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Abstract

In this work we examine several high dimensional problems, and see whether

our low dimensional intuition is affected by high dimensions phenomena. The

problems considered here include random intersections of the sphere by high

and low dimensional linear subspaces, intersections of convex bodies by ran-

dom geodesics, and reconstruction of boolean functions on the hypercube (or

the inability to do so) by the distribution of the scenery viewed by a random

walker.

תקציר

האינטואיציה האם ובודקים גבוהים, במימדים בעיות מספר בוחנים אנו זו בעבודה

הבעיות גבוה. במימד הנצפות לתופעות מתאימה נמוכים במימדים שמקורה שלנו

לינארים מרחבים תתי ידי על הספירה של אקראים חיתוכים כוללות כאן הנבחנות

ושיחזור אקראיים גיאודזים ידי על קמורים גופים של חיתוכים נמוך, או גבוה ממימד

על זאת) לעשות היכולת חוסר (או הדיסקרטית בקוביה בוליאניות פונקציות של נוף

אקראי. מהלך ידי על הנצפה הנוף התפלגות ידי



Chapter 1

Introduction

A natural question in analysis and geometry is what happens when the number of

parameters grows. On the one hand, our intuition is that there will be a positive

correlation between the number of parameters and the complexity of the problem.

In that case, we would expect, accurate predictions to be impossible. On the other

hand, concentration of measure phenomena show us, that under certain assumptions,

as the number of parameters grows, the probability of diverging from the average

(or expected) result decreases. In this report we discuss examples for different

phenomena on this spectrum.

An early example of measure concentration, due to Lévy, is the isoperimetric

inequality on the sphere (see [3]). We denote the unit sphere by Sn−1 = {x ∈

R; |x| = 1}. Let A ⊆ Sn−1, we denote by Aε the ε extension of the set A, that is

Aε =
{
x ∈ Sn−1; d(x,A) ≤ ε

}
.

We denote by σn−1 the normalized surface area measure on the sphere. LetH ⊆ Sn−1

be a spherical cap of the same measure as the set A. Then

σn−1(Aε) ≥ σn−1(Hε).

In particular, taking σn−1(A) ≥ 1/2 we have

σn−1(Aε) ≥ 1− Ce−ε2n/2.

An immediate consequence of the spherical isoperimetric inequality is the con-

centration of Lipschitz functions on the sphere. Let f : Sn−1 → R be an L-Lipschitz
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function. Then,

P (|f(X)− Ef | ≥ ε) ≤ Ce−nε
2/2L2

.

Hence, Lipschitz functions in high dimensional are close to radial functions. Lévy’s

theorem is one of the fundamental tools for many high dimensional results such as

the Johnson-Lindenstrauss lemma [18], Milman’s proof of Dvoretzky’s theorem [3]

and Klartag’s proof of the central limit theorem for convex sets [19].

The Dvoretzky-Milman theorem states that for any centrally symmetric convex

body K ⊆ Rn, and any k ≤ cε2 log n, we have

P ((1− ε)E ⊆ K ∩ F ⊆ (1 + ε)E) ≥ 1− e−cε2k,

where E ⊆ Rk is an ellipsoid and F ⊆ Rn is a random subspace of dimension k. This

shows that for any normed space of dimension n, a random k-dimensional subspace

will typically be close to Euclidean. Depending on the geometry of the body, it might

be possible to improve the bound on k (For example, if K = {x ∈ Rn;
∑
|xi|p} is

the unit ball of `np and 1 ≤ p ≤ 2 then we can take k ≤ cn). By considering the

cube [−1, 1]n, we see that in general log n cannot be improved.

The Dvoretzky-Milman theorem shows us that random intersections of convex

bodies is an example to how behavior can become more regular as the dimension

grows. In this report we examine what happens when we take random intersections

of subsets of the sphere.

In order to prove the central limit theorem for convex sets, Klartag proved a

thin shell property for convex sets. There had been some improvements by Klartag

[20], Fleury [11] and Guédon and Milman [16]. They proved that for any isotropic

convex body K, and a random vector X distributed uniformly inside K, we have

P
(∣∣∣∣ |X|√n − 1

∣∣∣∣ ≥ t

)
≤ Ce−c

√
nmin{t3,t}, ∀t ≥ 0.

This statement shows that most of the mass of an isotropic convex body is con-

centrated around a thin spherical shell of radius
√
n and width n1/3. A famous

conjecture by Anttila, Ball and Perissinaki [2] states that the width of the shell is

constant, and does not depend on the dimension . This conjuncture was proved by

Klartag [21] for unconditional convex bodies. The thin shell property can be seen

as the reason behind Theorem 3.2, though we use simpler tools in the proof.
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Given a measurable subset A ⊆ Sn−1 and a random subspace H ⊆ Rn of di-

mension k, the expected normalized surface area of the intersection A ∩ H is the

normalized surface area of the set A. Writing σH for the normalized surface area

measures on Sn−1 ∩H we have,

EσH(A ∩H) = σn−1(A),

where H is distributed according to the SO(n) invariant measure of the Grassmanian

manifold Gn,k of k-dimensional subspaces of Rn.

In [22], Klartag and Regev showed that for a high dimensional random subspace,

the random variable σH(A ∩H)/Eσn−1(A) is highly concentrated around its mean.

They started with the case dim(H) = n− 1 and by repeated applications, extended

the result (with a weaker concentration probability) to dim(H) = n/2.

Theorem 1.1 (Klartag and Regev). Let A ⊆ Sn−1 such that σn−1(A) ≥ e−cn
1/3

,

then

PH
(∣∣∣∣σH(A ∩H)

σn−1(A)
− 1

∣∣∣∣ ≥ 1

10

)
≤ Ce−c

′n1/3

,

Where H ⊆ Rn is a uniform subspace of dimension n/2.

The motivation to the result of Klartag and Regev came from a communication

complexity problem called The Vector in Subspace Problem. Their result, shows

that any protocol that solves this communication problem has to use at least Cn1/3

bits. Raz demonstrated in [33] a protocol that solves this problem with the exchange

of C
√
n bits. Hence, there is a gap between the lower and the upper bound on the

communication complexity of this problem.

The connection between measure concentration and communication complexity,

that was used by Klartag and Regev, is through the rectangle method [34]. Any

protocol for the vector in subspace problem, divides the product space Sn−1×Gn,n/2

into rectangles (product sets), according to the bits that were exchanged. Each

rectangle is marked as either “In” or “Out”. After exchanging N bits, we have at

most 2N rectangles. Hence, if a small number of bits were exchanged, at least some

of the rectangles would be “big” (of large measure). The measure concentration

result shows that in “big” rectangles we cannot determine a correct result with high

enough probability.
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In [15] we suggested a modification to Theorem 1.1 in order to improve the

lower bound of the communication complexity. The main idea is to examine both

the intersection with the random subspace H and its orthogonal complement H⊥

simultaneously. We prove that for a class of measurable sets that are defined by at

most c
√
n directions, we have a stronger concentration probability for the geometric

average of the surface areas to diverge.

Theorem 1.2. Let A ⊆ Sn−1 such that σn−1(A) ≥ e−c
√
n. Assume that 1A(x) can

be written as F (〈x, ξ1〉 , . . . , 〈x, ξk〉) where k ≤ C
√
n. Then

PH
(√

σH(A ∩H)σH⊥(A ∩H⊥) ≤ 0.9σn−1(A)
)
≤ C ′e−c

′√n,

Where H ⊆ Rn is a uniform subspace of dimension n/2.

In Chapter 2 we explain the the proof of Theorem 1.2. This gives a sharp lower

bound of C
√
n, for a subclass of protocols to the vector in subspace problem.

Theorems 1.1 and 1.2 show us that intersection with a random high dimensional

subspace enjoys strong concentration of measure. In the proof of theorem 1.1, we

see that decreasing the dimension can cause a decrease in the concentration phe-

nomenon. The next result deals with the case that the dimension of the random

subspace is small. For example, if dim(H) = 2 then H ∩ Sn−1 is a random geodesic

curve on Sn−1. In that case we get a dimension free result.

Theorem 1.3. Let A ⊆ Sn−1 such that σn−1(A) = 1/2, then

PL
(∣∣∣∣Length(A ∩ L)

Length(L)
− 1

∣∣∣∣ ≥ 1

21/3

)
≤ 1

21/3
,

Where L ⊆ Rn is a uniform geodesic curve in Sn−1.

For a general set, the probability bound cannot be improved to a term that tends

to 0 with the dimension. In Chapter 3 we discuss the proof of Theorem 1.3. This

proof can be generalized to random subspaces of small dimension (does not depend

on n) or to the discrete case, where we replace that sphere with the torus (Z/pZ)n,

for a prime p.

The analysis of Theorem 1.3 is done by finding the singular values of the Radon

transform, and use them to bound the variance of the random variable Length(A ∩

4



L)/Length(L). We have full understanding of the singular values of the Radon

transform to any other dimension k as well. Hence we can bound the variance of

the intersection with a random k-dimensional subspaces and get a bound on the

probability to deviate from the mean.

Theorem 1.4. Let A ⊆ Sn−1 be a measurable set. Let 2 ≤ k ≤ n − 1, and let

H ⊆ Rn be a random subspace of dimension k. Then,

Var

(
σH(A ∩H)

σn−1(A)

)
≤ n− k
k(n− 1)

(
1− σn−1(A)

σn−1(A)

)
.

There are additional ingredients needed in order to get a sharp results such as

Theorem 1.1 using this method.

The question of random intersections by geodesics can be examined on other

settings as well. We prove that doing a similar procedure inside a convex body, we

have a very different result than that of the sphere.

Theorem 1.5. Let K ⊆ Rn be a convex body. There exists a set A ⊆ K such that

Vol (A) /Vol (K) = 1/2 and

P
(

length(L ∩ A)

length(L ∩K)
∈ {0, 1}

)
= 1−O∗

(
1√
n

)
,

where L = X + Rθ, X and θ are independent and distributed uniformly in K and

Sn−1 respectively.

The proof of Theorem 3.2 (see Chapter 3 for more details), shows that in this

case, the obstacle to concentration phenomenon of random geodesic intersections is

the concentration of the volume distribution inside convex bodies.

Our last example is of scenery reconstruction on the n dimensional hypercube.

Given a graph G = (V,E) and a scenery f : V → {−1, 1}, start a simple random

walk on the graph (Xk)
∞
k=0. For every step of the random walk mark the label of

the vertex f(Xk). The sequence f(X0), f(X1), . . . is the scenery observed by the

random walker. Can you recover the scenery function f (up to graph isometries) by

the distribution of the scenery viewed by the walker?

In [5] Benjamini and Kesten proved that when the graph G is a circle Z/nZ,

reconstruction is possible in polynomial time. In [25] Lindenstrauss proved that

scenery reconstruction on the line is impossible. In [14], together with Gross, we
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proved that scenery reconstruction on the hypercube {−1, 1}n is impossible when

n ≥ 4. We constructed a class of functions that share the same scenery distribution,

and showed that the number of non isomorphic functions in that class grows rapidly

with the dimension n. We discuss this in Chapter 4. The example of scenery

reconstruction on the hypercube, is an example of how a complexity of a problem

can grow as the dimension increases.

One class of functions we defined is the class of locally p-biased functions. A

functions in this class has the following property: for every vertex of the graph,

the portion of it neighbors labeled by 1 is exactly p. On the hypercube, we give

a full characterization of which values of p are possible for a given dimension n.

We also raise the question of existence of such functions in other graphs. We give

constructions for trees and the lattice Zn. In a recent paper, Van Hintum [37] built

upon it and gave a full characterization for the case Zn, and showed that these

classes are uncountable when n ≥ 2.
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Chapter 2

Intersection with Random

Mutually Orthogonal Subspaces

2.1 Introduction

The Vector in Subspace Problem (VSP) is a communication problem where one

party (Alice) receives a unit vector u ∈ Sn−1, and a second party (Bob) receives a

subspace H ⊆ Rn of dimension bn/2c such that either u ∈ H or u ∈ H⊥. The goal

of Alice and Bob is to determine whether u ∈ H or not.

VSP was introduced by Kremer [23] and has been studied under both classical

and quantum communication models . In the classical communication model, Alice

and Bob exchange bits between them in order to determine whether u ∈ H. In the

quantum communication model, Alice and Bob exchange qubits.

In this paper, the terms protocol and complexity refer to distributional complex-

ity (see [40] [4]). That is, a protocol outputs the correct answer with probability at

least 2/3. The complexity is measured according to the number of bits or qubits

that are exchanged in the worst case .

It is known that VSP can be solved in the quantum model with the exchange

of O(log n) qubits. In [33] Raz presented a classical protocol that solves VSP with

the exchange of O(
√
n) bits. In [22], Klartag and Regev proved that any classical

protocol for VSP has a communication complexity of at least Ω(n1/3) bits. Thus,

VSP shows that quantum communication can be exponentially stronger than clas-
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sical communication. In this paper we discuss the gap between the lower and upper

bound for the classical model.

We focus on the class of protocols of bounded total rank. In a deterministic

protocol, each decision by Alice on the value of the next bit to be sent to Bob is based

on two factors: her knowledge of the communication received so far, and perhaps

an additional measurement of the vector u. We define the rank of the decision to

be the number of linear functionals of the vector u that Alice has to compute in

order to carry out the measurement. For example, deciding the value of the next bit

by using the indicator function of the set {〈x, v1〉 ≥ 0, sin(〈x, v2〉2) ≥ 1/2}, where

v1, v2 ∈ Rn are determined by the communication received so far, is a decision of

rank 2. In general, the rank of a decision is an integer between 0 and n. The total

rank of a protocol is the sum of all ranks of decisions made by Alice in the worst case

scenario. Note that we do not count decisions by Bob. The protocol Raz introduced

can be slightly modified to be of total rank O(
√
n) (for more details see Appendix

2.A).

We prove that any protocol of VSP, for the classical model, of total rank at

most O(
√
n) has communication complexity of at least Ω(

√
n) bits. In light of the

upper bound by Raz, this lower bound is sharp. We also introduce a novel mathe-

matical conjecture about concentration of measure in the high dimensional sphere.

This conjecture implies that any classical protocol for VSP has a communication

complexity of at least Ω(
√
n) bits.

The lower bound by Klartag and Regev is a result of a concentration theorem for

sampling on the sphere by random subspaces. They proved that for any measurable

subset A ⊆ Sn−1 with σn−1(A) ≥ Ce−cn
1/3

, where σn−1 is the uniform probability

measure on the sphere Sn−1, it holds that

PH
(∣∣∣∣σH(A ∩H)

σn−1(A)
− 1

∣∣∣∣ ≤ 0.1

)
≥ 1− e−c′n1/3

,

where C, c, c′ > 0 are universal constants. Here σH denotes the Haar probability

measure on Sn−1 ∩ H and PH denotes the orthogonally invariant Haar probability

measure over the Grassmanian manifold of subspaces H ⊆ Rn of dimension bn/2c.

The concentration inequality by Klartag and Regev is sharp. Taking A = {x ∈
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Sn−1; x1 ≥ T}, where T ≈ n−1/3 is chosen such that σn−1(A) = e−n
1/3

gives

PH
(∣∣∣∣σH(A ∩H)

σn−1(A)
− 1

∣∣∣∣ ≤ 0.1

)
= 1− e−cnn1/3

,

where cn has a finite limit c ∈ (0,∞) as n→∞.

Our goal is to find a concentration inequality that applies to smaller sets, that is

sets with measure of the order of magnitude of e−
√
n. Our hope is that by considering

both H and H⊥ simultaneously, a stronger concentration result can be achieved.

Conjecture 2.1. Let A ⊆ Sn−1 be a measurable subset with σn−1(A) ≥ e−c
√
n. Then

PH
(√

σH(A ∩H)σH⊥(A ∩H⊥) ≥ 0.9σn−1(A)
)

is at least

1− Ce−c′
√
n,

where C, c, c′ > 0 are universal constants.

