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1. Introduction

Let X and Y be metric spaces. As is well known a mapping f : X — Y is said
to be uniformly continuous if there is a continuous increasing function (r), r > 0 with
Q(0) = 0 so that d(f(u), f(v)) < Q(d(u,v)) for all u and v, or in other words, f(B,(z)) C
Boey(f(z)) for all z € X and r > 0. (B.(z) denotes the open ball with radius r and
center x in the appropriate space.) The mapping f is called co-uniformly continuous if
there is a continuous increasing function w(r), r > 0 with w(r) > 0 for r > 0 so that
B (f(x)) C f(B,(z)). The continuity and monotonicity assumptions are made here for
convenience and, if not assumed, can be achieved by changing the original functions Q(r)

and w(r). The only necessary requirement is that the limit of Q(r), as r — 0, is 0.

A surjective mapping f is said to be a uniform quotient mapping if it is uniformly
continuous and co-uniformly continuous. In other words f from X onto Y is a uniform
quotient mapping if and only if f X f : X X X — Y XY maps the uniform neighborhoods of
the diagonal in X x X onto the uniform neighborhoods of the diagonal in Y xY". Note that if
f: X — Y is uniformly continuous and co-uniformly continuous then f (which of course is
open) maps X to a closed set; so the image of X is both closed and open. Consequently, if Y’
is connected, f is automatically surjective. Note also that if f is continuous and open and K
is a compact subset of X, then for each 7 > 0 there is w(r) > 0 s.t. By (f(z)) C f(B.(x))
is satisfied for « in K. In particular, a continuous open mapping on a compact space is co-
uniformly continuous. Finally, if f is uniformly continuous and co-uniformly continuous,
then for all Z C Y the restriction of f to f~'(Z), when considered as a mapping into 7,
is also uniformly continuous and co-uniformly continuous; moreover, the image of every
component of f~1(Z) is a component of Z provided that the balls of X are connected
and Z C f(X) is open. A discussion of the notion of co-uniform continuity and uniform
quotient mappings (in the context of general uniform spaces) can be found in [Jam]|. For
normed spaces the moduli always satisfy Q(r) > Cr and w(r) < er for suitable C' and ¢. If
Q(r) < Cr (more precisely: If € can be chosen to satisfy Q(r) < Cr for some 0 < C' < 00
and all r > 0) we say that f is Lipschitz. Similarly, if w(r) > cr we say that f is co-
Lipschitz. A surjective mapping which is Lipschitz and co-Lipschitz is called a Lipschitz

quotient mapping.



In a recent paper [BJLPS| we dealt with these notions for general Banach spaces X
and Y. Here we are interested mainly in the case where X =Y is the plane. (As a matter
of notation we shall consider the plane both as IR? and as the complex plane C. When we
consider it as R? we use || - || to denote the Euclidean norm while when we consider it as
C we use | - | for that purpose.)

Non trivial examples of Lipschitz quotient mappings from the plane to itself are
fn(re®) = rei™® n = 1,2,.... Our main aim is to show that these examples are in a
sense typical for general uniform quotient mappings of the plane. We prove, under some
conditions on €2 and w, that any uniform quotient mapping f of the plane is of the form
f = Poh where h is a homeomorphism of the plane and P a polynomial. In the examples
above f, = P, o h, where h,(re'’) = rt/nei® and P, (z) = z™. Conversely, we show that
for any given P there is a homeomorphism A of the plane so that P o h is even a Lipschitz
quotient mapping.

We prove the theorem mentioned above in case €2 and w satisfy at least one of the
following three conditions.

1. Q is arbitrary and w > cr, i.e., f is uniformly continuous and co-Lipschitz.
2. w is arbitrary and Q(r)/y/r — 0 as r — 0.
3. There are ¢, C,p,q with ¢ < 1+ p so that w(r) > ¢r? and Q(r) < CrP, for 0 <r < 1.

The proofs of parts 1 and 2 of this theorem constitute most of Section 2 while the
proof of part 3 is contained in Section 4. The main arguments of the proofs presented
here involve checking that under each of the assumptions above f~!(y) is a discrete set
for every y. Once this is done the representation theorem (Theorem 2.8) is proved using a
result of Stoilow [Sto] which gives a topological characterization of analytic functions.

As a matter of fact we show that for every uniform quotient mapping of the plane
there is a number N so that the set f~!(y) has at most N connected components for every
y. The assumption 1,2, or 3 is then used to prove that every such component is a singleton.

In Section 3 we present an example showing that some restrictions on the moduli are
required. More precisely, there is a uniform quotient mapping f of the plane onto itself with
moduli of power type which maps an interval to zero. Of course such a mapping cannot

be a superposition of a homeomorphism and a polynomial. As a corollary to this example

2



we also get (in Remark 3.3) a relatively simple construction of an example of a continuous
open monotone mapping of the plane onto itself which is not an homeomorphism. Such an
example was first given by Anderson [And]. His construction is much more complicated.

Theorem 2.8 mentioned above applies only to mappings defined on the entire plane.
However, under the assumption 3 above we also prove in Section 4 a local result. For
every uniform quotient mapping f from a domain in the plane into the plane satisfying 3,
f~1(y) is discrete for every y in the range. Example 4.1 shows that some restriction on the
relation between p and ¢ is needed; it fails for p = 1, ¢ = 3. The same example shows that
assumption 2 cannot guarantee that f~1(y) is discrete if f is only assumed to be defined
on a domain in the plane.

Section 5 deals with Lipschitz and uniform quotient mappings from R? to IR. The
analysis here is much simpler. We show in particular that for uniform quotient mapping f
from from R? to R, R?\ f~!(y) has a bounded number of components for y ranging over
R. If f is a Lipschitz quotient then also f~!(y) has a bounded number of components.

The methods of proof in this paper are particular to the plane. One can ask many
natural questions concerning uniform quotient mappings from R"™ to R™, n > max(m, 3).
This area of research is wide open. Some comments on these questions as well as results

in the infinite dimensional situation are presented in [BJLPS].
2. Global results

We begin with a restatement of Proposition 4.3 of [BJLPS].

