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Abstract

We introduce a non-standard but, to our opinion natural, order on the initial segments of
the Haar system and investigate the isomorphic classification of the linear span, in L,, of
block bases, with respect to this order.

0. Introduction. In [DS] it was proved that every unconditional basic sequence {z;}$2,in
L,, 2 < p < oo, which is not equivalent to the natural basis of £, has the property that for
some K > 1 and every positive integer n there are n vectors of the form y; = Zjem- a;T;,
i =1,...,n, where the sets o; are pairwise disjoint and the sequence {y;} is equivalent,
with constant K, to the unit vector basis in £5. See also [JMST] for a generalization of
this fact for more general lattices. It was left open in these two papers (and specifically
asked in Problem 3.A of [DS]) whether {y;} can be chosen to be a block basis, i.e.,whether
the sets o; can be chosen to be successive, that is, max{j;j € o} < min{j;j € o;} for all
k<.

The initial motivation of this paper was to solve this question in the negative. As is
well known the Haar basis, {hn,i};ozof;, in L,(0,1), 1 < p < oo, in its common order, has
a block basis (i.e., the Rademacher functions) equivalent to the unit vector basis of £5. It
follows from the main results of this paper (Theorems 2.2 and 3.1) that the initial segments
of the Haar system can be rearranged so that they will not have (the finite version of) this
property anymore. We denote the new order by <.

Note that the space (3 3_; ®[hn,i]i_0 2 )p is isomorphic to £,. (here [x;];c.4 denotes
the closed linear span of {z;}ica.) Let {b;}2, be the natural (relative to the order <)
basis of (Y v_; ®[hn,i]N_0.721)ps i-¢., the basis composed of the successive conjunction of
the bases {hn,i}gzo,?;p each in its < - order. Clearly, {b;}$2, is not equivalent to the
natural basis of £, as long as p # 2. and it easily follows from the previous paragraph that
e For each p, 1 < p # 2 < o0, and for each K, 1 < K < oo, there is an n such that no
block basis of {b;}32, of length n is K-equivalent to the unit vector basis of £4.
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Thus, in the case 2 < p < 00, the sequence {b;}52, gives the required counterexample
to the problem above.

In Section 1 below we introduce the new order on the initial segments of the Haar
system and determine some of its properties. In Section 2 we prove the main theorem (2.2)
which states that, for 2 < p < 0o, every block basis of such an initial segments of the Haar
system is well equivalent to a diagonal of the unit vector basis of ﬁ’; and a subsequence of
a permutation of the Haar system. In Section 3 we deal with the case 1 < p < 2 and prove
a somewhat weaker property of such block bases in Theorem 3.1 but which is also enough
to deduce e above.

1. The order. An interval of the form I = [’2_—”1, 2%), n=201...,¢=1,2,...,2",
will be called a dyadic interval. The left half of the interval I = [i;nl, 2%) is the interval

[giﬁ, %) and the right half of I is [gi—j, %) The Haar function hy = h,; associated
with I is the function

ha(t) = 1, if ¢ is in the left half of
Y=\ =1, iftis in the right half of I.

The common order on {hs} is the lexicographic order on {(n,i)}. Fixing N we would like
to introduce a different order, <, on the set T" = Tx of dyadic intervals of length larger
than or equal to 2=V,

Definition: I < J if either I and J are disjoint and I is to the left of J, or, I is contained
in J.

In terms of the natural dyadic tree structure of 7" the following picture describes the
order, for N = 4.

Proposition 1.1 below describes the order intervals with respect to the order <. We
first need two definitions.



Definition: Given two dyadic intervals I C J
1. The cone C = C(I,J) of dyadic intervals between I and .J is the unique collection of
dyadic intervals, C = {C4, ..., C}, satisfying

a) k = log, % +1

b)Ci=1,C,=J

C) |C’S|:%|C’S+1|, CSCCS+1,fOFSE{1,...,]{J—1}.
2. The right fill-up of the cone C is the collection of dyadic intervals, R = R(I,J) =
U’:;ll Usy1, where Us 1 = ¢ if C5 is the right half of Cs4q and

Uy = {J:|J|>27N,JCCopr\ Cs}

If Cs is the left half of Csy1.

