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Abstract

A verifiable condition for a symmetric statistic to be a two-sample
U-statistic is given. As an illustration, we characterize which linear
rank statistics with two-sample regression constants are U-statistics.
We also show that invariance under jackknifing characterizes a two-
sample U-statistic.
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1. INTRODUCTION.

Let (Xy,...,X,;Y1,...,Y,) be two independent random samples from
distributions with c.d.f’s F(x) and G(y), respectively. Let 6 be a parameter
and suppose that (r, ) are the smallest sample sizes for which there exists a
function A, symmetric in its 7 X'’s and ¢ Y'’s, such that
E(h(Xy,..., X Y1,...,Y})) = 0, for every F,G in some family of distribu-
tions. Then, the two-sample U-statistic with kernel h, and of degree (r,1),
is, forn >r, m > t,

Upm = UXy,..., X3 Y1,...,Y,)
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where 3, ) (X () denotes summation over all distinct subsets i1, ..., 1, of
the integers 1,...,n ( ji,...,J; of the integers 1,...,m).

U-statistics were first studied by Hoeffding in [1], and were further inves-
tigated by many authors. (See, for example, [2], [3], [4]). Once a statistic is
known to be a U statistic, there are many desirable properties it possesses,
which are already known and ready to use. However, the question faced by
the researcher is - is the test statistic a U-statistic? An answer to this ques-
tion, for a one-sample statistic was provided by Lenth in [5]. The purpose
of this paper is to extend Lenth’s results to two-sample U-statistics. In his
paper, Lenth gives an easily verifiable condition for a one sample symmetric
statistic to be a U-statistic, and shows that invariance under jackknife char-
acterizes one-sample U-statistics. In the case of a two-sample statistic, the
jackknife procedure is less obvious, since the term “leave one out” is not at
all clear - one X at a time, then one Y at a time? One pair (X,Y) at a time?.
The main result of this paper, Theorem 1 provides a verifiable condition un-
der which a statistic is a two-sample U-statistic. The condition can also be
useful in finding the kernel and the degree of the statistic. As a corollary
we show that, using Arvesen’s jackknifing procedure [6], invariance under
jackknifing characterizes a two-sample U-statistic. These resultss, as well as
an additional version of the first one, are discussed in section 2. In section 3
we illustrate the use of the conditions assuring that a two-sample statistic is
a U-statistic by characterizing which linear rank statistics with two-sample
regression constants (in [2], p.252, terminology) are U-statistics: We show
that among this class of statistics, the only ones which are U-statistics are



linear transformations of the Mann-Whitney statistic. The proof here is more
involved than the ones in section 2, which are not very complicated.

2. THE MAIN RESULTS

Let Spm (X1, ..., Xp; Y1, ..., Y);n > r,m >t be a sequence of symmet-
ric two-sample statistics (that is, symmetric in the X’s and symmetric in the
Y’s). Following Arvesen’s jackknife procedure, denote

(i) Sy m = the original statistic, based on all observations
(ii) S;f’ﬁm = the statistic, after leaving X; out, for n > r
(iii) 521;];1: the statistic, after leaving Y; out, for m > t.

Theorem 1 Let S, ,, be a sequence of symmetric statistics, and suppose
that forn > r, m > t,
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with boundary conditions
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Then, Sy, is a two-sample U-statistic of degree at most (r,t), i.e., Sy m Is a
U-statistic of degree (r',t') with r > r';t > t'. Conversely, any two-sample
U-statistic satisfies (1).

