AFFINE APPROXIMATION OF LIPSCHITZ
FUNCTIONS AND NONLINEAR QUOTIENTS
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ABSTRACT. New concepts related to approximating a Lipschitz function between
Banach spaces by affine functions are introduced. Results which clarify when such
approximations are possible are proved and in some cases a complete characterization
of the spaces X, Y for which any Lipschitz function from X to Y can be so approx-
imated is obtained. This is applied to the study of Lipschitz and uniform quotient
mappings between Banach spaces. It is proved, in particular, that any Banach space
which is a uniform quotient of L,, 1 < p < oo, is already isomorphic to a linear
quotient of L.

1. INTRODUCTION

In the framework of geometric nonlinear functional analysis there is by now a
quite developed theory of bi-uniform and bi-Lipschitz homeomorphisms between
Banach spaces as well as bi-uniform and bi-Lipschitz embeddings. The existence of
a bi-uniform or bi-Lipschitz homeomorphism between X and Y often (although not
always) implies the existence of a linear isomorphism between these two spaces (see
e.g. [Ribl], [HM], [JLS] and for a complete survey of the available information the
forthcoming book [BL]). The situation is similar for bi-Lipschitz embeddings, while
for bi-uniform embeddings the situation is different (see e.g. [AMM] for bi-uniform
embeddings into Hilbert spaces).

The original purpose of the research reported in this paper was to initiate the
study of nonlinear quotient mappings in the same context. In the process, we en-
countered the need to develop new notions of approximating Lipschitz functions by
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affine ones which go beyond derivatives. We believe these may prove to be funda-
mental notions whose interest goes beyond the particular applications to nonlinear
quotient mappings we have here. Readers who are interested mainly in these notions
can concentrate on the second half of this introduction and on section 2.

We consider two related notions of nonlinear quotient mappings. A uniformly
continuous mapping F' from a metric space X onto a metric space Y is a uniform
quotient mapping if for each € > 0 there is a § = §(¢) > 0 so that for every z € X,
F(Be(z)) D Bs(Fx). If in addition the mapping is Lipschitz and § can be chosen
to be linear in €, F' is called a Lipschitz quotient mapping. A map F' : X — Y is
a uniform quotient map if and only if /' x F': X x X — Y x Y maps the uniform
neighborhoods of the diagonal in X x X onto the set of uniform neighborhoods of
the diagonal in Y x Y.

Linear quotient mappings between Banach spaces are Lipschitz quotient map-
pings and bi-Lipschitz (resp. bi-uniform) homeomorphisms are Lipschitz (resp.
uniform) quotient mappings. The class of Lipschitz or uniform quotients is larger
than the class of maps that can be obtained as compositions of these two obvious
classes of examples. Indeed, for mappings which are composition of maps from the
classes above the inverse image of a point is always connected while, for example,
the map f(re®®) = rei?® from R? onto itself is a Lipschitz quotient mapping such
that the inverse image of any nonzero point consists of exactly two points. Based
on this simple example one can also build infinite dimensional examples.

As we shall see below (in sections 3 and 4), it is sometimes quite delicate to check
that a given mapping is a Lipschitz or uniform quotient mapping.

One of the first questions one would like to study about these new notions of
nonlinear quotients is to what extent they can be “linearized”. The simplest ques-
tion in this direction is under which conditions on X or Y does the existence of
a Lipschitz or uniform quotient mapping from X onto Y imply the existence of a
linear quotient mapping.

It turns out that existing examples concerning bi-uniform homeomorphisms (in
the separable setting) and bi-Lipschitz homeomorphisms (in the non-separable, non-
reflexive setting) show that linearization is, in general, impossible for quotient map-
pings. On the other hand, we show that at least some of the positive results con-
cerning homeomorphisms can be carried over to the quotient setting.

In the study of bi-uniform homeomorphisms between Banach spaces, the first
step towards linearization is usually to pass to a bi-Lipschitz homeomorphisms be-
tween ultrapowers of the two Banach spaces. This step carries over easily to the
quotient setting (see Proposition 3.4 below). We are thus reduced to the question
of linearizing Lipschitz quotient mappings (and of passing back from ultrapowers
to the original spaces). The most natural way to pass from Lipschitz mappings to
linear ones is via differentiation. Recall that a mapping f defined on open set G in
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a Banach space X into a Banach space Y is called Gateaux differentiable at zo € G
if for every u € X

lim (f (o + tu) — f(w0))/t = Dg(xo)u

exists and D¢(z) (= the differential of f at () is a bounded linear operator from
XtoY.

The map f is said to be Fréchet differentiable at xq if the limit above exists
uniformly with respect to u in the unit sphere of X.

Fréchet derivatives are very good for linearization purposes when they are avail-
able, but their existence is rarely ensured. Rather general existence theorems are
known for Gateaux derivatives and these are very useful in the theory of bi-Lipschitz
embeddings and bi-Lipschitz homeomorphisms. Unfortunately, the existence of a
Gateaux derivative does not seem to help in the setting of Lipschitz quotients. As
we shall see in Proposition 3.11, the Gateaux derivative of a Lipschitz quotient map-
ping can be identically zero at some points. It still maybe possible to use Gateaux
derivatives in this theory, but Proposition 3.11 shows that one should take care of
choosing carefully a specific point of differentiability (or maybe a generic one). We
do not know how to do it.

As we mentioned above, Fréchet derivatives work very nicely when they exist,
which is rare. Even some weaker versions of Fréchet derivatives would suffice for
most purposes in our context. Omne such version is the e-Fréchet derivative. A
mapping f defined on open set G in a Banach space X into a Banach space Y is
said to be e-Fréchet differentiable at xg if there is a bounded linear operator 7" from
X toY and a 6 > 0 so that

1f(z0 +u) = fzo) — Tull < eflul]  for [[ul]] <.

Unfortunately, there is no known existence theorem even for points of e-Fréchet
differentiability for Lipschitz mappings in situations that are most relevant to us
(e.g., Y is infinite dimensional and isomorphic to a linear quotient of X). There
are such theorems if Y is finite dimensional ([LP]) and also in some situations
where Y is infinite dimensional but every linear operator from X to Y is compact
([JLPS2]). The theorem in [LP] enables one to prove a result describing the finite
dimensional (linear) quotients of uniform quotient spaces which is analogous to a
result of Ribe ([Rib1]) on bi-uniform homeomorphisms. Fortunately, it turned out
that in our context the same can be achieved by a linearization theorem for Lipschitz
mappings into finite dimensional spaces whose proof is considerably simpler than
that of the theorem from [LP]. We refer to Theorem 3.5 for the specific result we
proved.

Section 2 is devoted to the examination of two new notions of approximating
Lipschitz functions by affine functions. Given two Banach spaces X and Y, we

3



denote by Lip (X,Y) the set of Lipschitz functions from a domain in X to Y and
we say that Lip (X,Y") has the approximation by affine property (AAP) if for every
Lipschitz function f from the unit ball B of X into Y and every € > 0 there is a
ball By C B of radius r, say, and an affine function L : X — Y so that

||f(z) — Lz|| < er, x € By.

This inequality is clearly satisfied if f has an e-Fréchet derivative at the center of
Bi. AAP is however a definitely weaker requirement than e-Fréchet differentiability.
The second property we examine in section 2 is a uniform version of this property.
We say that Lip (X,Y) has the uniform approximation by affine property (UAAP)
if the radius r = r(e, f) of By above can be chosen to satisfy r(e, f) > c(e) > 0
simultaneously for all functions f of Lipschitz constant < 1 (¢(e) of course depends
also on X and Y'). The existence of Fréchet derivatives does not entail any such
uniform estimate, and it is easy to see that in some situations the affine approximant
L in the definition of the uniform approximation by affine property cannot be a
Fréchet derivative at any point, even if such derivatives exist almost everywhere.

We remark in passing that the notions above make sense also when dealing with
a single function f : G — Y defined on a domain G in X. We suggest to say that
f admits affine localization if for every ¢ > 0 and every ball B C G there is a ball
B; C B of radius r, say, and an affine function L : X — Y so that

|f(z) — Lz|| < er, =z € Bj.

Uniform affine localization can be defined similarly. We shall not deal with single
functions here and the notions of (uniform) affine localization are only suggestions
for appropriate names.

The main result of section 2, Theorem 2.7, gives a complete characterization of
the pairs of spaces for which Lip (X,Y") has the uniform approximation by affine
property: Lip (X,Y) has the UAAP if and only if one of the two spaces is finite
dimensional and the other is super-reflexive (that is, has an equivalent uniformly
convex norm). For the study of nonlinear quotients we only need part of this
characterization, Theorem 2.3, which states that Lip (X,Y’) has the uniform ap-
proximation by affine property if X is super-reflexive and Y is finite dimensional.
Even the approximation by affine property under these conditions would suffice for
our application.

In Proposition 2.8 (respectively, Proposition 2.9) we also characterize the spaces
X for which Lip (X, R) (respectively, Lip (R, X)) has the approximation by affine
property. One interesting feature of these characterizations is the following:

Lip (X, R) has the approximation by affine property if (and only if) every Lipschitz
f: X — R has a point of Fréchet differentiability. On the other hand Lip (R, X)
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may have the approximation by affine property also in a situation where there is a
Lipschitz mapping from R to X which fails to have, for some ¢ > 0, even a point
of e-Fréchet differentiability.

In section 3 we apply Theorem 2.3 to get that if Y is a uniform quotient of a super-
reflexive X, then Y is linearly isomorphic to a linear quotient of an ultrapower of X.
This yields, for example, that a uniform quotient of a Hilbert space is isomorphic to
a Hilbert space. While most of the positive results in section 3 are of “local” nature
in the sense that they describe the finite dimensional (linear) quotients of Y and
consequences of such descriptions, the section ends with a result on the structure
of Lipschitz quotients which is of “global” nature and is new even for bi-Lipschitz
homeomorphisms (Theorem 3.18): A Lipschitz quotient of an Asplund space is
Asplund.