Proposition 1.1. Let Jy, Jo € Ty satisfy J; < J, then there exist a (unique) collection
L={Ly,...,Ly,} of pairwise disjoint dyadic intervals satisfying:

1) |L;i| < i|Licq| if1<i<m-—1
2) |Lim—1| = Ly (if m > 2)
3a) L; and L;, intersect in exactly one point (the left endpoint of L;|1).
3b) L;41 lies right of L;.
4) Jy C L1, Jo = L,
such that

(1) {I - TN ; Jl < I < Jz} = C(Jl,Ll) U R(Jl,Ll) U;-r;2 MZ

where M; ={I € Ty ; I C L;}.
Proof. Assume first that J; C Js. Then the assertion is that a dyadic interval I satisfies
Ji =TI <Jyifand only if I € C(Jl, Jz) U R(Jl, Jz)

The if part is clear. Assume now J; < [ < Jy . Clearly, I can not be disjoint from
Jo otherwise it would have to be to the left of Jo and thus to the left of J; contradicting
Jy = I. So I C Jy. If J; C I then by the definition of a cone, I € C(Jy, Jo). if not, then
lies to the right of J;. Then there exists C;, € C(.Jy, J2), so that I C C;, and INC;,—1 = ¢.
We then claim that C;, \ C;,—1 is the right half of C;,, and then I € R(Jy, J2).
Indeed, if C;, \ C;,_1 is the left half of C;,, then I lies to the left of C;,_jand thus to the
left of .Jq, a contradiction. This concludes the proof of this special case and we turn to the
general case.

Let Dy be the minimal dyadic interval which contains both J; and J,. If D1 = J5 put
mzlandleDl.
If D, strictly contains Js then take the left half of Dy and call it L;. Observe that
Jy € Dy \ L1 = Ry where Ry is the right half of D;.

Let I be the dyadic interval of length 2% which has the same left endpoint as Rj.
Let Do C Ry be the minimal dyadic interval which contains both I and Js.
If Dy = Jy put m = 2, Ly = Dsy. If D5 strictly contains Js then take the left half of Do
and call it Ls.
Observe that Jo C Dy \ Lo = Ry where Ry is the right half of Ds.
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Continuing in that manner (let I be the dyadic interval of length 2= which has the
same left endpoint as Ry. Let D3 C Ry be the minimal dyadic interval which contains
both I and Js...), the process stops after finitely many steps and we get a collection
L={L,...,L,} of pairwise disjoint dyadic intervals satisfying 1 through 4. We are left
with the task of proving (1). Clearly, the right hand side in (1) is contained in the left hand
side. To prove the other containment, note that if J; < I < J5 then none of the L;,7 < m
is strictly contained in I. Suppose not, then for some ¢, D; C I and from Jo C D; C I we
get Jo < I. A contradiction.

It follows that there exists 4, so that I C L;,. Suppose not, then using that J;-, L;
is an interval (not necessarily dyadic) I is either to the right of L,, or to the left of L.
Hence I < Jy or Jo < I. A contradiction.

If 50 > 2 then I € M,;, and we are done, so, we may suppose J; = I < L;. This is
exactly the special situation described in the beginning of this proof and we conclude that
in this case I € C(Jy, L1) UR(Jy, Ly).

|

Next we would like to describe the interaction between two successive order intervals.

Let I < I, < J; < Jy and put

Blz{IETN,IlejIQ}, BQZ{IGTN, Jljjjjg}

Let £; = {L},..., L}n(l)} be the maximal (with respect to inclusion) elements of By as

given in Proposition 1.1 and let £ = {L,..., L2 , } be the maximal elements of B>. Let
B; = Urep,. Clearly B; and By may intersect.

Lemma 1.2. a) By may have intersection only with L3, i.e.,
(B2 \ L) N By = ¢.

b) If ByN By # ¢ then L2 D LL .

Proof. Note that if I < .J; then IN L3 = ¢ for j > 2. Indeed, if I N L7 # 0 for some j > 2
then either

Case 1: I C L? and then I lies to the right of L? and L? lies above J;. Hence by the
definition of the order J; < I, a contradiction. Or,

Case 2: I D L? and then J; < LJZ < I. A contradiction again. This proves a.

To prove b, note that L}n(l) =L <J L3 If L}n(l) ¢ L? then necessarily L}n(l) is
to the left of L7. But then L; is to the left of L for all j and By N L} = ¢. Since also
B1 N (By\ L?) = ¢ we get a contradiction to By N By # ¢.

