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Abstract

The operators on L, = L,[0, 1], 1 < p < oo, which are not commutators are those of the form A7 + S where 1 # 0
and S belongs to the largest ideal in L(L,). The proof involves new structural results for operators on L, which are
of independent interest.

1 Introduction

When studying derivations on a general Banach algebra (A, a natural problem that arises is to classify the commutators
in the algebra; i.e., elements of the form AB — BA. The problem as stated is hard to tackle on general Banach algebras.
The only known obstruction was proved in 1947 by Wintner([14]). He proved that the identity in a unital Banach
algebra is not a commutator, which immediately implies that no operator of the form A/ + K, where K belongs to a
norm closed (proper) ideal 7 of A and A4 # 0, is a commutator in the Banach algebra A. On the other hand, there
seems to be no general conditions for checking whether an element of a Banach algebra is a commutator.

The situation changes if instead of an arbitrary Banach algebra we consider the algebra £(X) of all bounded linear
operators on the Banach space X. In this setting, one hopes that the underlying structure of the space X will provide
enough information about the operators on X to allow one to attack the problem successfully. Indeed, this is the case
provided the space X has some “nice” properties. The first complete classification of the commutators in £(X) was
given in 1965 by Brown and Pearcy ([3]) for the case X = {,. They proved that the only operators in £({,) that are
not commutators have the form A7 + K, where K is compact and 4 # 0. In 1972, Apostol proved in [1] that the same
classification holds for the commutators on £,, 1 < p < oo, and one year later, he proved that the same classification
holds in the case of X = ¢y ([2]). Apostol had some partial results in [1] and [2] about special classes of operators on
{1, {s, and C([0, 1]), but he was unable to obtain a complete classification of the commutators on any of those spaces.
A year before Apostol’s results, Schneeberger proved that the compact operators on L, 1 < p < oo, are commutators
but, as it will become apparent later, one needs a stronger result in order to classify the commutators on these spaces.

All of the aforementioned spaces have one common property; namely, if X = £,, 1 < p < oo, or X = ¢ then
X=~(YX )p (p = 0if X = ¢p). It turns out that this property plays an important role for proving the classification of
the commutators on other spaces. Thirty five years after Apostol’s result, the first author obtained in [4] a complete
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classification of the commutators on ¢}, which, as one may expect, is the same as the classification of the commutators
on . A common feature of all the spaces X = ¢,,, 1 < p < o0 and X = ¢ is that the ideal of compact operators K(X)
on X is the largest non-trivial ideal in £(X). The situation for X = ¢, is different. Recall that an operator 7 : X — Y
is strictly singular provided the restriction of 7" to any infinite dimensional subspace of X is not an isomorphism. On
tp, 1 < p < oo, and on c¢,, every strictly singular operators is compact, but on £L({), the ideal of strictly singular
operators contains non-compact operators (and, incidentally, agrees with the ideal of weakly compact operators). In
L({), the ideal of strictly singular operators is the largest ideal, and it was proved in [5] that all operators on ¢, that
are not commutators have the form A/ + S, where 4 # 0 and § is strictly singular.

The classification of the commutators on £,,, 1 < p < oo, and on ¢, as well as partial results on other spaces, suggest
the following:

Conjecture 1. Let X be a Banach space such that X ~ (Y, X)p, 1 < p < o0orp =0 (we say that such a space admits
a Petczyriski decomposition). Assume that L(X) has a largest ideal M. Then every non-commutator on X has the form
Al + K, where K € Mand A # 0.

In [13], M. Tarbard constructs a Banach space X on which there is a strictly singular non compact operator S so that
every bounded linear operator on X is of the form A/ + &S + K for some compact operator K and some scalars A and
a. On this space the strictly singular operators are the unique maximal ideal in the bounded operators on X, yet S is
clearly not a commutator. Consequently, some assumption on an infinite dimensional space is needed to show that the
space satisfies the conclusion of Conjecture 1.

Here and elsewhere in this paper, when we refer to an ideal of operators we always mean a non-trivial, norm closed,
two sided ideal. This conjecture is stated in [5]. To verify Conjecture 1 for a given Banach space X, one must prove
two steps:

Step 1. Every operator T € M is a commutator.
Step 2. If T € L(X) is not of the form A/ + K, where K € M and A # 0, then T is a commutator.

The methods for proving Step 1 in most cases where the complete classification of the commutators on the space X
is known are based on the fact that if T € M then for every subspace ¥ € X, ¥ ~ X and every £ > 0 there exists a
complemented subspace Y| C Y, Y; = Y such that [|T}y,|| < &. Let us just mention that this fact is fairly easy to see if T
is a compact operator on ¢y or £, 1 < p < oo ([4, Lemma 9], see also [1]). (Throughout this work, ¥ ~ X means that X
and Y are isomorphic; i.e., linearly homeomorphic; while ¥ = X means that the spaces are isometrically isomorphic.)

Showing the second step is usually more difficult than showing Step 1. In most cases for which we have a complete
characterization of the commutators on X, we use the following theorem, which is an immediate consequence of
Theorem 3.2 and Theorem 3.3 in [5].

Theorem 1.1. Let X be a Banach space such that X =~ ( /\’)p, 1<p<oorp=0.Let T € L(X) be such that there
exists a subspace X C X such that X = X, Tix is an isomorphism, X + T (X) is complemented in X, and d(X, T (X)) > 0.
Then T is a commutator.

In the previous theorem the distance is defined as the distance from Y to the unit sphere of X. The basic idea is to
prove thatif 7 € £(X) is not of the form A/ + K, where K € M and A # 0, then T satisfies the assumptions of Theorem
1.1 and hence T is a commutator. This is not obvious even for the classical sequence spaces c¢g and £, | < p < oo, but
it suggests what one may try to prove for other classical Banach spaces in order to obtain a complete characterization
of the commutators on those spaces.

Following the ideas in [5], for a given Banach space X we define the set
Mx ={T € L(X) : Ix does not factor through T}. (D)

(We say that S € L(X) factors trough 7' € L(X) if there are A, B € L(X) such that S = AT B.) As noted in [5], this set
comes naturally from the investigation of the structure of the commutators on several classical Banach spaces. In the



casesof X = £, 1 < p < o0, and X = ¢y, the set My is the largest ideal in £(X) (observe that if My is an ideal then it
is the largest ideal in £(X) and My is an ideal if and only if it is closed under addition). It is also known that My is
the largest ideal for X = L,,, 1 < p < oo, which we discuss later.

In some special cases of finite sums of Banach spaces we know that the classification of the commutators on the sum
depends only on the classification of the commutators on each summand. In particular, this is the case with the space
tp, ®L,, @@L, where the first two authors proved in [5] that all non-commutators on £, & £,, ®---® {,,, have the
form Al + K where A # 0 and K belongs to some ideal in £(£, & ¢,, ®--- ® {),).

In this paper we always denote L, = L,([0, 1], 1), where p is the Lebesgue measure. Our main structural results are:

Theorem 1.2. Let T € L(L,), 1 < p <2. IfT — A &€ My, for all A € C then there exists a subspace X C L, such that
X = L, Tix is an isomorphism, X + T(X) is complemented in Ly, and d(X, T (X)) > 0.

Theorem 1.3. Let T € L(Ly), | < p <2. IfT € My, then for every Y C L,, Y = L), there exists a subspace X C Y
such that X is complemented in L,, X = L,, and T\x is a compact operator.

Notice that Theorem 1.3 implies that for I < p < 2, My, is closed under addition and hence is the largest ideal in
L(Ly). It follows by duality that for 2 < p < oo, My, is closed under addition as well and hence is the largest ideal
in L(Lp). This duality argument is indeed needed because Theorem 1.3 is false for p > 2. To see that Theorem 1.3 is
false for p > 2 one can consider T = JI,,, where I,,, is the identity from L, into L, and J is an isometric embedding
from L, into L,,.

In order to prove Theorem 1.2 for 1 < p < 2, it was necessary to improve [8, Proposition 9.11] for the spaces L,
1 < p < 2, and the improvement is of independent interest. In Theorem 3.4 we show that for a natural equivalent norm
on Ly, 1 < p < 2,if T is an operator on L, which is an isomorphism on a copy of L,, then some multiple of T is
almost an isometry on an isometric copy of L,. The proof of Theorem 3.4, which can be read independently from the
rest of this paper, is the most difficult argument in this paper and we will postpone it till the Appendix.

Using Theorem 1.2 and Theorem 1.3 it is easy to show that Conjecture 1 also holds for L,, 1 < p < 2. It follows by
duality that Conjecture 1 also holds for L,, 2 < p < co.

Theorem 1.4. Let M be the largest ideal in L(L,), 1 < p < co. An operator T € L(L,) is a commutator if and only if
T — Al ¢ M forany A # 0.

Proof. As we already mention, we only need to consider the case 1 < p < 2 and the case 2 < p < co will follow by a
duality argument.