Conjecture 2.1 was essentially suggested by Klartag and Regev [22], albeit with

a weaker arithmetic average in place of the geometric one.

In §2.3 we prove a special case of the conjecture where the set A ⊆ Sn−1 is of the

form {x ∈ Sn−1; (x1, . . . , xk) ∈ I} for some Borel set I ⊆ Bk = {x ∈ Rk; |x| ≤ 1},

and k = O(
√
n). By considering the case k = 1, this result shows that the conjecture

holds for the extremal case of the theorem by Klartag and Regev. This extremal

case also shows that if the conjecture is true it is tight.

This special case of the conjecture follows from the following result:

Theorem 2.2. Let k ≤ α1

√
n. Let f : Sn−1 → [0,∞) be a measurable function

such that ‖f‖∞ ≤ eα2
√
n, ‖f‖1 = 1 and f depends only on x1, . . . , xk. Then,

PH

(√∫
SH

f(x)dσH(x)

∫
S
H⊥

f(x)dσH⊥(x) ≥ 0.9

)
≥ 1− α3e

−
√
n,

where α1, α2, α3 > 0 are universal constants.

In the proof we use various tools from Geometric Functional Analysis. We begin

by reformulating the problem in terms of random matrices instead of random sub-

spaces. We show that the event in Theorem 2.2 strongly depends on the singular
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values of a random projection. Using results from the theory of Wishart matrices

we show that these singular values are concentrated around their expected values.

Next, we use the Cauchy-Schwarz inequality to define a smaller event than the

one in the theorem. The use of the Cauchy-Schwarz inequality demonstrates how

considering both H and H⊥ simultaneously can enhance the concentration results

and is fundamental to our approach.

Finally, we use the concentration results, and asymptotic tools such as the

Laplace method in order to show that with high probability this smaller event holds

true. In this last step we present bounds for the universal constants in Theorem 2.2

which are, in principle, explicit.

In §2.2 we employ the rectangle method and show how Theorem 2.2 implies a

sharp lower bound for classical protocols of total rank at most O(
√
n).

Corollary 2.3. Let P be a protocol for the Vector in Subspace Problem of total rank

at most α1

√
n, with probability of error which is at most a constant smaller than 1

2
.

Then the communication complexity of P is Ω(
√
n) bits.

Using the same methods, a positive resolution of Conjecture 2.1 would imply a

sharp lower bound for a general classical protocol to VSP.

Theorem 2.4. Let P be a general protocol for the Vector in Subspace Problem with

probability of error which is at most a constant smaller than 1
2
. If Conjecture 2.1 is

true then the communication complexity of P is Ω(
√
n) bits.

2.2 Applications to VSP

In this section we prove that Theorem 2.2 implies a lower bound of O(
√
n) for

classical protocols of total rank at most O(
√
n). We also show that Conjecture 2.1

implies a lower bound of O(
√
n) for any classical protocol. In light of the result of

Raz, if the conjecture is true then this bound is sharp.

Theorem 2.2 implies a special case of the conjecture for sets that depend only

on α1

√
n directions. For any such A ⊆ Sn−1 with σn−1(A) ≥ e−α2

√
n, define f(x) =

1A(x)/σn−1(A). The function f depends only on α1

√
n directions, bounded by

1/σn−1(A) ≤ eα2
√
n and has ‖f‖1 = 1. Hence, we may apply Theorem 2.2. We have,
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α3e
−
√
n ≥ PH

(√∫
SH

1A(x)/σn−1(A)dσH(x)

√∫
S
H⊥

1A(x)/σn−1(A)dσH⊥(x) ≤ 0.9

)
= PH

(√
σH(A ∩H)σH⊥(A ∩H⊥)/σn−1(A) ≤ 0.9

)
.

In this section, we use this consequence of Theorem 2.2.

Our argument follows the rectangle method usually attributed to Babai, Frankl

and Simon [4] and Razborov [34].

For simplicity, we assume that n is even. We denote by Gn/2 the Grassmanian

manifold of all subspaces of Rn of dimension n/2, equipped with the On invariant

measure σG. Let µ0 be the uniform measure on Sn−1 ×Gn/2. Denote

I1 =
{

(u,H) ∈ Sn−1 ×Gn/2; u ∈ H
}
,

and

I2 =
{

(u,H) ∈ Sn−1 ×Gn/2; u ∈ H⊥
}
.

Let µi be the Haar invariant probability measure on Ii for i = 1, 2, with respect to

the obvious On action. Such measure exists due to the transitive property of such

action. For a rectangular set Ai ×Bi ⊆ Ii we have

µ1(A1 ×B1) =

∫
H∈B1

σH(A1 ∩H),

and

µ2(A2 ×B2) =

∫
H∈B2

σH⊥(A2 ∩H⊥).

By replacing α2 in Theorem 2.2 with min{α2, 1} we may assume that it is at most

1.

Proposition 2.5. Let Q = A×B ⊆ Sn−1×Gn/2 be such that µ0(A×B) ≥ Ce−α2
√
n.

Assume that the set A depends on α1

√
n directions. Then√

µ1(Q)µ2(Q) ≥ 0.8µ0(Q).

The constants α1, α2, C > 0 are universal constants.

Proof. Define

E = {H ∈ B;
√
σH(A ∩H)σH⊥(A ∩H⊥) ≤ 0.9σ(A)

}
.

11



According to our assumption σn−1(A) ≥ µ0(A×B) ≥ Ce−α2
√
n. By the Theorem

2.2, P(E) ≤ α3e
−
√
n. We choose C ≥ 1 big enough, such that

0.9σG(B \ E) ≥ 0.8σG(B). (2.1)

By the Cauchy-Schwarz inequality

√
µ1(Q)µ2(Q) =

√(∫
H∈B

σH∈B(A ∩H)

)(∫
H∈B

σH⊥(A ∩H⊥)
)

≥
∫
H∈B

√
σH(A ∩H)σH⊥(A ∩H⊥)

≥
∫
H∈B\E

√
σH(A ∩H)σH⊥(A ∩H⊥)

≥ 0.9

∫
H∈B\E

σ(A) = 0.9σ(A)σG(B \ E).

Equation (2.1) gives us

√
µ1(Q)µ2(Q) ≥ 0.8σG(B)σ(A) = 0.8µ0(Q).

Corollary 2.6. Let Q = A×B ⊆ Sn−1 ×Gn/2. Assume that the set A depends on

α1

√
n directions. Then

√
µ1(Q)µ2(Q) ≥ 0.8µ0(Q)− Ce−α2

√
n.

Using the above propositions, we are ready to prove Corollary 2.3.

Proof. By repeated application of the protocol we may assume that the probability

of error is less then 1
9
. By Yao’s principle [39], we may assume that our protocol is

a randomly chosen deterministic protocol. Let D be the number of bits exchange

in the protocol. We have a partition of Sn−1 ×Gn/2 into 2D rectangles of the form

Q = A× B, each labeled as “In H” or “In H⊥”. Since we assume the total rank is

at most α1

√
n, for every Q = A×B in the partition, the set A is determined by at

most α1

√
n directions. Denote by Q+ all the rectangles labeled “In H”, and by Q−

all the rectangles labeled “In H⊥”. According to our assumption
∑

Q∈Q+
µ2(Q) ≤ 1

9

and
∑

Q∈Q− µ1(Q) ≤ 1
9
. By Corollary 2.6 and the Cauchy-Schwarz inequality, we

12



have ∑
Q∈Q+

(0.8µ0(Q)− Ce−α2
√
n) ≤

∑
Q∈Q+

√
µ1(Q)µ2(Q)

≤

√√√√√
∑
Q∈Q+

µ1(Q)

∑
Q∈Q+

µ2(Q)


≤
√

1 · 1

9
=

1

3
.

Similarly we have, ∑
Q∈Q−

(0.8µ0(Q)− Ce−α2
√
n) ≤ 1

3
.

Summing the above inequalities, we obtain

0.8− 2DCe−α2
√
n ≤ 2

3
⇒ D ≥ C ′

√
n.

If Conjecture 2.1 is true, then Proposition 2.5 and Corollary 2.6 are true without

the assumption that the set A depends on α1

√
n directions. Hence, we may repeat

the proof of Corollary 2.3 for a general classical protocol, and deduce Theorem 2.4.

2.3 Proofs

In this section we prove Theorem 2.2. This theorem is a special case of the conjecture

for functions that depend only on O(
√
n) directions. We assume that n is even

and greater than some universal constant. In this section, when we say uniform

distribution, we refer to the Haar probability distribution.

Throughout this section we shall use the letters c, c̃, C etc. to denote various

universal constants, whose value may change from one line to the next. Additionally,

α1, α2, α3, ρ > 0 are universal constants whose value would be determined only at

the end of the section. Specifically, in this section we will assume a few upper bounds

for α1 in terms of explicit positive universal constants, an upper bound for α2 in

terms of α1, and a lower bound for α3 in terms of α2.

Let ψ : Bk ×Sm−k−1 → Sm−1 be defined by ψ(x, y) = (x,
√

1− |x|2y). The map

ψ enables us to separate the dependence on the first k coordinates. The following

change of variables formula is standard:

13



Proposition 2.7. For any integrable f : Sm−1 → R and any 1 ≤ k ≤ m − 1 there

exists Cm,k = (m− k)Vol(Bm−k)/(mVol(Bm)) such that∫
Sm−1

f(x)dσm−1(x) = Cm,k

∫
Bk

(
1− |x|2

)(m−k−2)/2

×
(∫

Sm−k−1

f
(
x,
√

1− |x|2θ
)
dσm−k−1(θ)

)
dx.

Let E = span{e1, . . . , ek}. Let H ⊆ Rn be a random subspace of dimension n/2

distributed uniformly. Let λ1, . . . , λk be the singular values of the projection map

P : H → E. The singular values λ1, . . . , λk are the cosines of the principal angles

between H and E. The next proposition along with Proposition 2.7, allows us to

study the distribution of singular values of a random matrix instead of integration

on a random subspace.

Proposition 2.8. Let H be a random subspace of dimension n/2, let E and λ1, . . . , λk

be as before. Let Λ = diag(λ1, . . . , λk). Let U : E → E be a random orthogonal map

distributed uniformly, independent of H. Let f : Sn−1 → R be a measurable function

such that f depends only on the first k coordinates. Then, the random variable√∫
SH

f(x)dσH(x)

∫
S
H⊥

f(x)dσH⊥(x)

is equal in distribution to

Cn/2,k

(
ψ(Λ)ψ(

√
I − Λ2)

)1/2

, (2.2)

where,

ψ(A) =

∫
Bk

f
(
UAUTx

) (
1− |x|2

)(n/2−k−2)/2
dx.

The constant Cn/2,k is the same as in Proposition 2.7 with m = n/2.

Proof. In this proof, we construct an orthogonal map V : Rn → Rn that maps H and

H⊥ to canonical subspaces that depend only on the principle angles and a rotation

U : E → E. The map V is chosen such that f would be invariant under V . In order

to construct V we use the projection maps to define appropriate orthonormal bases

for H, H⊥ and E.

By the Singular Value Decomposition (SVD) of the projection P : H → E there

14



exists an orthonormal basis x1, . . . , xk of E and an orthonormal basis y1, . . . , yn/2 of

H such that

P =
k∑
i=1

λixi ⊗ yi.

Since Pyj = 0 for all j = k + 1, . . . , n/2 we have yk+1, . . . , yn/2 ∈ E⊥. Since

Pyi = λixi for i = 1, . . . , k there exists a unit vector vn/2+i ∈ E⊥ such that

yi = λixi +
√

1− λ2
i vn/2+i, ∀i = 1, . . . , k.

Denote vj = yj for j = k + 1, . . . , n/2. Let i′ = n/2 + i where i ≤ k and let

k + 1 ≤ j ≤ n/2. Since vk+1, . . . , vn/2+k ∈ E⊥, we have

0 = 〈yi, yj〉 =

〈
λixi +

√
1− λ2

i vi′ , vj

〉
=
√

1− λ2
i 〈vi′ , vj〉 .

With probability 1 we have 0 < λi < 1, hence with probability 1

〈vi′ , vj〉 = 0.

By the same argument we obtain 〈vi, vj〉 = 0 for all i 6= j. Let P⊥ : H⊥ → E be the

orthogonal projection to E. The singular values of P⊥ are exactly
√

1− λ2
1, . . . ,

√
1− λ2

k.

Note that √
1− λ2

1x1 − λ1vn/2+1, . . . ,
√

1− λ2
kxk − λkvn/2+k ∈ H⊥

are orthogonal to each other. Since the SVD is unique, up to trivial transformations,

we have

P⊥ =
k∑
i=1

√
1− λ2

ixi ⊗
(√

1− λ2
ixi − λivn/2+i

)
.

Hence, there exist vn/2+k+1, . . . , vn ∈ E⊥ such that√
1− λ2

1x1 − λ1vn/2+1, . . . ,
√

1− λ2
kxk − λkvn/2+k, vn/2+k+1, . . . , vn

is an orthonormal basis of H⊥. By the same argument as before, with probability

one, vn/2+1, . . . , vn are orthogonal to each other. Since vn/2+k+1, . . . , vn ∈ H⊥ and

vk+1, . . . , vn/2 ∈ H we find that x1, . . . , xk, vk+1, . . . , vn is an orthonormal basis of

Rn. Let V be the orthogonal map defined by V xi = xi for i = 1, . . . , k and V vj = ej
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for j = k + 1, . . . , n. Since V is the identity map on E we have f(V x) = f(x) for

all x ∈ Sn−1. Hence,√∫
SH

f(x)dσH(x)

∫
S
H⊥

f(x)dσH⊥(x) =

√∫
SH

f(V x)dσH(x)

∫
S
H⊥

f(V x)dσH⊥(x)

=

√∫
SVH

f(x)dσV H(x)

∫
S
VH⊥

f(x)dσV H⊥(x)

Let BH,k be the unit ball of

V
(
H ∩ (E⊥ ∩H)⊥

)
=

span{λ1x1 +
√

1− λ2
1en/2+1, . . . , λkxk +

√
1− λ2

ken/2+k}.

For any

x =
k∑
i=1

ti

(
λixi +

√
1− λ2

i en/2+i

)
∈ BH,k,

where
∑k

i=1 t
2
i ≤ 1, we have

f(x) = f

(
k∑
i=1

ti

(
λixi +

√
1− λ2

i en/2+i

))
= f

(
k∑
i=1

tiλixi

)
.

Let U : E → E be the orthogonal map defined by Uxi = ei for i = 1, . . . , k. We

have, ∫
BH,k

f(x)dx =

∫
Bk

f(UΛUTx)dx,

where Bk is the unit ball of E. Since the distribution of H is invariant under the

action of O(k)×O(n−k), the distribution of U is uniform over the orthogonal maps

of E. Let BH⊥,k be the unit ball of span{
√

1− λ2
1x1 − λ1en/2+1, . . . ,

√
1− λ2

kxk −

λken/2+k}. Using the same map U , we have∫
B
H⊥,k

f(x)dx =

∫
Bk

f(U
√
I − Λ2UTx)dx.

To finish the proof we use Proposition 2.7 on SV H and SV H⊥ .

With probability 1, the matrices Λ and
√
I − Λ2 are invertible. Hence, using the

change of variables formula, (2.2) can be written as

Cn/2,k√∏k
j=1 λj

√
1− λ2

j

√∫
Rk
ϕΛ(x)dx

∫
Rk
ϕ√I−Λ2(x)dx,
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where

ϕA(x) = f (x)
(

1−
∣∣UA−1UTx

∣∣2)(n/2−k−2)/2

+
.

By the Cauchy-Schwarz inequality this is at least

Cn/2,k√∏k
j=1 λj

√
1− λ2

j

∫
Rk

√
ϕΛ(x)ϕ√I−Λ2(x)dx.

