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1 Introduction

Can a metric space (X, dx) be embedded isometrically in a two-dimensional Riemannian man-
ifold whose Gauss curvature is Lipschitz, or more generally, Hélder continuous? In this thesis
we address what is probably the simplest nontrivial special case of this problem.

Let X denote the class of metric spaces (X, dx) with the property that for some zq € X, its
complement X \ {zo} is isometric to a compact interval I C R.

To each X € X we can associate a function px : I — (0,00) defined by

px(t) = dX((p(t)wTO)? (1)

where ¢ : I — X \{zo} is an isometry. The function px determines the metric of X completely,
and embedding X isometrically in a Riemannian manifold (M, g) is the same as finding a point

p € M and a unit-speed minimizing geodesic v : I — M such that

dy(v(t),p) = px(t) for all t € I.

Given X € X and 0 < a < 1, we would like to know:

e Does X embed isometrically in a two-dimensional Riemannian manifold whose Gauss

curvature is bounded and «a-Holder?

e If so, then how small can the a-Holder seminorm of the curvature be?

Recall that for 0 < a < 1, a real-valued function F' on a metric space (X, dx) is a-Hélder if

there exists L > 0 such that
|[F(p) — F(q)] < L-dx(p,q)" for all p,q € X.

The smallest such L is denoted by || F||, and called the a-Hélder seminorm of F. For o = 1,
Holder continuity is the same as Lipschitz continuity.

A C% Riemannian surface is a complete two-dimensional Riemannian manifold (M, g) with a
C? metric, whose Gauss curvature K is bounded and a-Hdlder (with respect to the Riemannian
metric), and whose injectivity radius inj(M) is bounded from below. For simplicity, we will
bound all three quantities || K| , || K|, and inj(M) in terms of a single parameter H > 0, and
say that (M, g) is a C** Riemannian surface with constant H. See for precise definitions.

The main result of this thesis is the following “finiteness principle”:



Theorem 1. There exist universal constants B, C such that the following holds. Let H, R > 0
satisfy HR*> < B. Let X € X and assume that the diameter of X is at most R. If every
every subspace S C X of cardinality at most 13 embeds isometrically in a C** Riemmanian
surface with constant H, then X itself embeds isometrically in a C*“ Riemannian surface with

constant CH.

The assumption HR? < B guarantees that all the embeddings involved are into strongly
convex discs (a subset U of a Riemannian manifold is said to be strongly convez if every two
points in U are joined by a unique minimizing geodesic lying entirely inside U; see . As a
consequence, the function px associated with X by the formula is convex. This assumption
also guarantees that the Riemannian metrics on those discs is equivalent to the Euclidean metric
up to universal constants.

We do not know whether the number 13 is sharp. A trivial lower bound is 4, since any 3-
point metric space can be embedded in R?, and the lower bound 5 follows from the following
fact, which is fundamental in Alexandrov geometry (see [4]). Let .k, denote the complete,
simply connected surface of constant curvature Ky € R. The number K is said to be a planar

embedding curvature of a metric space X if X embeds isometrically in ., .

Theorem (Wald-Berestovskii [16],[1]). Any four-point metric space, of which exactly three

points are collinear (i.e. embeds isometrically in R), has a unique planar embedding curvature.

The problem of embedding a metric space isometrically in a Riemannian manifold is, in
some sense, the geometric counterpart of the classical Whitney problem, which asks under
what conditions a real-valued function on a closed subset of R" extends to a C*® function
defined on all of R™ (recall that a C*® function is a function whose partial derivatives of order
k are a-Holder). For a comprehensive survey of the Whitney extension problem, see Fefferman
and Israel [10].

We are not aware of much literature concerning isometric embeddings into manifolds of “mod-
erately varying curvature”. In a paper titled “the geometric Whitney problem”, Fefferman,
Ivanov, Kurylev, Lassas and Narayanan [I1] have recently provided a characterization of met-
ric spaces which are quasi-isometric to Riemannian manifolds of bounded geometry, i.e. metric
spaces which can be mapped with small metric distortion into e-nets of Riemannian mani-
folds with bounded sectional curvature and injectivity radius. By contrast, our embeddings are

isometric rather than quasi-isometric, and the image does not have to be an e-net.



Theorem [1]is inspired by finiteness principles arising both in the theory of isometric embed-
dings and in the theory of extensions of functions. A classical result (see Blumenthal [2], §39)

states:

Theorem. A metric space X embeds isometrically in .Sk, if every 5-point subspace of X does.

The following finiteness principle is a well-known consequence of Whitney’s extension theorem

in dimension one, see [10].

Theorem. Let A C R be a closed subset and let f : A — R. Suppose that for every subset

S C A consisting of at most k + 2 points, the function f|s can be extended to a function

Fg € CH*(R) satisfying ’Fék)‘

< 1. Then [ can be extended to a function F € C**(R) with

||F(k)Ha < C, where C' is a universal constant.

A generalization of this finiteness principle to C**(R™) was proved by Fefferman [9], settling

a conjecture by Brudnyi and Shvartsman.

Outline of the proof of Theorem

The thesis is devoted mainly to the proof of Theorem [I} The scheme of the proof is as follows.
Let X € X and let p = px. As noted above, embedding X isometrically in a C*® Rie-
mannian surface (M, g) is the same as finding a point p € M and a unit-speed geodesic
v : I — M such that p = dy(7(-),p). The metric g will be constructed in polar normal
coordinates r, f centered at p (see . The advantages of these coordinates are twofold: first,
the Riemannian distance of a point from the origin in normal coordinates is the same as the
Euclidean distance, so we know that our curve ~ has to be given in normal coordinates by
v(t) = (p(t) cos(¢(t)), p(t) sin(¢(t))) for some function ¢ : I — S. Second, the metric in polar
normal coordinates is always of the form g = dr? + G%df? for some function G. Hence, the
construction boils down to the determination of two functions: the angle function ¢ = 6 o,

and the metric coefficient G.

Two central difficulties which arise in the construction are:

e For C?“ surfaces, the metric in polar normal coordinates is not necessarily C?; it may
even fail to be C! (see Hartman [13]). So it is possible that a metric with a rather “bad

behavior” in polar normal coordinates would turn out to be C**. In §2.6 we settle the



problem, interesting in its own right, of determining necessary and sufficient conditions

on G for the metric dr? + G?df? to be C** in a sufficiently small disc around the origin.

e Both the metric g and the location of the curve ~ are unknown, and each one of them
determines the other. Our solution to this is to start with a “provisional” curve g, then

to construct the metric around 7y, and finally to deform v, into the final curve ~.

Below are the main steps of the construction process.

The curvature of the metric g has to be a-Hélder with a bounded seminorm, and the diameter
of X is bounded, so, roughly speaking, there should be some number Ky € R such that the
curvature is approximately Ky on the region where X will be embedded. We use a simple
formula to determine what K, is going to be (Proposition and Corollary . Intuitively,
we choose Ky to be the planar embedding curvature of {zg, x1, 2, 23}, where zo € X is the
point such that X \ {x¢} is isometric to an interval, and x1, 9,23 € X \ {20} are points which
are infinitesimally close to each other. Since x1, 9, x5 are collinear, this embedding curvature
is unique.

We now take a curve v, on a disc A C R? with the properties: (1) if the disc A is endowed
with a metric of constant curvature Ky, then v, is unit-speed; and (2) for all ¢ € I, v(¢) has
distance p(t) from the origin. In polar normal coordinates, the metric of constant curvature K
is given by

dr? + (sing, r)*d6?

(see for the definition of sing, ), and 7, is given by

(1) = (p(t) cos(do(t)), p(t) sin o (1))

for some ¢¢ : I — S'. We want to replace sing, r and ¢, by functions G and ¢ such that
v := (pcos ¢, psin @) is a unit-speed geodesic with respect to the metric g = dr? + G*d6?.

The geodesic equations take a simple form in polar normal coordinates in two dimensions: It
can be shown (Proposition that a unit-speed curve +, lying sufficiently close to origin, is a

geodesic with respect to g if and only if

h(y(1) = p"(t)/(1 = p'(t)*) for all t € 1, (2)

where h := 0,G/G. We prescribe these values of h on 7y, extend h from v to the disc A using
a carefully devised partition of unity, and then determine G from h on A by integration. Next,

we apply a deformation in the 6 coordinate, so that vy becomes a unit-speed curve =, which



satisfies and whose distance from the origin at time ¢ is p(t). We then glue the disc A to a
surface of constant curvature to obtain a complete surface.

Since the function h has a singularity at the origin, instead of extending it directly we work
with the function f := h — cotg, r, the difference between h and its counterpart in constant
curvature (cotg, is also defined in §2.5). The extension of f from 7, to A takes more than
a direct application of Whitney’s extension theorem, because the desired extension has to be
C?“ in the r direction, while in the # direction it is allowed to be just C%*. A special set of
conditions is needed to ensure that the curvature of the metric resulting from this extension has
a bounded a-Holder seminorm. In Proposition this set of conditions is shown to follow
from the finiteness condition of Theorem [I}, and in Proposition [£.1] it is proven to be sufficient

for the existence of the extension of f possessing all the desirable properties.

The thesis is organized as follows. Section §2| contains the background for the thesis. We
begin with a review of relevant results from Whitney theory and Riemannian geometry. We
then prove a stability lemma about the Ricatti equation, and use it to obtain estimates for the
regularity of the metric of C? Riemannian surfaces in polar normal coordinates. Finally, we
prove Theorem , which characterizes C%? surfaces by their metrics in polar normal coordinates,
a characterization which will become useful when constructing the embedding in the proof of
Theorem [II
In section §3] we study functions px corresponding to metric spaces X € X satisfying the
hypothesis of Theorem [} The main result of the section is Proposition [3.11], which translates
the finiteness condition of Theorem [I| into some technical estimates involving p and related
functions. In Proposition [3.12| we prove that if the constant B in Theorem [1] is small enough,
then 7y does not wind more than once around the origin, allowing us to construct the metric
on the sector between 7, and the origin.

In section §4 we prove Theorem [I]in two steps: first, using Theorem [2| we reduce the proof to
the problem of extending the domain of the function f mentioned above. Then, we show that

the existence of this extension follows from the estimates of Proposition [3.11]

I would like to express my deep gratitude to my advisor, prof. Bo’az Klartag, who made
this thesis possible with continuous guidance and encouragement. I would also like to thank

Itai Benjamini, who offered me many insightful and motivating conversations.



2 Preliminaries

2.1 General notations

For two quantities A, B, we write A < B or A = O(B) if there is a positive constant C' such
that A < CB, and A ~ B if there is a positive constant C such that C~'B < A < CB. Unless
stated otherwise, the implied constant C' is universal.

For a point p in a metric space, and a positive number R, the open ball of radius R centered
at p is denoted by Bgr(p).

The diameter of an subset S of a metric space is denoted by diam.S. The length of an interval
I C R is denoted by |I|.

A curve is a path on a manifold, which has a well defined continuous tangent.

When working in coordinates, we will identify the coordinate domain on a Riemannian surface
M with its image in R?, and the pullback metric of ¢ on R? with the metric on the manifold.
We will often write (r,0) or (rcosf,rsinf) more compactly as re®. The coordinate 6 will
always vary between —m and 7.

For Ky € R, we denote by ., the complete simply-connected surface of constant curvature

K.

2.2 ("2 functions

Let 0 < a < 1, and let (X, dx) be a metric space. A function F': X — R is said to be a-Holder

if there exists L > 0 such that for all p,q € X,

|[F(p) — F(q)] < L-dx(p,q)”.

The smallest such L is called the a-Holder seminorm of F' and is denoted by || F|,.

We shall make extensive use of the (trivial) inequality

Il < ll@lla 191l + el 191l - (3)

(here and throughout, || F||__ := sup |F).
It is also easy to verify that if X has finite diameter and F' : X — R is S-Holder, then it is

a-Holder for all 0 < a < 8 and
IF), < Il - (diamX )" (4)
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Let Q C R" be a domain. We denote by C*(Q) the space of k-times differentiable functions
F : Q — R all of whose partial derivatives of order k are a-Hélder. We will write only C*
when the domain is clear from the context.

The space C**(£2) can be endowed with the norm

|Fllnogy = max [07F|,, +max|[o"F]|, -

where J = (j1,...,Jx) is a multi-index and |J| :== )", j;.
For a subset A C R, a function F' : A — R and a finite subset S C A, we define the divided
difference of F with respect to S, denoted by F[S], by induction on the size of S:

Fl{wo}] := [ (o)
Fl{zo,...,x1}] == Fl{zo, ... xp}] = F[{wn, ..o 2}

To — Tk

One can check that the ordering of the points in S does not matter. By the mean-value theorem,
if |S| = k+1 and F is C* in an interval I containing S, then F[S] = F®*)(c)/k! for some point

cel.

We shall use the following version of Whitney’s Extension theorem in dimension one (The-

orem 2.52 in [3]):

Theorem 2.1. Let k € NU{0} and 0 < a < 1, let A be a closed subset of R and let f : A — R.

Suppose that there is a constant L > 0 such that for every subset S C A consisting of at most
k + 2 points,
|f[S]] < L - (diamS)**.

Then f can be extended a C** function F: R — R with HF(’“)Ha < L.

Theorem [2.1] implies the following corollaries:

Corollary 2.2. Let F' be defined on a closed interval I C R, let L > 0 and suppose that for
every subset S C I consisting of at most k + 2 points, there is a function Fg € C** which

agrees with F' on S and satisfies HFék) < L. Then F € C** and HF(’“)HQ < L.

