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1. Introduction

Let X1, ..., X, be n ii.d. samples from a p-dimensional random variable X. The p x p covariance matrix X of X is a
central quantity of interest in multiple applications [5,57]. In the classical regime with n > p, if the random variable X is
not heavily tailed and there are no outliers, the empirical covariance matrix yields a relatively accurate estimator for X.

To deal with heavy tails and potential outliers, several robust estimators were proposed and studied theoretically. Two
popular procedures, applicable when p < n, include Maronna’s and Tyler’s M-estimators [50,72]. Regularized variants,
applicable also when p > n, were also proposed and studied [1,22,59,61]. These estimators have found use in multiple
applications, ranging from signal processing and radar detection to finance, see for example [24,59,61]. We remark that
in addition to the above, many other robust covariance estimators have been proposed and analyzed, see for example
[19,21,28,30,37,39,51,54,55,76] and references therein.

In this work we study the properties of Tyler's and Maronna’s M-estimators under several families of multivariate
distributions. Our analysis is non-asymptotic and generalizes previous results, which were either asymptotic or limited
to elliptical distributions. Before presenting our results, we first briefly describe these estimators and related prior work.
For simplicity, we describe the estimators assuming X has zero mean, and discuss how to relax this assumption later on.
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Maronna’s M-estimator (ME). One of the first proposals for a robust covariance estimator, introduced by Maronna [50], is
defined as follows. Let u : [0, o0) — (0, c0) be a function that is strictly positive, non-increasing, continuous, and such
that the accompanying function ¢(x) = xu(x) is non-decreasing and bounded. Then, for n > p, Maronna’s M-estimator (if
exists) is a solution to the non-linear matrix equation

. 1 1 1ol
SMar = ~ > wMaryx™  pMar—y <px EMarx’> : (1)
i=1

Maronna [50] proved that under certain deterministic conditions on the samples, (1) has a unique solution. Couillet
et al. [25] considered a high dimensional asymptotic framework, wherein n,p — oo with their ratio converging to a
constant. Assuming that X has i.i.d. entries with sufficiently many finite moments, and that ¢, = sup, ¢(x) > 1, they
proved that (1) has a unique solution with probability tending to one.

Maronna’s regularized M-estimator (MRE). For p > n, Ollila and Tyler [59] proposed the following generalization of
Maronna’s M-estimator: For regularization parameter o > 0,

3 __ 1 wMRE @ MRE _ (1 1¢-1
2MRE = Tran s XX, + T[pxps wit =l X, SyReX ) - (2)
As proven in [59, Theorem 1], for any Xy, ..., X, and «, (2) has a unique solution.

Tyler's M-estimator (TE). Introduced by Tyler in [72], TE is defined as the solution (if exists) of

~ 1 n Ty] T Ty] 1 -1 ~
ETyl = - Z w; T XX, w; <px ETylx‘> , Tr(ETyl) =p. (3)
i=1

While Tyler’s estimator may seem like a special case of Maronna’s with u(x) = 1/x, this is not so since u(-) is singular at
x = 0. For n > p, Kent and Tyler [41, Theorems 1 and 2] proved existence and uniqueness of TE under the condition that
any linear subspace of R? of dimension 1 < d < p — 1 contains less than nd/p samples. For i.i.d. samples from a random
vector X with a proper density in RP, this condition is satisfied with probability one.

Tyler’s regularized M-estimator (TRE). Similarly to ME, Tyler’s M-estimator does not exist for p > n. In recent years, several
regularized variants were proposed [1,22,59,61,70]. We focus on the estimator proposed in [61]. Given a regularization
parameter « > 0, it is defined by

11 TRE TRE _ -
1 Tan w; + Tlpxp, w; px ETREXI . (4)

2TRE =

By [59, Theorem 2], when a > p — 1, (4) always admits a unique solution. When o < p — 1, [59, Theorem 3] gave a
deterministic sufficient and almost necessary condition for existence and uniqueness; for Xy, ..., X, in general position,
the condition holds for ¢ > max {O, % — 1}. When X has a density, this condition appeared earlier in [61].

Prior work. Maronna’s and Tyler's M-estimators and their variants, have been studied extensively, with a particular focus
under elliptical distributions; see [1,6,22-26,33,41,56,58-61,68,75,76,78]. The present paper extends several works that
studied these estimators in a high-dimensional regime, where the number of samples n and the dimension p are both
large and comparable. Couillet et al. [25] studied the asymptotic behavior of ME in the joint limit p, n — oo with their
ratio tending to a constant. Assuming that X has independent entries with zero mean, unit variance and sufficiently many
finite moments, they proved that after a suitable scaling, ME converges asymptotically in spectral norm to the sample
covariance matrix. In [26], this analysis was extended to X having an elliptical distribution with a general scatter matrix. A
similar asymptotic analysis for MRE appeared in [6]. Two variants of TRE were studied in [24], assuming X has an elliptical
distribution. A key result of their analysis is that asymptotically, these M-estimators behave similarly to regularized sample
covariance matrices with Gaussian measurements. Zhang et al. [78], studied TE assuming X is Gaussian distributed with
identity covariance. They showed that as n, p — oo, the limiting the spectral distribution of a properly scaled TE is a
Marc¢enko-Pastur law. Moreover, similar to our own results in the present paper, they proved a non-asymptotic deviation
bound for the weights (3), showing that they are concentrated around some particular value. Relying on their results, [33]
extended the analysis to cover TRE, assuming X is elliptically distributed. We remark that the proofs in [33,78] rely on
properties specific to the Gaussian and elliptical distributions, and do not extend easily to other distributions.

Another recent work is [47], which derived nonasymptotic concentration results for the Stieltjes transform of the
spectral distribution of certain regularized M-estimators. In the context of this work, they derived results only for
the regularized variants of Maronna’s M-estimator. Their results apply under rather broad distributional assumptions,
requiring only a concentration of measure property; see also their related papers [46,48]. In contrast, our analysis of Tyler’s
M-estimators and the unregularized Maronna’s M-estimator requires an additional anti-concentration property (the small
ball property) for the random vector X. It is an interesting question whether it is possible to derive similar results without
the SBP assumption.
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Our contributions. As mentioned above, most of the literature on Maronna’s and Tyler's M-estimators has focused on
asymptotic results, establishing convergence as n,p — oo without specifying rates. Other works, that derived non-
asymptotic finite-n bounds, mostly considered Gaussian or elliptical distributions. This paper extends and generalizes
these works in several directions. We present a non-asymptotic analysis of both Tyler’s and Marrona’s M-estimators, and
their regularized variants, under three broad families of multivariate data distributions: (1) independent sub-Gaussian
entries, up to a linear transformation; (2) log-concave distributions; (3) distributions satisfying a convex concentration
property (CCP). Our main results are given in terms of non-asymptotic concentration bounds for the weights of the
M-estimators (1)-(4) around some particular deterministic value. They imply that for these three families of distributions,
Maronna’s and Tyler’s M-estimators behave similarly to a rescaled sample covariance matrix. In Section 4 we illustrate
the utility of these results for two concrete examples of practical interest: sparse covariance and sparse precision matrix
estimation.

2. Main results

Let X1, ..., X; € R? be n samples of the form
xi = %,"%y, (5)
where X, is a strictly positive p-by-p matrix, and yi, ..., ¥y, € R? are n i.i.d. realizations of a zero mean isotropic random
vector Y, namely
E[Y]=0, E[YY']=I,. (6)
We assume that Y = (Yq,..., Yp)T is a continuous random vector, and satisfies one of the following distributional

assumptions, with the precise definitions deferred to Section 3:
1. [SG-IND]: The coordinates of Y are independent, sub-Gaussian (Definition 1) and have a bounded density. The
constant K > 0 denotes a uniform bound on sub-Gaussian constants, and C; > 0 a bound on the densities.
2. [CCP-SBP]: Y satisfies the convex concentration property (CCP) with constant K > 0 and also the small-ball property
(SBP) with constant Cy > 0 (Definition 3).
3. [LC]: Y has a log-concave distribution (Definition 4).

Remark 1. While the assumption that X has zero mean may not hold in practice, it has been used extensively in
previous studies of Tyler's and Maronna’s M-estimators, cf. [6,25,33,78]. In Section 6 we discuss how this restriction may
be removed for some of our results.

Remark 2. We emphasize that the three families of distributions considered above are all distinct in the sense that neither
one is contained in another. In particular, it is known that an i.i.d. sub-Gaussian vector does not necessarily satisfy the CCP,
see for example [34,36]. Furthermore, below (after the statement of Theorem 2) we mention examples of two distributions
that satisfy one of [CCP-SBP], [LC] but not the other.

We consider Maronna’s and Tyler’s M-estimators EMar and ﬁ‘Tylv as well as their regularized variants LAVMRE and

QVTRE, all computed from X, ..., X,. The latter two estimators depend on the regularization parameter « > 0, which we
omit to simplify notation. We study the nonasymptotic properties of these estimators in the high-dimensional regime,
where the number of samples n and the dimension p are both large and comparable. Their ratio is denoted by

y=§e(o,oo). (7)

Similarly to [33,78], while our results are nonasymptotic in n (in the form of finite-n deviation bounds), they involve
constants that may depend on y, often in a complicated manner that we do not keep track of explicitly.

2.1. Concentration for the weights of Maronna’s and Tyler’s estimators

Our first two results show concentration for the weights of Maronna’s and Tyler's M-estimators for y = p/n < 1,
hence n — p = £2(p). Below, ¥, denotes (up to a universal constant) the Cheeger constant of the family of p-dimensional
log-concave distributions; it is known that ¥, > 1/polylog(p) and conjectured that ¥, = ®(1); see Section 3, (19).

We start with Maronna’s estimator. For ¢ > 0, let &yz(e) be the event that (1) has a unique solution whose weights
satisfy

max wlMar—l/qb_l(l) <e. (8)

1<i<n

Theorem 1 (The Weights of Maronna’s Estimator). Assume y < 1, and that the functions u(x), ¢(x) = xu(x) of Maronna’s
M-estimator further satisfy:
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(a) Do = limy o0 ¢(X) > 1

(b) There is a unique dy such that ¢(dy) = 1, namely, ¢ is strictly increasing at ¢~1(1). Moreover, the inverse map ¢~
locally Lipschitz at 1.

(c) u(-) is locally Lipschitz at ¢~'(1).

Then, there are constants c, C, &g > 0 that depend on the distribution of Y and on y, such that for any ¢ < &, the following
holds.

(i) Assume that Y satisfies [LC]. Then Pr(Eye(e)) < Cn2e=c(¥ovke, ,
(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then Pr(&ye(e)°) < Cn?e~"e",

Remark 3. When saying that a constant C depends on the distribution of Y, we mean that it may depend on the
parameters K, Co > 0 above, whenever Y is distributed according to [SG-IND] or [CCP-SBP]. Specifically, in the bound
above in Theorem 1, the constants c, C can be taken to be monotonic in the parameters K, Cy. The reason is that as one
increases K and decreases Cy, the class of distributions considered ([SG-IND] or [LC]) becomes larger. However, we do not
keep track of this dependence explicitly.

It is interesting to compare Theorem 1 to the results of [25]. Assuming that the random vector Y has i.i.d. entries with
sufficiently many finite moments, they proved that asymptotically, as n, p — oo with their ratio tending to a constant,
almost surely maxj<j<p |w Mar 1/¢71(1)| — 0, see [25, Eq. (6)]. Our analysis extends theirs in two aspects: (i) It holds
also for random vectors Y that do not have independent entries, but instead satisfy certain multivariate concentration
properties; (ii) Our results are non-asymptotic, in the form of concentration inequalities for the weights.

Our next theorem regards Tyler's M-estimator. To this end, denote by 7, = 1TrX, the normalized trace of the
population covariance matrix. For any ¢ > 0, let &x(e) be the event that Tyler’s estimator (3) exists uniquely, with
weights that satisfy

max |1,

1<i<n

wTyl - 1’ <e. (9)

Theorem 2 (The Weights of Tyler’s Estimator). There are constants c, C, &g > 0, that depend on the distribution of Y and on
y < 1, such that for any ¢ < g¢ the following hold.

: 1/4
(i) Assume that Y satisfies [LC]. Then Pr (Ege(e)) < CnZe P minf e, n'/4}.

(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then Pr (€(g)°) < Cn?e

cmm{ns n1/2]

We remark that Zhang et al. [78] provided a proof of Theorem 2 in the specific case where Y ~ N0, I,,). They stated
a non-asymptotic bound for the weights: Pr (maxm-fn |lwi — 1] > 3) < Cne—<ne?, (Note that their definition of the weights
differs from ours by a constant factor, and therefore does not depend on t,.) This bound should be compared to Theorem 2
under Assumption [SG-IND]. Importantly, their proof contains a non-trivial gap, which we correct in the present paper.

Next, we illustrate Theorems 1 and 2 by the following numerical experiment. We generated i.i.d. samples according
to either of the following two distributions for Y:

1. Laplace: All coordinates Y; are i.i.d. Laplace, with density Lap(y) = exp (—+/2|y|). Hence, Y is isotropic,
log-concave, but not sub-Gaussian.
2. Permuted smoothed: Y = —L—A + {ae{x1pp : Y0 a=0}

1+172 “+o
Z ~ N(0,I,xp) and o = 0.01 is the smoothing level. The entries of A are clearly dependent; nonetheless, by a

classical result of Maurey [52], it can be shown to satisfy the CCP. Consequently, Y satisfies the CCP and SBP.
We compute Tyler’s and Maronna’s M-estimators from n = 2p samples, for the latter using u(x) = 2/(1 + x). Fig. 1
shows the deviation of the corresponding weights from their limiting value w* = 1. We present on a log-log scale both

the £, deviation max;<j<n |W; — w*|, and the root mean squared error (RMSE) ,/ Z! (W — w*)2, as a function of the
dimension p. The slope of either line is approx1mately =, consistent with Theorems 1 and 2.

