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Abstract

Karger, Motwani and Sudan (JACM 1998) introduced
the notion of a vector coloring of a graph. In particular
they show that every k-colorable graph is also vector k-
colorable, and that for constant k, graphsthat are vector k-
colorable can be colored by roughly A*—2/ colors. Here
A isthe maximum degree in the graph. Their results play a
major roleinthe best approximationalgorithmsfor coloring
and for maximal independent set.

We show that for every positiveinteger k therearegraphs
that are vector k-colorablebut do not haveindependent sets
significantly larger than n/A'=2/* (and hence cannot be
colored with significantly lessthat A'—2/* colors). For k =
O(log n/ loglog n) we show vector k-colorablegraphsthat
do not have independent sets of size (log n) ¢, for some con-
stant ¢. This shows that the vector chromatic number does
not approxi mate the chromatic number within factors better
than n/polylogn.

As part of our proof, we analyze “ property testing” al-
gorithms that distinguish between graphs that have an in-
dependent set of size n/k, and graphs that are “ far” from
having such an independent set. Our bounds on the sample
sizeimprove previous boundsof Goldreich, Goldwasser and
Ron (JACM 1998) for this problem.

1. Introduction

Anindependent setinagraph G isaset of verticesthat do
not induce any edges. Thesize of the maximum independent
set in G isdenoted by o(G). For an integer k, a k coloring
of Gisafunctiono : V — [1...k] which assigns colors
totheverticesof G. A valid k coloring of G isacoloringin
which each color classis an independent set. The chromatic

number x(G) of G isthe smallest k& for which there exists a
valid k coloring of G.

Finding «(G) and x(G) are fundamental NP-hard prob-
lems, closely related by the inequality a(G)x(G) > n.
Given G, the question of estimating the value of «(G)
(x(@)) or finding largeindependent sets (small colorings) in
G have been studied extensively. Let G be a graph of size
n. Both x(G) and a(G) can be approximated within aratio

of O(2UE1eem)") [10, 6. It is known that unless NP=ZPP
neither a(G) nor x(G) can be approximated within aratio
of n!=<forany e > 0[12, 7]. Under stronger complexity as-
sumptions, thereissome 0 < § < 1 such that neither prob-

lem can be approximated within a ratio of n/2'°s" " [14].

Theapproximationratiosfor these problemssignificantly
improve in graphs that have very large independent sets, or
very small chromatic numbers. The algorithms achieving
the best ratios in these cases [13, 1, 3, 11] are al based on
the idea of vector coloring, introduced by Karger, Motwani
and Sudan [13]. A vector k-coloring of a graph is an as-
signment of unit vectors to its vertices, such that for every
edge, the inner product of the vectors assigned to its end-
pointsis a most (in the sense that it can only be more neg-
ative) —1/(k — 1). Every k-colorable graph is also vector
k-colorable (by identifying each color class with one vertex
of aperfect (k — 1)-dimensional simplex centered at the ori-
gin). Moreover, unlike the chromatic number, a vector -
coloring (whenit exists) can befoundin polynomial timeus-
ing semidefinite programming (up to arbitrarily small error
intheinner products). Given avector k-coloring of agraph,
Karger, Motwani and Sudan show how to color agraph with
roughly A'=2/* colors, where A is the maximum degreein
the graph. (In comparison, the technique of inductive color-
ingmight use A+1 colors.) Infact, they show how to find an
independent set of size roughly n/A*~2/*. Combined with
other ideas, thisleadsto coloring a gorithms and algorithms



for finding independent sets with the best currently known
performanceguarantees. For example, thereisapolynomial
time algorithm that colors 3-colorable graphs with roughly
n3/ colors [3]. For nonconstant values of £, it is known
how to find an independent set of size Q(logn) in a vector
log n-colorable graph.

There have also been negative results regarding vec-
tor k-colorable graphs. Examples appearing in [13] (and
improved by Noga Alon and Mario Szegedy) show vec-
tor 3-colorable graphs that do not have independent sets
larger than roughly ».°-95. The case of nonconstant & is ad-
dressed in [5] (technically, the results there deal with the
Lovasz theta function, which is even a stronger notion than

vector coloring), where graphs that are vector 2 9(vV1eg ).
colorable are shown not to have independent setslarger than

20(Vlegn) |n al| these negative examples, the vertex sets
of the graphsinvolved can be viewed asasubset of {0,1} ™,
with two vertices connected by an edge if their Hamming
distanceis larger than some prespecified value.

Our results. In this work we present a different fam-
ily of graphs with stronger negative properties. For every
constant k£ and every e > 0, we show graphs that are vec-
tor k-colorable, with a(G@) < n/A'"t~¢. This essen-
tially matches the positive results of [13]. As afunction of
n rather than A, we show vector 3-colorable graphs with
a(G) < n’843, Moreover, for k = O(logn/loglogn),
we show vector k-colorable graphs with a(G) < (logn)¢,
for some universal ¢. This shows that the vector coloring
number by itself does not approximate the chromatic num-
ber within aratio better than n/polylogn. Another conse-
guence of this (that is touched upon in Remark A.1 of the
appendix) is that certain semidefinite programs do not ap-
proximate the size of the maximum independent set with a
ratio better than n /polylogn.

Theorem 1.1

1. For everyconstante > 0 andconstant k > 2, thereare
infinitely many graphs G that are vector k-colorable
and satisfy a(G) < N %, where n is the number

11—+ —¢
of verticesin G, A isthémaxima] degreein G, and
A > n’ for some constant § > 0.

2. For some constant ¢, there are infinitely many graphs
G that are vector O(log’ﬁ) 7 )-colorable and satisfy
a(G) < (logn)©.