Corollary 2.3. Let T1,15,C > 0 and 0 < o < 1, and let I C R be an interval with |I| <
(Ty/Ty)Y*. Let f be defined on a closed subset S C I. Suppose for every distinct x,y,z € S,

[f(x) = fF(y)| < Thlz —y]



and
fl@) = fly)  fly) = f(2)
r—y y—z
Then f admits an extension F : I — R with ||F'|| STy and ||[F'||, S Ts.

< T, -diam{z,y, 2}~

Proof. Let A = (Ty/Ty)"/* and define f, : A\™1S — R by fy(z) := f(Az) (where for a set A and

a scalar t we let tA := {ta | a € A}). Our assumptions on f imply that, for z <y < z € A71S,

(@) = Hl <Tid-le—yl - and (5)

M) = Hly)  Hy) = [i(z)
T —y y— 2z

< oA diam{x, y, 2}* = Ty \ - diam{z,y, 2}*.  (6)
Dividing inequality @ by z — x we obtain
Az, y, 2} < TUA - diam{x, y, 2}

By Theorem /» admits an extension F) : ™' — R which is O with || FY]|, S T
By the mean value theorem and , there is a point w € A™' satisfying |F}(w)| < Th .
The function F : I — R defined by F(z) := F\(A"'z) extends f and satisfies | F'||, < ThA™* =
T, and |F'(Aw)| < Th. Since |I| < A, it follows that ||[F'|| S Ti+ 1o - A* ST O

2.3 (C?*® Riemmanian surfaces

A Riemannian manifold (M, g) is said to be C? if each point of M is contained in the domain
of a coordinate chart in which the coefficients of the metric g are C? functions. This a rather
minimal regularity assumption, which enables us to define the curvature tensor in the traditional
way. It also guarantees the uniqueness of geodesics with prescribed initial conditions, as the
coeffecients of the geodesic equations are locally Lipschitz.

For a Riemannian manifold (M, g), denote by inj(M) the injectivity radius of M, i.e, the
largest number R such that for every p € M, the exponential map exp, : Br(0) — M is a

diffeomorphism.

Definition 2.4. Let H > 0 and 0 < a < 1. A C%® Riemannian surface with constant H is a

complete two-dimensional C? Riemannian manifold satisfying
1Kl < H, K|, < HY? and inj(M) > /VH,

where K is the (Gaussian) curvature of (M, g), and its Holder seminorm is taken with respect

to the Riemannian metric.
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We say that (M, g) is a C** Riemannian surface, or simply a C%“ surface, if there exists

some H > 0 such that the requirements of Definition are satisfied.

Example 2.5. The surface %, for any Ky € R is a C** Riemannian surface with constant

| Kol

Example 2.6. The graph of a C>® function F : R? — R, with the metric induced by R3, is a

C? surface.

We similarly define C?“ Riemannian metrics on domains in R?:

Definition 2.7. A C** Riemannian metric (with constant H) on a domain A C R? is a
Riemannian metric on A satisfying the conditions of Definition 2.4] excluding completeness

and bounded injectivity radius.

Remark. If a surface (M, \?g) is obtained from a surface (M, g) by multiplication of the metric
g by ascalar \? > 0, and g is a C*“ surface with constant H, then (M, \?g) is C* with constant
A 2H.

The following theorem appears in Kazdan and DeTurck [6]:

Theorem 2.8. Let (M, g) be a C** Riemannian surface. Then any point in M is contained

in the domain of a coordinate chart in which the components of g are C** functions.

2.4 Polar normal coordinates

About any point p in a Riemannian surface (M, g) one can introduce normal coordinates, in
which the coordinate map is the exponential map exp,,, and lines through the origin correspond
to geodesics emanating from p.

Using polar coordinates in R2, we obtain from the normal coordinates a new set of coordinates
(r,0), called polar normal coordinates. As a consequence of the Gauss lemma, the metric g can

be written in polar normal coordinates as
g = dr? + G*d6? (7)

for some function G = G(r, 9).
A normal disc on a Riemannian surface is a Riemannian disc on which normal coordinates

may be defined (i.e. a disk Br(p) such that exp, : Br(0) — Bg(p) is a diffeomorphism, where

11



Bgr(0) € T,M). When M is C** with constant H, then by definition, any point is the center
of a normal disc of radius 7/ H. Whenever polar normal coordinates are used, the domain

will be such a disc.

Polar normal coordinates do not posses the full regularity of the manifold. While Theorem
asserts the existence of coordinates in which the coefficients of g are C*“, in polar normal
coordinates the coefficient G is only C* in general (an example appears in [13]). However, it is
differentiable twice with respect to r and satisfies:

G(r,0) =%0 and  G(r0)/r=%1  forallfe S, (8)
as well as the Jabobi equation
0’G+ KG =0. (9)
For smooth metrics, the Christoffel symbols for polar normal coordinates are
b =T =17, =T, =0,
Z 0 (10)
r,=-G-0.G, TY =I%=0.G/G, T%,=0,G/G.

For C%“ surfaces, however, the partial derivative 9yG may not exist, thus I, and subsequently
the covariant derivative Vy,0p may not be defined. For this reason it is useful to introduce the
oriented orthonormal frame (0,, 59), where 9y 1= 0y /G is the normalized version of the vector
field 9y. Fortunately, dy can be covariantly differentiated with respect to both 9, and itself,
even when the metric is merely C?. To see this, let us first calculate the Christoffel symbols
corresponding to the frame (8,,dy) for smooth metrics. As 9, and dj are both parallel along

radial geodesics, we have Vy 0, = Vaﬁg = (, and using and linearity we see that
Vs, 0r = G7'V5,0, = (0,G/G*)0g = (0,G/G) .
Differentiating the identities <59, 39> =1 and <5?9, 8r> = 0 with respect to ég then gives
Vs,00 = —(0,G/G)0,.
Hence the Christoffel symbols for the frame (9,, d5) are

F:r = Ffr =0, F:é - Ffé =0,
A : (11)
roo__ 0 _ oo 0 _
I, =0, Iy =0.G/G, T};=-0,G/G, Ty =0.
Now let (M, g) be a C** surface, let A C M be a normal disc and consider the affine connection

on A given by with respect to (0, é@). By the computations above, and the fact that
[ara 36'] - _(aTG/G)aAea

12



we see that this connection is symmetric and compatible with the metric g, hence coincides
with the Levi-Civita connection on A. This proves that all the covariant derivatives involving
0, and 39 are well defined for any normal disc in a C%® surface.

The function 0,G/G, the logarithmic derivative of G with respect to r, which appears in the
Christoffel symbols , is important for other reasons, and deserves its own letter:

o0,G
h = . 12
e (12)
With this notation we may summarize:
Vi, 0y =V dy =0 Vs, 0r = hs Vs, 06 = —ho,. (13)

Using the orthonormal frame (8,,dy) we can easily prove the following lemma.

Lemma 2.9. Let (M, g) be a C** Riemannian surface and let (r,0) be polar normal coordinates
centered at p € M. If v is a unit speed curve lying in a normal disc centered at p, and the
function p(t) := d,(y(t),p) is C? and satisfies |p| # 1, then

vwz_m< L —h) N, (14)

1

where N is the inward-pointing unit normal to v, which is defined to be the unique unit vector

field along ~y such that (, N) =0 and (0,, N) < 0.

Remark. Since distance functions are 1-Lipschitz and v is unit-speed, always |p| < 1.

Proof. Since v is unit-speed and | (9,,4) | = |p| # 1, it follows that § = ++/1 — p2/G # 0,
hence 0 o v is monotone. Reversing the parametrization of 7 does not alter either side of ,
hence we may assume without loss of generality that v is oriented in the positive direction, i.e.
that 6 o« is strictly increasing. The tangent to v is then expressed in the orthonormal frame
(r,0s) by

= p0, + /1 — p20p, (15)
while the inward-pointing normal N is given by

N = —\/1 = /28, + py. (16)

Differentiating covariantly along ~ gives

Vi = O, + V0, + %ée +/1= 2V,
—p

VY

13



Using and , linearity of the covariant derivative then yields

Viy = (p—h(1—p*) 0, + (hp«/1—_ 2 \/%) Dp. (17)

Equation then follows from and (17). O

Remark. Consider the case where 7 is circle centered at p, parametrized by unit speed. Then
p is constant, and reduces to V47 = hN. Thus the function h has the following geometric
interpretation: it is the (signed) geodesic curvature of a unit-speed circle.

Another fact, which we shall not use, is that h = Ar, where A is the Laplace-Beltrami operator.

2.5 The Riccati equation and curvature comparison

Differentiating with respect to r and using @D gives the Riccati equation:
Oh+h +K=0 (18)
with the initial condition
h=1/r+0(r) asr — 0. (19)

In the case of constant K, the solution to , is

(

vV—Kcoth(v—Kr) K<O0,r>0
cotgr = 1/r K=0,r>0

VK cot(vVKr) K>0 0<r<7/VK

\

and the solution to the Jacobi equation @D with the initial condition (8)) is

(

sinh(vV—=Kr)/vV-K K <0

sing r =< r K=0

sin(vVKr)/VK K >0

It is also useful to introduce the functions

(

vV—xcoth(y/—z) <0
O(z) =141 z=0 (20)

vz cot(y/x) 0<x<n?

\

14



and
(

sinh(v/—z)/v/—z <0
U(z):=1q1 x=0
sin(v/x)/v/x 0<x<n?

which are strictly decreasing and analytic. Note that z cotx(x) = ®(Kx?) and sing(x)/x =

U(Kx?).

\

The Riccati equation satisfies the following well-known comparison principle ([I5], Proposition

25):
Lemma 2.10. Let h: (0, R] — R be differentiable and satisfy

R (z) + h*(x) + K(x) = 0
h(z) =1/x+O(z) asx — 0

where K : (0, R] — R safisfies |K| < H for a constant 0 < H < w*/R?. Then
cotgx < h(x) < cot_yx
for all x € (0, R).

Corollary 2.11. Let G be a solution of and @ on some disc Br(0), and assume |K| < H

for some constant H > 0. Then
singr < G(r,0) <sin_gr forall0 <r <R andf € S'.
In particular, if R < 7/2vH then

G(r,0)/r ~ 1 for all0 <r <R and § € S*.

Proof. Fix 0 € S* and let
Y(r)=Yy(r) :=G(r,0)/r.

By (B), Y 2% 1, and if we let h := 9,G/G then
O logY =0,G/G—1/r=h—1/r.

We know that h satisfies the Riccati equation , , hence by Lemma [2.10]

0, log (Sm“) — cotyr 7 —1/r < 8, log Y < cot_gr — 1/r = 9, log (Sm‘”> .
" T

15



Integrating this inequality and using the fact that Y, r~!sing r and r~!sin_g r all tend to 1 as

r — 0, we obtain

W(r2/4) < U(H) < ST <y g) < CW(—Hr?) < U(—r2/4),

r r

and as W(7?/4) = 2/7 > 0, the corollary follows. O

A subset U of a Riemannian manifold is said to be strongly convez if every p,q € U are

joined by a unique minimizing geodesic in M, which lies entirely in U.

Theorem 2.12 (Whitehead). Let (M, g) be a complete Riemannian manifold with sectional
curvature < K,q. and injectivity radius > Z. For every R < %min{w/\/Kmaz, Z} and every

p € M, the disc Br(p) is strongly convez.

Corollary 2.13. In C*>* Riemannian surfaces with constant H, open discs of radius < 7/(2vH)

are strongly convew.

Combining this with Corollary [2.11], one obtains

Corollary 2.14. Let (M, g) be a C** Riemannian surface with constant H and let p € M.
For every v,w € T,M with max{|v|,|w|} < 7/2vH,

[v —wly ~ dy(exp, v, exp, w)

where | - |4 :=4/(:,-), is the Riemannian norm on T,M.

Having recalled some classical results about bounded curvature, we now prove a stability
lemma for the Riccati equation, which will be useful in our setting, where the curvature is not

merely bounded, but also satisfies a Holder condition.
Lemma 2.15. Let h; : (0, R] — R (i = 1,2) be solutions to the Riccati equation:
h;+hi+K;=0 (21)
hi(x) =1/ +O(z) asx — 0 i=1,2 (22)
where K; : (0, R] — R are functions satisfying:
1 ||Ki||l, < H
2. |Kill, < L for some 0 <a <1
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3| Ky — Kl T

for constants H, L, R, T > 0. Assume HR*> < w%/4. Then, for every r > 0, the function

f := hi — hy has the following properties on the interval [r, R]:
(a) [fll S TR (¢) Ifllq S TR
(0) 1fle ST (d) 1"l S L+TR™(1+R/r)

Proof. By , we have:

f(x) = (@) = hy() = ha(2)? — ha(2)* + Ka(2) — Ky(2) =

= (ha(z) — b (2))(ha(z) + hi(z)) + Kz (x) — Ki(2) = (23)
= —f(x) <h2(x) + hy(z) — %) — 2fx<x> + Ks(z) — Ky (x).