Hence, we need to estimate the coefficient and the integral on the function

f (x)
(

1−
∣∣Λ−1UTx

∣∣2)(n/2−k−2)/4

+

(
1−

∣∣∣(I − Λ2
)−1/2

UTx
∣∣∣2)(n/2−k−2)/4

+

. (2.3)

The random variables λ1, . . . , λk are the singular values of a block of size n/2×k in

a random orthogonal matrix. These singular values can be described using Wishart

matrices [9]

Proposition 2.9. Let N1, N2 be (n/2)× k independent random matrices with inde-

pendent standard Gaussian entries. Let X be a random orthogonal matrix, chosen

by the Haar uniform distribution. Let

X =

X1,1 X1,2

X2,1 X2,2


Where X1,1 is (n/2) × k block. Then, the singular values of X1,1 have the same

distribution as the square roots of the eigenvalues of NT
1 N1(NT

1 N1 +NT
2 N2)−1.

Upper and lower bounds for the eigenvalues of the above matrix, can be achieved

using a concentration result by Gordon for singular values of Gaussian matrices [38].

Lemma 2.10. Let A be (n/2)× k random matrix with independent standard Gaus-

sian entries. Assume that k ≤ n/2. Let s1 ≤ · · · ≤ sk be the singular values of A,

then with probability greater than 1− 2e−t
2/2 we have√

n/2−
√
k − t ≤ s1 ≤ sk ≤

√
n/2 +

√
k + t.

Combining both results, we have

Proposition 2.11. Let k ≤ α1

√
n and let λ1, . . . , λk be as before. Then, with

probability greater then 1− 4e−
√
n, we have∣∣∣∣λi − 1√

2

∣∣∣∣ ≤ C(
√
α1 +

√
2)

n1/4
, ∀i = 1, . . . , k.
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Proof. Let N1, N2 be as in Proposition 2.9. By Lemma 2.10 there exists µ1, . . . , µk,

σ1, . . . , σk and U, V orthogonal matrices such that

NT
1 N1 = Udiag(µ2

1, . . . , µ
2
k)U

T , NT
2 N2 = V diag(σ2

1, . . . , σ
2
k)V

T ,

and, there exists C ′ > 0 such that, with probability greater then 1− 4e−
√
n,∣∣∣µ2

i −
n

2

∣∣∣ , ∣∣∣σ2
i −

n

2

∣∣∣ ≤ C ′(
√
α1 +

√
2)n3/4, (2.4)

for all i = 1, . . . , k. Assume that event (2.4) holds true. Let E1, E2 be defined by

NT
1 N1 = (n/2)I + E1 and NT

2 N2 = (n/2)I + E2. Then ‖Ei‖op ≤ Ci(
√
α1 +

√
2)n3/4

for i = 1, 2. We have,

NT
1 N1(NT

1 N1 +NT
2 N2)−1 =

1

2

(
I +

2

n
E1

)(
I +

1

n
(E1 + E2)

)−1

.

Let T1 = (E1 +E2)/n and T2 = E1/n, then ‖Ti‖op ≤ C ′i(
√
α1 +

√
2)n−1/4 for i = 1, 2.

We have

NT
1 N1(NT

1 N1 +NT
2 N2)−1 =

(
1

2
I + T2

)(
I − T1 +

∞∑
j=2

(−1)jT j1

)
.

Hence,

NT
1 N1(NT

1 N1 +NT
2 N2)−1 =

1

2
I + T,

where ‖T‖op ≤ C̃(
√
α1 +

√
2)n−1/4.

Corollary 2.12. With probability greater then 1− 4e−
√
n we have∣∣∣∣∣UΛ−1UTx

∣∣2 +
∣∣U(I − Λ2)−1/2UTx

∣∣2 − 4|x|2
∣∣∣ ≤ C(

√
α1 +

√
2)2|x|2/

√
n,

for any x ∈ Rk.

Proof. Assume that

Λ =
1√
2
I + T,

where ‖T‖op ≤ C ′(
√
α1 +

√
2)/n1/4. By the above proposition, this event has prob-

ability greater than 1− 4e−
√
n. We have,

Λ−2 + (I − Λ2)−1 =

(
1

2
I +
√

2T + T 2

)−1

+

(
1

2
I −
√

2T − T 2

)−1

= 4(I − 4(
√

2T + T 2)2)−1 = 4I + T̃ ,
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where
∥∥∥T̃∥∥∥

op
≤ C̃ ‖T 2‖op ≤ C(

√
α1 +

√
2)2/
√
n. Hence,

∣∣UΛ−1UTx
∣∣2 +

∣∣U(I − Λ2)−1/2UTx
∣∣2 =

〈
U(Λ−2 + (I − Λ2)−1)UTx, x

〉
= 4|x|2 +

〈
UT̃UTx, x

〉
.

Hence,∣∣∣∣∣UΛ−1UTx
∣∣2 +

∣∣U(I − Λ2)−1/2UTx
∣∣2 − 4|x|2

∣∣∣ ≤ ∥∥∥T̃∥∥∥
op
|x|2

≤ C(
√
α1 +

√
2)2|x|2/

√
n.

The above proof demonstrates how considering both H and H⊥ simultaneously

can cancel the first order term in concentration inequalities. This cancellation leads

to great improvement of the estimations, and it is one of the fundamental ideas of

our approach.

The concentration of the principal angles, allows us to evaluate the coefficient

Cn/2,k

√∏k
j=1

1

λj
√

1−λ2j
and the integral on (2.3).

Proposition 2.13. Let Cn,k and Cn/2,k be the constants from Proposition 2.7 with

m = n, n/2. For k ≤ α1

√
n, we have

2k/2
Cn/2,k
Cn,k

≥ Ce−α
2
1/4.

Proof. By the definition of Cn,k and Cn/2,k, we need to estimate

2k/2
Γ(n/4 + 1/2)Γ(n/2− k/2 + 1/2)

Γ(n/4− k/2 + 1/2)Γ(n/2 + 1/2)

Using Sterling’s formula and the assumption on k, this is(
1 +O

(
1√
n

))
exp

(
− k

2

4n
+O

(
1√
n

))
.

Hence, by choosing α1 small enough and using the concentration result for

λi
√

1− λ2
i (as in Corollary 2.12) we have:
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Corollary 2.14. Let k ≤ α1

√
n and let λ1, . . . , λk be as before. Then, with proba-

bility greater than 1− 4e−
√
n, we have

Cn/2,k

√√√√√ k∏
j=1

1

λj
√

1− λ2
j

≥ 0.98Cn,k.

Proof. Assume that for all 1 ≤ i ≤ k we have λ2
i = 1/2 + ti where |ti| ≤ C ′(

√
α1 +

√
2)/n1/4. By Proposition 2.11, this event has probability greater than 1 − 4e−

√
n.

We have,

1

λi
√

1− λ2
i

=

√
1

(1/2 + ti)(1/2− ti)
=

2√
1− 4t2i

.

Hence, ∣∣∣∣∣ 1

λi
√

1− λ2
i

− 2

∣∣∣∣∣ ≤ C(
√
α1 +

√
2)2

√
n

.

We have√√√√√ k∏
j=1

1

λj
√

1− λ2
j

≥ 2k/2exp

(
−
C(
√
α1 +

√
2)2k

4
√
n

+O

(
k(
√
α1 +

√
2)2

n

))
.

We may assume that α1 is small enough, such that both

exp

(
−
C(
√
α1 +

√
2)2α1

4
+O

(
α1(
√
α1 +

√
2)2

√
n

))
≥ 0.99,

and (By Proposition 2.13), 0.99Cn/2,k2
k/2 ≥ 0.98Cn,k. Hence,

Cn/2,k

√√√√√ k∏
j=1

1

λj
√

1− λ2
j

≥ 0.99Cn/2,k2
k/2 ≥ 0.98Cn,k.

In order to understand the integral on (2.3), we write Rk as ρn−1/4Bk ∪ (Rk \

ρn−1/4Bk) where ρ > 0. Inside the ball ρn−1/4Bk the integral is close to 1. Outside

the ball, we show that the integral is negligible.

The estimation inside the ball of radius ρn−1/4 uses standard inequalities and

corollary 2.12 (see Appendix 2.B for the proof). In this proposition we define an

upper bound on ρ.
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Proposition 2.15. Let k ≤ α1

√
n. Let Λ and U be as before. Then with probability

greater than 1− 4e−
√
n

∫
ρn−1/4Bk

f(x)
(

1−
∣∣Λ−1UTx

∣∣2)(n/2−k−2)/4

+

(
1−

∣∣∣(I − Λ2
)−1/2

UTx
∣∣∣2)(n/2−k−2)/4

+

dx

≥ 0.95

∫
ρn−1/4Bk

f(x)
(
1− |x|2

)(n−k−2)/2

+
dx.

Using the Laplace method (see Appendix 2.B), we estimate the integral outside

ρn−1/4Bk.

Proposition 2.16. Let k ≤ α1

√
n. Then, for any f : Rn → R+ with ‖f‖∞ ≤ eα2

√
n,

we have

I = Cn,k

∫
Rk\ρn−1/4Bk

f(x)
(
1− |x|2

)(n−k−2)/2

+
dx ≤ 2α1

ρ2
e−α2

√
n.

The constant Cn,k is the same as in Proposition 2.7, and ρ > 0 is the same as in

Proposition 2.15.

Proof of Theorem 2.2. By Proposition 2.8 and the Cauchy-Schwarz inequality, the

event √∫
SH

f(x)dσH(x)

∫
S
H⊥

f(x)dσH⊥(x) ≥ 0.9

has the greater probability than the event that∫
Rk
f (x)

(
1−

∣∣Λ−1UTx
∣∣2)(n/2−k−2)/4

+

(
1−

∣∣∣(I − Λ2
)−1/2

UTx
∣∣∣2)(n/2−k−2)/4

+

dx

is at least

0.9C−1
n/2,k

√√√√ k∏
j=1

λj

√
1− λ2

j

 .

By Corollary 2.14 and Proposition 2.15 with probability greater than 1− 4e−
√
n

the left hand side is at least

0.93Cn,k

∫
ρn−1/4Bk

f(x)(1− |x|2)
(n−k−2)/2
+ dx.

By Proposition 2.7 this is equal to

0.93

(∫
Sn−1

f(x)dσn−1(x)− Cn,k

∫
Rk\ρn−1/4Bk

f(x)(1− |x|2)
(n−k−2)/2
+ dx

)
.
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By Proposition 2.16 there exists Ĉ > 0 such that for all n > Ĉ we have

0.93Cn,k

∫
Rk\ρn−1/4Bk

f(x)(1− |x|2)(n−k−2)/4dx ≤ 0.01.

Hence,

0.93

(∫
Sn−1

f(x)dσn−1(x)− Cn,k

∫
Rk\ρn−1/4Bk

f(x)(1− |x|2)
(n−k−2)/2
+ dx

)
≥ 0.9.

2.A Protocol for VSP

The protocol we present here is a simple modification of the one presented by Raz

[33].

As before, c, c1, C etc. denote positive universal constants.

Let k = be
√
nc. Let E1, . . . , Ek ⊆ Rn be independent random subspaces of

dimension bC1

√
nc chosen uniformly. For every 1 ≤ i ≤ k, let Ni = {θi1, . . . , θim}

be independent random vectors in Sn−1 ∩ Ei, where m = beC2
√
nc. Alice and Bob

sample (E1,N1), . . . , (Ek,Nk) in advance and store the results. Each real number

stored by Alice and Bob is kept with accuracy of log n bits. The protocol will be

the following: Alice chooses a random index 1 ≤ î ≤ k, and then finds the index

1 ≤ ĵ ≤ m such that

max
1≤j≤m

〈
θîj, u

〉
=
〈
θî
ĵ
, u
〉
.

Alice sends Bob both indices î and ĵ using at most log k+ logm = (1 +C2)
√
n bits.

Bob checks the distance of θî
ĵ

to H and H⊥. If d(θî
ĵ
, H) > d(θî

ĵ
, H) then they answer

that u ∈ H otherwise they answer that u ∈ H⊥.

In this protocol Alice preforms one measurement. This measurement is in a

subspace of dimension O(
√
n), hence the protocol has total rank of O(

√
n).

The analysis of this protocol is done in two steps. First we show that the protocol

works when we replace (E1,N1), . . . , (Ek,Nk) with shared random pair (E,N ). The

complexity of the public coin protocol is logm = C2

√
n bits. Second, we eliminate

the need for shared randomness by considering (E1,N1), . . . , (Ek,Nk). This step is

standard, and the cost of eliminating the shared randomness is another log k =
√
n

bits. We present the main ideas of these steps.
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In the analysis of the first step, we use two standard results: In the first, we use

the fact that the norm of a projection of a random vector is close to Gaussian [18].

Proposition 2.17. Let v ∈ Sd−1 be a random vector distributed uniformly. Let

F ⊆ Rd be a subspace of dimension `. Then,

P
(∣∣∣∣|ProjFv|2 −

`

d

∣∣∣∣ ≥ t

)
≤ Ce−ct

2d, ∀t.

Note that by applying a random rotation we may assume that v is fixed and F

is random.

The second standard result shows that our choice of Ni is typically an 1/2−net

of Sn−1 ∩ Ei.

Proposition 2.18. Let z1, ..., z` be independent uniformly chosen random vectors

in Sd−1, where ` = eCd. Then with probability greater than 1 − e−ec` they form an

1/2−net of the sphere.

Sketch of the proof. Let N be an ε−net with #N = ec1k (e.g [32]). For any x ∈ N

we have

P (|zi − x| > ε ∀i) ≤ e−mP(|z1−x|≤ε).

Since

P (|z1 − x| ≤ ε) ≈ e−c2(1−ε)2k,

we have

P (∃x ∈ N ; |zi − x| > ε ∀i) ≤ exp
(
c1k − e(c−c2(1−ε)2)k

)
.

We are now ready to prove that the protocol works with a shared random pair

(E,N ).

Proof. Let u,H be fixed, such that either u ∈ H or u ∈ H⊥. We have,

max
θ∈Sn−1∩E

〈u, θ〉 = max
θ∈Sn−1∩E

〈u,ProjEθ〉 = max
θ∈Sn−1∩E

〈ProjEu, θ〉 (2.5)

= |ProjEu|.
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The dimension of E is bC1

√
nc. By Proposition 2.17 and (2.5) we can choose C1

big enough such that

P
(

max
θ∈Sn−1∩E

〈u, θ〉 ≥ 100

n1/4

)
≥ 0.91.

Let θĵ ∈ N be the closest point to u. By Proposition 2.18, with probability greater

than 0.99, the set N = {θ1, . . . , θm} is an 1/2−net of Sn−1 ∩ E. Hence, for any

θ ∈ Sn−1 ∩ E there exists θi ∈ N such that |θi − θ| ≤ 1/2. Hence,

〈θ, u〉 = 〈θ − θi, u〉+ 〈θi, u〉 ≤ |θ − θi||ProjEu|+ max
j
〈θj, u〉

≤ 1

2
|ProjEu|+ max

j
〈θj, u〉 .

The right hand side does not depend on θ, hence,

max
j
〈θj, u〉 ≥ max

θ∈Sn−1∩E
〈θ, u〉 − 1

2
|ProjEu|

=
1

2
max

θ∈Sn−1∩E
〈θ, u〉 .

Let α =
〈
θĵ, u

〉
. With probability greater than 0.9 we have

α ≥ 50

n1/4
.

Let

θĵ = αu+
√

1− α2v,

where v ∈ Sn−1 ∩ u⊥. By the definition v, it is distributed uniformly in Sn−1 ∩ u⊥.

By Proposition 2.17 we have

P
(∣∣∣∣|ProjHv|2 −

1

2

∣∣∣∣ ≥ 10√
n

)
≤ 0.1.

Hence, if u ∈ H, then with probability greater than 0.8 we have,

|ProjHθĵ|
2 = α2 + (1− α2)|ProjHv|2 ≥

1

2
+

1000√
n
,

and

|ProjH⊥θĵ|
2 ≤ |ProjH⊥v|2 ≤

1

2
+

10√
n
.

