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Abstract

The paper contains three results, the common feature of which is
that they deal with the Schatten p class. The first is a presentation of
a new complemented subspace of C), in the reflexive range (and p #
2). This construction answers a question of Arazy and Lindestrauss
from 1975. The second result relates to tight embeddings of finite
dimensional subspaces of C) in €}’ with small n and shows that EI;
nicely embeds into C}; only if n is at least proportional to k (and then
of course the dimension of CJ! is at least of order k?). The third result
concerns single elements of C and shows that for p > 2 any n x n
matrix of Cp, norm one and zero diagonal admits, for every ¢ > 0, a
k-paving of C),, norm at most € with £ depending on ¢ and p only.

1 Introduction

1.1 Complemented subspaces

Recall that for 1 < p < oo C, denotes the Banach space of all compact
operators A on f, for which the norm ||A||, = (trace(A*A)P/2)1/P is finite.
Determining the complemented subspaces of these spaces was a subject of
investigation for quite a while. In particular Arazy and Lindenstrauss in [AL]
list nine isomorphically distinct infinite dimensional complemented subspaces
of Cp, 1 < p # 2 < co. They are all complemented by quite natural pro-
jections which are given by setting certain subsets of the entries of a given
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matrix to zero. They are also all norm one projections. Unlike the situation
with L, there is some hope of isomorphically characterizing all complemented
subspaces of C),. The main result of section 2 of this paper is to introduce
a new complemented subspace of C,, solving some problems from [AL]. To
describe the space we need some more notations. For a finite or infinite ma-
trix A we denote by A(k,l) its k, [ entry. Z, will denote the Banach space of
matrices whose norm

HA”Zp — (Z Z‘A (k, 1) p/2 1/p
k=1 1=1

is finite. For p > 2, Z will denote the Banach space of matrices whose norm

14117 = (141, + [147]1Z,)""

is finite. For 1 < ¢ < 2, Z will denote the Banach space of matrices whose
norm

Al = imf{(IBIY, + |C*15,)Ve; A= B +C)

is finite. Note that if g = p/(p—1), p > 2, then Z is the dual of Z and vice
versa. -
We also denote by C7}, 2 and Z! the spaces of n x n matrices with the norms

inherited from C,,, Z, and Z, respectively. Define

Dp = (@ 2;5)1)
n=1

The main result in section 2 is that D, is complemented in C,, 1 < p <
0o, and is not isomorphic to any of the previously known complemented
subspaces of C,,.

The proof depends heavily on a result from [L-P] showing that Z is the
“unconditional version” of C,,.

1.2 Tight Embeddings

Before describing the results of section 3 we would like to motivate it by
describing what is known in the L, case.
Given a k-dimensional subspace X of L, (0, 1) one can ask what is the minimal
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n such that X embeds with constant 2, say, into £;. This was extensively
studied and, up to log factors basically solved. Except for a power of log k, n
can be taken to be of order k for 1 < p < 2 and of order kP/2 for 2 < p < 00.
These orders are best possible, again up to the log factor, as is seen by looking
at X = (% See [JS] for a survey of these results. In the case that p is an
even integer the log factor is not needed ([Sc).

It is natural to seek similar results in C},. Given a k-dimensional subspace X
of C), what is the smallest n such that X 2-embeds into C2? If X is % the

answer is known for quite a while: n ~ vk for 1 < p < 2 and n ~p k72 for

2 < p < oo [FLM]. One could guess that also here the worst case is /5. In

section 3 we show that this is wrong and f’; is worse than /% in this respect.
We prove in Theorem 2 that if C}} contains a 2-isomorphic copy of EI; then

n 2, k. This holds for all 1 < p # 2 < oc.

The proof is algebraic in nature, estimating the rank of some operator.

1.3 Paving

Recall that a k-paving of a nxn matrix A is a matrix of the form Zle P, AP,
where {01, ..., 0} is a partition of {1,...,n} and for a subset ¢ C {1,...,n}
P, AP, is the matrix whose k, [ term is A(k,!) if both k and [ are in ¢ and 0
otherwise.