Remark 4. Observe that in Theorem 1, the weights of Maronna’s estimator do not depend on the population covariance
Xp. This is because the weights are preserved under an arbitrary linear full-rank transformation of the data. Let Xy, ..., X,
and consider the transformed measurements X; = Ax;, where A € RP*P is full-rank. Denote the corresponding Marrona’s
estimators (1) by & = Iy wixx| and > = 13 Wik . One may verify that ¥ = ASAT, hence w; = w;; setting
A=2%, 12 we deduce that the weights wlMar do not depend on the covariance matrix of X.

In contrast, consistent with Theorem 2, the weights of Tyler’s estimator do depend on X,,. The reason is that while the
linearly transformed estimator ASAT does solve the unconstrained (3), corresponding to the transformed measurements
(similarly to Maronna’s estimator), one needs to rescale the weights due to the constraint Tr(X) = p

4
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Fig. 1. The empirical deviation of the weights, plotted in log-log scale. Each point on the graph corresponds to the average of 50 random repetitions.

2.2. Regularized estimators

We next consider the regularized variants of Maronna’s and Tyler's M-estimators. As mentioned in Section 1, MRE
exists uniquely for all y, @ > 0, whereas for any y > 0, TRE is only guaranteed to exist uniquely when o = a(y) > 0 is
sufficiently large.

The regularization term ﬁ pxp iN (2) and (4) shrinks the solution towards the identity matrix. As a result, the weights
of MRE and TRE, and our deviation bounds for them, depend on the underlying population matrix X,. Accordingly,
throughout this section we operate under the following additional constraints on X, so to ensure that it has the same
scale as the identity matrix. Specifically, for constants sp.x > t > 0, we assume:

e Bounded operator norm:
”Ep” =< Smax - (10)

e Lower bound on total energy:
1
p=-TrZ, > 1. (11)
p

Towards stating our results, given a function ¢(x), we define the following two functions Q,F : R, — R.:

n—1

-1
1
Q(d) = EIETrZ‘p ((b(d)inxiT +adlpxp> , Fd)=(1+4a)

i=1

Q(d)
1+ y¢(d)Q(d)

As we shall see below, the functions Q and F play a decisive role in determining the weights of MRE and TRE. A key
quantity is the solution d* > 0 to the following “master equation”:

F(d)=1. (13)

(12)

Later, we show that if u(-) is non-increasing and ¢(x) = xu(x) is non-decreasing, then (13) admits a unique solution.
The theorem below regards Maronna’s regularized M-estimator. For ¢ > 0, let Eyre(e) be the event that MRE exists
uniquely with weights that satisfy
max |wMRE _ g% < ¢. (14)

¢ i
1<i<n

Theorem 3 (The Weights of MRE). Let « > 0 and u be a Lipschitz continuous on any compact sub-interval of [0, co). Then
(13) has a unique solution which satisfies d* € [d, d], where the constants 0 < d < d depend on the distribution of Y, y, «,
Smax and t.

Furthermore, there are constants c, C, &g > 0, that depend on the distribution of Y, y, «, Smax and t, such that for all ¢ < &,

(i) Assume that Y satisfies [LC]. Then Pr(Syre(e)°) < CnZe(¥pve, ,
(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then Pr(Eyge(e)°) < Cn?e~c"",

We note that the weights of MRE were previously studied in [6], assuming Y has i.i.d. entries. They proved that
asymptotically, as n, p — oo at a fixed ratio p/n = y, one has max<j<, ||wl.MRE — u(d*)|| — 0 with probability 1.

Lastly, we consider Tyler’s regularized M-estimator (TRE). TRE is superficially a special case of MRE, corresponding to
u(x) = 1/x and ¢(x) = 1; a crucial difference, however, is that u(-) is singular at x = 0. Accordingly, to carry out our

5
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analysis, we require an additional constraint on X,: there exists a constant r > 0 such that

1
-Trx, ' <. (15)
p

For ¢ > 0, let &ge(e) be the event that TRE exists uniquely, and that furthermore its weights satisfy
1max|w1TR]':—1/d*| <e. (16)
<i<n

Theorem 4 (The Weights of TRE). Let u(x) = 1/x, ¢(x) = 1 and o > max{0, y — 1}. Then (13) has a unique solution which
satisfies d* € [d, d], where the constants 0 < d < d depend on the distribution of Y, y, o, Smax, T and t.

Furthermore, there are constant c, C, &g > 0, that depend on the distribution of Y, y, &, Smax, T and t, such that for all
& < &,

(i) Assume that Y satisfies [LC]. Then Pr(Ege(e)°) < Cn?e~<(¥pvie,
(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then Pr(&Empp(e)") < Cn?e—cne’,

For the special case where X follows a Gaussian or an elliptical distribution, similar non-asymptotic concentration
bounds for the weights of TRE were provided in [33]. Lastly, we remark that as noted in [33], the dependence on t can
be removed when « is sufficiently large, i.e @ > Csyax Where C is a suitable constant (see Remark 5 in the appendix for
further details).

Paper outline. The rest of the manuscript is organized as follows. In Section 3 we provide definitions and technical
background related to the distributional assumptions from Section 2. In Section 4 we describe some applications of our
results to robust covariance and precision matrix estimation. Section 5 is devoted to the proofs of Theorems 1-4, with
some technical details deferred to the Appendix. Finally, we offer some concluding remarks in Section 6.

3. Preliminaries and technical background

We provide a brief background and definitions for the distributions considered in Section 2. Recall that Y € RP is an
isotropic random vector. Throughout this text, || - | denotes the Euclidean norm in the suitable dimension p.

Definition 1. Y is a sub-Gaussian vector with constant K > 0 if for any |ju|| = 1,
Pr|u"Y —E[u'Y]| > t) <2exp[—(t/2K)] .

Sub-Gaussianity implies that linear functions of Y concentrate. For our analysis we shall also need concentration of
some sufficiently well-behaved non-linear functions. Following [3,53], we consider the following property:

Definition 2. Y satisfies the convex concentration property (CCP) with constant K > 0 if for every 1-Lipschitz convex
f : RP - R, the random variable f(Y) is sub-Gaussian with constant K:

Pr(If(Y) —EIf(Y)]l = t) < 2exp[—(t/2K)’] . (17)

The CCP was introduced by Talagrand [71], who proved that if Y has independent, uniformly bounded entries then it
satisfies the CCP. Subsequent works established weaker conditions under which the CCP holds, see [2,73] and references
therein. Another family of distributions satisfying the CCP, which has received attention in machine learning and statistics
(e.g., [9,13,62]), are the distributions satisfying a Log-Sobolev Inequality (such distributions in fact satisfy a stronger
Lipschitz concentration property: the function f(-) in Definition 2 does not need to be convex).

For parts of our analysis, we shall also need the following:

Definition 3. Y satisfies the small ball property (SBP) with constant C if for any ||u|| = 1 and a € R,
Pr(lu’"y —a| <t) <G, t>0. (18)

The SBP is an anti-concentration property: it states that the law of u'Y cannot put large mass around any particular
value a € R. For our purposes, the SBP will be especially important for bounding the smallest eigenvalue of the sample
covariance matrix, which is a key step in several of our proofs. Note that if the density of u"Y is bounded, then (18) holds
for some appropriate Cy. The following remarkable result, due to Rudelson and Vershynin, states that if Y has independent
entries, each with bounded density, then it satisfies the SBP [66, Theorem 1.2]:

6
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Lemma 1. LetY = (Yy,...,Y,)" have independent entries, with univariate densities all uniformly bounded by C. Then Y
satisfies the SBP with constant 2+/2C.

Log-concave distributions. We next consider the family of log-concave distributions on RP. This rich family has found
multiple applications, for example, in statistics [7], pure mathematics [ 14,69], computer science [ 10,49] and economics [4].
Particular members in this family include the Gaussian, exponential, uniform over convex bodies, logistic, Gamma, Laplace,
Weibull, Chi and Chi-Squared, Beta distributions and more.

Definition 4. Y is log-concave if it has a density py(y) = e="®) for V : RP — R U {co} convex.

It is known that log-concave random vectors are sub-exponential with a universal constant, see e.g., [ 14]. The following
is implied by a recent breakthrough result of Klartag and Lehec [42, Theorem 1.1]:

Lemma 2. There exists a universal c > 0 and some ¥, satisfying

(logp)™ < ¥, < 1 (19)
such that for every isotropic log-concave Y € RP and 1-Lipschitz function f(-),

Pr(If(Y) —EIf(V)]| = t) < exp [—c¥pt] . (20)

The quantity ¥, is (up to a universal constant) the Cheeger constant corresponding to the family of log-concave
distributions on RP. It is conjectured [38] that in fact ¥, = ©(1) (the KLS conjecture). For background on the KLS conjecture
and its consequences, see [20,45]. Lastly, [49, Lemma 5.5] implies the following:

Lemma 3. There is a universal 0 < Cy < 2 so that every isotropic log-concave Y satisfies the SBP with constant C.
4. Applications to robust sparse covariance and inverse covariance estimation

As mentioned in the introduction, robust estimation of the covariance and inverse covariance matrices, given possibly
heavy tailed data are important tasks in statistics. In high dimensional settings, these matrices are often assumed
to be sparse, allowing their estimation from a limited number of samples. A common model for multivariate heavy
tailed data, under which various estimators were derived and analyzed is to assume that the samples are elliptically
distributed [18,31,32,40]. Specifically, a random vector X follows an elliptical distribution with mean g and shape matrix
¥, € $%, if it has the form

X=p+23)%, (21)

where Y ~ Unif(SP~1), and z is a strictly positive random variable which is independent of Y (but otherwise arbitrary).
To make the model (21) identifiable, the scaling p*lTrEp = 1is assumed.

The authors of [33] considered the problem of shape matrix estimation under a sparsity constraint. They showed
that given (possibly heavy tailed) elliptical samples, a sparse X, may nonetheless be estimated at the same rate as if
one had sub-Gaussian samples with covariance X,. Their estimator is remarkably simple: compute Tyler's M-estimator
corresponding to the n samples, and then threshold its entries as proposed by [12].

In this section, building upon the theorems of Section 2, we show that the above approach yields accurate estimates
for heavy tailed distributions beyond the elliptical model (21). Specifically, the vector Y in (21) may be replaced by any
isotropic random vector satisfying the assumptions of Section 2. Furthermore, we show a similar result for estimating the
inverse shape matrix X~ 1 assuming it is sparse. For simplicity, we assume that X is zero mean with g = 0 whereas in
Section 6 we discuss how this restriction may be overcome.

4.1. Sparse shape matrix estimation

Observe that Tyler’s M-estimator, Eq. (3), is invariant to an arbitrary scaling of the samples. Consequently, Tyler’s

estimator computed from the elliptically-distributed samples X; = z,E;/ 2yi, call it ‘AVTylv is exactly the same as the
estimator computed from the rescaled samples x; = 2,}/ 2y,-. We emphasize that the rescaled vectors x4, ..., X, are not

Tyl

available to the estimator. Denote S = n~' )"  x;x, and ZA:Tyl =n"1>""  w; 7 xx/. For a matrix M, denote the norms,

IMllmax = max [Myl, IMllr = My
. y
We start with the following important lemma, which asserts that E‘Tyl is close to X, entrywise:

Lemma 4. Assume the setting of Theorem 2, recalling the normalization T, = 1. There is C > 0, that depends on the
distribution of Y and on vy, such that with probability 1 — o(1), the following holds.

7
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(i) Assume that Y satisfies [LC]. Then ||2Tyl — Zpllmax < Cl Sl 5 '°gp

(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then ||2Tyl — Xpllmax < Cl| Xyl l"%.

Proof. By the triangle inequality, ||ET 1 — Zpllmax < |ET 1 = Slimax + IS = Zpllmax- We bound the second term, by
Lemma 23 in the Appendix, which bounds the deviations of tﬁe entries of S about their expectation X, For the first term,

< max |wTyl —1]-|IS].
1<i<n

1, Tyl
EZ(wiy - l)xixiT

i=1

151y1 = Slimax <l 1y — Sl =

By Lemma 20 in the Appendix, ||S|| < [| X, with high probability, whereas maxi<i<x |wiTyl — 1| may be bounded by
Theorem 2. O

Following Bickel and Levina [12], consider the class of approximately sparse covariance matrices, q € [0, 1),
p
Uy(q, sq(p)) = { T €Sty © D ITl <selp), 1<i<py. (22)

Let 7; be the entry-wise hard-thresholding operator 7;(M); = Mj1 (M=t . The authors of [12] showed that to accurately
estimate a matrix X, € u,(q, sq(p)) with respect to operator norm, it suffices to construct a matrix A which is close to %
entrywise, and then threshold it. We cite the following form of their result, as stated in [33, Lemma 6]:

Lemma 5. Let X, € u,(q, sq(p)) and A such that |A — Xp|lmax < €. There is a threshold t = ci¢ so that for some ¢, = c2(q),
[176(A) = Zpll < casq(p)e .

Combining Lemmas 4 and 5 yields the following generalization of [33, Theorem 1], which proved a similar result under
the more restrictive assumption that Y has an elliptical distribution:

Corollary 1. There are ¢, C > 0, that may depend on the distribution of Y and on y, such that the following holds. For an
appropriately chosen threshold t, if X, € u,(q, sq(p)), then with probability 1 — o(1),

. . . - 2\ (1-0)12
(i) Assume that Y satisfies [LC]. Then || Z, — Te(Spyp)ll < Cso(p)I| Z, ' (%) .

