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. His IDEA (wiH KAZHDAN) To GlUE
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X : THe SET OF FN(TE CONNECTED
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. FR Y€ X , Sy) 1s THE SPECTRUM
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BIPARTITE .
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+ CELEBRATED GAP  (oPTimaL Ex?A”-'DERS)

ALON - BOPANNA (20z,3), M Ish

MAXIMAL INTERVAL AND IS ACHIEVE)D

8y RAMANVTAN GRAPHS. }
( LuBeT2HY- PHILLIBS =S MARGULLS £6/¢%)

RECENTYY MAkcus-sPuamM-Snu/AsmVA

vane LEE-YANG INTERLACINE )
v TiGHT BINDING HAMILTONIANS
IN PHySICS ASK FoR A GAP AT =3
(RoLLAR- FTEPATRICK-HOUEK=S) - -

| 4

IN THE CHEMISTIZ)' OF LARGE
CARBoN  CLUSTERS (e6 FULLERENES)

A GA? AT O Is deECISI1VE
( HUCKELL ORBITAL S7ABILITY)
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GAP AT -3 HOFFMAN GRAPHS

F 2 IS ANy CoNNECTED GRAM

L(z) 175 LiNE GRAM :

VERTICES OF L(2) ARE EDGES OF Z

JoiN Two F THEY SHARE A VERTEY

N Dt DENCE
. FAcTORIZATION VIA MATRIX

olL@)={-at U &(21+AFD,)
C E‘lx” ) \‘,

DIAG

= # OF EDGES OF 2 WiTH
VALENCE

m = ¢ oF VeRnNces .

S n . (BILR)) B2 ; HOFFMAN
° min | 7T A,

FRoM Wi (2)= min {36 Ay
X$0 ¢,

IT FoLLoWS THAT FOR ANy (NDUCED
SuBGRAPH B OF #

Amin (23 < }.\;,,(3) :
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S0 IF 2 IS A HOFFMAN GRAPH THEN
I CANNOT CONTAIN A HesT OF SMALL

INDUCED SUBGRAPH .
=) CLASSIFICATION OF HoFFmAN GRAPHS

cAMERON — GOETHELS-SEIDE L -SHULT (/1%5)
" \NE CRAPHS , RooT SysTEmS AND ELLIPTIC

GE oM ETRY "
ExcepT FOR A FRNITE LIST OF
SPoRADIC GRAPHS ‘THESE ARE ALL GENERAL(SED

LINE GRAPHS.
o consTRUCT LINE GRAPHS N X DefwE

v 1O
T: X—= X BY

\,' —> S(y). SURDIVIDE Y BY ADDING
VERTICES AT MIDPeNTS oF EDGES

%;

vigLds A -3 ReGULAR GRAPH | THEN
T) = L(sp) € X .

| (O = 3\\/\ .
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PRoPeSITioN  ( K=F-H-S )

F YEX AND Is LARGE THEN
sy) cE2,31 IFF y=TR@) FR
somE 2z é€ X.

[-3,-2) s A MAXINAL GAP
INTERVAL .

DEFINITION : A CLOSED JSVBSET
K oF [-3,3] s A s?EcTRALm-:r

IF THERE ARE NWNANTELY mAny Y's
N X SUCH THAT ciy)e K .

F33]\K 1s A GAP SeT |

WE SEEK MAXi/mAL GAP SETS
OR MivIMAL SPECTRAL OETS
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SIMILAR QUESTION /N OTHER JETTINGS:

JFOR QUOTIENTS OF HIGHER RANK,

SYymMETR\C SPACES 2R BRUHAT-TITS
L R S ( "BUILIINGS)

RIGIDITY RESULTS O©OF { ABERT ,BERGERON
BIRINGER, GE LANDER, NiKoLov, RAINBAUCT, SHAMET)

SHow THAT [F

- S
h /r' T N 1so ()

THeN AS VoLlYn ) =0, Y  CoNVERGES
bEN\)AMml-SCHRAMM TO S,
IN PARTICULAR |
c(¥p) (R AT LEAST  THE
Tempe RED PART )
BECOMES DENSE (N THE SUPPRT

OF THE PLANCHAREL MEASURE.
S® NO GA’LS\.

VERy RI\HD.




