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Abstract

In this work we examine several high dimensional problems, and see whether
our low dimensional intuition is affected by high dimensions phenomena. The
problems considered here include random intersections of the sphere by high
and low dimensional linear subspaces, intersections of convex bodies by ran-
dom geodesics, and reconstruction of boolean functions on the hypercube (or
the inability to do so) by the distribution of the scenery viewed by a random

walker.
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Chapter 1

Introduction

A natural question in analysis and geometry is what happens when the number of
parameters grows. On the one hand, our intuition is that there will be a positive
correlation between the number of parameters and the complexity of the problem.
In that case, we would expect, accurate predictions to be impossible. On the other
hand, concentration of measure phenomena show us, that under certain assumptions,
as the number of parameters grows, the probability of diverging from the average
(or expected) result decreases. In this report we discuss examples for different
phenomena on this spectrum.

An early example of measure concentration, due to Lévy, is the isoperimetric
inequality on the sphere (see [3]). We denote the unit sphere by S"' = {z €
R; || = 1}. Let A C S™ ! we denote by A. the € extension of the set A, that is

A.={z e S d(z,A) <e}.

We denote by 0,,_; the normalized surface area measure on the sphere. Let H C S™~!

be a spherical cap of the same measure as the set A. Then
On-1(Ae) > op_1(H,).
In particular, taking o,_1(A) > 1/2 we have
on-1(A:) > 11— Ce~s*n/2,

An immediate consequence of the spherical isoperimetric inequality is the con-

centration of Lipschitz functions on the sphere. Let f : S" ! — R be an L-Lipschitz



function. Then,

P(f(X) - Ef| > ¢) < Ce /",

Hence, Lipschitz functions in high dimensional are close to radial functions. Lévy’s
theorem is one of the fundamental tools for many high dimensional results such as
the Johnson-Lindenstrauss lemma [18], Milman’s proof of Dvoretzky’s theorem [3]
and Klartag’s proof of the central limit theorem for convex sets [19].

The Dvoretzky-Milman theorem states that for any centrally symmetric convex

body K C R", and any k < ce?logn, we have
P(1—e)CKNEFC(14e)f)>1—e =k

where £ C R¥ is an ellipsoid and F' C R” is a random subspace of dimension k. This
shows that for any normed space of dimension n, a random k-dimensional subspace
will typically be close to Euclidean. Depending on the geometry of the body, it might
be possible to improve the bound on k (For example, if K = {x € R™; > |x;|P} is
the unit ball of EZ and 1 < p < 2 then we can take k < cn). By considering the
cube [—1,1]", we see that in general logn cannot be improved.

The Dvoretzky-Milman theorem shows us that random intersections of convex
bodies is an example to how behavior can become more regular as the dimension
grows. In this report we examine what happens when we take random intersections
of subsets of the sphere.

In order to prove the central limit theorem for convex sets, Klartag proved a
thin shell property for convex sets. There had been some improvements by Klartag
[20], Fleury [11] and Guédon and Milman [16]. They proved that for any isotropic

convex body K, and a random vector X distributed uniformly inside K, we have
P X1 >t < CeeVrmin{t® -y >,
NZD

This statement shows that most of the mass of an isotropic convex body is con-
centrated around a thin spherical shell of radius /n and width n'/3. A famous
conjecture by Anttila, Ball and Perissinaki [2] states that the width of the shell is
constant, and does not depend on the dimension . This conjuncture was proved by
Klartag [21] for unconditional convex bodies. The thin shell property can be seen

as the reason behind Theorem 3.2, though we use simpler tools in the proof.



Given a measurable subset A C S" ! and a random subspace H C R" of di-
mension k, the expected normalized surface area of the intersection A N H is the
normalized surface area of the set A. Writing oy for the normalized surface area

measures on S™ ' N H we have,
Eog(ANH) =0,_1(A),

where H is distributed according to the SO(n) invariant measure of the Grassmanian
manifold G, ; of k-dimensional subspaces of R".

In [22], Klartag and Regev showed that for a high dimensional random subspace,
the random variable oy (AN H)/Eo,_1(A) is highly concentrated around its mean.
They started with the case dim(H) = n — 1 and by repeated applications, extended
the result (with a weaker concentration probability) to dim(H) = n/2.

1/3

Theorem 1.1 (Klartag and Regev). Let A C S™! such that ,_1(A) > e """,
O’H(AQH) B 1‘ > i) < C’efc/nl/s7

PH( on-1(A) — 10

Where H C R™ is a uniform subspace of dimension n/2.

then

The motivation to the result of Klartag and Regev came from a communication
complexity problem called The Vector in Subspace Problem. Their result, shows
that any protocol that solves this communication problem has to use at least Cn!/3
bits. Raz demonstrated in [33] a protocol that solves this problem with the exchange
of C'y/n bits. Hence, there is a gap between the lower and the upper bound on the
communication complexity of this problem.

The connection between measure concentration and communication complexity,
that was used by Klartag and Regev, is through the rectangle method [34]. Any
protocol for the vector in subspace problem, divides the product space S*~! X G, /2
into rectangles (product sets), according to the bits that were exchanged. Each
rectangle is marked as either “In” or “Out”. After exchanging N bits, we have at
most 2V rectangles. Hence, if a small number of bits were exchanged, at least some
of the rectangles would be “big” (of large measure). The measure concentration

result shows that in “big” rectangles we cannot determine a correct result with high

enough probability.



In [15] we suggested a modification to Theorem 1.1 in order to improve the
lower bound of the communication complexity. The main idea is to examine both
the intersection with the random subspace H and its orthogonal complement H*
simultaneously. We prove that for a class of measurable sets that are defined by at
most ¢y/n directions, we have a stronger concentration probability for the geometric

average of the surface areas to diverge.

Theorem 1.2. Let A C S™ ! such that o,_1(A) > eV, Assume that 14(x) can
be written as F({(x,&), ..., {(z,&)) where k < Cy/n. Then

Py <\/0H(A NH)og (ANHY) < O.90n_1(A)> < eV,
Where H C R™ is a uniform subspace of dimension n/2.

In Chapter 2 we explain the the proof of Theorem 1.2. This gives a sharp lower
bound of C'y/n, for a subclass of protocols to the vector in subspace problem.

Theorems 1.1 and 1.2 show us that intersection with a random high dimensional
subspace enjoys strong concentration of measure. In the proof of theorem 1.1, we
see that decreasing the dimension can cause a decrease in the concentration phe-
nomenon. The next result deals with the case that the dimension of the random
subspace is small. For example, if dim(H) = 2 then H N S"~! is a random geodesic

curve on S™!. In that case we get a dimension free result.

Theorem 1.3. Let A C S™! such that 0,_1(A) = 1/2, then

Length(AN L) 1 1
P 1> —= ) < —=
L (‘ Length(L) T2y ) = 213

Where L C R™ is a uniform geodesic curve in S™ .

For a general set, the probability bound cannot be improved to a term that tends
to 0 with the dimension. In Chapter 3 we discuss the proof of Theorem 1.3. This
proof can be generalized to random subspaces of small dimension (does not depend
on n) or to the discrete case, where we replace that sphere with the torus (Z/pZ)",
for a prime p.

The analysis of Theorem 1.3 is done by finding the singular values of the Radon

transform, and use them to bound the variance of the random variable Length(A N

4



L)/Length(L). We have full understanding of the singular values of the Radon
transform to any other dimension k as well. Hence we can bound the variance of
the intersection with a random k-dimensional subspaces and get a bound on the

probability to deviate from the mean.