Hence, with probability greater than 0.8 we have |ProjH⊥θĵ| < |ProjHθĵ|, thus the

protocol would correctly determine that u ∈ H. The case u ∈ H⊥ is proven similarly.
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Next we explain how to eliminate the shared randomness.

Proof. We denote by θj ∈ N the closest vector to u in N . Let

A =

(u,H,E,N );
|ProjHθj|2 > |ProjH⊥θj|2 + 10/

√
n, if u ∈ H

|ProjH⊥θj|2 > |ProjHθj|2 + 10/
√
n, if u ∈ H⊥

 .

Let Au,H and AE,N denote the corresponding sections of the set A. By the previous

step of shared randomness, for any fixed (u,H) we have,

P(E,N ) ((u,H) ∈ AE,N ) ≥ 0.8.

By the Chernoff-Hoeffding inequality, for any fixed u,H we have

P
(

#{i; (Ei,Ni) ∈ Au,H}
m

≤ 0.8

)
≤ e−ck.

Hence, by Fubini’s theorem, for most choices of (E1,N1), . . . , (Ek,Nk)

Pu,H
(

#{i; (Ei,Ni) ∈ Au,H}
m

≤ 0.8

)
≤ e−c

′k.

Recall that Alice and Bob sample in advance the list (E1,N1), . . . , (Ek,Nk). Thus,

with high probability, their protocol works for a any (u,H) outside a set of measure

e−c
′e
√
n
. Hence, for any vector u and a subspace H we can find u′ and H ′ for which

the protocol works, |u − u′| ≤ 1/
√
n and ‖ProjH − ProjH′‖op ≤ 1/

√
n. Therefore

|ProjHu− ProjH′u
′| ≤ 2/

√
n and the protocol works for arbitrary u and H.

2.B Asymptotic estimates

Here we present the proofs of Propositions 2.15 and 2.16.

proof of Proposition 2.15. Assume the event
∥∥Λ− I/

√
2
∥∥
op
≤ C(

√
α1 +

√
2)/n1/4

holds true. By Proposition 2.11 this event has probability greater than 1 − 4e−
√
n.

Define ψ : Rn → R by

ψ(x) =
(

1−
∣∣Λ−1UTx

∣∣2)(n/2−k−2)/4

+

(
1−

∣∣∣(I − Λ2
)−1/2

UTx
∣∣∣2)(n/2−k−2)/4

+

.

Using the Taylor expansion

log(1− |x|2) = −|x|2 +O(|x|4)
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for any |x| < 3/4, we have

ψ(x) = exp
(
−(n/8− k/4− 1/2)

(∣∣UΛ−1UTx
∣∣2 +

∣∣U(I − Λ2)−1/2UTx
∣∣2 +O(|x|4)

))
,

for any |x| ≤ 1/10. By Corollary 2.12 for any x ∈ ρn−1/4Bk we have

ψ(x) = exp
(
− (n−k−2)|x|2/2+O(ρ2(

√
α1 +

√
2)2) +O(ρ4)+O((α1 +1/

√
n)ρ2)

)
.

In Corollary 2.14 we assumed an upper bound on α1. Under this upper bound

assumption we can choose ρ > 0 small enough, independent of n and any specific

choice of α1 such that

ψ(x) ≥ 0.95 exp
(
−(n/2− k/2− 1)|x|2

)
≥ 0.95(1− |x|2)(n−k−2)/2,

for all x ∈ ρn−1/4Bk.

proof of Proposition 2.16. By the assumption on f we have

I ≤ Cn,ke
α2
√
n

∫
Rk\ρn−1/4Bk

(
1− |x|2

)(n−k−2)/2

+
dx

Using 1− x ≤ e−x and the assumption k ≤ α1

√
n and that α1 is bounded by some

universal constant, for n exceeding some universal constant, we have

I ≤ Cn,ke
α2
√
n

∫
Rk\ρn−1/4Bk

e−(n/2−k/2−1)|x|2dx ≤ Cn,ke
α2
√
n

∫
Rk\ρn−1/4Bk

e−n|x|
2/3dx.

By integrating in polar coordinates, we have

I ≤ Cn,kkVol (Bk) e
α2
√
n

∫ ∞
ρn−1/4

rk−1e−nr
2/3dr

= Cn,kkVol (Bk) e
α2
√
n 1

nk/2

∫ ∞
ρn1/4

rk−1e−r
2/3dr.

Define h(r) = −(k − 1) log r + r2/3. The function h is convex, hence

h(r) ≥ h
(
ρn1/4

)
+ h′

(
ρn1/4

) (
r − ρn1/4

)
.

Assuming α1 ≤ ρ2/6 we have,

h′
(
ρn1/4

)
= −k − 1

ρn1/4
+

2

3
ρn1/4 ≥ 1

2
ρn1/4.
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We have,∫ ∞
ρn1/4

e−h(r)dr ≤ e−h(ρn
1/4)
∫ ∞
ρn1/4

e−ρn
1/4(r−ρn1/4)/2dr =

2

ρn1/4
e−h(ρn

1/4).

Hence,

I ≤ 2Cn,kVol (Bk) ρ
k−2kn−k/4−1/2e−

√
n(ρ2/3−α2).

Using

Cn,kVol(Bk) =
n− k
n

Vol(Bn−k)Vol(Bk)

Vol(Bn)
=
n− k
n

(
n/2

k/2

)
≤
(n · e

k

)k/2
,

we have

I ≤ 2

ρ2
(
√
eρ)k

nk/4−1/2

kk/2−1
e−
√
n(ρ2/3−α2).

Assuming α1 > 0 is small enough such that ρ2/3−α1 log(ρ
√
e/α1) > 0, we optimize

over k, and get

I ≤ 2α1

ρ2
exp

[
−
√
n
(
ρ2/3− α1 log(ρ

√
e/α1)− α2

)]
.

Hence, we can choose

2α2 < ρ2/3− α1 log(ρ
√
e/α1),

to finish the proof.
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Chapter 3

Intersection with Random

Geodesics

3.1 Introduction

The main question of this paper is whether the length of the intersection with a

random geodesic curve can represent faithfully the measure of a given set. While we

consider it a natural question in geometry, there are additional motivations for such

an investigation. One such motivation is connected to the efficiency of algorithmic

sampling results, such as hit and run [28].

Given a subset A of some ambient space M , the length of the intersection of

A with a random geodesic curve is related to the probability of escaping the set

A by choosing a uniform point on the geodesic. This is related to the notion of

conductance, which is key in studying the effectiveness of hit and run algorithms

(e.g [28]).

We start with the unit sphere Sn−1 = {x ∈ Rn; |x| = 1} as our ambient space.

In this case, we expand our scope from geodesics to higher dimensional subspaces.

Let A ⊆ Sn−1 be a measurable subset of the n-dimensional sphere. Let H ⊆ Rn be

a random k-dimensional linear subspace. We investigate the random variable

X =
σH(A ∩H)

σn−1(A)
,

where σn−1 and σH are the rotationally invariant probability measures on Sn−1 and

Sn−1 ∩H respectively.
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The case k = 2 is our original question of intersection of a set with a random

geodesic. In [22], Klartag and Regev used the case of k = n/2 in order to give a

lower bound on the communication complexity of the Vector in Subspace Problem.

The connection between the concentration phenomenon of random intersections and

communication complexity is through the rectangle method. Here, high concentra-

tion of X shows that any protocol would require the exchange of many bits in order

to distinguish between different states.

In [22] Klartag and Regev showed that when the dimension k is large, the random

variable X is highly concentrated around its mean 1. Their proof consisted of

two main steps. First, they dealt with the case where H is a random hyperplane

(k = n− 1). Then they used the result of hyperplanes repeatedly in order to obtain

concentration inequalities for k which depends on n linearly.

The result of Klartag and Regev is sharp, but their method proves to be more

difficult when the dimension of H is low. Hence we employ a direct analysis of the

affect the intersection has, by defining the Radon transform, as we discuss in §3.2.

In §3.3 we build upon this analysis and obtain a dimension free estimate on the

probability of X diverging from one by a fixed percentage, for random geodesics

(the case k = 2). This result requires us to consider sets of large measure.

Theorem 3.1. Let A ⊆ Sn−1 be a measurable subset, such that σn−1(A) = 1/2 then

PL
(∣∣∣∣σL(A ∩ L)

σn−1(A)
− 1

∣∣∣∣ ≥ 1

21/3

)
≤ 1

21/3
,

where L is a uniformly chosen geodesic curve on Sn−1 and σL is the uniform prob-

ability measure on Sn−1 ∩ L.

Remark 3.17 in §3.3 shows that we cannot improve the probability bound to a

bound that tends to zero when the dimension grows.

In §3.4 we show that there is no analogous result for random geodesics inside

convex sets. We show, that for any convex body, we can construct a subset of half

the volume of the body, such that a random geodesic curve would either miss it or

its complement with high probability.

Theorem 3.2. Let K ⊆ Rn be a convex body. There exists a set A ⊆ K such that
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Vol (A) /Vol (K) = 1/2 and

P
(

length(L ∩ A)

length(L ∩K)
∈ {0, 1}

)
= 1−O∗

(
1√
n

)
,

where L = X + Rθ, X and θ are independent and distributed uniformly in K and

Sn−1 respectively.

Here, O∗ represent the big O notation up to logarithmic factors.

The above construction relies on the concentration of measure in convex bodies.

It is known that for an isotropic convex body, most of its mass is concentrated

in a thin spherical shell. Combining this with the concentrated one dimensional

marginals of a uniform random vector on the sphere, we see that a typical random

geodesic will miss a neighborhood of the barycenter of the body. This allows us to

construct the desired subset on the convex body.

The different phenomena observed in Theorems 3.1 and 3.2, raise the question:

which of the two would occur for random geodesics in different spaces? In §3.5 we

show how the same tools used to analyze random geodesics on the sphere can be

used on the discrete tours Z/pZ where p is prime, and obtain a similar result to

Theorem 3.1.

It would be interesting to understand which other ambient spaces M behave

similarly to the sphere and the discrete torus, and which behave similarly to convex

sets. A more general question is whether we can find a sufficient condition for such

phenomena. A possible candidate would be a curvature condition.

Question 3.3. Does a positive Ricci curvature implies a theorem analogous to The-

orem 3.1?

The main tool for understanding both the sphere and the discrete torus is to

define the appropriate Radon transform, that averages functions on subspaces. In

§3.2 we develop our method to calculate its singular decomposition. The calculations

in §3.2 are not limited to the case of geodesics (k = 2), and in §3.6 we expand our

analysis to all 2 ≤ k ≤ n− 1.

One of the consequences of this analysis is a bound on the variance of the random

variable σH(A ∩H)/σn−1(A).
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Theorem 3.4. Let A ⊆ Sn−1 be a measurable set. Let 2 ≤ k ≤ n − 1, and let

H ⊆ Rn be a random subspace of dimension k. Then,

Var

(
σH(A ∩H)

σn−1(A)

)
≤ n− k
k(n− 1)

(
1

σn−1(A)
− 1

)
.

The above analysis could possibly lead to a direct proof of the result of Klartag

and Regev, or to generalize [15], where we average the measures of the intersections

with a random subspace and its orthogonal complement.

3.2 The Radon Transform

In this section we introduce the Radon transform, an integral transform that av-

erages a function along a given subspace. We denote by Gn,k the Grassmanian

manifold of all k dimensional subspaces of Rn.

Definition 3.5. Let 1 ≤ k ≤ n. The Radon transform Rk : L2 (Sn−1) → L2 (Gn,k)

is defined by

Rkf(E) =

∫
Sn−1∩E

f(x)dσE(x),

where σE is the SO(n) invariant Haar probability measure on Sn−1 ∩ E.

We can see that the radon transform gives a functional version of our geometric

question. Taking f to be the normalized indicator of a subset A ⊆ Sn−1, and E to

be a random subspace, we obtain

Rkf(E) =

∫
Sn−1∩E

1A(x)

σn−1(A)
dσE(x) =

σE(A ∩ E)

σn−1(A)
.

Hence, understanding the singular values of the radon transform, will give us a

clearer picture of the behavior under random intersections.

In this section, we express the singular values of the Radon transform Rk by a

one dimensional integral. In later sections we analyze this expression in order to

understand random intersections on the sphere by k dimensional subspaces.

In order to find the singular values we introduce the conjugate transform of the

Radon transform.
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Definition 3.6. Let 1 ≤ k ≤ n. The conjugate Radon transform R∗k : L2 (Gn,k) →

L2 (Sn−1) is defined by

R∗kg(θ) =

∫
{E; θ∈E}

g(E)dµk,θ(E),

Where µk,θ is the Haar probability measure on

{E ∈ Gn,k; θ ∈ E} ,

invariant under the SO(n− 1) action of rotations on Rn that fix θ.

For every 1 ≤ k ≤ n we define the operator Sk = R∗kRk. By definition, if λ2
k,i is

an eigenvalue of Sk then λk,i > 0 is a singular value of Rk.

We use the symmetries of Sk in order to show that the spherical harmonics are

its eigenfunctions (for more details about spherical harmonics see [30]).

Proposition 3.7. The eigenfunctions of Sk are the spherical harmonics.

Proof. The space of spherical harmonics of fixed degree is an irreducible represen-

tation of SO(n). Hence, by Schur’s lemma, it is enough to show the operator

Sk commutes with the SO(n) action. Let U ∈ SO(n), let f ∈ L2(Sn−1) and let

g ∈ L2(Gn,k). We denote by TU and T ′U the action of SO(n) (the Koopman repre-

sentation) on L2(Sn−1) and L2(Gn,k) respectively,

TUf(x) = f(U−1x), TUg(H) = g(U−1H).

By the definitions of the Radon transform and the measures, we have

T ′U (Rkf) (H) = Rkf(U−1H) =

∫
U−1H∩Sn−1

f(x)dσU−1H(x) =

∫
H∩Sn−1

f(U−1x)dσH(x)

= Rk (TUf) (H).

Since R∗k is conjugate to Rk we have

TU (R∗kg) (θ) = R∗k (T ′Ug) (θ).

Hence,

TU (Skf) (θ) = TU (RkR
∗
kf) (θ) = RkR

∗
k (TUf) (θ) = Sk (TUf) (θ).
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By considering the map ψ : [−1, 1]×Sn−2 → Sn−1 defined by ψ(s, x) = (s,
√

1− s2x),

we obtain the following standard formula for integrating on the sphere,

Proposition 3.8. Let f ∈ L2 (Sn−1). Then,∫
Sn−1

f(x)dσn−1(x) = τn

∫ 1

−1

(∫
Sn−2

f
(
t,
√

1− t2y
)
dσn−2(y)

)(
1− t2

)(n−3)/2
dt,

where τn = Γ(n/2)/(
√
πΓ(n/2− 1/2)) =

√
n/(2π) +O(1/

√
n).

Let P` denote the Gegenbauer polynomial of degree ` with respect to the weight

function (1− t2)(n−3)/2. We use the standard normalization [30],

P`(1) =

(
`+ n− 3

`

)
.

It is well known (e.g [30]) that we can define a spherical harmonic of degree ` by

using the Gegenbauer polynomial of the same degree.

Proposition 3.9. Let ξ ∈ Sn−1, then f`(θ) = P`(〈θ, ξ〉) is a spherical harmonic of

degree `.

Since the space of spherical harmonics of a fixed degree is irreducible, they all

share the same eigenvalue for Sk. Hence, we can combine both propositions, and

express the eigenvalues of Sk by one dimensional integrals of the Gegenbauer poly-

nomials. We note that when ` is odd and f` is a spherical harmonic of degree `, it

is an odd function. Hence, Rkf` ≡ 0, or equivalently, λk,` = 0 for odd `. Therefore

we need to consider only spherical harmonics of even degree.