Marcus, Spielman and Srivastava [MSS] solved recently the Kadison—
Singer conjecture which is equivalent to the paving conjecture. In our terms
they proved:

For each £ > 0 there is a k = k() such that for all n and all n x n matriz A
with zero diagonal and norm one (as an operator on l4) there is a k-paving
of norm at most €.

Given a reasonable norm on the space of n x n matrices, one can ask if
a similar result holds for that norm. In [BHKW] it was proved that this is
the case for self adjoint matrices and the norms Cy and Cj (the case of Cy
is easy and was known before). The hope of the authors of [BHKW] was
that one will be able to prove a similar result for all zero diagonal matrices
for a sequence of C,, norms with p, — oo and where the function k(e) is
independent of n. Then the paving conjecture would follow.

In Theorem 3 of section 4 we show that the paving conjecture indeed
holds for all the €}, norms, 2 < p < co. However, the function k that we get
depends on p.



The proof in [BHKW] (for p = 4, 6) is by an averaging argument. Our proof
is also quite a simple averaging argument. The difference with the argument
in [BHKW] is that instead of estimating the average of ||P,AP,|| over all
possible ¢ from above we estimate the average of ||A — P, AP,|| from below
and then use the uniform convexity of C,.

2 A new complemented subspace of (), 1 <
pF2< o0

We start with stating two facts relating the spaces C,, Z, and Z,. The first
is relatively simple:

Fact 1 Forp > 2, ||All, > ||A]|z, and consequently also 2'/7||A||, > 1Al 7 -

Let us reproduce the (known) proof of this fact: Let Ej; denote the matrix
with 1 in the k,[ place and zeros elsewhere. Also for ¢ = (e1,...,6,...),
with e, = +1 for all k, denote A, = diag(eq,...,&k,...). By the unitary
invariance of the €}, norm and the convexity, over positive definite matrices,
of B — trace(BP/?), we get that for all A = Zk,l ag 1By,

|AlP = Ave. || A A[|P = Ave trace(A. AA*AL)P? > trace[Ave. AL AA*A P2,

Now, as is easily seen,

Ave. A AATN, =) “(AA")(k,1)Ave.ere By

= Z (AA") (b, k) By = > lag*Er
k l

and

trace(zz |1 B )P/? = = [|AllZ, -
PR

As was noted by the referee, one can also prove Fact 1 by interpolating
between the simpler cases p = 2 and p = co. A dual statement (extending
also to ¢ = 1) holds for 1 < g < 2. We'll not use this here.
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By a 2, 8 (resp. a <, ) we mean that for some positive constant K,
depending only on p, Ka > f (resp. o < Kf). a ~, [ means o 2,
and a S, 8. If the subscript p is omitted the constant K is meant to be an
absolute constant.

The second Fact is much more profound and follows from a result of
Lust-Piquard [L-P] for 1 < p < 0o and of Lust-Piquard and Pisier [L-PP] for
p = 1. See also [PX].

Fact 2 Let {ex1}35=; be a matriz of independent random variables each tak-
ing the values £1 with equal probability. For a matriz A = Z?I:l ag, By in
Cp, 1 <p<oo,

o @]
(Ave.|| Z Eritt Erg|D)'P =, 1AllZ -

k=1

Let { R} fﬁ be a list of all the n x n sign matrices; i.e., all matrices each
of whose entries is 1 or —1.

Given two matrices of the same dimensions A and B, we denote by Ao B
their Schur product; i.e., the matrix whose 7, j component is the product of
the 7, 7 component of A with the ¢, j component of B.