]

It follows from the lemma that if an interval I from Bs intersects By then it belongs
to either C(Jy, L?) or to R(J1, L?). The second possibility is easily ruled out since in this
case I lies to the right of J; while every interval in B; lie to the left or below J;, and one
gets (using part b of the lemma for the ‘moreover’ part).
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Proposition 1.3. If By N By # ¢ then every interval in By which intersects By belongs
to C(Jy,L?%). Moreover,

{I €By; INB1# ¢} =C(J,L]) NC(Iz, L)

2. Block bases of {h;};cr, with respect to the order <.
Gives M € N and elements of T},

L<Ih<L<J<...<Ipy<Juy

consider the order intervals B; = {I € Ty ; I; < I < J;}. Let £; = {L%,..., Lin(i)} be the
maximal (with respect to inclusion) elements of B; as given in Proposition 1.1. Put also
C; = C(I;, L) - the cone of intervals between I; and L}, and let G; = B; \ C;. Note that,
by Proposition 1.3,
a) The sets Ureg, I, i = 1,2,..., M are pairwise disjoint. And .
b) The sets L} = Urec, I, i = 1,2,..., M are nested, i.e., for i < j, either L{ N L] = ¢ or
Li C Li. In the later case |Li| < |Li|/2.

Let now {Z;}*, be a block basis of {hr} with respect to the blocking {B;}, i.e.,

Zi=) arhr,  j<M.

IEBi
Consider
X = Z arhy, Y= Z arhr.
IEC-; Iegi

Then X;+Y; = Z;. Clearly, the Y; —s have disjoint supports (with respect to the underlying
measure space - the interval [0,1]) and thus are equivalent to multiples of the canonical
basis elements of Ei,” . To analyze the {X;} we must now study more carefully the cones
{C;} and their interaction. We start with the following observation which is self evident.

Observation. Let C; = {Iy,...,I};} with [y C I C ...I, |I;| = %|IZ-_|_1|, and
Co = {J1,....J;} with Jy C Jy C ...Jp, |J;| = %|Ji+1| be two cones of intervals con-
sisting of distinct intervals, i.e., I; # J; for all ¢,j . Suppose that J; C I, and put, for
convenience of notation, Iy = the right half of I; and I_, = ¢, then there exists 0 < i < k
such that Jl g Il \ Ii—l-

Let C ={Iy,...,I;} be a cone of intervals and put, fori =1,...,k, D; = I; \ I,_1. Then
the D;, i = 1,...,k, are disjoint dyadic intervals such that |D;| = 3|I;| and D; C I;.
A]SO, |[k:| S 2| U?:l Dz| S |[k:|

Returning to the X;-s, denoting C; = {I¢,..., I,i(i)} and by D; = {D%,..., Di(i)} the
collection of intervals obtained from C; by the process above, put

k(4)
bi =D arhp,
i=1

(To obtain ¢; from X; we just replace hy: by hpi.)
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Lemma 2.1. The map X; — ¢;, 1 =1,..., M, extends to an isomorphism from
(span {X;}, |- ||z,) to (' span {¢:}, || ||z,) where the isomorphism constant depends on
p alone, 1 < p < oc.

Proof. The assertion follows easily from a theorem of Semenov [Se]. We prefer to give an
ad hoc proof.

Extend the map X; — ¢;, ¢ = 1,..., M, to the map given by T}, : hyi — hp:

k(i),M k(i),M
from (span {hz: )} - Ile,) to (span {hp: ;800 || - I]i,). Note that the square
) 1/2 . 1/2

function (Z(a})z(hIJg)z) pointwise dominates (Z(a})z(hl)]@ )2> and consequently 7},
is bounded in L,, 1 < p < oo, with bound depending on p alone.

The unconditionality of the Haar system also implies that the dual space to

('span {hy; PO LIl 1Iz,) can be naturally identified with ( span {hr: PO ),

;} + % = 1, with equivalent norms. and a similar identification can be done between the

dual of ( span {hp: Y Nl 1lk,) and ( span {hp: YO L1 -1z, ). Since the conjugate
operator to Ty, is T !, we are done.

We shall show in Proposition 2.3 below that, for 2 < p < oo, {X;} is well equivalent
to an appropriately normalized subsequence of a permutation of the Haar system and thus
we’ll get the following theorem.

Theorem 2.2. For every 2 < p < oo there exists a constant K,,, 1 < K, < oo, such
that, for all N, every block basis of {hy}rer, (with respect to the order <) is equivalent,
with constant at most K,, to a sequence of the kind {a;x; ® b;e;}?_,, where {x;}_, is a
subsequence of a permutation of {hr}rery, and {e;}j-, is the unit vector basis in ;.

It may be instructive to recall here the local version of the Gamlen-Gaudet Theorem
proved by the first named author in [M].

Theorem. For every 1 < p < oo there exists a constant K,, 1 < K, < oo, such that, for
all N, every subsequence of {hr}rcr, (of length k, say,) spans a space isomorphic, with
constant at most K, to f’;.

