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Isometric embeddings into Riemannian manifolds

Let (X, dx) be a metric space.

General problem

Does there exist an isometric embedding of (X, dx) into a Riemannian
manifold (M, g)? If so, how nice can M be?
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Isometric embeddings into Riemannian manifolds

Let (X, dx) be a metric space.

General problem

Does there exist an isometric embedding of (X, dx) into a Riemannian
manifold (M, g)? If so, how nice can M be?

An isometric embedding is a map
F: X—>M

satisfying
dX(Xy}/):dg(F(X):F(Y)): XuyEX'
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Isometric embedding into Riemannian manifolds - examples
o If |X| <3, then X — R2.
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Isometric embedding into Riemannian manifolds - examples
o If [X| <3, then X — R2,

o If [X| =4 and X is non-branching, then X — .#2 for some K € R. If

X is semi-degenerate, then K is unique.

(%) K is the complete, simply connected n-manifold of constant curvature K.

Weizmann Institute of Science Embeddings into C=*< surfaces November 2020 3/24



Isometric embedding into Riemannian manifolds - examples
o If [X| <3, then X — R2,

o If [X| =4 and X is non-branching, then X — .#2 for some K € R. If
X is semi-degenerate, then K is unique. If X is branching, then it

does not embed in any Riemannian manifold.

(%) K is the complete, simply connected n-manifold of constant curvature K.
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Isometric embedding into Riemannian manifolds - examples
o If [X| <3, then X — R2,

o If [X| =4 and X is non-branching, then X — .#2 for some K € R. If
X is semi-degenerate, then K is unique. If X is branching, then it

does not embed in any Riemannian manifold.

e If M is an open Riemannian surface then ([0, 0), |- |) — M.

(%) K is the complete, simply connected n-manifold of constant curvature K.
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Isometric embedding into Riemannian manifolds - examples
o If [X| <3, then X — R2,

o If [X| =4 and X is non-branching, then X — .#2 for some K € R. If
X is semi-degenerate, then K is unique. If X is branching, then it

does not embed in any Riemannian manifold.
e If M is an open Riemannian surface then ([0, 00),| - |) < M.

o When M = 7

(%) K is the complete, simply connected n-manifold of constant curvature K.
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Isometric embedding into Riemannian manifolds - examples
o If [X| <3, then X — R2,

o If [X| =4 and X is non-branching, then X — .#2 for some K € R. If
X is semi-degenerate, then K is unique. If X is branching, then it

does not embed in any Riemannian manifold.
e If M is an open Riemannian surface then ([0, 00),| - |) < M.
o When M = 7

Theorem (Menger '1928, Blumenthal '1953)
Let (X, dx) be a metric space. Then X — .#¢ if and only if S — 7 for
every S C X with |S| < n+ 3.

(%) K is the complete, simply connected n-manifold of constant curvature K.
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C2%® Riemannian surfaces

@ We are interested in isometric embeddings into two-dimensional

Riemannian manifolds (Riemannians surfaces).
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C2%® Riemannian surfaces

@ We are interested in isometric embeddings into two-dimensional

Riemannian manifolds (Riemannians surfaces).

@ As a measure of the regularity of the surface, we use the Holder

seminorm of its Gauss curvature.
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C2%® Riemannian surfaces

@ We are interested in isometric embeddings into two-dimensional

Riemannian manifolds (Riemannians surfaces).

@ As a measure of the regularity of the surface, we use the Holder

seminorm of its Gauss curvature.