Given an n X n matrix A let A be the n2"* x n2"” matrix given by

(RroA)(k—(i—Dn,l—(—1)n), (i—1n<kl<in,
Ak = i=1,...,2"
0 otherwise

i.e., A is a block diagonal matrix with 2" blocks each of size n x n and the
i-th block is R}' o A. Note that by Fact 2 above, for all 1 < p < oo,

1Al ~p 2P| All -
Set
D) = {A; Ac C,'}, equipped with the norm induced by ngn )

Then for each 1 < p < o0, A — 2*”2/1‘%5 2-1%/P A is an isomorphism, with
constant depending only on p, between Z and Dy.

n2
Proposition 1 For 1 < p < oo D) is \,-complemented in C’;Z where A,
depends on p only.



Proof: For B € C’Z’}an and i =1,...,2"" let B; be the n x n central block
of B supported on the coordinates in ((i — 1)n,in|; i.e.,

Bi(k,l)=B(k+ (i —1)n,l+(i—1n) , 1<kl<n.
For B € C’;}QnQ let
®(B) = 2—”2§: R" o B
=1
and define :
Q(B) = 2-n22i: R" o B;.
=1

Hence Q(B) = ®(B) € D}. Since for every A € C}}

on?
O(A)=2""> Rl'oRlo A=A,
i=1
() is obviously a projection onto Dj. It is also easy to see that it is self

adjoint. It is therefore enough to evaluate its norm as an operator on C,
p > 2. As we remarked above,

2 2 n2
IQ(B)Il, =, 277|277 S, Ry o Byl 5
n2 —TL2 271,2 n —n2 2n2 mn *
= 27/P(||2 > i1 Rito Bi”%p + 127" (0= B o Bi) ||§p)l/p-
(1)
We’ll show that

on®

2|27 Y "R o Billz, < |IBll,. (2)
=1

Since the treatment of the other term on the right hand side of (1) is identical
this will prove the Proposition. (2) is really just the statement that @ is a



norm 1 projection on Z, but let us repeat the proof.

I R o Billy, =30 | Zf;(ﬁ’? o Bi) (k)
< S OC (R 0 Bi) (K, )P

by the triangle inequality,
n 2"2
= 2=t (i [ Bilk, e )”
n n2(p— 2m
< 2k 20T IBi(k, I,
by Holder’s inequality,
2
n2(p— nan
< 2m e S 1B I,
by denoting k' = in + k,
— 2700 B, < 20| Bl
by Fact 1.

This proves (2) and thus concludes the proof. n

Recall the notation from [AL]: S, = (@, C}'),; i.e., S, is the subspace
of C), spanned by disjoint diagonal blocks, the n-th one being of size n x n.
We also denote: D, = (-, Z[fb)p. As a corollary we immediately get the
main result of this section.

Theorem 1 For 1 < p # 2 < oo D, is isomorphic to a complemented sub-
space of S, and thus of C,. It is not isomorphic to any of the nine previously
kEnown infinite dimensional complemented subspaces of C,, listed in Theorem

5 of [AL].

Proof: The first assertion follows immediately from Proposition 1. Since D,
has an unconditional basis and cotype pV 2 and since C} does not uniformly
embed into a lattice with non trivial cotype with constant independent of
n (see [Pi, Theorem 2.1]), it remains to show that D, is not isomorphic
to any of the spaces listed in Theorem 5 of [AL] having an unconditional
basis. These are the four spaces (2, ¢,, ¢» ® ¢, or Z,. These four spaces
are isomorphic to complemented subspaces of L,(0,1), so it is enough to
show that D, is not. Indeed, for 1 < p < 2 D, is not even isomorphic to
a subspace of L,(0,1). This follows for example from [HRS]. Indeed, if the
ZZL—S, 1 < p < 2, uniformly embed in L,(0,1) then by a simple limiting
argument so would Z;. However, Corollary 1.3 in [HRS] states in particular
that RadC),, which is isomorphic to Z, does not isomorphically embed in
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Ly(0,1). Since D} = Dy (,-1) it follows that, for p > 2, D, is not isomorphic
to a complemented subspace of L,(0, 1). [

1. Theorem 1 solves the problem in Remark (ii) on page 107 of [AL]. In
particular, D, is complemented in S, but is not isomorphic to .S, or £,. One
can of course ask whether these three spaces exhaust all isomorphic types of
infinite dimensional complemented subspaces of \S),.