Theorem 1.4. Let A C S" ! be a measurable set. Let 2 < k < n — 1, and let

H CR" be a random subspace of dimension k. Then,

o) = mn Ui )

There are additional ingredients needed in order to get a sharp results such as
Theorem 1.1 using this method.

The question of random intersections by geodesics can be examined on other
settings as well. We prove that doing a similar procedure inside a convex body, we

have a very different result than that of the sphere.

Theorem 1.5. Let K C R"™ be a convex body. There exists a set A C K such that
Vol(A) /Vol(K) =1/2 and
length(L N A) 1
Pl————= 1})=1-0"| —
(length(LﬂK) €{0.1} © vn)’
where L = X + RO, X and 6 are independent and distributed uniformly in K and

Sn=1 respectively.

The proof of Theorem 3.2 (see Chapter 3 for more details), shows that in this
case, the obstacle to concentration phenomenon of random geodesic intersections is
the concentration of the volume distribution inside convex bodies.

Our last example is of scenery reconstruction on the n dimensional hypercube.
Given a graph G = (V, E) and a scenery f : V — {—1,1}, start a simple random
walk on the graph (Xj)32,. For every step of the random walk mark the label of
the vertex f(Xx). The sequence f(Xy), f(X1),... is the scenery observed by the
random walker. Can you recover the scenery function f (up to graph isometries) by
the distribution of the scenery viewed by the walker?

In [5] Benjamini and Kesten proved that when the graph G is a circle Z/nZ,
reconstruction is possible in polynomial time. In [25] Lindenstrauss proved that

scenery reconstruction on the line is impossible. In [14], together with Gross, we

>



proved that scenery reconstruction on the hypercube {—1,1}" is impossible when
n > 4. We constructed a class of functions that share the same scenery distribution,
and showed that the number of non isomorphic functions in that class grows rapidly
with the dimension n. We discuss this in Chapter 4. The example of scenery
reconstruction on the hypercube, is an example of how a complexity of a problem
can grow as the dimension increases.

One class of functions we defined is the class of locally p-biased functions. A
functions in this class has the following property: for every vertex of the graph,
the portion of it neighbors labeled by 1 is exactly p. On the hypercube, we give
a full characterization of which values of p are possible for a given dimension n.
We also raise the question of existence of such functions in other graphs. We give
constructions for trees and the lattice Z". In a recent paper, Van Hintum [37] built
upon it and gave a full characterization for the case Z", and showed that these

classes are uncountable when n > 2.



Chapter 2

Intersection with Random

Mutually Orthogonal Subspaces

2.1 Introduction

The Vector in Subspace Problem (VSP) is a communication problem where one
party (Alice) receives a unit vector u € S"7!, and a second party (Bob) receives a
subspace H C R" of dimension |n/2] such that either v € H or u € H+. The goal
of Alice and Bob is to determine whether v € H or not.

VSP was introduced by Kremer [23] and has been studied under both classical
and quantum communication models . In the classical communication model, Alice
and Bob exchange bits between them in order to determine whether v € H. In the
quantum communication model, Alice and Bob exchange qubits.

In this paper, the terms protocol and complexity refer to distributional complex-
ity (see [40] [4]). That is, a protocol outputs the correct answer with probability at
least 2/3. The complexity is measured according to the number of bits or qubits
that are exchanged in the worst case .

It is known that VSP can be solved in the quantum model with the exchange
of O(logn) qubits. In [33] Raz presented a classical protocol that solves VSP with
the exchange of O(y/n) bits. In [22], Klartag and Regev proved that any classical
protocol for VSP has a communication complexity of at least Q(n'/?) bits. Thus,

VSP shows that quantum communication can be exponentially stronger than clas-



sical communication. In this paper we discuss the gap between the lower and upper
bound for the classical model.

We focus on the class of protocols of bounded total rank. In a deterministic
protocol, each decision by Alice on the value of the next bit to be sent to Bob is based
on two factors: her knowledge of the communication received so far, and perhaps
an additional measurement of the vector u. We define the rank of the decision to
be the number of linear functionals of the vector u that Alice has to compute in
order to carry out the measurement. For example, deciding the value of the next bit
by using the indicator function of the set {(x,v;) > 0,sin((z,v5)%) > 1/2}, where
vy, vy € R™ are determined by the communication received so far, is a decision of
rank 2. In general, the rank of a decision is an integer between 0 and n. The total
rank of a protocol is the sum of all ranks of decisions made by Alice in the worst case
scenario. Note that we do not count decisions by Bob. The protocol Raz introduced
can be slightly modified to be of total rank O(y/n) (for more details see Appendix
2.A).

We prove that any protocol of VSP, for the classical model, of total rank at
most O(y/n) has communication complexity of at least Q(y/n) bits. In light of the
upper bound by Raz, this lower bound is sharp. We also introduce a novel mathe-
matical conjecture about concentration of measure in the high dimensional sphere.
This conjecture implies that any classical protocol for VSP has a communication
complexity of at least Q(y/n) bits.

The lower bound by Klartag and Regev is a result of a concentration theorem for
sampling on the sphere by random subspaces. They proved that for any measurable
subset A C S with o, 1(A) > C’e‘cnl/s, where ¢,,_1 is the uniform probability

measure on the sphere S"7!, it holds that

P (

where C,c,¢ > 0 are universal constants. Here oy denotes the Haar probability

/1/3

M—l‘«u) >1_eCn

on-1(A)

measure on S"~! N H and Py denotes the orthogonally invariant Haar probability
measure over the Grassmanian manifold of subspaces H C R" of dimension |n/2].

The concentration inequality by Klartag and Regev is sharp. Taking A = {z €



1/

Sn=1: 2y > T}, where T =~ n~'/3 is chosen such that o, _;(A) =e™ * gives

P (

where ¢, has a finite limit ¢ € (0,00) as n — oo.

1/3

M_1‘ <o.1) ]

on-1(A)

Our goal is to find a concentration inequality that applies to smaller sets, that is
sets with measure of the order of magnitude of e=V™. Our hope is that by considering

both H and H* simultaneously, a stronger concentration result can be achieved.

Conjecture 2.1. Let A C S™! be a measurable subset with o,_1(A) > e~V Then

Py <\/0H(A N H)oy (AN HL) > O.90n_1(A)>

18 at least

—c'\/n
1—Ce ,
where C,c,d > 0 are universal constants.

Conjecture 2.1 was essentially suggested by Klartag and Regev [22], albeit with
a weaker arithmetic average in place of the geometric one.

In §2.3 we prove a special case of the conjecture where the set A C S"~! is of the
form {x € S"L; (x1,...,2) € I} for some Borel set I C B, = {z € R¥; |2] < 1},
and k = O(y/n). By considering the case k = 1, this result shows that the conjecture
holds for the extremal case of the theorem by Klartag and Regev. This extremal
case also shows that if the conjecture is true it is tight.

This special case of the conjecture follows from the following result:

Theorem 2.2. Let k < aj\/n. Let f: S"' — [0,00) be a measurable function
such that || f|| . < V™ ||f|l, =1 and f depends only on xy, ..., xx. Then,

Py (\/ s f(:v)daH(x)/S f(x)doy . (x) > 0.9) > 1= age V7,

where a, g, a3 > 0 are universal constants.

