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Genome (1D)

RNA Folding (2D)

Protein Folding (3D)

Input:

Real Goal:

Today:

From Wikipedia

NP-Hard
“Solved” by AlphaFold



“Maximum matching on a line”

Input: A sequence in {A,C,G,T} n.
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Matches: 
A - T 
C - G
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“Maximum matching on a line”

Input: A sequence in {A,C,G,T} n.
Output: Maximum number of non-crossing matches.

A C C G A A C T C C G G T A

Matches: 
A - T 
C - G

RNA Folding

In general: A sequence in .(Σ ∪ Σ′ )n

 there is a unique match .∀σ ∈ Σ : σ′ ∈ Σ′ 



List of RNA Folding Algorithms
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Input: A sequence in {A,C,G,T} n.
Output: Maximum number of non-crossing matches.
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Matches: 
A - T 
C - G
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i≤k<j

D[i, k] + D[k + 1,j]
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Input: A sequence in {A,C,G,T} n.
Output: Maximum number of non-crossing matches.

A C C G A A C T C C A C C G G T A

Matches: 
A - T 
C - G

RNA Folding is in P

D[i, j] = OPT(x[i, …, j]) =
max
i≤k<j

D[i, k] + D[k + 1,j]
max{(x[i] = = x[ j]′ ) +D[i + 1,j − 1]

                                                                                                                                    

Thm: RNA Folding is in  Tme.O(n3)
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QuadraTc Lower Bound?

x

y

Thm:  for RNA Folding refutes SETH.O(n2−ε)

Longest Common Subsequence (LCS) RNA Folding

∈ Σn

∈ Σn ∈ Σn ∈ (Σ′ )n
x (y′ )Rw =

OPTRNA(w) = LCS(x, y)



Higher Lower Bounds?
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Higher Lower Bounds?

gadgetgadgetgadgetgadgetgadget gadget

AZempt: Reduce from Triangle detecTon.

Ω(nω)?

A
B

C

A B C

… … …



Higher Lower Bounds?

gadgetgadgetgadgetgadgetgadget gadget

Want: Node gadgets such that:

Ω(nω)?

A
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… … …

OPT( ) > τ
iff

(a, b) ∈ E

a b
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Higher Lower Bounds?

ckbjai

Want: Node gadgets such that:

Ω(nω)?

A
B

C

A B C

… … …

a bOPT( ) > τ
iff

(a, b) ∈ E
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Higher Lower Bounds?
Want: Node gadgets such that:

Ω(nω)?

A
B
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a bOPT( ) > τ
iff

(a, b) ∈ E

OPT = 1 iff (a, b) ∈ E

Issue: Gadget size is … Total length is .Θ(n) Θ(n2)

How?
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a ∈ NA(b)List allJust write a

 NA(b) : a3, a7, a20, …



Higher Lower Bounds?
Want: Node gadgets such that:

Ω(nω)?

A
B

C

a bOPT( ) > τ
iff

(a, b) ∈ E

OPT = 1 iff (a, b) ∈ E

Issue: Gadget size is … Total length is .Θ(n) Θ(n2)

O(nω/2−ε) for RNA Folding, breaks the Triangle bound.Thm:

How?

a

a ∈ NA(b)List allJust write a

 NA(b) : a3, a7, a20, …



Higher Lower Bounds?
Want: Node gadgets such that:

Ω(nω)?

A
B

C

a bOPT( ) > τ
iff

(a, b) ∈ E

a  NA(b) : a3, a7, a20, …

a ∈ NA(b)List allJust write a

Want: Shorter node gadgets…

Issue: Impossible… need  bits to represent a graph!Ω(n2)



Is Triangle hard on “compressible” graphs?

A
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Can the edges be encoded 
with  bits?o(n2)



Is Triangle hard on “compressible” graphs?

A
B

C

Is OV hard on “compressible” inputs?

Can the edges be encoded 
with  bits?o(n2)



Is Triangle hard on “compressible” graphs?

k-Clique Conjecture: “yes”

A
B

C

αi

βj

γk

 nodes, 
 edges, 

But only  bits!

N = O(n2)
O(N2) = O(n4)

O(N) = O(n2)

6-Clique3-Clique
O(n2ω) Tme



Higher Lower Bounds?

ckbjai

Want: “Node” gadgets such that:

Ω(nω)?

A
B

C

A B C

… … …

α = a1, a2 β = b1, b2OPT( ) > τ
iff

(a1, b1), (a1, b2), (a2, b1), (a2, b2) ∈ E

αi αi βj βj γk γk

αi
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γk



Higher Lower Bounds?
Want: “Node” gadgets such that:

Ω(nω)?

α = a1, a2 β = b1, b2OPT( ) > τ
iff

(a1, b1), (a1, b2), (a2, b1), (a2, b2) ∈ E

a1 N(b1)a2 a1 a2 N(b1) N(b2) N(b2)

OPT = 4 iff (α, β) is a 2x2-biclique. 

