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(and other similarity measures) (and “better” SETH)



S = cddcabbabcbaa

T = adbdbbcabacdd

Longest Common Subsequence (LCS)

Input: two sequences of length n

Output: the length of the longest common subsequence



S = cddcabbabcbaa

T = adbdbbcabacddT = adbdbbcabacdd

S = cddcabbabcbaa

Longest Common Subsequence (LCS)

Input: two sequences of length n

Output: the length of the longest common subsequence



S = cddcabbabcbaa

T = adbdbbcabacddT = adbdbbcabacdd

S = cddcabbabcbaa

Classic Dynamic Programming: O(n2)

M [i, j] = max

8
><

>:

M [i� 1, j � 1] + (S[i] == T [j]),

M [i� 1, j],

M [i, j � 1]

Longest Common Subsequence (LCS)

Input: two sequences of length n

Output: the length of the longest common subsequence

[Wagner-Fisher ’74] 



S = cddcabbabcbaa

T = adbdbbcabacddT = adbdbbcabacdd

S = cddcabbabcbaa

Classic Dynamic Programming: O(n2)

M [i, j] = max

8
><

>:

M [i� 1, j � 1] + (S[i] == T [j]),

M [i� 1, j],

M [i, j � 1]

Longest Common Subsequence (LCS)

Input: two sequences of length n

Output: the length of the longest common subsequence

[Masek - Paterson ’80] 


O ( n2

log n )

[Wagner-Fisher ’74] 



S = cddcabbabcbaa

T = adbdbbcabacddT = adbdbbcabacdd

S = cddcabbabcbaa

Classic Dynamic Programming: O(n2)

M [i, j] = max

8
><

>:

M [i� 1, j � 1] + (S[i] == T [j]),

M [i� 1, j],

M [i, j � 1]

Longest Common Subsequence (LCS)

Can we do better?

Input: two sequences of length n

Output: the length of the longest common subsequence

[Masek - Paterson ’80] 


O ( n2

log n )

[Wagner-Fisher ’74] 



How similar are two sequences?
The following popular similarity measures can be computed in  time 
with dynamic programming:

O(n2)

And cannot be computed in  time assuming SETH.O(n1.99)

• LCS

• Edit-Distance

• Local Alignment (BLAST)

• Frechet

• Dynamic Time Warping
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A celebrated result!
 [Backurs-Indyk STOC’15]:


“   for Edit Distance refutes SETH”∀ε > 0 : O(n2−ε)
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Reduction Plan:
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LCS(xA, yB) > τ?
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b
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OV: Given , = =n,
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where  is a fixed value.βd := 3d2 − d − 2
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Proof:
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Step 2: Outer-OR Gadget

a VGA(a) xA

b VGB(b) yB

vectors vector gadgets final strings



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ
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Attempts:

VG(a1) VG(an)⋯4 4

VG(b1) VG(bn)⋯4 4

xA

xA

yB

yB

VG(a1) VG(an)⋯4 44

⋯ may gain by matching 
one gadget to two  



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 1: ∃a, b : ⟨a, b⟩ = 0 ⟹ LCS(xA, yB) ≥ τ



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 1: ∃a, b : ⟨a, b⟩ = 0 ⟹ LCS(xA, yB) ≥ τ

All 4’s in x get matched:                  +(2n − 1) ⋅ γ



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 1: ∃a, b : ⟨a, b⟩ = 0 ⟹ LCS(xA, yB) ≥ τ

All 4’s in x get matched:                  +(2n − 1) ⋅ γ
All VG(b) gadgets get matched:         at least one of them gives +2+n ⋅ β



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2

Contribution from 4’s:           

       ≤ (2n − 1) ⋅ γ



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2

Contribution from 4’s:           

       ≤ (2n − 1) ⋅ γ

Contribution of each :           VGB(b)



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2

Contribution from 4’s:           

       ≤ (2n − 1) ⋅ γ

Contribution of each :           VGB(b)
= 0
unmatched



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2

Contribution from 4’s:           

       ≤ (2n − 1) ⋅ γ

Contribution of each :           VGB(b)
= 0
unmatched

≤ βd
matched to one VGA(a)



Step 2: Outer-OR Gadget

∃a ∈ A, b ∈ B : ⟨a, b⟩ = 0 LCS(xA, yB) ≥ τ

∀a ∈ A, b ∈ B : ⟨a, b⟩ ≠ 0 LCS(xA, yB) < τ
⟹
⟹

(Large LCS)
(Small LCS)

Thm: Given  can construct  ,  


and an integer , in  time s.t.

A, B ⊆ {0,1}d xA yB ∈ {0,1,2,3,4}O(nd2)

τ O(nd2)

Proof:

VG(a1) VG(an)⋯

VG(b1) VG(bn)⋯

xA

xA

yB

yB

VG(a1) VG(an)⋯

(4γ)n (4γ)n4γ 4γ

4γ 4γ 4γ 4γ 4γ

Set: , and . γ := 6d2 − d − 2 = |VGB(b) | τ := (2n − 1) ⋅ γ + nβd + 2

Claim 2: ∀a, b : ⟨a, b⟩ ≠ 0 ⟹ LCS(xA, yB) ≤ τ − 2

Contribution from 4’s:           

       ≤ (2n − 1) ⋅ γ

Contribution of each :           VGB(b)
= 0
unmatched

≤ βd
matched to one VGA(a)

≤ |VGB(b) | − γ = 0
matched to >1 VGA(a)







Next: How Strong is SETH?