Proposition 2.1. Let f : R? — IR? be a continuous and co-Lipschitz mapping. Then
for every y € R? the set f~1(y) is discrete.

We repeat the proof from [BJLPS|. We first state the following simple lemma con-

cerning the lifting of Lipschitz curves:

Lemma 2.2. Suppose that f : R™ — X is continuous and co-Lipschitz with constant
one, f(x) =y, and £ : [0,00) — X is a curve with Lipschitz constant one, and £(0) = y.
Then there is a curve ¢ : [0,00) — R™ with Lipschitz constant one such that ¢(0) = z
and f(¢(t)) = (t) for t > 0.



Proof. Form =1,2,... define ¢,,(0) = x, and, by induction, assuming that f((ﬁm(%)) =
€(7), choose ¢, (BEE) such that [[gm (BEL) — ¢ ()] < o and fgm(BE)) = €(5E).
Extend ¢,,(t) to a Lipschitz curve ¢,, : [0,00) — R™ having Lipschitz constant one. The

limit ¢ of any convergent subsequence of ¢,, has the desired properties. [ |

Proof of Proposition 2.1. Without loss of generality, assume that B,.(f(x)) C f(B,.(z))
for every # in R? and r > 0, y = 0, and f(0) = 0. Let ug = /3 and S = {tuy, : t >
0,k =0,2,4}. Let also 0 < § < 1 be such that ||z, ||y|| < 2 and ||z — y|| < ¢ imply that
1f (=) = Fly)ll < 1/2.

For each = € B1(0) N f~1(0) and k = 1, 3,5, use Lemma 2.2 to choose ¢, : [0,00) —
R? having Lipschitz constant one such that ¢y, ,(0) = z and f(¢y .(t)) = tu for t > 0. Let
Dy, .. be the component of R?\ f~!(S) containing ¢y, .-(0,00). Noting that Bs(¢r (1)) C
Dy, N B3(0), a comparison of areas shows that the set of all such Dy, has at most
962 elements. Suppose now that B1(0) N f=1(0) has more than N = [(9672)3] elements,
then it contains elements x # y such that {D; ;, D3 4, D5} = {D1,, D3, D5, }. Hence
Dy = Dy for k =1,3,5, since the (connected) image of Dy, := Dy, ,, contains u and so
can contain no other u;, and we infer that there are simple curves v : [0,1] — R? such
that ¥ (0) = z, ¥(1) = y and Y (t) € Dy for 0 < t < 1. For each pair k,l = 1,3,5 of
different indices, let G} ; be the interior of the Jordan curve (15 — ;) (difference in the
sense of oriented curves). If j # k,, we note that Gy ; N D; = 0 since otherwise D; would
be bounded. In particular, G1 3N 0G35 = 0, so either G153 C G35 or G13N G35 = 0. In
the former case we would get a contradiction from 1(0,1) C G35, since ¢1(0,1) C Djy.
In the latter case 9(G15) = 9(G1 3 U G35). This intuitively clear fact follows for example
from the theorem about € curves (see e.g. [Kur, ch. 10, § 61, II, Theorem 2]) or from
Schoenflies’ extension theorem. It follows that G15 O G133 and we get a contradiction

from 3(0,1) C Gy 5. [ |

Remark. If we assume in addition that f is uniformly continuous, then a more careful
analysis of the proof shows that the cardinality of f~!(y) is finite and moreover is bounded,
independently of y, by a constant depending only on the co-Lipschitz constant of f and its

modulus of uniform continuity. We do not expand on this since we shall present a different
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proof of it, using Lemma 2.7 below. See the beginning of the proof of Theorem 2.8.

We now come to the main result of this paper which is a version of Proposition 2.1
in which the co-Lipschitz condition is weakened to mere co-uniformity but the continuity

assumption is strengthened to uniform continuity with modulus strictly better than /r

Theorem 2.3. Let f: R? — R? satisfy B, (f(2)) C f(B;(2)) C B (f(2)), for all
r > 0 and z € R?, where Q(r),w(r) : [0,00) — [0,00) are continuous strictly increasing
functions such that 2(0) = w(0) = 0. If lim,_q Q(r)/\/r = 0, then the inverse images of
points under f are discrete. Moreover, there is a number N depending only on ) and w

such that the cardinality of f~(y) is bounded by N for all y € R2.

For the proof we need a sequence of lemmas. In all of these lemmas (2.4 - 2.7) we

assume that f: R? — R? satisfies

(21) Bw(r)(f(z)) C f(Br(Z)) C BQ(T‘)(f(Z))7

for all7 > 0 and z € R?, where Q(r),w(r) : [0, 00) — [0, 00) are continuous strictly increas-
ing functions such that Q(0) = w(0) = 0. The additional assumption, lim,_o Q(r)/y/r =0,

is not used in these Lemmas.

Lemma 2.4. Let f : R? — IR? satisfy (2.1). For every rq > 0 there is a constant
Ry = Ro(rg) < oo depending only on €, w and ry such that, for every y € R? and every

r > rg, every component of f~1(B,(y)) has diameter at most Rgr.

Proof. If not, there are for every k = 1,2, ... functions f;, : R? — IR? satisfying f(0) = 0,
Bo(s)(fx(2)) C fx(Bs(2)) C Bas)(fr(2)), for all s > 0 and z € R?, and numbers 7 > ro,
such that the component Cy, of f, !(B,, (0)) containing 0 has diameter at least k7. Observe
(or see [BJLPS, Remark 3.3]) that a uniformly continuous ¢ is Lipschitz for large distances
in the sense that ||g(z1) — g(22)| < 2Q(1)||z1 — 22| if ||z1 — 22| > 1. Similarly for a co-
uniformly continuous function g, g(Bs(2)) D Bsw(1)/2(9(2)) for s > 1. Hence there is a
subsequence of fi(kryz)/kr;, converging to a Lipschitz and co-Lipschitz g : R? — R2. It
follows that g~1(0) contains a connected set of diameter at least 1/2 in contradiction to

Proposition 2.1. [ |



Lemma 2.5. Let f: R? — R? satisfy (2.1). For every x € R? and every unit vector u
there is a closed unbounded set Iy, ,, such that x € Ty o, f(Tzun) = {f(z) +tu;t > 0}, and

{w e Ty u;||f(w) — f(z)]| < 7} is compact and connected for every T > 0.