Reminder: Holder seminorm
Let 0 < a<1andlet F:(X,dx)— R. the Holder seminorm of F is

F(x)— F(y
Fly = sup EOIZFL
xtyex  dx(x,y)

If ||F||, < oo then we say that F is a-Holder.
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C2%® Riemannian surfaces

Definition- C>% Riemannian surfaces
A C?% Riemannian surface with constant H is a two-dimensional C2

Riemannian manifold (M, g) whose injectivity radius is > 7/v/H and
whose Gauss curvature K satisfies

sup|K| <H  and K|, < HY/?,
M

where ||K]|, is taken with respect to the Riemannian metric.
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C2%® Riemannian surfaces

Definition- C>® Riemannian surfaces

A C?>“ Riemannian surface with constant H is a two-dimensional C?
Riemannian manifold (M, g) whose injectivity radius is > 7/v/H and
whose Gauss curvature K satisfies

sup|K| <H  and K|, < HY/?,
M

where ||K]|, is taken with respect to the Riemannian metric.

If (M, g) is a C>* surface with constant H, then (M, \?g) is a C>¢
surface with constant A=2H.
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C2%® Riemannian surfaces

Definition- C>® Riemannian surfaces
A C?% Riemannian surface with constant H is a two-dimensional C2

Riemannian manifold (M, g) whose injectivity radius is > 7/v/H and
whose Gauss curvature K satisfies

sup|K| <H  and K|, < HY/?,
M

where ||K]|, is taken with respect to the Riemannian metric.

If (M,g) is a C>* surface with constant H, then (M, \2g) is a C>2
surface with constant A™2H.

Examples:

@ Surfaces of constant curvature
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C2%® Riemannian surfaces

Definition- C>® Riemannian surfaces
A C?% Riemannian surface with constant H is a two-dimensional C2

Riemannian manifold (M, g) whose injectivity radius is > 7/v/H and
whose Gauss curvature K satisfies

sup|K| <H  and K|, < HY/?,
M

where ||K]|, is taken with respect to the Riemannian metric.

If (M,g) is a C>* surface with constant H, then (M, \2g) is a C>2
surface with constant A™2H.

Examples:

o Surfaces of constant curvature (H =0 <= M = R?)
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C2%® Riemannian surfaces

Definition- C>® Riemannian surfaces
A C?% Riemannian surface with constant H is a two-dimensional C2

Riemannian manifold (M, g) whose injectivity radius is > 7/v/H and
whose Gauss curvature K satisfies

sup|K| <H  and K|, < HY/?,
M

where ||K]|, is taken with respect to the Riemannian metric.

If (M,g) is a C>* surface with constant H, then (M, \2g) is a C>2
surface with constant A™2H.

Examples:

o Surfaces of constant curvature (H =0 <= M = R?)

e Graphs of C?>® functions.
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C2%® Riemannian surfaces
Hartman '51:

o (f(v)cosu, f(v)sinu,g(v)) for explicit f, g € C>*(R)

e The metric is given by ds®> = (1 + |v|?T®)(du? + dv?)
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C2%® Riemannian surfaces
Hartman '51:

o (f(v)cosu, f(v)sinu,g(v)) for explicit f, g € C>°
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e The metric is given by ds®> = (1 + |v|?T®)(du? + dv?)
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C2%® Riemannian surfaces

Main problem

Given a metric space (X, dx), calculate up to a universal constant the
quantity

H(X; ) := inf {H } there exi-sts a C?“ Riemannian surface} ‘
(M, g) with constant H such that X — M
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C2%® Riemannian surfaces

Main problem

Given a metric space (X, dx), calculate up to a universal constant the
quantity

H(X; ) := inf {H ‘ there exi-sts a C?“ Riemannian surface} ‘
(M, g) with constant H such that X — M

Inspiration: the Whitney problem

Given a set A C R” and a function f : A — R, calculate up to a universal
constant the quantity

1Fll xogay = inf {HFuck,a(Rn) F:R" =R, Fla= f}.
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Finiteness principle for the Whitney extension problem (Conjectured
by Brudnyi & Shvartsman, proved by Fefferman '05)

Let m > 1,n > 1. There exists N = N(m, n) such that the following holds.
Let E CR"” and let f : E — R. Suppose that for any S C E with |S| < N,
there exists an function F° € C™*(R") satisfying F°|s = f|s and