Proof By the one-sample theorem ([5], proposition 2) and by (2), for all
n > r and for fixed Yi,...,Y,,
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where the sum -, . is taken over all distinct subsets i, . .., 4, of the integers
1,...,n. Similarly, for all m > ¢ and for fixed Xy,..., X,
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(

m,t)
We shall prove, by induction on n 4+ m, that
Sn,m(Xla ce 7Xn; lea RN Ym) =

:@(T) 5% Sl XY ()

for all n, m such that n > r and m > ¢. Assume (4) holds for alln > r,m >t
withn4+m <sandletn>rm>twithn+m=s+1. lf n=r orm =1,
then this follows from the one sample theorem, as indicated at the beginning
of this proof. Otherwise, since n +m — 1 = s, we get from the induction
hypothesis, that

(n(n —1) +m(m _1))Snm(Xla-- Xn;Yla---aYm):
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where 3(,-i,) denotes summation over all distinct subsets iy, ..., i, of the
integers 1,...,i — 1,4+ 1,...,n and similarly >>,-; ;) denotes summation
over all distinct subsets ji,...,7; of the integers 1,...,5 —1,7+1,...,m

Given iy < iy < ... < i, in {1,2,...,n} there are exactly n — r elements
of {1,2,...,n} which do not appear in the sequence (iy,is,...,%.). Thus
the double summation }i; 3(,-i, is the same as (n —7) >, ). Similarly,
S Xmigy = (M —1) Xy We thus get that

(n(n —1) +m(m —1))Spm(Xy,- .. Xn,Yl,... ) =

_ ((n(—nll))(?msT) _|_( n ) Z Z Sy -




Finally, it is easy to see that

(n—1)(n—r) N (m—1)(m—1t) n(n—1)+m(m—1)
n—1\ (m n\ (m—1 n) (m ’
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This proves the first part of the theorem. The converse statement can be
proved in a very similar way starting for example with the last equation in
(5). n
As a simple corollary to Theorem 1, we get a condition under which a
two-sample jackknife estimator is a two-sample U-statistic.

Corollary Let S, ,, be a symmetric statistic, and let S, ,,(JACK) denote
its jackknifed version, according to Arvesen’s procedure [6],

Spm(JACK) =
?:1(n52, (n - 1)Sn lm) + Z ( - ( - 1)Snm 1) .

n—+m

Then, S, is a two-sample U-statistic if and only if

Spm(JACK) = S) .

Proof By [6],
Spm(JACK) =
?:l(nsg, (n - 1)Sn 1 m) + Z (msg,m - ( - 1)Snm 1)
N n + m
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Therefore,
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and we see that the condition S, ,,(JACK) = S}, is equivalent to (1). m

There are recursive conditions on S, ,, other than (1) that characterize
when S, ,,, is a U-statistic and some of them may be easier to use. The reason
we have chosen (1) is that it fits nicely with jackknifing as one sees in the
proof of the corollary above.

Here is another recursive characterization of two-sample U-statistics that
will be easier to apply in the example we examine in the next section. One
can prove Theorem 1’ directly but, at this stage, it is easier to deduce it from
Theorem 1.

Theorem 1’ Let S,,,, be a sequence of symmetric statistics, and suppose
that for any n > r, m > t,

Span(X1, o X Vi, V) = =308, (6)
and for any n > r, m > t,

Sn,m(Xla"'aXn;Yia"'a =

Then, S, ,, is a two-sample U-statistic of degree at most (r,t), i.e., Sym is a
U-statistic of degree (r',t') with r > r',t > t'. Conversely, any two-sample
U-statistic satisfies equations (6) and (7).

Proof Clearly, conditions (6) and (7) imply (1), (2) and (3) and the conclu-
sion of the first part of the theorem follows from Theorem 1. The converse
statement is easy to check directly from the definition of a U-statistic. [ ]

3. AN APPLICATION

As an illustration of a possible use of theorem 1 or 1°, we shall character-
ize below the U-statistics of the form 3" eg,, where {e;};2]" is a sequence
of real numbers (possibly depending on n and m), and R; is the rank of X,
among the n 4+ m observations X,..., X,; Y7, ..., Y. (In [2], p. 252, this is
referred to as a linear rank statistic, with two-sample regression constants).