Proof. Form =1,2,... define ¢,,(0) = =, and, by induction, assuming that f(¢m, (L)) =
F(@) + Lu, choose g (EEL) such that 4 (EE) = g (£)] < w1 () and f(gn(EED)) =
f(z) + £y, Extend ¢,,(t) to a Lipschitz curve ¢, : [0,00) — R? having Lipschitz
constant at most mw='(L). Since £ = || f(¢n (L)) = f()|| < Q||pm (L) — z])),
|pm () — || — o0 as t — oo.

For any t > 0 of the form £ choose the largest s,,(t) such that f(¢m(sm(t))) =
f(z) + tu. By Lemma 2.4, if m is large enough, diam(¢,,[0, s, ()]) < Ro - (14 §), where
Rg = Ro(1). Let m; be chosen so that, for every rational ¢ > 0, s,,,(f) is eventually
defined and the sequence ¢, [0, s,,,,(t)] of continua converges to a continuum Cy. Note
that f(Cy) = [f(x), f(z) + tu] and that ¢’ > ¢ implies that C; D Cy N f7Lf(x), f(x) + tu).
In particular, Q(||w — z||) > t for w € Cy \ C}, which shows that I, , = |J, C: is closed
and unbounded. Clearly z € I'; , and f(I';,) = {f(z) + tu;t > 0}. Moreover, {w €

Lopw; f(w) € [f(x), f(x) + Tul} = s, Ct, 50 it is compact and connected. u

Lemma 2.6. Let f : R? — R? satisfy (2.1). Suppose that a,b belong to different
components of f~1(y), r > 4(Ro + |la — b||), where Ry = Ro(1) of Lemma 4, and u is a

unit vector. Then

0! (é) < dist({z € Tapus |z — all > 7}, {z € Tyus |z = bl > })
0

+dist({z € Lo —u; ||z —a|| > r},{z €Ty —u; ||z = b|| > r}).
Proof. Note that by Lemma 2.5 the sets whose distances we estimate are always non-
empty, and suppose that dist({z € [y y; ||z —a|| > r},{z € Tvu; ||z — b|| > r}) +dist({z €
Pa—uillz —all =2 r} {z € Ty —usllz = Bl 2 r}) < Q7 (555)-
Casel.T',, NIy, #0and 'y, NI, _,, # 0. Then for sufficiently large 7, A = {w €

Lo Ul us|lf(w)—yl| <7} and B={w €T, _, Ul _y;||f(w) —y|| < 7} are continua.
But {a,b} C ANB C f~Y(y), so AN B is not connected since a and b belong to different
components of f~1(y). So by [Kur, ch. 10, § 61, I, Theorem 5] IR?\ (AU B) has a bounded
component G; but then f(G) is bounded, open, and with boundary contained in f(AU B),
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hence in the line L = {y + tu;t € R}, which is impossible. Note that the proof actually
shows that there is at most one direction u for which I'y,, N Ty, # 0.

Case II. I', , NIy, = ¢ and Iy —w Ny # (). Choose a segment D such that
DnNTg,. = {p}, DNTy, = {q}, where |p—al| > r/2, ||¢g—0b]| > /2 and diam(D) <
Q_l(ﬁ). Let Acl'y,ULg_, ULy, UL, be a minimal continuum containing p and
q. Since AN f~1({y+tu;t > 0}) is disconnected, AN f~1({y +tu;t < 0}) # 0. By Lemma
2.4, f(p) =y + su, where s > 77, » and we infer that diam(f(A)) > Sh

From [Kur, ch. 10, § 62 V, Theorem 6] we infer that A U D is the boundary of a

bounded component, say G, of its complement. Since f is open, f(G) is open, and since
its boundary is contained in LUBgq|jq—p|)(f(p)) (vecall that L = {y+tu;t € R}), we infer
that f(G) C Bogjg—p|)(f (1)) C Bz (f(p)). But diam(f(G)) > diamf(4) > 57

Case III. T, , NIy, #0 and Ty, _, N[, _, = 0. Symmetric to II.

Case IV.T, , NIy, =0and T, _, NTy_, = 0.

Choose segments DT, D~ such that DY NT,, = {pT}, DT NIy, = {q¢7}, where
lpt —al > r/2, |lgt =b|] > r/2, D-NTa_y, = {p~}, D" NTy_, = {¢}, where
lp~ —al| > r/2, [l —b|| > /2 and diam(D*) + diam(D~) < 9_1(6}"%0). Note that
Qlp* —p~I) = r/Ro (otherwise ||f(p™) — f(p™)| < r/Ro so one of ||f(p*) — 0f| or

|f(p~) — 0]l is less than 57— in contradiction to Lemmas 2.4, 2.5 and the choice of p*, p7),
so DYND~ =0. Let AC Ty, U, _, be a minimal continuum containing p*, p~ and let
B cTy, Ul _, be a minimal continuum containing qt,q".

Clearly, diam(f(A)) > r/Ry. Noting that A and DT U BU D~ are minimal continua
whose intersection is {p™,p~}, we infer from [Kur, ch. 10, § 62.V, Theorem 6] that A U
DT U BU D~ is the boundary of a bounded component, say G, of its complement. Since
f is open, f(G) is open, and since its boundary is contained in L U Boqiam(p+))(f(pT)) U
Bo(diam(p-)) (f(p7)), we infer that f(G) C Bo(uiamp+))(f (1)) U Badiam(n-)) (f(p7))-
Since these two discs are disjoint and f(G) is connected, it is contained in one of them.

But diam(f(G)) > diamf(A) > r/Ry is bigger than the diameter of either of these discs.

This contradiction ends the proof. [ |

Lemma 2.7. Let f: R? — R? satisfy (2.1) then there is an N < oo, depending only on
Q) and w, such that, for each y € R?, the cardinality of the set of components of f~1(y) is
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at most N.

