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Abstract

For the symmetric X}, subspaces of L,, p > 2, we determine the dimension of
their approximately Euclidean subspaces and estimate the smallest dimensions of
their containing #;* spaces. We also show that a diagonal of the canonical basis of
¢, p > 2, with an unconditional basic sequence in L, whose span is complemented,
spans a space which is isomorphic to a complemented subspace of L,.

1 Introduction

One of the main results in [BLM] is that for any n and any ¢ > 0, every n-dimensional
subspace, X, of L,, p > 2, (1 + ¢)-embeds into £ for m < c(p, £)nP?logn. A result
from [BDGJN] implies that, up to the log factor, this is the best possible result for a
general subspace of L,. Actually the “worst” known space is X = ¢3. However, unlike
the corresponding result for 1 < p < 2 (where the dependence of m on n is linear, up
to a logarithmic factor), one may ask for conditions on n-dimensional subspaces of L,
which guarantee a substantially smaller estimate of the dimension of the containing /7"
space. For a long time the authors speculated that a natural such condition could be that
X only contains low dimensional Euclidean subspaces. More precisely, we were hoping
that if £ is the largest dimension of a subspace of X (with X C L,, p > 2) which is
2-isomorphic to a Euclidean space, then X well embeds into (' with m < CkP/2.

The main purpose of this note is to show that this hopeful conjecture fails. The
examples are symmetric X, spaces; see the beginning of section 2 for their definition.
We do that by determining, for each 0 < w < 1, the best (up to universal constants)
dimension of an (approximately) Euclidean subspace of X, ,, (in Proposition 1), and by
giving, for each 0 < w < 1, a lower bound on the dimension m of an ;" containing well
isomorphic copy of X, ,, (in Proposition 2). The lower bound on m turns out to be best
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possible, up to logarithmic factors, in the range w > nzG2). In the complementary
range w < n2G2) we give, in Proposition 3, an upper estimate on m which does not
match the lower bound and which is most probably not the best one. It is however better
than what was previously known.

Section 3 is devoted to another observation regarding subspaces of L,, p > 2; this
time complemented subspaces with unconditional basis. We show that given such a space
with an unconditional basis {x,}, any diagonal of the given unconditional basis with the
unit vector basis of ¢,, {z, ®, ane,}, spans a space which is well isomorphic to a well
complemented subspace of L, (although it may not be complemented in the natural
embedding in L, &, (,).

2 Tight embeddings of Euclidean spaces in symmet-
ric X, spaces and of symmetric X, spaces in /,
spaces.

Recall that for each n € N, 0 <w <1, and 2 <p < oo, X, is R* with the norm
I w2, wa)llxg,, = max {3 )7, w(D i) 2}.
i=1 i=1

For w which is o(1) and such that wn?"7 tends to oo as n — 00, we get spaces whose
distances from (3 and £ tend to oo with n. All these spaces are well isomorphic to well
complemented subspaces of L, [Ro] and up to “well isomorphism” they are all the spaces
with good symmetric basis which are well isomorphic to well complemented subspaces of
L, [JMST, Theorem 1.1].

Denote by {e;} the canonical basis of R” and let {g;} be independent standard
Gaussian random variables. Since K[| Y7, gieillxy, ~ wn'/? and || Y aseql|xp, <
(30, |ai|?)? for all scalars {a;}, it follows from the general theory of Euclidean sec-
tions of convex bodies (see, for example, [MS]) that £§ (1 + ¢)-embed into X', as long
as k < c(2)w*n. We shall now show that this estimate on the dimension is best possible.

Recall that the Khintchine constant B, 2 < p < oo is the smallest constant such that

Ave, | Z +a;” < B;;(Z a2)P/? (1)

for all sequences {a;} of real numbers. The exact value of B, is known and in particular
B, //pis bounded away from 0 and co. The idea of the proofs of the next two propositions
is taken from [BDGJN].