Recall that the Gorelik principle [JLS] says that a bi-uniform homeomorphism
from X onto Y cannot carry the unit ball in a finite codimensional subspace of X
into a “small” neighborhood of an infinite codimensional subspace of Y. Moreover,
the same is true for the composition of a bi-uniform homeomorphism with a linear
quotient mapping. This raises the natural question of whether the same holds for
general uniform quotient mappings. It turns out that in general this is not the
case and section 4 is devoted to several examples related to this. It follows from
Proposition 4.1 that there is a uniform quotient mapping from ¢5 onto itself which
sends a ball in a hyperplane to zero. We also show, in Proposition 4.2 that for every
separable Y there is a Lipschitz quotient mapping from /; onto Y which sends a
hyperplane to zero.

We do not know for example if a Lipschitz quotient mapping between superreflex-
ive spaces can map a finite codimensional subspace to a point. Questions of this type
are of interest also in the finite dimensional setting. Lipschitz quotient mappings
from IR"™ to itself which have positive Jacobian almost everywhere are special cases
of quasiregular mappings. See [Ric] for a recent book on this topic. The topic of
quasiregular mappings is quite developed. One deep theorem of interest to us, due
to Reshetnyak (see [Ric, p. 16]), says that the level sets of a quasiregular mapping
are discrete. We conjecture that there is a result of a similar nature for Lipschitz
quotient mappings from R" to R". In Proposition 4.4 we give an elementary proof
that the level sets of a Lipschitz quotient mapping from R? onto IR? are discrete
(in [JLPS1] it is shown that they are even finite).

It is also of interest to study uniform quotient mappings from R"™ to R"™. In
Proposition 4.3 we give an example of a uniform quotient mapping from R3 to R?2
which carries a 2-dimensional disk to zero.

A forthcoming paper [JLPS1] contains a detailed study of uniform quotient map-
pings from R? to itself. It is shown there, for example, that such a map may carry
an interval to 0, but that if the modulus of continuity €Q(-) of the uniform quotient
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map satisfies Q(t) = o(v/t) as t — 0, then all level sets of the map are finite. The
results herein and in [JLPS1] indicate that the subject of nonlinear quotient map-
pings between Euclidean spaces is a promising research area for geometric topology
and geometric measure theory.

Unexplained background can be found in [JLS] and the book [LT].

2. LINEARIZING LIPSCHITZ MAPPINGS
We begin with a definition:

Definition 2.1. Given two Banach spaces XY, Lip(X,Y) is said to have the
approximation by affine property (AAP, in short) provided that for each ball B in
X, every Lipschitz mapping f : B — Y, and each € > 0, there is a ball By C B and
an affine mapping g : By — Y so that

sup || f(z) — g(2)|| < erLip (f),
r€EB,

where r is the radius of By. If there is a constant ¢ = c¢(e) > 0 so that By can
always be chosen so that its radius is at least ¢ times the radius of B, we say that
Lip (X,Y) has the uniform approximation by affine property (UAAP, in short).

In Theorem 2.7 we show that a pair of Banach spaces has the uniform approx-
imation by affine property if and only if one of the spaces is super-reflexive and
the other is finite dimensional. For applications to nonlinear quotients, the most
important fact (Theorem 2.3) is that if X is a uniformly smooth Banach space and
Y is a finite dimensional space, then Lip (X,Y") has the uniform approximation by
affine property. Notice that the affine approximant one obtains to the Lipschitz
mapping from this result cannot always be obtained by differentiation even if the
domain of the Lipschitz mapping is the real line (consider the mapping from R to
R which is (—1)™ at the integer n and linear on each interval [n,n + 1]).

Note that if every Lipschitz mapping from a domain in X into Y has for each
e > 0 a point of e-Fréchet differentiability, then Lip (X, Y") has the approximation by
affine property. Consequently, Theorem 11 in [LP] implies that Lip (X,Y’) has the
approximation by affine property whenever X is uniformly smooth and Y is finite
dimensional. So we could avoid Theorem 2.3 in the sequel. On the other hand, the
uniform approximation by affine property seems to be an interesting property in
itself and is more tractable than the approximation by affine property. Moreover,
Theorem 2.3 is much easier to prove than Theorem 11 in [LP].

Proposition 2.2. IfLip (X, R) has the uniform approximation by affine property,
then Lip (X,Y) has the uniform approzimation by affine property for every finite
dimenstonal space Y .



Proof. We show first that if { f;}"_; are real valued Lipschitz functions with Lip (f;)
<1lforl<i<mnonaball B=B,(zxp)in X and if € > 0, then there are a constant
¢ = é(e,n, X), a ball B C B of radius s > ¢r and affine gi : X — R so that for x
in B, |fi(z) — gi(z)| < es for all i. For n = 1 this is just the definition of UAAP.
The general case is proved by induction; we just do the case n = 2 from which the
general case will be clear.

Let c¢(€) be as in Definition 2.1 and find a ball B; C B of radius 1 > c¢(ec(€))r and
an affine g1 so that for z in By, |f1(z) —g1(x)| < ec(e)r1. Applying again Definition
2.1 we find a ball By C By of radius 7o > ¢(€)r; and an affine g so that for z in
Ba, |fa(x) — g2(x)] < era. Clearly on By (as on By), |fi(z) —g1(z)| < ec(e)ry < ers.

Now suppose that F' is a mapping from a ball B = B,.(zp) in X into a normed
space Y of dimension n with Lip (F) < 1. Let {y;,y*}"_; be an Auerbach basis
for Y; that is, y(y;) = 6;; and |ly;|| = 1 = ||lyf||. By what we proved above
there are real valued affine {g;}"_, on X and a ball B C B of radius s > ér
so that |y F'(r) — gi(x)] < £ for = in Band 1 < i < n. The affine function
G : X — Y defined by Gz = Y, gi(x)y; satisfies for z in B ||Fz — Gz|| <
S g (Fo) — gi()] < es. .

Theorem 2.3. Suppose X is a uniformly smooth Banach space. Then Lip (X,Y)
has the uniform approximation by affine property for every finite dimensional space

Y.

Proof. By Proposition 2.2, it is enough to check that Lip (X, R ) has the UAAP. So
let f be a mapping from some ball B = B,.(z() in X into R with Lip (f) < 1.

By rescaling we can assume, without loss of generality, that the radius of B is
one. Now if |f(z) — f(xo)| < 2¢ for all z in B, then we can well-approximate f on
all of B by the function which is constantly f(z(), so assume that this is not the
case. In particular, we assume that Lip (f;1) > €, where for ¢t > 0

b (i e sy L@ =S
le—yli>e 2=yl

Since X is uniformly smooth, we can choose 1/2 > § > 0 so that if ||z|| = 1 and
lly|| <6, then
(2.1) |z +yll =1+ 27(y) + r(y),
with |r(y)| < €||y||, and where z* is the unique norming functional for z; that is,
l|lz*|| = 1 = 2*(x). (The remainder function r(-) of course depends on z.) Define
k = k(e) by

(1466 Te<1<(1+6)"e
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and observe that there exists d with 2 > 2d > 4~% so that
(2.2) Lip (f;d/2) < (1 4 é¢) Lip (f; 2d),
for otherwise iteration would yield
1> Lip (f;47%) > (14 6€)* Lip (f;1) > (1 + 6¢)" e > 1.
Let d’ be the supremum of all d, 2 > 2d > 47%, which satisfy (2.2). By making a
translation of the domain of f, we can assume, in view of (2.2), that for some z, —z
in B, where ||z|| =d < d' with d’ — d as small as we like, we have:
Lip (f:d/2) < (1 + &)W.

By adding a constant to f, we can assume that f(z) = dL = —f(—z) for some
0< L <Lip(f)< 1.

Let z* be the norming functional for = Suppose that ||lw]| < éd with w in B,
and note that the distance from w to both z and —z is at least d/2. We use (2.1)
to estimate |f(w) — Lz*(w)|. First,

f(w) = fw) = f(=2) + f(=2) < (1 + b6e) L[|z + wl| — dL
=+ se)Ld |5+ 2| —dL < (oL [1+ 2 (5) 47 (5)] —dL
z" (w) | el[w]]

¥ + g ]—dLng*(w)+6(2+§+§6)6Ld

< (14 6e)Ld {1 +

< Lz*(w) + 3edd.
Similarly, starting from
—f(w) = f(2) = f(w) = f(2),
we see that f(w) > Lz*(w) — 3edd, so that
|f(w) — Lz"(w)| < 3edd

whenever ||w|| < éd and w is in B. This completes the proof since By,(0) N B
contains a ball of radius gd and d is bounded below by a constant depending only
on € and 9. [ |

It is clear that if Lip (X,Y’) has the UAAP (or AAP) then so does any pair
(X1,Y7) with X isomorphic to X; and Y isomorphic to Y;. Thus we could have
stated Theorem 2.3 for super-reflexive X instead of uniformly smooth X; we chose
the latter because uniform smoothness arises naturally in the context in which
we are working. Moreover, the proportional size of the ball on which the affine
approximation is obtained is uniform over all spaces X having a common modulus
of smoothness.

Next we show that the isomorphic version of Theorem 2.3 classifies those spaces
X for which Lip (X, R) has the uniform approximation by affine property.
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Proposition 2.4. Lip (X, R) has the uniform approzimation by affine property if
and only if X is super-reflexive.