(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then || X, — ﬁ(ﬁ‘Tyl)ll < Csq(p)II Zp 119 (10%)(1—!1)/2.
Under [SG-IND] and [CCP-SBP], the attained rate is minimax optimal in n, p [17].
4.2. Sparse inverse shape matrix estimation

We now consider the problem of estimating 21;’, assuming that it is sparse: 2;1 € uy(q, s¢(p)). Cai et al. proposed
the CLIME estimator [15], which solves a linear program of the form:

min |2[); subject to 1582 — lyxpllmax < 2, (23)
where A is a tuning parameter and Sisa proxy for X, ([15] proposes to use the data sample covariance matrix). Having
solved (23), a symmetrization step is applied to get the final estimator. [15, Theorem 6] states that if S is close entrywise
to X, then the estimator Q= .(2(5) is close in operator norm to z; 1

by solving (23) and applying symmetrization satisfies 12 — 2y < Cso(I 2, 1||1 ap1-a,

Lemma 6. Suppose that 2;1 € Up(q, Sq(p)) and S satisfies || X, — S||max <e Forany » > || X, 11|1&, the estimator obtained

Setting§ = ‘Aval in (23) and using Lemma 4, yields:

Corollary 2. There are c, C > 0, that may depend on the distribution of Y and on y, such that the following holds. For an
appropriately chosen A, if 21;1 € Uy(q, sq(p)), then with probability 1 — o(1),

AL (1-q)/2
(i) Assume that Y satisfies [LC]. Then || =, — 2(ZqDIl < Csq(p)II =, a9z, ( "’gp)z) )

(ii) Assume that Y satisfies either [SG-IND] or [CCP-SBP]. Then || ;' — 2( Syl < Cso(p)I| 55 71 5, (losp)(T=72,

Lastly, we remark that CLIME is known to have a sub-optimal rate for i.i.d. sub-Gaussian data. In [ 16], the minimax rate
is computed and a rate-optimal adaptive estimator ACLIME is proposed. While beyond the scope of the present paper,
we conjecture that a similar result, as Corollary 2, may be derived for ACLIME as well.

8
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5. Proofs

Recall that the input data consists of n samples x; = E; / zyi with y; isotropic. Denote by S (respectively T) the sample
covariance corresponding to the x;-s (resp. y;-s),

1 - T 1/2 1/2 1 - T
= H ZX,‘XI- = Ep/ TZp/ y T = E ZYin .
i=1 i=1

For 1 <j < n, denote by S_; (similarly T_;) the sample covariance of (n — 1) samples excluding x;,

S;=5- Z XX/

i=1,i#j

The following lemma, whose proof is deferred to the appendix, is key to the analysis of Maronna’s and Tyler’s
estimators.

Lemma 7. Assume y < 1. There are c, C, &g > 0, that depend on the distribution of Y and on y, so that for all ¢ < g¢:

(i) Assume [LC]. Then Pr(max<i<y [p~ X S™'x; — 1] > &) < CnZe~pv/Me,
(i) Assume [SG-IND] or [CCP-SBP]. Then Pr(maxii<n [p~'X/S7'x; — 1| > &) < Cn2e—cne?,

Note that X/ S™'x; = y; ,/%(2,*T%,”*)12,?y; = y[ Ty, so the quadratic form p~'x;S~'x; does not depend
on X,. Assuming that x;-s are Gaussian, a similar result was derived in [78]. Their proof relies on the orthogonal
invariance of the isotropic Gaussian distribution, and does not generalize to other distributions. Lemma 7 implies that
maxi i<y [X S™'%; — 1| — 1 with probability 1 in the asymptotic limit n,p — oo with £ — y. Assuming Y has
independent entries with finite fourth moment, this asymptotic result was proven in [25].

With these preparations, we now present the proof of Theorem 1 (Maronna’s M-Estimator). The proof has two parts,
one regarding existence and the second regarding uniqueness and concentration.

Existence. We first prove that a solution to the fixed point equation (1) indeed exists. This proof follows that of [25]. We
briefly describe it, for the sake of completeness. Denote d = (d, . .., dy). Consider the function h : R}, — R,

n -1
y(d) = %x} (; 3 u(d,»)xfx?) x, 1<j<n. (24)
i=1

Since by assumption X has a density and n > p, h is well-defined with probability 1. Moreover, a vector d yields a
Maronna’s estimator with weights w; = u(d;) if and only if d; = h;(d) for all j. Hence, to establish the existence of
Maronna’s estimator, we need to show that h has a fixed point. To this end, as proven in [25], the function h(-) satisfies
the following three properties. (1) Positivity: h(d) > 0 for any vector d > 0, namely with d; > 0 for all j; (2) Monotonicity:
ifd > d’ > 0, then h(d) > h(d’); (3) Scalability: for any @ > 1, ah(d) > h(ad). A function h(-) satisfying these properties
is (almost) a standard interference function, in the sense of [77]. By [77, Theorem 1], if there exists some d with d > h(d),
then h(-) has a fixed point. The following lemma shows that with high probability, such a vector d exists, which in turn
implies the existence of Maronna’s estimator.

Lemma 8. There are ¢, C > 0, that depend on the distribution of Y and on y, such that
(i) Assume [LC]. Pr(3d > 0 : d > h(d)) > 1 — Cn2e(¥pv),
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(3d > 0 : d > h(d)) > 1 — Cn%e ™.

Proof. By assumption (a) of Theorem 1, ¢oo > 1. Hence, we may take some dy > 0 such that ¢(dg) > 1. Setting
dy =dol1 = (dy, ...,dy)" in (24) and using u(d) = ¢(d)/d, one may verify that hi(do) = dz?;o TS Xj. By Lemma 7, with
high probability, max;<j<, %ijS‘1)(j < ¢(dp), and so h(dy) < dy. O

Uniqueness and concentration. Let d = (dq,...,d,)" be a vector satisfying h(d) = d, which yields a valid Maronna’s
estimator. Next, we prove that only one such d exists. To this end, denote jmi, = argmin,;, dj, jmax = argmax,;, d;.
Since h(-) is non-decreasing, d; = hj(d) < h(d;,.,1) = (u(d]max))‘lp‘leS‘lx] Setting j = jmax and multiplying by u(d;,,.)
gives ¢(djn,) < p~'x! S7'x;... Similarly, h(d) > h(d; 1), and thus #( ]mm) > p~'x} S7'X;,- Finally, since ¢ is

]max Jmin
non-decreasing, we deduce that for all j, p~'x ;ns Xjn < ¢(dj) < xjmaxs 1% Consequently,
max |¢(d;) — 1| < max [p~'x{S7'x; — 1]. (25)
1<j<n 1<j<n

The next lemma shows that with high probability, h(-) cannot have any fixed points whose entries are far from the constant

o~ '(1):
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Lemma 9. For ¢ > 0, let Fi.q(e) the set of “bad” fixed points of h(-), namely, such that ||d — ¢~ '(1)1||o > &. There
¢, C, &9 > 0, that depend on the distribution of Y and on y, such that for all ¢ < &,

(i) Assume [LC]. Then Pr (Fiaa(e) # #) < Cn?e~<(¥pv/Me,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr (Fpad(€) # @) < Cn2e—m”,

Proof. Follows immediately by Lemma 7, Eq. (25) and Assumption (b) of Theorem 1, which states that ¢ is invertible in
a neighborhood of ¢~!(1) and that the inverse ¢! is locally Lipschitz at 1. O

Lastly, we prove that Maronna’s estimator exists uniquely with high probability:

Lemma 10. There are c, C > 0, that depend on the distribution of Y and on y, such that

(i) Assume [LC]. Then Pr (ME exists uniquely) > 1 — Cn2e<(¥pv),
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr (ME exists uniquely) > 1 — Cn%e™".

Proof. Existence, with high probability, is guaranteed by Lemma 8. Assume by contradiction that h has two different
fixed points, d # d'. Take o = maxj(dj/d]f), and let I be a coordinate where the maximum is attained. Assume without
loss of generality that @ > 1 (otherwise replace d with d’), and note that by its definition, d < ad'.

Let n > 0 be so that ¢(-) is strictly increasing in [¢~'(1) — 5, ¢~'(1) + n]. By Lemma 9, with high probability both
d,d e[¢ (1) —n/2,¢7'(1) + n/2]". In addition, since & > 1, then ¢(ad]) > ¢(d;) for all j. This, in turn, implies that

o lad) ()

1
d. = = —
(e ’) otdjf ~ ocdj/- o

u(d)).

Plugging this into (24) gives h(ad’) < ah(d’). Since d < ad’ and h is non-decreasing, we deduce h(d) < «h(d’). But, since
d, d’ are fixed points of h(-), this yields a contradiction: d; = h(d) < ah(d’) = ad) =d;. O

Proof of Theorem 1. Existence and uniqueness follow from Lemma 10. By Lemma 9, the coordinates of the fixed
point d concentrate around ¢~!(1). Hence, the weights of Maronna’s estimator, wl_l\/lar = u(d;), concentrate around
u(@~'(1)) =gl ()~ (1) =1/¢~'(1). O

Next, we describe the proof of Theorem 2 (Tyler's M-Estimator). Our proof combines the strategy of Zhang et al. [78]

with Lemma 7. Since X has a density, by [41, Theorems 1 and 2] Tyler’s estimator exists uniquely with probability 1.
By [78, Lemma 2.1], its weights are

Tyl p - W
b T (G XL wixix)
where W = (W1, ..., W,)' is the unique minimizer of
n n n n
- Z log w; + — log det (Z wix,-x,-T> , w > 0, Zw,- =n. (27)
i=1 p i=1 i=1
As in [78], the proof proceeds in two steps: (I) Show that wy, ..., w, all concentrate around 1; (II) Using (26), deduce
Tyl Tyl
concentration for the weights w, ., Wy

We start with the weights W. The argument of [78, Section 3.2] starts with the following observation:

Lemma 11. Let B > O be arbitrary. Then W is the unique stationary point of the following function Gg : R — R:

n n n 2
Gp(w) = F(w) + (Z wi — n) - Z log w; + g log det (Z w,—x,-x?) + g (Z wi — n) ) (28)
i=1 i=1 i=1

Next, note that w = 1 = (1, ..., 1)7 is “almost” a zero of 8s(-) = VGg(-) (for any B), in the sense that with high
probability gg(1) is small. Indeed, a straightforward calculation, Appendix Eq. (B.9), gives

1 1
(gﬁu))z:_]"'EXZ (anix,T> x=—-1+ xlS X, 1<¢e<n. (29)
i=1
By Lemma 7, the right-hand-side of (29) concentrates tightly around 0. That is, the following deviation bound holds:

Lemma 12. There are c, C, &g > 0, that depend on the distribution of Y and on y, so that for all ¢ < gy and all B
(i) Assume [LC]. Then Pr (||gs(1)lloc = €) < Cn?e™<(¥pVMe,
(ii) Assume either [SG-IND] or [CCP-SBP]. Then Pr (/Igs(1)]loc > €) < Cn2e—me’,
10



E. Romanov, G. Kur and B. Nadler Journal of Multivariate Analysis 196 (2023) 105184

Next, we carry out a perturbation argument: we show that ||gg(1)|l. being small implies that the unique root
2s(W) = 0 is close to 1. To this end, we use the following result, [78, Lemma 3.1]. Below, for a matrix M € R™",
we denote by ||M|ls,00 = MaXi<j<n 22:1 [Mje| its £oo-to-£o, Operator norm.

Lemma 13. Let h: RP — RP be differentiable, wy € RP. Suppose that for some L,R > 0 and 0 < ¢ < min{R, L™'}:

(i) (wg is “almost” a zero.) |h(Wo)|loo < %8.
(ii) (Non-degeneracy at wo.) Vh(Wo) = Iy, namely (Vh); , = %
(iii) (Smoothness around wy.) ||[Vh(W) — VA(W)l|00.0c0 < LW — Wy || for all win ||w — wo|lcc <R.

= §j¢.

Then h(-) has a zero W close to wq such that |[W — wq|l < .

To prove that g has a zero near wy = 1via Lemma 13, we consider hg(w) = (Vg,g,(l))_1 gs(w). Clearly, gg and hg have
the same zeros. Also, by its definition, hy satisfies condition (II) above. We next show that with high probability hy satisfies

condition (I). Since [|hs(1)]lcc < H (Vg,g(l))f1 H ig5(1)llo, it suffices to bound the matrix norm ” (Vgﬁ(l))q
00,00

Lemma 14. There are c, C, B, By > 0, that depend the distribution of Y and on y, so that setting § = Bo/n,
(i) Assume [LC]. Then Pr (|| (Vgﬁ(l))q loo.co = 3) < Cn2e—c¥n'/*,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr (|| (Vep(1) ™ llaoco > B) < CrZe-n'”,

The proof of Lemma 14 is deferred to the appendix. Our proof follows Zhang et al. [78, Lemma 3.3]. Their argument,
however, contains a mathematical error that we correct.

Lastly, we address condition (iii) of Lemma 13. We prove the following in the appendix:
Lemma 15. Let L; be the £, Lipschitz constant of Vgg on an £ ball of radius % around 1:

\Y% — Vgs(1
Lg: max ” gﬁ(w) gﬁ( )”oo.oo

w:\|w—1\|m§% ”W_ 1”00

There are c, C, L > 0, that depend on the distribution of Y and on y, so that

(i) Assume [LC]. Then Pr(Lg > L) < Cn®e~<%»™,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(L; > L) < Cn?e~".