M

Proposition 1 Assume (§ K-embeds into X', and w > nv 2. Then

k < (B, + 1)*K*w?n.



k, n
i=1,j=

2>p/2} < Kp(i |a/i|2)p/2.
(2)

Proof: If /4 K-embeds into X", then there are numbers {o;;}

p,w?
» n k
,w”( > ‘ > i
j=1 =1

, satisfying

k

k
(Z |ai|2)”/2 < max { i ‘ Z a; Q5
j=1 i=1

i=1

1=

For each fixed 1 <1 < n, by setting a; = a;;, we get from the right side of (2)
2\ p/2
KP(30 03" > max { PDIRED DARTIILIN w”(Z?ﬂ (Zle 1, ) ) }
> max { (X5, 02, w(SF, o)}
= (Xii e,

so that for all 1 <[ <mn,

k
(D i) < K?. (3)
i=1

Using the left inequality in (2) for £1 coefficients, averaging over these coefficients,
and using Khintchine’s inequality (1), we deduce that

k'? < B, ( Z(Z a?,j)p/2> v + w(z Z CY?,]‘)I/2- (4)

j=1 =1 j=1 i=1
Using (3) in (4) we get
E'? < B,Kn'? 4+ wKn'/?,
11
Since w > n»”" 2, we get that k < (B, + 1)2K?w?n. n

Next we deal with embeddings of X', into £}

Proposition 2 Assume X', K-embed into (7. Then m > cmin{w?n?~", nP/?}, where
the positive constant ¢ depends only on p and K. More precisely, m > (QB]{’J’KI’)_IM”/2

1

when w > (QBng)%n%(%fé) and m > (2BYK?) " *w*nP~" when w < (QB;)’K”)in%(T%).

Proof: If X', K-embeds into /', then there are {c;;};2, ", such that

m n n

SIS wansP < max{ Sl (P} < K3 Yl 6)
j=1 =1 =1 i=1 j=1 i=1

1=

for all scalars {a;}.
Fix a subset A of {1,2,...,n}. It follows from (5) that for every 1 <1 < n,

m
max { Z i |, wp(z ail)p/Z} > Z | Z oo lP > (Z ail)p

1€A 1€A j=1 i€A 1€A



and it follows that

() af)? < max {(Z i

€A i€A

M. (©)
Assume A is of cardinality k. Letting a; = £1 for ¢ € A and zero elsewhere and
averaging over the signs, we get from (5)

m

max{k, w’k”?} < BIE? Y () " af ). (7)

j=1 i€A
Using (6), we get from (7) that

max{k, wPkP/?} < BYEP( Y7 (Y iea | 1 P)Y? + mwi”)

< BYK? (mVA(S Ciea loagl?)' 2 + mu).

Since, by (5), for all 4, Y77, |a; ;P <1,

wPkP? < max{k, wPk?/?} < Bzi’,’Ki”(n‘Ll/le/2 +muw?) < 2BPK? max{m' k2 muw?} (8)
and this holds for all 1 <k < n. Setting k :=n in the extreme sides of (8) yields
m > min{ (2B, K?) *w*nP~!, (2B£Kp)_1np/2}.

L L

If w> (2B5Kp)2pn%(z_l’_%), we get m > (2BEKP)~'np/2 If w < (2BPKP)%n =) we
get m > (2BPKP) " >w?nP~". u

M

Remark: For some time we thought the following might be true: Given a subspace X
of Ly, 2 < p < oo, let k be the largest dimension of a 2-Euclidean subspace of X. Then
the smallest m such X 2-embed into /" is at most a constant depending on p times kr/2.
That is, the smallest dimension of a containing ¢, space of a subspace X of L, depends
only on the dimension of the largest Euclidean subspace of X. Proposition 2 shows that
this conjecture is wrong: For example, for w = n%(%*%), the dimension m of £ which
contains a 2-isomorphic copy of X', is, by Proposition 2, at least of order m = np/?
while, by the discussion preceding Proposition 1, /5 (1 + £)-embed into X, as long as

k < c(e)n»t7 (and (n7?)% << nb).

For a fixed K and w > cpn%(%_%), the result of Proposition 2 is best up to a possible

log n factor; it was proved in [BLM] that any n-dimensional subspace of L, (1+4¢)-embeds
into £ for m < C(p, £)nP/?logn. For w < cpn%(%_%), it is not clear if the result obtained

here is best possible. In [Sc2] some estimates on the dimension of the containing ¢, of an
X}, space are given, which in some cases are better than the general estimate of [BLM].
Using the methods of [BLM] one can somewhat improve these results to get the following
result, which however still leaves a gap with the lower bound on m in Proposition 2.
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Proposition 3 There is a constant K,, depending only on p > 2, such that, for all
1,1 1
0< K <oo, ifw< KnE(TE), then X}, K,-embeds into (' whenever

(=2)(p=1)
m > C(K,p)n't B (log n)w?®=2,

C(K,p) depends only on its two arguments.