If T is a commutator, from the remarks we made in the introduction it follows that 7 — A/ cannot be in M for any
A # 0. For proving the other direction we have to consider two cases:

Case L. If T € M (A = 0), we first apply Theorem 1.3 to obtain a complemented subspace X C L, such that Tx is a
compact operator and then apply [4, Corollary 12] which gives us the desired result.

CaseIL. If T — Al ¢ M for any A € C we are in position to apply Theorem 1.2, which combined with Theorem 1.1
imply that T is a commutator. O

The rest of this paper is devoted to the proofs of Theorems 1.2 and 1.3. We consider the case L, separately since some
of the ideas and methods used in this case are quite different from those used for the case L,, 1 < p < co.



2 Notation and basic results

Throughout this manuscript, if X is a Banach space and X C X is complemented, by Px we denote a projection from
X onto X. For any two subspaces (possibly not closed) X and Y of a Banach space Z let

dX,Y)=inf{llx—y||: xeSx, ye Y}

A well known consequence of the open mapping theorem is that for any two closed subspaces X and Y of Z,if XNY =
{0} then X + Y is a closed subspace of Z if and only if d(X, Y) > 0. Note also that 2d(X, Y) > d(¥,X) > 1/2d(X,Y),
thus d(X, Y) and d(Y, X) are equivalent up to a constant factor of 2. The following proposition was proved in [5] and
will allow us later to consider only isomorphisms instead of arbitrary operators on L,.

Proposition 2.1 ([5, Proposition 2.1]). Let X be a Banach space and T € L(X) be such that there exists a subspace
Y c X for which T is an isomorphism on Y and d(Y,TY) > 0. Then for every A € C, (T — Al)y is an isomorphism and
diY,(T — ahY) > 0.

We will also need a result similar to Proposition 2.1, where instead of adding a multiple of the identity we want to
add an arbitrary operator. Obviously that cannot be done in general, but if we assume that the operator we add has a
sufficiently small norm we can derive the desired conclusion.

Proposition 2.2. Let T € L(X) and let Y C X be such that T is an isomorphismon Y, Y ~ X, d(Y,TY) > 0, and
Y + TY is a complemented subspace of X isomorphic to X. Then there exists an € > 0, depending only on d(Y,TY),
the norm of the projection onto Y + TY, and “T\}l” such that if K € L(X) satisfies ||Ky|| < & then d(Y,(T + K)Y) >0
and Y + (T + K)Y is a complemented subspace of X isomorphic to X.

Proof. First we show that if ¢ is sufficiently small then d(Y, (T + K)Y) > 0, provided ||K]|| < €. As in [5, Proposition
2.1], we have to show that there exists a constant ¢ > 0 such that forall y € Sy, d(T + K)y,Y) > c. From d(TY,Y) > 0
it follows that there exists a constant C, such that forall y € Sy, d(Ty, Y) > C. If [|K)y|| < % then

c_C
T+ Ky =2l 2 Ty =2l - IKyll 2 d(Ty. ¥) = = 2 =
forall z € Y hence d((T + K)Y,Y) > 0.
Let P be the projection onto Y + T'Y. To show that Y + (T + K)Y is complemented in X we first define an isomorphism
S:Y+TY > Y+ (T +K)YbySy+Tz) =y+ (T + K)zfor every y,z € Y. From the definition of S we have that

IPINT
IS — 1|l < C(Y, T)|IKyll (where C(Y, T) = d(T—Yul//))’ hence if ||Kjy|| is small enough the operator R = S P+ — P is an
isomorphism on X. Now it is not hard to see that RPR™! is a projection onto Y + (T + K)Y. O

3 Operatorson L,, 1 < p <o

Recall (see (1) in the Introduction) that if X is a Banach space, My = {T € L(X) : Ix does not factor through T},
then T ¢ My if and only if there exists a subspace X of X so that Tjx is an isomorphism, 7X is complemented in X,
and TX =~ X.

As we have already mentioned in the Introduction, the set My is the largest ideal in £(X) if and only if it is closed
under addition. Using the fact that if p = 1 then M, coincides with the ideal of non-E operators, defined in [6], and
if 1 < p < oo then ML,, coincides with the ideal of non-A operators, defined in [8], it is clear that My is in fact the
largest ideal in those spaces. This fast, as we already mentioned, follows from Theorem 1.3 as well. For more detailed
discussion of the E and A operators we refer the reader to [6] and [8, Section 9] and let us also mention that we are not
going to use any of the properties of the E or A operators and so do not repeat their definitions here.



In this section we mainly consider operators T : L, — L,, 1 < p < oo, that preserve a complemented copy of L,
that is, there exists a complemented subspace X C L,, X ~ L, such that T|x is an isomorphism. The fact that we can
automatically take a complemented subspace isomorphic to L, instead of just a subspace isomorphic to L, follows
from [8, Theorem 9.1] in the case p > 1 and [12, Theorem 1.1] in the case p = 1. From the definition of My it is easy
to see that T ¢ My, if and only if 7 maps a copy of L, isomorphically onto a complemented copy of L.

Also, recall that an operator T : X — Y is called Z-strictly singular provided the restriction of T to any subspace of
X, isomorphic to Z, is not an isomorphism. From the remarks above, it is clear that the class of operators from L, to
L, that do not preserve a complemented copy of L, coincides with the class of L ,-strictly singular operators, hence
the class of L,-strictly singular operators is the largest ideal in £(L,).

Definition 3.1. The sequence of functions {hoo} U {hai}i2 7., defined by hoo(t) = 1 and, forn = 0,1,... and i =
1,2,...,2"
L if e ((2i=2)270D, 2i = 12704D)
hei(t) =4 =1 ifte((2i—1)270D 22+
0  otherwise

is called the Haar system on [0, 1].

The Haar system, in its natural order, is an unconditional monotone basis of L,[0, 1] for every 1 < p < oo (cf. [10,
p.3, p-19]) and we denote by C), the unconditional basis constant of the Haar system. As usual, by {r,}? ; we denote
the Rademacher sequence on [0, 1], defined by r,, = Z,-zznl Ry i

(e

n=0

Definition 3.2. Let {x;};°, be an unconditional basis for L,. For x = ¥.2, a;x;, the square function of x with respect to
{xi}2, is defined by

1
2

S(x) = [i aizx%] .

i=1

The following proposition is well known. We include its proof here for completeness.

Proposition 3.3. Let {a;};2, be a block basis of the Haar basis for L,, 1 < p < oo, such that A = spanfa; : i =1,2,...}
is a complemented subspace of L, via a projection P. Then there exists a projection onto A that respects supports with
respect to the Haar basis and whose norm depends on p and ||P|| only.

Proof. Define o; = {(k,[) : hy; € supp(a;)}, where the support is taken with respect to the Haar basis, and denote
X; = span{hy; : (k,]) € oy}. Itis clear that all spaces X; are C,, complemented in L,, via the natural projections P;,
as a span of subsequence of the Haar basis. Consider the operator P4 = ); P;PP;. Provided it is bounded, it is easy
to check that Py is a projection onto A that respect supports. In order to show that P, is bounded consider the formal

sum
P =" PiPP;
i

A simple computation shows that

1Pall = IE " sie;PiPP | < EIl Y. &ig;PiPPll < CIPI, @)
i,j i,j

where g; is a Rademacher sequence on [0, 1], which finishes the proof. ]

The following theorem is the main result of this section. We will postpone its proof till the end since the ideas for
proving it deviate from the general ideas of this section and the proof as well as the result are of independent interest.
Recall [12] that an operator 7 on L,, 1 < p < oo, is called a sign embedding provided there is a set S of positive
measure and 6 > 0 so that || f|| > 6§ whenever f fdu=0and|f] = 15 almost everywhere.

Recall also, that a bounded linear operator T : X — Y between two Banach spaces X and Y is a C-isomorphism if T
is an ismorphism on X and ||T||||T|’T£\,|| <C.



Theorem 3.4. For each 1 < p < 2 there is a constant K, such that if T is a sign embedding operator from L,[0,1]
into L,[0, 1] (and in particular if it is an isomorphism), then there is a K,, complemented subspace X of L,[0, 1] which
is K,-isomorphic to L,[0, 1] and such that T\x is a K ,-isomorphism and T (X) is K, complemented in L,,.

Moreover, if we consider L,[0, 1] with the norm |||x][|, = IS (X)l|, (with S being the square function with respect to the
Haar system) then, for each & > 0, there is a subspace X of L,[0, 1] which is (1 + &)-isomorphic to L,[0, 1] and such
that Tx is a (1 + &)-isomorphism (and X and T (X) are K, complemented in L,).

Remark 3.5. Note that Theorem 3.4 is also true for p = 1. This result follows from [12, Theorem 1.2], where it is
shown that if T € L(L,) preserves a copy of L, then given € > 0, X can be chosen isometric to L, so that Tix is 1 +
isomorphism.