In the proof we use various tools from Geometric Functional Analysis. We begin
by reformulating the problem in terms of random matrices instead of random sub-

spaces. We show that the event in Theorem 2.2 strongly depends on the singular



values of a random projection. Using results from the theory of Wishart matrices
we show that these singular values are concentrated around their expected values.

Next, we use the Cauchy-Schwarz inequality to define a smaller event than the
one in the theorem. The use of the Cauchy-Schwarz inequality demonstrates how
considering both H and H* simultancously can enhance the concentration results
and is fundamental to our approach.

Finally, we use the concentration results, and asymptotic tools such as the
Laplace method in order to show that with high probability this smaller event holds
true. In this last step we present bounds for the universal constants in Theorem 2.2
which are, in principle, explicit.

In §2.2 we employ the rectangle method and show how Theorem 2.2 implies a

sharp lower bound for classical protocols of total rank at most O(y/n).

Corollary 2.3. Let P be a protocol for the Vector in Subspace Problem of total rank

1

at most ayy/n, with probability of error which is at most a constant smaller than ;

Then the communication complexity of P is Q(y/n) bits.

Using the same methods, a positive resolution of Conjecture 2.1 would imply a

sharp lower bound for a general classical protocol to VSP.

Theorem 2.4. Let P be a general protocol for the Vector in Subspace Problem with
probability of error which is at most a constant smaller than % If Conjecture 2.1 is

true then the communication complexity of P is Q(y/n) bits.

2.2 Applications to VSP

In this section we prove that Theorem 2.2 implies a lower bound of O(y/n) for
classical protocols of total rank at most O(y/n). We also show that Conjecture 2.1
implies a lower bound of O(y/n) for any classical protocol. In light of the result of
Raz, if the conjecture is true then this bound is sharp.

Theorem 2.2 implies a special case of the conjecture for sets that depend only
on ay+/n directions. For any such A C S"~! with o,,_;(A) > e™*2V" define f(x) =
14(z)/on-1(A). The function f depends only on a;v/n directions, bounded by
1/0,_1(A) < e*V™ and has || f||, = 1. Hence, we may apply Theorem 2.2. We have,

10



aze V" > Py <\//S 1A($)/0n—1(A)dUH($)\//S La(z)/on-1(A)dog(z) < 09)

— Py (WH(A A H)og (AN HY) Jo,_1(A) < o.9> .

In this section, we use this consequence of Theorem 2.2.

Our argument follows the rectangle method usually attributed to Babai, Frankl
and Simon [4] and Razborov [34].

For simplicity, we assume that n is even. We denote by G/, the Grassmanian
manifold of all subspaces of R™ of dimension n/2, equipped with the O,, invariant

measure og. Let i be the uniform measure on S"~! x G/2. Denote
L={(u,H)eS" " xGnp;ucH},

and

L={(uH) €S " xGyp;uc H }.

Let u; be the Haar invariant probability measure on [; for ¢« = 1,2, with respect to
the obvious O,, action. Such measure exists due to the transitive property of such
action. For a rectangular set A; x B; C I; we have
,u1(A1 XBl):/ O'H(AlmH),
HeB;

and

,LLQ(AQ X Bg) = / UHL(AQ ﬂHl)

HeB>y

By replacing ap in Theorem 2.2 with min{as, 1} we may assume that it is at most

1.

Proposition 2.5. Let Q) = Ax B C St x G2 be such that jig(Ax B) > Cle—c2vn,
Assume that the set A depends on a1+/n directions. Then

p1(Q)p2(Q) > 0.810(Q).

The constants aq, s, C' > 0 are universal constants.

Proof. Define

E={HeB; Von(AnH)og(AnHY) < 0.90(A)} .

11



According to our assumption o,,_1(A) > po(Ax B) > Ce~*2vV™. By the Theorem
22, P(E) < asze V™. We choose C' > 1 big enough, such that

0.906(B \ E) > 0.80¢(B). (2.1)

By the Cauchy-Schwarz inequality

V@) - ¢ ([ owestanm) ([ oanmm)

> /HEB \/O’H(AQH)O'HJ_(AQHJ‘)

> /HGB\E Jou(An Hyoyu (A0 HY)
>0.9 /IJGB\EJ(A) =0.90(A)og(B\ E).

Equation (2.1) gives us

m(Q)p2(Q) = 0.806(B)a(A) = 0.840(Q).
[l

Corollary 2.6. Let Q = AXx B C S" ' x G,js. Assume that the set A depends on
ary/n directions. Then

11 (Q)12(Q) > 0.8410(Q) — Ce™2V™,

Using the above propositions, we are ready to prove Corollary 2.3.

Proof. By repeated application of the protocol we may assume that the probability
of error is less then é. By Yao’s principle [39], we may assume that our protocol is
a randomly chosen deterministic protocol. Let D be the number of bits exchange
in the protocol. We have a partition of S"~! x G,, 5 into 2P rectangles of the form
@Q = A x B, each labeled as “In H” or “In H*”. Since we assume the total rank is
at most ay/n, for every Q = A x B in the partition, the set A is determined by at
most ap4/n directions. Denote by Q. all the rectangles labeled “In H”, and by Q_
all the rectangles labeled “In H*”. According to our assumption ZQE% p2(Q) < %
1

and EQGQ_ p1(Q) < 5. By Corollary 2.6 and the Cauchy-Schwarz inequality, we

12



have

IA
(]
kS
<
(]
S
<

QeQ+ Qe+
<1121
- 9 3
Similarly we have,
1
> (0810(Q) = Cemv) < 2.

QeQ-
Summing the above inequalities, we obtain

2
0.8 — 2PCe v < 3= D > C'\/n.
O

If Conjecture 2.1 is true, then Proposition 2.5 and Corollary 2.6 are true without
the assumption that the set A depends on a;4/n directions. Hence, we may repeat

the proof of Corollary 2.3 for a general classical protocol, and deduce Theorem 2.4.

2.3 Proofs

In this section we prove Theorem 2.2. This theorem is a special case of the conjecture
for functions that depend only on O(y/n) directions. We assume that n is even
and greater than some universal constant. In this section, when we say uniform
distribution, we refer to the Haar probability distribution.

Throughout this section we shall use the letters ¢, ¢,C' etc. to denote various
universal constants, whose value may change from one line to the next. Additionally,
a1, a9, a3, p > 0 are universal constants whose value would be determined only at
the end of the section. Specifically, in this section we will assume a few upper bounds
for a; in terms of explicit positive universal constants, an upper bound for as in
terms of aq, and a lower bound for as in terms of as.

Let ¢ : By x S™7*=1 — §m=1 he defined by ¥(z,y) = (z, /1 — |z|?y). The map
1 enables us to separate the dependence on the first k coordinates. The following

change of variables formula is standard:

13



Proposition 2.7. For any integrable f : S™ ' — R and any 1 < k < m — 1 there
exists Cp g = (m — k) Vol( By—) /(m Vol(B,,)) such that

/S (@)oo (x) = Cong /B (- )t
. (/Smk1 f (33 m@ dUm—k_l(G)) dr.

Let E = span{ey,...,ex}. Let H CR"™ be a random subspace of dimension n/2
distributed uniformly. Let \q,..., \x be the singular values of the projection map
P : H — E. The singular values \,...,\; are the cosines of the principal angles
between H and E. The next proposition along with Proposition 2.7, allows us to
study the distribution of singular values of a random matrix instead of integration

on a random subspace.