Proposition 3.10. Let ` ≥ 0 be even. Let λ2
k,` be the eigenvalue of Sk that corre-

sponds to spherical harmonics of degree `. Then,

λ2
k,` =

τk
∫ 1

−1
P`(t) (1− t2)

(k−3)/2
dt(

`+n−3
`

) .

Proof. We choose the spherical harmonic f`(x) = P` (〈x, e1〉), where e1 = (1, 0, . . . , 0).

By definition of λk,` we have,

(Skf`) (θ) = λ2
k,`f`(θ).

By choosing θ = e1 and the normalization of the Gegenbauer polynomials, we have

(Skf`) (e1) = λ2
k,`P`(1) =

(
`+ n− 3

`

)
λ2
k,`.
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Hence, we need to show that

(Skf`) (e1) = τk

∫ 1

−1

P`(t)
(
1− t2

)(k−3)/2
dt.

By definition of the operators Rk and R∗k we have,

(Skf`) (e1) = (R∗kRkf`) (e1) =

∫
{E; e1∈E}

∫
Sn−1∩E

f`(x)dσE(x)dµk,e1(E).

Using Proposition (3.8) on the inner integral, we have

(Skf`) (e1) = τk

∫
{E; e1∈E}

∫ 1

−1

∫
Sn−1∩E∩e⊥1

f`(t,
√

1− t2y)dσE∩e⊥1 (y)
(
1− t2

)(k−3)/2
dtdµk,e1 .

By our choice of f` we have f`(t, y) = P`(t). Hence, the integrals with respect to

σE∩e⊥1 and µk,e1 are on a constant function, and the proof is complete.

In [15] we studied the random variable√∫
Sn−1∩H

fdσH

∫
Sn−1∩H⊥

fdσH⊥ ,

where dim(H) = n/2. Using a similar method as above we can calculate the second

moment of this random variable.

Theorem 3.11. Let 1 ≤ k ≤ n− 1. For any f, g ∈ L2(Sn−1) we have,∣∣∣∣∫ Rkf(H)Rn−kg(H⊥)−
∫
fdσn−1

∫
gdσn−1

∣∣∣∣ ≤ ∞∑
j=1

(
`+ n/2− 2

`

)(
2`+ n− 3

2`

)−1

‖f2`‖ ‖g2`‖ ,

and ∫
Rkf(H)Rn−kf(H⊥) =

∞∑
j=0

(−1)`
(
`+ n/2− 2

`

)(
2`+ n− 3

2`

)−1

‖f2`‖2 ,

where f2` and g2` are the projections of f and g to the space of spherical harmonics

of degree 2`.

Proof. Let ϕ : Gn,k → Gn,n−k be the involution

ϕ(H) = H⊥.

As before, the operator R∗kϕRn−k commutes with rotations, hence it is diagonalized

by the spherical harmonics. Let P2` be the Gegenbauer polynomial of degree 2`
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and f2` the spherical harmonics defined by f2`(x) = P2`(x1). Denoting by η2` the

corresponding eigenvalue, we have

η2`P2`(1) = η2`f2`(e1) = R∗kϕRn−kf2`(e1) =

∫
{H; e1∈H}

∫
Sn−1∩H⊥

f2`dσH⊥dµe1 .

Since e1 ∈ H for every x ∈ H⊥ we have 〈x, e1〉 = 0. Hence, the inner integral is on

the constant function f2`(0), and we obtain

η2`P2`(1) = f2`(0) = P2`(0).

Hence, by using [36, equation 4.7.31]

η2` =
P2`(0)

P2`(1)
= (−1)`

(
`+ n/2− 2

`

)(
2`+ n− 3

2`

)−1

.

Let f and g be a spherical harmonics of degree 2`, we have

〈Rkf, ϕRn−kg〉 = 〈f,R∗kϕRn−kg〉 ≤ |η2`| ‖f‖ ‖g‖ .

If f = g then we can get equality

〈Rkf, ϕRn−kf〉 = η2` ‖f‖2 .

In order to finish the proof, we remember the spherical harmonics of different degrees

are orthogonal to each other.

Remark 3.12. Theorem 3.11 shows that the integral over the Grassmanian∫
Rkf(H)Rn−kf(H⊥),

does not depend on the dimension of H.

Note that P2`(0)/P2`(1) are the singular values of the Radon transform Rn−1.

Hence, we can repeat the analysis of Klartag and Regev for estimating the norm of

the projections and the sum. We get,

Corollary 3.13. Let f, g : Sn−1 → [0,∞). Assume that
∫
f =

∫
g = 1, then for all

1 ≤ k ≤ n− 1∣∣∣∣∫ Rkf(H)Rn−kg(H⊥)− 1

∣∣∣∣ ≤ C
log(2 ‖f‖∞) log(2 ‖g‖∞)

n
.
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3.3 Random Geodesics on the Sphere

The goal of this section is to prove Theorem 3.1. We do this by calculating the

singular values of the Radon transform R2 and use them to bound the variance of

the random variable σL(A ∩ L)/σn−1(A).

There are two natural ways to get a random geodesics on the sphere. The first

is intersecting the sphere with a random 2 dimensional subspace. The second is by

choosing a uniform random point X ∈ Sn−1 and a uniform direction Y ∈ TXSn−1

of unit length, and define L as the geodesic curve that starts at X in the direction

Y . We note that these two methods have the same distribution.

Proposition 3.14. The eigenvalues of S2 are

λ2
2,2` =

(
`+ n/2− 2

`

)2(
2`+ n− 3

2`

)−1

.

Proof. By Proposition 3.10 we have

λ2
k,` =

τk
∫ 1

−1
P`(t) (1− t2)

(k−3)/2
dt(

`+n−3
`

) .

Using the change of variables t = cos θ, we obtain

λ2
2,2` =

τ2

∫ π
0
P2`(cos t)dt(
2`+n−3

2`

) .

We have

τ2 =

(∫ 1

−1

1√
1− s2

ds

)−1

= 1/π,

and by the zero coefficient of the trigonometric polynomial P2`(cos t) (see [36, equa-

tion 4.9.19]), we have ∫ π

0

P2`(cos t)dt = π

(
`+ n/2− 2

`

)2

.

Next we prove that the biggest eigenvalue of S2 is λ2
2,2.

Proposition 3.15. The eigenvalues of S2, {λ2
2,2`} is a decreasing sequence.

Proof. By Proposition 3.14, we have

λ2
2,2`+2

λ2
2,2`

=

(
`+n/2−1
`+1

)2(2`+n−3
2`

)(
2`+n−1

2`+2

)(
`+n/2−2

`

)2 =
(2`+ 1)(n+ 2`− 2)

(2`+ 2)(n+ 2`− 1)
.
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Hence, for the sequence to be decreasing, we need the ratio to be at most one. This

condition is equivalent to

n+ 4` ≥ 0,

which is always satisfied.

By Proposition 3.14 we have

λ2
2,2 =

n− 2

2(n− 1)
.

Combining this with Proposition 3.15, we can give an upper bound for the variance

of a Radon transform of a function by the variance of the original function.

Corollary 3.16. Let f ∈ L2 (Sn−1) such that
∫
Sn−1 f(x)dσn−1 = 0. Then

‖R2f‖L2(Gn,2) ≤
1√
2
‖f‖L2(Sn−1) .

Using Corollary 3.16 we can prove Theorem 3.1.

Proof. Define f(x) = 1A(x)/σn−1(A)−1 and X = σL(A∩L)/σn−1(A). By Corollary

3.16 we have

‖R2f‖2 ≤ 1

2
‖f‖2 =

1

2

(
1

σn−1(A)
− 1

)
.

On the other hand,

‖R2f‖2 =

∫
Gn,2

(∫
Sn−1∩H

f(x)dσH(x)

)2

dµ2 = Var (X) .

By Markov’s inequality

PL (|X − 1| ≥ t) ≤ VarX

t2
≤ 1− σn−1(A)

2σn−1(A)t2
.

Setting σn−1(A) = 1/2 and t = 1/21/3 finishes the proof.

Remark 3.17. By looking at the set A = {x ∈ Sn−1; |x1| ≥ T} where T ≈ c/
√
n

is chosen such that σn−1(A) = 1/2 we see that the probability bound in Theorem 3.1

cannot be improved to an expression that decays with the dimension n. See Figure

3.1 for simulation results of this example.

Remark 3.18. As we can see in Figure 3.1, there are no small ball estimates on

either side and there is no apparent information about the shape of the distribution.
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(a) A = {x ∈ Sn−1; |x1| ≥ c/
√
n} (b) A = {x ∈ Sn−1; |x1| ≤ c/

√
n}

(c) A = {x ∈ Sn−1; x1 ≥ 0}

Figure 3.1: Histogram of simulations on the sphere in dimension 1000 with 105

samples for different sets A.
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3.4 Random Geodesics in a Convex Body

In this section we prove that there is no analogous theorem to Theorem 3.1 when we

choose random geodesics inside a convex body. We show that for every convex body,

we can find a set such that the relative length of the intersection with a random line

is close to a zero-one law.

There are different distributions for geodesics inside a convex body. We focus

on the following model; choose a random point X ∈ K distributed uniformly, and a

random direction θ ∈ Sn−1 distributed uniformly on the sphere and independent of

X. The random geodesic is defined by L = {X + Rθ}.

This model of random geodesics is the hit and run model, commonly used in

various algorithmic problems such as computing the volume of a convex body.

We say a convex body K ⊆ Rn is in isotropic position if a random vector X

distributed uniformly inside K has EX = 0 and EX ⊗ X = Id. We start by two

observations about isotropic convex bodies.

Proposition 3.19. Let K ⊆ Rn be an isotropic convex body. Let X be a random

vector distributed uniformly in K. Then for any a > 0 and any ε > 0 we have

P (| 〈X, ξ〉 | ≥ a+ ε) ≥ P (| 〈X, ξ〉 | ≥ a)− cε,

and

P (| 〈X, ξ〉 | ≤ a− ε) ≥ P (| 〈X, ξ〉 | ≤ a)− cε,

where c > 0 is a universal constant and ξ ∈ Sn−1.

Proof. Let f : R→ R+ be the density of 〈X, ξ〉, then f is log-concave,
∫
tf(t)dt = 0

and
∫
t2f(t)dt = 1. By [12] we have

sup f(t) ≤ ef(0).

By the Berwald-Borell lemma [6, 8] the functions M+(p) = (Γ(p+ 1))−1
∫∞

0
tpf(t)dt

and M−(p) = (Γ(p+ 1))−1
∫ 0

−∞ t
pf(t)dt are log concave in [−1,∞). Hence,

M±(0) ≥
(
M±(−1)

)2/3 (
M±(2)

)1/3
.
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Since f is a density function for an isotropic random variable, we have

M+(−1) = M−(−1) = f(0)

M+(0) +M−(0) = 1

M+(2) +M−(2) = 1/2.

Adding everything, and using a1/3 + b1/3 ≥ (a+ b)1/3 for all a, b ≥ 0, we have

1 = M+(0) +M−(0) ≥ f 2/3(0)
((
M+(2)

)1/3
+
(
M−(2)

)1/3
)
≥ f 2/3(0)2−1/3.

Hence,

sup f ≤ ef(0) ≤ e
√

2.

To conclude, we have

P (| 〈X, ξ〉 | ≥ a+ ε) = P (| 〈X, ξ〉 | ≥ a)− P (a ≤ | 〈X, ξ〉 | ≤ a+ ε)

≥ P (| 〈X, ξ〉 | ≥ a)− 2ε sup f ≥ P (| 〈X, ξ〉 | ≥ a)− cε.

The second statement follows similarly.

Proposition 3.20. Let K ⊆ Rn be an isotropic convex body. Let X be a random

vector distributed uniformly in K. Let θ ∈ Sn−1 and let ` : K → R+ be the length

function in direction θ, that is `(x) = length (K ∩ {x+ Rθ}). Then

P(`(X) ≥ t) ≤ 2e−ct,

where c > 0 is a universal constant.

Proof. The function `(x) depends only on the projection of x to the hyperplane θ⊥.

Hence, by Fubini’s theorem we have,

E`p(X) =
1

Vol (K)

∫
Proj

θ⊥K

`p(x)`(x)dx.

Let Sθ be the Steiner symmetrization in the θ direction and set T = SθK (for more

details on the Steiner symmetrization see [7]). Since the Steiner symmetrization is

in the θ direction the function ` and Projθ⊥K are preserved under it. Hence, for a

random vectors X and Y distributed uniformly on K and T we have,

E`p(Y ) = E`p(X).
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In addition

Var 〈Y, θ〉 ≤ Var 〈X, θ〉 = 1.

Hence, by the Berwald-Borell lemma [6, 8] we have

(E| 〈Y, θ〉 |p)1/p ≤ Cp
(
E| 〈Y, θ〉 |2

)1/2 ≤ Cp.

Since 〈Y, θ〉 is a symmetric random variable, we have

E| 〈Y, θ〉 |p =
1

Vol (T )

∫
Proj

θ⊥T

(∫ `(y)/2

−`(y)/2

|t|pdt

)
`(y)dy =

1

Vol (K)

∫
Proj

θ⊥K

(∫ `(x)/2

−`(x)/2

|t|pdt

)
`(x)dx

=
1

2p(p+ 1)Vol (K)

∫
Proj

θ⊥K

`p+1(x)`(x)dx =
1

2p(p+ 1)
E`p+1(X)

We have,

E`p(X) = 2p−1pE| 〈Y, θ〉 |p−1 ≤ (2C)p−1pp ≤ Cp
1p!.

By Markov’s inequality, for any α > 0 we have

P(`(X) ≥ t) = P(eα`(X) ≥ eαt) ≤ e−αtEeα`(X) = e−αt
∞∑
p=0

αp

p!
E`p(X) ≤ e−αt

∞∑
p=0

(C1α)p.

Choosing α = 1/(2C1) concludes the proof.

Another observation we use is the concentration of measure on the sphere. The

following proposition can be proved by a direct computation or by the concentration

of Lipschitz functions on the sphere.

Proposition 3.21. Let θ ∈ Sn−1 be a random vector chosen by the uniform distri-

bution, and let ξ ∈ Sn−1 be a fixed direction. Then

P (| 〈θ, ξ〉 | ≥ t) ≤ Ce−nt
2/2, ∀t > 0.

We are now ready to show that random geodesic sampling in any isotropic convex

body can be close to a zero one law. Let K ⊆ Rn be a convex body. For any

ξ ∈ Sn−1 define the set Aξ = {x ∈ K; | 〈x, ξ〉 | ≥ tξ}, where tξ > 0 is chosen such

that Vol (Aξ) /Vol (K) = 1/2.

Proposition 3.22. Let K ⊆ Rn be an isotropic convex body. Let X be a random

vector distributed uniformly in K. Let L = {X +Rθ} where X is uniform in K and

θ is uniform in Sn−1. For any ξ ∈ Sn−1 we have,

P
(

length(L ∩ Aξ)
length(L ∩K)

∈ {0, 1}
)

= 1−O∗
(

1√
n

)
.
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Proof. We define the following events:

D =

{
| 〈X, ξ〉 | ≥ tξ + c−1 log3 n√

n

}
,

P =

{
| 〈θ, ξ〉 | ≤ log n√

n

}
,

M =
{

length(L ∩K) ≤ c−1 log n
}
,

where c > 0 is the constant from Proposition 3.20. Assuming the event D∩P∩M , we

have X inside Aξ with distant to the inner boundary of Aξ of at least c−1 log3 n/
√
n.

In addition, the line passing through X can diverge in the ξ direction by at most

c−1 log n · log n/
√
n, hence it cannot escape it. Therefore,

P
(

length(L ∩ Aξ)
length(L ∩K)

= 1

)
≥ P(D ∩ P ∩M).

By previous propositions

P(P ) ≥ 1− C

n
,

P(M) ≥ 1− 2

n
,

and

P(D) =
1

2
− C ′ log3 n√

n
.