Equipped with the preceding lemmas, we are ready to prove our concentration result for w:

Lemma 16. LetW = (W, ..., w,) > 0 be the unique minimizer of (27). There are ¢, C, g9 > 0, that depend on the distribution
of Y and on y, such that for all ¢ < &,
—~ _ i 1/4
(i) Assume [LC]. Then Pr (max<i<p |W; — 1| > &) < Cn’e Cw” mm{ﬁs’n ]
—Cmin{nsz.nl/z}

(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr (maxi<i<y |w; — 1| > ¢) < Cn?e

Proof. Choose 8 = fy/n per Lemma 14, such that || (Vgﬁ(l))f1 lloo.co < B holds with high probability. By Lemma 15,
for some L > 0, with high probability [|[Vgg(w) — Vgg(1)lloo,c0 =< %Hw — 1|l holds uniformly inside the £, ball
Iw—1|lp < % By Lemma 12, [Igs(1)llc < 35 holds with high probability. Under the intersection of these events, hg(w) =
(Vglg(l))_1 gp(w) satisfies the conditions of Lemma 13, with constants R = 3 and L. Assuming & < & := min{3, L™'}, by
Lemma 13 hg(-) has a zero w*, equivalently a stationary point of Gg(-), with [[w* — 1|, < e. By Lemma 11, w* = w. O

Proof of Theorem 2. Recall that the weights wiTyl

high-probability event maxi<i<n |w; — 1| < &, we have
1—¢ w; 1+¢
- < = — ————— < & : (30)
(1+¢)-pITr(S)/7p T, p ' Tr (2 YL, wixix|) T (1—¢)-p7'Tr(S)/7p

We next show that the denominator of (30) concentrates tightly around 1, namely, that with high probability

are related to w; via (26). Denote 7, = pflTr(Ep). Under the

[p~'Tr(S) — ,| < etp. To this end, let uy, ..., u, be an orthonormal basis of eigenvectors of Xy, so that Z,u; = Au;.
Since S = EQ/ZTEP]/Z,

p

Py iy Tup — 1)

i=1

P TH(S) — 5] =

< 1p max |uiTTu,- —1].
1<i<p

11
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By Lemma 23 (and a union bound over 1 < i < p), under [LC], Pr(|p~'Tr(S) — 7| = e7,) < Cpe “¥»v™¢, whereas
under [SG-IND] or [CCP-SBP], Pr (|p~'Ti(S) — 7| > e 7)) < Cpe~"*. Combining with (30) yields that with high probability

maXi<i<p |rpw;ry — 1| < Ce, and the theorem follows. O

Proof of Theorem 3 (MRE). By [59, Theorem 1], MRE exXists uniquely with probability 1. We proceed similarly to the
proof of Theorem 1. Define

-1

_ _ 1 1¢

h: ]Rl — Ri, : hj(d) = %XJT (n Zu(di)xix;r +O[[p><p> Xj, 1<j<n. (31)
i=1

By the definition of MRE, (2), its weights are wMRE (d ) where h(d) d is a fixed point. Accordingly, we study the
fixed points of h. Let d > 0 be a fixed point, and Jmin = argmin, g, dj Jmax = argmaxqj<, d . Since u(+) is non-increasing,
h(-) is non- decreasmg and so h(dj o1 < h(d) < h(d 1). Considering coordinates j € {jmin,jmax}, and bearing in mind

Jmax
that d; = h; (d),
aJmm - (l + Ol)p ( (a]mm)s + alPXP) ! j—,rnm afmax — (1 + O{)p ! J—xr-nax( (ajmax)s + alep)_lijnaX . (32)
Define the following n functions Fj Ry > Ry, 1<j<nby
Fi(d) = (14 o)d™"'p "% (u(d)S + atlpsp) "% = (14 &)p "% ($(d)S + adllpsep) ™ 'x; (33)

By assumption, ¢(d) = du(d) is non- decreasmg hence FJ is decreasing. D1v1d1ng the left and right 1nequallt1es in (32) by
d.and d; respectively, gives F]m]n(d ) <1, ijax( ]max) > 1. Since F] is decreasmg, we deduce that d; > F (1)

A]mm Jmax Jmin Jmin = 7 j,
Qipax =< F};ax(lz provided that 1 is indeed in the range of ijin( ), ijax( -). Since d,mm, djmax are the smallest and largest
coordinates of d respectively, we deduce that for all 1 <j <n,
min F1(1) < d;j < max F'(1), (34)
1<i<n 1<i<n

provided that 1 is in the range of all Fi-s. We shall soon see that this is indeed the case, and moreover, that the
(data-dependent) quantltles F (1) all concentrate around a partlcular deterministic quantity.
We now analyze F,, defmed in (33). Decomposing S =S_; +n~ xx , by the Sherman-Morrison formula,

A Qi(d) A X’ 1y
Fd)=(01+a)————F—,  Qd)=p % (¢(d)S-i + adlyxp)” 'Xi. (35)
1+ yp(d)Qs(d) PP
Next we consider a deterministic analog of I:‘,-, where Q, is replaced by its expectation Q. Define
B =" | e (e 2@
Q(d) = EQi(d) = p~ ETrX,(¢(d)S—i + adlpyp) ", F(d)=(1+ a)l e (36)

Lemma 17. Let dy > O be given. There are c, C, g9 > 0, that depend on the distribution of Y, y, Smax, & and dy, such that
the following holds. For all d > dy and ¢ < &,

(i) Assume [LC]. Then Pr(maxi<i<n |@(d) —Q(d) =¢) < Cne—c¥pv/ne,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(maxi<i<n |Qi(d) — Q(d)| > ¢) < Cne—cne’,

The proof of Lemma 17 appears in the Appendix. By Lemma 17, the functions I:‘,- concentrate pointwise around the
deterministic function F. To proceed, we show that 1 € Range(F) and study the local behavior of F around this point.
Before stating our next result, we remark that up to this point, the analysis in this section applies both to MRE and TRE,
the latter corresponding to u(x) = x~!. The proof of the next lemma, however, relies on the boundedness of the function
u, which is always assumed for MRE, but does not hold for TRE.

Lemma 18. There is a unique root F(d*) = 1. Moreover, there exist constants 0 < d < d, and n > 0, depending on the
distributions of Y, v, Smax, T and «, so that: (1) d* € (d, d); (2) For every d, d, € (d, d), |F(dy) — F(d2)| > n|d; — d3|.

The proof of Lemma 18 is deferred to the appendix. We are ready to conclude the proof of Theorem 3. Fix a small
enough ¢ > 0 so that d; = d* — ¢, d, = d* + ¢ satisfy [d;, d2] € (d, d). Let > 0 be the constant from Lemma 18. By
Lemma 17, with high probability |ﬁ(d¢) F(de)l < ne/2forall 1 <i <nand¢ = 1,2. Under this event, in particular,
F,(dz) < F(dy) +ne/2 < F(d*)— ne +ne/2 = 1— ne/2. Similarly, F,(dl) > 1+ ne/2. Since the functions F, are decreasing
and continuous, it follows that Fl 1) e (dy, dy) = (d* — &, d* + ¢) for all i. Thus, by (34), d € (d* — e,d* + ¢) for all

12
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1 <j < n. Finally, recalling that the weights of MRE are wJMRE = u(aj)

is the Lipschitz constant of u. O

MRE _ u(d*)

, we conclude that |w | < Le where L

Proof of Theorem 4 (TRE). Since the samples x; are assumed to have a density, they are in general position with
probability 1. Consequently, since by assumption o > max{0, y — 1}, [59, Theorem 3] implies that TRE exists uniquely
with probability 1.

Recall that TRE has the same form as MRE, with a crucial difference that the function u(x) = 1/x is not bounded.
We follow along the proof of Theorem 3. The argument carries over, verbatim, with the exception of Lemma 18. Thus,
Theorem 4 follows from Lemma 19, stated below and proven in the Appendix. O

Lemma 19. Let F, Q be as in (36) with u(x) = 1/x, and suppose that « > max{0, p/n — 1}. There is a unique root F(d*) = 1.
Moreover, there exist constants 0 < d < d, and n > 0, depending on the distributions of Y, y, Smax, 7, T and «, so that: (1)
d* € (d, d); (2) For every dy, d, € (d, d), |F(dy) — F(d2)| = nldy — da|.

6. Conclusion and further discussion

This paper presented a non-asymptotic analysis of Tyler's and Maronna’s M-estimators, as well as their regularized

variants, under a substantially broader class of distributions than those considered in previous works. Specifically, we
assumed a data distribution of the form X = Epl /2y, where Y is isotropic and satisfies one of several abstract concentration
properties. Some of these distributions allow for the coordinates of Y to be statistically dependent.
Results for non-centered distributions. In our analysis, we assumed that X has zero mean. This is often not the case in
real-world applications. A more reasonable model is X = p + 2;/ %y, where E[X] = p is in general not zero. Note
that the standard method of coping with a non-zero mean, namely subtracting the sample mean, creates a statistical
inter-dependency between the modified samples, so that the results of Section 2 do not immediately apply.

To overcome this difficulty, [29] suggested the following “symmetrization” procedure. Given a data set of 2n samples

X1, ..., Xz, construct a symmetrized set of n samples:
X =272k — Xign) = 27222y — Vi), 1<i<n

Clearly, E[x*™] = 0 and Cov(x;"™) = X,. To apply our main results, the isotropic random vector Y™ = 2-1/2(Y —Y’),
where Y’ is an independent copy of Y, has to satisfy the same properties as Y. Indeed:

(i) under [SG-IND], Y™ has independent entries, with sub-Gaussian constants < K. In addition, by Lemma 1, the
density of each entry is bounded by < Co;
(ii) under [LC], Y¥™ is a log-concave random vector, since the log-concave family is closed under convolution of the
densities (e.g., [67]);
(iii) under [CCP-SBP]: By separately conditioning on Y, Y/, one may verify that Y¥™ satisfies both the CCP and the SBP,
possibly with a larger constant.

In Appendix C we discuss some further details regarding the symmetrization procedure under the model (21).

Projection pursuit in high dimension. Both [11] and recently [79] (who extended the results of [11]) studied some
fundamental limitations on the ability to detect structure by projection pursuit in the high-dimensional setting, assuming
multivariate Gaussian observations. Specifically, asymptotically as p/n — y € (1, 00), they proved that with high
probability, for any i.i.d. observations Xy, ..., X, ~ N(0, Ipxp) and a given distribution G with mean zero and variance
bounded by y — 1, one can find a sequence of (data-dependent) projections u, ¢ € SP~! such that the sequence of empirical
distributions F, , := Z?:1 ﬂxT.uPG(t) converges to G in Kolmogorov-Smirnov distance: lim,_, o, ||Fy.y—Gllooc = 0. Informally
speaking, this result implies'thait in the high dimensional regime, one can find structure in the data that does not exist
in its underlying distribution, as all its marginals are A/(0, 1). This is in contrast to the results of [27], whereby in the
classical regime where p/n — 0, all the empirical marginals converge to their population counterparts N(0, 1), namely
1M s o0 SUPyesp-1 |Fau — A0, 1llc = 0.

The mathematical analysis in the present paper can be used to generalize the results of [11]. Specifically, most of its
results on projection pursuit continue to hold for any X = (X, ..., X,) where each entry is a zero mean and variance one
independent sub-Gaussian with a uniform constant K (these entries need not be identically distributed).
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Appendix A. Auxiliary technical lemmas

Let yq, ..., Yn be iid. realizations of an isotropic random vector Y € RP, with sample covariance T = % Z?:] yiyiT.
Recall that y = £,
The next two lemmas present well-known bounds on the largest and smallest eigenvalues of T:

Lemma 20. There are c1, c; > 0, that depend on the distribution of Y and on y, such that:

(i) Assume [LC]. Then Pr (||T|| > c;) < e~@2V™,
(ii) Assume [SG-IND] or [CCP-SBP|Then Pr (||T|| > ¢;) < e %"

Under [SG-IND] and [CCP-SBP], Lemma 20 follows from [74, Theorem 5.39]. Under [LC], it follows from [3, Theorem
1].

Lemma 21. Suppose that y < 1. There are c1, c; > 0, that depend on the distribution of Y and on y, such that:

(i) Assume [LC]. Then Pr (Amin(T) < ¢1) < e~2V7,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr (Amin(T) < ¢1) < e 2",

For Y with i.i.d. sub-Gaussian entries, Lemma 21 follows from the work of Rudelson and Vershynin [64], see also
[74, Theorem 5.38]. Their non-asymptotic bound remarkably captures the exact “true” location of Anin(T); to wit, ¢
may be taken up to the Mar¢enko-Pastur lower edge (1 — ﬁ)z. To our knowledge, for Y € RP with dependent (but
uncorrelated) entries, similarly strong results are not currently available. Moreover, existing results which bound the
two-sided deviation ||T — I, typically fail (barring the i.i.d. case) to produce a positive bound on Anyiy(T) in the entire
range y € (0, 1). As observed by [43], if Y satisfies the SBP then this difficulty can be overcome, albeit with non-sharp
c1; this will suffice for our purposes. For completeness, we give a proof of Lemma 21 in Appendix B.