Having Remark 3.5 in mind, sometimes we may use Theorem 3.4 for the case p = 1 as well.

Before we continue our study of the operators on L), that preserve a copy of L, we prove Theorem 1.3 in the case of
L,, 1 < p < 2. For this we need two lemmas for non sign embeddings and L,,-strictly singular operators on L, that we
use both in the next section and later on.

3.1 L, - strictly singular operators

Lemma 3.6 was proved in [12] for the case p = 1, and basically the same proof works for general p, 1 < p < oco.

Lemma3.6. LetT: L, — Ly, 1 < p < oo be a non sign embedding operator. Then for all subsets S C R with positive
measure there exists a subspace X C L,(S) of L,, X = L, such that Tyx is compact.

1
Proof. We can choose by induction sets A; in S suchthat A} = S, A, = A2, UAsu+1, Ay NAzp1 = 0, u(Az,) = Eﬂ(A")’

E lA - lA " .
and ||Tx,|| < T where x, = —=~—>*1L Tn order to do that assume that we have A;, A,, ..., A; where k is an

1
H(An)?
odd number and let n = % Since T is not a sign embedding, there exists y, such that f Yo =0, |yal = 14,, and
1Ty, < 2n%,u(A,,)%. Then set x, = —2+, Ay, = {x : x,(x) = 1}, and Ay,+1 = {x : x,(x) = —1}. It is not hard to see
H(A,)P
that (x;);2, is isometrically equivalent to the usual sequence of Haar functions and hence X = span{x;} is isometric to

L,. From the fact that (x;) is a monotone basis for X it is easy to deduce that T is a compact operator. O

Note that Lemma 3.6 immediately implies that for every complemented subspace Y of L,, Y =~ L, there exists a
complemented subspace X C Y, X ~ L,, such that T|x is compact. The following lemma, which is also an immediate
consequence of Lemma 3.6 and Theorem 3.4, will be used in the sequel.

Lemma 3.7. Let T € L(Ly), 1 < p < 2, be an Ly-strictly singular operator. Then for any X € Ly, X = L, and & > 0
there exists Y C X, Y = L, such that ||Tiy|| < &.

Proof. Again, this result immediately follows from Lemma 3.6 and Theorem 3.4. A L,-strictly singular operator
cannot be a sign embedding (Theorem 3.4) and then we use the construction in Lemma 3.6. From the fact that (x;) is
a monotone basis for X it follows that ||T|x|| < . ]

Remark 3.8. Clearly the proof we have for Lemma 3.7 depends heavily on Theorem 3.4 which is the deepest result of
this paper. We do not know if an analogue of Lemma 3.7 holds for 2 < p < oo.

Proof of Theorem 1.3 in the case of Ly, 1 < p < 2. This is a direct consequence of Theorem 3.4 and Lemma 3.6. First
we find a complemented subspace X’ C Y, X’ = L,. Now we observe that an L,-strictly singular operator cannot be a



sign embedding operator (Theorem 3.4) and then we use Lemma 3.6 for X’ to find a complemented subspace X c X’,
X ~ L, such that Tx is a compact operator. m

3.2 Operators that preserve a copy of L,

Definition 3.9. ForT : L, — L, and X C L, define the following two quantities:

f(T.X) = }E%EIITXII 3)
&I, X)=sup f(T.Y). “)
YCX
Y=L,

Clearly f(T,X) does not decrease and g(7, X) does not increase if we pass to subspaces. For an arbitrary subspace
Z C Ly, Z ~ L, note the following two (equivalent) basic facts:

e Tz is an isomorphism for some Z’' C Z, Z" ~ L, if and only if g(7',Z) > 0
e Tz is L,-strictly singular if and only if g(T',Z) = 0

Proposition 3.10. Let S: L, — L,, 1 < p < 2, be an L,-strictly singular operator and let Z be a subspace of L,
which is also isomorphic to L,. Then for every operator T € L(L,) we have g(T + S,Z) = g(T, Z).

Proof. If Tiz is L,-strictly singular then (T + §)z is also L,-strictly singular hence g(T,Z) = g(T + S,Z) = 0. For
the rest of the proof we consider the case where there exists Z’ C Z, Z’ =~ L, such that T}z is an isomorphism hence
g(T,Z) > 0.

LetO <e<g(T,Z)/4andletY C Z,Y = L, be such that g(T,Z) — & < f(T,Y). Using Lemma 3.7 we find ¥; C Y,
Y: = L, such that [|Sy,|| < &. Now

gT+8,2)>fT+S,Y1)>fT.Y1)-e=f(T,Y)—e>g(T,2)-2¢

hence g(T + S,Z) > g(T,Z) — 2. Switching the roles of T and T + S (apply the previous argument for 7 + S and —S)
gives us g(T,Z) > g(T + S,Z) — 2¢ and since & was arbitrary small we conclude that g(T + S, Z) = g(T, Z). m|

Lemma 3.11. Let X and Y be two subspaces of L,, 1 < p < 2, such that X =Y ~ L,. Then there exist subspaces
X1 € X, Yy CYsuchthat Xy = Y ~ Ly, d(X1,Y1) > 0, and X| + Y| is complemented subspace of L,. Moreover,
X1 and Y| can be chosen in such a way that there exists projection onto X; + Y| with norm depending only on p and
X + Yy is isomorphic to L, with the isomorphism constant depending only on p.

Proof. Without loss of generality, by passing to a subspace if necessary, we may assume that X ~ Y =~ L, are two
complemented subspaces of L,,. Our first step is to find two subspaces X; € X and Y; C Y which are isomorphic to L,
and d(Xl, Yl) > 0.

LetP: L, — X and Q: L, — Y be two onto projections. We consider two cases for the operator Qix: X — Y:

Case 1. Qi is L,-strictly singular. Fix 6 > 0. Using Lemma 3.7 we find X; C X, X; = L, such that [|Q, || < 6. We
are going to show that d(X;,Y) > 0.

1 1
Let x € Sx, and y € Y be arbitrary. If |[y| ¢ [5, 2] then clearly ||x — y|| > 5 If not, then

oyl > 1QX— OV _IQx =yl b= llodi 1 1 o

ol ol el —1al-2




Since x and y were arbitrary we conclude that d(X, Y) > O (here we take Y; = Y).

Case 2. Qi is not L,-strictly singular. Fix 6 > 0. Then using Theorem 3.4 we find X" C X such that X" is isomorphic
to L, and Qx is a K, isomorphism. Without loss of generality we may assume that X" = L,(v) for some non-atomic
measure v. Now we find two disjoint, v-measurable sets A and B with positive measure and denote X; = L,(A) € L,(v),
X, =L,(B) C L,(v),and Y| = QX,. Clearly d(X;, X») = 1 and we are going to show that d(X;, 0X») > 0.

Letx € Sx, andy = Oz € 0X5. Then
1Qx— Qzll _ flx—zl 1

> 2 —
2l K, K,

llx =yl >

Having X, and Y; from our first step, without loss of generality (by passing to a subspace if necessary) we may assume
that X; and Y| are K, complemented in L, and K, isomorphic to L, and, for simplicity of notation, we will use X and
Y instead of X; and Y;.

Let P: L, —» X and Q: L, — Y be two onto projections of norm at most K,. It is easy to see that (/ — Q)|x is not a
L,-strictly singular operator. If we assume that this is not the case, fix 6 > 0 and using Lemma 3.7 we find X’ C X,
X’ ~ Lp, such that ||(/ — Q);x'|| < 6. But then for x" € Sx» and Qx’ € Y we have ||x" — Qx’|| < 6 which is a contradiction
with d(X,Y) > 0 since 6 was arbitrary. Similarly, we show that (/ — P)}y is not a L,-strictly singular operator.

Fix ¢ > 0. Let X; € X, X; = L,, be such that (I — Q)x, is an isomorphism and (/ — Q)j, is a K, isomorphism.
By Theorem 3.4 there exists a K, complemented subspace X, C (I — Q)(X;) which is also K, isomorphic to L,,.
Denote X’ = ((I - Q)|X2)" (X2). Now X’ =~ L, and it is easy to see that X" is complemented in L, (via the projection
- Q)|X2)_1PX2 (I - Q) of norm at most K2, where Py, is a projection of norm K, onto X,).

Similarly, we find Y C Y such that Y’ is K}, isomorphic to L,, Ki complemented in L,, and (/- P))y- is an isomorphism.

Let R and R, be projections onto (I —Q)X’ and (/- P)Y’, respectively, of norm at most KIZ,. Denoteby V| : I-Q)X' —
X’ the inverse map of (I — Q)x» : X’ — (I — Q)X’ and, similarly, denote by V, : (I — P)Y’ — Y’ the inverse map of
(I=P)y : Y — (I-P)Y’. Then a basic algebraic computation shows that PV R, (I — Q)+ QV2R,(I — P) is a projection
onto X’ + Y’ of norm at most 2K1‘§.