Hence,

P
(

length(L ∩ Aξ)
length(L ∩K)

= 1

)
≥ 1

2
−O∗

(
1√
n

)
.

We can repeat the argument by replacing D with

D′ =

{
| 〈X, ξ〉 | ≤ tξ − c−1 log3 n√

n

}
,

and obtain

P
(

length(L ∩ Aξ)
length(L ∩K)

= 0

)
≥ 1

2
−O∗

(
1√
n

)
.

Remark 3.23. There are other examples of subsets with a similar property. For

example, similar analysis shows that in an isotropic convex body K with constant

thin shell width (e.g the cube or the simplex) the set A = K ∩ (RBn
2 ), where Bn

2 is

the euclidean ball and R is chosen such that Vol (A) /Vol (K) = 1/2, has a similar

property (when replacing 0, 1 with o(1), 1− o(1)).
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(a) Standard simplex. (b) Ball

Figure 3.2: Histogram of simulations on the sphere in dimension 1000 with 3000

samples for Aξ defined on different convex bodies.

In order to complete the proof of Theorem 3.2, we note that we can repeat this

argument for any convex body, but in a specific direction ξ. Let K ⊆ Rn be a convex

body. Let X be a random vector distributed uniformly in K. Denote the covariance

matrix of X by C = EX ⊗ X. Choosing ξ = argmax{〈Cx, x〉 ; x ∈ Sn−1}, will

obtain the desired result.

While Theorem 3.2 shows that for some subsets of the simplex, intersection

with random geodesic will have a zero one law, Theorem 3.1 shows that for the

simplex there is another curve model that samples subsets of the simplex in a more

representative way.

Let ∆n = {x ∈ Rn; xi ≥ 0,
∑
xi ≤ 1} be the Archimedes simplex in Rn. It is

well known that the transformation πn : S2n+1 → ∆n defined by

πn(x) = (x2
1 + x2

n+2, . . . , x
2
n + x2

2n+1)

pushes the surface area measure of the sphere to the volume measure of the simplex.

Let x, y ∈ S2n+1 be orthogonal to each other, and let γ(t) = x cos t+ y sin t, be the

geodesic curve that starts at x in the direction y, and δ = πn ◦ γ. We have

(δ(t))j = ((πnγ)(t))j = (cj cos t+ yj sin t)2 + (cn+j+1 cos t+ yn+j+1 sin t)2

=
1

2
(x2

j + x2
n+j+1 + y2

j + y2
n+j+1) +

1

2
(x2

j + x2
n+j+1 − y2

j − y2
n+j+1) cos(2t)

+ (xjyj + xn+j+1yn+j+1) sin(2t).
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Hence, the map πn maps geodesics on a sphere to a ellipses in ∆n. Hence, we

can push forward our result to the simplex and get,

Corollary 3.24. Let A ⊆ ∆n be with Vol (A) /Vol (∆n) = 1/2. Let L be a random

ellipse in ∆n chosen as the πn image of a uniform geodesic on S2n−1. We have,

P
(∣∣∣∣2µ(A ∩ L)

µ(L)
− 1

∣∣∣∣ ≥ 1

21/3

)
≤ 1

21/3
,

where µ is the push forward on the length by the map πn.

Question 3.25. Let K ⊆ Rn be a convex body, can we find a distribution of curves

inside K that would generalize Corollary 3.24 to K?

3.5 Arithmetic Progressions in Finite Fields

In this section we demonstrate how a similar technique to the one we used to prove

Theorem 3.1, can be applied in other settings. We analyze the intersection of subsets

of the n dimensional discrete torus with random arithmetic progressions.

Let p > 0 be a prime number and let n > 0 be an integer. Denote Zp = Z/pZ,

and

Gp = {(a, a+ b, . . . , a+ (p− 1)b); a, b ∈ Znp , b 6= 0}.

For convenience we shall denote a sequence (a, a + b, . . . , a + (p − 1)b) by the pair

(a; b). We define a discrete version of the Radon transform R : L2(Znp )→ L2(Gp) by

(Rf)(a; b) =
1

p

p−1∑
j=0

f(a+ jb).

The conjugate transform R∗ : L2(Gp)→ L2(Znp ) is defined by

(R∗g)(a) =
1

pn − 1

∑
b 6=0

g(a; b).

As before, we define S = R∗R.

Proposition 3.26. The eigenvalues of the operator S are

λ2 =
pn−1 − 1

pn − 1
,
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for functions with mean zero, and

λ2 = 1,

for constant functions.

Proof. The operator S commutes with translations. Hence, the eigenfunctions of S

are of the form fy(x) = ei2π〈x,y〉/p for y ∈ Znp . We have,

Sfy(a) =
1

p(pn − 1)

∑
b6=0

p−1∑
j=0

fy(a+ jb).

By the definition of fy we have

p−1∑
j=0

fy(a+ jb) =

p−1∑
j=0

ei2π〈a+jb,y〉 = ei2π〈a,y〉/p
p−1∑
j=0

ei2πj〈b,y〉/p = fy(a)

p, 〈b, y〉 = 0

0, 〈b, y〉 6= 0

.

Hence,

S(fy)(a) = fy(a)
1

pn − 1
#{b; 〈b, y〉 = 0, b 6= 0} = fy(a)

1

pn − 1

p
n − 1, y = 0

pn−1 − 1, y 6= 0

.

We have,

λ2
y =

pn−1 − 1

pn − 1
, ∀y 6= 0.

Using the singular values of the Radon transform, we can bound the variance as

before, and get a result analogous to Theorem 3.1.

Theorem 3.27. Let A ⊆ Zn with m(A) = 1/2 and let a, b ∈ Znp be random vectors

such that b 6= 0. Let L = {a, a + b, . . . , a + (p − 1)b} be the arithmetic progression

defined by a and b. Then,

P
(∣∣∣#(A ∩ L)− p

2

∣∣∣ ≥√p

2

)
≤ 1

2
.

3.6 Intersection With Higher Dimensional Sub-

spaces

In § 3.2 we saw how to express the singular values of the k dimensional Radon

transform Rk by one dimensional integration of the Gegenbauer polynomials with
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respect to some weight function. We used this result in § 3.3 in order to find the

behavior of intersection with random geodesics on the sphere through the special

case k = 2. The purpose of this section is to understand random intersection on the

sphere by subspaces of higher dimension k by studying the singular values of Rk for

k > 2.

It is possible to generalize the approach of Section 3.3 and use the known coef-

ficients of the trigonometric polynomials P`(cos t) (see [36]) and the Fourier series

of sink−2(t). By orthogonality of the Fourier basis, this will be a finite sum, and

the number of summands in λk,2` is min{`, k/2− 1}. If either k or ` are small, the

calculations are simple, but when both k and ` are large, it becomes difficult to

handle.

We begin with an example of results of this method. Here, we fix a small k and

calculate λ2
k,2` for all `.

Example 3.28. The eigenvalues of S4 are

λ2
4,` =

(
`+ n− 3

`

)−1(
`/2 + n/2− 2

`/2

)2
2n− 8

(`+ n− 4)(`+ 2)
.

We obtain |λ4,2| ≤ 1/2. For large ` we have

λ2
4,` ≈ C

(
n

`(n+ `)

)3/2

.

In addition, using Proposition 3.15 the sequence {λ2
4,2`} is a product of two positive

decreasing sequences, hence it is also decreasing. We obtain, that for any f ∈

L2 (Sn−1) such that
∫
Sn−1 f(x)dσn−1 = 0,

‖R4f‖L2(Gn,2) ≤
1

2
‖f‖L2(Sn−1) .

Similarly we can calculate the eigenvalue λ2
k,2 for all even k ≥ 2.

Example 3.29. For any even k ≥ 4 we have,

λ2
k,2 = τk

π(n− 2)

2k−1

(
k − 2

k/2− 1

)
n− k
k

(
n− 1

2

)−1

=
n− k
k(n− 1)

.

We employ a different technique in order to calculate the eigenvalues of Sk for

all k and `.
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Proposition 3.30. Let 2 ≤ k ≤ n and let ` ≥ 1. Then,

λ2
k,2` = τk

(
2`+ n− 3

2`

)−1√
πΓ(2`+ n/2− 1)Γ(k/2− 1/2)

Γ(`+ 1)Γ(k/2 + `)Γ(n/2− 1)

(−`− n/2 + k/2 + 1)`
(−2`− n/2 + 2)`

,

where (a)b is the Pochhammer symbol.

When a, b ≥ 0 and b ∈ Z, we have (a)b = Γ(a+ b)/Γ(a) and (−a)b = (−1)bΓ(a+

1)/Γ(a− b+ 1).

Proof. By Proposition 3.10, it is enough to calculate
∫ 1

−1
P2`(t)(1− t2)k/2−3/2dt. By

[36, equation 4.7.31] we have

P2`(t) =
∑̀
j=0

(−1)j
22`−2jΓ(2`− j + n/2− 1)

Γ(n/2− 1)Γ(j + 1)Γ(2`− 2j + 1)
t2`−2j.

Hence, we can start by integrating only the monomials. By standard computations,∫ 1

−1

t2m(1− t2)k/2−3/2dt =
Γ(m+ 1/2)Γ(k/2− 1/2)

Γ(m+ k/2)
.

Combining the two, we have∫ 1

−1

P2`(t)(1−t2)k/2−3/2dt =
Γ(k/2− 1/2)

Γ(n/2− 1)

∑̀
j=0

(−1)j
22`−2jΓ(2`− j + n/2− 1)Γ(`− j + 1/2)

Γ(j + 1)Γ(2`− 2j + 1)Γ(`− j + k/2)
.

Multiplying inside the sum and diving outside the sum by

Γ(`+ 1)Γ(k/2 + `)√
πΓ(2`+ n/2− 1)

,

we need to sum over

(−1)j
22`−2jΓ(2`− j + n/2− 1)Γ(`− j + 1/2)Γ(`+ 1)Γ(k/2 + `)

Γ(j + 1)Γ(2`− 2j + 1)Γ(`− j + k/2)
√
πΓ(2`+ n/2− 1)

.

Since (see [1, equation 6.1.18])

22`−2jΓ(`− j + 1/2)√
πΓ(2`− 2j + 1)

=
1

Γ(`− j + 1)
,

Using the definition of the Pochhammer symbol for negative numbers, we can reduce

the summands to

(−1)j
Γ(`+ 1)Γ(k/2 + `)Γ(2`+ n/2− j − 1)

Γ(j + 1)Γ(`− j + 1)Γ(k/2 + `− j)Γ(2`+ n/2− 1)
= (−1)j

(
`

j

)
(−k/2− `+ 1)j
(−2`− n/2 + 2)j

.
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By the Vandermonde identity (see [35, Appendix III])

∑̀
j=0

(−1)j
(
`

j

)
(−k/2− `+ 1)j
(−2`− n/2 + 2)j

=
(−`− n/2 + k/2− 1)`

(−2`− n/2 + 2)`
.

Hence,∫ 1

−1

P2`(t)(1−t2)k/2−3/2dt =

√
πΓ(2`+ n/2− 1)Γ(k/2− 1/2)

Γ(`+ 1)Γ(k/2 + `)Γ(n/2− 1)

(−`− n/2 + k/2 + 1)`
(−2`− n/2 + 2)`

.

Corollary 3.31. Let 2 ≤ k ≤ n− 1. The sequence {λk,2`}2 of eigenvalues of Sk is

a decreasing sequence.

Proof. Using the functional relationships Γ(x + 1)/Γ(x) = x and (x + 1)m/(x)m =

(m+ x)/x, by Proposition 3.30, we have

λ2
k,2`+2

λ2
k,2`

=
(2`+ 1)(2`+ n− k)

(2`+ k)(2`+ n− 1)
. (?)

We note that for any k > 1, this ratio is strictly less than one, hence the sequence

is decreasing.

Using the above calculations, we can prove Theorem 3.4.

Proof of Theorem 3.4. By Corollary 3.31 the non trivial singular values of Rk are

at most λk,2. By Proposition 3.30 we have

λ2
k,2 = τk

(
n− 1

2

)−1√
πΓ(n/2 + 1)Γ(k/2− 1/2)

Γ(k/2 + 1)Γ(n/2− 1)

n− k
n

.

In addition,

τk =
Γ(k/2)√

πΓ(k/2− 1/2)
.

We have,

λ2
k,2 =

2(n− k)Γ(n/2 + 1)Γ(k/2)

n(n− 1)(n− 2)Γ(k/2 + 1)Γ(n/2− 1)
=

n− k
k(n− 1)

.

Hence, for any f ∈ L2(Sn−1) we have

Var(Rkf) ≤ n− k
k(n− 1)

Var(f).

To finish the proof, we set f to be the normalized indicator of the subset A ⊆

Sn−1.
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The importance of Corollary 3.31 is not only in showing that the sequence is

decreasing, but also by the rate of the decrease in (?).

Example 3.32. When k = n− 1, Equation (?) gives us

λn−1,2` ≤
(
C

`

n+ `

)`
.

This is the rate used by Klartag and Regev in [22] to prove the result for intersection

with hyper-planes.

Another interesting case is when k = bn/2c. Equation (?) gives us

λn/2,2` ≤
(
C

`

n+ `

)`/2
.

An interesting question would be to give a direct proof for Theorem 6.1 in [22]

using this result. A possible starting point would be to generalize the hypercontrac-

tivity result (Lemma 5.3 in [22]) for the Grassmanian manifold Gn,k.
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Chapter 4

Scenery Reconstruction in the

Hypercube

4.1 Introduction

Let f : {−1, 1}n → {−1, 1} be a Boolean function on the n-dimensional hypercube,

and let Si be a random walk on the hypercube. Can we reconstruct the function

f (with probability 1, up to the hypercube’s symmetries) by only observing the

scenery process {f(Si)}i?

Similar questions have been raised for other graphs. For example, it was shown

in [5] that when G is a cycle graph, the answer is yes: it is possible to reconstruct

the function f (which is a string up to choice of origin) up to rotation and reflection

with probability 1. It is still an open question whether any such string can be recon-

structed in polynomial time. When G = Z, reconstruction is generally impossible

[25]; for random sceneries on Z see [29].

When G is the hypercube, such a process was studied for a specific Boolean

function, the percolation crossing, under the notion of dynamical percolation; see [13]

for details.

In the general case, however, we show that for n ≥ 4 the answer is no. We do

this by considering a pair of non-isomorphic functions f and g such that if Si and

Ti are random walks on the hypercube, then f(Si) and g(Ti) have exactly the same

distribution. We discuss two different classes of such functions:
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• Locally p-biased functions: Let G be a graph. A Boolean function f : G→

{−1, 1} is called locally p-biased, if for every vertex x ∈ G we have

|{y ∼ x; f(y) = 1}|
deg(x)

= p.

In words, f is locally p-biased if for every vertex x, f takes the value 1 on

exactly a p-fraction of x’s neighbors. If f is a locally p-biased function, then the

random variables {f(Si)}i have the same distribution as independent Bernoulli

random variables with P(f(Si) = 1) = p.

• Locally p-stable functions: Let G be a graph. A Boolean function f : G→

{−1, 1} is called locally p-stable, if for every vertex x ∈ G we have

|{y ∼ x; f(x) = f(y)}|
deg(x)

= p.

In words, f is locally p-stable if for every vertex x, f retains its value on

exactly a p-fraction of x’s neighbors. If f is locally p-stable, then the random

variables {f(Si)f(Si+1)}i have the same distribution as independent Bernoulli

random variables with P(f(Si)f(Si+1) = 1) = p.

We say that two Boolean functions f, g : {−1, 1}n → {−1, 1} are isomorphic, if

there exists an automorphism of the hypercube ψ : {−1, 1}n → {−1, 1}n such that

f ◦ ψ = g. Two functions are non-isomorphic if no such ψ exists.

The existence of two non-isomorphic locally p-biased functions, or two non-

isomorphic locally p-stable functions thus render scenery reconstruction on the hy-

percube impossible.