Next, we state a concentration inequality for quadratic forms. Note that for any fixed matrix A € RP*P, E[YTAY] =
Tr(A). The next lemma bounds the deviation |YTAY — Tr(A)|:

Lemma 22. There is ¢ > 0 that depends on the distribution of Y, and universal C > 0, such that for any fixed matrix A € RP*P
and ¢ € (0, 1):

(i) Assume [SG-IND] or [CCP-SBP]. Then Pr (|p~'YTAY — p~'Tr(A)| > ¢||Al) < Cepe?,

(ii) Assume [LC]. Then Pr (|p~'YTAY — p~'Tr(A)| > &]|All) < Ce~¥pvP%,

Under [SG-IND], Lemma 22 follows from [65]. Under [CCP-SBP], it follows from [2]. Both of these are extensions of the
Hanson-Wright bound [35]. A proof under [LC], appears in Appendix B. We remark that for large ¢, a tighter tail bound
can be derived in the log-concave case (without ¥,), see for example [44]. However, to the best of our knowledge, for

small ¢ no sharper bound is currently known.
The next lemma is an entrywise concentration bound for the sample covariance matrix:

Lemma 23. There are C, c > 0, that depend on the distribution of Y, such that for all unit vectors u, v and ¢ € (0, 1),

(i) Assume [SG-IND] or [CCP-SBP]. Then Pr (|u'Tv —uTv| > &) < Ce—ne?,
(ii) Assume [LC]. Then Pr (Ju"Tv — uTv| > ) < Ce~nvie,

Proof. Since u' Tv = %[(u—i—v)TT(u—i- v)—(u—v)T T(u—v)], it suffices to prove the lemma for u = v. Consider the random
vector W € R" with entries W; = y,'u. Observe that W is centered, isotropic, and: (1) under [SG-IND] or [CCP-SBP], W
has i.i.d. sub-Gaussian entries; (2) under [LC], W is log-concave. Since u' Tu = %WTW, the result follows from Lemma 22
withA=1. O

The following is well-known, see for example [25, Lemma 4]:

Lemma 24. Let A, B, C > 0 be non-negative matrices and z > 0 a positive number. Then

C
|TrC (21 + A)~' — TrC (2l + B)™'| < rank(A — B)”z—” ) (A1)
The following is a standard concentration inequality for “resolvent-like” expressions:
Lemma 25. Let C > 0 and A > 0 be fixed matrices, and let X1, ..., X, be independent, non-negative random matrices, such

that for all i, rank(X;) = 1 with probability 1. Denote S, = Z?:] X; and R, = TrC (A+ S,)~". There is universal ¢ > 0 such
that for all t > 0,

2
Pr (|JR, — E(R,)| > t) < 2exp —cti2 . (A.2)
ncat|
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Proof. Consider the filtration 7, = o(Xj, ..., Xi) and the martingale M = E[R,|F]. We have M, = R,, My = ER,, and
by Lemma 24, |[Myy1 — My| < 2||CA™!||. The lemma follows from the Azuma-Hoeffding inequality for martingales with
bounded increments. O

Appendix B. Deferred proofs

We start with the proof of Lemma 7. Proving this lemma by a direct analysis of the quadratic form xiTS”x,- is difficult,
since the sample covariance S depends on X;. To disentangle this dependency, as in [25], we apply the Sherman-Morrison
formula,

-1

n 1¢c—1 Tc—1
1 1 -STUXX'S”

571 == - E X]x]T + *ij;r = S:il - % .
L n T4+ 0% S5 X

Importantly, X; and S_; are statistically independent. Furthermore,

1 1 1g-IxxS~! IxIs™x

—x; S7'xj = —x{ [ ST - % i = %7 (B.1)
p p 1+ 2% S°/x 1+y-5xi STiXi

and so,
1oTe—1

1 ‘(1—)/)'*X»S_~Xi—1’ 1 1

X S7'x; — 1‘ = "1’ — '_1 <(1—p)|=x'S /% ———|. (B.2)
p 1+y-5xi57ix,4 p 1—y

The following lemma, proven below, shows that the right-hand side of (B.2) is small with high probability.

Lemma 26. Assume y < 1. There are c, C, g9 > 0, that depend on the distribution of Y and on y, so that for all ¢ < &g:
(i) Assume [LC]. Then Pr(maxi<i<n |p~'X; S™/'x; — ﬁl > g) < Cn2e~<¥pvie,
(i) Assume [SG-IND] or [CCP-SBP]. Then Pr(max;<i<y [p~'X,'S~/x; — $| > ¢) < Cn?e~m’,

Proof of Lemma 7. Immediate from Lemma 26 combined with Eq. (B.2). O

Next, we consider the proof of Lemma 26. As previously mentioned, xiTS:ilx,- = yiTT:ilyi does not depend on the
population covariance X,. Hence we bound the deviations of yiTTjily,- from 1/(1 — y). Lemma 26 then follows by a
union bound over 1 < i < n. The analysis proceeds as follows. First, we show that p‘lyiTT:ily,» concentrates around
E[p‘1yiTTji1yi|T_,'] = p‘lTr(Tjil). Next, we prove that p‘1Tr(Tji1) concentrates around 1/(1 — y). Proving this directly is
difficult, since the smallest eigenvalue of T_; can take very small value, though with overwhelming small probability. To
circumvent this, we consider a regularized variant fi(s) = p~'Tr(T_; +elpxp)‘1. We then show that |m(s) — p‘1Tr(Tji1 )N <
¢, and finally that m(e) concentrates around 1/(1 — y).

Note that m(e) is the Stieltjes transform of the empirical spectral distribution (ESD) of T_;, evaluated at —¢. Since T_; is
a sample covariance matrix of i.i.d. isotropic samples, its ESD converges to a Marenko-Pastur law with shape parameter
y. This reveals the reason for the value (1 — y)~!: it is the value of the Stieltjes transform of the Mar¢enko-Pastur law,
evaluated at 0, cf. [8,25].

In light of the above roadmap, write p~y;T 'y — (1 — ¥)™! = Ay + A, + As, where

Ay =p Yy Ty —p 'TH(TT), Ay =p 'TH(T) —7i(e), As=m(e)—(1—y)",
(B.3)
ﬁ(‘9) = p_lTr(T—i + glpxp)_l .

It suffices to show that with high probability, |A,| < € for £ = 1, 2, 3. We start with a high-probability bound on Aq, A;:
Lemma 27. Assume the conditions of Lemma 26. There are cq, ¢, C1, &0 > 0, that may depend on the distribution of Y and
on y, such that for all ¢ € (0, &),

(i) Assume [LC]. Then Pr(|A¢| > &) < cre=2¥»vP) gnd Pr(]A,| z Cy8) < ce~ WPl )

(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(|A{| > €) < c1e”?P*" and Pr(|A;| > Cie) < cre” 2P,

Proof. Let C > 0 be such that the event & = {Anyin(T—;) > C} holds with high probability, per Lemma 21. Of course,
Pr(|A¢| = &) < Pr(|A¢| > & | £) + Pr(&°). Starting with ¢ = 1, since y; and T_‘il are independent, Pr(|A{| > ¢ | £) may be
bounded using Lemma 22, a concentration inequality for the quadratic form y; p*lyiT_‘ilyi, applied conditionally on
T~ Importantly, note that under &, we have ||T7'| = 1/Amin(T—;) < 1/C. As for £ = 2, under &,
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_ _ _ D P & _
T_j1 - (T—i +8[p><p) 1] =é&-p lTr [(T—i +8]p><p) ]T_il] S T/ = C 257

|Az| = pilTr[ rmin(T—0)2

and so the claimed result follows. O

Finally, Lemma 28, proven below, provides a high-probability bound for |A3]|:

Lemma 28. Assume the conditions of Lemma 26. There are cq, ¢, C1, &0 > 0, that may depend on the distribution of Y and
on y, such that for all ¢ € (0, &),

(i) Assume [LC]. Then Pr(|Asz| > Ci&) < cyne~2(¥pvPle, ,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(|As| > Ci€) < cyne™2P%",

Proof of Lemma 26. Recall that |p*1yiT__ily,- — (1 —y)7Y < |A1]4+|A2] +1A43], and so the result follows from Lemma 27,
Lemma 28, and a union bound over 1 <i<n. 0O

Proof of Lemma 28. To simplify notation, assume without loss of generality that i = n. Set i = n — 1, and let K € R™*P
be the matrix whose rows are w7 , ..., w], with w; = n~1/?y;. Note that T_, = K"K and so mii(¢) = p~'Tr(K"K+¢l,,,) "
For 1 <j <, let K; € R"D*P be obtained by removing the jth row from K.

The proof relies on several algebraic “tricks” which are classical in random matrix theory, see [8]. Recall that for any
matrix A € R91%% the spectra of AAT and ATA are identical up to |d; — d,| zeros. Thus,

m(e) = p 'Tr(K K + elyyp) ™' = p7 ' Tr(KK' + elini) '+ (1 —p ). (B.4)
Note that KK is the Gram matrix of the vectors w;. We write the jth diagonal entry of (KK" + ¢l,7)"! as:

-1
(KK + £lzq); " (=( e+ w112 — WK (KK + elonyxan) 1Kjwj)

. _ -1 i _ -1
2 (e+w, [lpxp (KTK; + elyp) 11(]T1<,-] w) (o ew (KK + ) le) . (B5)
where: (i) follows from the block matrix inversion formula; (ii) follows since for any f(-) and matrix A, Af(ATA)AT =
f(AAT)AAT, where for a symmetric matrix P, f(P) is the matrix obtained by applying f(-) on the eigenvalues of P (the
spectral calculus for symmetric matrices); this may be verified readily by considering the SVD of A; and (iii) follows by
straightforward algebraic manipulation.

~ Consider the quadratic form w;" (K K;+elpxp)~'W; = yp” 'y (K Kj+elpx,)"y;. We claim that p~'y;" (KT Kj+elpxp) 'y
is very close (with high probability) to m(e), the quantity of interest. To wit, define the residual

=p7 'y (KK + elpp) 'y — T(e) (B.6)
so that (B.5) reads
(KKT + elia); ' = & (14 y7i(e) + ymy) " (B.7)

Lemma 29. Assume the conditions of Lemma 26. There are ¢y, ¢, C1, & > 0, that may depend on the distribution of Y and
on y, such that for all ¢ € (0, &),

(i) Assume [LC]. Then Pr(maxi<j<q || > Ci& + (pe)™1) < cyne 2Pk,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(max<j<s |nj| > Ci& + (pe)y™ V) < ne—c2pe’,
Proof. Decompose n; = n; 1 + ;> Where
i1 =0y (KK + elpp) 'y — pTHKTK) + elpp) ™', mj2 = P TrK K + €lpp) ™" = p ' TH(KTK + £lp,) !

Since K; and y; are independent we can bound [7; 1| similarly to Lemma 27; we omit the details. As for 7;,, note that
K'K— I(TK = wW;w, T is rank 1. Thus, by Lemma 24, |7;,| < (pe)~" with probability 1. O

(14 ym(e) + yr)j)_l — (1+ym(e)~"| < 2yln;| holds whenever y|n;| < 5. Accordingly,

-1

Now, considering (B.7),
1 Z]ﬁ:] (1+ym(e)+yn) — A+ yﬁ(g))*’ < max;j<s 2y |n;| holds whenever max;j<; ¥ ;| < 3. Using Egs. (B.4),
1 1

(B7),alsop 'n=p In—p =yl —p1 write

n
_ -1 _ 1= 1, 1.1 -~ —1 _ -
‘E e (1+yme)+yn) +e'(1—-p'A)=¢"'(p 1n)5§ (1+yme)+yn) +e'(1-p'n)
Jj=1
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e ' [y A+ yme) +1-y 1],

where |£] < 2p~! + max;<j<i 2y |n;| whenever max;<j<i ¥|n;| < 1/2. Rearranging terms, we deduce that i(¢) satisfies
the quadratic equation

yem(e)+(e+1—y —yE)m(e)—(1+£)=0. (B.8)

Now, assume without loss of generality that ¢ > p~'/2; we can do this since the bound of Lemma 28 is vacuous for

& < p~'/2, provided that c;, c, are chosen appropriately. Under the high-probability event of Lemma 29, |£| < C;e. Thus,
under this event, () satisfies a quadratic equation, whose coefficients are O(¢)-close to the coefficients of the linear
equation (1 — y)m — 1 = 0; note that the unique root of the linear equation is m = (14 y)~'. Let m; < m, be the two
roots of (B.8). One may readily verify the following: there are C,, &g > 0, that depend on C;, such that for all ¢ < g,
and £ satisfying |&| < Cie, we have |m; — (1 — y)7!| < C;e whereas m; > 1/(C,¢). It remains to argue that, with high
probability, necessarily m(s) = mj. Indeed, recall that mi(e) < 1/Amin(T—;). By Lemma 21, we can find some C3 > 0
such that m(e) < C3 holds with high probability. Consequently, for all ¢ < min{eg, 1/(C;C3)}, the high-probability event
{lE] < Cie} N {m(e) < C3} implies that necessarily m(e) = my, and so |m(s) — (1 —y)~'| < Ge. Thus, the proof of
Lemma 28 is concluded. O

Proof of Lemma 14. Starting from the definition of Gg, (28), one may readily calculate,

n n -1 n
(gp(W)), = (VGﬂ(W))l = VF(w), + 8 (Z w; — n) _wlz + gxz (Z wiXiX,T) X+ B (Z w; — n) .

i=1

(B.9)

Taking the second derivative,

1 1 (1< Y
(Vesw);, = —51g=n —v [ % (- D wxx| | x| +8. (B.10)
' Wy p nia

In particular, setting w = 1,
Ve (1) =y — (A= B11T). A=y (p7 'y T'ye)" . (B.11)
Following [78, Lemma 3.3], (Vgs(1)) ™' = (Ipp —(A—p11T)) " = 322 (A— ﬂllT) provided that the sum
converges. Since || (A — ﬁllT)k oo < A — 117X ., the sum clearly converges when [|A — 117 | < 1, and

then

oo

. 1
Vgs(1 H A—pB117 )
CZZC =M =

Thus, to prove Lemma 14, it suffices to show that with high probability, |[A— 117 ||s.cc < 1—c for some constant ¢ > 0.
By definition,

n
1A = B117 [l o0 = max Z Aic — Bl (B.12)

It is instructive to consider (B.12) with g = 0. Observe that > _,_, |Aj¢l = > >y_, ¥/ T~'yey/ T~'y; = ;¥ T"'y; and recall
that by Lemma 7, this quantity concentrates tightly around 1. Accordlngly, when 8 = 0, the norm (B 12) concentrates
around 1. Our goal, then, is to find some B so to consistently bias (B.12) away from 1. To this end, we proceed along the
argument of Zhang et al. [78, Lemma 3.3]. Parameterize 8§ = Bo/n, for constant Sy, so that 8 has the same scale as the
off-diagonal entries A; ¢ in (B.11). Let Nj[Bo] be the number of entries A; ¢, in the jth row (1 < £ < n), such that A;; > Bo/n.
For A;; > Bo/n we have |A;, — Bo/n| = Aj ¢ — Bo/n whereas if A, < Bo/n, we may bound |A;, — Bo/n| < Aj¢ + Bo/n.
Hence,

Nilfol 1
1A = B11 7 [loo.c0 < max {ZAM ﬂONj[ﬂo] +(n— Nj[ﬂo])% = maxp- 'y Ty — 2 min (’Tﬂo - 5) :
(B.13)

Thus, to conclude the proof of the lemma, we need to find some constant 8, so that with high probability, minq<j<, Nj[Bol/
n> % +c (say, ¢ = 0.1); that is, such that at least (% =+ c)n of the entries of A in every row are consistently larger than S,.
Observe that for any row 1 < j < n, the off-diagonal entries A; ¢, £ # j, are identically distributed. A source of difficulty is
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that they are not independent, and this dependence is manifested in two ways: (1) They all depend on y;; (2) The sample
covariance T depends on all y,-s. The first dependence is easy to overcome (by conditioning on y;), but the second one is
more involved. To deal with the latter, we shall lower bound A; ; by a different set of random variables, which are easier
to analyze.