Set g(z) := 2?f(z) for 0 < 2 < R and ¢(0) := 0; then g is C* on [0, R] by (22), and

implies:

J'(z) =2xf(z) + 2 f'(x)

, 9 ) (24)
= —21(a) (hate) + ) = 2) 4 2 (Koler) — B (0)
By the Riccati comparison principle (Lemma above), for all 0 < z < R,
coty x < hi(x) < cot_pgx i=1,2 (25)
whence
®(Hx?) = zcotyx < xhi(z) < wcot_gx = ®(—Ha?). (26)

By assumption, HR? < w2/4, and its not hard to show that |®(t) — 1| < 4|t]/7? for |t| < 72/4
(e.g. by convexity of the nonnegative functions 1/x — cotx and cothx — 1/x on the intervals

[0,7/2] and [—/2, 0], respectively). Thus
|zh(z) — 1| < 4Hx* /7 z € [0, R].
This, together with and assumption 3, imply that
g'(z) < 8Hzl|g(x)|/n* + Ta?. (27)
Fix r € [0, R] and z € [r, R], and let

xo = sup{t € [0, 2] | g(t) = 0}.
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Since ¢(0) = 0, necessarily g(zo) = 0. Exchanging h; and hs if necessary, we may assume that

g is positive on (g, z). Hence becomes
g (t) < 8Htg(t)/m* + Tt*  t € [z, x]. (28)

Setting o = 4/7%, this last equation can be written as:

d

p <670Ht2g(t)> < Te M2t e [z, al.

Integrating this we get

where the identity 1 — e® < —a was applied in the last passage. It follows that:

g(x) < %e“HxQx?’ < %e(’HR2x3 < Ta? (29)
because HR? < %/4. Conclusion (a) follows, as
f(z) = g(z)/a® S Te <TR. (30)
Now, by and ,
)| = [ L2 200
o HA ., o)

STH* +T<T(HR*+1)<T

hence (b) holds; it also follows that

[f(21) = f(@2)| S Twy — @2
STRY 2y — 19)*
which proves (c).
To obtain (d), we shall bound the C* seminorm of each term in separately. Since |K;| < H,
and 1/z is the solution to the Riccati equation with K = 0, we can apply the estimates (a) and
(¢), which we have already proved, to the pairs hy, 1/z and hg, 1/x, with T replaced by H, and
get:

<HR

~

1
x

[e.9]

1
hi——|| <HR™
X

[0}
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This last estimate, together with (a),(c), and the inequality (3 gives

STR-HR" 4+ TR - HRS(HR?)-TR*<STR™“.

[0}

1@ ()= 3+ hato - )

As for the second term in (23), we have by (a) and (b) and the fact that ||1/z]|, < '™ on
[, R]:

If /2, STR v 17+ TR 7V S TRV 7L,

Finally, the last two terms have, by assumption, C* seminorms bounded by L. This finishes

the proof of (d). O

It follows from the proof of Lemma [2.15 and from Lemma that:

Corollary 2.16. Let H > 0. For any continuous function K : [0,7/(2v/H)) — [—H, H] there
18 a unique solution to the Riccati equation , and to the Jacobi equation @, on
the interval (0,7/(2v/H)).

We now apply Lemma to the study of C*® Riemannian surfaces.

Corollary 2.17. Let H R > 0, 0 < a < 1, and suppose that HR?> < 72/4. Let g be a C**
metric with constant H on Br(0) C R? given by g = dr? + G*d#?*, and let h = 0,G/G.
Suppose that there is some Ky € [—H, H] such that the curvature K satisfies

K (q) — Kol < T for all g € Bp(0).
Then the function f := h — cotg, r satisfies for all Ry € (0, R]:
(A) Ifll S TRy on Bg,(0) (C) Ifll, < LRo on Bg,(0)

(B) [10-flloc ST on Bg,(0) (D) 110:fllo S LA™" on Bry(0) \ Bagy(0) for all A <1

where the C* norms are with respect to the Euclidean metric on Bg,(0), and L := H'T/2,

Proof. Let Ry € (0, R]. By Corollary [2.14] the Riemannian metric and the Euclidean metric
on Bpg,(0) are comparable on the disc Bg(0) up to a universal factor, and so ||K||, < L with

respect to the Euclidean metric on this disc. Thus
|K(2) — K(2')] £ min{T, Lr*} for all r € (0, R] and 2, 2’ € B,(0).

Fix § € (-7, n]. The function h(re) is a solution to the Riccati equation (18)),(19), whereas

cotg, r is the solution to the same equation for X' = K. The hypotheses of Lemma [2.15
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thus hold, with hy(x) = h(xe?) and ho(x) = cotg,(x) (recall that by Definition K], <
H1+a/2 — L)

From conclusions (a) and (b) we obtain on Bg,(0)
[flloe = TRo and 10: flloe ST

thus (A) and (B) hold. Moreover, for all § € (—m, 7] and 0 < r; < ry < Ry, it follows from
conclusions (c) and (d) of Lemma with r =r;, R =1y and T = r§, that

|f(rlew) — f(T2€i0)| < Lirglry — re]®  and

10, f(r1€) — 0, f (r2€”)| S L1+ 712/11))|r1 — 72|*.

(31)

Now fix 0 < r < Ry, let 61,0, € S, and note that for s € [0, 7],
| (se™) — K(se)| < Ld,(se™, se%)™ ~ L|se™™ — se'|™ < Lr®|0; — 0,

This time, we apply Lemma m to the pair h;(z) := h(ze'%). By conclusions (a) and (b)

thereof:
Fre™) = Fre™)| = [h(re™) — h(re)] S Lo, — ", .
|0, f (rer) — 0, f(re®?)| = |0, (h(reiel) — h(rew?)) | < Lr®|0; — 65]°. 2
Putting together and , we get that for z; = r;e?, 0 <r; <ry < Ry:
[F(z21) = f(z)| S |F(rie™) = fre®)[ + | f(rie'™) — f(rae®)]
S Lrgt0) — 0o + Lrg|ry — ro®
S Lra(r{ |0y — 02|% + [r1y — r2|*)
< LRplz — 22|
and if ARy <171 < ry < Ry, then
100 f(21) = 0, f(22)| <O f (r1e™™) = O, f (r1€72)] + 10, f (r1€7%) = O, f (rae™™))
S L6y — 03] + L(1 4+ ro/ry)|r — 12|
S (Lra/ra) (17100 = 0o + |1y — 1%
SATL|z — 2]
completing the proof of (C) and (D) and of the corollary. O
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2.6 Metric coefficients of C*® surfaces in polar normal coordinates

As was mentioned in §2.4] the full regularity of a C*“ surface is not revealed in polar normal
coordinates: the coefficient G in can fail to be anything more than C%¢. In this section we
prove the following theorem, which provides necessary and sufficient conditions for a metric of

the form , defined on a sufficiently small disc, to extend to a C*% surface.

Theorem 2. Let 0 < a <1, let R >0 and let G : BR(0) \ {0} — (0,00). The two statements
below are equivalent in the following sense: if (1) holds for some H < w*/4R?, then (2) holds
with H = CH, and if (2) holds for some H < n/64R?, then (1) holds with H = CH, where

C > 0 is a uniwersal constant.

(1) There ezists a C*>* Riemannian surface (M,g) with constant H and a point p € M such

that Br(p) is strongly convex, and g is given in polar normal coordinates on Bgr(p) by
g = dr* + G*df*. (33)

(2) The following conditions hold:

(a) The function G is C* in r.
(b)) G—=0and G/r -1 asr — 0.

(¢) The function K := —0?G/G satisfies | K|, < H and | K|, < Hite/2,

The implication (1) = (2) follows immediately from the facts stated in together
with Corollary [2.14] We thus set out to prove the reverse implication.
Suppose that G satisfies (a) — (¢). By property (b), the metric g extends continuously to the
origin, and is thus a well defined metric on Bgr(0). Moreover, condition (c¢) implies that K

extends continuously to the origin; let

We shall construct a C%“ surface by gluing the disc (Bg(0),g) to the surface of constant
curvature ., with a disc removed.
To this end, let us first extend G to all of R? in such a way that (a) — (c) are still satisfied, and
K = K, outside the disc

A := Byg(0).
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This can be done, e.g., by defining K (re) := K((2R—7r)e?) for r € [R,2R] and K (re?) := K
for r > 2R, and then letting G be the unique solution to the Jacobi equation @D, with respect
to the extended K.

If Ky <0, then G is positive on R? \ {0} by Corollary and therefore formula
defines a Riemannian metric g on R?, which is locally isometric to ., outside A. If Ky > 0
then defines a metric on B,/ /;(0), which can be extended to a metric on the quotient
m/ 0B, /s(0), locally isometric outside A to Sk, a sphere of radius 1/ VK. In both

cases let us denote the resulting Riemannian surface by (M, g).

We must first prove that (M, g) is a C? surface. We do so by introducing new coordinates

on the disc A -namely, isothermal coordinates- in which the metric ¢ is C?.

Proposition 2.18. There is a C? function u : A — R such that (A, g) is isometric to (A, g),

where § 1s a metric on A given by
G = e"dzdz = e“(dx® + dy?).
Moreover, ||lul| S 1.

Proof. Let K, : R?> — R be a sequence of smooth functions satisfying

o [Kall, <H

n—o0

o |K, — K|l 2% 00n A

° Kn‘Bl/n(O) = K(O)

(to get a sequence satisfying the first two conditions one can take K, = K * ¢, where ¢, is an
appropriate sequence of mollifiers- see e.g. [§], pp.713-716. The third property can be achieved
using a partition of unity).
Let

N = V2A = B sg,(0)

(the specific radii here are not very important). Let G, : A’ \ {0} — R be the solution to
the Jacobi equation @D, with K replaced by K,. Then G, is smooth (by smoothness of
solutions to ordinary differential equations, and smooth dependence of parameters- see e.g.
[14]) and positive by Corollary [2.11] Thus

Gn = dr* + G2 db?
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is a well-defined smooth metric on A’, whose curvature is K, and is constant near the ori-
gin. For each n we now introduce an isothermal coordinate chart on (A’,g,), consisting of a

diffeomorphism ¢,, : A’ — A’ and a smooth function u, : A* — R such that ¢, (0) = 0 and
Gn = Pngn = " dzdz
(the asterisk denotes pullback). Such a coordinate transformation always exists (see e.g. [0]).
Lemma 2.19. The functions u,, satisfy
sx/p lun| <1 and (34)
Hun||czﬁﬁ(A) < C(H,R,() forall B < a. (35)

Proof. The estimate is an immediate consequence of the following theorem by Eilat [7]:

Theorem 2.20 (Eilat). Let H, R > 0 satisfy HR? < w%/8. Let (M, g) be a smooth Riemannian

surface with injectivity radius inj(M) > 2R and curvature |K| < H, and let p € M. Suppose

that the metric g has the expression e*dzdz in an isothermal coordinate chart z : Br(p) — Br(0)

satisfying z(p) = 0 and z(0Bg(p)) = 0Bgr(0). Then
Jullo S 1. (36)
Indeed, the discs (A, g,) can be extended to complete surfaces (M,,g,) by gluing them to

Ky, as we did with (A, g). See below for the proof of the injectivity radius bound for (M, g)-

the same argument implies that the injectivity radii of such M,’s are bounded from below by

7/4v/H > 2R. Thus Theorem m gives us (34).

To obtain (35)), we recall Liouville’s equation:
Au, = =2 (K, 0p,) - e"". (37)

and make use of the following elliptic regularity estimates (see [I12], Theorems 3.9 and 4.8):

Proposition 2.21. Let 0 < f <1 and 0 < Ry < Ry and let Q; = Bg,(0). Let u € C*(Qy).
Then

sup |Vu| < sup |u| + sup |Au| (38)
ol Qs Qo
||u||0276(91) . Sgp |ul + ||A“||CO,B(QQ) (39)
2

with the implied constants depending on Ry, Ry and f3.
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The implied constants in the rest of this proof may depend on 5, H and R. From ,
and the fact that [K,| < H, it follows that |Au,| < 1. Let A” := B ~(0). The estimate
then implies that sup,. [Vu,| S 1, whence [[u, | cosam S 1. Now B, and the fact

that ||K,||, < H'*/? imply that [Aunllcosamy S 1, 80 follows from (39). Lemma is
proved. O]

By Lemma [2.19| and the Arzela-Ascoli theorem, we may assume that u,, — « uniformly on
A for some u € C?%. Set

G = e"dzdz.
We finish the proof of Proposition by proving that the sequence ,, converges to an isometry
p:(Ag)— (A g)

Claim. The distance functions dg, and dg,, corresponding to the metrics g, and g,, converge

uniformly on A x A to d, and dj, respectively.

Proof. Let ¢ > 0 and let n € N be so large that sup, |K — K,| < . By Lemma the
functions h := 0,G/G and h,, := 0,G,,/G satisty:

sup |h — h,| Ser on B,(0) for all 0 < r < 2R. (40)
A

Therefore, for all € S* and 0 < r < 2R,

% - (/Or(h B h">(86i0>d8) = exp(O(er?)) = 1+ O(er?). (41)

By Corollary 2.11] if n is large enough then G,, ~ r whence
G? - G? =G*((G/G,)? —1) Sert, (42)
It follows that for every tangent vector v = 0?9y + v"0, € T(A \ {0}),
[0 = Julj, = () + G*(")* = (v")* = G (v")* S er' () < e, (43)

where |v|,, |v]y, and |v| denote the norm of v with respect to g, g, and the Euclidean metric,
respectively. Thus

[0y = [vlg, S erlol.

For any v : [0, 1] — A, we then have that

Leng(7) — Leng, () < %Eﬁ((!vlg —[Yg,) SeR- max . (44)
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Now, since G ~ r ~ G,,, there is a universal constant Z > 0 such that for every p,q € A,

dy(p, q) = inf{Leny(v) | v : [0,1] = A,7(0) = p,y(1) = ¢,|¥] < Z} and

dg, (p,q) = inf{Len,, (v) | v :[0,1] = A,7(0) = p,7(1) = ¢, |7| < Z}

(in words: to measure the distances in g and g, between p and g, it suffices to consider curves
whose tangents are no larger than Z in Euclidean norm).