It is not immediately obvious that pairs of non-isomorphic locally p-biased and

pairs of non-isomorphic locally p-stable functions exist. It is then natural to ask, for

which p values do they exist? If they do exist, how many of them are there?

In this paper, we characterize the possible p values on the n-dimensional hyper-

cube, give bounds on the number of non-isomorphic pairs, and discuss results on

other graphs. The paper is organized as follows.

In § 4.2 we give a full characterization of the connection between the dimension

of the hypercube n and the permissible p values of locally p-biased functions, as

expressed in the following theorem:
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Theorem 4.1. Let n ∈ N be a natural number and p ∈ [0, 1]. There exists a locally

p-biased function f : {−1, 1}n → {−1, 1} if and only if p = b/2k for some integers

b ≥ 0, k ≥ 0, and 2k divides n.

Our construction is based on the Hamming code. In this code, some of the bits of

an n-bit word are designated as parity bits, and their value is a linear combination of

the rest of the word such that all the words in the code have a minimum distance of

3. Combining different translations of Hamming codes, we can construct functions

for all p of the above form.

In § 4.3 we inspect the class size of non-isomorphic locally p-biased functions on

the hypercube. We show that the class size for p = 1/2 is at least C2
√
n/n1/4 for

some constant C > 0, and for p = 1/n is super-exponential in n, when such p values

are permissible. Thus reconstruction is impossible for such functions. We conjecture

that the number of non-isomorphic locally p-biased functions scales quickly for all

permissible p values:

Conjecture 4.2. Let n > 0 be even. Let p = b/2k, where 1 ≤ b ≤ 2k, k ≥ 1 and

2k divides n. Let Bn
p be the set of non-isomorphic locally p-biased functions. Then∣∣Bn

p

∣∣ is super-exponential in n.

In § 4.4 we briefly discuss locally p-stable functions. We show that they exist

for all possible p values, and that for most p values there are many non-isomorphic

pairs; however, for every n, there are p values for which there is a single unique

locally p-stable function. The results in this section are based on those of § 4.3.

In § 4.5 we discuss locally p-biased functions on other graphs. First, we show

that when G is a regular tree of degree n, then all p = a/n are permissible. Second,

we show that for G = Zn all the results for the hypercubes hold true. This gives us

a partial answer for permissible p values for Zn, but there are additional values that

cannot be achieved through the hypercube construction: for example, for n = 1 we

can define a function with p = 1/2 and when n = 2 we can find a function with

p = 1/4. We also discuss other Cayley graphs of Z, and suggest further questions

on scenerey reconstruction.

Throughout most of this paper we treat the Boolean hypercube as the set

{−1, 1}n. We identify it with the {0, 1}n hypercube by considering −1 in the first to

52



correspond to 0 in the second. In this context, for two functions f, g : {−1, 1}n →

{−1, 1}, the support of f is the set {x ∈ {−1, 1}n ; f(x) = 1}, and the union of f

and g is the function supported on the union of the supports of f and g.

4.2 Characterization of permissible p values for

locally p-biased functions

In this section we prove Theorem 4.1. The “only if” part is achieved by a double

counting argument.

Proof (of the “only if” statement of Theorem 4.1). Let f : {−1, 1}n → {−1, 1} be

a locally p-biased Boolean function. For a given vertex, p represents both the fraction

of neighbors on which f obtains the value 1, and also the fraction of vertices of

the entire graph on which f obtains the value 1. Thus p = m/n for some m ∈

{0, 1, . . . , n}, and also p = l/2n where l = |{x ∈ {−1, 1}n ; f(x) = 1}|.

p =
l

2n
=
m

n
. (4.1)

Decompose n into its prime powers, writing n = c2k, where c is odd. Then by (4.1),

we have that

l =
2n−k ·m

c

is an integer, and so c must divide m, i.e m = bc for some b. But then

p =
m

n
=

b

2k

as stated by the theorem.

The “if” part of Theorem 4.1 is given by an explicit construction, performed

in three steps. First, we use perfect codes (introduced below) in order to obtain

a locally 1/n-biased function for n that is a power of two. Second, we extend the

result to a locally m/n-biased function by taking the union of m locally 1/n-biased

functions with disjoint support. Finally, given a locally p-biased function on n bits,
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we show how to manipulate its Fourier representation in order to yield a locally

p-biased function on cn bits for any c.

We begin with a brief review of binary codes. We omit proofs and simply state

definitions and known results; for a more thorough introduction, see e.g [26, 27].

A binary code C on the n-dimensional hypercube is simply a subset of {−1, 1}n;

its elements are called codewords. The distance of a code C is defined as minx 6=y∈C δH(x, y),

where δH(x, y) = |{i ∈ {1, . . . , n} ;xi 6= yi}| is the Hamming distance between x and

y, that is, the number of coordinates in which x and y differ. A code of odd distance

d is called perfect if the Hamming balls of radius (d − 1)/2 around each codeword

completely tile the hypercube without overlaps. A code is called linear if its code-

words form a vector space over F2.

A particularly interesting code is the Hamming code with k parity bits, denoted

Hk. It is a linear, distance-3 perfect code on the hypercube of dimension n = 2k−1.

Its codewords are structured as follows. For x ∈ Hk and i ∈ {1, . . . , n}, the bit xi is

called a parity bit if i is a power of 2, and data bit otherwise. Thus every codeword

contains k parity bits and 2k− k− 1 data bits. The data bits range over all possible

bit-strings on 2k − k − 1 bits, while the parity bits are a function of the data bits:

xi =
⊕

j:i∧j 6=0

xj ∀i = 2l, l ≥ 0

where ⊕ denotes exclusive bitwise or (xor), and ∧ denotes bitwise AND. Thus there

are 2k − k − 1 codewords in Hk.

Armed with perfect codes, we are ready to start our proof.

Lemma 4.3. Let n = 2k be a power of two. Then there exists a locally 1/n-biased

function on {−1, 1}n.

Proof. In a locally 1/n-biased function f , every point in the hypercube must have

exactly 1 neighbor which is given the value 1, and n− 1 neighbors which are given

the value -1.

Let C be a distance-3 perfect code on the n−1 = 2k−1-dimensional hypercube.

That is, every two code words in C are at a Hamming distance of at least 3 from

each other, and the Hamming balls of radius 1 centered around each codeword

completely tile the hypercube. Such codes exist for dimension 2k − 1; for example,
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as mentioned above and shown in [26], the Hamming code is such a code. Define

f : {−1, 1}n → {−1, 1} to be the following function:

f(x) =

1, x ∈ C × {−1, 1}

−1, otherwise.

(4.2)

In words, f(x) takes the value of 1 whenever the first n−1 coordinates of x are a

codeword in C, and otherwise takes the value of −1. Then f is a locally 1/n-biased

function:

- If f(x) = 1, then x = (y, b) ∈ C × {−1, 1}. Thus x′ = (y,−b) is the only

neighbor of x on which f(x′) = 1; any other neighbor differs from x in the first

n− 1 coordinates, and since C is a distance-3 code, these coordinates are not

a codeword in C.

- If f(x) = −1, then x = (y, b) where b ∈ {−1, 1} and y is not a codeword

of C. Since C is perfect, y must fall inside some radius-1 ball of a codeword

z. Then x′ = (z, b) is the only neighbor of x such that f(x′) = 1; any other

codeword differs from z in at least 3 coordinates since C is a distance-3 code,

and so differs from y in at least 2.

Lemma 4.4. Let n = 2k be a power of two. Then there exists a locally m/n-biased

function on {−1, 1}n for any m = 0, 1, . . . , n.

Proof. For m = 0 the statement is trivial. Let m ∈ {1, . . . , n}. In order to construct

a locally m/n-biased function, it is enough to find m locally 1/n-biased functions

f1, . . . , fm with pairwise disjoint support, i.e {x : fi(x) = 1} ∩ {x : fj(x) = 1} = ∅

for all i 6= j. With these functions, we can define f in the following manner:

f(x) =

1, fi(x) = 1 for some i

−1, otherwise.

Then f is a locally m/n-biased function: For every x ∈ {1,−1}n, consider its

neighbors on which f takes the value 1, i.e the set {y; d(x, y) = 1,∃i s.t fi(y) = 1}.
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Each fi contributes exactly one element to this set, since it is a locally 1/n-biased

function; further, these elements are all distinct, since the fi’s have pairwise disjoint

supports. So x has m neighbors on which f takes the value 1.

Recall that the Hamming code on 2k−1 bits uses 2k−k−1 data bits (these range

over all possible bit-strings on 2k−k−1 bits) and k parity bits (these are a function

of the data bits). Let C be the Hamming code on 2k−1 bits, and rearrange the order

of the bits so that the parity bits are all on the right hand side of the codeword, i.e

each codeword x can be written as x = (y, z) where y is a word of length 2k − k− 1

constituting the data bits and z is a word of length k constituting the parity bits.

Now, for all 1 ≤ i ≤ n, define the sets Ci = {x⊕ (i− 1); x ∈ C}, where ⊕

denotes the exclusive or (xor) operator. Then the sets Ci are all pairwise disjoint:

in order for two words x = (y, z) ∈ Ci and x′ = (y′, z′) ∈ Cj to be the same, we need

to have both y = y′ and z = z′. But if y = y′ then the data bits are the same, and

by construction z ⊕ z′ = (i − 1) ⊕ (j − 1), so z 6= z′ if i 6= j. Further, since xoring

by a constant only amounts to a rotation of the hypercube, each Ci is still a perfect

code.

Let fi be the function which uses Ci as its perfect code as defined in (4.2). Then,

f1, . . . , fn are n locally 1/n-biased functions with pairwise disjoint supports. The

combination of any m of these functions yields a locally m/n-biased function.

Lemma 4.5. Let f : {−1, 1}n → {−1, 1} be a locally p-biased function on the n-

dimensional hypercube. Let c ∈ N, and define a new function f ′ : {−1, 1}cn →

{−1, 1} by

f ′(x) = f

(
c−1∏
j=0

x1+jn, . . . ,
c−1∏
j=0

xn+jn

)
. (4.3)

Then f ′ is a locally p-biased function.

Proof. Let x′ ∈ {−1, 1}cn and let i ∈ {1, 2, . . . , n}. The number of neighbors of

x′ that change the sign of the i−th coordinate of
(∏c−1

j=0 x1+jn, . . . ,
∏c−1

j=0 xn+jn

)
is

exactly c. Since the coordinates are independent and f is locally p-biased, the

fraction of neighbors of x′ where f ′ obtain the value 1 is pcn.

We are now ready to prove that the condition on p is sufficient in Theorem 4.1.
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Proof (of the “if” statement of Theorem 4.1). All that is left is to stitch the above

lemmas together: Let n = c2k. Using Lemma 4.4, create a locally p-biased function

g : {−1, 1}2k → {−1, 1} on 2k variables; then, using Lemma 4.5, extend it to a

function f on n variables.

4.3 Non-isomorphic locally p-biased functions

In this section we discuss the classes of non-isomorphic locally p-biased function.

We show that for the hypercube of dimension n, the growth rate with respect to n

is at least Ω
(
2
√
n/
√
n
)

for p = 1/2 and super-exponential for p = 1/n, when such

p’s are permissible. We conjecture that for any permissible p the growth rate is

super-polynomial.

The proof for p = 1/2 is based on an explicit construction of non-isomorphic

locally 1/2-biased functions. In order to define these functions we use the following

simple observation.

Observation 4.6. Let fi : {−1, 1}ni → {−1, 1} be locally 1/2-biased functions for

i = 1, 2 where n1 + n2 = n. Then

f(x) = f1(x1, ..., xn1)f2(xn1+1, ..., xn)

is a locally 1/2-biased function on {−1, 1}n.

The above proposition allows us to construct examples for locally 1/2-biased

functions, by combinations of such functions on lower dimensions.

We have two basic examples for locally 1/2-biased functions:

1. In any even dimension n,

gn(x1, . . . , xn) = x1 · · ·xn/2.

2. In dimension n = 4,

h(x1, x2, x3, x4) =
1

2
(x1x2 + x2x3 − x3x4 + x1x4) .
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The Fourier decomposition of a Boolean function is its expansion as a real mul-

tilinear polynomial: any Boolean function f : {−1, 1}n → R can be written as a

sum

f(x1, . . . , xn) =
∑

S⊆{1,...,n}

f̂S
∏
i∈S

xi,

where the f̂S are real coefficients. Such a representation is unique; for a proof and

other properties of the Fourier decomposition, see e.g chapter 1 in [31].

Automorphisms of the hypercube are manifested on the Fourier decomposition

of a Boolean function by either permutation or by a sign change to a subset of

indices. Hence, we can show that two Boolean functions are not isomorphic by

showing that their Fourier decompositions cannot be mapped into one another by

such permutations and sign changes.

In this section, a tensor product of two functions f(x1, . . . , xn) and g(x1, . . . , xm)

is a function on disjoint indices, i.e.

h(x1, . . . , xn+m) = f(x1, . . . , xn) · g(xn+1, . . . , xn+m).

Proposition 4.7. There exists h1, h2, . . . such that for any k the function hk is

locally 1/2-biased on the 4k-dimensional hypercube and hk is not isomorphic to any

tensor product of h1, . . . , hk−1, g2, g4, g6, ....

Proof. We define h1 = h, and

hk = h

(
k−1∏
i=0

x1+4i, . . . ,
k−1∏
i=0

x4+4i

)
,

where h is the function from example 2. By Lemma 4.5, hk is locally 1/2-biased on

{−1, 1}4k. Assume that hk is isomorphic to a tensor product of h1, . . . , hk−1, g2, ..., gn−2.

If there exists 1 ≤ i ≤ j < k such that both hi and hj appear in a product that is

isomorphic to hk, then the Fourier decomposition of the product would have at least

16 different monomials. But hk has only 4 different monomials, and the functions

cannot be isomorphic. Similarly, if we do not use any of the functions h1, . . . , hk−1,

then we get the parity function, which has only one monomial in its Fourier decom-

position. Hence, we may assume that there is only one 1 ≤ i < k such that hi is in

the product. Then, up to an automorphism, this function is of the form

f(x) = hi(x1, . . . , x4i)g4k−4i(x4i+1, . . . , x4k).
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On the one hand, by definition of hk, its Fourier decomposition has pairs of mono-

mials with no shared indices (e.g. the monomials that replace x1x2 and x3x4 in h1).

On the other hand, in the decomposition of f , all monomials have shared indices;

for example x4i+1 appears in all monomials. Hence they are not isomorphic.

Using the functions h1, h2, . . . we can give a lower bound for the class of non-

isomorphic locally 1/2-biased functions.

Lemma 4.8. The number of non-negative integer solutions to

a1 + 2a2 + . . .+ kak ≤ k (4.4)

is at least C4
√
k/k1/4, where C > 0 is a universal constant.

Proof. For any 1 ≤ ` ≤ k, the number of solutions to (4.4) is at least the number of

solutions to

`a1 + `a2 + . . .+ `a` ≤ k.

It is well known that the number of solutions to this inequality is(
`+ k/`

`

)
.

This term is maximized when `2 = k. Hence, a lower bound for the number of

solutions to (4.4) is (
2
√
k√
k

)
.

By Stirling’s formula, the asymptotic of this is (1/
√
π)4

√
k/k1/4.

Remark 4.9. The number of integer solutions to the equality case is the famous

partition function p(n). Hardy and Ramanujan [17] showed precise asymptotics.

Using their result it is possible to show that the number of integer solutions is

k∑
j=1

p(j) ∼ Cec
√
k/
√
k,

with explicit constants C, c > 0. While this result gives better bounds than Lemma

4.8, our simple estimation is enough for our purposes.