Proposition 2.8. Let H be a random subspace of dimensionn/2, let E and Ay, ..., \g
be as before. Let A = diag(Ay,..., \x). Let U : E — E be a random orthogonal map
distributed uniformly, independent of H. Let f : S"~ 1 — R be a measurable function

such that f depends only on the first k coordinates. Then, the random variable

\/ /S ’ f(x)dow () /S - f(x)dog. (x)

15 equal in distribution to

Coy2 (wmww I— A2)>1/2 , (2.2)

where,
P(A) :/ f (UAUT;I;) (1 _ |$‘2)(n/2—k—2)/2 .
By,

The constant Cy,/ay ts the same as in Proposition 2.7 with m = n/2.

Proof. In this proof, we construct an orthogonal map V' : R” — R" that maps H and
H+* to canonical subspaces that depend only on the principle angles and a rotation
U:FE — E. The map V is chosen such that f would be invariant under V. In order
to construct V' we use the projection maps to define appropriate orthonormal bases
for H, H+ and E.

By the Singular Value Decomposition (SVD) of the projection P : H — E there

14



exists an orthonormal basis x1, ..., 7, of £ and an orthonormal basis y1, ..., y,/2 of

H such that

k
i=1

Since Py; = 0 for all j = k+1,...,n/2 we have yyi1,...,yn;2 € E+. Since

Py; = \x; for i = 1,.. .,k there exists a unit vector v,/o4; € E* such that

yi:/\iﬂfi+\/1—>\?vn/2+i, VZ:L,]{

Denote v; = y; for j = k+1,...,n/2. Let 7 = n/2 4+ i where ¢ < k and let

k+1<j<n/2 Since vgi1,...,0n2k € B+, we have
0= (y;,yj) = <)\l~xi +4/1— )\?W,vj> =/1—= A2 (vy,v).
With probability 1 we have 0 < \; < 1, hence with probability 1
(vir,vj) = 0.

By the same argument we obtain (v;,v;) = 0 for all i # j. Let P, : H- — E be the
orthogonal projection to E. The singular values of P, are exactly /1 — A3, ..., /1 — A3
Note that

A/ 1-— /\%1‘1 — )\1Un/2+1, Y. 1— )\%.Ik — Akvn/2+k c HJ'

are orthogonal to each other. Since the SVD is unique, up to trivial transformations,

k
PJ_ = Z\/l —)\22$1® (\/1 —)\?QZZ —)\i’Un/Q_H) .
i=1

Hence, there exist vy, /o4p41,...,0n € E* such that

/ 2 / 2
L= Mz — Munjagts -5 \/ 1 = A&k — MeUnjaik, Unjatkrts -« -5 Un

is an orthonormal basis of H+. By the same argument as before, with probability

we have

one, Un/241, - - -, Vp are orthogonal to each other. Since v, /oqpy1,...,0n € H* and
Vk41,---,Un2 € H we find that zy,...,2p, Vg1, ..., v, is an orthonormal basis of

R"™. Let V' be the orthogonal map defined by Vz; = z; fori =1,..., k and Vv; = ¢;

15



for j = k+1,...,n. Since V is the identity map on F we have f(Vz) = f(x) for

all z € S 1. Hence,

\/ SHf z)doy(x / f(z)doy.(z \/ SHf (Va)doy(x / f(Vz)doy.(z)

:\/ ) f(x)daVH(x)/S f(x)doy . (x)

HL

Let B, be the unit ball of

V((HN(ETNH)") =

span{A\iz1 + /1 — Aenoi1, - s Mee + 4/ 1 — Alenorn}
k

Zti ()\iiﬁi +4/1 - )\?en/zﬂ') € B,

i=1

where S°F | 12 < 1, we have

k k
= f (Z t; (/\zl'z + \/ 11— )\?en/Q—H’)) = f <Z tz)\zxz> .
i=1 i=1

Let U : E — FE be the orthogonal map defined by Ux; = ¢; fori =1,..., k. We

For any

X

have,

f(z)dz = fUAU 2)dx,

By By

where B, is the unit ball of E. Since the distribution of H is invariant under the
action of O(k) x O(n—k), the distribution of U is uniform over the orthogonal maps

of E. Let By be the unit ball of span{y/1 — A\lz1 — Meyjot1, ..., /1 — ANay, —

)\ken/2+k}. Using the same map U, we have

/ f(x)de = | f(UVI—NU"z)dx

HL K

To finish the proof we use Proposition 2.7 on Sy gz and Sy 1. O]

With probability 1, the matrices A and /I — A? are invertible. Hence, using the

change of variables formula, (2.2) can be written as

\/ n/2k \//kgpA d;(; (pm( )d
| HEP) 1—,\2 K

16



where
(n/2—k=2)/2
palw) = f (@) (1= |UA7UTa]")] -

By the Cauchy-Schwarz inequality this is at least

Chyok / \/¢A(x)¢m(m)dm.

T

Hence, we need to estimate the coefficient and the integral on the function

(n/2—k—2)/4 B 2\ (n/2—k=2)/4
P (1= amwma) T (1 |- o) @3
+
The random variables Ay, ..., A, are the singular values of a block of size n/2xk in

a random orthogonal matrix. These singular values can be described using Wishart

matrices [9)]

Proposition 2.9. Let Ny, Ny be (n/2) x k independent random matrices with inde-
pendent standard Gaussian entries. Let X be a random orthogonal matrix, chosen

by the Haar uniform distribution. Let

v X1 Xip2
Xo1 Xao
Where X1, is (n/2) x k block. Then, the singular values of X11 have the same
distribution as the square roots of the eigenvalues of NI N1(NT Ny + NI Ny)~1

Upper and lower bounds for the eigenvalues of the above matrix, can be achieved

using a concentration result by Gordon for singular values of Gaussian matrices [38].

Lemma 2.10. Let A be (n/2) X k random matriz with independent standard Gaus-
sian entries. Assume that k < n/2. Let s; < --- < s be the singular values of A,

—t2/2

then with probability greater than 1 — 2e we have

V)2 =V —t <s; < s <\/nj2+Vk+t.

Combining both results, we have

Proposition 2.11. Let k < ay\/n and let \y,..., N\, be as before. Then, with

probability greater then 1 — 4e=V™, we have

C(/ar + V2)

g Vi=1ok

s

17



Proof. Let Ny, Ny be as in Proposition 2.9. By Lemma 2.10 there exists p1, .. ., f,

o1,...,0, and U,V orthogonal matrices such that
N[N, = Udiag(2, ..., u)UT, NJ Ny = Vdiag(o?,...,00)V7,
and, there exists C’ > 0 such that, with probability greater then 1 — 4e~ V™,

2 1
:U’i 27

of - 2| < C'(var + V2, (2.4)

for all ¢ = 1,..., k. Assume that event (2.4) holds true. Let E;, Ey be defined by
N{ Ny = (n/2)I 4+ Ey and Nj' Ny = (n/2)1 + E,. Then ||Ejl|,, < Ci(\/az + V2)n®/*
for © = 1,2. We have,

1 2 1 -
NIN{(NINy + NFNy) ™t = 5 (I + ﬁEl) <I + E(El + Ez)) :

Let Ty = (Ey + Ey)/n and Ty = Ey /n, then ||T;|| < C/(y/ai+v2)n=/* fori = 1,2.

op —
We have
T T T -1 1 - j g
NINUNT N NS No) = ( ST+ T ) (1= Tat > (=11 .
=2

Hence,

1
NI N{(N{ Ny + Ny Ny) ™t = S+ T

where ||T']],,, < C(y/ar +V/2)n~ V4, O
Corollary 2.12. With probability greater then 1 — 4e=V™ we have
’|UA‘1UTx\2 + U1 = A2~ 20T ) - 4|x|2’ < C(van + V2 / v,
for any v € R¥.
Proof. Assume that

1
A=—I+T,
V2

where [|T']|,, < C'(y/a1 + v/2)/n'/*. By the above proposition, this event has prob-
ability greater than 1 — 4e~ V™. We have,

-1

-1
A2+ (I-A)1= (%I +V2T + TQ) + (%I — V2T — T2>

=4I —A(NV2T + TH*) L =4I + T,

18



where HT

<C IT2]],, < C(y/ax + v2)?//n. Hence,
op

[UA U 2| + |U(T = A2) 20 2| = (UA2 4 (I = A*) U, 2)
= 4|z|* + <UTUT:1:, :c> .
Hence,

“UA_IUTx‘z + U = A0 g — 4)af?