By , these two infima differ by at most C'RZe, where C' is a universal constant. This proves
uniform convergence of dy, to d,. Convergence of dj, to d; is similar: by uniform convergence

of u, to u, we have |v|;, — |v|; uniformly in v, where v is a tangent vector with Euclidean norm

|3
bounded by some universal constant; the metrics g, and g are all comparable to the Euclidean

metric by a universal factor because of ; and the rest of the argument is analogous. O]

The metrics dg,d,, ,d; and dj, are all comparable to the Euclidean metric by a universal
factor, and therefore the functions ¢,,, which are isometries from (A, g,) to (A, g,,), are uniformly
bi-Lipschitz with respect to the Euclidean metric. By the Arzela-Ascoli theorem, (a subsequence

of) ¢, converges uniformly to a function ¢ : A — A, and by the claim, for all p,q € A,

dy(p,q) = lim dy, (p, q) = limdg, (¢a(p), pn(q)) = d3(¢ (), ¥(q)). (45)
This proves that ¢ : (A, §) — (A, g) is an isometry. Proposition [2.18]is proved. O

Proposition shows that (M,g) is a C? Riemannian surface, because in isothermal
coordinates on A the coefficients of g are C?, and outside A the metric has constant curvature.
By the Hopf-Rinow theorem (see [5], Theorem 10.1) M is complete, because exp, is defined
on all of TyM. Since the rays ¢t — tv for v € R? are unit-speed geodesics and the metric is
Euclidean at the origin, formula expresses ¢ in polar normal coordinates.

It follows from (9)) that the curvature of M is K, and is constant coutside A. By (c), we have
that || K|, < H, and || K|, < H'**/2 with respect to the Euclidean metric on A. By Corollary
2.11, G ~ r on A, so the Euclidean metric on A is equivalent, up to a universal factor, to the
metric d, induced by g, whence ||K||, < H'T*/? with respect to the intrinsic metri of A. We
will soon show that A is strongly convex, from which it follows that its intrinsic metric coincides
with the metric d, inherited from (M, g), so ||K||, < H'**/? with respect to the metric d, as

desired.

IThe intrinsic metric of a subset U of a Riemannian manifold (M, g) is defined by dy (p,q) = inf Leng(v),

where the infimum is over curves joining p and ¢ and lying inside U.

25



We first prove that inj(M) 2 7/ V.
By Klingenberg’s Lemma ([5], Corollary 5.7), inj(M) > min{ﬂ/\/ﬁ, [/2}, where [ is the length
of the shortest closed geodesic in M. Thus it suffices to show that the length of any closed
geodesic in M is 2 7/ \/E . In fact, we shall prove that a closed geodesic in M can only exist
if Ky > 0, in which case its length must be > 7/2v/Ky > 7r/2\/§.
A closed geodesic on M cannot lie entirely inside A. Indeed, Proposition [3.1] implies that if ~
is a unit-speed geodesic lying in A, and p is defined by p(t) := d,(y(t),0), then p € C? and
p” > 0. But if v is closed, then p must attain a maximum, a contradiction.
We now argue that a closed geodesic intersecting M \ A can exist only if Ky > 0, and must be
of length > 7/21/Kj in this case. By our construction, M \ A is isometric to the complement
of an open disc of radius 2R in .“%,. If Ky, < 0, then no closed geodesic lies entirely outside
such a disc, nor can a geodesic return to it once it has left it. If Ky > 0, then %, is a
sphere of radius 1/v/Kjy, and a Riemannian disc of radius 2R on such a sphere is contained
in a hemisphere. A closed geodesic lying entirely outside this disc has length 7/v/Kj, and a
geodesic which leaves it, only returns after traversing a distance strictly larger than 7/2v/Kj.
This proves that any closed geodesic on M has length > 7/2y/Kj in this case. This finishes
the proof that inj(M) = W/\/E

Finally, we prove that A is strongly convex, i.e. that any z,2’ € A are joined by a unique
minimizing geodesic in M, lying entirely within A. Such a geodesic exists by completeness, and
lies in A because as was argued above, any geodesic joining z, 2/ € A which leaves A has length

> 7m/2v/ Ky (Ko must be positive for such a geodesic to exist), while
diamA = 4R < 7/2V H < 7/2/ K.

No two points of A are conjugate, because HR? < m2; therefore, by Klingenberg’s Lemma, non-
uniquness of minimizing geodesics between some pair of points in A would imply the existence
of a closed geodesic lying in A, and we have already proved that this is not possible. This

finishes the proof of the strong convexity of A.

We have proved that (M, g) is a C* Riemmanian surface, and that A is a strongly convex
disc on this surface where g is expressed in polar normal coordinates by . The proof of

Theorem [2 is complete.
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3 On distance functions in C*® Riemannian surfaces

Recall that X is the class of metric spaces (X, dx) such that X \ {z¢} is isometric to a compact
interval I C R for some zp € X. If ¢ : I — X \ {x0} is such an isometry, then X is completely
determined by the function px : I — (0,00) given by px = dx(¢(:),z0). By the triangle

inequality,

px(t) — px () < |t =] < px(t) + px(t) for all t,¢' € I. (46)

Conversely, a function p : I — (0, 00) satisfying determines a metric space X, € X', whose
underlying set is I U {x¢}, where zg is an additional point and LI indicates disjoint union, and

whose metric dy, is given by:

dx, (L) =t —t|  fort,t' €l
dx,(t, z0) = p(t) fort e I.

We define X, similarly for any function p on a set S C R and satisfying (46]). Note however

that by definition, X, € & only if S is a compact interval.

Let
px ={p: 1 — (0,00) | p satisfies ,I C R is a compact interval}.

If we agree that each X € X comes equipped with an interval Iy C R and an isometry
ox : Ix — X \ {zo}, so that px is uniquely defined by the formula px = dx(¢x(:),z0), then
by the above,

px ={px | X € X} and X ={X,|pe€px}

We now restate Theorem [I] with this new notation.

Theorem [1]. There exist universal constants B, C' such that the following holds. Let H, R > 0
satisfy HR* < B. Let I C R be a compact interval and let p € px, p: I — (0,R]. If for
every subset S C I of cardinality at most 12, the metric space X, embeds isometrically in a
C%* Riemmanian surface with constant H, then X, embeds isometrically in a C** Riemannian

surface with constant C'H .

Remark. The condition diamX < R implies px < R, while the condition p < R implies
diamX, < 2R by . So the hypotheses of the two formulations are equivalent up to a

constant factor.
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In this section we study functions p € py satisfying the hypothesis of Theorem [I}

(x) For every subset S C I of consisting of at most 12 points, the metric space X, embeds

s

isometrically in a C%* Riemannian surface with constant H.
Our main goal is to prove Proposition in which the finiteness condition (%) is shown to
imply certain estimates involving p and some functions associated with it.
Remark. For p € py and A > 0, if we define p* by
PA(t) = Ap(A7M),

then p* € py, and X, embeds isometrically in (M, g) if and only if X o embeds isometrically
in (M, \?g). As noted in §2.3] if (M, g) is C* with constant H, then (M, \?g) is C** with
constant A™2H. So it suffices to prove Theorem [I] with H = 1. Nevertheless we choose to keep

track of the parameter H, and one can set H = 1 (and later also L = 1) at any point to simplify

reading.

When working in polar normal coordinates, the functions G, h are always defined as in the

previous section, i.e. g = dr? + G%d6? is the metric, and h = 9,G/G.

Proposition 3.1. Let H, R,m > 0 and assume that HR* < w2/4. Let g = dr? + G*d6? be a
C** Riemannian metric with constant H on Bg(0), let v : I — Bg(0) \ B,,(0) be a unit-speed

curve and set p(t) := d,(y(t),0). Then v is a minimizing geodesic if and only if p € C** and

J(8) = h(v(O)(1 = J (1)) forallt € L. (47)
Furthermore, if v is a unit speed geodesic then

1All, £ m™ (1 + R/m) and — ||pllo Sm~". (48)

Proof. Suppose p € C** and holds. By Lemma , the curve ~ is a geodesic provided
that p is never 1 or —1. If p = +£1 then 7 is a geodesic by the definition of normal coordinates.
Those are the only possibilities: Suppose |p'(t)] < 1 for some ¢ € I and let J be the maximal
relatively open subinterval containing ¢ such that [p| < 1 on J. Then by the above v|; is a
geodesic. If J # I then p'(a) = %1 for some a € 9J. By Gauss’s Lemma, (¥(a),0,) = £1 and
(¥(a),dy) = 0 (the curve v has no corners because p € C?). It follows by uniqueness of geodesics
that 7|, is a radial geodesic so p = £1 on J, a contradiction. Thus any curve satisfying is
a geodesic, and is minimizing by Corollary [2.13]
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It remains to prove the other implication and the estimates (48). To this end, we first
suppose that the metric g is smooth.
Let v : I — Bg(p)\ Bn(p) be a unit-speed minimizing geodesic. We assume that v is non-radial
(for radial geodesics and hold trivially). Then p is smooth because g is, and it satisfies
because of Lemma [2.9|
By Corollary with K¢ = 0, we have that h = 1/r + f where f satisfies on Bg(0):

Hf”a 5 H1+a/2R — (HR2>1+04/2R717& (S Rflfa
Ifllo SHR=(HR* )R S R

Since ||1/7]|, < m ™' on Br(0) \ B, (0) we get that

1 -1

[horlly Sm™ " and [|hoyll, S m

From the triangle inequality and the fact that ~ is a minimizing geodesic, it follows that

|I| <2R. Thus by and the above estimates,

Il S Ihorlle 1= 3, Sm™  and
18, < 1ol 1= 2l + 1oyl [11 = 22|, S m™ =+ m 3l 111

s m—l—a + m—ZRl—a 5 m—l—cx<1 + R/m),
and is proved in the smooth case.

Now we relax the assumption of smoothness. As in the proof of Proposition [2.18] there is a
sequence of smooth metrics g, = dr? 4+ G2df#?, such that the functions h,, := 9,G,,/G,, converge
uniformly to h on Bg(0), and the distance functions d,, converge uniformly on Br(0) x Bg(0)
to d,.

Let v : I — Bg(0) \ Bn(0) be a unit-speed geodesic with respect to g, and let 7, : I — R? be
a geodesic in the metric g, with the same initial conditions as v (it might not be unit speed).
Set

pn(t) = dg, (7 (1), 0).

For sufficiently large n, the curve =, lies in Bg(0)\ By, 2(0), and g, is a C** metric with constant
< 72/4R?. Since the proposition holds for smooth metrics, ||, and ||g,]|, are bounded by
constants independent of n (|p,| is bounded by 1). By passing to a subsequence and applying
the Arzela-Ascoli theorem, we can assume that 7, pn, pn, fn all converge uniformly.

Since dg, — dg uniformly, the limit of the sequence 7, is a unit speed geodesic, which by

uniqueness of geodesics must be v, because they share the same initial conditions. If follows
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that p, — p, and since p,, and p, converge uniformly, p is differentiable twice and p,, — p.

A pointwise limit of a-Hoélder functions with a uniformly bounded seminorm is again a-Hdélder
with the same bound; hence p € C?*® and satisfies . Finally, equation holds because
hy oy — hon. O

Corollary 3.2. Let m, H, R > 0 satisfy HR*> < n%/4. Let p € px, p: I — [m, R], and assume
that for all S C I with |S| <3, X,
constant H. Then

s embeds isometrically in a C?% Riemmanian surface with

peC, <1, il Sm U+ Rim) and il Sm (49)

Proof. By our assumptions and the previous proposition, for every subset S C I of cardinality
at most 3, we can find a function pg which satisfies and agrees with p on S, i.e. pg(s) = p(s)
for all s € S. By Corollary [2.2]it follows that p € C* and ||p]|, < m~'"*(1 + R/m).

By (46), p must be 1-Lipschitz, so |p| < 1.

Given t € [ and € > 0, let t/,t" € (t —e,t +¢), let S := {t,',t"}, and let pg be as above.
Recall the definition of the divided differences p[| from §2.2] By the mean value theorem and

fact that ||ps|l, S m™,

p'(t) = 2p[S]+ O(e”) = 2ps[S] + O(e") = pis(t) + O(e)
with the implied constants depending only on m, R. Since |pg| < m™! by , and ¢ is arbitrary,
it follows that || < m™*. O

Proposition 3.3. Let H R > 0 satisfy HR?* < w2/16. Let (M,g) be a C** Riemmanian
surface with constant H, letp € M, and let~y : I — Bgr(p) be a non-radial unit-speed minimizing
geodesic. Set p(t) := dy(v(t),p). Then

LOLAO

L= (0 forallt € I. (50)

Proof. By Proposition (applied to polar normal coordinates centered at p),
ﬂ = h(~(t)) tel
=2 " |
Since h satisfies the Riccati equation , on radial geodesics, Lemma implies that
(Hp(t)?) = p(t) cotu(p(t)) < p(t)h(v(t)) < p(t) cot_m(p(t)) = S(—Hp(t)?)
so by monotonicity of ®,
1/2 < ®(x*/16) < p(t)p"(t)/(1 = p'(t)*) < ®(—7*/16) < 2.
and follows. O
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Corollary 3.4. Let H,R > 0 satisfy HR* < 72/16. Let p € px, p: I — (0, R] and assume
that for all S C I with |S| < 4, X5 embeds isometrically in a C** Riemannian surface with
constant H. Then p satisfies for every t such that p'(t) # 1. In particular, p"(t) > 0 for

any such t.