Consider two onto isomorphisms Ty : X" — L, T» : Y’ — L, such that ||Tj]| = 1 and ||Ti_1|| < K, fori=1,2
(such exist by our choice of X" and Y’). Then the operator 73 : X’ +Y" — L, ®, L, = L, defined by T3(z) =
(T'Vid = Q)z, T,Vo(I — P)7), for every z € X' + Y, is an isomorphism with isomorphism constant depending only on
p, which finishes the proof.

]

Lemma 3.12. Let T € L(L,), 1 £ p <2, and assume that for every X C L, X ~ L, there exists a subspace X| C X,
X| = L, and a constant A(Xy) such that T\x, = A(X)Ix, +S(X,) where S (Xy) is an L,-strictly singular operator. Then
there exists a constant A and an L,-strictly singular operator S such that T = Al + §.

Proof. Let X and Y be arbitrary subspaces of L, which are also isomorphic to L, and let X; C X and ¥; C Y be
the subspaces from the statement of the lemma. We will show that A(X;) = A(Y;). Without loss of generality, using
Lemma 3.11, we can assume that X; N Yy = {0} and X, + Y is a closed and complemented subspace of L,. Let

T|X| :/lIIXI +8 > T\Y| :/12IY1 +S,.
Let 7: X; — Y; be an isomorphism and define Z = {x + 7(x) | x € X;}.

Tz=Tx+71x)=A1x+Atx+S1x+S,7x. ®))



The operator §: Z — L, defined by S(x + 7x) = Sx + Sp7x is Ly-strictly singular as a sum of two such operators.
From the assumption of the lemma, there exist Z; € Z and A3 € C such that Z; ~ L, and

Tiz, = 317 + 83 (6)

where §3 is L,-strictly singular. From (5) and (6) we obtain that the operator T;: Z — L, defined by T(x + 7x) =
A1x+Aptx— A3(x +7x) is also L,-strictly singular on Zy, i.e Tz, is L, strictly singular. The last conclusion is possible
if and only if 4 = A, = A3. In fact, if we assume that 4; # A3, then, the operator 7'} will be an isomorphism on Z
because for every x € Sy, we will have

[ — 3]

2 |4 = 3ld(Xy, Y)llxl| =2 ———=d(X,, YD)llx + 7x]|.
1+ il

- A
TX
A

1T (x + 0l = |4 — 3]

+/12
X
A

Let A = A(X;) for every subspace X; as in the statement of the lemma. Now it easily follows that A/ — T is L-strictly
singular. Indeed, if we assume otherwise, then there exists a subspace Z C L,, Z =~ L, such that (I — T)jz is an
isomorphism. But according to the assumptions of the lemma, there exists Z; C Z, Z =~ L, such that (I — T), is
L,-strictly singular which contradicts the fact that (A1 — T')z is an isomorphism. This finishes the proof. m}

An immediate corollary of Lemma 3.12 is that for an operator T € £(L,), 1 < p < oo, not of the form A/ + S, where §
is an L,-strictly singular operator, there exists a complemented subspace X C L,, X ~ L, such that (T — AI)x preserves
a copy of L, for every A € C, and this is in fact what we are going to use in the sequel.

Lemma 3.13. Let T € L(L,), 1 < p < 2, and assume that for every X C L,, X =~ Lj, and every & > 0 there
exist X| C X, Xy = Ly, and A = A(Xy) such that g(Al — T,X;) < &. Then for every & > 0 there exists A such that
8l —T,L,) < D,e where D, is a constant depending only on p.

Proof. From the assumption in the statement of the lemma, without loss of generality we may assume that for every
X Cc L, X~ L, and every & > 0 there exist X; C X, X; = L,, and 4 = A(X;) such that g(A] — T,X;) < & and
(Al — T)x, is an isomorphism. If g(4/ — T, X;) > 0 this can be achieved by passing to a subspace Y; of X; for which
fQI=T,Y) > 0. If g(Al = T,X;) = 0foreach X; C X, X; = L,, using the fact that g is a continuous function of A,
we find Ap such that 0 < g(1o/ — T, X) < £ and then find X; C X, X; ~ L, such that f(do/ — T, X;) > 0.

Fix an & > 0 and let Y; and Y, be any two subspaces of L, such that Y| = ¥, ~ L,. From our assumptions, there
exist complemented subspaces Y|, Y] such that Y/ C Y;, ¥/ = L, and g(A(Y))I = T,Y]) < g fori = 1,2 and without
loss of generality, using Theorem 3.4 and passing to a subspace if necessary, we may assume that Y| and Y are K,
complemented in L, and ((A(Y;)I—T)yy is a K-isomorphism for i = 1, 2. Then we apply Lemma 3.11 to get subspaces

X1, X, such that

X;CY,X;=L,fori=1,2

X NnX, ={0}

X1 and X; are d, complemented and d,, isomorphic to L, via A(Y{)I — T and A(Y})I — T, respectively, for some
constant d, depending only on p (this follows from Lemma 3.11 and our choice of Y] and Y7)

X| + X, is closed and complemented subspace of L, and there exists a projection onto X; + X, with norm
depending only on p

Since X; C Y/,i=1,2, we have g(A(Y))] = T, X;) < e for i = 1,2 which in view of our choice of X; and X, implies
max([|(AYDI = T)ix, I, 1(AYDI = T, |I) < dpe. (7

Our goal is to show that [A(Y]) — A(Y})| < cpe for some constant ¢, independent of Y] and ;.

Let 7: X; — X, be an isomorphism such that ||7]| < dg and ||77!| = 1. Define

Z={x+71x|x€X}



By assumption, there exists Z’ C Z, Z' ~ L,, and A(Z’) such that 0 < g(A(Z")] - T,Z') < g and A(Z')] - T is an
isomorphism on Z’ (like the argument in the beginning of the proof). Using Theorem 3.4 we find Z” € Z’ such that
Z" is K, isomorphic to L, via A(Z")] = T (clearly g(A(Z")] - T,Z") < &). Let U = A(Z")] — T and define an operator
§:7 — L,by S(x+71x) = A¥])x + A(Y))tx — Tx — Ttx. A simple application of the triangle inequality combined
with (7) implies

IS (x + 70)ll < de(llxl| + [Irx]]). ®)
From our choice of Z” we also have
IAZ)(x + 7x) = T'(x + w0l < Kpe(llxdl + llrxll) (€))
and combining (8) and (9) gives us
(U = $)(x + )|l < (K, + dy)e(lxl| + |[xl) < (K, + dy)(1 + d)el|x]. (10)

On the other hand

(U = $)(x + 0l = [(AZ") = AYD)x + (AZ") = AY)rxll 2 Ap(IAZ) = AN +1AZ7) = A el

11
> Ap(IAZ") = A DI+ |AUZ) = AY)DIIxD = AplA(Y3) = A DIl (n

(A, depends on d,, K, and the norm of the projection onto X; + X, which also depends on p only). Combining
3 2

(8) and (9) we get [A(Y]) — A(¥))| < EELTD s Now we define A, = A(Y]) and it is not hard to check that

g(/ll TL)<(1+W)8 o

Remark 3.14. Let 1 < p < co. Suppose that there exists a sequence of numbers {A;};2, such that g(A4,1-T,L,) — 0.

Then there exists A such that g(Al =T, L,) = 0. This is easy to see by noticing that g(AI — T, L,) is bounded away from

0 for large A, so without loss of generality we can assume that the A, — A Then, if g(AI =T, L,) =46 > 0, there

exists Y C Ly, Y = L, suchthat f(AI-T,Y) > 20. Now if |[A—pu| <6, then f(/.l[ T,Y) > 6 and hence g(ul-T,L,) > 6
which contradicts our original assumption about the sequence {A;}:° .

From the last remark it trivially follows that if T € £(L,), 1 < p < oo, is such that A/ — T preserves a copy of L, for
every A, then il}f gl -T,L,)>0.

Lemma 3.15. Let T € L(L,), 1 < p < 2, and assume that Al — T preserves a copy of L, for every A € C. Then
there exists € > 0 and a subspace X C L,, X ~ L,, such that for every X cX X =~ L, , and every A € C we have
g -T,X)> e

Proof. The proof is a straightforward from Lemma 3.13 and the last remark. O

The next result of this section is a reduction lemma that will help us later.

Lemma 3.16. Let T,P € L(Lp), 1 < p < oo, be such that P is a projection satisfying PL, =~ L, and (I — P)TP is an
isomorphism on a subspace X C L, X = L,. Then there exists a subspace Z C L, suchthatZ ~TZ = L,, d(TZ,Z) >
0, and Z + TZ is a subspace isomorphic to L, and complemented in L,,.