<1. (1)

|7
Cm,a(Rn) -

Then, there exists F € C™%(R") satisfying F|g = f and

IFllcma@ny < €= C(m, n). (2)
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Finiteness principle for the Whitney extension problem (Conjectured
by Brudnyi & Shvartsman, proved by Fefferman '05)

Let m > 1,n > 1. There exists N = N(m, n) such that the following holds.
Let E CR"” and let f : E — R. Suppose that for any S C E with |S| < N,
there exists an function F° € C™*(R") satisfying F°|s = f|s and

7| <1 (1)

Cm,a(Rn) -

Then, there exists F € C™%(R") satisfying F|g = f and

IFllcma@ny < €= C(m, n). (2)

Question:
s there a finiteness principle for isometric embeddings into C%® surfaces?
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Our special case

o ) - = DA
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Our special case

xi= {0

Ixo € X, X\ {xo} is isometric

to a compact interval Ix CR }
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Our special case
X o= {(X, dx) ’ 3x € X, X\.{xo} is isometric}
to a compact interval Ix C R

e Every X € X is uniquely determined by a function px : Ix — (0, 00).

R

px(t)

1
1
1
1
)
I
)
)
1
1
\ 1
I
I
1
Zo
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Our special case

dxo € X, X\{x}is isometric}

X o= {(X,dx) | _
to a compact interval Ix CR

@ Every X € X is uniquely determined by a function px : Ix — (0, o0).

e For X € X and a Riemannian surface (M, g), X < M if and only if
there exist a point p € M and a unit-speed minimizing geodesic

~ : Ix — M, such that

dg(7(t), p) = px(t) for all t € Ix.
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Our special case

X = {(X, dx) ‘ Ix0 € X, X\.{xo} is isometric}
to a compact interval Ix CR

@ Every X € X is uniquely determined by a function px : Ix — (0, o0).

e For X € X and a Riemannian surface (M, g), X < M if and only if
there exist a point p € M and a unit-speed minimizing geodesic

~ : Ix — M, such that

dg(7(t), p) = px(t) for all t € Ix.

@ What characterizes distance functions of minimizing geodesics from
points on C>“ surfaces? How can we estimate the optimal constant

of a C>* surface admitting a given distance function?
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Examples of distance functions
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Examples of distance functions
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Examples of distance functions

Pealt) = V2 +e2 43
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Examples of distance functions

Pealt) = V2 +e2 43

te[-1,1]
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Examples of distance functions

Pea(t) = V2 +2 4+ 3T te[-1,1]

If pe. is a distance function on a C22 surface with constant H, then

H>c>0.
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Our main result

o ) - = DA
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Our main result

Let SCRandlet p: S — (0,00). Call p a distance function on (M, g) if

p=dg(7(-), p)

for some p € M and some unit-speed minimizing geodesic ~.
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Our main result

Let SCRandlet p: S — (0,00). Call p a distance function on (M, g) if

p=dg(7(-), p)

for some p € M and some unit-speed minimizing geodesic v. Write

H(p) = inf{H p is a distance function on a Cz,a}
Riemannian surface with constant H
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Our main result

Let SCRandlet p: S — (0,00). Call p a distance function on (M, g) if

= dg(7(+), P)

for some p € M and some unit-speed minimizing geodesic v. Write

H(p) |nf{ ‘ p is a distance function on a C2,a}
Riemannian surface with constant H

Theorem

There are universal constants Cy, Co such that the following holds.

Let | C R be a compact interval and let p : | — (0, C1].

If H(p|s) <1 for every S C | of cardinality at most 12, then H(p) < G,.
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Our main result

In terms of isometric embeddings, the theorem reads:

Theorem (Alternate formulation)

There are universal constants Cy, Co such that the following holds.
Let X € X with diamX < C;. If H(S;a) <1 for every S C X of
cardinality at most 13, then H(X; a) < G.

where as before

there exists a C2% Riemannian surface}

H(X;a):inf{H ‘ _
(M, g) with constant H such that X — M
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Proof QOutline

o ) - = DA
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Polar normal coordinates

The natural coordinates for our problem are polar normal coordinates.

o = = £ DA
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Polar normal coordinates

The natural coordinates for our problem are polar normal coordinates.