3. Thereareinfinitely many graphs G which are vector 3-
colorable and satisfy a(G) < n0-843,

Proof techniques. The graphs that we use are essen-
tially the same graphs that were used in [8] to show inte-
grality gapsfor semidefinite programsfor max cut. Namely,
they are obtained by placing n points at random on a d-
dimensiona unit sphere, and connecting two points by an

edgeif theinner product of their respective vectorsis below
—1/(k—1). Such graphsare necessarily vector k-colorable,
as the embedding on the sphere is a vector k-coloring. So
the bulk of thework isin proving that they have no largein-
dependent set. For thiswe use athree phase plan, similar to
that employedin [8] for max cut. First we consider acontin-
uousversion of thisgraph, whereevery point onthe sphereis
avertex. Onthiscontinuousgraph (withinfinitely many ver-
tices and edges) we use certain symmetrization techniques
in order to analyze its properties. Specifically, we prove
certain inequalities regarding its expansion. In the second
phase, we replace the continuous graph by a so-called dense
graph that hasfinitely many vertices packed very densely on
the sphere. We show that the dense graph approximates the
continuousgraphwell, and hence sharesthe same expansion
properties. In the third phase, we consider our finite graph
to be arandom vertex induced subgraph of the dense graph.
Based on the expansion properties of the dense graph, we
show that the sparse graph has no large independent set.

Two remarks are in order here. Oneisthat it isvery im-
portant for our bounds that the final graph does not contain
too many vertices compared to the dimension d. A small
number of vertices implies low degree, and alows for a
more favorable relation between the maximum degree and
the chromatic number. For this reason we cannot use the
dense graph asis (it has a very large degree), and we sub-
sample it. The other remark is that we do not get an ex-
plicit graph as our example, but rather a random graph (or
adistribution on graphs). Thisis to some extent unavoid-
able, given that there are no known efficient deterministic
constructionsof Ramsey graphs (graphsin which the size of
the maximumindependent set and maximum clique are both
bounded by some polylog in n). The graphs we construct
(when k = log n/ loglogn) are Ramsey graphs, because it
can be shown that the maximum clique size is never larger
than the vector coloring number.

Property testing. The following problem in property
testing is addressed by Goldreich, Goldwasser and Ron [9].
For some value of p < 1, consider a graph with the fol-
lowing “promise”: either it has an independent set of size
pn, or it is far from any such graph, in the sense that any
vertex induced subgraph of pn verticesinduces at least en 2
edges. One wants an algorithm that samples as few ver-
tices as possible, looks at the subgraph induced on them,
and based on the size of the maximum independent set in
it decides correctly (with high probability) which of the two
cases above hold. In[9] it is shown that a sample of size
proportional to e ~* suffices. We are in a somewhat similar
situation when we move from the dense graph to our final
graph. The dense graph is far from having an independent
set of size pn (Wwheren isthe number of verticesin the dense
graph). We want to take a small as possible sample (its size
will be denoted by s) such that the induced subgraph does



not contain an independent set of size ps. Luckily in our
case, we can use a stronger guarantee on the dense graph.
We know that even every set of pn/2 vertices induces at
least en? edges. In this case we show that s proportional to
1/e suffices. Thisdramatic improvement over the[9] bound
iscrucial to the success of our three phaseplan. We notethat
thisimprovement is not only based on our stronger guaran-
tee on the dense graph G. Even in exactly the same setting
of [9], we show that s proportional to e =3 suffices. These
results are of interest in the context of property testing re-
gardless of there applicationsto the vector coloring issue.

Strict vector coloring. Onemay strengthen the notion of
vector k-coloring by requiring that for every edge, theinner
product of the unit vectors correspondingto its endpointsbe
exactly —1/(k — 1), rather than at most —1/(k — 1). This
iscalled astrict vector coloring. Thisnotion is known to be
equivalent to thethetafunction of Lovasz[15, 13]. Every k-
colorable graph is also strictly vector k-colorable. As strict
vector coloring is a stronger requirement than vector color-
ing, then potentially, strict vector k-colorable graphs have
smaller chromatic numbers than vector k-colorable graphs.
So far, there has not been any agorithmic technique that
could usethisobservationto further improvethe approxima-
tion ratios for chromatic number or for independent set. We
remark however that the negative resultsin the current paper
apply only to vector coloring and not to strict vector color-
ing. It isan open question whether similar negative results
are true for strict vector coloring, or equivalently, whether
the same gaps (such as n/polylogr) can be shown between
the value of the theta function and the size of the maximum
independent set. Note that the weaker negativeresults of [5]
and someof the negativeresultsin[13] do apply alsotostrict
vector coloring.

The remainder of the paper is organized as follows. In
Section 2 we present the graphs used in the proof of The-
orem 1.1 and analyze their properties. In Section 3 we
present our results regarding property testing. Finaly in
Section 4 we prove Theorem 1.1. The semidefinite pro-
grams that compute the vector chromatic number and its
variants are briefly reviewed in Section A of the Appendix.
Dueto space limitations, some of our results appear without
detailed proof.

2. Thegraph

In this section we construct and analyze the graphsto be
used as a starting point in the proof of Theorem 1.1. Recall
our three phase plan. First in Section 2.1 we consider acon-
tinuous graph G ¢ (with infinitely many vertices and edges)
and analyzeits properties. We focus on analyzing the prop-
ertiesthat wewill need later onin our proofs. Afterwards, in
Section 2.2, we define the so-called dense graph G ¢ which
isadiscreteversionof G¢, and show that it approximates G ©

very well. The graphs used in the proof of Theorem 1.1 are
obtained by taking arandom sample of the dense graph G ¢.
In Sections 3 and 4 we show that a sufficiently large random
sample of G¢ will not have any large independent sets.

2.1. The continuousgraph G¢

Let d be a large congtant, and let S~ = {v ¢
R? | |lv]| = 1} be the d dimensiona unit sphere. Let
GS, = (V*©, E°) bethe continuous graph in which: (a) The
vertex set V¢ consists of all the points on the unit sphere
S4=1, (b) The edge set E° of G consists of al pairs of
vertices whose respective vectors form an angle of at least
arccos(—1/(k — 1)). Asthesize of V° and E° isinfinite
(and uncountable), terms such as the number of verticesin
V¢ will be replaced by the continuous anal ogue measure.