Proof. The “if” direction follows from Theorem 2.3. For the other direction, suppose
for contradiction that X, and hence also X*, is not super-reflexive. Given any € > 0
and natural number N we get from [JS] a sequence {z}2, of unit vectors in X*
so that for every m = 1,2, ...,2" and a; > 0,

m 2N 2N
% % €
(2.3) DI (1—5)2%.
=1 i=m+1 1=1
Define a dyadic tree as follows: For k =0,1,...,N and j =0, 1,...,2F — 1, set
(+1)2V "
(2.4) wiy=2"N 0 Y
i=j-2N k41

By (2.3), (1 — ¢/2) <[l27 ], by (2.4),

X k3
Toj k1 T T2t k1
2

(2.5) Ti =

and by (2.3),

(2.6) 25, k1 — o1 k1] > 2(1 —¢€).
Define 0 < A < 1 by AN = 1/3 and define f on X by

(2.7) f(x) = max A" (||| + 2|(27 1, 2)1)

I

So f is an equivalent norm on X and Lip (f) = 3.
Suppose r satisfies

(2.8) er >18(1—A) and B,(z) C B1(0).

We show that the restriction of f to B,.(x) is not close to an affine mapping. Choose
7 and k with k£ as small as possible so that

(2.9) F(@) = A" ([l + 2(z} 1, 7)) ,
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and assume for definiteness that (z7},,z) > 0. Since AN = 1/3 and k is minimal,
we see that k£ < N. By (2.7) and (2.9),

N (N2l + 2 [[(5) jrs 2) Y K@55 41 g1, 2)]) < f(2)
so that
(235 1 D)V (@554 1 g1 @) S AT (2 ) + 271 (1 = ) []])
Therefore, for ¢ = 0,1 we have
(2.10) (@i, ) > (2= A7) (@] ) — (20) 711 = A)| |-

By (2.3) there is y in Y with |[y|| = 1 and (23; x4 — 5,11 k11, Y) > 2(1 —¢€), and
hence

(2.11) (23 k41>¥) > 1—2¢ and (2349 501,9) < —14 2e.
Therefore, by using (2.10) and (2.11) in the second inequality below, we get

fl@+ry) > XA ([l + ryl| + 2(23; 40,2 + 1Y)
> Nl = r 422 = A7) g 2) — AN = )] |2]| + 2(1 - 2¢)r)

> Af(x) + M1 — 4e)r — 3A%(1 - N) by (2.9)
> f(z)+ 3711 —4e)r —6(1 —\) since |f(z)| <3 and A1 > 371
> f(x) + 3711 — 5e)r. by (2.8)

Similarly, f(x — ry) > f(z) + 37*(1 — 5¢)r, and hence

sup |f(y) — L(y)| > 6" (1 — be)r
y€EB,(z)

for every affine function L. [ |

If we reverse the order of R and X we get the same characterization of the
uniform approximation by affine property for the pair of spaces.

Proposition 2.5. A Banach space X is super-reflexive if and only if Lip (R, X)
has the uniform approximation by affine property.

Proof. Assume first that X is super-reflexive. Without loss of generality we may
assume it is actually uniformly convex. In Proposition 2.6 we give a soft proof that
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Lip (R, X) has the UAAP, but here we give a proof in the spirit of the proof of
Theorem 2.3 which can provide a specific estimate of the size of the ball upon which
the affine approximation is valid in terms of the modulus of convexity of X and the
degree of approximation (however, we do not actually make the estimate).

Let f: I — X be a function with Lip (f) < 1 defined on an interval I which,
without loss of generality, we assume is of length 1. Given ¢, we have a largest
positive d with d <1

and Lip (f;d/4) < (1 + €/2)Lip (f;d).

As in the proof of Theorem 2.3, d is bounded away from zero by a function of . By
translations in the domain and range, we may assume that 0, d € I,

Lip (f;d/4) < (1+6)w,
f(0) =0, and f(d) = dz for some z € X with 0 < ||z|| < Lip(f) < 1.
If d/4 <r < 3d/4,

1f(r) = dall = || f (r) = f(d)[| < (d = r)Lip (f;d/4) < (d = r)(1 + €)|z]]

and £ = [1f(r) = FO < (1 + el

It follows that
(2.12) 1)+ lldz — f(r)[] < X+ e)d|lz]| = (1 + e)[[f(r) + dz — f(r)]].

We shall denote below by §(¢€) a positive function, not the same in every instance,
depending only on the modulus of uniform convexity of X, and which tends to zero
as € tends to zero. A simple consequence of the uniform convexity definition is

that if ||z|| + |ly|| < (1 + €)||z + y|| for two vectors in X for which 1—10 < % <

10 then ‘ﬁ — HyTHH < (). When applied to (2.12), this implies that ||f(r) —

az|| < 6(e)d||z|| for some scalar a depending on r. Considering now the real valued
Lipschitz function || f(r)||, we easily get that, for d/4 <r < 3d/4, ||| f(r)||—r|=]l]| <
6(e)d||z]|. Combining inequalities we get that ||f(r) — rz|| < §(e)d||z|| < 6(e)d for
d/4 <r <3d/4.

If X is not super-reflexive we can assume, by [JS], that X contains, for each
positive integer n and for each € > 0, a normalized sequence {e;}"_; satisfying
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IS ase; — Sr gy aieil| > (1—€) S0 a;, for all k = 1,...,n and all a; > 0,
i=1,...,n. Fix n and define f:[0,n] — X by

Zez [t]—l—l-

Then f is Lipschitz with constant 1 and f~! is Lipschitz with constant (1 — ¢)
Assume k and [ are positive integers with £ + 2l < n and A : [k, k + 2]] — X is
an affine map which approximates f to within [/4 on [k, k + []. Then, ||A(k) —
Simyel <14 [JAGKR +20) - S el < 1/4, and |A(k+1) - Si2 ei] < 1/4. Tt
then follows that

-1

k+1 k+21 k+1 k421
(1_ez<_|| Yoei— Y ei||:||Zei— 2614—2 ) < 1/2
i=k+1 i=k+I1+1 =1
which, for € < 1/2, contradicts the assumption on {e;}?_;. |

Proposition 2.6. Assume that X is super-reflexive and Y is finite dimensional.
Then Lip (Y, X) has the uniform approximation by affine property.

Proof. Suppose that Lip (Y, X) fails the UAAP and let U be a free ultrafilter on the
natural numbers. We claim that then Lip (Y, Xy,) fails the AAP, where X;; denotes
the ultrapower of X with respect to ¢. Having established the claim, we complete
the proof by pointing out that X, is reflexive since X is super-reflexive, and hence
every Lipschitz mapping from a ball in Y to X;; has a point of differentiability; in
particular, Lip (Y, X;/) has the AAP.

We now prove the claim. Since Lip (Y, X) fails the UAAP, it is easy to see that
there exist € > 0 and mappings f,, from B} (0) into X with Lip (f,,) = 1, f.(0) = 0,
so that for all balls B C BY (0) of radius r = r(B) at least 1/n we have for all affine
mappings L : Y — X the estimate

(2.13) [ fn — LllB > er,

where ||g||c := sup ||g(y)||. Let fyy be the ultraproduct of the mappings f,,, defined
yel
for y in BY (0) by fu(y) = (f.(y)). Let B C BY(0) be a ball and let r be the radius
of B. Now if L : Y — Xj, is affine, then since Y is finite dimensional, L is the
ultraproduct of some sequence (L,,) of affine mappings from Y to X. But then by
(2.13), for all balls B < BY(0), ||fu — L||p = lim ||f — Ln||p > er. This means
ne

that Lip (Y, Xy/) fails the AAP. |
We now characterize those pairs of Banach spaces for which Lip (X,Y’) have the
uniform approximation by affine property.
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Theorem 2.7. Let X and Y be nonzero Banach spaces. Then Lip (X,Y) has the
uniform approximation by affine property if and only if one of the spaces is super-
reflexive and the other is finite dimensional.

Proof. If one of the spaces is super-reflexive and the other is finite dimensional, then
Lip (X,Y) has the UAAP by Theorem 2.3 or by Proposition 2.6. So assume that
the spaces are nonzero and Lip (X,Y’) has the UAAP. It is easy to see that if X
is a complemented subspace of X and Y[ is a complemented subspace of Y, then
Lip (Xo, Yp) has the UAAP. Therefore, Lip (X, R) and Lip (R,Y’) have the UAAP
and hence, by Proposition 2.4 and Proposition 2.5, X and Y are super-reflexive.
Now if both are infinite dimensional, then both contain uniformly complemented
copies of £ for all n ([FT], [Pis]). Although Lip (£%, ¢%) has the UAAP for each fixed
n, the estimate for the size of the ball on which a Lipschitz constant one mapping
from Big (0) into ¢3 must have a linear approximate within a given error tends to
zero as n — o0o. Indeed, consider the mapping which takes {a;}"_; to {|a;|}1;.

Since any x € Big (0) has a coordinate whose absolute value is < 1/4/n, any ball of

radius 7 > 2/y/n contained in Big(O) contains a segment of the form z + (—r,r)e;
for every basis vector e;. Clearly, on this segment, the mapping above cannot be
approximated by an affine mapping to a degree better than r/4. This easily implies
that Lip (X,Y) fails the UAAP if both spaces contain uniformly complemented
copies of /5 for all n. [ ]

For examples of pairs of infinite dimensional spaces for which Lip (X,Y") has the
approximation by affine property we refer to [JLPS2]. In the rest of this section we
restrict attention to the situation in which either X or Y is the scalar field.

Proposition 2.8. The following are equivalent for a Banach space X .
(i) Lip (X, R) has the approzimation by affine property.
(ii) X is Asplund.
(iii) Every real valued Lipschitz mapping from a domain in X has a point of Fréchet
differentiability.

Proof. Recall that X is Asplund provided every real valued convex continuous func-
tion on a convex domain U in X is Fréchet differentiable on a dense G subset of
U. Various equivalents to this can be found e.g. in section 1.5 of [DGZ].