The mathematical error in [78]. In their attempt to lower bound A; ¢, in the proof of their Lemma 3.4, [78] used the following
inequality (top of page 122 in their paper),

1 - 1yl
— T ) = — .
np np  Amax(T)
They next analyzed the simpler expressions for the numerator and denominator above. Unfortunately, (B.14) is false, as
[uTB~ | > |u"v|/Amax(B) is not generally true for positive matrices B.

Ay = (B.14)

A corrected argument. Let k = o(n) be an integer, to be chosen later. Partition [n] = {1, ...,n} into M = [n/k] subsets
Ty, ..., Iy of size k/2 < |Z;| < k each. The idea is to approximate {%TT’lyg}g# by a different set of random variables, so
that variables within the same class £ € Z; are independent of one another (conditioned on y;). For an index ¢, denote by
Z(£) the unique class such that £ € Z(£).

For a set Z C [n], denote by Y7 € RZ!*P the matrix whose rows are {y, : £ € Z}. Given indices j # ¢, we decompose
T=T +n'yy =T ¢_j+n'yy, +n'yy/. By the Sherman-Morrison formula,

1,Tp—1 1yT-1
Torpty oY% e¥e oYy ey (B.15)
pyf Yz—1+ IyTt-ly, 1yTr—1 1yTr—1 ' '
vop¥elee <1 +v- Ve T, yl) (] +vy- Y T—l,—jyj>

We next simplify Tjﬁj. Decompose T_y _; = T_j _z() + ”_1Y—zr(e)\u,uYI(£)\W]- Recall that by the Woodbury formula, for

invertible matrices A, C, one has (A + UCV) "' =A"1—A"'U (C7' + VA”U)fl VA~'. Applying this withA =T~} _, C =1,
U=VT = ”_1/2‘@(@)\{;,@}’ gives
_ _ e _ _ -1 _
T2 =15z = TSz Yzenge 1 Yaowo TS5z Yzenga)  YoensoT5 e - (B.16)
Let §2 be the following upper bound on the denominator of (B.15):
1+ 1 : .
=max|1+y--y, T,y 1+vy- ./ T_E_jyj cjenl, € enl\{}; - (B.17)
p p ’

Similarly, define
2 =max {(np)~" | Yzing.0T'_zo¥e | ||Yz(e)\{/,21T_73_w)Yj|| cjelnl eem\ i} . (B.18)

Observe that per (B.16), |117ijT_‘Z_jyz| > |!l,y]TT__j?_I([)yl| — £2. Finally, denote

TS Vi
Gie=p " <M w> - v=min T ] (B.19)
7j,7I ’

Importantly, observe that the random variables &, within the same class £ € Z; are statistically independent of one
another, conditioned on y;. Combining (B.15)-(B.20) yields the following lower bound,

= (B.20)

2 2

B v 2
> p 21g = —

1 _
—y/ Ty
p

Next we derive high-probability bounds on £2, £2, v.

Lemma 30. For a number Cy, let Eem 30 be the event that: (1) 2 < Cy; (2)v > 1/C1; (3) 2 < Clg.
Assume k < %n — 1. There are c, C, C; > 0, that depend on the distribution of Y and on y, so that

(i) Assume [LC]. Then Pr(£(,, ,,) < CnZe~<%»Vk,
(ii) Assume [SG-IND] or [CCP-SBP]. Then Pr(&f,,, 5,) < Cn?e~.

Proof. We start by bounding §2 and v. Considering their definitions, in (B.17) and (B.19), it suffices to show that the
following are all high-probability events (for some constant C > 0): (I) max; ¢ Amax(T—j z(¢y) < C; (II) min; ¢ Amax(T—j z¢e)) =
1/C; (1) max, [p~'llye [ — 1] < 5. Observe that T_j 7y is,

up to the normalization, the sample covariance of at least n — k — 1 > IZTVn = mp i.i.d. measurements. Thus,
conditions (I) and (II) can be verified using Lemmas 20 and 21 respectively. Concﬁtion (III) can be verified using Lemma 22.
We omit the details.
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We next consider £2, defined in (B.18). Let us bound, wjp = (np)~! “YZM)\U,Z}T:J'LIM)W 2, so that a high-probability
bound on £2 may be attained by union bound over £, j. Denote Ujy = T:J-Lm)yg, U0 = ¢/ llUjell SO wj ¢ = % p! ||ij[||2 .

ﬁjT( (%Y;(Z)\{i o Yzen, 45]) {lj ¢. The terms p~1||u; ¢ ||> may be treated upper-bounded similarly to the previous paragraph. As

for the term u] ‘ ( Y. v YT \W}) il; ¢, observe that YI(/)\{/ o Yz(ong.e) 1S @ sample covariance matrix consisting of (at
most) k samples, and il u],g is a unit vector which is statistically independent of Yz, j.¢;. By Lemma 23, this quadratic form
is bounded by a constant with high probability. O

Next, we show that with high probability, there are many large |&; ¢|-s. For a number «, let Nj[a] be the number of
variables &, (1 < £ < n) in row j, such that |§; ;| > «.

Lemma 31. There are c, C, a, > 0, that depend on the distribution of Y, so that Pr(mmu<an[a*] < 0.6n) < Cn?e~%,

Proof. For 1 <i < M, let N‘[a] ZEGL ]1{\5]@|>a} so that Nj[oz] Zl T j[oc] Let F;; be the o-algebra generated by
{¥j} U {¥¢} ¢z, Conditioned on Fj;, (& ¢}eez;\ gy are iid. Since Y satisfies the SBP, Definition 3, there is some «, such that
Pr(|& | > a.|F;;) > 0.8. By Hoeffding’s inequality, Pr(NJ'[oz*] < 07|17\ {j}] |F) < 2e~ B\ < 2¢%2k Taking a union
bound over i € [M], with probability > 1 — 2ne~% it holds that Nji[(x*] > 0.7|Z; \ {j}| simultaneously for all i, and in
particular Zf\i] N;[a*] > 0.7(n — 1). To finish the proof of the Lemma, take a union bound overall 1 <j <n. O

We are ready to conclude the proof of Lemma 14. Set k = cxn'/?, for a small constant cx > 0, to be chosen momentarily.
By Lemma 30 and Eq. (B.20), there are C;, C3, o, such that with high probability,

p YT el = nmV2(Cylgi | — Cock) forallj, € [n], € #j
and
Nila.] > 0.6n  for allj € [n].

Accordingly, choose cx so that Cocx < 0.5Cia,. Recall, by Eq. (B.11), that A;, = ¥ (p‘1|ij‘1yg|)2. Taking By =
y(0.5C, )%, observe that the high-probability event above implies that minq<j<p Nj[Bo] > 0.6n, that is, each row j of
A contains at least 0.6n entries A; , satisfying A;, > Bo/n. As explained in the beginning of this section, this establishes
the proof of the Lemma. O

Proof of Lemma 15. Denote S(w) = 1 Y"1, wixix;, T(W) = & Y"1 wiyiy/, so that x[S~(w)x, =y T~"(w)y. By (B.10),

1 1
|(Vesw) - Vegp(1),| = ‘2 — 1| Ly + — [T (%) — (3] T (wye 2.
: w; np

If lw—1||oc < 1/2 then ﬁ — [1— wy| <6|w—1||.And so, forall 1 <j <n,

1|-

1
72+
wy

1
wy

> | (Vestw) - Vep(n),, | <6||w—1||w+—2| Dy — (v T (w2

Write
O T (e = (v T (whye)? = (v T~ (Dwe) + (v T (w)ye)) (7 T (D)ye) — (v T~ (wye))
=y (T +T7'w)y -y (T =T7'(W)y.
By Cauchy-Schwarz, - i = |Gy T (e — (v T (w)ye | < (Ih2)"/?, where

n

1
=3 (T T )y =y (T T W+ T W)y
=1
1 n
b= O (=T ) ) = p ] (7 =TT = T )y
=1
Iw — 1o < 1/2 implies |T~" + T'(w)| < 3T, and T~" — T-\(w)| = |IT~'(T(w) — YT '(wW))| <

G/2ITPIT W = 1]l Thus, for numerical ¢ > 0, (1) < cp~ Iy IPIT M IPITI? 1w — 1o We get

n
Vg5(W) — Vgp(Dllooe = max > |(Vep(w) - Vep(1), | < (3 + T PITI® max p*nyjnz) W — 1.
1<j<n 1 ’ 1<j<n
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For conclude the proof, recall that with high probability: (1) ||T|| < C; (by Lemma 20); (2) |T™!|| < C, (by Lemma 21);
and ( (3) maxi<j<p p‘1||yj||2 < C5 (by Lemma 22 and a union bound over 1 <j <n). O

Proof of Lemma 17. Write Q-( d)—Q(d) = Ay + A; where
= p_le(qS(d)S i + ad]pxp) 1Xi - p_lTrEp(‘p(d)S—i + ad[pxp)_l ,
Az =p ' TrZy(p(d)S_; + adlyy) ™' — p ' ETr Zy(p(d)S_; + adlyy,) ™!

To bound |A4], use Lemma 22, applied to the quadratic form p‘lyiTByi, where B = 2;/2(¢(d)5_i +adlyy,)™! 1/2 . Since
|51l < Smax and d > do then ||B]| < Smax(edg)™ 1. To bound |A,|, use Lemma 25 with S, = S_;, C = 2 A= adlpxp. O

Proof of Lemma 18. We first show that d* indeed exists. By (36), the functions Q, F are continuous and strictly decreasing.
Since ¢(d) = du(d) and u is bounded, then limy_, g ¢(d) = 0. This, in turn, implies limy_o Q(d) = oo and limg_, ¢ F(d) = oo.
Moreover, limy_, o Q(d) = 0, and so limy_, o, F(d) = 0. Consequently, d* = F~1(1) exists uniquely.

Next, we bound d*. To this end, we first upper bound F. By Eq. (36), Q(d) < p~'ETrZ,(adlyx,)"! = 1,/(ad), where
T =P 'TrE, < Smax. Since Q(d) > 0, clearly F(d) < (1+ &)Q(d) < (Smax£%)d~". Setting d = d*, F(d*) = 1, we conclude
d* < a 14a Smax-

To lower bound d*, we need a lower bound on Q. Clearly, S_; < ||S—[l[pxp, SO

>p 1 : s __ . .
Q(d) > p~'TrEE ((d)IS-illlpxp + adlpsp) > 7 Ed)(d)“&i” i (B.21)

By Lemma 20, there is some Cy > 0 such that ||S_;|| < smaxCo holds with probability > % Moreover, ¢(d) = u(d)d < u(0)d,
since u is decreasing. Combining this with (B.21) yields Q(d) > 1———*—— = (;/d. Plugging this bound and the

— 2 u(d)dCySmax—+od
previously derived upper bound Q(d) < C;/d into (36) yields F(d) > (1 + O{)W/)?Cz/d) (1+ a)m, from which a
lower bound on d* follows. _
Finally, it remains to show that for some », |[F(d;) — F(d2)| > n|d; — d;| inside the interval [d, d]. Let d; < d,. Then,
d d di)—Q(d d d d
(1 4+ ) (F(dy) — F(dy)) = Q(dy) _ Q(d) =Q( 1) — Q(d2) + y(é(d2) — ¢(d1))Q(d1)Q(d2)
1+y¢d)Q(d) 1+ yé(d2)Q(d2) (14 y¢(d1)Q(d1))(1 + y¢(d2)Q(d2))
® Qd1) — Q(dy)
~ (14 yo(d)Q(d))1 + yd(d2)Q(d)) |
where in (x) we used ¢(d;) — ¢(d;) > 0, since ¢ is non-decreasing. The denominator is upper bounded by a constant
inside the interval, and the numerator is non-negative. Thus, it suffices to show that Q(d;)— Q(d3) > no(d; —d) for some
1o > 0. Since ¢ is non-decreasing, Q(d;) = p~'ETrZ,(¢p(d1)S—; + adilpxp) ™! > p~'ETr Z,(¢(d2)S—i + adilpxp) ™!, and so

Q(d1) — Q(d2) = p~"ETrZ,(¢(da)S—i + adalpyp) ™' ((d1 — d2)lpup)(b(d2)S_i + axdilpyp) ™

Consider the matrix A = (¢(d2)S_; + adylyxp) (@(d2)S_i + adilyx,)~'. It is positive, being the product of commuting
positive matrices. Consequently, Q(d;) — Q(dz) > (dy — dz)p‘lETrEpA > (di — d2)TpEAmin(A). Lastly, EAnin(A) > no for
some 1) since, by Lemma 20, for some C, ||S_i|| < Csmax holds with high probability. O

Proof of Lemma 19. We focus on Item (1), namely showing the existence and boundedness of d*. The proof of Item (2)
is identical to the corresponding part in Lemma 18 (MRE). Using ¢(d) = 1 in (36), F(d*) = 1 is equivalent to
1

Q(d*) = FEp—s Q(d) = p'ETrX,(S_; + adlyyp) " (B.22)

Since @« > max{0,y — 1} then ﬁ > 0. The function Q is positive, continuous and strictly decreasing, with
limg_, o, Q(d) = 0. We have Q(d) < smax/(ad), and therefor if a solution Q(d*) = (1 4+ « — y )1 exists, then necessarily
d*<d< Sfj‘%(l +a —y). As for establishing existence, by continuity it suffices to show that limy_,o Q(d) > (14+a —y)~};
in other words, we need to study the behavior of Q(d) near d = 0. To this end, we consider separately the regimes y < 1
and y > 1, noting that S_; is only invertible (with probability 1) in the regime p/n =y < 1.