We analyze severa properties of the graph G'§. In our
analysis, we will assume that the dimension d is (at least) a
very large constant (our proofs rely on such d). Additional
constantsthat will be presented in the remainder of this sec-
tion are to be viewed as independent of d.

Definition 2.1 (Spheremeasure) Let p be the normalized
(d — 1) dimensional natural measure on S?~!, and let 2
be the induced measure on 4~ x S4=1. For any two (not
necessarily digoint) subsets A and B of V¢, we define the
measure of edgesfrom A to B as

E(A,B) =’ ({(z,y) |z € A, y € B, (z,y) € EY}).

Definition 2.2 (Spherecaps) Let « € [0,1], and z €
S4=1. An a-cap centered at « is defined to bethe set C, =
{u € %! | (u,x) > a}. Denote the measure of an a-cap
by p(a). A few remarks arein place. Notice that for every
x, x', an a-cap centered at 2 has the same measure as an
a-cap centered at 2’ (sphere symmetry). Furthermore, no-
ticethat large capshavesmall corresponding valuesof ¢ and
vice versa.

Thevalueof p(a) = u(C,) is approximately given by the
following lemma proven for examplein [8].

Lemma 2.3 LetC, beana-capcenteredat somez € S¢-1.
There exists a constant ¢ > 0 (independent of ¢ and d) s.t.

d—1 1 d—1

(l—aQ)T < p(Ca) = pla) < E(l—aQ)T.

-
Vd
The main property of G, of our interest is the measure of
edges between any two given subsets of V' ¢ of a specified

size. Wefirst provethat the setsin G'§ which share the least
amount of edges are caps with the same center.

Theorem24 Let1 > a > 0 andlet A and B be two
(not necessarily digioint) measurable setsin V' ¢ of measure
p(a). Let z be an arbitrary vertex of S?—!. The minimum
of E(A, B) isobtainedwhen A = B = C, whereC, isan
a-cap of measure p(a) centered at x.



The proof of Theorem 2.4 is based on symmetrization
techniques similar to those presented in [8]. Due to space
limitations, detailed proof is omitted. We now turn to an-
alyze the measure of edges between caps of measure p(a).
Namely we study the value of E(C,,C,).

Theorem 2.5 Let,/ ( ) > a > 0andk > 2 becon-

stant. Let z € S, let C, be an a-cap centered at . Let
e(a) bethevalueof E(C,,C,). Finally let

_ L 2(k—1) » =
- () (- 204)

1

Thene(a) € l<1—c<./@>> i A(a),A(a)] for some

constant ¢ > 0.

Proof (sketch): Letz € S%'. Let C, be an a-cap cen-
tered at . W.l.o.g. we will assumethat = = (1,0,...,0).
Consider avertex v € C, onthe boundary of C,,. Let N(v)
be the set of vertices adjacent to v. We start by computing
the measure of verticesthat are neighborsof v and arein the
cap C,, i.e. themeasureof N(v) NCo = {u = (u1...uq) €
S | > aand (v, u) < —1/(k —1)}.

Claim 2.6 Let a,k be as in Theorem 25. Let v =
(a,v/1—a2,0,...,0) be a vertex on the boundary of
C,. Let N(v) be the set of neighbors of v. Let z =

24 W D+a®® Eingllylet§ = cy/ 28 for asuffi-

Ci entIy large constant c. The measure of verticesin N(v) N
C, satisfies

d—1 d—1

1(1—22) 2 g,u(N(v)ﬂCa)g(l—ZQ) 2

Claim 2.6 addressesthe measure of C, N N (v), and states
that it is essentially the measure of a z-cap (where z =
\/ + M) To prove Claim 2.6 we study the

measure of certain restricted setsin S?—1. These sets are
studiedinClaim 2.7. Claims2.6 and 2.7 aredepictedin Fig-
urel.

(1-6)7

Claim 2.7 Leta, z,6 beasin Claim2.6. Let % = 22 — a?.
Let N = {(uy...uq) € ST ' |uy = a, up = b}. Let
Ns be a 6 neighborhood of N (i.e. all points which are of
distance less that § fromthe set V). The measure of the set

Ny isatleast (1 —zz)%.

To complete the proof of Theorem 2.5, let a, z, § be
asin Claim 2.6. For the upper bound, use the bound on
the measure of C, (Lemma 2.3) and the upper bound ap-
pearing in Claim 2.6. As for the lower bound, let w =
(w1,ws,...,wy) € C, with first coordinate w, of value
a + 6. Consider avertex v = (v1,v2,...,v4) € Cq

(a,b)

CaAN

Figure 1. Projecting 5%~ onto the two dimensional sub-
space {(r1,72,0,...,0) | r1,72 € R} of R we obtain the
circle above. C isthe projection of an a-cap C,, centered at
(1,0,...,0) (wherea isthedistance of the cap from theori-
gin). Thevertex v = (a,v1 — a2,0,...,0) € C, isonthe
boundary of C,. N istheprojection of theset of points V (v)
on the sphere that are adjacent to v (i.e. form an angle of at
least arccos(—1/(k — 1)) with v). The shaded section is
C'N N (the projection of C. N N (v)). Thepoaint (a, b) isthe
closest point of the projection of C, N N (v) to theorigin. It
is not hard to verify that b = % Finally, we
denotethevalueof v/a2 + b2 by z. Claim 2.6 addresses the
measure of C, N N(v), and states that it is essentialy the
measure of a z-cap. Thisis done by studying the pointsin
S4=1 who's projection fallsclose to (a, b). Roughly speak-
ing, we first show that such points arein C, N N(v), then
using Claim 2.7 we show that the measure of these pointsis
essentially the measure of a z-cap.

with first coordinate v, of value less than a + 6. It is not
hard to verify that the measure of N (v) N C,, isgreater than
the measure of N(w) N C, which in turn is greater than

d—1
(1 — c6)= *(1-22) 7 for asufficiently large constant
c. Furthermore, for our choice of §, the measure of ver-
ticesv = (vi,v2,...,v4) INC, Withyy < a + disat
least p(a)/2. Hence, we concludethat E(C,,C,) is at least
£le) (1—c8) T (1- zz)u . Simplifying the above expres-
sion, we conclude our assertion. O

Theorem 2.5 addresses the case in which & is constant
and the caps considered are both of measure p(a) for acon-
stant value of a. For the proof of Theorem 1.1 we a so need
to addresses nonconstant values of a and k& which depend on
d.