A
B

C

αi

βj

γk



k-Clique Lower Bounds
Want: “Node” gadgets such that:

Ω(nω)

α = a1, a2 β = b1, b2OPT( ) > τ
iff
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Total length is .O(n2) ⋅ O(n) = O(n3)
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k-Clique Lower Bounds
Want: “Node” gadgets such that:

Ω(nω)

α = a1, a2 β = b1, b2OPT( ) > τ
iff

(a1, b1), (a1, b2), (a2, b1), (a2, b2) ∈ E

Total length is .O(n2) ⋅ O(n) = O(n3)
O(n2ω/3−ε) for RNA Folding, breaks the 6-Clique bound.Thm:

Start from 3k-Clique: total length is .O(nk+1)
O(n k

k + 1 ω−ε) for RNA Folding, breaks the 3k-Clique bound.Thm:

A
B

C

αi

βj

γk



Weighted k-Clique Conjecture: 
No  Hme alg for Min-Weight k-Clique.O(n(1−ε)⋅k)

k-Clique Conjecture(s)

Combinatorial k-Clique Conjecture: 
No  Hme alg for k-Clique, combinatorially.O(n(1−ε)⋅k)
Unweighted k-Clique Conjecture: 
No  Hme alg for k-Clique.O(n(ω/3−ε)⋅k)



k-Clique

Some Known Hardness for k-Clique: 

 refutes ETH. [Chen et al. 05]no(k)

  implies faster k-SUM. [A.- Lewi -Williams 14]O(nk/2−ε)

etc…

The canonical W[1]-complete problem.

Faster alg implies faster MAX-CUT. [Williams 04]

Longstanding Open QuesTons:  
• Faster,  for k-Clique?  
•  without matrix mult.? 
•  for Min-Weight-k-Clique?

O(n(ω/3−ε)⋅k)
O(n(1−ε)⋅k)
O(n(1−ε)⋅k)
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O(n3) Ω(n3−ε)Dynamic Programming (Combinatorial)
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RNA Folding
k-Clique lower bounds: Upper bounds: 

Ω(nω−ε)

O(n3) Ω(n3−ε)Dynamic Programming

[ABV FOCS ’15]
O(n2+ω/3)

(Combinatorial)

 via MM?O(n2.99)
[BGSV FOCS’16, CDX SODA’22]

CFG Parsing

Ω(nω−ε)

O(n3) Ω(n3−ε)CYK Parser (60’s)

O(nω)

(Combinatorial)

Valiant’s Parser (’75)

(Combinatorial)

(via MM)



[A. - Backurs - Vassilevska W FOCS’15]  
- CFG Parsing
- RNA Folding
- Dyck Language Edit Distance
[Backurs - Dikkala - Tzamos ICALP’16]  
- Max Weight Rectangle
[Backurs - Tzamos ICML’17]  
- Improving Viterbi’s Algorithm
[Bringmann - Gronlund - Larsen FOCS’17]  
- Word Break
[Bringmann - Gawrychowski - Mozes - Weimann SODA’18]  
- Tree Edit Distance
[Lincoln - Vassilevska W - Williams SODA’18]  
- Shortest Cycle in Sparse Graphs

Formal Languages.

Comp Geometry.

Pattern Matching.

Machine Learning.

Computational Biology.

Tight lower bounds under the k-Clique conjectures

Distance computations.



3SUM

k-SAT

Polygon Containment

3 points on a line

Radius

NegaTve Triangle

Median

APSP

…

Dynamic Max Matching

LisTng Triangles

Dynamic Planar APSP

Diameter

Dynamic reachability

Frechet

Edit-Distance

LCS
…

k-DominaTng-Set

Local Alignment

Stable Matching

…

Dynamic Max Matching

Stochastic 
CFG Parsing

Shortest Cycle

Min-k-Clique

Max Rectangle

Viterbi

Tree Edit Dist.

How are these conjectures related?

…

?
?

?
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…
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An easy connecTon

Shortest Cycle



3SUM

k-SAT

Polygon Containment

3 points on a line

LisTng Triangles

Diameter

Dynamic reachability

Frechet

Edit-Distance

LCS
…

k-DominaTng-Set

Local Alignment

Stable Matching

…

Dynamic Max Matching

Stochastic 
CFG Parsing

Dyck Edit Dist.

Min-kClique

Max Rectangle

Viterbi

Tree Edit Dist.

APSP Min-3Clique

Radius

NegaTve Triangle

Median
…

Dynamic Max Matching

Dynamic Planar APSP

?

Barrier: low complexity to high complexity

Shortest Cycle
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Polygon Containment

3 points on a line

LisTng Triangles

Diameter

Dynamic reachability

Frechet

Edit-Distance

LCS
…

k-DominaTng-Set

Local Alignment

Stable Matching

…

Dynamic Max Matching

Stochastic 
CFG Parsing

Shortest Cycle

Dyck Edit Dist.

Min-kClique

Max Rectangle

Viterbi

Tree Edit Dist.

APSP Min-3Clique

Radius

NegaTve Triangle

Median
…

Dynamic Max Matching

Dynamic Planar APSP

k-SAT

OV[d=neps]
???

[Carmosino - Gao - Impagliazzo - Mikhailin - Paturi - Schneider ’16] 
Barrier: No reducTon under NSETH!
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Polygon Containment

3 points on a line

LisTng Triangles

Diameter

Dynamic reachability

Frechet

Edit-Distance

LCS
…

k-DominaTng-Set

Local Alignment

Stable Matching

…

Dynamic Max Matching

Stochastic 
CFG Parsing

Dyck Edit Dist.

Min-kClique

Max Rectangle

Viterbi

Tree Edit Dist.

APSP Min-3Clique

Radius

NegaTve Triangle

Median
…

Dynamic Max Matching

Dynamic Planar APSP

k-SAT

OV[d=neps]

[A.-Bringmann-Dell-Nederlof ’18]  
Clique implies OV.

“weight removal” and other tricks

Shortest Cycle
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The source of all lower bounds in P?

?

Shortest Cycle