The case y < 1. Note that (14 x)~! > 1 — x for all x > 0. Thus, for any non-negative matrix P, (I + P)~! > I — P. Write
2 (S i+ adlyy) T 2% = (Toi+ed 2, 1) = T2 Py +odT- 2 2, 75152, and so 2)%(S_i+adlyyp) ' 5,2 =
T~ — adlT} Ep‘lT_’i1 = T — adX; " /Amin(T-i)%. For an event &, denote for brevity E¥[-] = E[-1(g)]. By Lemmas 26
and 21, assummg large enough n, there is C, = Ci(y, Y, a) such that for the event £ = {Anin(T—;) > C.}, we have
Eg[p*m 1> 7(7 + ). Thus,

1- y+ot

- _ 1 1 1 o
Q(d) = p 'ESTrE)X(S_i+adly.p) ' 20 > p BT —adp T "EETEE, !/ Amin(T-i) > 3 (ﬁ+m)—c—3;d,

This implies that limg_,o Q(d) > (1 — y + «)~'; moreover, setting d = d*, yields an explicit lower bound on d*.
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Remark 5. When « is sufficiently large, we can obtain a lower bound d which does not depend on p‘lTrE‘ similarly

to the analysis of [33]. They use (B.21), recalling that by Lemma 20, there is C = C(y, Y) such that Pr(||S_;|| < Csmax) =
1 — o(1). Thus, Q(d) > (1 — 0(1))7,(CSmax + ad)~", which yields a positive lower bound on d* whenever

<

- T+a—y Csmax'
that is, @ > y — 1 4 Cspax/7. The resulting lower bound may be arbitrarily better (larger) than the previously derived
lower bound (which depends on 1), since p*‘TrEp* ' may be very large when %, has only one eigenvalue close to 0.

The case y > 1. We analyze thlS case essentlally by reduction to the case y < 1. Making explicit the dependence of Q on n,
denote Q,(d) = ”IETrZ,‘p(S +adlpxp) , where (W = pn~! ZJ: X; T is the sample covariance of n i.i.d. measurements.
For an integer m > 0, let X;.1, . .., X;.m be m new i.i.d. samples from X. With probability 1,

-1
n+m—1

-1
(n) - - - +m) n
TrS,(S™ + adlyy,) ™! > pITr s, - D oxxl tadly, | = ﬁp Trx, (s Tt — mdlpxp> :
j=1
Consequently, Qn(d) z n+m ——Qn+m (n+m d) For n+m—p = £2(p), Lemma 26 implies, assuming n is large, that Q,4,(0) >
0.99- , hence n+m wim Qum(0) = 0.99—— = 0.991 . Clearly, we may set m = con for some ¢y = co(y, @) such
n+m

l+m/n y*
that 0 99— is larger than ﬁ by a constant We can then lower bound Q,,,(d) following the same argument as

in the case y < 1, noting that S™™ is invertible with probability 1; we omit the details. O

Proof of Lemma 21. Recall that under either assumption on Y, [SG-IND], [CCP-SBP] or [LC], it satisfies the SBP with
some constant Cp (for [SG-IND] and [LC], see Lemmas 1 and 3 respectively). Let Y € R"*P be the matrix whose rows are
yi,...,y,.Since T =n~'Y"Y, our goal is to show that with high probability, omin(Y) = min, g1 [|[Yv|| = 2(/n).

The following proof is based on [63, Corollary 4.6]. We first show that for any fixed v € SP~!, |Yv|| is large with
high probability; the desired result will then follow by a standard net argument. Let t > 0 and s € (0, 1); observe that
whenever ||Yv||2 < tn, then there are at most sn entries of Yv for which |(Yv);|*> > t/s; equivalently, there are (at least)
(1 — s)n entries for which |(Yv);]* < t/s. Note that all n rows of Yv are i.i.d., with the same law as v Y. Taking a union
bound over all possible subsets S of [n] with size (1 — s)n, corresponding to “small” coordinates in Yv,

(1—s)n
5 n T2 (1—=s)n t e
Pr (IYv|)? < tn) < ((]_S)n) (Pr(|v Y| §t/s)) < (co s(l—s)) . (B23)

Above, we used (};) < (en/k)* and the small-ball property for Y, Definition 3.
Let g9 € (0, 1), to be chosen later, and let A be an gg-net of SP~! of minimal size. By a standard packing argument
[74, Lemma 5.2], M| < (1+ = )P < (3/e0)l = (3/&0)"". Now,

omin(Y) = mln Yvl = H;}n mm {IIYv = 1¥(w = v*)Il} > vfglel/@ YOIl — omax(Y)eo - (B.24)

By Lemma 20, there is C; such that with probability > 1 — e=cvn, omax(Y) < C14/n. Thus, it suffices to show that for some
fixed &g, with high probability, min,«cx [|[Yv*|| > 2C;69+/n. Using (B.23) with t = (2C;&0)?,

pr ((min V0" < 2Cie0vi1 ) < V] —e2S_g (H)n<(Ca(\/i(1—s))5*183’w)n' (B.25)
ren U= =W A=y =

Recall that y < 1, and fix any s € (0, 1 — y). As o — 0, the RHS of (B.25) tends to zero. Thus, for all small enough (but
constant) &g, the RHS of (B.25) is < e~%". As discussed above, this concludes the proof of the Lemma. O

Proof of Lemma 22. We prove Lemma 22 assuming Y is an isotropic log-concave random vector. Denote the ball
B = {y eRP : |yl < Zﬁ}, and let Y; be a random vector distributed according to the law of Y, conditioned on Y € 3.
Clearly,

Pr(|p~'YTAY — p7'Tr(A)| = €|lAll) < Pr(Y ¢ 3)+ Pr(|p~'Y, AY, — p~'Tr(A)| > &]|Al))
< Pr(Y ¢ 3)+ Pr(|p~'Y, AV, — E[p7 'Y, AY,]| = (e — €0)lIAll) .

where & = [|A||~'p~! |EY,] AY, — EYTAY|. Since E|Y|| < /p, Lemma 2 implies that Pr(Y ¢ 3) < e~“1%»v?. Observe that
Y, is a log-concave random vector, being the restriction of Y onto a convex set. Moreover, for any u € S,
E(u'Y)?

_ —c¥Py
_7”0/63) 14 0(e Py=0(1),

Var(u'Y,) < E(u'Yy)? <
hence ||Cov(Y,)|| = O(1). Since the function y — p~'yTAy is L = O(||A||p~"/?)-Lipschitz on 8, Lemma 2 implies

Pr(|p Y AY, —E[pYIA]| = (e — eo)lAll) s e BT < et
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so that
Pr(|p7'YTAY — p7'Tr(A)| = elAll) < e 1YPVP 4 e 2"VPle—00) < Cyems¥pvPle¢0),
It remains to show that &g = O((¥,,/p)"'). Decompose E [YTAY]| = E[Y,AY,| Pr(Y € 8) + E[YTAY - 1jygn]. so

go < |AII7"'p ™" [E[YSAY,]| Pr(Y ¢ 3) + Al 'p|E[YTAY Lyygn ]| < O(e™¥"¥P)+p'E [||y||21{m2>4p}] )

It remains to bound the second term above. Use

E [||Y||2]1{|m|2>4p}] = /0 Pr(||Y||21{HYH2>4p} > f) dt

o0 o0
_ apPr(|Y|12 = 4p) +/ Pr(IY[12 = t)dt = O(pe=1%+P) +/ Pr(IY| = VOt .
4p 4p

By Lemma 2, Pr(||Y|| > v/f) < e~4¥(=VP) Moreover, when v/t > 2,/p, we have v/t — /p > 3+/t. Thus,

o0 o0 o0
f Pr(||Y ] > «/?)dt < f e~ (a2t gp < o~ (ca/V¥p /D e~ (calNVt g O(e*CSWp\/EL
4p 4p 4p

and we are done. O
Appendix C. Relaxing the zero mean assumption

As described in Section 6, we considered the symmetrization procedure of [29] to relax the zero mean assumption. We
note that under the elliptical model, with Y uniform on the sphere, this procedure is especially appealing, as the scaled
difference (zY — z’Y’)/R with R = +/z% + 7’2 is also uniformly distributed on the sphere.

Here we show that our main results continue to hold under a data distribution of the form X = 2,}/ %ye, where
Y = ¢Y+¢'Y and ¢ = z/R, ¢’ = —Z'/R. By construction, the random vector Y° is isotropic; however, since z, z’
are arbitrary, Y° in general does not inherit the favorable distributional properties of Y. Fortunately, our analysis does
not require these properties in their full detail. In fact, to carry out the proofs, it suffices to verify that Y° satisfies the
following:

e Small-ball property: Y° satisfies the SBP. To see this, observe that with probability 1, either || > 1/+/2 or
1¢’] = 1/4/2 (because ¢2 + ¢'* = 1). Condition on ¢, ¢’ and assume without loss of generality that || > 1/+/2.
Then |Y° —a| < t implies that |Y —(a —¢'Y")/¢| < t/|Z] < +/2t. Since (a — ¢'Y')/¢ is independent of Y,
Pr(|Y° —a] < t|¢, &) < Pr(|Y — (C'Y' + a)/¢| < V/2t|¢, &) < ~/2Cot, where Cy is the small-ball constant of Y.

e Eigenvalue bounds for the sample covariance: Let S° = n~'Y [ y°y?' be the sample covariance matrix of n

y°-distributed measurements. Also denote S =n~' Y0 yiy', S =n"' 3L vy,
First, we need a high-probability bound on Am.(S°). Observe that for any u, by Cauchy-Schwarz, (u'Y°)? =
@QuTY +uTYP < (22 + ) (W'Y 4+ u"Y')P) = (u'Y)? + (u"Y')% Consequently, Amax(S°) < Amax(S) + Amax(S'),
which may be bounded with high probability using Lemma 20. Next, when y < 1 we need a high-probability lower
bound on A, (S°). To this end, one can follow the proof of Lemma 21. To carry it out, we needed two components:
the SBP, and a high-probability upper bound on An.x(S°); as explained, both hold.

e Concentration for quadratic forms: While complicated functions of Y° should not be expected to concentrate, since
£, ¢’ are arbitrary, concentration of quadratic forms is maintained due to their bilinear nature. We need to prove
an analog of Lemma 22. Note that for fixed ¢, ¢’, the random vector ¢Y + ¢'Y inherits the favorable concentration
properties of Y. Since the conditional expectation of a quadratic form does not depend on ¢, ¢/, E[Y°TAY®|¢, '] =
Tr(A), we may simply apply Lemma 22 pointwise conditioned on ¢, ¢’.

e Entrywise concentration for the sample covariance: We need an analog of Lemma 23. We may carry out the proof of
Lemma 23, essentially verbatim, conditioned on {¢;, ¢/}1<i<» and noting that E[u'S°v|{¢, ¢ h<i<nl = u"v does not
depend on {¢;, ¢/ }1<i<n-

References

[1] Y.I. Abramovich, N.K. Spencer, Diagonally loaded normalised sample matrix inversion (LNSMI) for outlier-resistant adaptive filtering, in:
2007 IEEE International Conference on Acoustics, Speech and Signal Processing - ICASSP '07, Vol. 3, 2007, pp. IlI-1105-111-1108, http:
//dx.doi.org/10.1109/ICASSP.2007.366877.

[2] R. Adamczak, A note on the Hanson-Wright inequality for random vectors with dependencies, Electron. Commun. Probab. 20 (72) (2015) 1-13.

[3] R. Adamczak, A.E. Litvak, A. Pajor, N. Tomczak-Jaegermann, Sharp bounds on the rate of convergence of the empirical covariance matrix, C. R.

Math. 349 (3-4) (2011) 195-200.

M.Y. An, Log-concave probability distributions: Theory and statistical testing, Technical Report 95-03, Duke University Dept of Economics

Working Paper, 1997.

[5] T.W. Anderson, An Introduction to Multivariate Statistical Analysis, in: Wiley Series in Probability and Statistics, Wiley, New York, 2003.

[4

22


http://dx.doi.org/10.1109/ICASSP.2007.366877
http://dx.doi.org/10.1109/ICASSP.2007.366877
http://dx.doi.org/10.1109/ICASSP.2007.366877
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb2
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb3
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb3
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb3
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb4
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb4
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb4
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb5

E. Romanov, G. Kur and B. Nadler Journal of Multivariate Analysis 196 (2023) 105184

[55]

N. Auguin, D. Morales-Jimenez, M.R. McKay, R. Couillet, Large-dimensional behavior of regularized Maronna's M-estimators of covariance
matrices, [EEE Trans. Signal Process. 66 (13) (2018) 3529-3542.

M. Bagnoli, T. Bergstrom, Log-concave probability and its applications, Econom. Theory 26 (2) (2005) 445-469.

Z. Bai, ]. Silverstein, Spectral Analysis of Large Dimensional Random Matrices, in: Springer Series in Statistics, Springer, New York, 2009.

D. Bakry, L. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Operators, Vol. 348, Springer Science & Business Media, 2013.
M.-F. Balcan, P. Long, Active and passive learning of linear separators under log-concave distributions, in: Conference on Learning Theory, 2013,
pp. 288-316.

P.J. Bickel, G. Kur, B. Nadler, Projection pursuit in high dimensions, Proc. Natl. Acad. Sci. 115 (37) (2018) 9151-9156.

P.J. Bickel, E. Levina, Covariance regularization by thresholding, Ann. Statist. 36 (6) (2008) 2577-2604.

A. Block, Y. Mroueh, A. Rakhlin, Generative modeling with denoising auto-encoders and Langevin sampling, 2020, arXiv preprint arXiv:
2002.00107.

S. Brazitikos, A. Giannopoulos, P. Valettas, B.-H. Vritsiou, Geometry of Isotropic Convex Bodies, Vol. 196, American Mathematical Soc., 2014.
T. Cai, W. Liu, X. Luo, A constrained ¢1 minimization approach to sparse precision matrix estimation, J. Amer. Statist. Assoc. 106 (494) (2011)
594-607.

T.T. Cai, W. Liu, H.H. Zhou, Estimating sparse precision matrix: Optimal rates of convergence and adaptive estimation, Ann. Statist. 44 (2) (2016)
455-488.