Problem. Can Theorem 2.2 (and Theorem 3.1 below) be strengthened to show that for
every 1 < p < oo there exists a constant K,,, 1 < K, < 0o, such that, for all N, every block
basis of {hr}rer, (with respect to the order <) of length k, say, spans a space isomorphic,
with constant at most K, to é’;?

An easy consequence of Theorem 2.2 (see the proof of Theorem 3.1) is that there exists
a subset A C {1,..., M} with |A| > M /2 and such that {Z;};c4 is well equivalent to the

unit vector basis of KLA|, 2 < p < oo. This turns out to be true also for 1 < p < 2 and is
easier to deduce than Theorem 2.2. We shall do it in the next section. Of course this is
enough for the solution of problem 3.A in [DS]. We continue now with the preparations to
the proof of Theorem 2.2.

Let £ be the collection of the largest intervals in the cones C;, ¢+ = 1,..., M, i.e.,
E={I ,i(i)}. Let G1(€) be the subcollection of maximal (with respect to inclusion) intervals
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out of £. Note that any two distinct intervals in G;(€) are disjoint. Define, by induction,
G1(E) to be the subcollection of maximal intervals out of £ \ UFZ!G;(€).
Given C = I}C( ) € € denote D(C) = D; (that is the collection of intervals obtained

as successive differences of the intervals of the cone that C' is the maximal element of).
Denote also by D/2(C) the collection of the left and right halfs of the intervals in D(C)
and put
Ho= |J D), />= |J DY), k=12,....

CeGL(E) CeGL(E)

We now define an increasing sequence of o-fields by
— A{H1}, & = A{Ex_r, Hi, H}

where A{H} denotes the o-field generated by H. We are now ready to prove
Proposition 2.3. Let C; = {I{,...,I,i(i)}, i = 1,...,M be pairwise disjoint cones of
intervals. Using the notation above (for the D-s), let ¢; = Zf(q Qi hD;;, i=1,...,M, be
a normalized,in L, sequence. Then {¢: Y, is equivalent, with constant depending only
onp, 2 < p < oo, to a permutation of a subsequence of the normalized Haar system.

Proof. Reindex the sequence {¢;}, using £ as an index set, by putting ¢; = ¢¢ if C = Ik(z)
Then for C' € Gi(€) we have by the Observation above

1) ¢¢ is k11 measurable

2) E(¢c|€x) =0

3) C # C" € Gi(€) implies suppopc Nsupppcr = ¢.

By Burkholder’s theorem (see [B],(21.5)), we have for all scalars {ac,C € £}

‘Z > acde 2
k CEGL(E) L,
“un{ (35 atmtien)”], (Zer) "}
kE CeG(E) Ly

To prove the proposition it is thus enough to prove that, for every k and every C € Gi(€),
there exists an I € D(C) such that ratio of the two functions E(¢g|Ex) and E(h7/||hrl|2|Ex)
is bounded and bounded away from 0 by constants depending only on p. This follows easily,
by rearranging and rescaling, from the following Lemma.

Lemma 2.4. Letp > 2, let D,,, = [27™, 27(m=D) and let B,, > 050 that Y _, |Bm|? =
Let h, be the Ly,-normalized Haar function having D, as support.  Then for

¢=>"_. Buhm we have
1
2 "(1=3) < / |p[2dt < 1.
0

Consequently, there exist an 1 < m < n satisfying

1 1
b= / |¢|2dt// o |2t < 20373),
0 0



Proof of Lemma 2.4. The right-hand side inequality is clear. To prove the left-hand
side, notice that this is the same problem as finding the (square of the) minimal Ly norm
of a function which is constant on each of the D,,-s and has L, norm equal to 1. The
minimum is attained for the function with minimal support, i.e., for the characteristic
function of D,, normalized in L, and thus is equal to 9—n(1-3),
Let 1 < m < n be such that

1
o—m(1-2) S/ ¢|2dt < 2~ (m—DA=})
0

1 ) 1 1 3
v [igPar/rmeod = [V [ [ o Par
0 0 0

1
§2(1—%)/ p2dt 270D < 203,
0

This ends the proof of the lemma and thus of Proposition 2.3 and Theorem 2.2.

then

3. The case 1 < p < 2. Here we prove:

Theorem 3.1. For every 1 < p < 2 there exists a constant K,, 1 < K, < oo, such that,
for all N, every normalized block basis {Z;}}, of {hr}reT, (With respect to the order
=) contains a subsequence {Z;};c4 with |A| > M /2 which is equivalent, with constant at

most K, to the unit vector basis of EJLA|.