<[], e
< O(v/a +V2?laf’/ V.
[l

The above proof demonstrates how considering both H and H~ simultaneously
can cancel the first order term in concentration inequalities. This cancellation leads
to great improvement of the estimations, and it is one of the fundamental ideas of
our approach.

The concentration of the principal angles, allows us to evaluate the coefficient

Chyok H§:1 /\jﬁ and the integral on (2.3).

Proposition 2.13. Let C, ;. and C, ) be the constants from Proposition 2.7 with
m =mn,n/2. For k < aj\/n, we have

gk2Cni2k o at/a,

n,k

Proof. By the definition of C,, ; and C}, /31, we need to estimate

S (/4 +1/20(n/2 — k/2 1 1/2)
T(n/4—k/2+1/2)[(n/2 + 1/2)

Using Sterling’s formula and the assumption on k, this is
1 k2 1
1+0(— ——+0(—) ).
(+o() = (50 (7))

Hence, by choosing «; small enough and using the concentration result for

Aiv/1 — A? (as in Corollary 2.12) we have:

]
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Corollary 2.14. Let k < agy/n and let Ay, ..., A\, be as before. Then, with proba-

bility greater than 1 — 4e~V"™, we have

k

1
Chj2,k —
jl:[l Ajy/1 — A2

Proof. Assume that for all 1 <i < k we have \? = 1/2 +t; where |t;| < C'( /a1 +

> 0.98C), .

v/2)/n'/*. By Proposition 2.11, this event has probability greater than 1 — 4e~ V™.
We have,

1 1 2
MVI-N \/ 2+0(2-6) Vi
Hence,
;_2‘ _ C(Jai + V)
VP
We have

ﬁ L (—CW(X_ﬁ EILN (k(\/o‘_l+ \/5)2)) .

J=1 Ay /1= A2 4vn n

We may assume that oy is small enough, such that both

exp (_C(\/Oé_l-z \/5)2041 L0 (al(\/a_l+ \/§)Q>) > 0.99,

Vn

and (By Proposition 2.13), 0.99Cn/27k2k/2 > 0.98C,, . Hence,

k
1
Cojose | [[ ———= = 0.99C;,242"/* > 0.98C,, 1.
j:l )\j1 / 1 - )\3

]

In order to understand the integral on (2.3), we write R¥ as pn=1/4B, U (R* \
pn~Y/4By;) where p > 0. Inside the ball pn~'/4 By, the integral is close to 1. Outside
the ball, we show that the integral is negligible.

/4 uses standard inequalities and

The estimation inside the ball of radius pn~
corollary 2.12 (see Appendix 2.B for the proof). In this proposition we define an

upper bound on p.
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Proposition 2.15. Let k < ay/n. Let A and U be as before. Then with probability
greater than 1 — e~ V"
(n/2—k—2)/4

/ fa) (1~ \A—lUTxf)("/”2)/4 (1 (a3 U%f) dx
pn~1/4By,

+ +
(n—k—2)/2

> 0.95/ fla) (1= |=*)] dz.
pn~14By,

Using the Laplace method (see Appendix 2.B), we estimate the integral outside
on~ Y4B,

Proposition 2.16. Let k < ayy/n. Then, for any f : R™ — Ry with || f||, < e*V™,
we have

(n—k—2

2@1
I1=C, / z) (1= |z|? )/deg—e—”ﬁ.
* Rk\pn—1/4Bk f( ) ( | | )+ p2

The constant C, i, is the same as in Proposition 2.7, and p > 0 is the same as in

Proposition 2.15.

Proof of Theorem 2.2. By Proposition 2.8 and the Cauchy-Schwarz inequality, the

\//SH f(@)don(z) /SHL flz)doy.(x) > 0.9

has the greater probability than the event that

event

(n/2—k—2)/4 B 2\ (n/2—k=2)/4
f @) (1= [A107a]) <1— (-3 Ut ) dx
Rk + +
is at least
k
0.9C, s Ajy/1— A2

7j=1

By Corollary 2.14 and Proposition 2.15 with probability greater than 1 — 4e~vV®
the left hand side is at least

0.93C, 1 / F@) (1 — |z 2R
/4B,
By Proposition 2.7 this is equal to

0.93( - ()don_1(z) — Cp /R f(x)(1—yx\2)<+"“>/2dx).

k\pn=1/4By
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By Proposition 2.16 there exists C > 0 such that for all n > C' we have
0.93Cn,k/ F@)(1 — |z} k=20 < 0.01.
Rk\pn—=1/4B;,
Hence,

0.93 ( (z)don_1(x)— Cpp / fla)(1 - |x|2)5f_k_2)/2dx) > 0.9.
Sn—1 Rk\pn_1/4Bk

]

2.A Protocol for VSP

The protocol we present here is a simple modification of the one presented by Raz
(33].

As before, ¢, c1, C etc. denote positive universal constants.

Let & = [eV™]|. Let Ey,...,E, C R™ be independent random subspaces of
dimension |Ci+/n] chosen uniformly. For every 1 < i < k, let N; = {6%,...,0' }
be independent random vectors in S"~' N E;, where m = [e“2V"|. Alice and Bob
sample (E1,N1),...,(Ey, N;) in advance and store the results. Each real number
stored by Alice and Bob is kept with accuracy of logn bits. The protocol will be
the following: Alice chooses a random index 1 < i < k, and then finds the index
1< j < m such that

s () = ()
Alice sends Bob both indices 7 and j using at most log k +logm = (14 Cy)\/n bits.
Bob checks the distance of 0; to H and H+. If d(@%, H) > d(@%, H) then they answer
that u € H otherwise they answer that v € H+.

In this protocol Alice preforms one measurement. This measurement is in a
subspace of dimension O(y/n), hence the protocol has total rank of O(y/n).

The analysis of this protocol is done in two steps. First we show that the protocol
works when we replace (Ey, N7), ..., (Ey,N;) with shared random pair (E, ). The
complexity of the public coin protocol is logm = Cay/n bits. Second, we eliminate
the need for shared randomness by considering (Ey,N7), ..., (Ey, Ni). This step is
standard, and the cost of eliminating the shared randomness is another logk = \/n

bits. We present the main ideas of these steps.
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In the analysis of the first step, we use two standard results: In the first, we use

the fact that the norm of a projection of a random vector is close to Gaussian [18].