That condition (iii) implies both (i) and (ii) is clear. In [Pre] it is proved that
(ii) implies (iii). The implication (i) = (ii) is a simple consequence of a result of
Leach and Whitfield [LW] (or see Theorem 5.3 in [DGZ]). They proved that if X
is not Asplund, then there is an equivalent norm (which we might as well take to
be the original norm || - ||) on X and a § > 0 so that every weak*-slice of the dual
ball in X* has diameter larger than 6. This implies that for every = in X and
€ > 0 the diameter of the set {z* € BY (0) : z*(z) > ||z|| — €} is larger than
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8. Their further computations used to prove that || - || is a so-called rough norm
on X also yield that Lip (X, R) fails the AAP. Explicitly, it is enough to check

that if = is in X and r > 0, then there is a vector u in X with ||u|| = r so that
||z + ul| + ||z — u|| — 2||z|| > £r. To do this, choose norm one linear functionals =7,
3 so that o} (z) > ||z|| — & for i = 1,2 but ||z} — 23|| > 6. So we can take u in X

with ||u|| = 7 and (27 — 25)(u) > 6r. Putting things together, we see that
or
||z + ul| + || — u|| > z](z +u) + z5(z — u) > 2||z|| — 5 + o,
as desired. m

It is also possible to characterize the spaces X for which Lip (IR, X) has the
approximation by affine property. Let {F,}>2, be a sequence of o-fields on [0, 1)
with Fy = {0,[0,1)}, F,, is generated by exactly 2" intervals of the form [a,b), and
the atoms of F,,11 are obtained from those of F,, by splitting each of the intervals
generating F,, into two subintervals.

An X valued martingale { M,, } with respect to such a sequence of o-fields is called
a generalized dyadic martingale. If each atom of F,, has measure exactly 27" we call
the martingale dyadic. {M,,} is said to be d-separated if | M,, — M,,+1|| > ¢ a.e. for
all n. It is bounded if sup || M,,||cc < 00. See [KR] or the book [Bou] for connections
between the geometry of X and the existence of -separated, bounded, dyadic or
generalized dyadic martingales with values in X. It seems not to be known whether
the existence of an X valued, bounded, ¢-separated generalized dyadic martingale
implies the existence of a dyadic martingale with the same properties (possibly with
a different § > 0).

Proposition 2.9. For a Banach space X, Lip (R, X) has the approximation by
affine property if and only if for every 6 > 0 there exists no X valued, bounded,
0-separated generalized dyadic martingale.

Proof. It {M,} is an X valued, §-separated generalized dyadic martingale satisfying
IM,|leo < 1, say, define, for each n, f, : [0,1) — X by f.(t) = fot M, (s)ds. Then
Lip (fn) < 1 for all n and the sequence {f,(¢)} is eventually constant for each
t which is an end point of one of the intervals generating one of the F,,’s. The
separation and boundedness conditions imply that the set of such t’s is dense in
[0,1]. Thus f,(t) converges for all ¢ in [0,1) to a function f satisfying Lip (f) < 1.

If a < b < ¢ with [a,b), [b,¢) atoms of F, 1 and [a,c) an atom of F,, then
f(z) = fnii(x) for z = a,b,c. Put A = Mr[fibl), C = Mr[ffl) and B = M where
M,f denotes the constant value of M}, on the atom S of Fj,. Note first that =2 < %.

b—a
Indeed, B = 2244 + £22C and, if =2 < §, then [1 - £

=b=a % 4pd
c— c—a c— c—a c—a 2

o o
IB-C| < Sl4l+]C) <6,
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a contradiction.
Now if L is an affine map on [a,¢) with L(a) = f(a) and ||L(x) — f(z)||
< (6%2/4)(c — a) on [a,c), then

|M—waﬂ2:ﬂ®_ﬂ®:ﬂ@‘
<Hum—Lmy_u@—u@ gp_a+§
il b-a c—a fb—a ' 4

62 c—a 62 2
< z
- (b_a+1> <& (1+5> <

a contradiction. Since every interval contains an interval of comparable length which
is an atom of one of the F,,’s, it follows that Lip (R, X) does not have the AAP.

If Lip (R, X) does not have the AAP, let f : [0,1) — X be a function with
Lip (f) = 1 which for some ¢ > 0 has the property that for every subinterval [a, c)
of [0,1), there exists a b with a < b < ¢ and

bf(a)—b_a

cC—a c—a

f(c)

(2.14) Hf > 6(c — a).

Then define a generalized dyadic martingale as follows: My = f(1)—f(0) everywhere
n [0,1). Assume M,, was already defined and, for each atom interval [a,c) in F,,

M, = w on [a,c). Then, for each such interval pick a b as in (2.14), add
the two intervals [a,b),[b,c) to F,,4+1, and define M, = W on [a,b) and
M, 1 = f(c) f(b) on [b,c). Then

b—a

M) = 220yl 1 C 0,
and
115 — afed) = Hf )] )_f(CZ:Z:(a)‘
— L - - =0 - =2 400
o - - | > A=

Similarly, also ||Mnb+cl) 7[1a’c)|| > 6. So {M,} is an X valued, é-separated gener-
alized dyadic martingale with ||M,, || < 1. |
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It is well known that X fails the Radon-Nikodym property if and only if there
is a bounded, §-separated, X valued martingale (see e.g. section V.3 in [DU]).
There is an ingenious example in [BR] of a subspace X of L; which does not have
the Radon-Nikodym property, yet for all 6 > 0 there is no bounded, é-separated, X
valued generalized dyadic martingale. Thus Lip (IR, X) can have the approximation
by affine property when X fails the Radon-Nikodym property. The characterization
of the Radon-Nikodym property in terms of differentiability properties is given by
the following (mostly known) proposition:

Proposition 2.10. The following are equivalent for a Banach space X .

(i) X has the Radon-Nikodym property.

(i) Every Lipschitz mapping from R into X is differentiable almost everywhere.
(iii) Every Lipschitz mapping from R into X has for every ¢ > 0 a point of €-

Fréchet differentiability.

Proof. (i) = (i) is classical, so one only needs to prove (iii) = (7). The proof is ba-
sically the same as the proof of the first half of Proposition 2.9: If X fails the Radon-
Nikodym property then there is a bounded, §-separated, X valued martingale. That
is, for some sequence {F,,}>2 , of o-fields on [0, 1) such that Fo = {0, [0,1)} and each
F, is generated by intervals, there is an X valued martingale {M,,} with respect to
this sequence of o-fields such that || M, || < 1 and ||My(z) — Mp41(x)|| > 6 for all
n and all z € [0,1). Define f as in the beginning of the proof of Proposition 2.9. If
Zo is a point such that

||f(xo +u) — f(zo) — Lul| < €lu| for |u| <n

for some linear L, let a < b < ¢ < d with [b,¢) an atom of F,,+1 and [a,d) an atom
of F,, with z¢ € [b,¢) and d —a <. Then f(x) = fo41(x) for = a,b, c,d, and

[1f () = f(b) = L{c = b)]|
= [|f(zo + ¢ —x0) — f(z0) — L(c — 20) — (f(20 + b — 20)
— f(@o) — L(b — z0))|
< 2€e(c —b).

Similarly,
1f(d) = f(a) = L(d = a)|| < 2¢(d — a).

Consequently,

1M (20) = Mo (w0)]| = H f(d) = f(a)  fle) = £(b)

— <4
d—a c—b H_ &
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which is impossible if € < §/4. [

Remark 2.11. The implication (i) = (¢) in Proposition 2.10 has been known to
experts for a long time. It is mentioned without proof in [Ben|. The only published
proof of which we are aware appears in [Qia], where a more general theorem is
proved.

3. NONLINEAR QUOTIENT MAPPINGS

We begin with two definitions. The definition of co-Lipschitz appears in Chap-
ter 1, section 1.25 of [Gro]. A mapping f is co-uniform if and only if the se-
quence (f, f, f,...) is uniformly open in the sense used in Chapter 10, section 2
of [Why]. Co-uniform mappings and uniform quotients in the context of general
uniform spaces are discussed in [Jam], where they are used to develop a theory of
uniform transformation groups and uniform covering spaces.

Definition 3.1. A mapping T from a metric space X to a metric space Y is said
to be co-uniformly continuous provided that for each € > 0 there exists § = 6(e) > 0
so for every x in X, TB.(x) D Bs(Tx). If 6(¢) can be chosen larger than €¢/C for
some C' > 0, then T is said to be co-Lipschitz, and the smallest such C' is denoted
by co-Lip(T).

Definition 3.2. A mapping T from a metric space X to a metric space Y is said to
be a uniform quotient mapping provided T is uniformly continuous and co-uniformly
continuwous. If T is Lipschitz and co-Lipschitz, then T is called o Lipschitz quotient

mapping.

A space Y is said to be a uniform quotient (respectively, Lipschitz quotient) of
a space X provided there is a uniform quotient mapping (respectively, a Lipschitz
quotient mapping) from X onto Y.

The linear theory is simplified by the fact that a surjective bounded linear op-
erator between Banach spaces is automatically a quotient mapping. Of course, a
surjective Lipschitz mapping from R to IR which is a homeomorphism need not be
even a uniform quotient mapping. Moreover, a surjective Lipschitz mapping does
not carry any structure: in [Bat] it is shown that if X and Y are Banach spaces
with X infinite dimensional, and the density character of X is at least as large as
that of Y, then there is a Lipschitz mapping of X onto Y. In this section we show
that, in contrast to this, uniform and Lipschitz quotient mappings do preserve some
structure.