2. Combining the space D, with the previously known complemented sub-
spaces, we can get two more isomorphically different complemented subspaces
of C,. These are ¢, ®, D, and Z, ®, D,. It is not hard to show that they are
not isomorphic to any of the other spaces and not isomorphic to each other.
So all together we get twelve isomorphically different infinite dimensional
complemented subspaces of C,, 1 < p # 2 < oco. This leaves open the main
problem of whether there are infinitely many isomorphic classes of infinite
dimensional complemented subspaces of C,,.

We also remark that for any subset {m,}32, of the natural numbers with

sup m,, = oo, the space (), 2;,\“/71)}, is isomorphic to D,

3. Is Z, isomorphic to a complemented subspace of C,7 We believe not.
Probably, for 1 < p < 2, Z, does not even isomorphically embed into C,,.

—

Note that for p > 2 the situation is different: Z, isometrically embeds even
in Z,.

4. Tt is easy to see (using [L-PP]) that the norm of @ in the proof of Propo-
sition 1 is of order /p for p > 2.

3 Tight embeddings in C}

The result of this section was obtained when I visited the University of Al-
berta where I greatly benefitted from interaction on the subject with Sasha
Litvak and Nicole Tomczak-Jaegermann. The main result of this section is

cp > 1 for all v and

Theorem 2 IfT),..., Ty are n X n matrices with ||T;|
k
|2 ;
Avei||z;:|:TZ|| n <Kk, if p>2,
or |T;|| <1 for alli and
k
1P 1.
Avey|| Y +Ti| . > Kk, if 1<p<2,

i=1



then n > K7k In particular if T : E'; — X C C} is a linear isomorphism
then n > (|| 7 ) 7 k.

We start with two claims.

Claim 1 Let p > 2 and let A;, i = 1,2,...,k, be n X n positive definite
matrices with traceA”* > 1 for all i. Assume trace(S2F_, A)P? < Kk.

Then n > rank(Y25F | A;) > Kv2k.

Proof: Let d = rank(3]F_, A;) and let Ay, ..., Ag be the non zero eigenvalues
of Zle A;. Then

k d d

Kk > trace(z AP = Z )\f/z > dZ;f(Z X\)P’? by Holder’s inequality
i=1 i=1 i=1
2— k 2— k 2
—d2 (Z traceA;)P/? > dTp(Z(traceAf/Q)2/p)p/2 > dz kP2,
i=1 i=1
Sod > K zk. -

Claim 2 Let0<p<2andlet A;, i =1,2,...,k, be n X n positive definite
matrices with traceAf/2 <1 for alli. Assume trace(Zf:1 A)P'?2 > ck. Then

n > rank(3F  A) > =13

Proof: Letd = rank(Zle A;) and let Ay, ..., A\g be the non zero eigenvalue
of 2 A,

k d d
ck < trace(z A% = Z A2 < dQ%p(Z A )P
i=1 1=1 i=1
2— K 2— u 2—
=d () traced)"? < d 2 (Y (traceAV*) P2 < g3 g,
i=1 i=1
So d > cﬁk. -



Proof of Theorem 2 By the easy part of the inequality in [L-P] (or see
[PX]) which was actually known before and whose proof is quite easy and
similar to that of Fact 1,

k k
Aver|| Y ATi|E, > te(d_ TT)P?, if p>2,

=1 =1

and

k k
Aver|| Y £Tlle, <te(h TP if 0<p<2.
=1 =1

Now apply Claim 1 or 2 with A; = T7;.

To prove the last claim in the statement of the theorem, assume p > 2
and assume (as we may by multiplying T by a constant) that ||| = 1.
Letting T; be the image by T of the i-th unit basis vector in 5’; we see that

[Tillcy > 1 and that Ave|| S :I:Ting < ||T'||Pk. Now apply the first part
of the theorem with K = ||T'||P. The case 1 < p < 2 is treated similarly
starting with ||T|| = 1. n

Is élg the worst (maybe up to log factors) k-dimensional subspace for tight
embedding in C}7 i.e., does any k dimensional subspaces of C}, 2-embed into
C, with n proportional to k, except maybe for a multiplicative factor of a
power of log k7

4 Paving in C), p > 2

The main result here is the following Theorem which clearly gives, by itera-
tion, the result claimed in the third subsection of the Introduction.