The best known U-statistic of this form is the Mann-Whitney statistic, writ-

ten as a function of Wilcoxon’s rank sum statistic, with e, = % ;7:;,11, ie.,
the statistic MWW = (31 R;—2) = L3 . Ix,cy,. Other important



statistics of this form are the Fisher-Yates normal score test and the one in
Van der Waerden test (see [7], p. 96).
We shall show that 7., e, is a U-statistic, if and only if e, = a(% -

%) 4 b for some constants a¢ and b. Let

n
—_— n7m
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Then, changing the order of summation, one gets that

n n l 1
an ,l’m — 677, 1m+ Z 677, lm
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(Note that if B —1 =0 then [ — 1 = 0.) One can also compute 37, Sp.7 |
and show that it is equal to

SUR = Dep™ t + (m+1— R)el™ . (9)

(note that R; — 1 is the number of Y-s smaller than X(;) and m+1— R, is the
number of Y-s larger than X)) If ;™ = a(-% — 2£1) 4} for some constants
a and b independent of n and m and for all n > r, m >t and kK < n + m,
then, using (8) and (9), it is quite easy to check that equations (6) and (7) are
satisfied and then, by Theorem 1’, S, ,,, is a U-statistic. (Of course, in this
case the statistic is a simple transformation of the Mann-Whitney statistic
and we can deduce the conclusion also from that.)

The deduction of the “only if” direction is more difficult. If S, ,, =

>l e is a U-statistic then by Theorem 17,

1 n
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Let 1 < s < k—1 <n+m—1. Consider any order of Xy,..., X,,;Y},..., Y,
such that there are a Y, say Y{;), in the (k — 1)-th place and an X, in the
k-th place. Now, exchange the values of Y{,) and X(,), leaving all the rest
unchanged, then X, is now in the (k¥ — 1)-th place. Consider equation (10)
for these two arrangements and subtract the two equations to get

n,m n,m 1 n—1,m n—1,m n—1,m n—1,m
€, — €1 = ;[(3 —D(ep_y™" —ep_y™) + (n — s)(eg —ep_y )] (11)
which holds for all 1 < s < k—1<mn+m—1. (Note again that whenever
€k_1 O €, is not defined, its coefficient is zero).
Putting s =1, we get forall 2 < k <n+m

" el = (e ey (12)

Equation (11) can also be written as

n—1

n,m n,m o n—1,m n—1,m
€k k-1 = n (ek — e 1)
s—1 _ _ _ _
——[(ep " = e ™) — (e T =) (13)

Using this for s = 2 together with (12) we get that, for all 3 < k < n + m,

n—1,m n—1,m __ n—1m n—1,m
€k €1 T €1 T Cao - (14)

Iterating (14), we get that for all &£ > 3

n—1,m n—1,m _ n—1m n—1,m
e —e =€y —ep : (15)

Plugging this back into (12), we deduce that

—1
ez,m . 62’_”{ — n - (en—l,m en—l,m) (16)

for all k£ > 3. Using (12) again, this time for £ = 2 and s = 1 we get that (16)
holds also for k = 2. Now put a@ = "T_l(eg_l’m — €' and f =€ —a
and sum (16) for £k =2,...,1 to get ;""" = al + .

We still need to show that o = - and § = —a% + b for some constants
a and b which do not depend on n and m. Consider a sample in which all
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the X — s are equal to some constant (say 1) and all the Y — s are equal to
another, larger, constant (say 2). Then S, , computed on this special sample
is a constant independent of n and m. (If h is the kernel then S, ,, is equal
to h(1,...,1;2,...,2) where there are r 1-s and ¢ 2-s.) On the other hand
Snm = >y (ai+ (). Thus

1

for some absolute constant c¢. Similarly, using the value 2 for all the X — s
and 1 for all the Y — s we get that

2 1
an(n+2m+ )—l—ﬁn:d

for some absolute constant d. Put a = d — ¢ and solve for a to get a = -
and we can write e, = a(-£ — Zt1) 4 for a  which may still depend on n
and m. But, denoting by W, ,,, the U-statistic of the form we consider here
with ep™ = a(-% — L) we get that the constant  which is the difference

nm 2nm

of S,m and W, , is also a U- statistic. This of course can happen only if
does not depend on n and m.
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