A connection between uniformly continuous mappings and Lipschitz mappings
is provided by the well-known fact that a uniformly continuous mapping from a
convex domain is “Lipschitz for large distances”. There is a “co” version of this:
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Remark 3.3. If T is a uniformly continuous mapping from a convex set X onto
a set Y, then T'is “Lipschitz for large distances” in the sense that for each ¢, > 0
there exists C' = C(¢,) > 0 so that for all € > ¢, and all z in X, TB.(z) C B, (Tz).
Similarly, if 7" is a co-uniformly continuous mapping from a set X onto a convex
set Y, then T" is “co-Lipschitz for large distances” in the sense for each €, > 0 there
exists C'= C(€y) > 0 so that for all € > ¢, and all z in X, TB.(z) D B_,(T'z). To
see this, suppose that € and ¢ satisfy TB_(z) D B4(Tx) for every = in X. We have
for any = in X that

TBs.(2) D T [Uyenx (2)BX (4)] = Uyenx oy TBX ()
D Uyepx (2)Bs (TY) D U.epy (10) B3 (2) = B3s(Tx),

where the last equality follows from the convexity of Y.

Proposition 3.4. If the Banach space Y is a uniform quotient of the Banach space
X and U is a free ultrafilter on the natural numbers, then'Y,, is a Lipschitz quotient
of X,

Proof. Let T be a uniform quotient mapping from X onto Y. By the remark, there is
a constant C' > 0 so that for all z in X and r > 1, BY, (Tz) D TBX (x) D B}K/C(Ta:).
This is the only property of T' needed in the proof.

For each n, define 7,, : X — Y by T,z = @ Then for each r > % and z in
X, we have that BY, (T,z) D T,,BX (z) D B}f/c(Tnaz). Let T, : X,, — Y,, be the
ultraproduct of the mappings T),, defined for & = (z,) in X,, by T, = (Thzn).
From the preceding comments it follows easily that for each # in X,, and r > 0,

Y X Y
BY(T,z) D T,BrY(z) D Br/%(Tui), so that T',, is a Lipschitz quotient mapping
from X, onto Y, |

We do not know whether a Lipschitz quotient of a separable Banach space must
be a linear quotient of that space. In the nonseparable setting there is a counterex-
ample: In [AL] it was shown that ¢o(R) is Lipschitz equivalent to a certain subspace
X of 4o, where N is the cardinality of the continuum. However, no nonseparable
subspace of £, is isomorphic to a quotient of ¢o(X) because this space (and hence all
of its linear quotients) are weakly compactly generated, while every weakly compact
subset of /., is separable.

We now come to the main result we have regarding the linearization of nonlinear
quotients. Recall that a Banach space X is said to be finitely crudely representable
in a Banach space Y provided that there exists A so that every finite dimensional
subspace of X is A-isomorphic to a subspace of Y. If this is true for every A > 1,
X is said to be finitely representable in Y.
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Theorem 3.5. Assume that X is super-reflexive and Y is a uniform quotient of
X. Then Y™ is finitely crudely representable in X*. Consequently, Y is isomorphic
to a linear quotient of some ultrapower of X.

Proof. By making an arbitrarily small distortion of the norm in X, we can in view
of the James-Enflo renorming theorem [DGZ, p. 149] assume that X is uniformly
smooth. In view of Proposition 3.4, we also can assume, via replacement of X and Y
by appropriate ultrapowers, that Y is a Lipschitz quotient of X. So for some § > 0,
there is a mapping T from X onto Y with Lip (T") = 1 and TB,.(z) D Bs,.(Tz) for
every z in X and r > 0. Let E be any finite dimensional subspace of Y*, E the
preannihilator of F in Y, and @ the quotient mapping from Y onto Y/E, = E*.
The composition QT is then a Lipschitz quotient mapping with Lip (QT) < 1 and
QTB,.(x) D Bs-(QTx) for every x in X and r > 0. (Formally, we should here
replace 6 by an arbitrary positive number smaller than 4, but at the end we know
that Y is reflexive, so the containment we wrote really is true.) For any finite
dimensional space Z, the pair Lip (X, Z) has the UAAP by Theorem 2.3, so given
any 0 > € > 0 there is a ball B = B,.(z¢) in X and an affine mapping G from X into
Y/E, so that sup,cp||QTz — Gz|| < er. This and the quotient property of QT
yield that GB,.(20) D B(s—e)r (QT (z0)). Letting G be the linear mapping G —G(0),
we infer that GB1(0) contains some ball in Y/E | of radius § — ¢, hence contains
the ball around 0 of this radius. Therefore G7 is a an isomorphic embedding of E
into X* with isomorphism constant at most (6§ —€)~1||G||. Since Lip (QT) < 1, the
inequality sup,cp ||QTx — Gz|| < er implies that G maps the unit ball of X into
some ball of radius at most 1 + €, so that ||G|| <1+ e.

JFrom the above we conclude that every finite dimensional subspace of Y is, for
arbitrary € > 0, (67! + €)-isomorphic to a subspace of X*, so that Y* is finitely
crudely representable in X*. The “consequently” statement is of course a well-
known formal consequence of this (since we now know that Y is reflexive). |

Say that Y is an isometric Lipschitz quotient of X provided that for each € > 0
there is a mapping T from X onto Y so that Lip (T) = 1 and for each z in X, r > 0,
and 0 < § < 1, TB,.(z) D Bs-(Tx). The reason we tracked constants in the proof
of Theorem 3.5 was to make it clear that the following isometric statement is true:

Corollary 3.6. If X is super-reflexive and Y is an isometric Lipschitz quotient of
X, then Y™ is finitely representable in X* and Y 1is isometrically isomorphic to a
linear quotient of some ultrapower of X .

We do not know whether a uniform or even Lipschitz quotient of £,, 1 < p #
2 < oo, must be isomorphic to a linear quotient of ¢,. However, a separable space
which is finitely crudely representable in L, = L,[0, 1] must isomorphically embed
into L,, [LPe]. So we get the following corollary to Theorem 3.5:
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Corollary 3.7. IfY is a uniform quotient of L,,, 1 < p < 0o, then'Y is isomorphic
to a linear quotient of L.

Here is another consequence of Theorem 3.5 which is worth mentioning:

Corollary 3.8. A uniform quotient of a Hilbert space is isomorphic to a Hilbert
space.

Theorem 3.5 and the arguments in [JLS] can be used to classify the uniform
quotients of some spaces other than L,. As in [JLS], denote by 72 a certain one
of the 2-convex modified Tsirelson-type spaces, defined as the closed span of a
certain subsequence of the unit vector basis for the 2-convexification of the modified
Tsirelson space first defined in [Joh]. (It is known [CO], [CS] that this space is,
up to an equivalent renorming, the space usually denoted by 72, so our abuse of
notation does little harm.) From Theorem 3.5 and the results of [JLS] we deduce
the following result, which identifies all the uniform quotient spaces of a space in a
situation where the uniform quotients differ from the linear quotients.

Corollary 3.9. A Banach space Y is a uniform quotient of T2 if and only if Y is
isomorphic to a linear quotient of T2 @ {5.

Proof. In [JLS] it was proved that 72 @ /5 is uniformly homeomorphic to 72, so
every (isomorph of a) linear quotient of 72 @ £, is a uniform quotient of 72.
Conversely, if Y is a uniform quotient of 72, then by Theorem 3.5 Y is isomorphic
to a linear quotient of some ultrapower of 72. But by [CS, p. 150], an ultrapower
of 72 has the form 72 @ H for some Hilbert space H. This easily implies that the
separable space Y is isomorphic to a linear quotient of 72 @ /5. [ |

The next result of this section is the observation that the e-Fréchet derivative
of a Lipschitz quotient mapping is a surjective linear mapping (at least when e is
smaller than the co-Lipschitz constant of the mapping) and hence the target space
is isomorphic to a linear quotient of the domain space. Proposition 3.11 shows that
the corresponding statement to Proposition 3.10 for the Gateaux derivative of a
Lipschitz quotient mapping is false.

Proposition 3.10. Suppose X, Y are Banach spaces and 6 > € > 0. Let f :
X — Y be a map which has an e-Fréchet derivative, T', at some point xoy and which
satisfies for some ry > 0 and all 0 < r < 7, the condition f[B,(x0)] D Bs(f(z0))-
Then T is surjective.

Proof. Without loss of generality, we may assume that o = 0, f(0) =0, and 6 = 1.
With this normalization we claim that TB;(0) contains the interior of BY__(0). If

not, since T is a bounded linear operator, TB1(0) cannot contain BY__(0), and
hence there is a vector y, in B} (0) so that d(y,, TB1(0)) > e > 0. (Here, d(-,-)

20



denotes the usual infimum “distance” between subsets of Y'). Then by linearity, for
all » > 0,

(3.1) d(ryy, TB,(0)) > re.

Since fB,(0) D B,(f(0)) for all 0 < r < r, we can choose for 0 < r < r, points
z, in BX(0) so that f(z,) = ry, By the definition of e-Fréchet derivative, we can
then choose 0 < r; < r, small enough so that

1 f(@r) = Tz || <re
for all 0 < r < r,. In particular, this implies that
d(ryo, TB,(0)) < ||f(z,) — Tx.|| < Te

whenever 0 < r < ry, contradicting (3.1) above.

Proposition 3.11. There exists a Lipschitz quotient mapping f from £,, 1 <p <
00, onto itself whose Gateaur derivative at zero is identically zero.

Define

f: (i ﬁp) — £,
0 P

! (ZZ%M) > [ng(a?{k)p] = [ng(aEk)p] en

n=1k=0 n=1

where {e,x}52 is the unit vector basis of the n{****" copy of £, and

(1) = t, |t|>27F
T Vo, <2

and g, is linear on the intervals [27%~1,27%] and [—27F, —27F1],
Verifying the Lipschitz condition is easy (check on the positive cone and then use
general principles).
The quotient property is a bit more delicate but not difficult. Here is the idea:
Suppose that
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We want to find z with f(2) =y and ||z — z|| < Cd for some constant C. Write

x) + i b,.en
n=1

so that

4’ =" |b, P
n=1

Fix n. We want to perturb z in the coordinates {e,x}3>; only by a vector w,
with ||w,|| < Cb, so that the n*® component of f(z + w,) is the n*® component of
y. If we can do this for each n, then clearly the vector z = « + >, w,, satisfies
the requirement.