Proof. Denote Y = PX and note that from the statement we have Y ~ L,. Since (/ — P)T is an isomorphism on Y, for

every x € Y we have ||(I — P)Tx|| > c||lx]| = ¢ ‘IITT)ICIH Now if x,y € Y are arbitrary such that Tx € Sy then

(I — P)TxII c
Il - Pl _IITIIIII PII

dTYY) = |Tx-yl =

Without loss of generality we me assume that both Y and T'Y are complemented in L,,. This can be done, for example,
by choosing a complemented subspaces ¥, C TY, Y; =~ L, and then considering (T}y)~'Y; instead of Y.
Let Py be a projection onto Y and denote 7’ = (I — Py)T Py. Since T is an isomorphism on Y and d(Y, TY) > 0 we have
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that 7’ is an isomorphism on Y. Now we choose a subspace Y; € T”Y which is isomorphic to L, and complemented
in L, and denote Z = (Tl’Y)‘1 Y;. Clearly Z is isomorphic to L, and complemented in L, via (Tl’Y)‘le1 T’, where
Py, : L, — Y is a projection onto Y;. Let V be the inverse of the isomorphism 7'(y) — T’(y), y € Y. It is not hard to
see that Prz := VPy,(I — Py) is a projection from L, onto TZ such that PrzZ = {0} and then it is straightforward to
verify that PrZ + Pz(I — Prz) is a projection onto Z + TZ, which finishes the proof.

Proof of Theorem 1.2 for L,, 1 < p < 2. In view of Lemma 3.12, we can apply Lemma 3.15 for T and let X and & be
the one from Lemma 3.15. Without loss of generality we may assume that X is complemented (otherwise we may pass
to a complemented subspace). Let V be an isomorphism from L), into L, such that VL, = X.

Fix § > 0 to be chosen later. We will build sequences {y;};°, in X, and {g;};2, and {b;};2, in L, such that:

1. {a;};2, and {b;};2, are block bases of {h} U {4} 2"1 such that if we denote o; = supp{a;} U supp{b;}, where

n=0, i=
o 2"

the support is with respect to the Haar basis, then {0;};2, is a disjoint sequence of subsets of {hoo} U {h,}," i,

2. {yi}i2, is equivalent to the Haar basis for L,

3. llyi = aill < Zllyill and ITy; = bill < STyl forall 1 < i < co.

The construction of these sequences is similar the construction of Lemma 3.11 and we sketch it below for complete-

ness. As before, by Py, we denote the projection onto the linear span of {A,;}°_, % .

Let y; = Shy;. There exists ny such that [ly; — P )il < %||y1|| and [Ty — Py Tyill < gIITylll. Leta; = Py
and by = P, Ty;. Denote AT = {x : V''y;(x) = 1} and A] = {x : V'y;(x) = —1}. Let {z;};>, be the Rademacher
sequence on A} and {z;};2, be the Rademacher sequence on A]. Using the fact that the Rademacher sequence is weakly
null, we find / such that

12~ Pl oSl < SISl
TS 2= Pony oo TS 2l < 1£6|ITSZ1||
12— Py oS 2l < 21152
16
ITSZ) — Py o TSZI < %HTSZ;H.

Define y, = Sz, y3 = Sz; and find n; such that |[yx — P,y yill < g||yk|| and [|Tyx — Py ) Tyl < §||Tyk|| for k = 2, 3.
As before, let ay = P, ny)yk and by = Py, p)Tyx fork =2,3.

Continuing this way, we build the other elements of the sequences {y;};2,, {a;}~, and {b;};°,. From the construction it is
clear that {(supp y; U supp Ty;)}°, are essentially disjoint. If we denote ¥ = Spanf{y; : i =1,2,...} we have that Y is a
complemented subspace of L, which is also isomorphic to L,. To see this it is enough to notice that V1Y is isometric
to L, (since it is spanned by a sequence which is isometrically equivalent to the Haar basis) and hence complemented
in L,,. One projection onto Y is given by Py = VPy-1, V™! Px. From now on, without loss of generality we assume that
X =Y (since we can pass to a subspace in the beginning if necessary).

As in the argument in Lemma 3.11, using the principle of small perturbations, it is easy to see that the subspace
A = span{g; : i = 1,2,...} is complemented. A projection onto A is given by P, = GPyG™" where G € L(L,) is
defined by

G=1- ny(‘)(yi - a;)

(in the definition above {y?} are the biortogonal functional to {y;}). Using Proposition 3.3 we find a projection P4 onto
A that respect supports. Let S : A — L, be the operator defined by

S =1- ) a()a -,
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where {a}} are the biortogonal functional to {a;}, and note that SA = Y(= X) and ||[I - S|| < 4. Letalso S’ : A — L, be
the operator defined by S’a; = Ta; — b; and let T’ = T — S’ P,4. It follows easily that ||S’|| < C6||T||, where C depends

only on p, since

, 2617 [[ly:l
IS"aill = 1T a; = bill = T (ai = yi) + Ty = bill < ——7—.

First we show that (I — P4)T’ P, preserves a copy of L,,.

If not, we have that (I — P4)T’ P, is L,-strictly singular and hence P,T"’P, preserves a copy of L, (otherwise T‘;‘ will
be L,-strictly singular which is false). We also have the inequality g(P47’P4,A) > /2. In order to show it we need to
2o back to the definitions of f(-,) and g(-,-). Fix A’ C A and A € C. We shall show that g(AI + T',A") > % We may

assume that [A| < ||T”’]| + 1(otherwise f(Al — T’,A’) > 1). Let x € S 4 be arbitrary.

AL = T")xll > (A = TS xll = I = T")(x = Sl 2 I = T)S x| = IS PaS x| = (AU = T")(x = Sl
> (1= 40)f((Al = T),A”) = COlTIIIPAII(L + 46) — 42IIT"|| + Do.

Taking infimum over the left side we obtain f((AI — T’),A’) > f((Al — T),A’)/2 for sufficiently small § and hence
g(AI-T',A") > g/2 forevery A € C. Using the fact that (/ — P4)T P, is an L-strictly singular operator and Proposition
3.10 we obtain c

8(PAT Py, A) + g((I = PA)T' Py, A) = g(T"Py, A) > 5

Let PsT’a; = A;a; (we can do that since P4 respect supports). Till the end of this proof it will be convenient to
switch the enumeration of the {a;}2, to {a,} which is actually how we constructed them. For each n, using the

n

&
o APATI|
for every i € o(n). Clearly, there exists an infinite subset Ny C N and a number y, such that

&
Z |/1n_,us| < ﬁ

nenN,;

00, 2
n=0,i=1,’

and a number y, such that |y, — A;| < ¢

pigeon-hole principle, we can find a set o(n) with cardinality at least 1

Let Z = spanf{a,; : n € Ny,i € o(n)}. Using a result of Gamlen and Gaudet (see [7]), we have that Z ~ L, and clearly
Z is complemented in L,. Now note that

el = PAT )zl < g hence g(u.l — PAT’,Z) < ; (12)

On the other hand,
; <8l =T, A) = g((uel = PaT") = (I = PA)T', A) = g(uel — PoT', A) (13)
since (1 —PA)T"A is L,-strictly singular. The equations (12) and (13) lead to contradiction which shows that (/—P4)T’ P4
preserves a copy of L, say Z'. Now ||(I — PA)T' Py — (I — Po)TPy|| = ||(I — P4)S'Pal| < CS||T||(||P4]l + 1)*> hence, for

sufficiently small §, we have that (I — P4)T P, is an isomorphism on Z’ and clearly d((I — Po)TP4Z’,Z") > 0. In view
of Lemma 3.16 this finishes the proof. O

4 Operators on L,

Recall that we have already proved Theorem 1.3 in the case of L;. The proof in this case does not involve anything
new and can be done only using the ideas found in [12], which we have already mentioned.

Now we switch attention to the operators not of the form A/ + K where A € C and K is in M;,. Our investigation will
rely on the representation Kalton gave for a general operator on L; in [9], but again Rosenthal’s paper [12] is a better
reference for us. Before we state Kalton’s representation we need a few definitions.

Definition 4.1. An operator T : Ly — Ly is called an atom if T maps disjoint functions to disjoint functions. That is,
if u(supp f N supp g) = 0 then u(supp T'f N supp T'g) = 0.

12



Unlike the notation for 1 < p < oo, here supp refers to the support with respect to the interval [0, 1]. A simple
characterization of the atoms is given by the following known structural result.

Proposition 4.2 ([12, Proposition 1.3]). An operator T : Ly — L, is an atom if and only if there exist measurable
functions a : (0,1) - Rand o : (0,1) — (0,1) with Tf(x) = a(x)f(cx) a.e. forall f € L;. Moreover, a pair of
functions a and o represent an atom T if and only if K = sup{(u(s))~" fU laldu : u(s) > 0} < oo, and then ||T|| = K.

