
 

Last time a Esm bese
13 7 20

b LEE
OpLa Op lb Op'll

cesare
RecalI OpLa ACID Ta is

alx.MY EH nfpqlx.pe
t 9131dg

aft C Sm roughly means

lahr.si E 1 131

plus condition on derivatires

Composition rule Asymptotic expansion
f Nso

Crs d bars

t iI g t.s.inin phase space



S

Rule for the adjoint dts define

Optia via V 9 tt f

top 439,4 Tf Opted 4
Now Opt a Op Id when

d E Sm with asymptotic expansin

Vw atheist iii did HE
m A

gm lal gm
N

Def Aoki too on ft
For a c S

n
sm and f E f't

define afar D f E ft via FFI
OpIDF 9 If Of a 9

and TED f t Sff
de



well defied by continuity of a TDD in

Leanna Suppose at 50 15
MEX

infinitely sunsthing F E

Then ACK D F E Coo

Last week at S
a then

Opti I E C

Direct proof Did acres E
V 2 13N
I e a x o E f in g variable

Recall that OpIa is an integral
operator with kernel

Kaki Gti d X y x

when the F T is in 3 send



variable Nov

Kr Kahr t f
al

di Kalt t f
with uniform estimates in X and a

growth at host poly in X

In the homework 4 you are asked

6
prone that an integral operator

with such kernels
map t C

like 6h print Had f Y t o

E is
B

Exercise If at S then Ta
is a compact operator in EHR
In particular Foti C G

Ker Ta AI is finite din



I

Next tDOs are pseudo local

they do not destroy co smallness

Proposition Let AES f Ef
IE IR open Assume Fly c C

i.e it coincides with CA function when

acting on f functions supported in a

Then
atrip f In E E

Proof fix x tr Fix ye Ct
will

y
I hear k Now

atx.DIF akr.nl yF takrrNfll ylF
in
A

G CIR't

f



r

n

si
Need to prove blah

ah D Ill g F
is snood near

t

Y vanishes hear to

Hence Fftc with PEI neut

supple c 34 13

Supt n suppHT D

Need to prove

4 aka Itf E
Let us show that
1 1 Yal Y E 5
i.e a tho corresponding to a symbol



y
in 59 By the henna

Yahr D t f C CA

Now why Fm EI

4 a t E Sm
because suppletnsuppHT p
By the composition law

4 a t ETY.da.TK E
r p
x s at the sun

gonport XM

D
Hence 4 a t E S pe

Det singular support of FEE
For f E f tell we

say that
xx Singulalf



if f coincides with a fundain
in Sone nbhd.fr

Example Singular prt 3

Corollary A 1410 is pseudo local

f at 50 f E 0

Singular Taf E Singular F

Example f main

Then

altrdflpn.sn is

in c IR's

Pseudo inverses of elliptic operators



Def at Sm HEH is

called elliptic of order m if FC o

s f

take3 12 31 for Hsc

it grows at maximal speed at x

under constraint at Sm

Example I has synlol 131

it is elliptic af order 2

Main property a C Sh elliptic of alerm

Then 413 E g
m

ah 3

where few Rn

9131 11
131 2C

D 13k C



Why need

to b 9 E ftp.m im

2 p o

a p arbitrary
a plan

I

II gires a factor
da

a

s 3
E y's

131

gives
d l sold

A
7131

and it works 931
ET

ES
h

Example Quantum harmonic oscillator is

Luz Aut III war



its synth is a.hr 13171
elliptic a discrete set of eigenvalues

hz Ftl Art 2

f At NYT AP has 2 er

minimal eigenvalue with eigenfunction e
f

At III E is not invertible

it E C IE Et

The A porametrix pseudo inverie

for elliptic operator

Let at Sm elliptic of order in
met Then I b t S h s t

A b I t E
n

s a



b a I mod 5

b is ala.sk an inverse krill be
Usd
c kernel of a is finite dimensional

2 to prove that u is in derivations

Sh Her than Tall

Proof first we construct

bj t S
m J

5 0,1

b
a IIIbj I m d S N

what should be b Try
b res 9134

acres

where 413 0 131 EC

c 7 I 13172C



I
K n b c S

m r

r a b hrs acrillolts tEA T
Sm Fn so 5

i e

A b ab and s

413 and 5

I Y c nd 5
in

compactly supp in
independent inv

f I f s ES
Hence a b I t Ens

Next by recursion set

b a
oE np

y



b I a bi
n in
S n

a

g n by
induction

Hhce bn c S
m N hypothesis

and

a II bj A but a II b
a II bit a bn nod S N I

a II box l Ija b y n.li

D II b I a bi a.li

as 9 t is compactly tupy

I nd s
N



Next we need b E S s.l

HN b jb and 5h N

Usual a hatin bn II b
asymptotic series

The idea find G So fast
enough such flab

to b Ks II bike 415 3

is the desired synth

am

c

Need f lol 1131 E j G LI



I did bik.me qfiijnia
Already know bots h i

ldidfbik.si EfIisTynti lpl
So it is possible to find these g

Claim p be s m

k

D b IIb E S
h K

D

The sun ft defining b is a

finite sum near any IX 3
hence be c 111241127

Enough to prove 2

Abbreviate f Is ME
Fix Kai Then Ha P

X J



X

lo b fi e.E aIiFFE

3Tmtk 1131

Hence bit E S
m K

Ue how decompose