Proposition 2.17. Let v € S be a random wvector distributed uniformly. Let

F CR? be a subspace of dimension {. Then,

l >
P (‘\ProjFUF — 8‘ > t) < Ced vt

Note that by applying a random rotation we may assume that v is fixed and F
is random.

The second standard result shows that our choice of N is typically an 1/2—net
of S"'N E;.

Proposition 2.18. Let z,...,2; be independent uniformly chosen random vectors
cd

e

in S1, where £ = e“Y. Then with probability greater than 1 — e~ « they form an

1/2—net of the sphere.

Sketch of the proof. Let N be an e—net with #N = e¢“* (e.g [32]). For any x € N

we have
P(|zi — x| > € Vi) < e mFlz-zlse),
Since
P(|z; — x| < &)~ e~ 2097k,
we have

P(3z € N; |z — 2| > e Vi) <exp (Clk _ 6(0702(175)2)k> .
O

We are now ready to prove that the protocol works with a shared random pair

(E,N).

Proof. Let u, H be fixed, such that either v € H or u € H+. We have,

0) = Projg0) = Projzu, 0 2.5
pesSring (. 0) peSring (u, Projzf) 9€£%¥OE< rojpt, 6) (2:5)
= |Projzul.
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The dimension of E is |Cyy/n|. By Proposition 2.17 and (2.5) we can choose C

big enough such that
fesn—1nE nt/4 ) —

1
IP’( max  (u,6) > Lg) > 0.91.

Let (93 € N be the closest point to u. By Proposition 2.18, with probability greater
than 0.99, the set N' = {6,...,0,,} is an 1/2—net of S" ' N E. Hence, for any
6 € S"~' N E there exists 6; € N such that |0; — 6| < 1/2. Hence,

{0, u) =

—~

0 — 0;,u)y + (0;,u) < |0 — 0;||Proj pu| + max (6, u)
J

< —|Projgu| + max (6, u) .
J

DO | —

The right hand side does not depend on 6, hence,

1, .
max (6;,u) > max (,u) — 5|Projgul

1
= - 0.u).
é)eg%{(nE (0, u)

Let a = <95, u> With probability greater than 0.9 we have

Let
0; = au+v1—a?v,

where v € S"~' Nut. By the definition v, it is distributed uniformly in S"' N wut.

By Proposition 2.17 we have

1 10

Hence, if u € H, then with probability greater than 0.8 we have,

: . 1 1000
|PTOJH93|2 = o’ + (1 — a®)|Projv|* > 3 + T
and
: . 110
|PI'O.]HJ_93’2 < |Projgovf* < 3 + NG

Hence, with probability greater than 0.8 we have [Projy.6;| < [Projy0;[, thus the
protocol would correctly determine that u € H. The case u € H= is proven similarly.

]
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Next we explain how to eliminate the shared randomness.
Proof. We denote by 0; € N the closest vector to u in N. Let

Proj;0:? > |Projy.0;1*> +10/y/n, if u € H
a vt TProimti > Proj 10/
|Proj,.0;]* > |Projy,0;* + 10/y/n, if ue H+

Let A, g and Ag s denote the corresponding sections of the set A. By the previous

step of shared randomness, for any fixed (u, H) we have,
Pen ((u,H) € Agn) > 0.8.

By the Chernoff-Hoeffding inequality, for any fixed u, H we have
P (#{i; (Ei, Ni) € Ay n}

m

< 0.8) < ek,

Hence, by Fubini’s theorem, for most choices of (Ey, Ni),. .., (Ek, Ni)

P (#{i; (Ei,Ni) € Ay}
u,H

< 0.8) < ek,
m
Recall that Alice and Bob sample in advance the list (Ey, N7),. .., (Ek, Ni). Thus,
with high probability, their protocol works for a any (u, H) outside a set of measure

e=ceV", Hence, for any vector u and a subspace H we can find v’ and H’ for which

the protocol works, |u —u/| < 1/y/n and ||Projy — Projy|,, < 1/v/n. Therefore

|Projyu — Projgu/| < 2/4/n and the protocol works for arbitrary u and H. O

2.B Asymptotic estimates

Here we present the proofs of Propositions 2.15 and 2.16.

proof of Proposition 2.15. Assume the event ||A — I/\/§Hop < O(y/ay + V2)/nt/4
holds true. By Proposition 2.11 this event has probability greater than 1 — 4e= V™.
Define ¢ : R — R by

(n/2—k—2)/4

W(x) = (1 — |A’1UT1:‘2>

9\ (n/2—k—2)/4
(1—‘([—A2)_1/2UT:L’ ) .
+

+

Using the Taylor expansion
log(1 — |2*) = —[z|* + O(|z[")
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for any |z| < 3/4, we have

v(@) = exp (=(n/8 = k/a = 1/2) ([UA U] + |U(1 = A2 2073]" + O(al) )
for any || < 1/10. By Corollary 2.12 for any x € pn~'/4B;, we have
b(@) = exp (= (n—k=2)[22/2+ 0(p*(Var + V2)?) +0(s") +O((en +1/v/n)p?)).

In Corollary 2.14 we assumed an upper bound on «;. Under this upper bound
assumption we can choose p > 0 small enough, independent of n and any specific

choice of «; such that

P(x) > 0.95exp (—(n/2 — k/2 — 1)|z|*) > 0.95(1 — |z|*)"F2/2,
for all z € pn='/4By,. O
proof of Proposition 2.16. By the assumption on f we have

I < C,pe2Vm (1- \x!Q)T_k_W? dx
Rk\pn—=1/4B;,

Using 1 — x < ™% and the assumption k& < ajy/n and that a; is bounded by some

universal constant, for n exceeding some universal constant, we have

I < Cppe™™ e (V2RR=DIE g < O etV el /3 g
Rk\pn—1/4By, Rk\pn—1/4B,

By integrating in polar coordinates, we have

I < Cn,kaOI (Bk) eaz\/ﬁ Tk_lG_nr2/3dr

—1/4

pn
1 0
ot [ e
; nk/2 i/

Define h(r) = —(k — 1)logr + r?/3. The function h is convex, hence
h(r) > h (pn'/*) + 1’ (pn'/*) (r — pn*/*) .

Assuming a; < p?/6 we have,




We have,

J I B e )
o pnl/4

nl/4 oni/
Hence,
I < 2C, xNol (By) phkn M4 2emvnle?/s-eo),
Using
n—kVol(B,_x)Vol(By) n—Fk(n/2 n-e\k/?2
CnrVol(By) = = < <—> )
#Vol(B) Vol(B,) n \k/2) =k
we have
9 nFAYE
1< 5 (Vep) e ™",

Assuming «; > 0 is small enough such that p?/3 — a; log(p\/e/a1) > 0, we optimize

over k, and get

20[1

I< ?exp [—\/ﬁ <p2/3 — aylog(pve/an) — 042)} :

Hence, we can choose
200 < p°/3 — ay log(py/e/an),

to finish the proof. O
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Chapter 3

Intersection with Random

Geodesics

3.1 Introduction

The main question of this paper is whether the length of the intersection with a
random geodesic curve can represent faithfully the measure of a given set. While we
consider it a natural question in geometry, there are additional motivations for such
an investigation. One such motivation is connected to the efficiency of algorithmic
sampling results, such as hit and run [28].

Given a subset A of some ambient space M, the length of the intersection of
A with a random geodesic curve is related to the probability of escaping the set
A by choosing a uniform point on the geodesic. This is related to the notion of
conductance, which is key in studying the effectiveness of hit and run algorithms
(c.g [28)).