If b, = 0 let w, = 0. Otherwise suppose, for definiteness, that b, > 0. Let
AP = AP =37 gk(a:k)p. If A <b, then we can let w,, be a multiple, a, of e,
where k,, is chosen large enough so that b,, +a,r, > 2=k~ Then the n*® component
of f(z +w,) is

P P

Z ge(at )P + o+ ank, || — Z gr(az,)? e,

k#kn, ktk,

For a = 10b,, this quantity is larger than or equal the n*® component of y and for
a > 0 small enough (explicitly, @« = 0 if a,x, > 0 and a = |a,k, | otherwise) it is
smaller than the n*® component of y. By continuity, one can find the appropriate
a.

If A > b,, then we let S = S,, be all those k’s for which a,, > 27%~!; that is,
for which gi(anx) > 0. In this case we can let w, be a multiple of ), _¢ a:kenk. [ |

In order to “soup-up” the example in Proposition 3.11, we need the following
perturbation lemma for co-Lipschitz mappings:

Lemma 3.12. Suppose that f and g are continuous mappings from the Banach
space X into the Banach space Y and Lip(g) < co-Lip(f)~t. Then f + g is co-
Lipschitz and co-Lip(f + g) < [1 — co-Lip(f)Lip(g)]~!.

Proof. Lemma 3.12 follows from a classical successive approximations argument.
By dividing f and g by co-Lip(f), we can assume that 1 = co-Lip(f) > Lip(g) = 6.
Let  be in X and r > 0. Given y € Y with ||y|| < r, we need to find z € X with
2] < (1 =68)7'r and f(z + 2) + gz + 2) = f(z) + g(z) +y. Set zo = 0 in X.
Recursively choose z;, in X so that for each n = 0,1,2,..., ||z,]| < §""1r and

(3.2) $+sz +9$+sz +g(x) +y.
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We can make the choice of z; because co-Lip(f) = 1. If (3.2) holds for n with
|zny1|| < 8™7, then we have ||g(z + Y720 21) — glz + 37—y z)|| < 6" T1r. Again
using the condition co-Lip(f) = 1, we can choose z,,2 with ||z,42|| < 6"*lr so
that (3.2) holds with n replaced by n + 1. Setting z = >~ | zx, we get the desired
conclusion because f is continuous. [ |

Corollary 3.13. Let T' be any bounded linear operator on £,, 1 < p < co. Then
there is a Lipschitz quotient mapping from £, onto itself whose Gateaux derivative
at zero isT'.

Proof. Add T to a suitable multiple of the f from Proposition 3.11. [ |

If the point of Gateaux differentiability is an isolated point in its level set, the
phenomenon in Proposition 3.11 cannot occur:

Proposition 3.14. Suppose that f is a Lipschitz quotient mapping from X to Y,
f has Gateauzr derivative T at some point p in X, and p is isolated in the level set
[f = f(p)]. Then T is an isomorphism from X into Y .

Proof. Without loss of generality, we may assume that p = 0, f(0) = 0, and
fB.(z) D B,(fz) for each r > 0 and z in X. For t > 0, define f; : X — YV

by
f(tz)
.

fi(z) =

The f; then converge pointwise as t — 0 to the Gateaux derivative T', and moreover
ftB.(z) D B,(fix) for each r > 0, ¢ > 0, and z in X.

If T is not an isomorphism, then there exists a unit vector x € X such that
|Tz|| < } and hence ||fiz|| < 1/4 for all 0 < ¢t < ¢,. This implies that for each
0 <t <ty there exists z; in X such that ||z; — z|| < 1/4 and f;xy = 0. Hence,
f(tzy) = 0, and the family of points {tx:} C [f = 0] tends to zero as t — 0. |

If one composes the example in Proposition 3.11 with the projection onto the
first coordinate of £, then one obtains a Lipschitz quotient mapping— call it g—from
¢, onto the real line which has zero Gateaux derivative at 0. This phenomenon of
course cannot happen when the domain space is finite dimensional, since then the
Gateaux derivative is a Fréchet derivative. In particular, the restriction of g to any
finite dimensional subspace of £, is not a Lipschitz quotient mapping. However, a
nonlinear quotient mapping onto a separable space does have a separable “pullback”:

Proposition 3.15. Let f be a continuous, co-Lipschitz (respectively, co-uniformly
continuous) mapping from the metric space X onto the separable metric space Y
and let X ; be a separable subset of X. Then there is a separable closed subset X, of
X which contains X, so that the restriction of f to X, is co-Lipschitz (respectively,
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co-uniformly continuous), with co-Lip(f|x,) <co-Lip(f) when f is co-Lipschitz. If
X is a Banach space, X can be taken to be a subspace of X.

Proof. For definiteness, assume that f is co-Lipschitz, normalized so that co-Lip(f) =
1, so that for each z in X and r > 0, f[BX(z)] D int (BY (f(z))). Let W, be a
countable dense subset of X, and build countable subsets W, C W, C W, C ...

of X so that for each n, each x in W _, and each positive rational number r,

(3.3) F[BX (@) N W, 4] DBy (f(x)).

When X is a Banach space, we can also make sure that W, is closed under rational
linear combinations for n > 1.

Note that (3.3) must hold for all positive 7. Let X, be the closure of USZ W _ .
From (3.3) we deduce that for each x in X and each r > 0,

(3.4) f [BY @) > BY (£(a)).

We complete the proof by observing that in (3.4) we can remove the closure if we
replace the right hand side by its interior. For linear f this is sometimes called
the “little open mapping theorem”; in fact, the successive approximation argument
requires in addition to (3.4) only continuity of f. (If ||y — f(z,)|| < r — 7, choose
w1 so that |[z1 — zo|| <7 — 7 and ||y — f(z1)|| < 5. Then choose x,, recursively to
satisfy ||z, — Tn—1|| < go=r and ||y — f(z,)|| < 5=. Clearly {z,}52, converges to
some point, z, in BX!(x¢), and f(x) = y by the continuity of f.) [ |

Remark 3.16. Note that the last part of the argument for Proposition 3.15
shows that if f is a continuous mapping from the metric space X onto a metric
space Y, Xo C X, and the restriction of f to Xy is co-Lipschitz (respectively,
co-uniformly continuous) when considered as a mapping onto f[Xo], then f maps
the closure of X, onto the closure of f[Xy] and fix; is co-Lipschitz (respectively,

co-uniformly continuous) when considered as a mapping onto f[Xy].

Corollary 3.17. Suppose that f is a continuous, co-Lipschitz (respectively, co-
uniformly continuous) mapping from the Banach space X onto the Banach space
Y, Xo is a separable subspace of X, and Yy is a separable subspace of Y. Then
there exist separable closed subspaces X1 of X, Y1 of Y so that Xo C X1, Yy C
Y1, f[X1] = Y1, and the restriction of f to Xy is a co-Lipschitz (respectively, co-
uniformly continuous) mapping of X1 onto Y7.

Proof. We prove the co-Lipschitz case; the co-uniformly continuous case is similar.
Note that if Z is a subset of Y, then the restriction of f to f~![Z] is co-Lipschitz
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when considered as a mapping onto Z, with co-Lip(f|s-11z]) < co-Lip(f). Using
this and Proposition 3.15, we build separable closed subsets Xqg C Wy C Wy C
Ws C --- so that for each n, the restriction of f to W, is a co-Lipschitz mapping
onto f[W,] with co-Lip(fjw,) < co-Lip(f), f[Wo] D Yo, Why1 D span W, and
fIWh+1] D spanY,,. From this it follows that the restriction of f to the separable
(possibly nonclosed) subspace US2 W, is a co-Lipschitz mapping onto its image,
which is a (possibly nonclosed) subspace. The desired conclusion now follows from
Remark 3.16. [ |

Our final result of this section, while modest, seems to be new even for bi-
Lipschitz equivalences. Note that it yields that ¢y is not bi-Lipschitz equivalent to
C[0,1], a result first proved in [JLS].

Theorem 3.18. If X is Asplund and Y is a Lipschitz quotient of X, then'Y s
Asplund.

Proof. Recall (see e.g. Theorem 5.7 in [DGZ]) that a Banach space is Asplund
if and only if every separable subspace has separable dual. Therefore, in view
of Proposition 3.17, we may assume that X is separable, and need to prove that
Y* is separable. Let f be a Lipschitz quotient mapping from X onto Y with
Lip (f) =1, set C := co-Lip(f), and assume that Y* is nonseparable. Then there
is an uncountable set {y:‘;}vep of norm one functionals in Y* so that for each v # +/,
|y =yl > 1/2. Set f, =y f; then Lip(f,) < Lip (f) = 1. By [Pre], each f, has
a Fréchet derivative at some point . in the unit ball of X.

Let e = (10C)~! and for each v choose §, > 0 so that whenever ||z|| < §,,
(3.5) [y @y + 2) = fy () = (245 2)] < ell2]].

By passing to a suitable uncountable subset of I', we may assume that ¢ :=
inf er 6, > 0, and also (since X and X* are separable) that for all v, v/

(3:6) o — | < e
(3.7) £ () — for ()] <,
(3.8) | fy (@) = fryr ()| < €6

If ||z|| < 6, we have:

[y (g +2) = fyr(zy + 2)] = [ (F1 2y + 2) = fyl@y) = Fi(252)) + (fy(24) = frr(2y))
+ (f;(x“/’ z) - f;’(xvﬁ Z)) + (_fv’ (Ty +2) + fy(Ty) + f;'(xvﬂ Z))
+ (fy @y +2) = fr(zy + 2)) |
< ellz|| + €6 + |15 (xy) = £ (@y)l||2]] + el 2] + [Joy — 2] by (3.5), (3.8), (3.5)
< 5eb = 6/(20). by (3.7), (3.6)
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On the other hand,

sup |fy(7y +2) — fy(vy +2)| = sup | (yf‘; - yf‘;,) flzy + 2)]
z€BX (0) z€BX(0)

> sup | (y3—u) (Flzy) +v)l
yEBX/C(O)

> [y =y 1[(6/C) > 6/(20).