Theorem 2.8 Leta = (“52) . Let & satisfy 1 = o,

Letz € S4° 1, letC, bean a-cap centered at z. Let e(a) be
thevalueof E(C,,C,). Thevalueof e(a) isin the range

L (201, =R L 2e=1) , =R
poly(d) k—2 ¢ ’ k—2 ¢

The outline of the proof of Theorem 2.8 is similar to that
of Theorem 2.5. Combining Theorems 2.4, 2.5, 2.8 we ob-
tain:

Corollary 2.9 Let a, k, e(a) be defined as in Theorem 2.5
or 2.8. Thevalue of E(A, B) for any two subsets A and B
both of measure p(a) isat least e(a).

2.2. Thedensegraph G¢

We now define the dense graph G¢ = (V, E) that corre-
spondsto G¢. Itisshownin[8] that S9! can be partitioned
inton = 29(¢") cells each of equal size and of diameter at
most2~<. LetP = {C; ...C,} denotethecellsobtainedin
the above partition. Thegraph G { will beof sizen, inwhich
each vertex v; € V correspondsto acell C; € P. Theedge
set of G¢ consists of the edges (u, v) iff thereis a positive
measure of edges in G, between their corresponding cells
Cy, C,,. Weshow that G¢ and G share the same expansion
properties.

Definition 2.10 Let A and B be (not necessarily digoint)
subsetsof G¢. For eachvertexv € A letd,(B) bethenum-
ber of neighborsv hasin B. Let E(A,B) = >~ ., d.(B).

The proof of the following claimsis omitted.

Lemma2.11 Let A and B be subsets of G¢, and let A,
and B. be the corresponding subsets of G¢. (&) The size
of A (B)ispn iff A, (B.) has measure p. (b) E(A,B) >
E(A.,B.)n?.

Theorem 2.12 Let a, k, £(a) be asdefined in Theorem 2.5
or 2.8. For any two subsets A and B in G¢ both of size
p(a)n, thevalueof E(A, B) isat least (a)n?.

By definition, the continuous graph G is vector k-
colorable. In Lemma 2.13 we show that the finite approxi-
mation G¢ to G5, is almost vector k-colorable. In general,
this does not suffice for the proof of Theorem 1.1 as we
areinterested in graphswhich are vector k-colorable (rather
than “amost vector k-colorable”). This can be fixed by

ck?
2d

Lemma2.13 The graph G¢ is vector k:(1+
colorable for some constant ¢ > 0.

starting with a continuous graph with vector coloring num-
ber slightly lessthan k (e.g. k/ (1 + ok )). In order to sim-
plify our presentation, we neglect this point and consider the
graph G¢ to be exactly vector k-colorable. Thisis possible
due to the fact that the properties of G, are continuous in
k. Namely, choosing d large enough, it can be seen that the
multiplicative error of (1 + chf) in the value of k£ does not
effect the analysis appearing throughout our work.

Lemma2.14 Let p(:L;) be the measure of a (k—il)
cap. Every vertex v in the graph G¢ has degree d, €

[ty Pz s poly (d)p (21 )]

3. Constructing the spar segraph, and testing of
a(G)

Let G be agraph of size n which does not have an inde-
pendent set of size pn (i.e. a(G) < pn). Let R bearandom
subgraph of G of size s (i.e. R isthe subgraph induced by
arandom subset of verticesin G of size s). In this section
we study the minimal value of s for which a(R) < ps with
high probability.

In general, if our only assumption on G isthat a(G) <
pn, We cannot hope to set s to be smaller than n. Hence,
we strengthen our assumption on G, to graphs G which not
only satisfy «(G) < pn but are also far from having an in-
dependent set of size pn (we defer defining the exact notion
of “far” until later inthisdiscussion). That is, givenagraph
G whichisfar from having anindependent set of size pn, we
ask for theminimal value of s for which (with high probabil-
ity) arandom subgraph of size s does not have an indepen-
dent set of size ps. This question (and many other closely
related ones) have been studied in [9] under thetitle of prop-
erty testing.

In[9], agraph G of sizen issaid to be e-far from having
an independent set of size pn if any set of size pn in G hasat
least en? induced edges. It was shownin [9] that if G ise-
far from having an independent set of size pn then with high
probability arandom subgraph of size s = Clogs(#, for a
sufficiently large constant ¢, does not have an independent
set of size ps.

The results of [9] do not suffice for the proof (as we
present it) of Theorem 1.1. We thus turn to strengthening
their results. To do so, we introduce a stronger notion of
being “e-far”. Roughly speaking, we prove that under our
new notion of distance, choosing s to be of size £ suffices.
Furthermore, by showing a connection between our notion
of distance and that presented in [9], we improve the result
of [9] stated above and obtain a sample size proportional to
1/€3. The proof of the following theorem will appear at the
end of this section.



Theorem 3.1 Let G beagraphof sizen. Let p < 1. As
sume that every subset of size pn in G induces a subgraph
with at least en? edges. Let ¢ be a large constant. Let s =
e los(pr/]) 1f s < £ then with probability at least 3/4
arandomset R of size s of G does not have an independent
set of size ps.