~1S)
In [12] the following definition is given:

Definition 4.3. Let T : Ly — Ly be a given operator.

(a) Say that T has atomic part if there exists a non-zero atom A : Ly — Ly with0 < A <|T|.
(b) Say that T is purely continuous if T has no atomic part.

(c) Say that T is purely atomic if T is a strong €;-sum of atoms.

The condition (c) in the preceding definition simply means that there is a sequence of atoms {T j};‘;l from L; to L; and
K <cosothatforall fe L, JIIT;fIl<Klflland Tf = X T,f.

Here is Kalton’s representation theorem for operators on L; the way it is stated in [12].

Theorem 4.4. Let T : Ly — Ly be a given operator. There are unique operators T,, T. € L(Ly) so that T, is purely
atomic, T. is purely continuous, and T = T, + T.. Moreover, there exists a sequence of atoms { Tj}‘j’.‘;l so that T, is a
strong €£1-sum of { Tj};‘;l and the following four conditions hold

Lo YT < NTGllAl
2. (T;)(x) = ai(x)f(oix) a.e. where a; : (0,1) — R are measurable functions, and o; : (0,1) — (0, 1)
3. Foralli# j, oi(x) # 0 j(x) a.e.

4. laj(0)| = laj1(x)| a.e.

Note that if E is a set of positive measure such that a;(x) # 0 a.e on E, then u(o;(E)) > 0. Indeed, let F C E be such
that |a;(x)| > @ > 0 for every x € F. Now T;1,,r) = lra; implies that ||T;1,,r)ll > O hence u(co;(F)) > 0. The
power of Kalton’s representation theorem is that it reduces many problems about operators on L; to measure theoretic
considerations. This is illustrated in the proof of the following proposition.

Proposition 4.5. Let T € L(L,) be a non-zero atom such that T # Al for any A € C. Then there exists a subspace
YcLysuchthatY = Ly, d(Y,TY) >0, and Y + TY is complemented in L.

Proof. By the definition of atom we have that (T f)(x) = a(x)f(ox) for some a and 0. We consider two possibilities
depending on 0.

1. If 0 = id a.e on (0, 1) then a(x) # const a.e (otherwise T = Al for some 1). Then we find two different numbers
A1, 4> and a positive number ¢ such that

° |/11 —ﬁz| > 30

e There are closed sets A; C {x : |a(x) — A;| < 6} so that u(A;) >0 fori=1,2

To see this we can consider a good enough approximation of a(x) with a step function and without loss of generality
we may assume that 4; # —1. Note also that we can choose ¢ as small as we want (independent of 4; and 1,) which
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choice we leave for later. Clearly, A} N A, = 0 and, since they are closed, by shrinking ¢ we can assume that they are
at a distance of at least ¢ apart. From our choice of A;, i = 1,2, we also have

T f = Al < Olf Al i = 1,2
LetS : Li(A;) — Li(Ay) be an isometry and define
Z={fi+ShH:fi e Li(A)}
Since ||fi + S fill = 2|lfill we immediately have that Z = L;. It is also clear that 7|z is an isomorphism because

max{|1], 2]} > 36 and hence IT(fi + S fi)ll = max{|d; = 6], 142 = SIIfill > 6/21|fill for every fi € Li(A)).

To show that d(Z, TZ) > 0 assume that ||T(g + S g)|| = 1 for some g € L{(A;). Then for arbitrary f € L;(A;) we have

Wf+Sf-Tg-TSgll=If+Sf—ag—aSgll=If—agll+IISf—aSgll
=llf—tig+ U —agll+ISf—1Sg+ (2 —a)Sgll
>|If = gl = I — a)gll + IS f — 1S gll = I(A2 — a)S gl
|41 — A

2 If = gl +11f = agll = ollgll = SlIS gll = 141 = alllgll = 20ligll = ——=—llgll-

Now we observe that ||T(g + S g)|| = 1 implies ||g|| > ﬁ hence

A1 — A
d12,2) = inf I +Sf-Tg-TSgl> B2
IT(g +Sg)l = 1 oI

f’g € LI(AI)

Define T f(x) = A1 f(x)1a, (x) + A2 f(x)1,(x) and let K = T —T;. Denote by P the natural, norm one, projection from
Ly onto Li(Ay) and let P = P; + jfi: S P;. It is easy to see that P is an idempotent operator since P1S P; = 0. To see
that P is a projection onto Z + T Z note that

Ay + 1 1 1
Pf=P1f+ 2+ SPle m((/11+1)P1f+(/12+1)SP1f)=/l—(Plf+SP1f+/hP1f+/125P1f)€Z+T1Z
1

A +1 1+1
Now we observe that Z + TZ = Z + (T + K)Z and use the fact that ||[K|z|| < ¢ to conclude that for sufficiently small 6,
Proposition 2.2 guarantees that the subspace Z + TZ is complemented.

2. If o # idaeon (0,1)let A = {x | o(x) = x} and denote A’ = (0, 1)\A and B = A’ N {x | a(x) # 0}. We have two
cases depending on u(B).

Case 1. u(B) >0
In this case we show that there exists A C B such that u(ANo(A)) = 0. Denote @ = {x : [x—o(x)| > %}OB. Obviously
U ax = {x 1 |x —o(x)| > 0} N B = B and the latter set has positive measure by assumption, hence there exists ko for

which p(ay,) > 0. Now
2ol n n+l
akO=U(akoﬁ[ ),
ng no+l

et 2ky’ 2ko
T o ] then p(8’) > 0. From the way we defined ' it is evident
that 8/ N o (B’) = 0 because diam(8’) < 2170 and [x — o(x)| > % for every x € 8. Using the proof of [9, Lemma 5.1] we
find a measurable set 8 C 8’ such that T}z, (5 is an isomorphism. It is clear that d(L(8), TL(8)) = 1 since L;(8) and
T L,(B) have disjoint supports. The fact that L(8) + T'L;(8) is complemented in L; follows from the facts that L,(f) is
norm-one complemented, 7" is an isomorphism (hence 7 L;(8) is complemented), and L;(8) and 7TL;(8) have disjoint
supports.

so there exists ng such that if we denote 8’ = ay, N [

Case 2. u(B) = 0.
In this case we have u(A) > 0 (otherwise T will be a zero atom). There are two sub-cases:
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e If a(x) # const a.e on A.
Then we proceed as in the case o = id a.e on (0, 1) but we consider A instead of (0, 1).

e If a(x) = const = 1 a.ec on A.
Note that 2 # 0 since otherwise 7" will be a zero atom. Then again we proceed as in the case o = id a.e on
(0, 1) considering 4; = A and 4, = 0. We can do this since u(4’) > 0 and u(B) = 0 hence u(A’\B) > 0, and
T f(x) = a(x) f(o 1 x) where
_ | o(x) ifx¢ A\B
1) = { x ifxeA\B

]

Remark 4.6. Note that Proposition 4.5 is also valid when considering operators T : Li(vi) — Li(v,) where v| and
v, are two non-atomic measures on some sub o-algebra on (0, 1) and this is in fact how we are going to use it.

Now we proceed to the proof of Theorem 1.2 in the case p = 1.

Proof of Theorem 1.2 in the case L. First, using Lemma 3.15, we find £ > 0 and a subspace X C L; such that for
every X’ C X, X’ ~ L, and every A € C we have g(Al — T, X’) > . Then consider an onto isomorphism S : L; — L,
such that S X = L;(A) where A can be any nonempty open interval. For T’ = STS ! we have g(Al — T", X’) > &’ for
every X' € SX = Li(A) where &’ = HSIHIbT‘H It is clear that it is enough to prove the theorem for 7” so without loss of
generality we may assume that 7/ =T and e = ¢&’.

Let T = T, + T, be the Kalton representation for 7 and fix ¢. First, we use Rosenthal’s remark before Lemma 2.1 in

[12] to find an atom V and set A; C A such that [Ty, a,) — VIl < % Since purely continuous operators are not sign
embeddings, we apply [12, Lemma 3.1] to find a norm one complemented subspace X" C L;(A;) such that X’ = L;
and ||T¢x |l < % From our choice of X’ it follows that

gl -V, X") > g for every A € C and every X” € X', X" =~ L,.

From the last inequality it is clear that V : X’ — L; is a non-zero atom and V|x» # AI. Now Proposition 4.5 gives us
the desired result. o
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S Appendix

Before we start with the proof of Theorem 3.4 we recall some of the notation we previously used and note some of
the properties of S (x), the square function defined with respect to the Haar basis (for a general definition of S (x) see
Definition 3.2).