Remark 3.19. The analogue of Theorem 3.18 for uniform quotient mappings
is false. Ribe [Rib2] gave an example of a separable, reflexive space which is bi-
uniformly homeomorphic to a space which contains an isomorphic copy of /;.

4. EXAMPLES RELATED TO THE GORELIK PRINCIPLE

One natural way of constructing a uniform or Lipschitz quotient mapping is to
follow a bi-uniformly continuous or bi-Lipschitz mapping with a linear quotient
mapping. By the Gorelik principle [Gor], [JLS], the resulting mapping cannot map
a “large” ball in a finite codimensional subspace of the domain into a “small” ball
(Theorem 1.1 in [JLS] gives a precise quantitative meaning to this statement). It
is natural to guess that any uniform quotient mapping satisfies this version of the
Gorelik principle. If this were true, this would provide the machinery to prove, for
example, that every uniform quotient of £,, 1 < p < o0, is isomorphic to a linear
quotient of /,. Unfortunately, Proposition 4.1 shows that there is not a Gorelik
principle for uniform quotient mappings.

Proposition 4.1. Let X be a Banach space and set Z = X &1 X @1 IR . Then there
exists a Lipschitz, co-uniform mapping T from Z onto X so that T (B{(@X(O)) =

{0}.

Proof. We shall define T'(z,y, A) = ag(xz, A) + f(y, A) for appropriate Lipschitz func-
tions f and g from X & R into X and for an appropriately small a; namely, for
a= % For each integer k let {ukj};";l be a maximal 4 - 2*-separated set in X, and
define for each y in X

(where % = 0.) Write fx(y) = f(y,2%); the formula for f just says that f; trans-
lates the ball in X of radius 2¥ around each uy, ; to a ball around the origin, that
fr vanishes on the complement of U;-x;]_B2k+1(U,k,j), and that f is affine on the
intersection of Bak+1(uy, ;) ~ Bak (uy, ;) with any ray emanating from u, ;. Extend
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f to a function from X & R into X by making f affine on each interval of the form
[(y,2"), (y,2¥F1)], by setting f(y,0) = 0, and by defining f(y,A) = f(y, —A) when
A < 0. It is apparent that each f; has Lipschitz constant one, that f has Lipschitz
constant at most two, and that ||f(y, A)|| < ||

Define g by g(z,A) = ([|A\| V (||z|| = 1)] A1) z. Tt is easy to see that g has Lip-
schitz constant one and hence T has Lipschitz constant at most three (as long as
a < 1). Evidently T vanishes on the unit ball of the hyperplane [A = 0], so it
remains to check that T satisfies the uniform quotient property.

Let (4, Yy Ag) be in Z and 7 > 0. We need to check that TB,.(z,, y,, A,) contains
a ball around T'(x, y,, A,) whose radius can be estimated from below in terms of r
only. We can assume, without loss of generality, that r < 1.

Case 1: |\ )| < j5

This is the only case in which the mapping f comes into play and also the only
case in which we need to consider points off the hyperplane [A = Aj] in order to
verify the quotient property. We show in this case that T'B,(z,y,, A,) contains a
ball around T'(x, y,, A,) of radius g5. By symmetry we can assume that A; > 0.

Define k by 28 < £ < 21! (s0 0 < 2" — X < 2F) and choose j to satisfy
Iy — 51| < 22 Then fuBye(uy ;) = By (0) and {rg} ® B (ug,;) © {2} C
Bg.or (29 Yo Ag) C Br(zg, ¥gs Ag). Therefore

B, (%0, Yoy Ag) D ag(wy, 2k) + [rBar (Uk ) D ag(wg, A) + sz a(2k— ,\0)( )
D ag(we, Ag) + f (Yo, Ag) + B —(1—a)rq (0)> B)Siz (T(2g, ¥y Ag)) -

Case 2: |\)| > 5
Again we assume by symmetry that Ay > 0. Fix (24,94, A,) in Z and set s, =
AoV (l|lzgll = )] A1 so that g(zy, Ay) = syz, and r < 48(A; A 1) < 48s,. Fix z
in X with [|z]| < . We want to find a vector z in X with |z — z,[| < r and
g(z, Ay) = so(xy+ 2) (= g(zg Ag) + 542). This will give

TB?" (3707 yov )‘0) D f(ym )‘0) + ag [TBr)'( ('TO) @ {)‘0}]
O f(Yo o) + ag (g, Ag) + asoBE (0) O Bitrey (T4, 44, M) -

Since 22 > ‘2‘20, this will verify that T" has the uniform quotient property.

The vector = will be of the form x = t(z, + z) for appropriate ¢ close to one.
Write s(t) = [AyV (t||lzg+ 2|| —1)] A1, so that g(t(z, + 2), ) = s(t)t(z, + 2).
We need to find ¢, so that t,s(t,) = s, and ||z, — to(zq + 2)|| < r. If ||zg|] > 3,
the choice t, = 1 works, since then ||z, + z|| —1 > 1 and thus s(1) = s5,. so
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assume that ||z,|| < 3. In this case, by continuity of s(-), it is enough to check that
(1—=7)s(1—7) < sy < (1+ 7)s(1+ 7); actually, we check the stronger inequalities:

(L) s(1 — 2) < s,
(R) s < s(1+ C).

4
We first check (R). If s, = Ay A 1, then s(t) > s, for all £ > 0 and so (R) is clear.

Otherwise s, = ||z,|| — 1 and we get

r r ror
(1+Z)H$O+Z”_1Z(1+Z)(1+80)_(1+Z)5_1

T 1 4+ r T
2(14—1)80—*—7"(1— 20 > Z(I—FZ)S()

To check (L), suppose first that s, > ||z,|| — 1. Then
T r
(1= gt 2ll = 1< (1= D)1 +59) + (1 -

)

and (L) follows. On the other hand, if ||z,|| — 1 > s, then ||z,|| > 1, and hence

r
—-1< (1_ 1)807

A~ =
ol 3

r.r

r T
(1= Dllwg + 211 = 1 < flwl = 1= =+ (1= D)2

! <fzll - 1,

which also yields (L). |
Of course, if X is isomorphic to its square and also to its hyperplanes (for exam-
ple, if X is ¢, or L,, 1 < p < 00), then Proposition 4.1 says that there is a uniform
quotient mapping from X onto itself which maps the unit ball of a hyperplane to
ZEro.
The next proposition shows that even for Lipschitz quotients there is no Gorelik
principle which holds for general spaces.

Proposition 4.2. For any separable Y there is a Lipschitz quotient T of £1 onto
Y which maps a hyperplane to zero.

Proof. Define ¢ : {2 — R by

s—t, ifs>t>0;
o(s,t) =14 0, ift >s>0;

S in all remaining points
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and define 1 : £2 — R by
t—s, if2s>t>s5>0;

(s, t) =< s, if t >2s>0;
0, in all remaining points.
Then it is easy to see that Lip (¢) < 1, Lip (¢) < 1. Moreover,
(4.1) o(s,t) = (s's ) + [1h(s, 1) — (s', 1) < |s — 8" + |t = 1]

To prove (4.1) note that, if (s,t) and (s',¢’) are both in {(s,t) ; ¢t > s > 0} or both
in the closure of the complement of this set, at most one of ¢(s,t) — p(s',t') and
P(s,t) —(s',t') is non zero.

Choose {(z™,y™)}22, dense in the product of £; with the unit sphere of Y such

that, forn =1,2,..., 2™ is in /7 - the span of the first n basis vectors in ¢;. Define
T, : {7 =Y by

Ty (z) = =y’
and inductively,
Tn—l—l(mla v 7'Tn~|—1) = T'n(':l:?l1 + 90(371 - 377117 mn+1)7$27 ARE) wn) + yn¢($1 - 377117 xn—i—l)
if 7 > 0, and
Toni1(x1, ..y Tpy1) = Tn(2? —o(—z1+ 27, Tpg1), o, - oo Tn) FY Y (—21 + 27, T g 1)

if x7 < 0. Then T},41 = T,, on £} and it follows from (4.1) that Lip (T},4+1) < 1.

Define T': |J,, ¢ — Y by T'(x) = T, (x) for € £} and extend it by continuity
to £1. T is then Lipschitz with constant 1 and it is easy to see that T" maps the
hyperplane consisting of all vectors whose first coordinate is zero to zero. To prove
that T is a co-Lipschitz mapping, let x € £1, v € Y with T(z) = v, let » > 0 and
let v +y € B,(v) with y # 0. Fix an € > 0 with ¢ < r and let n be such that
|z — 2|+ llyllllggm —¥" Il <e Put z = (21 +sgn(ay)|lyll, 23, ..., 23, 2[lyll, 0,0,...)
(here sgn(0)=1), then

Iz —z| <3yl +e<4r

and
T(2) = Tota(2) = T(2") + y"[lyl|-
Thus
IT(2) —v =yl < llz = 2" + lly = y"[lylll] < e
and we get that TBy,.(z) contains a dense subset of B, (v). As in the proof of

Proposition 3.15, a simple successive approximation argument shows now that for
all > 0, TBy,(z) contains B,.(v). |

Proposition 4.1 implies that for each n there is a uniform quotient mapping from
R?"*1 onto R™ which maps the unit ball of R?" to zero. However, in the finite
dimensional case, more can be said:
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Proposition 4.3. There is a Lipschitz map T from R3 = R?> ® R onto R? such
2
that T is a co-uniform quotient map and TB{R @{0}(0) =0.