Proof. Choose a € f~1(y). If s is large enough then, applying Lemma 2.6 with r =
4(Rg + s), we get that the number of components of f~!(y) which meet a disc of radius s
around a cannot be bigger than the largest number of elements of a set M C {z; ||z — al| <

5(Ro + s)} x {y;|ly — al| < 5(Ro + s)} which has all ¢; distances larger than or equal to

Q—l(‘l(fﬁz?%‘(i‘s) )

We assume as we may that, for ¢ > 1, Q(t) < 2Q(1)t. Homogeneity implies now that,
if s is large enough, the number of elements of M is at most the number of couples of
points in a disc of radius 1 whose mutual /; distances are not smaller than some positive
number ¢ (depending only on §2(1) and Ry). This number is a bound for N. [ |
Proof of Theorem 2.3. Let n be the largest number for which one can find y with
n components, say Hi, ..., H, of f~!(y) of which at least one, say Hjp, is non-trivial.
Let y and Hq,..., H, realize this maximum and let G; D H; be open, and with disjoint
closures. For z sufficiently close to y, say ||z —y|| < &, f~!(z) meets each G;; moreover,
for § sufficiently small, the component of f~!(z) meeting G; has to be contained in G;,
since otherwise we would get contradiction by taking the limit of such components as
z — y. Denoting H;(z) = f~!(2) N G;, we thus have f~1(z) D U;_,; Hi(z), and H;(z) are
components of f~1(z). The component H;(z) is non-trivial for z close to y (otherwise,
since H; is non-trivial and f a uniform quotient mapping, G; would contain an arbitrarily
large number of components for z close to y in contradiction to Lemma 2.7). Also, the
maximality of n implies that G contains only one component Hi(z). Let u,v be two
different points of Hy, and let L be their perpendicular bisector. If ||z —y|| < 61 =
min{8, w(||v — ul| /4)}, then f~1(2) meets L, so f(L) has non-empty interior. This not
possible if lim,_,o Q(r)/y/r = 0; an easy way to see this is to compare the cardinality of a

maximal e-separated set of points in a segment of L and in its image. [ |

It now follows from a deep theorem of Stoilow that uniform quotient mappings satis-
fying the assumptions of either Proposition 2.1 or Theorem 2.3 are topologically equivalent

to polynomials.

Theorem 2.8. Let f: R? — R? satisfy one of the following three assumptions:
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(i) f is uniformly continuous and co-Lipschitz, or,

(ii) f is uniformly continuous with modulus of continuity ) satisfying Q(r)/\/r — 0 as
r — 0 and f is also co-uniformly continuous, or,

(iii) There are ¢,C,p,q with ¢ < 1 + p so that f is uniformly continuous with modulus
of continuity Q satisfying Q(r) < CrP, for 0 < r < 1, and f is also co-uniformly
continuous with modulus of co-uniform continuity w satisfying w(r) > cr?, for 0 <
r <1

Then f = P o h where h is a homeomorphism of R? and P is a polynomial.

Proof of 2.8(i) and 2.8(ii). By Stoilow’s Theorem [Sto, p.121], since f is discrete and
open, f = Poh with h a homeomorphism of R? onto a (simply connected) domain G in IR?2
and P an analytic function. (In the formulation of Stoilow’s Theorem in [Sto| the image
is a Riemann surface but the uniformization theorem, see e.g., [FK, p. 195], implies that
it must be a simply connected domain in the plane.) By Proposition 2.1 and Lemma 2.7,
the inverse image of each point under f, satisfying assumption (i), is finite (even bounded
independently of the point). The same is true also under the assumption (ii), by Theorem
2.3. Thus, also P7(y) N G is finite for each point y. We shall show below that G is
necessarily R? so that P is an entire function with the property that the inverse image of
each point is finite. It then follows that P is a polynomial.

We now prove that G, the image of h, is the entire plane. First notice that f(z) — oo
as z — 00. Indeed, otherwise there would be a sequence z,, so that 2z, — oo and f(z,) — a.
Since f is co-uniformly continuous, f will take the value a in the disc of radius 1 around
zp for all large enough n. This contradicts the fact that f~!(a) is finite.

If f = Poh with P analytic and h(R?) = G # R? then, since G is simply connected,
we may assume without loss of generality that G is the unit disc. It follows from the
previous paragraph that P(z) tends to infinity as |z| — 1. Since P has only finitely many
zeros in the unit disc, we get, by dividing the Blaschke product corresponding to the zeros
by P, an analytic function in the disc tending to zero as |z| — 1. This is clearly impossible,

by the maximum principle. [ |

The proof of Theorem 2.8 under assumption (iii) is delayed to the end of Section 4.
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Remark. Note that the homeomorphism A in the representation f = P o h is determined
up to a transformation of the form h — ah + b for some complex a and b (and then
necessarily P is determined up to a change of variable z — az +b). Indeed if Poh =Qog
for polynomials P and @ and homeomorphisms h and g then P and () must have the
same degree (which is equal to the maximal cardinality of a preimage of a point under
f). fw = gh~'(z) and Q is invertible in a neighborhood of w then gh~! is analytic in
a neighborhood of z. It is then necessarily a polynomial of degree one; this follows easily
from the equation P(z) = Q(gh™1(z)). Since there are only finitely many exceptional
points, the preimages under gh~! of the zeroes of Q’, gh™!, being an homeomorphism of

the plane onto itself and analytic except at finitely points, must be a linear function.
We also have a converse statement to Theorem 2.8.

Proposition 2.9. Let P be a polynomial in one complex variable with complex coeffi-
cients. Then there is an homeomorphism h of the plane such that f = P o h is a Lipschitz

quotient mapping.

Sketch of Proof. Assume without loss of generality that P(z) = 2" + a,_12"" ! +
an_22""2+...+ag. We first show how to find an homeomorphism h which makes f = Poh

Lipschitz and co-uniformly continuous. Fix a (large) R > 0 and define h by

|Z|1/neiarg(z)7 if 2R < |Z|,
h(z) = (Z”%'Z'm + 'Z'TtR|z|1/n) eiars(=)  if R < |2| < 2R;
Z, if |z] < R.