We start with the unit sphere S"! = {x € R™; |z| = 1} as our ambient space.
In this case, we expand our scope from geodesics to higher dimensional subspaces.
Let A C 8™ ! be a measurable subset of the n-dimensional sphere. Let H C R™ be
a random k-dimensional linear subspace. We investigate the random variable

UH(AQH)

X = ;
Un—l(A)

where 0,_; and o are the rotationally invariant probability measures on S"~! and

S™=1 N H respectively.
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The case k£ = 2 is our original question of intersection of a set with a random
geodesic. In [22], Klartag and Regev used the case of k = n/2 in order to give a
lower bound on the communication complexity of the Vector in Subspace Problem.
The connection between the concentration phenomenon of random intersections and
communication complexity is through the rectangle method. Here, high concentra-
tion of X shows that any protocol would require the exchange of many bits in order
to distinguish between different states.

In [22] Klartag and Regev showed that when the dimension & is large, the random
variable X is highly concentrated around its mean 1. Their proof consisted of
two main steps. First, they dealt with the case where H is a random hyperplane
(k =n—1). Then they used the result of hyperplanes repeatedly in order to obtain
concentration inequalities for £ which depends on n linearly.

The result of Klartag and Regev is sharp, but their method proves to be more
difficult when the dimension of H is low. Hence we employ a direct analysis of the
affect the intersection has, by defining the Radon transform, as we discuss in §3.2.
In §3.3 we build upon this analysis and obtain a dimension free estimate on the
probability of X diverging from one by a fixed percentage, for random geodesics

(the case k = 2). This result requires us to consider sets of large measure.

Theorem 3.1. Let A C S"! be a measurable subset, such that o, _1(A) = 1/2 then

A

where L is a uniformly chosen geodesic curve on S™ ' and oy, is the uniform prob-

—UL(Amm_l 1 <L
op—1(A) — 218 ) = 218

ability measure on S~ ' N L.

Remark 3.17 in §3.3 shows that we cannot improve the probability bound to a
bound that tends to zero when the dimension grows.

In §3.4 we show that there is no analogous result for random geodesics inside
convex sets. We show, that for any convex body, we can construct a subset of half
the volume of the body, such that a random geodesic curve would either miss it or

its complement with high probability.

Theorem 3.2. Let K C R"™ be a convex body. There exists a set A C K such that
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Vol(A) /Vol(K) =1/2 and

length(L N A) 1
Pl ——= 0,1} | =1-0* | —=
(length(LﬂK) €{0.1} Jn)’
where L = X + RO, X and 0 are independent and distributed uniformly in K and

St respectively.

Here, O* represent the big O notation up to logarithmic factors.

The above construction relies on the concentration of measure in convex bodies.
It is known that for an isotropic convex body, most of its mass is concentrated
in a thin spherical shell. Combining this with the concentrated one dimensional
marginals of a uniform random vector on the sphere, we see that a typical random
geodesic will miss a neighborhood of the barycenter of the body. This allows us to
construct the desired subset on the convex body.

The different phenomena observed in Theorems 3.1 and 3.2, raise the question:
which of the two would occur for random geodesics in different spaces? In §3.5 we
show how the same tools used to analyze random geodesics on the sphere can be
used on the discrete tours Z/pZ where p is prime, and obtain a similar result to
Theorem 3.1.

It would be interesting to understand which other ambient spaces M behave
similarly to the sphere and the discrete torus, and which behave similarly to convex
sets. A more general question is whether we can find a sufficient condition for such

phenomena. A possible candidate would be a curvature condition.

Question 3.3. Does a positive Ricci curvature implies a theorem analogous to The-

orem 3.1¢

The main tool for understanding both the sphere and the discrete torus is to
define the appropriate Radon transform, that averages functions on subspaces. In
§3.2 we develop our method to calculate its singular decomposition. The calculations
in §3.2 are not limited to the case of geodesics (k = 2), and in §3.6 we expand our
analysis to all 2 < k <n — 1.

One of the consequences of this analysis is a bound on the variance of the random

variable oy (AN H)/o,-1(A).
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Theorem 3.4. Let A C S" ' be a measurable set. Let 2 < k < n — 1, and let

H CR"™ be a random subspace of dimension k. Then,

vr ("i“—&?”) : k?n_—ki) (anj(A) - 1) |

The above analysis could possibly lead to a direct proof of the result of Klartag

and Regev, or to generalize [15], where we average the measures of the intersections

with a random subspace and its orthogonal complement.

3.2 The Radon Transform

In this section we introduce the Radon transform, an integral transform that av-
erages a function along a given subspace. We denote by G, ; the Grassmanian

manifold of all £ dimensional subspaces of R".

Definition 3.5. Let 1 < k < n. The Radon transform Ry, : L* (S"™') — L*(Gn)
is defined by

RfE) = [ flados(a)

where og is the SO(n) invariant Haar probability measure on S" ' N E.

We can see that the radon transform gives a functional version of our geometric
question. Taking f to be the normalized indicator of a subset A C S"~! and E to
be a random subspace, we obtain

B ¥ TC Gy
ka(E> —/SnlmE Un_l(A)d E( ) o'n_1(A> .

Hence, understanding the singular values of the radon transform, will give us a
clearer picture of the behavior under random intersections.

In this section, we express the singular values of the Radon transform R, by a
one dimensional integral. In later sections we analyze this expression in order to
understand random intersections on the sphere by k dimensional subspaces.

In order to find the singular values we introduce the conjugate transform of the

Radon transform.
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Definition 3.6. Let 1 < k < n. The conjugate Radon transform R : L* (Gpx) —
L% (S"1) is defined by

Rig®) = [ g(Byduab)
{E; 6cE}
Where piy o is the Haar probability measure on
{EeGn € B},
invariant under the SO(n — 1) action of rotations on R™ that fix 0.

For every 1 < k < n we define the operator Sy = R;Rj. By definition, if )\i’i is
an eigenvalue of Sy then \;; > 0 is a singular value of Rj.
We use the symmetries of Sy in order to show that the spherical harmonics are

its eigenfunctions (for more details about spherical harmonics see [30]).
Proposition 3.7. The eigenfunctions of Sy are the spherical harmonics.

Proof. The space of spherical harmonics of fixed degree is an irreducible represen-
tation of SO(n). Hence, by Schur’s lemma, it is enough to show the operator
Sy commutes with the SO(n) action. Let U € SO(n), let f € L*(S™') and let
g € L*(G,x). We denote by Ty and T}, the action of SO(n) (the Koopman repre-
sentation) on L?(S™™ ') and L?(G,, ) respectively,

Tyf(x) = fF(Ux), Tyg(H) = g(U H).
By the definitions of the Radon transform and the measures, we have

1 (Ruf) (1) = Ruf (U H) = | f@)r (o) = [ f(U a)dou(o)
U-1HNnSn—1 Hnsn—1
= Ry (Tv f) (H).
Since [}, is conjugate to Rj we have
Ty (Ryg) (0) = Bi (T79) (6).

Hence,

Ty (Skf) (0) = Ty (Rp Ry f) (0) = R Ry, (Tu f) (0) = Sy (Tu f) (0).
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By considering the map ¢ : [—1,1]x.S" ™2 — S™~! defined by ¢ (s, ) = (s, V1 — s2x),

we obtain the following standard formula for integrating on the sphere,

Proposition 3.8. Let f € L?(S™'). Then,

( / f (V=) dan—z(y)) (11—,
gn—1 sn—2
where 7, = T(n/2)/(y/7C(n/2 —1/2)) = \/n/(27) + O(1//n).