Proof. Let t € I and let ¢ > 0. let ¢,¢” be points in an e-neighbourhood of ¢ (all three points
should be distinct), and let T := {¢/,t"} and S := {¢t,t',t"}.
By Corollary [3.2] and the mean-value theorem,

plT] = p'(t) + O(e")
and
pIS] = (£)/2+ O(=").
where the implied constants depend only on R and m := min p. Thus

pp"(t) _ 200pS] | oy .
g7~ 1 "0 .

By assumption, X, embeds isometrically in a C?“ Riemannian surface with constant H.

Hence there is a unit speed geodesic v : R — M which satisfies

p(s) = p(s) forall s € S

where p(s) := dy(v(s),p) for some p € M.

Thus, using Proposition [3.1] and the same argument as above,

p(t)p"(t)  2p(t)plS] +0(*) = M + O(&%) as € — 0,

T— 7t 1= plIT? T
whence
p(H)p"(t) _ p(t)p"(t) o
1—p’(t)2_1—/3(t)2+0(8) as ¢ — 0.
Since € can be chosen arbitrarily small, and p satisfies for all e, we are done. O]

Corollary 3.5. Let H,R > 0 satisfy HR*> < 72/16. Let p € px, p: I — (0, R] and assume
that for all S C I with |S| <4, X,, embeds isometrically in a C** Riemannian surface with
constant H.

Then for any t € I such that p'(t) # +1,

— %log(l — 0 (t)?) ~ %logp(t}. (51)
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Proof. Using Corollary [3.4]

2/()p'(t) (1)
=02 " ol

~Lrog1 - p(1)?) = = L og (1)

dt
[l

Corollary 3.6. Let H,R > 0 satisfy HR*> < 7%2/16. Let p € px, p: I — (0, R] and assume

that for all S C I with |S] < 4, X, embeds isometrically in a C** Riemannian surface with

s

constant H. Then exactly one of the following holds: (1) p=+£1, or (2) |p| <1 and p > 0.

Proof. Suppose p # +1. Hence 1 — p/(ty)? = a > 0 for some t, € I. Let t € I. Then by
Proposition if p # £1 on the interval [tg,t] then for some universal constant C

t
d
1-pt)P=a- eXp/ o log(1 — p/(s)?)ds

to

t
d
> a~exp/ —Cd—logp(s)ds
s

to

= ap(to)/p(t)°

> amC/RC >0

so |p/(t)] < 1. By Corollary 3.4} > 0 for all ¢ € I. O

We will henceforth assume that case (2) in Corollary [3.6 holds; case (1) is trivial.
Let 11 > 0. We say that a function ¢ : I — (0, 00) varies by at most a factor of p on the interval
I if it satisfies p=t < (t)/(t') < p for all t,t’ € I.

Corollary 3.7. Let H, R > 0 satisfy HR* < 72/16. Let (M, g) be a C** Riemannian surface
with constant H, let p € M and let vy : [ — Bgr(p) be a non-radial unit-speed geodesic. Suppose
that v is given in polar normal coordinates at p by v = pe'®

Then, if p varies by at most a factor of p on some subinterval J C I, then & varies by at most

a factor of Cu® on J, where C,C" > 0 are universal constants.

Proof. Since v is unit speed, ¢ = /1 — p2/G (we may assume that ¢ > 0). Hence by Corollary

I
b~ VT=Plp=w.

It thus suffices to show that w varies by at most a factor of u¢ on J, for a universal constant

C'. Tt follows from Corollary that

1d
’—logw ‘:‘§alog(1—p(t))——logp ‘ ‘—logp ’ tel. (52)
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Thus for any ¢,¢ € I, and a universal constant C”,

w(t) ‘d : / " d / p(t) :
1 = —1 ds| < C"- —1 ds| =C"- |1 <C'l :
og o) /t 7 log w(s)ds| < C r og p(s)ds| = C" - |log | S C'log . (53)
and we are done. O]

In the next proposition, we use the distance function of a geodesic from a point to determine
the curvature somewhere in between. This is useful because when we are given some function
p € px and we wish to embed X, in a nice Riemannian surface, it is good to have an idea of
what the curvature should roughly be in the region where X, embeds.

For two points p, ¢ in a strongly convex subset of a Riemannian manifold we denote by [p, ¢]
the minimal geodesic joining p and ¢, parametrized by unit speed from p to q.

Recall the function ® from §2.5 which is strictly decreasing and onto R.

Proposition 3.8. Let H,R > 0 satisfy HR?> < 7%/16. Let (M,g) be a C*“ Riemannian

surface with constant H, let p € M let v : I — Bg(p) be a non-radial unit speed geodesic and

let p(t) = dy(y(t),p). Set 0
1 ([ pt)p"(t

t) = O | 4

<0 () oy

Then, for each t € I there is a point ¢ on the geodesic segment [p,~y(t)] such that K(q;) = k(t).

Remark. We know that a metric space consisting of four points, three of which are collinear,
embeds uniquely in a surface of constant curvature (see introduction). We can think of r(¢)
as the embedding curvature of a quadruple of points, three of which lie on the geodesic ~

infinitesimally close to y(t), and the fourth of which is p.

Proof. We will show that K must be < k(t) somewhere on the segment [p,v(t)], and > k()

somewhere else. The proposition then follows by the intermediate value theorem.

By [@7), p"(t)/(1 — p/(t)?) = h(y(¢)) for all ¢. Thus is equivalent to

which by the definitions of ® and coty is equivalent to

Coty(t) p(t) = h(’}/(t))

Since h satisfies the Riccati equation (18),(19) on the geodesic segment [p,v(¢)], it follows
from Lemma that K cannot be strictly smaller nor strictly larger than (t) on the entire

segment. O
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Corollary 3.9. Let H, R > 0 satisfy HR* < w2/16. Let p € px, p : I — (0, R], and sup-
pose that for every S C I with |S| < 6, the metric space X, embeds isometrically in a C**

Riemannian surface with constant H. Then for every ty,ts € I,
k()| < H and [(t1) = K(ta)| S H'T2 - max{p(t1), p(t2) }*.

Proof. Let ty,ty € I. Let £ > 0, and choose t},t! € (t; — e,t; + ¢) for i = 1,2, such that all six

1) 7

points are distinct. Set T; := {¢}, ¢/} and S; := {¢t;,t,,t}, and let S = S; U S,. By assumption,

27 71 1) 71

the metric space X, , embeds isometrically in a C** Riemannian surface (M, g) with constant

s
H. As in the proof of Corollary 3.4 we let v : R — M and p € M satisfy dy(v(s),p) = p(s)
for all s € 5, set p = dy(7(-),p), and deduce from Proposition and Corollary that
p'(t;) =p(t;)+O0(e¥) and p’(t;) = p'(t;) + O(e*) for i = 1, 2.

Let k be defined as in , with p replaced by p. The function ®~! is locally Lipschitz, and

its argument in the definitions of x and K is bounded by a universal constant by virtue of

Proposition [3.3] and Corollary [3.4] By the previous paragraph, we thus have that
k(t;) = k(t;) + O(e%), i =1,2.

Assume without loss of generality that p(t2) > p(t1). By Proposition 3.8 there are ¢1,¢» €
B, (p) with K(g;) = &(t;). i = 1,2 (with K denoting the curvature of M as usual). Since
IK|. < H and |[K||, < H"*/2 it follows that

|R(t)| < H and |(t1) — R(ty)] < 2HYF2 . p(ty)>.
Since € can be arbitrarily small, the last two formulas imply the corollary. ]

Using Corollary [3.9] we can present an example demonstrating the fact, that the optimal
constant H of a C** surface in which X, can be embedded, is very sensitive to small changes
in p.

Define a two-parameter family of functions p., : [-1,1] — (0,00) for 0 < a < 1 and small
e >0 by

Pealt) = V2 + 2 + 21, (55)

The function p.(t) := V2 + £2 measures the Euclidean distance to the origin in R? along the
line t — (t,¢); in our terminology, X admits an isometric embedding into the Euclidean plane.

However, an embedding of X, _ into a C*® Riemannian surface with constant H is possible

,Q
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only if H > ¢ for some positive constant ¢ independent of €. To see this, define k., as in ,
with p replaced by p.o. Then

1 3+a
ea(t) = o (1 + 5—) .
(VET 4 o) N
Since ®(0) = 1 and ®'(0) = —1/3, it follows that

O1(1 + 2+)

Kea(0) = =% (=3+0(9))

(e 4 g3+a)?
and
veal6) = L g = T (<40
whence

Fe,a(€) = Kea(0)
e

~1. (56)

Suppose that X,_, embeds isometrically in a C** surface (M, g) with constant H. By Corollary
, the values k. ,(0) and ., (c) are both attained by the curvature of M on a disc of radius
pea(€) S e. It then follows from that ||K||, 2 1 and therefore H 2 1.

Replacing €37 by &3 in forces | K|, to tend to infinity as ¢ — 0 for all 0 < o < 1, and
replacing it by e for A\ < 3 forces || K| — oc.

On the other hand, we shall now construct an isometric embedding of X,,_, into a C** surface
with constant < 1. In fact, it will be a O?# surface with constant < e*# for any 0 < 3 < 1.
Define h., : R?\ {0} — R by

€ 160

r r — gdta’

where £ : (0,00) — [0, 1] is a smooth function supported on [0, €], identically 1 on [0,e/2], and
satisfying [¢'| S et and || S 72

We claim that for sufficiently small ¢, the curve 7., : [—1,1] = R? defined by
Yealt) = pea(t)e®==®
is a unit-speed geodesic with respect to the metric
e = dr® + G2 6, (57)

where

r 1 t 1- pls,a(s)Q
Gea = G o(r) == rexp/ (hw(s) — —> ds and ¢ (1) = / G—ds.
0

/2 S ca (Pea(s))
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Set K., = hgva +0,he . Then K., =0 unless €/2 < r < e. For r € (¢/2,¢), a straightforward

calculation shows that
€6+2a§(€ _ 1) €3+a£/

r2(r — g3ta)? B r(r —e3te)

which, by the properties of £ and the fact that r ~ ¢, implies that | K| < €“, and

Ks,a -

| K. O(E*P) forall 0<p<1.

7Oc||5:

We have that || K., |, — 0, so by similar arguments as in the proof of Theorem , we get
that (R?, g..) is a C?# surface with constant < 7, which is flat outside B.(0) \ B./2(0),
and whose metric takes the form in polar normal coordinates centered at the origin. The
curvature of this metric is K. ,, and by definition h. , = 0,G: /G- o

It follows from the definitions that ., is unit-speed, and since p., > €, a simple calculation

shows
PLa(t) = hea(pea(t)(1 = oL, (1)?), (58)

which by Proposition implies that ~. , is a unit-speed minimizing geodesic with respect to
Ge,a- Hence X, embeds isometrically in (R?, g. o), which is a C** surface with constant < 1.
The process described above can give an idea of our general strategy for constructing em-
beddings. Here matters where quite simple, because the metric we proposed was rotationally

symmetric.

Polar coordinates are convenient for our problem, because we seek a geodesic v satisfying
ro~y = p. Eventually, we will have to determine 6 oy as well. What is a reasonable first guess?
If, by chance, X, embeds in a surface of constant curvature, that is, if p = d,(y(:),p) for a
point p and a geodesic v on .Yk, then the #-coordinate of v is uniquely determined (up to
translation) by the r-coordinate, simply by demanding that the curve be unit-speed; in polar
normal coordinates this means that we demand 72 + (sing, r)292 =1 on 7, and this is achieved

by letting v = pe’®® where

/ ViZ Pl (59)

sing, p(s

for some tyg € I. With this motivation in mind, given an arbitrary function p, we take ¢q
to be our “approximate 6-coordinate”, where we naturally choose t; to be the argument at
which p is smallest (recall that p must be strictly convex by Corollary [3.6), and Ky to be x(%o).
Immediately from this definition we get an analogue of Corollary [3.7]

36



Proposition 3.10. Let H,R > 0 satisfy HR* < 7%/16. Let p : [ — (0, R], and suppose that

for every S C I with |S| < 4, the metric space X4 embeds isometrically in a C** Riemannian

ls
surface with constant H. Let ty = argming, let Ko = k(to), and define ¢o : I — R as in (HY).
Then if p varies by at most a factor of p on some subsinterval J, then do varies by at most a

factor of u© on J, where C is a universal constant.

Proof. By definition, ¢y = /1 — p? /sing, p. By Corollary , the logarithmic derivative of
the numerator is within a universal factor of the logarithmic derivative of p (both in absolute

value). The same holds for the denominator, as

d. . p(t) p(t)
—1 t)| = |p'(t) cotg, p(t)| = | == | |®(Kop(t)*)| ~
5 owsine, p0)] = 17 (1) cote, o) = 247} [9(Kop(e)] ~ |23
because |Kyp?| < 72/16. So altogether,
‘dtlogqﬁo ’ ‘—logp ' for all t € J,
and we can proceed as in the proof of Corollary [3.7] n

Remark. We haven’t really used the fact that p varies by at most a factor of p on the entire

interval, so actually, the following stronger statement is true: for every t.t' € I, if p=t <

p(t)/p(t)) < p, then = < do(t)/¢o(t') < u.

The following proposition is the main conclusion of this section. It provides some estimates
on the function f, defined below. These estimates allow the extension of f; described in

Proposition which in turn determines the metric into which X, will be embedded.

Proposition 3.11. Let H, R > 0 satisfy HR* < w/16. Let p : I — (0, R] and suppose that for
every S C I with |S| < 12, the space X, , embeds isometrically in a C** Riemannian surface

with constant H. Let ty = argminp and Ky = k(ty), and define ¢y by and fo by

p"(t)
1—p/()?