It is easy to see that h is an homeomorphism of R?2 onto itself. Also, h is Lipschitz on
the ball of radius 3R about 0 and is co-uniformly continuous on the same ball in the sense
that B,y (h(x)) C h(B,(z)) for an appropriate w(r) > 0 and all = in the ball of radius 3R
about 0. Since P is Lipschitz on the image of that ball (as it is on any compact domain),

f = P o h is Lipschitz on the ball of radius 2R about 0. Outside that ball
f(Z) — |Z|ein arg(z) + CLn_l|Z|(n—l)/nei(n—l) arg(z) + an_2|z|(n—2)/nei(n—2) arg(z) + ... +ag

which is checked to be Lipschitz in this domain.
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Since any polynomial is an open mapping, a simple compactness argument, mentioned
in the introduction, shows that any polynomial is co-uniformly continuous when restricted
to any bounded domain. It follows that f is co-uniformly continuous when restricted to
the ball of radius 3R about 0. The special form of f outside the ball of radius 2R about 0
shows that, if R is large enough, f is even co-Lipschitz there.

Assume now that R is such that, in addition to the implicit requirements on its size
above, also all the zeros of P’ are in a ball of radius R/4 about zero. We now show how to
adjust h on a ball of radius R/2 about zero as to remain Lipschitz and be also co-Lipschitz.

Let z1,..., %, be the distinct zeros of P’. Let r > 0 be such that Bgs.(2;), j =
1,...,m, are pairwise disjoint and all contained in Bp/3(0). There is no problem with
the co-Lipschitzity of h outside the union of these balls. Fix any 5 = 1,...,m. Then,
by taking an even smaller 7 > 0, we may also assume that in Bg,.(z;) one can write
P(z) = (2 — 2;)*Q(2) + a where @ does not vanish on Bjs,(z;). Modify the definition of h

on B3, (z;) as follows. For z = z; + se',

zj+81/’“ei9, if 0 <s<r;
h(z) =9 zj + (@Sl/k—l—ﬁis) e, ifr<s<2r
z, if 2r < s < 3r.

We do that on each of the balls B3, (z;), leave h as it was outside the union of the balls. B
3. The example

Here we give an example showing that without some restrictions on the moduli of
uniform continuity or co-uniform continuity of a uniform quotient mapping of the plane to

itself the conclusions of Theorems 2.3 and 2.8 no longer hold.

Lemma 3.1. Givend > ¢ > 0 and a € R? with ||a|| < d, there is a mapping g : R? — R?>
such that:
(1) 9([0,al) C[0,9(a)] and |lg(a)]| < c/4,

(i) the Lipschitz constants of g and of g~*

are less than or equal to 36(d/c)?,
(iii) for all z € R* and r > 2¢, g(B,(2)) is 6¢ dense in B, y4(z),
(iv) for all z € R? and r > 2¢, g(B,(2)) is 6¢ dense in B,.(g(z)),
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(v) for all z € R?, ||g(z) — 2|| < 2d.

Proof. Rotate the coordinate system so that a is a positive multiple of (¢, —4d). Define
continuous 1-periodic n : R — R by n(0) = n(1/2) = 0, n(1/4) = 1, n(3/4) = —1, and
n is affine on every component of R\ (1/4)Z. Let p(z,y) = (z,y + dn(z/c)), Y(z,y) =
(z +dn(y/c),y), and g = op

(i) On the segment I = {(7¢,—47d) : 0 < 7 < 1/4} we have p(1¢, —47d) = (7¢,0),
and on the segment J = {(7¢,0) : 0 < 7 < 1/4} we have ¢(7¢,0) = (7¢,0). Hence I is
mapped affinely on J. Since a € I, this shows (i).

(ii) Obvious.

(iii, iv) Let z = (u,v) and k, [ be the integer parts of u/c,v/c, respectively. For every
m = 0,1,..., the g image of P, = [(k — m)c, (k + 1+ m)c] X [(I — m)e, (I + 14 m)c] is
contained in @, = [(k—m)c—d,(k+1+m)c+d| x [l —m)c—d,(l+ 1+ m)c+ d] and
meets every square [pe, (p+ 1)¢] X [ge, (g+ 1)c] that lies inside @, so it is 4c dense in Q.
Choosing the largest m such that P, C B,.(z), i.e., m is the integer part of (r/2c) — 1, we
have that @, D B,1+4—2.(2), which proves (iii). To prove (iv), we note that g(z) € Qo, so
Qm D Br_2c(g(2)).

(v) Obvious. |

To illustrate the complexity of the seemingly simple mapping of Lemma 3.1, here
is a sketch of the image under such a g of the boundary of the square with vertices

(0,0), (1,0), (1,1),(0,1) (here ¢ = 1,d = 1.5).
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In the example below we denote B(z) = B(x, ).

Example 3.2. There is a mapping f : R? — IR? such that f~1(0) contains a segment

and for every z € R? and r > 0,
B(f(z)a C’1 min(T’B,T)) C f(B(Z,T)) - B(f(z)v C(2 max(ro‘,r)),

where «, (3, C'1, Cy are positive constants.

Proof. Let co = 1/8 and cxq1 = 487413, Let a; = (0,1) and let g; be the function
obtained by Lemma 3.1 with ¢ = ¢1,d = 8¢, a = ay. Recursively put ary1 = gx(ar), note
that ||agy1|| < ck, and let gr11 be the function obtained by Lemma 3.1 with ¢ = ¢11,d =
8Ck, 4 = Gf41-

Define f; = g1 and fr11 = gra1 © fx. Then ||fre1 — frl| < 16¢k, So the sequence fy
converges uniformly to a continuous f : R? — R2. In particular, f(z) = 0 for all z €
[0, a1], s0o f~1(0) contains [0, a;]. By (ii) of Lemma 3.1, for each k the Lipschitz constants of
fr and of its inverse do not exceed 482% /c2. In particular, fr(B(z,7)) D B(fr(2), 4872 c2r).