An identical statement holds for 2 < p < oo and its proof follows that of the proof
below using Theorem 2.2. With a bit more effort one can also avoid referring to Theorem
2.2. We do not reproduce this case here.

For the proof of Theorem 3.1 we shall need only the first two paragraphs in Section 2,
that is up to, and not including, the Observation. We start with a lemma similar to one
used in ([F], p. 156).

Lemma 3.2. Let T be a finite tree with partial order < . Put
Ao ={t € T ; t is a minimal element}

and
Ay ={teT; t¢ Ay and there is exactly one maximal s with s < t}.

Then |T| < 2|Ao| + |A4].

Proof.  Assume first A; # (). Let t € A; and let s be the unique maximal element
with s < t. Put 7" = T \ {s} and let A{ and A} be the corresponding “Ay” and “A;”
associated to this new tree. Note that |Af{| = |Ag|. (If s € Ap then t € A}, while if s ¢ Ay,
A}y = Ap.) Note also that |A]| = |A1] — 1. (If s ¢ Ay then A} = A, \ {t} while if s € A;
then A} = Ay \ {s}.) We thus reduce the problem to proving |T"| < 2|Af| + |A%|.
Continuing reducing the tree in this fashion we finally reach a tree for which A; = 0,
i.e., it branches everywhere : every node has at least two offsprings. For such a tree the
conclusion is well known and easy.
]



Proof of Theorem 3.1 We follow the notation of the beginning of Section 2. Since
the sequence {Y;/[|Y;]|}}£, is isometrically equivalent to the unit vector basis of £)7, it is
enough to prove that there exists a subset A C {1,..., M} with |A| > M/2 for which
{X;/||Xil|}ica is equivalent, with constant depending only on p, to the unit vector basis

of o4,
Recall that the supports (with respect to the underlying measure space) of the X;-s
are the sets L}, 1 =1,..., M, and they are nested, i.e., any two of them are either disjoint

or one is contained in the other. Let
Ao = {i; L} contains no other L7}

and

Ay = {i; L} contains exactly one other maximal L7 }.

(i.e., 35 # ¢ with L; C L; but no two disjoint L;-s with this property). By Lemma 3.2
|Ag| 4+ |A1| > M/2. The set A = Ay U Ay can be decompose into sets By, k =1,..., K,
with L{ N L] = ¢ if 4 and j are in different By-s and L} C L or L4 C L} if they are in
the same one. It is thus enough to prove that {X;/||X;||}ieB, is equivalent, with constant
depending only on p, to the unit vector basis of EJLB'“' and thus, without loss of generality
that, if L} € L? C ... C LY, then {X; /|| X;||}™, is well equivalent to the unit vector basis
of £7".

Let 1 < ¢ < m and let C; = {I;...,I.} be the cone of intervals associated with X;.
Note that there exists a 1 < s < r with L;_y C Iy \ I,_1 (Ip is one of the two halfs of
I). Clearly. || X;j0,1\z,; .|| > ¢[|Xi]| for some constant ¢ > 0 depending only on p. Now a
simple square function argument shows that the sequence { X;} well dominates the sequence
{Xij0,1\£;_, }- This finishes the proof since the functions Xj0,1\z t=1,...,m, are
disjoint.

i—17



References

[B] D.L. Burkholder, Distribution function inequalities for martingales, Ann. Prob. 1
(1973), 19-43.
[DS] L.E. Dor and T. Starbird, Projections of L, onto subspaces spanned by independent
random variables, Compositio Math. 39 (1979), 141-175.
[F] C.L. Fefferman, The uncertainty principle, Bull. AMS 9 (1983), 129-206.
[JMST] W.B. Johnson, B. Maurey, G. Schechtman, and L. Tzafriri, Symmetric structures in
Banach spaces, Mem. AMS 217 (1979).
[M] P.F.X. Miiller, A local version of a result of Gamlen-Gaudet, Israel J. Math. 63
(1988), 212-222.
[S] E.M. Semenov, On the equivalence in L, of rearrangements of the Haar system, En-
glish translation in Soviet Math. Dokl. 19 (1978), 1292-1294.

P.F.X. Miiller G. Schechtman

Institut fiir Mathematik, Department of Theoretical Mathematics
J. Kepler Universitat The Weizmann Institute of Science
4040 Linz, Austria Rehovot 76100, Israel

e-mail: paul.mueller@jk.uni-linz.ac.at e-mail: mtschech@weizmann.weizmann.ac.il

10