Let ty,to,t3,ts € I, let rj := p(t;) and assume that p varies by at most a factor of 4 on each of

fo(t) = — coty, p(t).

the intervals conv{ty, ta} and conv{ts,ts}, where conv denotes conver hull. Then the following
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hold:

[folt)| S L™ (60)

[fo(tr) = fo(t2)| S Lritlry — raf + Ly ™ (t)] [t — t2]* (61)
fo(t1) — fo(ta) fo(ts) — folts)

— +2fo(t1) cotg, 1 — o 2 fo(t3) cot, 73
S L-diam{ty, ty, t3, 14} (62)
+ Ly @ (t) |* [t — 2]/ |y — ol + Lry™®|¢o(t)[*[ts — ta]* /|13 — 74].
where L := H'*/2,
If p varies by at most a factor of 4 on the entire interval conv{ty, ts, t3,t4}, then also
Jo(t) — folt2) — folts) — folta) < L diam{t, to, ts, 4}
rr—T2 rs —Ty4 (63)

L)) (1t = tal"/ry = ral 4 lts = tallrs = 4] ).

Proof. Let ¢ > 0, and for 1 < j < 4 choose points t,t7 with diam{t;,¢’, ¢/} < e. Let
Sy ={tj,t/,t;} and T; = {t/, ¢/} and let 5 =J;_, 5.

By assumption there is a C*® Riemannian surface (M, g) with constant H, a unit-speed mini-

mizing geodesic v : R — M and a point p € M such that

dy(v(t),p) = p(t) for all t,t' € S

As usual we work in polar normal coordinates centered at p, with the usual identification
between B, /7(0) C R? and B, yalp) € M. Let v = e’ be the expression for 7 in these

coordinates. Let
¢; =(t;) and 1= p(t;) = p(t;) = dg(q;, p)-
By Proposition [3.1]
h(y()(1 = §(t)?) = p"(t) for all t € 1.
Proceeding as in the proof of Corollary one sees that

Pt 20[8)) I G)
TR T E Sy IS Al g7

Here and in the rest of this proof, the constant in O(¢®) may depend on p and on the ¢;’s, but

+ O(e”) = h(g;) + O(e).

not e.g. on the choice of ¢7, ] and the resulting ambient surface (M, g).

Thus
Jo(ty) = ——=5 — cotg, (1) = h(q;) — cot, (r;) + O(%).
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Let f: Br(0) — R be defined by f := h — cotg, r. By the above,
fo(t;) = flg;) +O(Y).  j=1,2,34 (64)
Let & be defined as in , with p replaced by p. Arguing as in the proof of Corollary , we
have that x(t;) = &(t;) + O(¢%). Corollary 3.9]itself then implies that
Ko := k(to) = k(t;) + O(Lr§) = k(t;) + O(Lr§ +€%),

where L := H'*%/2. Since ¢ is arbitrarily small we can write Ky = &(t;) + O(Lrs).
By Proposition for each 1 < j < 4, the value k(t;) is attained by K on B,,(p), so since
1K, < L,

|[K(w) — Ko| S Lrf forall 1 < j <4 and w € B, (p).

Applying Corollary with T'= O(Lr{) and recalling that r ~ r9, we have the estimates:
L ”f”oo S Lri—iﬂ on BT1VT2(O> 3. HfHa 5 Lry on BT1V7'2<0)

2. ”an“oo 5 Lrtlx on BT1VT2<O) 4. HanHa S L on BT1VT2<O) \ BT’l/\Tz(O)v

and similarly with r; and ry replaced by r3 and ry,. Here z V y := max{z,y} and z Ay :=
min{z, y}.
We are ready to derive the estimates of the proposition. We always take € small enough to

absorb its error term into the others. The bound on || f||_ together with give us
[folt)| = [f(@)] + O(e”) < L™,
proving (60). The estimates on ||0, ||, and || f||, give
[fo(t1) = folt2)| = |f (@) — fla2)] + O(%)
< ‘f(rleié(tl))) _ f(TQeié(tl))‘ 1 ’f(r2€i¢3(t1)) — Free )Y 4 O(e?)
S Ly = ol + Lralp(t)e™) = p(ta)e 2|
S Lrflr = ol + Ly ™o (1) — o(t2)|
< Lrd|ry — o] + Lrit® max [ [*[t; — to]®
[t1,t2]
(in the last inequality we used r; ~ r3). Because of Corollaries and [2.11],

1—p'(t)? ‘ 1—p'(t)?

G(y(t1))

~ [éo(t)] (65)

ptr) p(t)

[t1,t2]

max |¢/| ~ |¢' ()] = ‘

‘ 17 (t)?
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(in the penultimate passage we used p'(t;) = p/(t1) + O(e) and p(t1) = p(t1)). Thus
[fo(tr) = folta)| S Lrflr — raf + Ly ™|¢g(t0)] |t — ta|*.

which is . Now for the proof of . We have

Jolt) = Jolta) 2fo(t1) cotr, (r1) — olts) = Jolta) _ 2fo(ts) cot, (rs)
T —Te T3 — T4
_ fla1) = flae) + 2f(qr) cotg, (r1) — M —2f(q3) cotg,(r3)| + O(e%)
T —To 3 — T4
< f(rleid)(tl)) _ f(r2ei¢(t1)) +2f(qr) ot (1) — f(r3ei¢(t3)) — f(r4ei¢(t3)) — 2f(qgs) cote, (r3)
T —To s — Ty
oy 1O — O rlds) - d(t)|”
Ty — 79 |13 — 74

where in the last passage we used the triangle inequality, the fact that r; ~ ry and r3 ~ ry, and
our local bounds on || f]],,.
Since [|0, f||, S L on the annuli {ry Are <7 <17y Vre} and {rs Ary <7 <rsVry}, this last
expression is

S0 f(qr) +2f(q1) cotr, (r1) — 9, f(g3) — 2f(g3) cotrey (r3)[ + Llrt — r2|™ + Llrs — rq|*

+ Lr}“‘ max |<5/|a\t1 — o]/ |r1 — ro| + Lré“‘ max |<5/|a\t3 — t4]®/|rs — 4]
[t1,t2] [t3,t4]

which by is

S0k f(ar) + 2f(q1) cot, (11) — 0r.f(g3) — 2f(g3) cotr, (r3)| + Llry — o] + Lirs — r4|*

(66)
+ Ly g (t0) |ty — ta]*/Iry — 7ol + Lrg ™| ¢g(ts)|*[ts — ta*/|rs — 74l
We would like to use the identity
A4 0.f +2fcotg,m =Ko — K (67)

which follows by a short calculation from the Riccati equation for h and cotg, r. In order to
do so we need to introduce the term f(q1)? — f(gs3)? into the first summand in ((66]).
To this end we apply our estimates on || f||, and ||f]|, again to obtain (using (3)):

|fla)? = fas)?| S Lry™ - Lrs|qy — q3|* S LPR*™ [ty — t5]* < Lty — t5]°
(the last passage holds since L = H'**/2 and HR? < 1). Thus the expression in is

SUA(@)? 4+ 00 f(aqr) + 2 (1) cotuey (r1) — f(gs)® — Orf(gs) — 2/ (gs) cot, (r3)]
+ Ly PG (80) %]t — o] /Iy — ro| 4 Lirg ™| (t3) | ts — ta]®/|rs — 74

+L- diam{tl, tg, t3, t4}a.
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We now make use of and the fact that ||K|, < L with respect to the Euclidean metric:

= |K(q1) — K(g3)| + L - diam{ty, ta, t3, t4}"

+ Ly ™2 g ()]t — ta]* /|1 — r2| + Ly ™| g5 (t)[[ts — ta]*/|rs — 14

S Lign — gs|® + L - diam{ty, to, t3,t4}°

+ Ly P g (8) [ tr — ta]* /I — raf 4 Lrs ™65 (t)*[ts — ta]*/|rs — 74

< L- diam{tl, to, T3, t4}a

+ Ly (8) [ty — ta]* /11— raf 4+ Lrs (65 (t3)]*[ts — tal® /|3 — 74
using in the last passage the fact that v is a unit-speed minimizing geodesic to absorb the first
term into the second. Inequalities — are proved.

Now assume that p varies by at most a factor of 4 on conv(ty,ts,t3,t4). Then, applying

and (61)), and noting that |cotx, 2| < 27 and | cot)y, x| < 72 when |Koa?| < 7?/16, we have

| fo(t1) cotry (r1) — fol(ts) cotrg (r3)]

< [fo(tn)[| ot (1) — cotg, (rs)| + [ fo(t1) — folts)]]| cot,(rs)]

S Lrfter %y = ol (Drgl = ol 4 Lrftelgh(0)|1t — ol )5
S Lrt ey — vl 4 Lef |y (t)|*[tr — o]

S Liry — 7)™ 4+ Lt g (t)[*[t1 — t2]*.

hence, by ,
fo(tr) = folta) — folts) — folta)

r —T9 s — T4

+ Lri gy (t1)] %[t — ta|*/r1 — 7| + Lrgt® oy (t3)*[ts — ta]®/ |75 — 74l

S L- diam{tl, tg, t3, t4}a

By assumption, r ~ r3, and by Proposition [3.10, ¢;(t1) ~ ¢y(t3). So follows. ]

Our study of the functions p, k, ¢g and fy is almost finished. There is one last fact we need
to prove. We intend to use ¢ as our “provisional” € coordinate for a geodesic-to-be v. We
can’t afford to have 7 wind more that once around the origin, because our plan is to construct
the metric on the sector between + and the origin. The following proposition asserts that if the
constant B in the hypothesis of Theorem [I] is taken small enough, then this problem will not

arise.

Proposition 3.12. With the assumptions and notations of Proposition there are universal
constants By, c; > 0 such that if HR? < By then |¢o(t)| < (1 —¢1) -7 for allt € I.
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Yo(to)

Figure 1: Proof of Proposition |3.12

Proof. Recall that ., denotes the complete, simply connected surface of constant curvature
Ky. Fix q € Sk, and let vy be a curve in ., given in polar normal coordinates at g by vy =
pei®0. Then, since the metric of .%%, in polar normal coordinates is given by dr? + (sin?<O r)do?,
the curve v is a unit-speed curve. By Lemma [2.9] if N is the inward-pointing unit normal to

Yo, then

Vﬁoﬁoz—\/l—iﬁQ(l_p[p—COtKoP)N:—M'fO'N- (68)
Fix ¢t € I. For definiteness we assume t > to, and hence ¢o(t) > 0. The case t < t, is similar.
Consider the curve n which is the concatenation of the geodesic [g, Yo(to)], the curve vo|y, 4 and
the geodesic [yo(t), q] (see Figure[l]). If ¢ — ¢, is small enough, the curve 7 is the boundary of a
triangle, two sides of which are geodesics, hence by the Gauss-Bonnet formula:

t
o(t) =7 — B(t) — U+ Ky - Area(A) + /to (VioF0, ) (69)

where A is the triangle, Area indicates Riemannian area, v is the oriented unit normalﬂ to 7,
and ¥ and ((t) are the interior angles of A at 7o(ty) and 7o(t) respectively (see Figure [1)).
Since p attains a minimum at ty, the angle 9 is at least 7 /2 (if ¢ty € I° then ¥ = 7/2).
The term Kj - Area(/\) is nonpositive when Ky < 0, and if Ky > 0 then it is bounded by K
times the Riemannian area of the sector {0 <r < R, 0 <6 < ¢o(t)}, which is K - ¢o(t)(1 —
cos(v/KoR)). Suppose HR? < By, where B is a universal constant to be determined soon. By

2Given an orientation on Bg(q), The oriented unit normal to a curve + is the unique vector field v along ~y

such that (4, v) form an oriented orthonormal frame along «. The choice of orientation is not important here.
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Corollary |Ko| < H. Thus by the above argument, K, - Area(A) < ¢o(t)(1 — cos+/By).
The normals N and v differ at most by a sign. Thus by , the last term of is

t
i/ V1=p'(s)? fo(s)ds,
to
which by is
t
S LRHQ/ V1—p(s)2ds < LR*™™ < B,
to

where the second inequality holds because [t — to| < p(t) + p(to) < 2R by (46).
Putting together and the estimates above, we conclude that

7/2 + O(B{t)
cos(vVB1)

If follows that if the universal constant Bj is chosen small enough, then ¢g(t) < (1 — ¢1)m for

Po(t) <

some universal constant 0 < ¢; < 1. In particular, the curve n bounds a triangle for all ¢ > ,

so our analysis applies to all t > t,. O

4 Proof of Theorem [1I

From now on we fix H, R > 0, an interval I, and a function p € py, p : I — (0, R] with the

property

(x) For every subset S C I containing at most 12 points, the 13-point metric space X,

embeds isometrically in a C** Riemannian surface with constant H.

We will also assume that HR?> < B, where B > 0 is a universal constant to be determined
later. For the moment, we assume it is at most min{7?/16, By}, where B is the constant from
Proposition [3.12, so that all the conclusions of Section 3| hold.
By Corollary we know that p € C*®, and by Corollary , p >0 (unless p = £1, but we
exclude this trivial case). Translating if neccesary, we may assume that the unique minimum
of p is attained at ¢ = 0,

m = mjinp = p(0).