Let z € R?2 and 0 < r < ¢;. Find the least k such that r > 48 %¢;, and let s =
48=2%c2r. Then fi(B(z,7)) D B(fr(2), s) and s > 4873k¢3 > 2¢p44.
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We prove that for every n > k, f,(B(z,r)) is 6¢,, dense in B(fr+1(2),s): Forn =k+1
this follows from (iv) of Lemma 3.1. If it holds for some n and if y € B(fri11(2),s),
choose x € B(z,r) such that ||y — f.(z)| < 6¢,. Let t = 4872"¢3 and let u € B(z,7)
be such that x € B(u,t) C B(z,7). Then ||f,(u) — fo(z)]| < ¢, and f,(B(u,t)) D
B(fn(u),487%c)) D B(fn(u),2¢n41). Hence foi1(B(2,7)) D gni1(B(fa(u),2¢n11)) is
6¢p,+1 dense in B(f,(u),8¢,). Since y € B(f.(u),8¢,), the set f,4+1(B(z,r)) contains a
point 6¢,41 close to y.

Using that [|f(2) = frt1(2)|| < 163272, ¢; < s/2, we conclude that f(B(z,7)) D
B(frr1(2),8) D B(f(2),s/2). Moreover, s/2 > r? if 8> 11 and r is sufficiently small.

Given any z,y and any k, we have || f(z) — f(y)|| < 323 72, ¢; + Lip(fi)llz — yll <
6dcp+48%lo—gll /3. 163, < [lo—yll < cf, this gives [1f ()~ F()| < 482+2¢;, < [lo—gll®
if < 1/15 and ||z — y|| is sufficiently small. [

Remark 3.3. We now show how to modify any non-trivial uniform quotient mapping f
of the plane onto itself to obtain a simple construction of an example of a continuous open
monotone mapping of the plane onto itself which is not an homeomorphism. (Monotone
means that the inverse image of each point is a continuum. Such a mapping was first
constructed by Anderson [And].) To this end we first observe that the complement of the
inverse image under f of any open disc is connected; indeed, recalling that inverse images
of discs are bounded, the opposite would allow us to find first a bounded component C' of
the complement of f~(B,(y)), then a bounded open set V O C whose boundary would
lie entirely in f~1(B,(y)), and then conclude that f, being continuous and mapping the
boundary of V' to B,(y), cannot be open. Next we observe that the argument from the
beginning of the proof of Theorem 2.3 provides us with an open disc B,.(y) and a bounded
open set G containing a non-trivial component of f~!(y) such that for every z € B,(y)
there is exactly one component H, of f~1(z) meeting G, and that this component is, in
fact, contained in G. Then U = {J,¢p, () H> is a component of f~YB,(y)), so, by our
first observation, it is homeomorphic to the whole plane. So it suffices to point out that f

is clearly a non-trivial monotone map of U to B,(y).
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4. Local results

If one relaxes the assumptions of Theorem 2.3 by changing the domain of f from R?

to a bounded domain the conclusion fails in a very strong sense.

Example 4.1. Define f : R?> — R? by f(z,y) = y*(cos(}),sin(y)) when y # 0 and
f(x,0) = 0. Then f is Lipschitz on bounded sets and for each M there exists 6 = §(M) > 0
so that if z is in IR? and |z| < M, then for all r < 1, f(B,.(2)) D Bs,s(f(2)).

Proof. That f is Lipschitz on bounded sets follows by taking partial derivatives. To
check the second statement assume that f(zo,yo) = so(cos by, sinby), and without loss of
generality that yo > 0. Assume first that r < 2 A 1.

We would like to show that, for an appropriate ¢, f(B,(zo,y0)) contains the set
S = {s(cos®,sinf); |s — so| < 6r3, |0 —0o| < 6r%/s} and thus a ball of radius §'r3 around
so(cos by, sinfy). We shall actually show that, for an appropriate 6, f([zo — 7, zo + 7] X
[yo — %, Yo + %]) D S which is clearly enough.

Notice that

(1) for every 0 < t < yo,

[(yo — 1), (yo + 1)°] D [s0 — tyo, so + tyo).

(2) For 0 <t <% and |y —yo| < t,

To T §t|5”°| §t2|$20| < 21\/;”.
Y Yo YYo ) Y
(3) for a fixed y and any positive u,
o u To u
arg(f(x,y)); |x —xo| <u} D [———,——I——] mod 27).
{arg(f(z,y)); | | < uj v v ( )

Taking ¢t = % in (2) and v = 7 in (3) we get, for a fixed y and for s = y?2,

2 2
{arg(f(z,y)); |z — x| <7} D {% -5 % + ;—8] (mod 27).

2

Finally, applying (1) for t = {37, we get
2 2 3 3
e AR} "~ s
(o = 37> Wo+ )12 lso = %0 437
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This settles the case 1 < £ A 1. If r < (20yo) A 1 then f(B,(2)) D f(By/40(2)) D
Bsr,a(f(2)), so we are left only with the case 20yg < r < 1. In this case for every y with
[y — yo| < 7/20 the set {{; |& — 2o < r} (mod2m) contains all possible arguments. It
follows that f(B,(xo, o)) contains B > (0) and in particular B 2 (f(z0, y0))- |

Y5+ o0 700

Remark. One can generalize the example above. For § > 0 and a > 1 let f(z,y) =
|y|5(cos(ﬁ),sin(ﬁ)). One can check that, when restricting f to a bounded domain,
the modulus of uniform continuity of f is bounded by Cr (i.e., f is Lipschitz), if 5 > 1+«
and by Cr?/(1+®) if 3 < 1 + . The modulus of co-uniform continuity is bounded from
below by erBVa+23) | I particular, minimizing over 3 = 1 + « we get a function which is
Lipschitz on bounded domains and has modulus of co-uniform continuity bounded from
below by ¢r?62 on bounded domains.

In spite of the example above one can show that, under some restriction concerning

the relation between the modulus of uniform continuity of f and its modulus of co-uniform

continuity, a local form of Theorem 2.3 still holds.

Proposition 4.2. Suppose that p < 1+¢q, G C R? is open, and f : G — R? is such that
Berr (f(2)) C f(Br(2)) C Bera(f(2)) whenever B,.(z) C G and r < 1. Then the inverse

images of points under f are discrete.