T.T. Cai, H.H. Zhou, Optimal rates of convergence for sparse covariance matrix estimation, Ann. Statist. 40 (5) (2012) 2389-2420.

S. Cambanis, S. Huang, G. Simons, On the theory of elliptically contoured distributions, J. Multivariate Anal. 11 (3) (1981) 368-385.

0. Catoni, PAC-Bayesian bounds for the Gram matrix and least squares regression with a random design, 2016, arXiv preprint arXiv:1603.05229.
Y. Chen, An almost constant lower bound of the isoperimetric coefficient in the KLS conjecture, Geom. Funct. Anal. 31 (1) (2021) 34-61.

M. Chen, C. Gao, Z. Ren, Robust covariance and scatter matrix estimation under Huber’s contamination model, Ann. Statist. 46 (5) (2018)
1932-1960.

Y. Chen, A. Wiesel, A. Hero III, Robust shrinkage estimation of high-dimensional covariance matrices, IEEE Trans. Signal Process. 59 (9) (2011)
4097-4107.

R. Couillet, A. Kammoun, F. Pascal, Second order statistics of robust estimators of scatter. Application to GLRT detection for elliptical signals,
J. Multivariate Anal. 143 (2016) 249-274.

R. Couillet, M. McKay, Large dimensional analysis and optimization of robust shrinkage covariance matrix estimators, J. Multivariate Anal. 131
(2014) 99-120.

R. Couillet, F. Pascal, J.W. Silverstein, Robust estimates of covariance matrices in the large dimensional regime, IEEE Trans. Inform. Theory 60
(11) (2014) 7269-7278.

R. Couillet, F. Pascal, J.W. Silverstein, The random matrix regime of Maronna’s M-estimator with elliptically distributed samples, ]J. Multivariate
Anal. 139 (2015) 56-78.

P. Diaconis, D. Freedman, Asymptotics of graphical projection pursuit, Ann. Statist. 12 (1984) 793-815.

1. Diakonikolas, D.M. Kane, Recent advances in algorithmic high-dimensional robust statistics, 2019, arXiv preprint arXiv:1911.05911.

L. Diimbgen, On Tyler's M-functional of scatter in high dimension, Ann. Inst. Statist. Math. 50 (3) (1998) 471-491.

L. Diimbgen, K. Nordhausen, H. Schuhmacher, New algorithms for M-estimation of multivariate scatter and location, J. Multivariate Anal. 144
(2016) 200-217.

K. Fang, S. Kotz, K. Ng, Symmetric Multivariate and Related Distributions, in: Chapman & Hall/CRC Monographs on Statistics & Applied Probability,
Taylor & Francis, New York, 1990.

G. Frahm, Generalized Elliptical Distributions: Theory and Applications (Ph.D. thesis), University of Cologne, 2004.

J. Goes, G. Lerman, B. Nadler, Robust sparse covariance estimation by thresholding Tyler’s M-estimator, Ann. Statist. 48 (1) (2020) 86-110.

N. Gozlan, C. Roberto, P.-M. Samson, Y. Shu, P. Tetali, Characterization of a class of weak transport-entropy inequalities on the line, in: Annales
de I'Institut Henri Poincaré, Probabilités et Statistiques, Vol. 54, (3) Institut Henri Poincaré, 2018, pp. 1667-1693.

D.L. Hanson, F.T. Wright, A bound on tail probabilities for quadratic forms in independent random variables, Ann. Math. Stat. 42 (3) (1971)
1079-1083.

H. Huang, K. Tikhomirov, On dimension-dependent concentration for convex Lipschitz functions in product spaces, 2021, arXiv preprint
arXiv:2106.06121.

M. Hubert, P.J. Rousseeuw, S. Van Aelst, High-breakdown robust multivariate methods, Statist. Sci. 23 (1) (2008) 92-119.

R. Kannan, L. Lovasz, M. Simonovits, Isoperimetric problems for convex bodies and a localization lemma, Discrete Comput. Geom. 13 (3) (1995)
541-559.

Y. Ke, S. Minsker, Z. Ren, Q. Sun, W.-X. Zhou, User-friendly covariance estimation for heavy-tailed distributions, Statist. Sci. 34 (3) (2019)
454-471.

D. Kelker, Distribution theory of spherical distributions and a location-scale parameter generalization, Sankhya (1970) 419-430.

J.T. Kent, D.E. Tyler, Maximum likelihood estimation for the wrapped Cauchy distribution, J. Appl. Stat. 15 (2) (1988) 247-254.

B. Klartag, ]. Lehec, Bourgain’s slicing problem and KLS isoperimetry up to polylog, 2022, arXiv preprint arXiv:2203.15551.

V. Koltchinskii, S. Mendelson, Bounding the smallest singular value of a random matrix without concentration, Int. Math. Res. Not. 2015 (23)
(2015) 12991-13008.

Y.T. Lee, S.S. Vempala, Eldan’s stochastic localization and the KLS hyperplane conjecture: an improved lower bound for expansion, in: 2017
IEEE 58th Annual Symposium on Foundations of Computer Science, FOCS, IEEE, 2017, pp. 998-1007.

Y.T. Lee, S.S. Vempala, Stochastic localization + Stieltjes barrier=tight bound for log-Sobolev, in: Proceedings of the 50th Annual ACM SIGACT
Symposium on Theory of Computing, ACM, 2018, pp. 1122-1129.

C. Louart, R. Couillet, Concentration of measure and large random matrices with an application to sample covariance matrices, 2018, arXiv
preprint arXiv:1805.08295.

C. Louart, R. Couillet, A concentration of measure and random matrix approach to large dimensional robust statistics, 2020a, arXiv preprint
arXiv:2006.09728.

C. Louart, R. Couillet, Concentration of solutions to random equations with concentration of measure hypotheses, 2020b, arXiv preprint
arXiv:2010.09877.

L. Lovasz, S. Vempala, The geometry of logconcave functions and sampling algorithms, Random Struct. Algorithms 30 (3) (2007) 307-358.
R.A. Maronna, Robust M-estimators of multivariate location and scatter, Ann. Statist. 4 (1) (1976) 51-67.

R.A. Maronna, R.D. Martin, V.J. Yohai, M. Salibian-Barrera, Robust Statistics: Theory and Methods (With R), John Wiley & Sons, New York, 2019.
B. Maurey, Construction de suites symétriques, CR Acad. Sci. Paris SER. AB 288 (14) (1979) A679-A681.

M. Meckes, S. Szarek, Concentration for noncommutative polynomials in random matrices, Proc. Amer. Math. Soc. 140 (5) (2012) 1803-1813.
S. Mendelson, N. Zhivotovskiy, Robust covariance estimation under L_{4}—L_{2} norm equivalence, Ann. Statist. 48 (3) (2020) 1648-1664.

S. Minsker, L. Wang, Robust estimation of covariance matrices: Adversarial contamination and beyond, 2022, arXiv preprint arXiv:2203.02880.

23


http://refhub.elsevier.com/S0047-259X(23)00030-1/sb6
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb6
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb6
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb7
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb8
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb9
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb10
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb10
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb10
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb11
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb12
http://arxiv.org/abs/2002.00107
http://arxiv.org/abs/2002.00107
http://arxiv.org/abs/2002.00107
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb14
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb15
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb15
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb15
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb16
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb16
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb16
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb17
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb18
http://arxiv.org/abs/1603.05229
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb20
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb21
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb21
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb21
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb22
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb22
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb22
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb23
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb23
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb23
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb24
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb24
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb24
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb25
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb25
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb25
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb26
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb26
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb26
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb27
http://arxiv.org/abs/1911.05911
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb29
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb30
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb30
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb30
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb31
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb31
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb31
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb32
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb33
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb34
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb34
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb34
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb35
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb35
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb35
http://arxiv.org/abs/2106.06121
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb37
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb38
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb38
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb38
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb39
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb39
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb39
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb40
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb41
http://arxiv.org/abs/2203.15551
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb43
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb43
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb43
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb44
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb44
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb44
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb45
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb45
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb45
http://arxiv.org/abs/1805.08295
http://arxiv.org/abs/2006.09728
http://arxiv.org/abs/2010.09877
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb49
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb50
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb51
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb52
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb53
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb54
http://arxiv.org/abs/2203.02880

E. Romanov, G. Kur and B. Nadler Journal of Multivariate Analysis 196 (2023) 105184

[56]

[57]
[58]
[59]
[60]

[61]
[62]

[63]
[64]
[65]
[66]

[67]
[68]
[69]
[70]

[71]

[72]
[73]

[74]

[75]
[76]
[77]
[78]
[79]

D. Morales-Jimenez, R. Couillet, M.R. McKay, Large dimensional analysis of robust M-estimators of covariance with outliers, IEEE Trans. Signal
Process. 63 (21) (2015) 5784-5797.

R. Muirhead, Aspects of Multivariate Statistical Theory, in: Wiley Series in Probability and Statistics, Wiley, New York, 2009.

E. Ollila, D.P. Palomar, F. Pascal, Shrinking the eigenvalues of M-estimators of covariance matrix, IEEE Trans. Signal Process. 69 (2020) 256-2609.
E. Ollila, D.E. Tyler, Regularized M-estimators of scatter matrix, [EEE Trans. Signal Process. 62 (22) (2014) 6059-6070.

E. Ollila, D.E. Tyler, V. Koivunen, H.V. Poor, Complex elliptically symmetric distributions: Survey, new results and applications, IEEE Trans. Signal
Process. 60 (11) (2012) 5597-5625.

F. Pascal, Y. Chitour, Y. Quek, Generalized robust shrinkage estimator and its application to STAP detection problem, IEEE Trans. Signal Process.
62 (21) (2014) 5640-5651.

M. Raginsky, A. Rakhlin, M. Telgarsky, Non-convex learning via stochastic gradient Langevin dynamics: a nonasymptotic analysis, in: Conference
on Learning Theory, PMLR, 2017, pp. 1674-1703.

M. Rudelson, Lecture notes on non-aymptotic random matrix theory, 8, 2013, arXiv preprint arXiv:1301.2382.

M. Rudelson, R. Vershynin, Smallest singular value of a random rectangular matrix, Comm. Pure Appl. Math. 62 (12) (2009) 1707-1739.

M. Rudelson, R. Vershynin, Hanson-Wright inequality and sub-gaussian concentration, Electron. Commun. Probab. 18 (82) (2013) 1-9.

M. Rudelson, R. Vershynin, Small ball probabilities for linear images of high-dimensional distributions, Int. Math. Res. Not. 2015 (19) (2015)
9594-9617.

A. Saumard, J.A. Wellner, Log-concavity and strong log-concavity: a review, Stat. Surv. 8 (2014) 45.

I. Soloveychik, A. Wiesel, Performance analysis of Tyler's covariance estimator, IEEE Trans. Signal Process. 63 (2) (2015) 418-426.

R.P. Stanley, Log-concave and unimodal sequences in algebra, combinatorics, and geometry, Ann. New York Acad. Sci. 576 (1) (1989) 500-535.
Y. Sun, P. Babu, D. Palomar, Regularized tyler’s scatter estimator: existence, uniqueness, and algorithms, IEEE Trans. Signal Process. 62 (19)
(2014) 5143-5156.

M. Talagrand, Concentration of measure and isoperimetric inequalities in product spaces, Publications Mathématiques de I'Institut des Hautes
Etudes Scientifiques 81 (1) (1995) 73-205.

D.E. Tyler, A distribution-free M-estimator of multivariate scatter, Ann. Statist. (1987) 234-251.

R. van Handel, Probability in high dimension, Technical Report, Princeton University, New Jersey, 2014, URL http://www.princeton.edu/~rvan/
APC550.pdf.

R. Vershynin, Introduction to the Non-Asymptotic Analysis of Random Matrices, in: Compressed Sensing, Cambridge Univ. Press, Cambridge,
2012, pp. 210-268.

A. Wiesel, Geodesic convexity and covariance estimation, IEEE Trans. Signal Process. 60 (12) (2012) 6182-6189.

A. Wiesel, T. Zhang, Structured robust covariance estimation, Found. Trends Signal Process. 8 (3) (2015) 127-216.

R.D. Yates, et al,, A framework for uplink power control in cellular radio systems, IEEE ]. Sel. Areas Commun. 13 (7) (1995) 1341-1347.

T. Zhang, X. Cheng, A. Singer, Marcenko-Pastur law for Tyler's M-estimator, J. Multivariate Anal. 149 (2016) 114-123.

K. Zhou, A. Montanari, High-dimensional projection pursuit: Outer bounds and applications to interpolation in neural networks, in: Conference
on Learning Theory, PMLR, 2022, pp. 5525-5527.

24


http://refhub.elsevier.com/S0047-259X(23)00030-1/sb56
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb56
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb56
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb57
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb58
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb59
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb60
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb60
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb60
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb61
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb61
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb61
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb62
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb62
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb62
http://arxiv.org/abs/1301.2382
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb64
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb65
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb66
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb66
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb66
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb67
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb68
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb69
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb70
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb70
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb70
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb71
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb71
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb71
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb72
http://www.princeton.edu/~rvan/APC550.pdf
http://www.princeton.edu/~rvan/APC550.pdf
http://www.princeton.edu/~rvan/APC550.pdf
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb74
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb74
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb74
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb75
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb76
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb77
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb78
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb79
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb79
http://refhub.elsevier.com/S0047-259X(23)00030-1/sb79

	Tyler's and Maronna's M-estimators: Non-asymptotic concentration results
	Introduction
	Main results
	Concentration for the weights of Maronna's and Tyler's Estimators
	Regularized Estimators

	Preliminaries and Technical Background
	Applications to Robust Sparse Covariance and Inverse Covariance Estimation
	Sparse shape matrix estimation
	Sparse inverse shape matrix estimation

	Proofs
	Conclusion and Further Discussion
	CRediT authorship contribution statement
	Acknowledgments
	Appendix A. Auxiliary Technical Lemmas
	Appendix B. Deferred Proofs
	Appendix C. Relaxing the Zero Mean Assumption
	References


