have non-zero Chern number. This
gives the phase diagram

M/ (3v/3t2)
 F

—1

Figure 27: The Chern number for Haldane model

14.4.3 Chern number near a Dirac point

Developing the Hamiltonian around K, K’ for the Haldane model in Eq. (187) we have:

H(k) = —3tacos(d)+ gtl (kpoy + kyoy) + <M T 3v/3ty sin ¢) o,

9 9
+ tacos (¢) (k2 +k7) + Z\/gsin oty (k2 + k) 02 (195)

where the F is for K, K’ respectively.
The linear part (divided by 3/2t, with the relation ((M F 3v/3tssin¢) /(3/2t2) = m4) gives

m4 km — iky _
(m+my s )_“m+%”+mﬂ3
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the Berry curvature near the massive Dirac point is given by

m

F _m
2 (k2 + 1712)3/2

Ty —

So that we can easily calculate the Chern number:

Ch 2rkdk = =

1 m m3 O/o dy sign (m)
=5 42 (k2 +m2)3/2 (m2)3/2 (1 +y)3/2 B 2

0
The Chern number depends on the sign of m, and in the phase diagram the lines in fig 27represent the values of M and
¢ where m is 0 and changes sign across them.

Notice that the Chern number that we got from the the analysis of the massive Dirac point is half integer. We prove
however that it has to be a n integer. That occurs because we did not treat properly the other parts of the spectrum.
The contribution of the other parts of the spectrum that must convert the Chern number to be an integer is called "the
contribution of spectator fermions". The change of the mass, however, at the Dirac points give correctly the change of
the Chern number. it jumps by one when the mass change its sign.

In order to determine the contribution of the spectator fermions (that in principle could be positive or negative) we
examine the system in simple cases. In the so cold atomic limit when M — oo we expect that system will not conduct at
all, as there is a large gap and the electrons are localized on the atomic level. Thus for large M we expect that Ch = 0.
The changes in the value of m gives the phase diagram of Fig. 27.

14.4.4 Explicit solution of edge mode in a massive Dirac spectrum
We show that a massive Dirac spectrum may have a Chern number that is not zero. From our studies of the Hall effect

we expect that when the Chern number is not zero the system will have edge modes. Unlike the Hall effect the simple
interpretation in terms of skipping orbits on the edges does not exist here.

In this subsection we will construct an explicit solution of the edge modes: In order to do so we assume that we have a
semi infinite system for positive x and write H as:

examine Eq. (195) we find

H, = (C’ — Dki) + (m — Bkzi) o, + Ak,o,

H, = —Dk, — Bk)o. + Akyo,.

We want to solve this Hamiltonian on the edge of the model. We notice that the Dirac cone have a symmetry under
rotations around the x axis which allows us to set initially

ky =0, H, =0

to assume that there is a solution at &Z = 0 and then treat H, perturbatively. Then the Hamiltonian is:

—iAd, C+Dd>—m—Bo? )70~
We use an ansatz
o = ae™”



with @ being a two component vector. This yields

(m + B)\Q) 0,0 = —i0,aGAN,
multiplying by io, we find
(m + BX?) o,a = GAM.
The eigenvalues of o, are
1 ( oim/4 ) N
ar = — . , Oyt = a4.
+ \/é :Fefwr/4 yd+ +
Setting these in the equation we find
(m + B)\2) a+ = *ANa+.

We have 2 quadratic equations with 4 solutions. 2 of them are

Ao = % (A +/A2 - 4MB)

(for the other two take A — —A) thus the eigenvectors are

Yo = (ae™” +be*") ay + (ce” M + de” ") a_

We impose a boundary condition ¥(0) = 0 = b = —a,d = —c. The normalizability condition of the wave function will
prevent v from exploding at infinity.

If Re (A1) > 0 and Re (A\2) < 0 or vice versa the normalization can’t be achieved without setting all coefficients to 0, hence
in this situation there is no solution.

However, if Re (A1) < 0 and
sign(Re(A1)) = sign(Re(Az2)),

which is satisfied if

VA2 —4MB < |A]

Then we have two options:
A/B <0= Re()\l,)\g) <0

A/B >0= R€(>\17>\2) >0
Giving solutions
Yo =a(eM” —e*T)ay, A/B < 0,Re(A, A2) < 0
,C (e_)‘lx — e_)‘zx) a_,A/B >0,Re(A1,A\2) >0
We found that we have a 1D edge state with a linear dispersion relation if we perturb around it in the y direction.

AE = ({o|Hyltho) — Ak,
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14.5 Topological insulators and Spin-orbit coupling, Kane and Mele Model (2005))

Given some magnetic field induced by movement in an electric field

zz_fxﬁ

We add a spin-orbit interaction (?sign)

1 he 1
Hsoz—gguB?ﬁim??Xﬁi

where the % factor comes from an exact development of this term from the Dirac equation. In the case of the atom with
a radial field with term will be proportional to o - L.

In matter SO coupling can be a significant effect due to the strong fields in the locality of ions, as opposed to freely
propagating fermions. We can write

1
Hoe L9 (Lo B+ (Lo E) 7
c dmc c \ 4mc

and identify Xso = 4—7’10? X ﬁ

The AB flux from a field passing through a ring of radius R is

)

Apg = ——
= 9rR

If we want an electric field which decays in the same manner we can generate it with a charged wire. This will affect
different spin states in the opposite direction.

Where can such electric field arise? It is natural to assume that there will be an abundance of positive charge around the
ions giving an effective negative charge between them

(drawing of graphene with charge distribution)
This effect can be introduced by adding the following term to the Hamiltonian

Y el (5 (d < ) e
tj

With cl;( j) are in-plane vectors connecting the next nearest neighbor 4, j through a common neighbor. Each band produces
two edge modes for the two spin states. These are protected from scattering off each other from time reversal symmetry
(there is no magnetic field in the problem). However, such states from different bands can scatter off each other which
usually destroys the conductance which can be produced by them.
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