Proof. It suffices to assume that ¢ = C =1, p > ¢, 0 € G, f(0) = 0 and that for some
ro > 0, Bs,, (0) = G, and to show that B, (0) N f~1(0) is finite.

Lemma 4.3. There are a positive constant a and a strictly increasing function h : [0,a] —
[0, 00] such that, whenever z € B,,(0)N f~(0) and u € R? is a unit vector, then there is a
curve ¢ : [0,a] — Bo,, (x) with Lipschitz constant one such that ¢(0) = z, || f(4(t))]| > h(t)

and f(¢(t)) € U,sqBsja(su) fort € (0,al.

Proof. Choose p—1 < a < q/(p—¢q). Fix a sufficiently large m and choose z,, € B,,-a/» ()
such that f(x,,) = m~%u and recursively choose, for k < m, x, € B 1/pp—(at1)/p (k1) N
Boy, (x) such that f(zr) = k~“u; the construction stops when either £ = 1 or no such
xy exists. If z is defined, we use that (« + 1)/p > 1 to estimate Z;n:_kl |zjp1 — 2| <

c k= (@tD/P_ Noting that k=% — (k+1)~* < ak~ (@t we infer that there is an integer kg
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independent of x such that zy, is defined (as long as m is large enough). Since a < ¢/(p—q),
we can enlarge kg if necessary to ensure that a?/Pk=(+1)a/P < =< /4 for k > k.

Let ¢, (t) (t € [0,a,,]) be the arc-length parameterization of the path obtained by
joining &, Z,,, Tin—1,...,%k, (in this order) by the linear segments [z, z,,| and [zr41, Tk],
k=0,...,m—1. Then a,, < m~*/P + clké_(aﬂ)/p, so we may find a subsequence of a,,
converging to a < clké_(aH)/ P such that the corresponding subsequence of ¢,, converges
to a Lipschitz curve ¢ : [0,a] — R?. Then ¢(0) = z and f(¢(a)) = kg “u, so a > ag > 0
where ag is independent of 2 and u. For any 0 < ¢ < a denote s, = min{a,,, t} and for any
sufficiently large m choose k,, > ko such that ¢,,,(s,) € [Tk, +1, Tk, | and note first that
S < clk,%,m_(a+1)/p, hence a suitable subsequence of k,, has a limit k& < (t/cl)p/(p_l_o‘).
Moreover || f(dm(sm)) — kul| < ||¢m(sm) — 25 |7 < a¥/Pkn“THP < p—a /4 which,
upon taking the limit as m — oo, gives that ||f(¢(t)) — k~%u|| < k~/4. Hence, f(¢(t)) €
Usso B(su, s/4) and [|f(p(t))]| > (t/c1)7?*/®=1=2) /2 for any ¢ € (0, a]. [

Let 7 = h(a)'/9/4 and assume, as we may, that 3r < 1. We may also assume that
t7 > h(t) for 0 < t < a, in particular r < a/4. Denoting d = (h(r)/5)'/9, we show that
M = B,,(0)n f~1(0) has at most N = ((4r¢ + d)/d)® elements. Assume that M has more
than N elements.

Let uy, = e*™/3. For each x € M and k = 1,3,5 choose ¢y, : [0,a] — Ba,, () with
Lipschitz constant one such that ¢y .(0) = z, and ||f(¢r.(t))|| > h(t) and f(dr.(t)) €
U,>0 Bsya(sug) for t > 0. Note that the last statements also show that f(¢r .(t)) # 0 if
40,

The triples (¢1,2(7), ¢3,2(7), ¢5.2(r)), z € M, belong to the product of discs of radius
2ro; since N > ((2r¢ + d/2)/(d/2))®, we infer that there are x,y € M, x # y such that
bk () — iy (r)|| < d for k =1,3,5.

Whenever z € [¢r (1), iy ()], then || f(2) — f(¢r,(r))|| < d? < h(r)/5. Finding s >
0 such that f(¢r,.(r)) € Bsja(sur), we infer from ||f(dr,(r))|| > h(r) that h(r) < 5s/4,
and we conclude that f(z) € By/atn(r)/s(5ur) C By/2(sur). We also note that this implies
that f(z) # 0.

Let Ly be a simple curve joining x and y and lying in the set [¢g »(r), dr (7)] U
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¢1,2[0,7] U ¢p [0, 7]. By the theorem on #-curves [Kur, ch. 10, § 61, II, Theorem 2|, one
of these curves, say L, lies, with the exception of its end points, entirely in the bounded
component C of the complement of the remaining two. By connectedness, ¢ ,(0,a] C
C. Since the ¢’s have Lipschitz constant one and diam(C) < 2r +d < 3r, (3r)? >
| f(¢r.z(a)) = f(Pr,(0))]| > h(a) > (3r)?. A contradiction. |
As a simple corollary we now get
The proof of Theorem 2.8(iii). If f satisfies the assumptions of Theorem 2.8(iii) then
applying first Lemma 2.7 and then Proposition 4.2 with G = R? we get that, for some
N < oo and for all y € R?, f~'(y) is a set consisting of at most N elements. The proof

of the other two cases of Theorem 2.8 can now be carried over also for this case. [ ]
5. Nonlinear quotient mappings from R? to R

Notice that there is no uniform quotient mapping from R* to R™ for k < n. One way
to see this is to notice that such a mapping would be Lipschitz and co-Lipschitz for large
distances which leads to a contradiction when looking at the maximal number of disjoint
balls of a certain radius contained in a ball of a larger radius. Thus, the simplest case of
Lipschitz and uniform quotient mappings between Euclidean spaces is that of mappings
from R? to R (since from R to IR they are all one to one). In this section we discuss
briefly this case which, as we shall see, it is not entirely trivial. The main result is that, for
Lipschitz quotient mappings, the inverse image of a point has finitely many components.
Before we start consider the following two examples of Lipschitz quotient mappings from
R? to R. In both cases the mapping f is the distance from the solid lines multiplied, in

each component of the complement of the solid lines, by the sign indicated.

Notice that f~1(0) has one component in the first example and two in the second. It
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is easy to draw examples with an arbitrary finite number of components. Notice also that

R?\ f71(0) has six components in the first example and three in the second.