The choice of the new notion of e-far that we introduceis
governed by two concerns. Oneisthat we need anotion that
will allow usto reduce the sample size s considerably com-
pared to the known bounds (such as those of Theorem 3.1).
The other is that we need a notion that is satisfied by the
dense graph of Section 2.2. One aspect of our new notionis
that rather than considering the number of edgesin subsets
of size pn, we consider somewhat smaller sets, whosesizeis
parameterized by an additional parameter § € (0, 1]. Hence
wewould like sets B of small size § pn to have many edges.
The smaller we can make 6, the better our eventual bounds
on the sample size. Another aspect of our new notionis that
we shall consider not only edges within B, but also edges
going out of B. We will want that the number of edges go-
ingout of B toany largeenough set A growsat least linearly
with the size of A. Asaspecia case we cantake A = B,
meaning that there are many edges in the subgraph induced
by B. Infact, we shall beinterested inthe casethat B C A.
Inthis case, we may think of B asthe §pn verticesof lowest
degree in the subgraph induced by A, and we want the de-
gree of at least one of these verticesto be high, and to grow
linearly with the size of A.

We use D(¢, 6, p) to dencte the set of graphs of size n
which are e-far from having an independent set of size pn,
according to our new notion. The exact definition follows
below.

Definition 3.2 Let G beagraphofsizen andletp < 1. Let
§ € (0,1]. If for any a € [1, 5] and any subset A of G of
size adpn, A induces a subgraph with at most 6 pn vertices
of degreelessthana;—pn then G € D(e, 6, p).

One may rephrase the definition if D(¢, 6, p) as follows.
Let A beany subset in G of size adpn. Let L (for low de-
gree) bethe §pn + 1 vertices of minimal degree in the sub-
graphinducedby A. G € D(e, é, p) iff for every such A, the
corresponding subset L has avertex of degreeat least o 5 n
(in the subgraph induced by A).

Consider agraph G which is e-far from having an inde-
pendent set of size pn according to the original notion of
[9]. We show that G € D(ep,1,p). Leta € [1,1/p]
and let A be any subset of verticesin G of size apn. Let
L be the pn verticesin A with minimal degree. As L in-
duces at least en? edges there must be avertex in L of de-
gree at least %n Hence, as « is a most 1/p, we conclude
that G € D(ep, 1, p). We now turn to prove the main theo-
rem of this section.

Theorem 3.3 Let G beagraph of sizen. Let p < 1. Let

6 € (0,1], let e > 0, and let ¢ be a large constant. Let
s = E(lc_”&)g log E(lié)g logﬁ Ifs < ls(llT}‘S)pn, and G €

D(e, 6, p) then with probability at least 3/4 arandomset R
of size s of G does not have an independent set of size ps.

Two remarks are in place before we present the proof
of Theorem 3.3. First we would like to address the re-
striction s < 0=% pn. In our applications (and aso
in standard ones) the values of 1 — 6, p and ¢ are as-
sumed to be small but still large enough to satisfy s =
i log gy log 5 < 20=%) pn. Hence the reader
may ignore this restriction. Secondly, the result of Theo-
rem3.3 can beimprovedto s = %57 log 5(1:5)2 by con-
sidering a slightly different definition of D(e, 6, p) (details
are omitted).

Proof : Our proof usesideas appearingin[2] (inwhich test-
ing the chromatic number of G is considered). We would
like to provethat a sufficiently large subset R of size s of G
does not have an independent set of size ps. Let {r;...7}
be the vertices of R. Consider choosing the vertices of R
one by one, such that at each step the random subset cho-
sensofaris R, = {ry ...r;}. Consider an independent set
I C R; of size less than ps. We would like to show that
(with high probability) I cannot be extended to an indepen-
dent set of size ps by choosing additional vertices from R.
For each such I, the verticesin V' \ R; that cannot be added
to I are exactly those adjacent to somevertexinI. Let F(I)
(for free) be the set of verticesin V'\ R; which are not adja-
cent to any verticesin I, and let N(I) bethe set of vertices
that are adjacent to avertex in I. Consider the next random
vertexr;11 € R. If r;41 ischosenfrom N (I) thenit cannot
be addedto I, and we view thisround as asuccessregarding
the set I. Otherwise, r; 1 happenstobein F'(I) and can be
addedto I. Butif ;1 asohappensto have many neighbors
in F(I) then addingit to I will substantially reducethe size
of F(IU{r,+1})whichworksin our favor. This later case
is also viewed as a successful round regarding 1.

Motivated by the discussion above, for each subset I C
R; we define the following set RES(I) of verticesthat re-
strict upon I. A vertex v in V' \ R; isin RES(I) iff one of
the following occur

1 ve N(I)

2. |[F(I)| > 8pn,and v € F(I), and v has at least =T
neighborsin F(I).

Lemma34 Let R; beof sizeat most s = 202 pn. For
any subset I C R;, the subset RES(I) is of size at least

n(1— £%p).

Proof : Let I beany subset of R;. Thesizeof RES(I) is
at least |IN(I)|. Henceif N(I) is of size greater than n —



s —6pn = n(1 - £5p) thensois RES(I). Otherwise, the
sizeof F(I)isatleast §pn and by thedefinitionof D(e, 4, p)
we havethat al but §pn verticesin F(I) haveat least a 5, n
neighborsin F(I) (where o satisfies |F'(I)| = adpn). We

concludethat |RES(I)| > n — s — 6pn = n(1 — £5p).

Corollary 3.5 For any subset R; of size less than s =
%pn andany subset I C R;, arandomvertexinV'\ R;
isin the subset RES(I) with probability at least 1 — 2% p.

Consider the following tree T' defined by choosing the
verticesr; of R oneat atime. Eachvertex of T'isindexed by
apar (X,Y) whereboth X and Y are subsetsof R. If fora
vertex (X, Y) itisthe case that the set X is an independent
set wecall (X,Y) an open vertex. Otherwise, (X,Y) isre-
ferredto asclosed. Theroot of 7" isthevertex (¢, ¢) (which
is open).