Proposition 4.10. Let n be even. Let Bn
1/2 be a maximal class of non-isomorphic

locally 1/2-biased functions. Then
∣∣∣Bn

1/2

∣∣∣ ≥ C2
√
n/n1/4, where C > 0 is a universal

constant.
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Proof. Let k = bn/4c. By Observation 4.6, we can construct locally 1/2-biased

functions by tensor products of h1, . . . , hk and g1, . . . , gn, as follows: choose functions{
hij
}

such that m :=
∑

4ij ≤ n. Then the tensor product ⊗hij uses m variables.

This can be completed to n variables by tensoring with gn−m.

If two functions use the same hi’s, then they are isomorphic (by change of in-

dices). And if they have a different decomposition of hi’s, then by the same argu-

ments used in Proposition 4.7, they have a different Fourier decomposition and are

therefore non-isomorphic. Thus, the isomorphic class of such a function is deter-

mined by the number of times each hi appears in the product.

Hence, the number of non-isomorphic functions we can construct in this manner

is the number of solutions to

4a1 + 8a2 + · · ·+ 4kak ≤ n (4.5)

where the a1, . . . , ak are non-negative integers that represent the number of copies of

hi in the product. Using Lemma 4.8, this number is at least C4
√
k/k1/4 = C ′2

√
n/n1/4

For a Boolean function f with Fourier coefficients f̂S, the Fourier weight at degree

d is defined as

Wd(f) =
∑
|S|=d

f̂ 2
S.

As the following proposition shows, the Fourier decomposition of a locally 1/2-biased

function contains only monomials of degree n/2. It might be possible to obtain better

bounds on the number of non-isomorphic functions using this condition.

Proposition 4.11. Let f : {−1, 1}n → {−1, 1} be a locally 1/2-biased function.

Then the Fourier weight at degree n/2 is 1.

It is an interesting question to find a general connection between p and the weight

distribution of a locally p-biased function.

Proof. Let An be the adjacency matrix of the hypercube. The map

ϕ : f 7→ (f(a1), ..., f(a2n)),
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where a1, ..., a2n are the vertices of the hypercube, is a bijection between locally

1/2-biased functions and the null space of An. Since

An =

An−1 I

I An−1

 ,

we have

Pn(t) = Pn−1(t− 1)Pn−1(t+ 1),

where Pn is the characteristic polynomial of An. For A2 the eigenvalue 0 has mul-

tiplicity 2 and ±2 has 1. Continuing by induction, the eigenvalues of Am are

−m,−m + 2, ...,m with multiplicities
(
m
0

)
,
(
m
2

)
, ...,

(
m
m

)
. Hence, for even n the di-

mension of the null space is
(
n
n/2

)
. For any S ⊆ {1, 2, ..., n} with |S| = n/2 we

denote χS(x) =
∏

i∈S xi and vS = ϕ(χS). Since the functions χS are all locally

1/2-biased, the vectors vS are in the null space of An. Note that there are
(
n
n/2

)
such

vectors, and they form an independent set. Hence the set {vS}S is a basis of the

null set. By the bijection we get that every locally 1/2-biased function is a linear

combination of χS.

Class sizes for locally 1/n-biased functions can also be achieved via the following

proposition.

Proposition 4.12. Let n = 2k, and let C1 and C2 be two non-isomorphic distance-3

perfect codes on the n− 1-dimensional hypercube. Then the two functions f1 and f2

defined by equation (4.2) using the perfect codes C1 and C2 are non-isomorphic.

The proof shows that in any isomorphism between two functions constructed

using equation (4.2), the last coordinate must be preserved. However, this will imply

that the remaining coordinates are isomorphic, in contradiction to the assumption.

Proof. Suppose to the contrary that f1 and f2 are isomorphic, i.e there is an au-

tomorphism ϕ : {−1, 1}n → {−1, 1}n such that for all x ∈ {−1, 1}n, we have

f1(x) = f2(ϕ(x)). Denote by B =
{

(y, 1); y ∈ {−1, 1}n−1} the n − 1-dimensional

hypercube obtained by fixing the last coordinate to 1, denote C = {(y, 1); y ∈ C2}

and note that support(f2|B) = C by construction. Consider ϕ|B, the restriction of

ϕ to B. This restriction is an isomorphism between B and some n− 1-dimensional
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hypercube A contained within the n- dimensional hypercube. Any sub-hypercube

of dimension n − 1 is obtained from {−1, 1}n by fixing one of the coordinates to

be either 1 or −1, and taking the span of all other coordinates. Then A must be

spanned by the first n− 1 coordinates, leaving the last coordinate fixed: otherwise,

by equation (4.2), the set A would contain two neighboring points x and x′ that

differ only in their last coordinate such that f1(x) = f1(x′) = 1. This means there

are y, y′ ∈ C obeying ϕ(y) = x, ϕ(y′) = x′; but this is a contradiction, since ϕ

should preserve distances, and the distance between x and x′ is 1 while the distance

between y and y′ is 3. So A =
{

(y, b); y ∈ {−1, 1}n−1} for some b ∈ {−1, 1}. But

then ϕ|B is an isomorphism between C1 and C2, since C1 is a perfect code in A and

C2 is a perfect code in B; a contradiction.

Corollary 4.13. Let n = 2k. Let Bn
1/n be the class of non-isomorphic locally 1/n-

biased functions. Then
∣∣∣Bn

1/n

∣∣∣ is super-exponential in n.

Proof. By Proposition 4.12, any lower bound on the number of non-isomorphic per-

fect codes on the n−1-dimensional hypercube gives a lower bound to the number of

locally 1/n-biased functions on the n-dimensional hypercube. Recent constructions,

such as in [24], give a super-exponential lower bound on the number of such perfect

codes.

We would have liked to apply the same argument to locally m/n-biased functions,

as given by the construction in Lemma 4.4. Our argument there used the explicit

construction of the Hamming code which, being linear, was easy to modify in order

to obtain functions with disjoint supports. Such is not the case for the construction

of non-linear codes. However, we still believe that similar estimates are true for any

permissible p.

Corollary 4.14. By Proposition 4.10, scenery reconstruction is impossible for even-

dimensional hypercubes.

For odd dimensional hypercubes, on which there are no non-trivial locally biased

functions, we use locally stable functions instead, as described in the next section.
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4.4 Locally p-stable functions

Unlike locally p-biased functions, there is no restriction on permissible p values for

locally p-stable functions:

Observation 4.15. Let p = m/n for some m ∈ {0, 1, . . . , n}. Then the parity

function on n−m variables,

f(x1, . . . , xn) = xm+1xm+2 . . . xn

is locally p-stable.

Thus we will focus on the number of non-isomorphic pairs of locally stable func-

tions. A negative result is attainable by a simple examination:

Proposition 4.16. If p = 1/n or p = (n − 1)/n, then the parity function is the

only locally stable p-function on the hypercube, up to isomorphisms.

Proof. We prove only for p = (n− 1)/n; the proof for p = 1/n is similar.

We will show that f depends only on a single coordinate. Let x be an initial

point in the hypercube and y its unique neighbor such that f(x) 6= f(y). Denote

the coordinate in which they differ by i. By local stability, every other neighbor x′

of x has f(x′) = f(x), and every other neighbor y′ of y has f(y′) = f(y).

Let j 6= i, let x̃ be the neighbor of x that differs from x in coordinate j, and let ỹ

be the neighbor of y that differs y in coordinate j. Then x̃ is a neighbor of ỹ, since

x̃ and ỹ differ only in the i-th coordinate. Also, since f(x) = f(x̃) and f(y) = f(ỹ)

but f(x) 6= f(y), we have f(x̃) 6= f(ỹ).

Since f is locally (n − 1)/n-stable, each of x’s neighbors x′ has exactly one

neighbor y′ on which f attains the opposite value. By the above, for each such x′,

the corresponding y′ differs from it in the i-th coordinate. This reasoning can be

repeated, choosing a neighbor of x as the initial starting point, showing that for

all x′ with the same i-th coordinate as x, f(x) = f(x′), while for all x′ that differ

in the i-th coordinate from x, f(x) 6= f(x′). This means that either f(x) = xi or

f(x) = −xi.

Many other p values, however, have larger classes of non-isomorphic locally p-

stable functions, since locally stable functions can be built out of locally 1/2-biased

functions:
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Figure 4.1: Left: The only locally (n − 1)/n-stable function is the parity function

on 1 variable. Right: The only locally 1/n-stable function is the parity function on

n− 1 variables.

Proposition 4.17. There is an injection ϕ between locally 1/2-biased functions on

{−1, 1}n and locally (n/2)/(n+ 1)-stable functions on {−1, 1}n+1. Further, if f and

g are two non-isomorphic locally 1/2-biased functions, then ϕ(f) and ϕ(g) are also

non-isomorphic.

Proof. Define ϕ by

(ϕ(f))(x1, . . . , xn+1) = f(x1, . . . , xn) · xn+1.

Then ϕ(f) is locally (n/2)/(n+1)-stable, since for every x ∈ {−1, 1}n+1, ϕ(f) re-

tains its value on exactly half of the neighbors which differ in the first n coordinates,

but flips its value on the neighbor that differs in the last coordinate. The claim about

non-isomorphism follows directly from the functions’ Fourier decomposition.

Observe that unlike locally biased functions, locally stable functions can be easily

extended to higher dimension:

Observation 4.18. Let f be a locally (n−m)/n-stable function. Then f can be ex-

tended to hypercubes of size n′ ≥ n by simply ignoring all but the first n coordinates.

This gives a locally (n′ −m)/n′-stable function.

We can use this observation to give a lower bound on the number of locally

(n′ − m)/n′-stable functions for a fixed m and any n′ ≥ 2m − 2. This works as

follows: first, pick any fixed m > 1. Using Proposition 4.17, we obtain a locally

(n − m)/n = (n/2)/(n + 1)-stable with n = 2m − 2. This can be extended by

Observation 4.18 to any n′ ≥ n, and together with Proposition 4.10 we get a lower

bound of C2
√

2m−2/(2m− 2)1/4 different locally (n′ −m)/n′-stable functions.
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This observation also provides us with a pair of non-isomorphic locally stable

functions for all hypercubes of dimension n ≥ 5, showing that:

Corollary 4.19. Scenery reconstruction is impossible for n-dimensional hypercubes

for n ≥ 5.

4.5 Other directions and open questions

In this section we discuss similar results and questions for other graphs. We also

list some further questions regarding locally biased and locally stable functions on

the hypercube. For other excellent open problems see [10].

4.5.1 Hypercube reconstruction

Our work shows that in general, Boolean functions on the hypercube cannot be

reconstructed.

Question 4.20. Under which conditions is it possible to reconstruct Boolean func-

tions on the hypercube?

Question 4.21. Is a random Boolean function reconstructible with high probability?

Remark 4.22. Using the techniques of [5], it can be shown that reconstruction is

always possible in the hypercube of dimension at most 3.

4.5.2 Other graphs

Note that the necessity condition on p of Theorem 4.1 can be applied to any finite

regular graph, ruling out functions based on the relation between the graph degree

and the number of vertices.

Trees

Let G be an n-regular infinite tree. Then for any p = b/n, b = 0, 1, . . . , n there

exists a locally p-biased function. Such a function can be found greedily by picking
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a root vertex v ∈ G, setting f(v) = 1, and iteratively assigning values to vertices

further away in any way that meets the constraints.

Notice that the method above requires picking some initial vertex, and that the

method yields many possible functions on labeled trees (all of which are isomorphic

when we remove the labels). Once the initial vertex v has been fixed, it is possible

to generate a distribution on locally p-biased functions, by setting f(v) to be 1 with

probability b/n, and randomly expanding from there.

Question 4.23. For an n-regular tree G, find an invariant probability measure on

locally p-biased functions that commutes with the automorphisms of the tree.

The standard lattice

Figure 4.2: Top: a locally 1/2-biased function on Z. Bottom: a locally 1/4-biased

function on Z2.

The following propositions show that there is a one-to-one mapping of locally

p-biased functions from the hypercube to Zn. Since automorphisms of the lattice

can be pulled back to automorphisms of the hypercube, we get lower bounds for the

size of non-isomorphic locally p-biased functions on Zn.
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Proposition 4.24. Let f : {−1, 1}n → {−1, 1} be a locally p-biased function. Then

there exists a locally p-biased extension f̃ : Zn → {−1, 1} such that f
∣∣
{−1,1}n = f . In

addition, if f and g are non-isomorphic locally p-biased functions on the hypercube,

then f̃ and g̃ are non-isomorphic.

Proof. Here we think of the hypercube as {0, 1}n instead of {−1, 1}n. For any

x ∈ Zn, define

ψ(x1, . . . , xn) = (x1 mod 2, . . . , xn mod 2)

and

f̃(x) = f(ψ(x)).

Let x ∈ Zn, and let ei be the i-th vector in the standard basis. Denote y = ψ(x) and

write yi for the neighbor of y in {0, 1}n which differs from y in the i-th direction.

Then f̃(x+ ei) = f̃(x− ei) = f(yi), showing that f̃ is a locally p-biased function.

Note that the automorphisms of Zn are those of the hypercube with the addition

of translations. But under the map ψ, translations in Zn amount to reflections in

{0, 1}n. Thus any automorphism between f̃ and g̃ would induce one between f and

g.

The above extension procedure gives us lower bounds on the growth rate of some

classes of non-isomorphic locally p-biased functions.

Corollary 4.25. Let B̃n
p be the class of non-isomorphic locally p-biased functions

on Zn.

1. If n is even, then
∣∣∣B̃n

1/2

∣∣∣ ≥ C2
√
n/n1/4, where C > 0 is a universal constant.

2. If n = 2k, then
∣∣∣B̃n

1/n

∣∣∣ is super-exponential.

Unlike for the hypercube, we do not have a characterization theorem for the

lattice Zn. In fact, we have found a locally 1/2-biased function for Z and a locally

1/4-biased function for Z2; see Figure 4.2. Both of these are not the result of

embedding the relevant hypercube in the lattice via Proposition 4.24.

Question 4.26. Give a complete characterization of permissible p values for locally

p-biased functions on Zn. When such functions exist, count how many there are.
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Cayley Graphs

In general, for a given group with a natural generating set, it is interesting to ask

whether its Cayley graph admits locally biased or locally stable functions, and if

so, how many. Specific examples which spring to mind for such groups are the

group of permutations Sn with all transpositions {σij}i<j, and Z with any number

of generators. For the latter case, the following observation shows that for any two

generators, Z has a locally 1/2-biased function:

Observation 4.27. Let a > 1 and b > 1 generate Z. Then the function f defined

by

f(x) =

1, 0 ≤ (x mod 2(a+ b)) < a+ b

−1, a+ b ≤ (x mod 2(a+ b)) < 2(a+ b)

is locally 1/2-biased.

Computer search shows that for some generators, other locally biased functions

exist; see Figure 4.3 for an example.

Question 4.28. Characterize the locally biased and locally stable functions on Sn

as a function of its generating set.

Question 4.29. Characterize the locally biased and locally stable functions on Z as

a function of its generating set.

Figure 4.3: Three non-isomorphic locally 1/2-biased functions for Z with the gener-

ators {2, 3}. Computer search shows that these are the only ones.

4.5.3 Locally biased and locally stable functions

Section § 4.3 only gives lower bounds on the number of locally biased functions, and

applies only for p = 1/2 and p = 1/n (and 1− 1/n by taking negation of functions).
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Question 4.30. What are the exact asymptotics for the number of non-isomorphic

locally biased functions, for all permissible p?

We can also ask about the robustness of the locally biased property:

Question 4.31. How do the characterization and counting theorems for locally bi-

ased functions change, when we relax the locally biased demand for 2o(n) of the

vertices (i.e a small amount of vertices can have their neighbors labeled arbitrarily)?

The uniqueness of locally 1/n-stable functions is in stark contrast to the expo-

nential size of locally 1/n-biased functions. Our bounds in section § 4.4 for the

number of (n − m)/n-locally stable functions are exponential in m, but not in n.

We seek a better understanding of these functions:

Question 4.32. What are the exact asymptotics for the number of non-isomorphic

locally stable functions?
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