We set Ko = £(0), where £ is defined in (54)), and define ¢ and f, as before:

_ ! V - 10/(8>2d8 f()(t) - p”(t)

Po(t) | s ps) TR cotx, p(t). (70)
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Our goal is to show that X, embeds isometrically in some C*® Riemannian surface (M, g) with

constant < H, that is, to find a point p € M and a unit speed geodesic v : I — M such that
dy(y(t),p) = p(t) for all t € I. (71)

It suffices to find a function G : Bg(0) — (0,00) satisfying conditions (a) — (c) of Theorem [2]
and a unit-speed curve v = pe : I — Bg(0) satisfying p = (ho~v)(1 — p?), where h = 9,G/G.
Indeed, by Theorem [2} conditions (a) — (c) imply the existence of a C*® Riemannian surface
(M, g) with constant < H, whose expression in polar normal coordinates centered at some
point p € M is dr? + G*d#*. The curve 7 is then a unit-speed minimizing geodesic on Bg(p)

by Proposition , and satisfies .
As a first step towards finding G and v, we define a “provisional” curve vy : I — Br(0) by

T0(t) = plt)e®®.

Recall the discussion preceding Proposition m if the disc Br(0) is endowed with the metric
dr? + (sing, r)?d#*, which is a metric of constant curvature Ky, then v, is a unit speed curve,
whose distance from the origin (both Euclidean and Riemannian) at time ¢ is p(¢); however, it
is not necessarily a geodesic.

As was mentioned above, by demanding that h = /(1 — p?) on our curve, we can guarantee
that it will be a geodesic in the new metric. Hence we know what we would like & to be on the
final curve v, and G can be determined from h by integration. The function f, which we have
defined in , is the difference, on 7y, between this desired i and cotg, r, the counterpart of
h in constant curvature K. If we could extend the domain of fy 05" from 7y to all of Bg(0),
maintaining some appropriate regularity, then this extension would be the additive correction
needed to turn cotg, r into h, or, after integration with respect to r and exponentiation, the
multiplicative correction needed to turn sing, r into G. The following proposition asserts the

existence of this extension.

Proposition 4.1. There is a function f : R> — R which is C* with respect to r, and which

extends fy in the sense that

f o= fo (72)
Moreover f satisfies:
f1By 2000 =0 (73)
1f/rlle S H, (74)
|f% +2f cotg, 7+ O, f|, S H2. (75)
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We first finish the proof of Theorem [I] given Proposition [4.1]
Let us emphasize again what the role of f is: we wish to construct a metric of the form
g = dr* + G?d#? on the disc Br(0) with f = h— cotg, r, where h = 3,G/G. Thus f determines
G by the formula
G(re'?) = (sing, r) exp /T f(ue®)du
0
If we were to define G this way, we would get for any t € I:

9:G(10(t)) ()
G(10(t)) 1—p(t)?

and 7y would satisfy equation . Since we are in polar normal coordinates, it would also

h(70(t)) = = cot, p(t) + f(70(t)) = cot, p(t) + fo(t) =

satisfy dgy(70(t),0) = p(t). But there is a problem: satisfying (47)) is equivalent to being a
geodesic only for unit speed curves, and 7 is not unit-speed with respect to g.
Our remedy to this is to anticipate what G it going to be on the curve v, and first alter g so

as to make it unit-speed with respect to the future metric g. To this end, define Gy : I — R by
p(t)
Go(t) := (sing, p(t)) exp/ f(ue?*)du. (76)
0

Note that Gy is positive, because if Ky > 0 then p(t) < R < 7/(2VH) < 7/(2v/Ky) (it follows
from Corollary 3.9 that Ky = k(0) < H). Now let

/ VI=p2 (77)

and define a new curve v by

Y(t) = plt)e . (78)
The curve ~ differs from 7y only by some deformation in the 6 direction; this is good, because
we want y(t) to be at distance p(¢) from the origin for all ¢ € I. This #-deformation is not too
dramatic, indeed we now prove that it is bi-Lipschitz with universal constants, provided that
the constant B is small enough. By definition,

e “o02\ | sing O
(dogy ') (¢o(t)) = 100(2)@) ( .1 /) ) = Wf)(t) = exp <—/ f(u6’¢°(t))du>.

SN F, p(t) m/2

By , for all 6 € S*,

p(t)

f(ue®)du

m/2

f(ue®)

u

du < CiHR* < C\B (79)

p(t)
<R /
m/2
where C; > 0 is a universal constant, so
e—ClB S (¢O¢al)/ S eClB
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Let ¢; be the constant from Proposition [3.10f Then since B < Bj, we have that |¢o(t)| <
m-(1—¢) forallt € I. If B is at most By := C;'log((1 — ¢1/2)/(1 — ¢1)), then ¢ o ¢;*
is Lipschitz with constant at most (1 — ¢1/2)/(1 — ¢1), and so is its inverse. It follows that
|o(t)| < m- (1 —¢/2) for all t € I. There is a homeomorphism ¢ : S* — S! which is bi-
Lipschitz with universal Constant and extends ¢ o ¢ L. for example, we can take 9 to be the
unique extension of ¢ o ¢;* which is continuous on [—7, x|, linear outside ¢o(I), and satisfies
U(£m) = +m.

Having transformed g into v, we are ready to define the function G. Let

G(re") := (sing, r) exp /T Flue™ " @) du, (80)
0

Then G is C? with respect to 7, and by virtue of , G—0and G/r — 1asr —0.
Differentiating logarithmically with respect to r we get that

h(re?) = 0,G(re®) /G(re) = coty, r + fre® ), (81)
which, after differentiation with respect to r and some rearrangement, becomes
— O2G(re®) /G(re?) = Ko — f(re® " O — 2f (re® D) cotye, r — O, f(re®® @), (82)

Set K := —0°G/G.
By (77)),(82) and the fact that ¢! is Lipschitz with a universal constant, we have ||K|, <
H'*/2 with respect to the Euclidean metric on Bgr(0). Moreover, K(0) = K, < H by

and , SO
K|, < HA+HY?RY = H(1 4+ (HR*)*?) < H.

We would like to apply Theorem [2 To do so, we need to add the following extra assumption
on the constant B:

B < By :=7%/(64Cy), (83)

where Cy is a universal constant such that ||K||, < CoH and ||K|, < (CoH)'t/2. This
guarantees

CQHR2 S CQB S 72/64,

allowing us to apply Theorem [2|
We obtain a C** Riemannian surface (M, g) and a strongly convex disc Bg(p) C M, such that

the metric g is given in polar normal coordinates on Bg(p) by g = dr? + G%d6?. Hence we can

3Here S! is considered as R/27Z with the quotient metric.
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regard 7 as a curve on M, whose expression in polar normal coordinates centered at p is (|78)).

Since Bg(p) is strongly convex, it follows that
dy(y(t),p) = p(t) forall t e I.

To finish the proof of the theorem we need to show that v is a unit-speed geodesic. By our

definitions,

p(t)
p(t)? + G(y()*¢ (1) = p'(t)* + &' (t)*(sing, p(t))* exp (2 /0 f (uei‘”_lw”)dU>

p(t) '
= p/(t)* + &' (t)*(sing, p(t))* exp (2 /0 f (uez¢°(t))dU>
= p'(t)* + ¢'(1)Go(1)”
=1

thus ~ is unit speed, and so by Proposition , it suffices to check that p = h(1 — p?). Indeed,

Theorem |1|is proved, with B = min{B;, By, Bs}. O

Proof of Proposition[{.1 The proof consists of the following main ingredients. First, we con-
struct a partition of unity, subordinated to a cover of a sector Q2° C R? in which 7 lies. Next,
we define local extensions of fy (in the sense of ), satisfying some estimates due to the
results of Section [3] Then we use the partition of unity to glue the local extensions together,
and show that the resulting global extension satisfies and .

By Proposition , |po| < 6y for a universal constant 7/2 < 0y < 7, so 7y is contained in the
sector

QO = {rew | — 90 § 0 S 00}

Recall that m = min p = p(0). Let

Ry = 2km ke Z.
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Figure 2: The cover of QV, with the sets Q; and Q7 highlighted.

If there exists t7 > 0 such that p(t]) = R; then let 8 := ¢o(t]), otherwise let 8 = 6.
Similarly let 0 := ¢o(t;) where t; < 0 satisfies p(t]) = Ry, or ] = —0, if no such t] exists.
Set

Qo = {re” | Rp_1 <7 < Rpyr, —m <0 <0}

=

Qf i={re” | R_1 <r < Ry, 0] <0 <7}
(see Figure[2). The sets f cover Q° (in fact, they cover R?\ {# = 7}).

Claim 1. 0] — 67 > 1.

Proof. 1f 0 is an endpoint of I, then either §; = —0, or 6 = 6y; in both cases the difference
07 — 07 is at least 6y, because always 0] < 0 < 6. So we may assume that 0 is an interior
point of I.

We can also assume that ¢ exists, because otherwise 6] = 6y so again 6 — 6; > 6y. Since
p attains its minimum at 0 € I°, p'(0) = 0. By Corollary since p increases on [0,¢]] by a
factor of 2, the quantity 1 — p? decreases by at most some constant factor on this interval. It

follows that p < 1 — ¢, whence dlog p/dt < (1 —c)/m, on the interval [0, ], for some universal
0 <c¢ < 1. Thus

log 2 /0 " (log p)(s)ds < t+(1 — &)/m.
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0, 0 grr 0, T

Figure 3: The functions & (top) and the functions ¢~ and ¢* (bottom, left and right respectively).

Since ¢((0) = /1 — p/(0)2/sing, m = 1/sing, m ~ 1/m by Corollary Proposition m

implies that ¢y ~ 1/m on [0, #]. Therefore

t+
0F ~ 67 2 0F —on(t]) = [ dh(s)ds ~ el fm = log2/(1 - o)
0
and the claim is proved. O

Claim 2. There exist functions {gpi}kez teft ) with the following properties:

ngkzl on °
kot

swpel O, Vel SRS and Hes()I SRS SR (0)

where Hess 1s the Hessian.

Proof. Let £ : R — [0,1] be a smooth function supported on (—oo, 1] and identically 1 on
(—00,0]. For k € Z let

1-— f(l’/Rk_l — 1) T < Rk
fk($> =
(see figure|3). Then & is smooth, positive and supported on [Ry_1, Rx41] and satisfies |&},| < Ry
and £ < R; 2. One also sees easily that >, & =1 on (0,00). Next, set

E(—(x +80) /(b + ) z< b 1—¢&((x—07)/(0F —07)) =<0
(C(x) =41 —Gp<az<oy (Fl@)=4q1 0 <z <6
E((x—07)/(0f —07)) x=>67 ((z — 60)/(m — ) x> 0.
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(see Figure |3). Then ¢~ and ¢t are supported on [—m, 0] and [0], 7] respectively, and their
sum is identically 1 on [—6p, §y]. Moreover, all the denominators in their definition are bounded
below by a positive constant: the number 6 is a universal constant strictly between 0 and /2,
and 0 — 07 is bounded below by a universal constant by Claim [1] Hence we have |(¢*)']| < 1
and ()] S 1.

For k € Z and ¢ € {+, —}, define ¢} : R> — R by

pr(re”) == & (r)¢(0).
Then

> oilre? Z &(r Z &i(r
it

whenever § € [0, 6], i.e. whenever e € Q° and suppyt C Qf by construction. It is also

elementary to verify that |[Vei| < R, " and [Hess(of)| < R 2 O

Since each point ¢ € R? is contained in at most 4 of the domains %, it follows that at most 4
of the functions % are nonzero at ¢ (namely, ¢, ¢, gpgﬂ and ¢, ,, for some k € Z). Observe

also that by the inequality (4,

k]l S sup [Vp] - (diamQf) ™ S Rt Ry = Ry and (85)
10:0% ], S sup [Hess(¢f)]| - (diam®f)' ™" < B2 - R = Ry ™.

Claim 3. For every k,{, the set
I =0 ()

18 either empty or a relatively open subinterval of 1.

Proof. We can write

f =0 (Bt Rea]) N g ((=m,607)) - and - I = p~([Ry1, Riga]) N 65 (07, 7)) (36)

By convexity of p, the set p~'([Ry_1, Riy1]) consists of at most two connected components,
while by monotonicity of ¢, the sets ¢y ' ((—m,01)) and ¢y ((0;,7)) are connected.
If p~'([Rg_1, Ri+1]) is connected then we are done. If it consists of two connected components

J1, Jo, then it must be the case that k > 2, and we have J; C (—oo,t;) and Jo C (¢],00). But

@' ((=m,07)) € (=00, tf) and ¢y (67, 7)) C (¢, 00),
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SO

Iy = h0eg ((=m,07))  and I = Joney (05, m)),

thus I, I, are connected, being the intersection of intervals, and relatively open by continuity.

[]

Our partition of unity is ready. We shall now construct a local extension ff : Q4 — R for each
k, L.
First we set

ft=0 whenever I} =@. (87)

This includes in particular all f{ with k < —1.

The nontrivial local extensions are described in the following claim. As usual, denote
L:=H'"?,

Claim 4. For each (k,l) € Z x {+,—} such that I} # @, there is a function f{ : Qi — R
satisfying fi(7o(t)) = fo(t) for all t € I, as well as:

1l S LR il S LRk, ||0nfi|l, S LRR,  and  ||0:fi]|, S L (88)

Proof. By definition, p ~ Ry on I, U I,". By the remark following Proposition [3.12} if I} # &

then there exists some \; > 0 such that
dh(t) ~ \g for all t € I},

Recall that p attains its unique minimum m at ¢t = 0. If |p'(0)| < 1/2, in particular if 0 € I°,
then the extension in the case k € {0, 1} is different from when k& > 2 and is described in the
next three paragraphs. If [p/(0)| > 1/2 then the construction is the same for all £ > 0 (as noted
above, If = @ for k < 0). Suppose |p/(0)] < 1/2 and k € {0,1}. In this case we let ff be the

unique continuous function which is independent of  and constant outside the annular sector
Sy = 0" po(I})) N QL = {re | r € [Rp_1, Rpial, 0 € do(I1)},

(see Figure [4)) and satisfies f{(7o(t)) = fo(t) for all t € If. Explicitly: first extend the function
fo to be constant along radial lines, i.e. ff(re’°®) = fy(t) for all t € If and Ry <7 < Ry,

and then extend f} to be continuous on Qf and constant on Qf \ S.