Assumethat theverticesR,_; = {ry ...r;—1 } havebeen
chosen, and that T' is the tree obtained so far. Let (X,Y)
be an open leaf of T'. Let r; be the next random vertex in
G. If r;, ¢ RES(X) we do not do anything with respect
to the vertex (X, Y). Otherwise, whenr, € RES(X) we
consider two cases. If |Y'| < s — ps then we add two sonsto
(X,Y), onesonlabeled (X U {r;},Y") and another labeled
(X,Y U {r;}). Inthe second case in which |Y| > s — ps
we add only onesonto T labeled (X U {r;},Y"). If theleaf
(X,Y) isclosed, we do nothing with respect to r;.

In this processit is not hard to verify that after choosing
the verticesr, ...r; eachnode (X,Y") of T sdtisfies: (a) X
andY aredigoint subsetsof {ry...r;},and(b) |Y| < s —
pS.

Lemma 3.6 For each vertex (X,Y) inT, thesize of X is
bounded by t = (el [les (1/8e)] | o

Proof : Let P = (vg,v1,...,v) beapathinT with vy =
((]5,(]5) andvl = (X,Y) For:=0...llet (XZ,Y;) =v; be
the subsets correspondingto v; andfori = 1...1let7; =
(X;UY)\ (X;—1UY;_1). Assumethat v; isan open vertex
of T. Lete; = (v;_1,v;) betheedgesof P. Anedgee; is
said to be an X -edgeif it is obtained by adding the vertex
7 t0 X, (i.e. X; = X,_1 U{#;}), otherwisee; issaid to be
aY-edge. Thesize of X isthusbounded by the number of
X-edgesin P.

Consider an X-edgee; = (v;—1,v;) wherev,_; =
(X;—1,Y:—1) andv; = (X;,Y;). Both vertices v;_; and
v; areopen, implying that 7; isinthe subset RES(X,_1) \
N(X;_1). Thisimpliesthat: (1) |F(X,;_1)| > épn, and (2)
|F(Xi—1)| — |F(X;)| isat least agn where |F(X,_1)| =
adpn.

We would like to bound the number of X-edgesin P.
Themainideausedin our proof isthat (as stated above) each

X -edge reduces the size of the corresponding set F signifi-
cantly. Namely, for each z between 0 and [log(1/(6p))] -1,
we bound the number of X-edgese; = (v;—1,v;) for which
|F(Xi_1)| € [%, #) EachsuchX—edgee,- = (vi_l,vi)
satisfies |F(X,_1)| — |F(X;)| > (DR Furthermore,
any two X -edgese; = (v;_1,v;) ande; = (vj_1,v;) (here
i < j) for which |[F(X;_1)|, |[F(X;_1)| € [, 5%r)
satisfy (2) F(X; 1) C F(X;) and (b) [F(X; 1) —
|F(X;-1)] < s5#¥r. We conclude that the number of X-
edges e; = (vi_l,vi) for which |F(Xl_1)| € [2%, 2,%)
is bounded by ©2°. Each X-edgee; = (v; 1, ;) satisfies
|F(X;—1)| > 6pn,thusal inall, the number of X-edgesin
P is bounded by w + 1.

We concludethat if (X,Y") isopenthenthesizeof X is
at most w + 1. Itisleft to consider the casein
whichv; = (X,Y") isaclosed leaf. The asserted bound fol-
lows from the fact that any path in 7" has at most one closed
vertex (which must appear asthelast vertexinthepath). 0O

Corollary 3.7 Let t beasin Lemma 3.6. Thedepth of T is
bounded by s — ps + t.

Proof : Follows from the fact that in each vertex (X,Y)
of T the size of X is bounded by ¢, and the size of YV is
bounded by s — ps. Notice than if apah P = (v, =
(¢, 9),v1,...,u = (X,Y))isof lengthl then | X |+ |YV]| =
l. O

Lemma 3.8 Let T bethetree obtained after choosing R =
{ri...7rs}, let ¢t beasin Lemma 3.6. Then T has at most

iz (7) leaves

Proof : Let (X;,Y7) and (X2,Y>) betwo leavesof T'. Let
(X,Y) betheir least common ancestor. (X, Y") hastwo sons
(XU{r;},Y)and (X,Y U{r;}). Weconcludethat r; isin
X, andnot in X, (or vice versa) implying that X; # Xo.
Furthermore, X'y and X, are both subsets of R of size at
most ¢ (Lemma 3.6). Hence, the number of leavesin T is
bounded by the number of different subsets of R of size at
most ¢. O

Lemma 3.9 If after choosing s random vertices R =
{r1...rs} all leaves of T" are closed then R does not have
any independent sets of size ps.

Proof : Let A be asubset of size ps in R. To show that A
cannot be an independent set in R, we traverse T" starting
with theroot (¢, ¢).

Inthis processlet usonly visit vertices (X, Y') for which
X C AandANY = ¢. Suppose we are a a vertex
(X,Y)of T. If (X,Y) isaclosed vertex then X is not an
independent set implying that A isn’t either. Otherwise, if
Y| < s—ps,thereisavertexr; of R suchthat (XU{r;},Y")



and (X,Y U {r;}) aresonsof (X,Y"). In this case we con-
tinue to traverse T' by movingto (X U {r;},Y)ifr, € A
andto (X, Y U {r;})ifr, ¢ A. Findly, if |Y| = s — psthe
vertex (X,Y") only hasoneson (X U{r;},Y). As|A| = ps
and ANY = ¢ we concludethat r; must bein A and we
continueto traverse T' by movingto (X U {r;},Y).

By our assumption, after choosing s random variablesall
leaves of T" are closed. Thisimplies that our traversal pro-
cedureeventually ends at a closed leaf, therefore A isnot an
independent set. O

Lemma 3.10 Let ¢ be a sufficiently large constant. Let ¢
be asin Lemma 36 Let s = c rigzlog sty I
s < 22y, then after choosing s random vertices R =
{r1...7rs}, al leaves of T are closed with probability at

least 3/4.