@ Lines through the origin correspond to unit-speed geodesics.
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Polar normal coordinates

The natural coordinates for our problem are polar normal coordinates.

@ Lines through the origin correspond to unit-speed geodesics.

@ The metric takes the form
dr® + G?db?

where G = G(r,0) is a positive function satisfying G = r 4+ O(r?).
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Polar normal coordinates

The natural coordinates for our problem are polar normal coordinates.

@ Lines through the origin correspond to unit-speed geodesics.

@ The metric takes the form
dr? + G2d6?
where G = G(r,0) is a positive function satisfying G = r 4+ O(r?).

@ The curvature K satisfies the Jacobi equation:

92G+KG =0
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Polar normal coordinates

The natural coordinates for our problem are polar normal coordinates.
@ Lines through the origin correspond to unit-speed geodesics.
@ The metric takes the form
dr? + G2db?
where G = G(r,0) is a positive function satisfying G = r 4+ O(r?).

@ The curvature K satisfies the Jacobi equation:

92G+KG =0
@ The geodesic equations are

F=(0,G/G)(1—r?)
P+ G202 =1
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Polar normal coordinates

@ The function

(9}

appears in the geodesic equations

F=h-(1-7r?)
P4 G%% =1

and satisfies the Riccati equation:

W +9,h+ K =0.
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Polar normal coordinates

@ The disadvantge of polar normal coordinates: they are not the
smoothest coordinates.

o = = £ DA
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Polar normal coordinates

@ The disadvantge of polar normal coordinates: they are not the
smoothest coordinates.

Theorem (Hartman '51)

There exist a C>® Riemannian surface (M, g) and a point p € M such

that the metric g is only C%® in polar normal coordinates centered at p.
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Polar normal coordinates

@ The disadvantge of polar normal coordinates: they are not the
smoothest coordinates.

Theorem (Hartman '51)

There exist a C>“ Riemannian surface (M, g) and a point p € M such

that the metric g is only C%® in polar normal coordinates centered at p.
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Polar normal coordinates

@ The disadvantge of polar normal coordinates: they are not the

smoothest coordinates.
Theorem (Hartman '51)

There exist a C*>“ Riemannian surface (M, g) and a point p € M such

that the metric g is only C%® in polar normal coordinates centered at p.

v

Theorem (Kazdan-Deturck '81)
Let (M,g) be a C>* Riemannian surface and let p € M. Then
@ In isothermal coordinates around p, the metric g is C>%.

@ In polar normal coordinates centered at p, the metric g is C%.
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Polar normal coordinates

@ The disadvantge of polar normal coordinates: they are not the

smoothest coordinates.
Theorem (Hartman '51)

There exist a C*>“ Riemannian surface (M, g) and a point p € M such

that the metric g is only C%® in polar normal coordinates centered at p.

v

Theorem (Kazdan-Deturck '81)
Let (M,g) be a C>* Riemannian surface and let p € M. Then
@ In isothermal coordinates around p, the metric g is C>%.

@ In polar normal coordinates centered at p, the metric g is C%.

o Nevertheless, G is always C>% in r.
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Constructing an embedding into a C>® surface

Given a function p satisfying the hypothesis of the theorem,

Weizmann Institute of Science

Embeddings into C**® surfaces



Constructing an embedding into a C>® surface

Given a function p satisfying the hypothesis of the theorem, we wish to:

e Construct a Riemannian metric on D := Bg(0) C R? of the form
g =dr’ + G*d6?,

for some G : D\ {0} — (0, 00) satisfying G = r + O(r3),
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Constructing an embedding into a C>® surface