Note that, up to logarithmic factors, the estimate on m is better than n?/2.

Sketch of proof: As we said above, the proof is a combination of arguments from [Sc2]
and [BLM], neither of which is simple, and it does not seem to give the final answer. We
thus only sketch the argument.

We first use a specific embedding of X7, in L,(0,1) as is given in Proposition 11 of
[Sc2]: There is (sign and permutation) exchangeable sequence {z;}!, in L, such that
l|zill, = 1 for all 4, (3" 22)Y/2 = wn'/? and

MDY g, < maX{(Z i) 7, w(d |ai|2)1/2} <D aiwilly.
=1 =1

Moreover, the span of the z;-s is K,-complemented in L,. Here and below K, denotes a
constant depending only on p, not necessarily the same in each instance. Lemma 12 in
[Sc2] asserts, in particular, that

2]ls0 < Kpmin{n'/2,nt Pw} ],

for all = in the span of the z;-s. (To add to the confusion resulting from the different
notations here and in [Sc2], there is a misprint in equation (23) in [Sc2]: m!'/? there
should be m!/?; see the bottom of the same page in [Sc2].) Under our assumption on w,
this translates to

|zlloo < K2Kyn' P |z ]|,

Theorem 13 of [Sc2] and its proof shows that there is some choice of m points of (0, 1)
with m < K, min{n1+l’/2,npw2p} < K,nPw* and, letting T; be the restriction of z; to
these points, considered as elements of L7 (L, on the measure space {1,...,m} with the
normalized counting measure), we get

1 _
§|| Zaia:in <l Zame <2 Z@z‘fﬂiﬂp (9)
and )
5(2 a))'? <D aw™'zlls <203 ap)'? (10)

for all {a;}7_,. (Moreover, the span of the 7;-s is K-complemented in L}'.) Of course
we want to improve the bound on m, but we need to use the result above (or something
similar) as we shall see shortly.



Note that it is still true that

(Z 72)Y? = wnt/? (11)
and that
lzlloe < K2 Epn' =1 Pw?||]], (12)
for all z in the span of the z;-s.

We would like to apply now the results and techniques of [BLM] and in particular
Theorem 7.3 and its proof. We would like to take advantage of the improved L., bound
in (12) and this leads to a complication since the entropy bounds in [BLM] are obtained
using a “change of density” which, if applied, may destroy the L., bound we have.
We thus would like to see that basically the same entropy bounds used in the proof of
Theorem 7.3 in [BLM] apply, in our situation, without any change of density.

Let us denote by X, the span of the Z;-s in L. In the notation of [BLM], for any
2<qg<ooandanyt>0,

E(BXP,BXq,t) < E(BXQ,BXq,t)
where E(U, V,t) denotes the minimal number of translates of tV needed to cover U. Now,
by (10), Bx, C 2{>_ aq;w'z;; Y a? <1} =: 2C so that

E(Bx,,Bx,,t) < E(C, Bx,,t/2).
Using now part of the proof of Proposition 4.6 in [BLM] (the part relaying on Proposition

4.2) we get, for My, computed relative to the euclidean structure given by C' and using
(11) above, that

My, < Ag (3w %) 2y < Ag!ull?

for A a universal constant. Using Proposition 4.2 in [BLM], we get as in the proof of
Proposition 4.6 there that

log E(Bx,, Bx,,t) < A'ng/t?
for some other universal constant A’. Taking ¢ =logm < K, logn we get
log E(Bx,, Bso, t) < Kyn(logn) /%, (13)

so that we recovered the entropy estimate used in the proof of Theorem 7.3 in [BLM]. We
now apply this proof to the space X = X,,. We can take ¢ = 1/2 (there is no much point
dealing with small € since we already have a constant K, in the original embedding of
X, in Ly). Recall that we have an improved estimate on the Ly, bound (12) which also
implies we can take | = [log(K2K,n'""/Pw?)/log(3/2)] + 1 in the beginning of the proof
of Theorem 7.3 in [BLM]. Using the notation of [BLM], we get from (13) the estimates

log Ak, log By < K,n(logn)(4/9)". (14)