Proof (sketch): By Lemma3.8 the number of leavesin
T isbounded by 3°;_, (%) < #(;). Consider a (potential)
path P = (vg,v1,...v) inT formtheroot vy = (¢, ¢) to
aleaf v; = (X,Y). Recall the each vertex v, = (X,,Y))
along the path P defines a set of vertices RES(X;). The
probability that v; is open after choosing s random vertices
is at most the probability that the total number of stepsin
which the vertex r; chosen hits the set RES(X;) corre-
sponding to that specific stepislessthan s — ps + ¢ (Corol-
lary 3.7).

As|R| = s < ‘s(llT’f)pn, at each stage the proba
bility of choosing a vertex in the set RES(X;) is at least
p = 1 — £%p (Corollary 3.5). Therefore, the probabil-
ity that v; is an open leaf is at most the probability that the
Binomial random variable B(s, p) islessthan s — ps + t.
This is equal to the probability that the Binomial random
variable B(s,1 — p) is more than ps — t. Setting s to be
Cp(115)2 log p(1f5)2 for asufficiently largeconstant c, it can

be seen that the above probability is less than 2 (¢(5)) ™"
(standard Chernoff bound). Hence, (union bound) the prob-
ability that someleaf v € T isopen after choosing s random
verticesis at most 3/4. O

The proof of Theorem 3.3 follows from Lemmas 3.9 and
3.10. 0

Next we state the main Corollary that we use in the proof
of Theorem 1.1. We start by recalling Definition 2.10 from
Section 2.

Definition 2.10 Let A and B be (not necessarily digoint)
subsets of G. For each vertexv € A let d,(B) be the num-
ber of neighborsv hasin B. Let E(A, B) = 3, . 4 d.(B).
Corollary 3.11 Let G beagraphof sizen,andp < 1. Let
6 € (0,1], lete > 0, and let ¢ be a large constant. Let

s = 6(16_‘)5)2 IOg s(li(S)Z log % Assume s < ls(llT}(S)pn If

for any two subsets A and B both of size §pn it is the case
that E(A, B) > en? then with probability at least 3/4 a
random set R of size s of G does not have an independent
set of size ps.

Proof : Leta € [1,1/(8p)]. Let X beasubset of G of size
adpn. Let X = {X, X,,..., X} beapartition of X into
¢ setsinwhichthesizeof X; foral ¢ # £isépn. Noticethat
¢ = |a] +1. Foreachv € X let d,(X) bethe degree of
v in the subgraph induced by X . Let L be the 6 pn vertices
in X with minimal degree. By our assumption, the value of
E(L, X;) for each i (excepti = () is at least en?. Hence,
>ver do(X) isat least [a]en? > §en?. Thisimpliesthat
L must include avertex v with degreed , (X) > a%pn. We
concludethat G € D(3, 6, p) (as defined in Definition 3.2).
Now Theorem 3.3 implies our assertion. O

We now present the proof of Theorem 3.1 stated in the
beginning of this section.

Proof (Theorem 3.1): Leté =1— ﬁ We start by show-
ingthat G € D(épe, b, p). Let A be some subset of G of
sizel = adpn (fora € [1,1/6p]). Foreachvertexvin A let
d,(A) bethenumber of neighborsv hasin A. Let {v; ... v}
be the vertices of A ordered by their degreed,(A4). That is
dy; (A) < dy;(A) ifi < j. Let L be the subset of 6pn low-
degree verticesin A, that is L = {vy...v;} for I’ = 6pn.
Alsoletd = d,,, (A). Notice, that the degree (in A) of every
vertexin L is bounded by d.

Consider the subgraph induced by .. We will show that
L has many induced edges. As the number of edgesin L is
bounded by | L|d thiswill imply alower bound ond. Details
follow.

Let L¢ beany setin V' \ L of size (1 — §)pn. Itisknown
that the number of edgesinduced by theset LU L€ isat |east
en? (noticethat | LUL®| = pn). Thenumber of edges(in LU
L*) adjacent to verticesin L isbounded by (1 — §)p?n? =

# (recall that we set 6 = 1 — 5=5). Hence, the number of

edges induced by verticesin L is at least #

For every vertex v € L the degree of v in the subgraph
induced by L isat most thedegreeof v in A (thatisd, (A))
whichisat most d. Hence, d|L|/2 is an upper bound on the
number of edgesinthe subgraphinduced by L. We conclude
thatd > £ n > aen (weusethefactthat o < 1/(ép)). This
impliesthat G € D(6pe, b, p) for§ =1 — ﬁ Now using
Theorem 1.1 and noticing that in this case the value of ¢ in
Lemma 3.6 can be set to @ we conclude our assertion.

O

4. Proof of Theorem 1.1

In the following section we address the proof of Theo-
rem 1.1 presented in the Introduction. The outline of our



proof for Theorem 1.1 isasfollows. Recall that we arelook-
ing for agraph G which on one hand has small vector chro-
matic number but on the other a(G) issmall. We start with
the graph G'¢ presented in Section 2. It is not hard to verify
that G{ satisfies the first property but is far from satisfying
thelatter. Wethusconsider arandomsubgraph R of G {. Let
s beasin Theorem 3.3. Choosing R to be of size s and using
Theorem 3.3 of Section 3, we will obtain the graphs needed
to prove our theorem.

Next we prove the first assertion of Theorem 1.1. Proof
of theremaining assertionsin Theorem 1.1 are omitted. The
three assertions are all proven similarly, the main differ-
ence between their proof is the choice of parameters used.
To avoid confusion, we restate the first assertion of Theo-
rem 1.1 using a slightly different notation then that appear-
ing in the original presentation.

Theorem 1.1 (a) For every constant ¢ > 0 and constant

k > 2, there areinfinitely many graphs R that are vector k-

colorableand satisfy a(R) < ——"z—, where s isthe num-
A k

ber of verticesin R, Agr isthe?mximal degree in R, and
AR > s’ for some constant § > 0.