Recall that unless otherwise noted, L, denotes L, ([0, 1], u) where u is the Lebesgue measure. The unconditional basis
constant of the usual Haar basis {h,,,,'}Z":Of:] inL,, 1 < p < oo, is denoted by C),. Recall also that {r,} is the

Rademacher sequence on [0, 1] (defined by 7, = Ziz; Ry i)

Denote by &, the finite algebra generated by the dyadic intervals [(i — 1)27",i27"],i = 1,2,...2", and by &, the union
of all these algebras. It is clear that the algebra &, is generated by the supports of {(/,, ,)}2"

If f and g are functions in L, which have disjoint supports with respect to the Haar basis, then it is obvious that
S2(f + g) = S(f) + S%(g). This will be used numerous times. Let {xx};2, be a sequence of functions in L, 1 < p <
oo, which are disjointly supported with respect to the Haar basis. Using the unconditionality of the Haar basis and

Khintchine’s inequality we obtain
P 1/p 1 p I/p
du) = C;l { j; du]

o] 5]

where A, is the constant from Khintchine’s inequality. If x; = }; @y ih,,,, K = 1,2, ... are disjointly supported vectors
with respect to the Haar basis, using (14) for {ay A, }x; We obtain

lix >C;'A, [f (ZS (Xk)]lz] (15)

k=1
| (o ay;
<C,B, fo [ZSz(xk)] . (16)
p k=1

From the last two inequalities it follows that the norm [||-ll, = IS (")I|,, is equivalent to the usual normin L,, 1 < p < oco.
Now we proceed to the main theorem of this section.

00

Zxk

k=1

00

Z ri(u)x

k=1

00

Z r(u)x

k=1

>C,'A, ., (4

p

==

~

p

In a similar manner

00

Zxk

k=1

Theorem 3.4. For each 1 < p < 2 there is a constant K, such that if T is a sign embedding operator from L,[0, 1]
into Lp[0, 1] (and in particular if it is an isomorphism), then there is a K, complemented subspace X of L,[0, 1] which
is K,-isomorphic to L,[0, 1] and such that T\x is a K,-isomorphism and T (X) is K, complemented in L,,.

Moreover if we conswler L,[0, 1] with the norm |||x|||,, ISl (with S being the square function Wlth respect to the
Haar system) then, for each g > 0, there is a subspace X of L,[0, 1] which is (1 + &)-isomorphic to L,[0, 1] and such
that Tx is a (1 + &)-isomorphism (and X and T (X) are K, complemented inLp).

Proof of Theorem 3.4. : Let T be as in the statement of the theorem. Without loss of generality (see e.g. Lemma 9.10
in [8] and note that only the boundedness of T is used) {T'h,;} is a block basis of {A,,;}* . For E € &, put

vp(E) =S [ Z Thn,i],

hn i CE

nO

where h,; C E is a shorthand notation for supp(h,;) € E. Put also v, = v, ([0, 1]) = § (22” Thy;) =S(Try).

Claim 5.1. The convex hull of {v2} is p/2-equi-integrable; i.e., the set

S OXH REDICER

is equi-integrable.
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Proof. The proof is a refinement of the argument on page 265 of [8]. Since the convex hull of any finite setin L, is
p/2-equi-integrable, it follows that if the convex hull of {v,zl} is not p/2-equi-integrable then there are gy > 0, successive
subsets o, C N, and disjoint subsets {A,,}*_, of [0, 1] such that for w2, = ¥, @2v2, where 3., a2 =1 for all m,

n"n’
we have

1/p
(f w,p,,) > &p. (17
Anm

Using (15) and (17) (the estimate in (15) we can use since {Tr,} are disjointly supported with respect to the Haar
basis), for all {a,,} € {, we have

(o8]
m=1

(Z;;.::l afzn)l/z = 21077:1 am Znea-,,, AnTullz = | 22:1 am Zneo-m a’nrn”p > ||T||_l|| 22:1 am Zneo-m anT”n”p
> TI7 C A (S50 @ S, @2SATr )PP
=TI Cy A () (S5 @2 S, @222 = [TIFAC A (S, a2w2)P )P
2 717 €, Ap (S lanl? [, wh)''? 2 ITIF C; Apeo(Sin lanl?) /P

which leads us to contradiction since p < 2. O

Proposition 5.2. There is an additive L;; n valued measure, A, on & and there are successive convex combinations u,,(-)
()f{vﬁ(‘)} such that for all E € &we have u,,(E) — A(E) almost surely and in L, ;. Moreover, for any sequence &, — 0,
there are measurable sets D, C [0, 1] with u(D,,) > 1 — &, and such that for all E € & and all n, u,(E)1p, — A(E)1p,
asm — oo also in Ly.

Proof. We start as in the proof of Lemma 6.4 in [8]: Since the set V from Claim 5.1 is bounded in L, />, by a result of
Nikishin [11] for each & > 0 there exists a set D = D, C [0, 1] of measure larger that 1 — £ such that

supfvd,u < 0.
veV JD

Note that we may assume that Dy;, C Dins1) for n = 2,3,.... As in the proof of [8, Lemma 6.4], using the
weak compactness of V|p,,, C Li, we can find successive convex combinations u,,(-) of the vﬁ(-) such that u,,(E)p,),
converges pointwise and in L; to Aj(E)1p,, for every E € &, where A(lp,, is L7 -valued additive measure. Now
we can find successive convex combinations w,,(+) of the u,,(-) such that w,,(E)1p, , converges pointwise and in L; to
A2 (E)lp, , for every E € &, where Ax1p,, is L;’—valued additive measure. Note that A>1p,, = A11p,,. Continuing in
this manner and taking a diagonal sequence of the sequences of successive convex combinations we get a sequence,
which we still denote u,,, of successive convex combinations of the vﬁ and a Lg -valued additive measure A such that
for every n Alp,, is Lj-valued and u,,(E)lp,, converges, as m — oo, pointwise and in L; to A(E)lp,, for every
Ecé&.

It remains to show that the convergence is also in L/, (on the whole interval). Since for each E, {u,,(E)} is p/2-equi-
integrable, it follows that, given any 6 > 0, if n is large enough fo um(EYP'? < & for all m. Consequently, we also have

i ACEY"? < 6 and

m—0oo m—-oo

lim sup f lun(E) = ACE)|P”* < lim sup f lun(E) = A(E)P* + 25
D,

< lim sup || (E) = AN, |IP + 26 = 26.

m—oo

Since this is true for any ¢ we get the desired result. O

Note first that if we denote C = (C;B,A,'||T||)? then for all m and all E € & we have fu,,,(E)P/2 < Cu(E), where {u,,}
are from Proposition 5.2. Indeed, let u,, = e, am,kvi where {07, },>_, are successive subsets of N and {am,k}zzo’ ke,
is sequence of non-negative numbers such that }c, @nx = 1. Then using (15), (16) and the unconditionality of the

Haar basis we get

JumEY? = [Creo, @iV ENP* = [(Sreo,, OmicS *(Sice Thii))??
< (CoA VNl Sk )3 (Encr Thilly < (CoAMNTIN N Sieor, @3 (Encr il
< (C2BAMTIN NS ke, WmieS 2 (Zici )21 < (C2BL AT NN = (C2B,A T u(E)
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This implies that for all £ € &, f A(E)P'? < Cu(E). Now consider the linear operator R defined on the functions of
the form f = }_, a;1, by Rf = }[_, a;A(E;), where the E;-s are disjoint sets in &. Then R is bounded as an operator
from a subspace of L, to L,,. Indeed,

f RF < f 3 lalPAEN? < f 3 lailu(E) = CIFIE.
=l i=1

Consequently, R can be extended to all of L,/> and then we define A(E) = R1g for all E in the Borel o-algebra.

Remark 5.3. From the comments above it follows that A can be extended to a L; /z-valued measure satisfying
fA(E)"/2 < Cu(E) for some constant C < oo and for all E in the Borel o-algebra. For each n, A(E)lp, is an
L{-valued measure. Note also that, since T is a sign embedding, A is not identically zero.

Lemma 5.4. Let A be a non zero L; /z-valued measure on the Borel o-algebra B satisfying f A(A)P'? < Cu(A) for

some C < oo and all A € B. Then for all € > 0 there exist a set Ay and a number ¢, 0 < ¢ < C, such that fA(Ao) >0
and

cu(A) < f AP < (1 + e)u(A)

forall A C A,.

[ ABo)? m
) > {=. Letalso

Proof. Fix an € > 0 and denote m = sup{f AP /u(A) ; A € B). Let By € B be such that

. . N .. e A(B)P?
C be a maximal collection of disjoint Borel subsets of By of positive measure satisfying ! ﬂ(( B))

C is necessarily countable and if we assume that Ag = By \ [pec B has measure 0 then we have

< % The collection
&

2 u(By) < [ABY"? = [(Zpec AB)>
< [ Ypec ABY? < £ ¥ pec u(B)
= T1:1(Bo)

which is a contradiction. Therefore, A satisfies the conclusion of the lemma with ¢ = m]

_m_
I+e°

Lemma 5.5. Let A be a L; /z-valued measure and suppose that Ay is such that for all A C Ay and some constant ¢ > 0,
cu(A) < f AP < (1 + eu(A).
Then for any measurable partition Ay = U?_| F;,

max A(F)P? > (1 +&)P/*Pep(Ag) = (1 + &) /P f A(Ag)">.