g

a S
I K

b b their bjtb.dk Ebi
A

J KH

n s
m

g Ikcoupach g A

support
in 3

Hence b B E S
h

proving

My mistake was not to freak bk
separately It is now fixed

he cnnsfru.tl b t 5 with



A b I nd s

Why b a I had S

May repeat the construction at construch

It S h with

5 a I nd S
Nu

5 5 a b m.IS
I a b v

b and s n

Hua b a I had S o
Dara

Examples D A Esm elliptic Ks

Suppose that
acted f E Hk
we



Then necessary f E Han C

i.e f differs frm Hk fuckin

by CT Why be 5h with

Dp ID oopfa Id En

Then Op 15T
Op LDU at EU Ees

Ite in

w ca

ly
Ktm

We see frm this example fhah
we gain in derivatives in L sense

when salving Lu f
with L c Sm elliptic
What about Hilder regularity



Them If at 5 or sci

ft CHR then also

ix D f E Cs

Renal p This implies that for a C S M

ft Cs act D f e cars

just look at It alx.pl f
w

Khun n
5

s for elliptic tDo of order in

If he f ft Cs
at Cs Ca

because of the parametric f OPED
b 9 1 t s bas n

d Pl



Littlewnd Paley
Recall Hello uqy.pl PrfHs2
wienie Tet

Lemma If at Sm define

decks aH 37 13 o

Then for any lzo

It Toelle EC 2
m

where C depends only on a

Proof Express Taj as an integral
operator and apply Schurs best Here
are the details The operator DpIde
is an integral operator with kernel

g



KaeCx t GHhfdelx.pe'T K Ad
IR

The integral is only on 42 131 EI
for la and a 1131 El fort

Claim For any even number M

lkaek.tl effIan 2llntm m

Indeed integrate by ports using

Age 3
K H Ix yfeis.hr H

kaekrtktff.IT f 5aecx.DeiHtTek

e2ltl

If 1 0 then Idf'd x 3 I Cm

for 131 El proving claim with l o



If lat use t.dfaelx.si ECekDm
w

yllm rn

when I 431 eye Hence

I kaek.tl E an2llm 2n
2en
in

volume
of
ring

This proves the claim 2 131 t

Now by Schur's fest

I Tae Ha Es P Kaeltrelldy

For any x Fin
4Kmart't't
gfyey.gl

4th
2km h ftp.T

A 1422 l

f 2dm 2km h

fer ar dr



E 21h 2h1m h 21h 2dm
ppg

what is the symbol of DETaj
44 filth 9614

Tk smh would be

e it'd a Cray ein yes
ad

IE Ta P D To

Hence by the henna Fa

Il di Ta II 2
with initial constant dependry n a al o h



Proof of 6hm f C C

F II B f
aes

fj
Taf _II Ta f Taif

Il Ij 1421 then I
Ta f D

Hence

taf F.Takf FITa.ffe.tf.tk
fiLnad 114lb E 2

is Fe
because f is s Hilder

The constants in this pen are inkp.ru



I i nd j

Now Va

Hd F H Hd Ta.fi'll Hi

Hd Talla 11 till
251 lol

2
Is
g 25C IH s

Use It for a o IKE Ha EY
Hua Taf II F EE

Next we need 6 Hmu Taft C
i e

HP Tat Il e 2
is

a

Il Psf f Ha e 2
is

i



we understand TaPj Taj
but here we need G understal

Pj Tai

We will use the rule of composition

We pick a a 2 N IR
s l h

a 1 2 3 t I Lik 3
j L

when
C t Lj 13

3
31 131212

D 1314

L E 4911127 s
i

Fron 1h opioid

Id S t E S din
a n
s a 5



Id 2 5 di
Kl El

only for D 0,1 when

s is a 4lb in S
t

which

is in fact a Fourier multiplier
Fourier multipliers conwk
Therefore SH commutes with Pj

with an
Consequently f on s e

w

B fi Pil 25 t.fi
Taif

Klee

11 I

Taiti us

Eyes B difi
w



I nor

operchm ah nosh
horn in Le 2i IH s ill s
ah unsh E J

fol
Hua Kiri V t

o.is

lPjffi lbgz il.ziCl
s

Ta Pif is

Now Fj E 2

I Pil Filho
Il

Ta f

E H Pi lfihlxt.FI PiffiHl
b i b s



2 i2ilts 2
is

qz J.jo h s

2
Is
an 2

is

Dnt

Chit chat about further developments

If acres is c.mpublf surpo.tl
then Dp Ia is of trace class

in EHR
Eltham

ble face
t sigh Haha

Trop Ia GTI facts dtd
IR

In general if Tf SHEAKady
Hen TRITT Sigfrid dir



Kaki law II xx

This may be used for counting eigenvalues

of sous operators like

had t Va h o

Panek
t

some potential V 112412

Weyl's law Assume

1 IVCHIZE Irl for Hsc

s ldf.VN EClltlxl th
Then hid t V has a complete

sequence of E eigenfunctions eigenvalues

E L E E Ert Fix

out ta e b t IR



Iii Eit a.be

fTyTT Hanni kitraleta.sk t.a

taka inh

Shuirelman Thu Lele Meg be

a compact Riemannian Wfld Ig
is the Laplacian with eigenvalues

X LX EX E ro

Il
n

eigenfunkin qq.fl.fr
11 112 1 orthonormal

Assure The geodesic fkn son is

ergodic



They then exist a sequence of integers

of density 1 such flab along

this sequence

weakly the uniform
14 Pdx 7 probability

treason ion m

prob meow n M

along a subsequence of density one

Open problem random wave conjecture

for any ft CF IR even

along a subsequence of density one

r en F Hi f JaneEhr
IR

Gaussian valve
distribution

Password for Zoom 596328