Proof : Let k > 2 beconstant. Let a > 0 be an arbitrarily
small congtant. Let G = G¢ = (V, E) be the graph from
Section 2. Let n be the size of the vertex set V' of G, and
let A be the maximal degree of G (recal, by Lemma2.14,
that all verticesin G are of degree approximately A). Re-
cal that n = 29(¢") where d is the dimension in which the
corresponding graph G5, was defined. We will assume the
dimension d isavery large constant determined after fixing
a. We would like to apply the Theorems of Section 3 onthe
graph G¢. Fix 6 to be of size 1/2. Let p = p(a)/é (i.e.
6p = p(a)), where the function p(a) is as defined in Sec-
tion 2. We start by proving the following Corollary of The-
orem 2.12.

Corollary 4.1 Any two subsets A and B of verticesin G of
—

size 6pn satisfy E(A, B) > Ap =2 +op,

Proof : We will provethe assertion for £ = 3. Thecasein

which k is an arbitrary constant > 2 is analogous. Recall

that 6p = p(a) for asmall constant a > 0.

Let A and B be any subsets of vertices in G of size
6pn = p(a)n. By Theorem 2.12, we have that E(A, B)

is a least [(1—%@))(%(1—4&))] o

for some constant ¢. It is not hard to verify that

d—1

d—1
Lemma 2.14 we have that (2) =
E(A,B) > p*? (1 -

Furthermore, by

A a/d
> &pe/t Hence,

d—1
4a®)"% An. Itisnot hard to verify

(44a/3)(d—1)

that (1—4(12)% > (1-a%) > p*te/2 We
conclude that any subsets A and B both of size §pn satisfy
E(A,B) > Ap*tn. |

(k—1)

pk"*“and

Applying Corollary 3.11on G withe =
6 =1/2weobtan

Corollary 4.2 Let c bealargeconstant. With probability

>
3/4 arandomset R of G of size s = <lee(l/e) logif/(‘\“’)) n
k—2

does not have an independent set of size ps.

Let R be arandom subset of G of size s as above. The
vector chromatic number of G isk (recall thediscussion fol-
lowing Lemma 2.13). Thisimplies that any subgraph H of
G (including that induced by R) is vector k-colorable. Con-
sider the maximal degree A r of R, recall that all vertices of
G have degree approximately A.

Claim 4.3 With probability greater than 3/4, R will have
maximal degree Ar € [———AZ 2A 2],

poly(d)
Proof : Consider any vertex v in G. Denote the size of R
by s. Let d,(R) be the number of neighbors v has in the
subset R. For each vertex v, the expected valueof d,(R) is
in the range[poly( )A A=] (Lemma2.14). Thus (using
standard bounds) the probability that d,(R) deviates from
its expectation by more than a constant fraction of its expec-
tation is at most 2~ (A7), The probability that some
vertex in G has degree (in R) ¢ [poly A>,2A>]isthus

at most 2'°8™ ~ A mn@w) < 3/4 for our choiceof s. O

We conclude that with probability at least 1/2
the subgraoh induced by R has maximal degree
Ap € Olyd A2, 2AZ2] (Claim 4.3), and does not
have an mdpepen ent set of size ps (Corollary 4.2). As
Ap < O(log(1/p)log(n/(Ap)(1/p)7=""), and
Ap > W@A% > s® for some constant § > 0 we
conclude our assertion. O
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Appendix

A. Semidefiniterelaxationsfor thevector chro-
matic number and the Lovasz § function

There are many equivaent ways to define the Lovasz ¢
function and itsvariants. Wewill follow the definitions sug-
gested in [13, 4]. Let G = (V, E) be a graph of size n.
For convenience we will assumethat V' = [1...n]. The
semidefinite relaxations below assign unit vectors to every
vertex ¢ € V. These unit vectors are to satisfy certain con-
straints which will in turn determine the value of the relax-
ations.

COL:(G) Minimize &k
subject to:
(Uivvj> = kil V(i,]) €eE
v, ;) = 1 VieV
COL2(G) Minimize k&
subject to:

COL3(G) Minimize k&
subject to:
(UHUJ'):_% V(l,])EE
(Ui;Uj)Z—%l VZ,]EV
(vi,viy =1 VieV

The function COL;(G) is the vector chromatic number
of G asdefinedin[13]. Thefunction COL»(G) isthestrict
vector chromatic number of G and is equal to the Lovész §
function on G, where G is the complement graph of G. Fi-
nally, thefunction CO L3 (G) will bereferredto asthestrong
vector chromatic number asdefinedin[16, 4]. Let w(G) de-
note the size of the maximal cliquein G, following we will
show that

w(G) < COL,(G) < COLy(G) < COLs(G) < x(G)

It is not hard to verify that COL{(G) < COLy(G) <

COL3(G). To show the other inegualities we
need the following fact. For every integer k, the &
unit vectors {vy...v;} that minimize the vaue of
max;jen.. .« (Vi,v;) ae the vertices of a simplex in
RF—! centered at the origin. For eachi,j € [1...k], these
vectors satisfy (v;,v;) = — 5.

Now to prove the inequality COL3(G) < x(G), con-
sider a k£ coloring o of G. The coloring o partitions the
vertex set V' into k color classes {V; ...V, }. Assigning
each color class V; with the corresponding vector v, above,
we obtain avalid assignment for COL3(G). To show that
w(G@) < COL1(G), consider a graph G with maximal
cliquesizew(G). To obtain avalid assignment of vectorsto
COL,(G) of value k werequirethat al pairsof vectorscor-
responding to the vertices of the maximal clique will have

1

inner product of value at most — .—. As mentioned above,

this can happen only if w(G) < k.

Remark A.1 Theresultsof thispaper show alarge gap be-
tween CO L1 (G) and x(G) (Theorem1.1). Using theline of
proof appearingin[16], it can be seen that similar gapsalso
apply to the functions w(G) and COL3(G). Details omit-
ted.