+ 2ERDS OF 2ZETA FUNCTIONS ©OF
CURVES AND ABELIAN VARIETIES OVER A

FixeD Wy > 00 ). (TFASMAN \VLANT
(3 ). DRNFEI-D su?’RE)

/N CONNECTION WiTH
GoPPA CoDeES

INE f_

‘@ 29 ©OF THEM
& <YyMMETRIC

WHAT KIND OF GAP SETS KCS CAN BE
ACHI\EVED

‘FOR CURVES TFASMAN [VLADUT  NO
CA?S CAN Bg CRERTED

- FoR ABELLAN VAARETES A/E‘
SERRE (2018) SHOWS THAT ESSENTIALL
As LodE As K Hé&s ’TR&M:—-«M{T&
DIAMETER AT LEBAST Za, T HEN
T CAN Be ACHIEVED,
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TheoREM FEKETE (Hso)

LET KCE BE comPAcT,
IE cap(K) = TRAdEmiTe DigmeTeR (K) <4
THEN

$ o ;X ALGED. INTEGER WITH ALL
ITS GAots cons N K}

IS FINITE .
kP S5 ARt SL
d(K\ 4 Z/Mu—c)
' n* 4::&3?" l2c-2 | ZeK

d, \I d = TRANSANTE DMMETER,
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BACK To SPECTRA OF (CULBIC GRAPHS

Theokem 4. (K-35 )

EVERy Pont § IN [3,3) !Is
PLANAR GAPPED , THAT IS THERE IS
NBH \/5 OF 3 Suew THAT

Vg/\(F(Yfr=ﬂ5 FoR Y; PLANAR
\Y; | =e0.

R

PRoPoSITION 2 {K-3)
I Kc[-3,3] 15 SPEeTRAL
THEN cAP(K) S 1

SO SPEcTRAL SETS é/m/or Be
TOoo SMALL.
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THEOREM 2 EXTREMAL GAP /NTERVALS

{) (1,1) 1S A MAXMAL GAP NTERVAL
ApouT =0 Fok BIPARTITE GRAPHS,

(-('1.') (f:l)o) Is A MAXIMAL SymmetRic
GAP (NTERVAL ABOLT ¥ =-1.,

THE MAP T : X—=> X SATISFIES

- N/ s,
s(Tin)= § ‘(cs*(v)) J 10} , V{-2§
| n= VN,

WHERE «F(Dc.) = )(.7-- -3
OUR  PReoFS MAKE USE OF

Tue DdywAmics OF T oN X
A of £ on [R.
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-F '[E3>31) = EQ,O—l I D,31
Ga3] 0§ (Eadl) 2§ (Bad) -

RN ()

M=o
A 1S A cANToR OSET .
¥m(x) Seo As m-oreo IF XEA

‘H IS TololoClcAlly EQUIVALENT
AN

10 TwE SHIFT ON {O,QN
LET A= AU ;if o)}

A IS CULOSED AW CoNSISTS ©OF

THE cANTOR SET /\ AnD THE

oTuek Tod T ARE [ISOLATED AlD A c<UmMVLATE
ON .
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THEOREM 3. A I5 A MINImAL
SPEcTRAL SET car(R) =4 AND

{\,éx: c-(\/)c.A} coNSIsTS OF
Fikitery  NANY T= ORBITS .

PROPOS I TION .
s TF K IS SPECTRAL TTHEN

SO IS
g (k) v {0} LI2]

avd IF K Is mwmAL SECTRAL
en S0 s Uit u3-2y,

R
. TF £ (%) 15 PLANAR

GATRED TutAr FoR SomE RO
THEN So IS §.
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MAXIMAL GAP INTERVALS T

L |0 \(-.?,o) A((,\,\) &2,3)

oD | PANAR | NOUPOAS PRl CANNDT

BE

o cANNT BE
REAL)2ED WITH DL PLANAR
car(P =1 AR LLOTELY MINIMAL

car( K ) =12 PERHAPS THE
MAX CAPACITY OF

MiNnIMAL SPECTRAL

DISCUSSION. SETS.

K, 1S MINIMAL SPECTRAL : ASearléL»:gNERl
VIRAG .
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OUTLINE ©OF TPRODFS'

S

_THE MAP T AND ITS
DYNAMICS

. FINDING SPECIAL cycLle
(INFINITE) AND Zf COVERING S

OF <SMALL MEmBERs OF X.

THESE ARE ANALY2ED BY
"BLOCH WAVE ~ OR FLOQUET

THEORY .

.+ COMBNATORIALEy  CONSTRVcTION
OF APPROYImATE EIGENFUNCTION S
on LARGE Y'S TO SHow MANMAUY

ofF (-a,0) (-15)) .
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I =1 J1=1
-1 )
f~°[-3,3]: I ? | tl) kl) | ?
-3 -2 -1 0 1 2 3
I2,1 I7,2 J2,1 J2,2
—2 )
f~<[-3,3]: | ? | ? | | ? | b ?
-3 -2 -1 0 1 2 3
I3,1 13,2 I3,3 13,4 J31 J3.2 J3,3)3,4
-3 )
-3 -2 -1 0 1 2 3