Given a function p satisfying the hypothesis of the theorem, we wish to:

e Construct a Riemannian metric on D := Bg(0) C R? of the form
g =dr’ + G*d6?,

for some G : D\ {0} — (0, 00) satisfying G = r + O(r3),
and a curve v : | = D of the form

v = (pcos ¢, psin ¢)

for some monotone function ¢ : | — St.
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Constructing an embedding into a C>® surface

Given a function p satisfying the hypothesis of the theorem, we wish to:

e Construct a Riemannian metric on D := Bg(0) C R? of the form
g =dr’ + G*d6?,

for some G : D\ {0} — (0, 00) satisfying G = r + O(r3),
and a curve v : | = D of the form

v = (pcos ¢, psin ¢)
for some monotone function ¢ : | — St.

@ Choose G and ¢ such that v is a unit-speed geodesic.

Weizmann Institute of Science Embeddings into C=*< surfaces November 2020 19 /24



Constructing an embedding into a C>® surface

Given a function p satisfying the hypothesis of the theorem, we wish to:

e Construct a Riemannian metric on D := Bg(0) C R? of the form
g =dr’ + G2d#?,
for some G : D\ {0} — (0, 00) satisfying G = r + O(r3),
and a curve v : | = D of the form
v = (pcos ¢, psin @)
for some monotone function ¢ : | — St.

@ Choose G and ¢ such that v is a unit-speed geodesic.

@ Choose G such that the curvature is bounded and a-Holder. The

curvature should be small enough so that (D, g) is strongly convex.
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Difficulties:

o ) - = DA
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Difficulties:

@ There is a lot of freedom in the choice of ¢ and G, and each one of
them determines the other.
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Difficulties:

@ There is a lot of freedom in the choice of ¢ and G, and each one of

them determines the other.

@ The regularity of G is lower than the actual regularity of the surface.
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Difficulties:

@ There is a lot of freedom in the choice of ¢ and G, and each one of

them determines the other.

@ The regularity of G is lower than the actual regularity of the surface.

Solutions:
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Difficulties:

@ There is a lot of freedom in the choice of ¢ and G, and each one of

them determines the other.

@ The regularity of G is lower than the actual regularity of the surface.

Solutions:

@ We begin by “guessing” an initial curve vg, which approximates the

final geodesic . After the metric g has been constructed, we deform

7o into 7.
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Difficulties:

@ There is a lot of freedom in the choice of ¢ and G, and each one of

them determines the other.

@ The regularity of G is lower than the actual regularity of the surface.

Solutions:

@ We begin by “guessing” an initial curve g, which approximates the

final geodesic . After the metric g has been constructed, we deform

7o into 7.

@ We characterize those functions G which correspond to metrics of
C?%“ surfaces in polar normal coordinates.
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Determining C>“ regularity by the coefficient G

Theorem
Let R >0, let D = Br(0) CR? and let G : D\ {0} — (0, 00) satisfy:
@ G is C? with respect to r.
Q@ G=r+0(r.
© ||02G/G|| < H and ||92G/G||, < H***/2 for some H < 7% /64R?.
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Determining C>“ regularity by the coefficient G

Theorem
Let R >0, let D = Br(0) CR? and let G : D\ {0} — (0, 00) satisfy:

@ G is C? with respect to r.

Q@ G=r+0(r.

Q ||02G/G||, < H and ||92G/G||, < H**/2 for some H < 7 /64R?.
Then the disc D with the metric

g= dr® + G2d6?

extends to a C>* surface (M, g) with constant CH, where C > 0 is a

universal constant, and D is strongly convex in M.
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Determining C>“ regularity by the coefficient G

Theorem
Let R >0, let D = Br(0) CR? and let G : D\ {0} — (0, 00) satisfy:

@ G is C? with respect to r.

Q@ G=r+0(r.

Q ||02G/G||, < H and ||92G/G||, < H**/2 for some H < 7 /64R?.
Then the disc D with the metric

g= dr® + G2d6?

extends to a C>* surface (M, g) with constant CH, where C > 0 is a

universal constant, and D is strongly convex in M.