I<i<n

Proof.
cu(Ao) < [ ALY = [(Z1L, AF))P?
< J(Ziy AE))P2 maxiicy AF) P02
< (f Ziy AEYPPP([ max<icn AGF)P)IPID
< (1 + )PP (u(Ao)P*( [ maxi<icn AF)P?)IP2),
Consequently,
max A 2 (1+&) PP Pep(Ag) > (1 + )P f A(Ag)">.
<i<n
O
Fix an & > 0 and let Ag € B and ¢ be as in Lemma 5.5 so that for any partition Ag = U} Fi,
f max AF)"? > (1 + &) PP Peu(Ag). (18)
<i<n

18



Approximating by a set from &, we may assume that the set Ag satisfying (18) is in &. Let {E”»i};o:Oiz:l be a dyadic tree
of sets in & with Ey; = Ap and let
M, = max A(E,,).
1<i<2n
M, is a non increasing sequence of functions in L; 1o~ Denote by M its limit (in L,, or, equivalently, almost every-
where). Clearly,

f MPP > (1 + )PP P ep(Ay).

We now define a sequence of functions ¢, : [0, 1] — Ay which will play a role similar to the one played by the sequence
with the same name in [8, Lemma 9.8]. For each n order the set {1,2,...,2"} according to the order of the leftmost
points in {E,;}; i.e., i < jif min{t € E,;} < min{t € E,;}. Let ¢, : [0,1] — Ag be defined by ¢, () = min{t € E,;}
if 1 <i < 2" is the first, in the order <, such that A(E,;)(t) > M(¢). For each ¢, {¢,(¢)} is a non-decreasing and thus a
converging sequence. Let ¢(¢) denote its limit. Notice that

1,1 (M) < AGAY)

for every ¢ and every A which is a union of the interiors of the E,,;-s. Indeed, it is enough to prove this for A = E7 ; for
some n and i. Butif ¢ € go‘l(E;’i) then for k large enough Ey ;) C E,; (Where ¢ (?) is the leftmost point of Ey ;) and

A(E, (@) 2 A(Epig)(®) = M(1).

(&)
n=1’

Fix a sequence {&,} &, — 0, to be chosen later. Consider the vector measure

m(A) = (u(A), MP%), A C A
¢ 1(4)

and notice that it is non-atomic and even absolutely continuous with respect to Lebesgue measure. Indeed, for A in the
algebra generated by the E,, ;-s,

f MP2 Sf A(A)”/z < fA(A)pﬂ < Cu(A).
W—I(A) tﬁfl(A)

The inequality clearly extends to all A € 8, A C Ay.

By Lyapunov’s theorem one can find a partition of Ay into two sets, Fy; and F ,, of equal m measure. For any &, > 0,
we can perturb F 1.1 and F 12 slightly to get F; 1, F1 in the algebra generated by the E, ;-s which satisfy

1
u(F1) = u(Fip) = EM(AO)

(1-¢y) fMp/zsf Mp/Z’f MPP2 < (1+&y) fM”/z.
2 o N (F11) oM (F12) 2

Now we partition each of F| ; and F » in a similar manner and then continue the process. This way, for every positive
sequence {&,}" |, &, | 0, we construct a dyadic tree {F,;}>" 12:"1 of subsets of Aj such that the elements of the tree

and

{Fn,i};iol'zll, are in the algebra generated by the E,,;-s and foralln = 0,1,..., i =1,...,2", we have

u(Fpi) = 27"u(Ao) 19)

and

2*"1_[(1—gj)fMP/2 sf MP? <27 ﬂ(l +sj)fMP/2. (20)
j=1 o7 (Fui) j=1

Define G,; = ¢~'(F,;) forn = 0,1,...and i = 1,2,...,2". Fix 1 =6 = ([I2,(1 = &))(1 + &) The main
remaining ingredient in the proof of the theorem is the following claim.
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n

Claim 5.6. There existaand b, 0 < a < b = (1 — 6)"'a, such that for all N and all coefficients {a,,,i}N_ 2

n=0i=1,
N 271 211 2)!
2
als Y > anidlly < | Z D@ AFENI < b||S<Z > anitnilly.
n=0 i=1 n=0 i=1 n=0 i=1

expressing A(F,;) in terms of the A(Fy ;)-s and changing the order of summation. We also use Lemma 5.4 and (19).

Proof. We shall use the shorthand notation h,,; 2 hy,; for supp(h,,;) 2 supp(hy,;). The first equality below follows by

150 Sy @2 AFDIES = [(E2 AFN) i oy, @)

I 22 AEN DS iy oy, "

(1 + (A2 [ X2 (S iz, C)
c(1+ uAIS (Th_g T anihn)lly-

INIA

For the other direction we use Lemma 5.5, (20), and the fact that A(F,;) > M on G,,; = o \(F ni)-

f(ziil AEN) Zniyihohy; ai,i)p/z > f(zﬁ:l 16, M 2n.iyh, ohy, aﬁ,)p/z
ZL wa MPP(Y 0. iy @ n,)p/2
> ([T, (1 =27V [ MP2 32 (S i oy, @)
> ([T52,(1 = &)1 + s)%cymo)nS(zn:o 1 an i)l

It is clear that the claim follows with a = ([],-,(1 — &,))(1 + s)%cu(Ao). m]

Now we continue as in the proof of [8, Theorem 9.1, case 1 < p < 2]. From the fact that the ||| - |||, is equivalent to
the usual normin L, 1 < p < oo, it is enough to prove only the “moreover” part of Theorem 3.4. The fact that T'(X)
is K, complemented in L, will follow from [8] (The norm of the projection there depends only on the isomorphism
constant and on p, see Lemma 9.6 and the proof of Theorem 9.1 in the case 1 < p < 2 there).

Let {Bu, ;15 51 be a sequence of positive numbers such that 3,,; 8,; = 6. Since we obtained A as a limit of successive

convex combinations of { 2( -)}, there exists a sequence of disjoint finite sets {7, ;> ?ml C N with g, ; > inf{l :
F,.;j € &} and a sequence of non-negative numbers {ant, such that anw a,=1,m=0,1,...,j=1,2,...,2" and

/

forallm=0,1,...,j=1,2,...,2". Putu,,; = Znegmyj anvﬁ.

pl2

Y @) = AEwp| < [ A"

neoy,,;

As in [8, Theorem 9.1], we define a Gaussian Haar system by

km,jZ Z a:,/z Z Thn,i

NETy, R iSF o,
forallm=0,1,...,j=1,2,...,2". Set X = span{zne(f thcpw I 0. _] and Y = spanik,, ;},-_ ] . We first
show that some multiple of the sequence {k,, ;} is almost 1sometncally equlvalent to the Haar basis in the norm (- 1Ml

For all coefficients {a,, Y |, we have

nOt

1300 S @ (AFy) =ty i(Fa DI f(zn 0 Lt @ (A(F ) = tn i (Fpi)P?
< [ a0 B2 0 IACFR) = i (Fu)l®
< [3 021 1,8n,ap IACF,)IP 1)
<6 [(S0 Xy ap AFL)
= ol QZ, 1a n,A(Fn,)||§§§

20



and using Claim 5.6 we immediately get

N 2" N 2"

N 2"
al =S anihudlly <11 3" @ i Fa 05 < b+ NSO D anihnly. (22)

n=0 i=1 n=0 i=1 n=0 i=1
Since {T hy,;} are disjointly supported with respect to the Haar basis, it follows that

S2Un) = D @S Y Tha)= D auva(Fu)) = ttyj(Fn)

NnETm,j I iCF o, neETm,j

and now using the fact that {k, ;} are disjointly supported with respect to the Haar basis we get

N o N o N 2

S?OQ. D anikny = Y- Y @ SP ki) = Y > @2 unilF). (23)

n=0 i=1 n=0 i=1 n=0 i=1

Now we just have to observe that for any x € L, we have ||S ()|l = [IS?(0)II” /2 and combining this with (22) and (23)

) pl2
gIves us
on on

N N 2 N
al =S anihadlly < IS aniknlly < b+ NS > anihn Il (24)

n=0 i=1 n=0 i=1 n=0 i=1

The last estimate shows that some multiple of the sequence {k,;} is almost isomterically equivalent to the Haar basis
with respect to ||| - [|[,. We must mention that (24) also implies that some multiple of 7" is almost an isometry on X.

This follows from the fact S 2(2,160””, a)?y hniCFn,; i) = 1F, ;, hence
N 2

N 2"
HADIS Y. anihudlly = IS D ani D a® > )l

n=0 i=1 n=0 i=1 Meo ;i B jCF i
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