Proof. . For 0 € R let
7, — [ o8 0 —sinf
= \ sin® cosf |-

For 0 <a <1letr,: Rt — [0,1] be defined by

a, ifo<t<t;
rat) =4 1—(1—a)(2—1), ifl1<t<2
1, if 2 < t.

We also let 74(t) = 1 if @ > 1 and r(t) = r)4((t), and define T : R* — R? by

T(z,a) = r2(lz])Us(r, (i) ®»
where 6 : Rt — R is defined by

o(t) = 2n/t.

We check first that T is Lipschitz. It is clearly enough to show that its restriction
to the set {(z,a) : ||z|| < 2} is Lipschitz, which follows immediately by noting that
it is the composition of

(z,a) € {(z,a) : [|z]] < 2} = (2, ra(l]])),
which is clearly Lipschitz, followed by
(z,t) € {(x,t) : ||z|| <2,0<t < 1} — t2U9(t)a:,

which has bounded partial derivatives.
It remains to show that T is co-uniform. We note first that for each a > 0 the
function

fa(z) =T(z,a)
is a Lipschitz homeomorphism of the plane, with inverse given by

Fa ) = (sallly/ Ny IDU-o¢r. (s. qiuin) ¥

where s, is inverse of t — tr2(t). The function tr2(¢) has a positive derivative
bounded below by a? A 1; moreover, if 0 < 7 < 1, this derivative is bounded below
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by 72 on the interval ¢ > 1+7. Thus, if either a > 7 > 0 or ||z|| > 147, the mapping

f~! has its derivative at f,(x) bounded in norm by a constant s, depending only

on 7. Consequently,

faBT(x) D faBT/nT(fa('T))7

if either @ > 7 or ||z|| > 1 + 7.
To check co-uniformity of T', take any (z,a) € R3 with a > 0 and let 0 <r < 1.
Case 1: r < 10a or ||z|| > 1+ 7/10. In this case the above inclusions show that

TB.(x,a) D fuB(z) D B, o (fa(®)) = Bre,,,,(T(z,a)).
Case 2: r > 10a and ||z|| < 1. Note first that by the definition of f,,
{f(Bx/v?): 1/ (k+1) <y <1/k}={y: |yl = 67 ||z},
whenever £ is an integer and 8 < 1/(k + 1). Let now ko be the integer so that

<
1/(ko +1) <7 < 1/ko. Let k > 3ko, and let 1/(k +2) < 8 < 1/(k + 1) and
1/(k+1) <~ <1/k. We have

|(2,a) = (B22/72,7)|]” < (1= B2/7%)% + (a— )% < (1 — (k/(k +2))%)® + 1/(3ko)?
< 4/(3ko +2)* +1/(3ko)? < r?

Hence T B, (z,a) contains all the points f.,(3%z/y?) with 3 and ~ as above. Conse-
quently,
TB(z,a) D Bjajl/(3k0-+1)2(0) D Bjafjr2/16(0)-

Since ||T(z, a)|| = a?||z|| < ||z||r?/100, we conclude that
TB.(z,a) D Bjg|r2/50(T(7,a)).
If ||z|| > r/2, this means that
T'B,(z,a) D Byso00(T (2, a)),
while if ||z|| < r/2, then
TB,(z,a) D TB,o(rz/(2||z|]),a) D Bu/2yr/2)2/50(T (2, a)) D Brs jaoo(T (2, a)).

Case 3: 7 > 10a and 1 < [|z|| < 14 r/10. Put v = z/||z||. Then B,(z,a) D
By, /10(u, a) and by the proof of case 2,

T Byr/10(u, a) D Bgr/10)2/16(0) D Br2/20(0).
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Alsory(||lz]) =1—-(1—a)(2—||z||) < a+|z|]| -1 < r/5. Thus || f.(z)| < 11r2/250,
and therefore
TB,(z,a) D By2/400(T (2, a)).

|

Proposition 4.2 leaves open the possibility that there is a Gorelik principle for
Lipschitz quotient mappings between finite dimensional spaces (or even superreflex-
ive spaces, say). We do not know, for example, if there is a Lipschitz quotient
mapping from R™, n > 2, onto R? which vanishes on a hyperplane. Notice that
if f: X — Y is a Lipschitz quotient mapping which sends the unit ball of some
subspace Z of X to zero, and U is a free ultrafilter on the positive integers, then
there is a Lipschitz quotient mapping f,, from the ultrapower X, of X onto the ul-
trapower Y, of Y which sends the entire subspace Z,, of X, to zero. Indeed, define
fn: X =Y by fu(x) =nf (%) and let f,, be the ultraproduct of the f,’s, defined
by f(x1,22,...) = (fi(z1), fa(x2),...). Now if X is finite dimensional, then so
isY,and X = X, Y =Y, and Z = Z,,, so one obtains a Lipschitz quotient
mapping from X onto Y which maps the subspace Z to zero. (Incidentally, if f is a
uniform quotient mapping from a space X onto a space Y which maps a subspace Z
of X to zero, then the construction of Proposition 3.4 produces a Lipschitz quotient
mapping from X,, onto Y,, which maps Z,, to zero.)

In the case of mappings from R™ to IR™, there is a close connection between
Lipschitz quotient mappings and quasiregular mappings ([Ric] is the standard source
for quasiregular mappings). Recall that a map f from a domain G in R"™ to R™ is
called quasiregular provided
(i) f is ACL™, i.e., f is continuous, its restriction to every line in the direction
of each of the coordinate axes is absolutely continuous and its partial derivatives
belong locally to the space L, (R™).

(ii) The n by n matrix D(z) of partial derivatives of f satisfies || D(z)||” < KJ(x)
for almost every x, where K is a constant, J(z) is the determinant of D(z), and
||D(x)|| is its norm as an operator from ¢4 to itself.

If f: R™ — R™ is a Lipschitz quotient mapping then (i) holds trivially. As for
(2), we have the somewhat weaker statement
(ii’) For every x at which f is differentiable

1D()[I" < K|J ()]

where K = (M/m)"~! with M (respectively, m) the Lipschitz (respectively, co-
Lipschitz) constant of f.

It seems likely that some results from the quasiregular theory can be carried over
to the case of Lipschitz quotient mappings. A deep result of Reshetnyak (which is
nicely presented in [Ric]) states that the level sets of a nonconstant quasiregular
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mapping from a domain G in R™ into R"™ are discrete sets. In Proposition 4.4
we prove that the level sets of a co-Lipschitz continuous mapping from R? to R?
are discrete. Note that this result implies in particular that a Lipschitz quotient
mapping from R?2 to R? cannot vanish on an interval, which means that some
version of the Gorelik principle is true for such mappings.

Proposition 4.4. Let f : R? — R? be a continuous and co-Lipschitz mapping.
Then for every y € R? the set f~1(y) is discrete.

Proof. We use the following simple lemma concerning the lifting of Lipschitz curves:

Lemma 4.5. Suppose that f : R™ — X is continuous and co-Lipschitz with con-
stant one, f(x) =y, and £ : [0,00) — X is a curve with Lipschitz constant one,
and £(0) = y. Then there is a curve ¢ : [0,00) — R™ with Lipschitz constant one
such that ¢p(0) = x and f(¢(t)) = &(t) fort > 0.

)
Proof. For m = 1,2,... define ¢,,(0) = z, and, by induction, assuming that
F(dm(55)) = &%), choose ¢(5E) such that [|¢m(%E) — dm(5)l < 4 and
f(dm(EEL)) = ¢(EEL). Extend ¢, (t) to a Lipschitz curve ¢, : [0,00) — R™
having Lipschitz constant one. The limit ¢ of any convergent subsequence of ¢,,

has the desired properties. [ |

Without loss of generality, assume B,.(f(z)) C f(B,(z)) for every x in R? and
r >0,y =0,and f(0) = 0. Let up, = /3 and S = {tuy : t > 0,k = 0,2,4}. Let
also 0 < § < 1 be such that ||z, [|y|]| < 2 and ||z —y|| < ¢ imply that || f(z)— f(y)]] <
1/2.

For each z € B1(0) N f~1(0) and k = 1,3,5, use Lemma 4.5 to choose ¢, :
[0,00) — R? having Lipschitz constant one such that ¢y ,(0) = z and f(dr.(t)) =
tuy for t > 0. Let Dy, be the component of R?\ f~!(S) containing ¢y (0, 00).
Noting that Bs(¢r (1)) C Dy N B2(0), a comparison of areas shows that the
set of all such Dy, , has at most N < 4672 elements. Suppose now that B1(0) N
f71(0) has infinitely many elements, hence it contains elements = # y such that
{Dl,:m Dgyw, D57$} = {Dl,y,Dg,y,D5,y}. Then Dk:,a: = Dk:,y for k = 1, 3, 5, since the
(connected) image of Dy, := Dy, , contains uy and so can contain no other u;, and we
infer that there are simple curves 1y, : [0,1] — IR? such that ¢4(0) = z, ¥(1) = y
and 9y (t) € Dy, for 0 < t < 1. For each pair k,l = 1,3,5 of different indices, let
G'1,1 be the interior of the Jordan curve (¢, —1);) (difference in the sense of oriented
curves). If j # k, 1, we note that G ;N D; = 0 since otherwise D; would be bounded.
In particular, Gl’g N 8G3,5 = @, so either G1,3 - G3’5 or G1,3 N G3’5 = (. In the
former case we would get a contradiction from ¢1(0,1) C G35, since 11(0,1) C D
and in the latter case we would infer from 9(G15) = 9(G1,3UGs5) that G15 D Gy 3
and get a contradiction from 3(0,1) C G 5. [ |
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