Proposition 5.1. Let f : R™ — IR be a uniform quotient mapping satisfying (2.1).
Then for each t € R the number of components of R™ \ f~(t) is finite and bounded by

a function of n, w(-) and Q(-) only.

Proof. According to the remarks made in the introduction, each component of R™\ f~1(0)
is mapped by f onto a component of R \ {0}, i.e., onto either (0,00) or (—o0,0). Recall
that f is Lipschitz and co-Lipschitz for large distances and let L and 4, depending only
on the moduli of uniform and co-uniform continuity, be such that for all z € R™ and all
r 21, Bs:(f(2)) C f(Br(2)) C BLr(f(2)).

Let Dy, ..., Dy be distinct components of R™ \ f~1(0) intersecting B,.(0) for some
r > 1. Increasing r we may also assume that there are z; € D; NB,.(0) with |f(z;)| > 1 for
i=1,...,k. Note that each D; intersect 9Bs,.(0) . Moreover, there is a y; € D; N 9B2,.(0)
such that |f(y;)| > 6r. Indeed, assuming f(x;) > 1, there is an x} € By(x;) so that
f(z}) > 1+ 6. Note that, if L < 1 as we may assume, Bi(z;) C D;. There is an
r? € Bi(z}) so that f(z?) > 1+ 26. Again By(z}) C D;. Continuing this way at least
[r 4+ 1] times (and interpolating between the last two points) we get a y; € D; N 0B2,.(0)
with f(y;) > 1+ 6[r] > ér. It follows that Bs,,r(y;) C D; and we get k disjoint balls of
radius 67 /L included in a ball of radius 3r. Consequently, k& < (3L/6)™. |

We now aim at proving, in Proposition 5.4, that for each ¢t € IR every component of

f~1(t) separates the plane. We first need two lemmas.

Lemma 5.2. Let f: R™ — IR be a continuous open mapping. Then, for every t € IR,

no component of f~1(t) is bounded.

Proof. Assume A is a compact component of f~1(0). Let U be an open bounded
connected set containing A whose boundary does not meet f~(0). One way to get such
a set is to let 7 be such that A C B,.(0) and let B be the union of R™ \ B,.(0) with all the
components of f~1(0) meeting 2™\ B,.(0) (which is a closed set). B and A are components
of BU f~1(0) so there is and open set V' C IR™\ B which contains A and whose boundary
does not intersect B U f~1(0). Now let U C V be the component containing A.
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Next we would like to make sure that the boundary of U is connected. To do that
look at the complement, in R™, of the unbounded component of R™ \ U. Replace U with
the component of this set containing A. By [Kur, ch. 8, § 57, I, Theorem 6] the boundary
of this set is connected. We now have an open bounded connected set containing A whose
connected boundary does not meet f~1(0). The boundary of such a set and thus also the

set itself is mapped by f into either (0,00) or (—o00,0), a contradiction. [ |

Lemma 5.3. Let f : R?> — R be a Lipschitz quotient mapping. Then, for each t € R

and for each ball B, the number of components of f~1(t) intersecting B is finite.

Proof. Assume B,.(f(z)) € f(B.(z)) C Br.(f(x)) for all z € R? and all r > 0 and
assume that the number of components of f~1(0) intersecting B,.(0) is infinite. Fix 0 <
e <r/(2+L), then there are infinitely many components A; such that the distance between
any two of A; N B,(0) is less than e. Since all the A; are unbounded, we can find two of
them, say A; and A, such that the distance between A; N 9B3,.(0) and Ay N 9B3,.(0) is
less than e.

Let y € A1 NB,(0) and z € A; N IB3,.(0) be such that Ay N B.(y) # 0 # As N B(z2).
Arguing similarly to Case IV of the proof of Lemma 2.6, we get a bounded connected
open set G which meets both discs B.(y) and B¢(z) and whose boundary is contained in
A1 U Ay UB(y) UB(z). The latter property of G gives that |f(z)| < Le on G, while
the former gives that {x € G : 2r — e < |z| < 2r + €} is nonempty and open, hence it
contains a point u with |u| = 2r. By Lemma 2.2 we may find a curve ¢ : [0,00) — R?
with Lipschitz constant one, ¢(0) = u, and such that f(¢(t)) = f(u) + tsign(f(w)). Since
this curve is clearly unbounded, there is 7 > 0 such that ¢(7) lies on the boundary of
G; then ¢(7) € B(y) U Bc(2), because f(¢p(7)) # 0 and f is zero on Ay U As. Hence
Le > |f(o(1)| > 7 > ||p(1) — ¢(0)|| > r — 2¢, which contradicts the choice of e. |

Proposition 5.4. Let f : R?> — R be a Lipschitz quotient mapping. Then, for each

t € R, each component of f~1(t) separates the plane.

Proof. Let A be a component of f~!(¢). By Lemma 5.3 f~1(¢) \ A is closed. Let G be
the component of 2\ (f~1(t)\ A) containing A. G is an open and connected set. Assume

now that A does not separate the plane then we claim that A also does not separate G.
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Indeed, G\ A = GN(R?\ A), both sets in the intersection are connected and we can apply
[Kur, ch. 8, § 57, I, Theorem 2] to deduce that G \ A is connected. But it is impossible
that A separates G: if G'\ A is connected, f maps it to either (0,00) or (—o0,0) but near
any point of A there are points whose images are positive and points whose images are
negative. This contradiction finishes the proof. [ |

Propositions 5.1 and 5.4 now imply

Corollary 5.5. Let f : R?> — IR be a Lipschitz quotient mapping. Then, for each
t € R, f~1(t) has a bounded number of components. The upper bound of the number of

components depends only on the Lipschitz and co-Lipschitz constants of f.

There are two unsettled problems related to the material of this section. One is
whether one can weaken the assumptions of Lipschitz quotient to uniform quotient in the
appropriate places. The other is to what extent the number of components of f~1(t) or of
R?\ f~1(t) is independent of t. An examination of the examples above shows that these
numbers may depend on ¢ but leaves the possibility that after excluding finitely many ¢

they are constants.
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