Looking now at the end of the proof of Theorem 7.3 in [BLM] and using the parameters
above (for £, [ and By), we get the right estimate on m (denoted N in [BLM]).
u



3 Complemented subspaces of L, with unconditional
bases

In this section we prove

Proposition 4 Let {z,} be a (finite or infinite) C'-unconditional basic sequence in Ly,
p > 2, which is K-complemented. Then for all {a,} C R, the span of {x, & aye,} in
L, ® ¢, is K'-isomorphic to a K'-complemented subspace of L,. K' depends only on K,
C, and p. {e,} denotes here the unit vector basis of C,.

Remark. The case when {z,} is equivalent to the unit vector basis of /5 is the funda-
mental result of Rosenthal’s [Ro] upon which this entire note rests.

Proof: Denote by {hn,i}zo:’m?; the mean zero L., normalized Haar functions. We first
treat the case where {z,} has the special form

2kn

Tp = E an,ihkn,ia

i=1

for some subsequence {k,} C N, and the projection onto the span of {z,} has the special

form
Pz = Z z, (x) 2,

where
2kn

k
T, = E bn,ihkn,i-
=1

Assume also, as we may, that

2kn

leall = 2752/2 (3 o,
i=1

Since the Haar system in its natural order is a monotone basis for L, (see [LT, p. 3]),
we have

p)l/p _ 1.

2kn

_ l/q
Jeall = 2700 (3 bnalt) " < 201P)
=1

Let {e,:},21 ;= be a rearrangement of the unit vector basis of £, and put

2kn

yn = an2_kn/p Zan,iekn,i c Ep

=1

and
2kn

—1lo—kn
y:; =q, 2 /4 Z bn,iekn,i € Eq.
=1
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Then

Un(n) =1, Nmlly = am, llynlls < 0, 20 P|
so that P(z) = Y y:(z)y, defines a projection of norm at most 2||P|| from ¢, onto the
closed span of {y,}. Consider the basic sequence

7kn _ y kn
Zn,i = an,i(hkmi ) Oén2 /”ekn,i), n = 1,2, ey 1= 1,2, .. .,2

in L, @ ¢, and its closed span Z. By [KS] (see [Mii] for an alternative proof), Z is
K'-isomorphic to a K'-complemented subspace of L,, where K’ depends only on K.
Put B
Q=(P,P):Z—L,®Y,
and notice that
an,i = 2_knan,ibn,ixn @ 057:12_kn/qan2_kn/pan,ibn,iyn - 2_knan,ibn,i(xn @ yn)

In particular, the range of @ is the closed span of {x, @ y,}. Also,
2kn

Q(mn@yn) = szn,z =Ty DYn ;
i=1

that is, @ is a projection (of norm at most 2||P||) from Z onto the closed span of {z, Dy, },
and, since Z is well complemented in L, @ ¢, and the later is isomorphic to L, (with
universal constant), it follows that the closed span of {z, @ y,} is well isomorphic to a
well complemented subspace of L,,.

The sequence {z,, @ y,} is clearly isometrically equivalent to {x, & a,e,}, so this
completes the proof of the special case. In this case the unconditional constant of {z,}
is no larger than the unconditional constant of the Haar basis, so that K’ depends only
on K and p. The reduction of the general case to the special case just treated follows
from (the proof in) [Scl]. This reduction makes the final constant K’ also dependent on
C'. Here is a sketch of this reduction.

Let Px =)z} (x)z, be the given projection. By a standard perturbation argument
we may assume that each of the z, and z} is a linear combination of indicator functions
of dyadic intervals in [0, 1]. It follows that, for some increasing subsequence {k,} C N,

2kn 2kn
%
Tp = E an,i|hkmi| and Ty, = E bn,i hkn,i|-
i=1 i=1
Put
2kn 2kn

S
Zp = E an,ihkmi and 2y = E bn,ihkn,i-
i=1 i=1

The unconditionality of {z,,} (and {z}}) implies that {z,} is equivalent to {z,}, {z}} is
equivalent to {2} and Qx =) 2 (z)z, is a bounded projection. The constants involved
depend only on K,C and p.

n
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