Up to universal constants, conditions 1-3 are necessary.
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Steps of the proof
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Steps of the proof

@ Determine a reference curvature Ky by sampling p at three points.
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Steps of the proof

@ Determine a reference curvature Ky by sampling p at three points.
Choose some p € .7k, and let o be a unit-speed curve on y,%o
satisfying r o yo = p, where r = dyK0(~, p).

o
Y0(t)

Ko

()
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Steps of the proof

@ Determine a reference curvature Ky by sampling p at three points.
Choose some p € .Sk, and let 7o be a unit-speed curve on 5”,%0
satisfying r o v = p, where r = dyKO(-, p)- (7o is not a geodesic)
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Steps of the proof

@ Determine a reference curvature Ky by sampling p at three points.
Choose some p € .Sk, and let 7o be a unit-speed curve on 5”,%0
satisfying r o v = p, where r = dyKO(-, p)- (7o is not a geodesic)

@ Alter the metric on a disc D C ., where g lies; seek a metric of
the form dr? + G2d#?.
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Steps of the proof

@ Determine a reference curvature Ky by sampling p at three points.
Choose some p € .Fk, and let 7o be a unit-speed curve on Y,%O

satisfying r o v9 = p, where r = dyKO(-, p). (o is not a geodesic)
@ Alter the metric on a disc D C .k, where g lies; seek a metric of
the form dr? + G2d#?.

@ The desired value of h = 90,G/G on 7 is: h(yo(t)) = 1_p;;,((t2)2.
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Steps of the proof

@ Extend h from ~g to D using a partition of unity; use the hypothesis
to show that there exists such h satisfying ||h? + 0,h|| . S 1.

Weizmann Institute of Science Embeddings into C=*< surfaces November 2020 23/24



Steps of the proof

@ Extend h from ~g to D using a partition of unity; use the hypothesis
to show that there exists such h satisfying Hh2 + 8thC0’a <1l

0=0
0=0," i
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Steps of the proof

@ Extend h from ~g to D using a partition of unity; use the hypothesis
to show that there exists such h satisfying ||h? + 0,h|| . S 1.
Let G be the solution to

0,G/G = h, G=r+0(r).

Weizmann Institute of Science Embeddings into C=*< surfaces November 2020 23/24



Steps of the proof

@ Extend h from ~g to D using a partition of unity; use the hypothesis
to show that there exists such h satisfying Hh2 + 8thc0,a <1l
Let G be the solution to

9,G/G = h, G=r+0(r.
@ Apply a 6-deformation F : D — D. Choose F so that the curve
7 := F o~y is unit-speed with respect to g := dr?> + (G o F~1)d6?.

—

I
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Steps of the proof

@ Extend h from ~g to D using a partition of unity; use the hypothesis
to show that there exists such h satisfying th + a,hHCO@ <1
Let G be the solution to

0,G/G = h, G=r+0(r).
@ Apply a 6-deformation F : D — D. Choose F so that the curve

7 1= F o is unit-speed with respect to g := dr? + (G o F~1)d#?.

@ The curve v now satisfies both geodesic equations, and
dg(Y(t), p) = p(t) for all t. Moreover, the curvature of the metric g

satisfies
1Kl co.e = [|(Orh+ h?) 0 F7Y| o = O(1).
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Epilogue: an extension which is C1® in x and C%® in y
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Epilogue: an extension which is C1® in x and C%® in y

O,b) (1,b)

(0,0) ©1)
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Epilogue: an extension which is C1® in x and C%® in y
Lemma

Let Q =[0,1] x [0,b] C R?. Let F: @ — R satisfy

NGy lere <1 for all y € [0, b], and
IF(x, Ilcoa <1 for all x € [0, 1].

Then there exists a function G : @ — R such that

e G(x, bx) = F(x, bx) for all x € [0,1], and

o G(x,y) = gi(x) + g2(y), where

|81l cra < C and
182l co.a < C.
v
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