Since ¢(0) = /1 — p/(0)2/ sing, m ~ 1/sing, m ~ 1/m by Corollary [2.11} we have Ay Ry ~ 1

(recall that k € {0,1} so Ry, ~ m and A\, ~ \g). For every ty,ts,t3,t4 € I}, the conditions of
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Figure 4: The sector Sﬁ

Proposition are satisfied, because p varies by at most a factor of 4 on If. It then follows
directly from that || foll ., < LR, ™ on If; and implies that || fol|, < LRy, on If, because

for every t,ty € If,

1+
|fo(tr) = fo(t2)] S LRE|p(t1) — p(ta)| + LR NG|t — t2]®

(Ip(t1) = p(t2)] S B and Redp ~ 1) S LRi|p(t) — p(t2)[" + LRe[tr — o]

(Ipl<1) S LRg[ty — to]".
From our construction and the fact that ¢, ~ A, on I} it follows that

1D, = lfoc e 00|, ~ ARyl folla ~ Il foll.,

Thus ||f£]| . < LR, and || ff]| | < LRy on Sf, while 9, f{ = 0. Since f{ is continuous on €,
and constant on Qf \ Sf, these estimates hold on all of Qf. This completes the proof in the

exceptional case where |p'(0)] < 1/2 and k € {0, 1}.

We now describe the construction when k& > 2 or when |p/(0)| > 1/2. The idea is to first
find a C** function depending only on 7, and which agrees with f, on a discrete net of “sample
points”, and then to add to it a correction which is purely a function of € so that the resulting
function agrees with fy on all of 79 N Q%. The correction vanishes on all of the sample points
and so does not cause too much “noise”, as we shall see.

First let us argue that in this case, |p| ~ 1 on If. By convexity, |p| attains its minimum at 0,
so if |p'(0)| > 1/2 then 1/2 < |p| < 1 everywhere. So we may assume that & > 2.
Let t € If. By Corollary , since p(t) > 2p(0), there is a universal constant 0 < ¢ < 1 such
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that 1 — p/(¢)? < c- (1 — p'(0)?) < ¢ whence /1 — ¢ < |p/(t)] < 1. Thus |p| ~ 1 on I}.
Set
Op = Ay Ry

and let {s;}jcs be a d;-net in If. By &;-net we mean that |s; — s;| > & for every j,j' € J
and that for every ¢ € I{ there is some j € J such that |s; — t| < §;. Let
73 1= pls;)

and define a function y =y}, : {z,};es — R by

y(z;) = fo(sy), J€T.

We now evoke Proposition [3.11] again, with the intention of using Corollary to extend y
to the interval [Ry_1, Rg+1] 2 {z;}jes (one should think of y as a function of r, while f, is a
function of t).

By and the fact that p ~ Ry, on I}, we have for all j € 7,
ly(x;)| < LR

By,forj#j’EJ,
ly(x;) = y(zy)| S LRY|xj — x| + LRAY sy — s
= LR{|x; — x| + Lok|s; — s
({s;} is a dj-net) < LR{|x; — x| + L|s; — sj|'t®
(I ~Ton Iy) S LR|wj—ap|+ Lly — ap
(zj, 25 € p(I) € [Ri-1, Rent]) S LRY|z; — ap.
By and the fact that |p| ~ 1, for distinct j, ', 7" € J we have

y(@;) —y(zy)  ylay) —ylzm)
Tj— Ty Xjr — Xjn

S L - diam{s;, s;, 50 }*
+ LR (s — s+ Isy — 50|77
({s;} is a dx-net) < L-diam{s;, sjr, 80} + LR A6
= L - diam{s;, s;, s;# }* + Loy,
({s;} is a dp-net and |p| ~ 1) S L - diam{x;, zjr, x 0}
Since |p| ~ 1, we also have that |If| < Ry, = (LRY/L)Y*. Corollary now implies that we

can extend y from the set {z;},cs to the interval [Ry_1, Ry41] with the estimates ||y/|| < LRy
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and ||y'||, < L. Since y(x;) < LR it also follows that [|y|| < LR,

By construction, the function y o r o 7y agrees with fo on the net {s;};es:

(yor)(o(s;)) = ylp(s;) = y(x;) = fols;)  forallj e J.

We now define ff: Sf — R by

fere'®®) = y(r) + fo(t) — y(p(t))

and extend f} to all of Qf by letting it be continuous and independent of 6 outside Si.
We have

Fe(o(®) = ylp(t)) — folt) —y(p(t)) = fo(t) forall te I,

and f{ is C1* in r with the same estimates as y; that is, ||8rf;f”oo < LR and HarflgHa SL
To see that ||f,fHoo < LR}C“‘, note that it suffices to prove this on the sector S. Each point on

St is joined to a point on 7y by a radial line segment of length < Ry, and |fy| < LR,™ on I}

by , SO
1l S [ Fols

+ R+ ||0:fil| . S LR, + Ri- LR, S LR,

It remains to estimate H f,fH . Here, again, we may restrict our attention to Sk.

Fix r € [Rg_1, Ri41]; we now prove that
|7 re®0O). < L.

Let t,t' € I}, and assume first that |t — | < &;. Take s; # s; with diam{t,#', s;, s;,} < 20y.
Then:

[felre® W) — filre™ )| = Jy(r) = fo(t) = y(p(t)) = y(r) + fol) + y(p(t')]

o)~ <> o) <<>>|
e

R i B AR

o) (|5 = ft f2(<85;)>_—1§<(§>))’ )

(by [3)), since |5 ~1) < |o(t) — p(t')| ( L6k+LRHaAa<r — 1 sy — s Y)
(ol ~1) S Lol — b+ Lot —¢)°

(|t —¢'| < o) < Log|t —t']°.
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(there is a slight technicality here. If |If| < &%, then the net {s;} consists of a single point,
and the above analysis fails. To avoid this situation, in such a case we define the extension as
follows: let s; and sy be the endpoints of I, and consider two cases: |If| < by or |If] > by,

where by, := (Rk)\g)ﬁ. In the former case we let y be the linear interpolant

y(@) = fols1) + (fo(s2) = fo(s1)) (@ — p(s1))/(p(s2) — p(s1)), x € p(If)

and proceed as above. In the latter case we define the extension as in the case where k = {0, 1}
and |p/(0)| < 1/2. The calculations are similar to the ones above, and are omitted. The main
point is that each of the two cases corresponds to another term in the right hand side of
being dominant).

If [t — t'| > Ok, then let s; # s satisfy |t — s;|, |t — 5| < 6.

Since y(p(s;)) — fo(s;) =0 for all j € 7,

[felre®®) — filre™ ) = |fo(t) = y(p(t)) = folt") + y(p(t"))]
< [fo(t) = fols;) + wlp(s5)) = y(p(®))]
+ 1fo() = folsjr) +y(p(sj) — y(p(t))|
S Lo([t = 55" + [t = 551|%)
5 Laé—i—a
< Loglt — ).
where in the third passage we have applied the previous calculation to the pairs ¢, s; and t', 5.
Thus || fi(re’®O)|| < Loy, on If for all r € [Ri_1, Reqa].

Let 21,29 € Si, and write z; = r;e™0() for some 7; € [Ry_1, Riy1] and t; € If. Then

|FE(21) = fi(z2)| < | fi(rie® ) — fi(rie®2)]
+ | fi(r1e® ) — fi(rpe’® )]
(|| felre® )|, < Loy and ||0, fi]| . S LRY) < Loglts — ta|* + LRY|r — 1
(o~ A on Ip) S Lok~ Ay %Ieo(tr) — dolta)|® + LR - [r1 — o
(O = RNy and [ — 72| S Ry) < LRy - (Ri|o(t) — olta)|* + [r1 — 12|

~ LRk|21 — Zg‘a.

This finishes the proof that H f,fHa < LRy, and the claim is proved. m
Claim [4] provides us with local extensions f{ : QY — R. We can now use the partition of
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unity {¢%} from Claim [2/ to define f : R? — R by
F=Y_ et (89)
k¢

Then f is well defined, because each ¢, is supported on .
Since ZM et =1on Q% and f{ ovy = fo on each I}, we have that f oy = fy (recall that
Y C Q).

The function f is C! in r because each f} is, and
0.f =) Ovpific+ 0iO [ (90)
K,

By our estimates and on ¢ and f{, and the local finiteness of the sums in (89) and

©9.

|f(re®)| < L't and [0, f(re”)| < Lr®  for all re € R (91)

Thus, since LR® = H'**/?R* = H(HR*)*/* < H, condition is satisfied by f. It follows

from that f|g,, .0 = 0.
To finish the proof it remains to show that f satisfies (75), i.e. that ||I'l|, < L, where

[:= f*+2fcotg,r +0,f.

Using , we can also conclude from , , and , that

Hf|% < LR, and ’ o floe|| S for all k0. (92)
[0} (&7
Putting together , and the estimates
”COtKo rlacl] S R.' and HcotKO rlacl] < R

one sees that for each k, ¢, the following holds on Q:

Tl S Al + 1 oot 7l + I1f 1l llcotay 7l + 1100-£1l,
S LRy LR + LRy - By + LRy R + L
S LIHR?)™ e 4 1

<L

Our goal is to make this estimate global.
Given any z, 2’ € R?, we would like to show that |['(z) — T'(2/)| < L|z — 2/|~.

If |2'|/]z|] < 16, then we can reduce to the local estimates by adding at most 4 intermediate
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points; so we assume henceforth |2/|/|z| > 16. Let k,¢, k', ¢ be indices such that z € Qf and
2 € QY. Then k' > k 4 3. For ease of notation let = Qf and Q' = QF,.
Let w be any point in vy N Q. If 79 N Q2 = &, then instead choose w € €2 such that f =0 in a
neighbourhood of w. Such w must exist in this case because of . Define w’ similarly.
We have already shown that ||I'||, < L on © and (', so it suffices to prove |I'(w') — I'(w)| S
Liw" — w|*. But |[w —w| 2 Ry — Ry ~ Ry because Ry > 8Ry. Hence we just need to show
that

IP(w) — T(w)| S LR} (93)
In case both 79N Q = & and 19N Q' = &, the whole expression on the left of vanishes. If

only one of the sets is empty, say 7o N €, then I'(w’) = 0, and so by (91),
(') = Dw)| = |D(w)| S L2RE + LRI Ry + LRy S LRS < LR}

proving in this case.

So we may assume both sets to be nonempty, so that there are t € I{, ¢’ € I ,ﬁ; such that w =
Yo(t) = p(t)e®® and w' = vo(t') = p(t')e'*®) and therefore f(w) = fo(t) and f(w') = fo(t').
We may also assume that 0 <t <t' (if t <0 <t or t' <0 <t then add an intermediate point

at 70(0); the only other possibility is t' < t < 0 and can be dealt with similarly) and that
(=0 =+

(by construction, I,” N [0,00) = & unless k € {0,1}, and in these cases I, N[0,00) C I,}).
Our intention is to use of Proposition |3.11} Since p(t') = |w'| > Ry /2 > 4Ry > 2|w| =
2p(t), there are t < s < s < t’ such that p(s) = 2p(t) and p(s') = p(t')/2. It follows that

p(t) = p(s)] ~ p(t) ~ Ry, and  |p(t') — p(s)| ~ p(t') ~ Ry (94)

Using and the local estimates , we have
fo(t) = fols) _ f(w) — f(r(s))

p(t) — p(s) p(t) — p(s)
_ flp(t)e “’50(”) flp(t)e') N Flp()e ™)) — f(p(s)e'®())
— p(s) p(t) — p(s)
LRy, - Rk

O R

O f(w) + O(LRY)

> + 0. f(w) + O(LRY)

and similarly

= 0,f(w') + O(LRS,).
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Since p does not vary by more than a factor of 4 on [t,s] and [¢', ], we may now use to

obtain
|0,f () + 2f (w) cotg, (Jw]) = Or f(w') = 2f (w') cot, (|w'])]
_ | fol®) = fols) . Folt) = Do) r oo .
- p(t) — p(S) + 2f0<t) tKo p(t> p(t,) ( ) 2f0(t ) tKo p(t ) + O<LRk’>

S Lot =t + LRTNENE = s|%/|p(t) — p(s)| + LRSS — '/ |p(t') — p(s')| + LRy,
S LRy, + LRONS - RY /Ry + LRSAS, - R/ Ry + LR,
< LRY.

(in the third passage we have used and , and the last inequality holds true because
b0 < 1/sing, p ~ 1/p and therefore A\, < Ry* and Ay < R,

Thus to prove it suffices to show that |f(w)? — f(w')?| < LRg. By (91]) and (92), we know
that || f2|,| < LR LRy < L(HR?)'"/* <L, so

[f(w)* = f(w')’] = |f(@)* = f(w')*] + O(LEY),

where w is any point in € lying on the same radial ray as w’ (such a point exists because £ = ¢').

By (91), on Bg,, (0) we have |0,(f%)| < LR - LR = L?R,;”**, and therefore
[f(@)* = f(w')?| S LRy (Jw'| - @) S LRy < LRy

This finishes the proof of and of the proposition. O
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