Theorem 3 Let A be a 2m X 2m matrix with zero diagonal. Then there
are mutually orthogonal diagonal (i.e., with range a span of a subset of the
natural basis) projections P, Q of rank m such that, for all 2 < p < oo,

1 1/p
IPaP+Qaql, < (1-5)  lal,

Given a 2m x 2m matrix A = {a;;}77, and a subset 0 C {1,2,...,2m}
of cardinality m, let A, denote the matrix whose 7, j element is 0 if 7, j both
belong to o or both belong to the complement o¢ of o, and a; ; otherwise.
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Proposition 2 For all 2 < p < oo and every 2m x 2m matriz A with zero

diagonal,
1
Ave, Tr(AXA,)P/? > 2—pTr(A*A)p/2,

where the average is taken over all subsets of {1,2,...,2m} of cardinality m.

Proof: Applying Proposition 2 in [Pe| we get that

Ave, Tr(AZA,)P/? > Tr(Ave,A%A, )P/, (3)

Now, the i, 7 element of A*A, is

Zkgga ay;akj, 1,) €0
AZAU(i7j> - Zkeo &k,ia;@j, 7,,] ¢ o
0 otherwise.

It follows that for all 7 and j,

(Qm) Ave,A3A (1))
m
=2 E E ap Qg = 2 E #{o; 1,j €0, k¢ olagay;.

{o; i,j€0} ko k#i,j

If i = jand k # i, then #{o; 1,j € 0, k ¢ 0} = (277’11:12). If i # j and
k#i,j, then #{o; i,j €0, k¢ o} = (27:;‘__23). This translates to

9 (2m=2Y (2m -1 . |2 C_
Ave(,A;‘;AU(i,j) = (217;;_13) (27:;)71 Zk#z |a’_]€, ’ ) l ,] (4)
2(m—2)(m) Zk;ﬁi,j Ak,iQkj, 7 J.
Since
om — 2\ [2m\ m om — 3\ [2m\ m
= and = 7
m— 1 m dm — 2 m— 2 m 8m — 4

we get from (3), (4) and the fact that A has zero diagonal that

p/2
* p/2 > m * m
Ave, Tr(AXA,)P* > Tr ((4111 — 2) A"A + (4m — 2) B) :
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where B is the diagonal matrix whose i-th element is >, |ax;|*. Proposition
1 in [Pe] now implies that

p/2
Ave, TrAS A = () TP 2 STAAPE,

4dm — 2

Proof of Theorem 3 We shall use the well known (and easy to prove by
interpolation) inequality

1 1/p B B B
(§wx+mw+ux—mgo < (2l + g2/ (5)

for all 2 < p < oo and all matrices z,y (see e.g. [PX, Th. 5.1]). By
Proposition 2, we can find a ¢ C {1,2,...,2m} of cardinality m such that,
putting P to be the natural projection onto the span of {¢;}ic,, @ = I — P,
and v = PAQ + QAP,

1
ol > o

Put also u = PAP 4+ QAQ and notice that A = v + v and that |ju — v||, =

llu+v|l, = [|A|l,- Indeed, P — @ is a unitary transformation, so ||u — v||, =
(P —Q)A(P —Q)ll, = ||All,- Apply now (5) to x = u+ v,y = u— v, to get

1AL

1 1/p B ) )
(S0l 1200)) < (o0 + =y -y

or
(lelly + Nollp) 7 < All,.

1 1/p
ol < (1= ) Al

Thus,

Acknowledgement: [ wish to thank the referee for detecting inaccuracies in
the original version of this paper and for helping to improve the presentation,
especially in section 2.
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