1

(x)doy—1(x) = Tn/

-1

Let P, denote the Gegenbauer polynomial of degree ¢ with respect to the weight

function (1 — ¢2)"=3)/2_ We use the standard normalization [30],

P1) = (€+2_3)'

It is well known (e.g [30]) that we can define a spherical harmonic of degree ¢ by

using the Gegenbauer polynomial of the same degree.

Proposition 3.9. Let £ € S"71, then f,(0) = Py({0,€)) is a spherical harmonic of
degree (.

Since the space of spherical harmonics of a fixed degree is irreducible, they all
share the same eigenvalue for S;. Hence, we can combine both propositions, and
express the eigenvalues of Sy by one dimensional integrals of the Gegenbauer poly-
nomials. We note that when ¢ is odd and f, is a spherical harmonic of degree ¢, it
is an odd function. Hence, Ry f, = 0, or equivalently, A\, = 0 for odd ¢. Therefore

we need to consider only spherical harmonics of even degree.

Proposition 3.10. Let £ > 0 be even. Let A}, be the eigenvalue of Sy, that corre-

sponds to spherical harmonics of degree €. Then,

, S R (- £2) =32 gy

k. — (é+rg—3)

Proof. We choose the spherical harmonic f,(z) = Py ((z,e1)), where e; = (1,0,...,0).
By definition of A;, we have,

(Skfe) (0) = XZ o fe(0).

By choosing # = e; and the normalization of the Gegenbauer polynomials, we have

susi) () = = (70
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Hence, we need to show that

1

(Sefo) (e1) = 0 / Pty (1 - 2) 2 ay.

-1

By definition of the operators R; and R; we have,

(Skfe) (e1) = (R Ry fo) (e1) = /{E . /S"lmE fe(x)dog(z)dpye, (F).

Using Proposition (3.8) on the inner integral, we have

1
(Sefo) (e1) = 70 / / / Folt, VT= By)dognes () (1 - )" dtdpu,.
{B; e1€E} J -1 J S"~1NENe{

By our choice of f, we have fi(t,y) = Py(t). Hence, the integrals with respect to

Opret and p e, are on a constant function, and the proof is complete. O

In [15] we studied the random variable

\/ / fdos / fdoe.
Sn—1nH Sn—InHL

where dim(H) = n/2. Using a similar method as above we can calculate the second

moment of this random variable.

Theorem 3.11. Let 1 <k <n—1. For any f,g € L*(S™ ') we have,

(0 nf2 =2\ (2040 -3\
<SP Ml

Jj=1

‘/ka(H)Rn—kg(HL) _/fdan—l/gdan—l

and

[ sty =S (Y (U0

=0
where fop and gop are the projections of f and g to the space of spherical harmonics

of degree 20.
Proof. Let ¢ : Gy, — Gy n—r be the involution
o(H) = H*.

As before, the operator R;pR,_; commutes with rotations, hence it is diagonalized

by the spherical harmonics. Let P, be the Gegenbauer polynomial of degree 2¢
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and fy, the spherical harmonics defined by for(z) = Pay(z1). Denoting by ny the

corresponding eigenvalue, we have

n—1nfgLl

U2zp2e(1) = ﬂzefze(el) = RZSDRnfkf%(el) = / / fQZdO'HLd/Lel.
{H;e1€H} JS

Since e; € H for every x € H* we have (z,e;) = 0. Hence, the inner integral is on

the constant function f5,(0), and we obtain

N2ePae(1) = f20(0) = P (0).

Hence, by using [36, equation 4.7.31]

o = Py(0) _ (—1)¢ (£+n22 - 2> (25 +272 _ 3>_1.

Let f and g be a spherical harmonics of degree 2¢, we have

(Bif, oBn-rg) = (f, B Rnrg) < |mel [ £ |9l -

If f = g then we can get equality

(Rif, oRn_rf) = me | fII*.

In order to finish the proof, we remember the spherical harmonics of different degrees

are orthogonal to each other. O

Remark 3.12. Theorem 3.11 shows that the integral over the Grassmanian

/ Rof (H) Ry f (H*).

does not depend on the dimension of H.

Note that Py(0)/Pa(1) are the singular values of the Radon transform R,,_;.
Hence, we can repeat the analysis of Klartag and Regev for estimating the norm of

the projections and the sum. We get,
Corollary 3.13. Let f,g: S" ' — [0,00). Assume that [ f = [ g =1, then for all
1<k<n-1

[ st gt - 1| < o E U e lolke)

n
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3.3 Random Geodesics on the Sphere

The goal of this section is to prove Theorem 3.1. We do this by calculating the
singular values of the Radon transform R, and use them to bound the variance of
the random variable o (AN L)/o,—1(A).

There are two natural ways to get a random geodesics on the sphere. The first
is intersecting the sphere with a random 2 dimensional subspace. The second is by
choosing a uniform random point X € S*~! and a uniform direction Y € TxS" !
of unit length, and define L as the geodesic curve that starts at X in the direction

Y. We note that these two methods have the same distribution.

Proposition 3.14. The eigenvalues of Sy are

e (tn/2=2 2204+ n -3\
22 ¢ 20 ‘

Proof. By Proposition 3.10 we have

L[ P (=) a

k.t — (e+rg—3)

2

Using the change of variables ¢t = cos ), we obtain

Ty foﬂ Pyy(cost)dt

(*5)

2 _
)‘2,22 =

We have
1 1 -1
—= —dS = 1 5
B (/—1 V1—s? ) m

and by the zero coefficient of the trigonometric polynomial Py(cost) (see [36, equa-

tion 4.9.19]), we have

m 2 —2\?
/ PQZ(COSt)dt:Tf(g—i_né )
0

Next we prove that the biggest eigenvalue of S5 is /\372.
Proposition 3.15. The eigenvalues of Sa, {3 4,} is a decreasing sequence.

Proof. By Proposition 3.14, we have

n/2—1\ 2 n—
Nows (IR 204+ D+ 20— 2)

N [G A S I CEE )
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Hence, for the sequence to be decreasing, we need the ratio to be at most one. This

condition is equivalent to

n+4¢ >0,
which is always satisfied. O
By Proposition 3.14 we have
n—2
ANy =— .
22 2(n —1)

Combining this with Proposition 3.15, we can give an upper bound for the variance

of a Radon transform of a function by the variance of the original function.

Corollary 3.16. Let f € L* (S™") such that [g, , f(z)don,_1 = 0. Then

1
HRQfHLQ(Gn,Q) S ﬁ HfHLQ(S"—l) .
Using Corollary 3.16 we can prove Theorem 3.1.

Proof. Define f(z) = 1a(x)/0y-1(A)—1and X = 0 (ANL)/o,-1(A). By Corollary
3.16 we have

s Ll
IRt < 50 =5 (=g =)

On the other hand,

Setting o, _1(A) = 1/2 and t = 1/2'/? finishes the proof. O

Remark 3.17. By looking at the set A = {x € S™1; |v1| > T} where T =~ ¢/\/n
is chosen such that 0,_1(A) = 1/2 we see that the probability bound in Theorem 3.1
cannot be improved to an expression that decays with the dimension n. See Figure

3.1 for simulation results of this example.

Remark 3.18. As we can see in Figure 3.1, there are no small ball estimates on

either side and there is no apparent information about the shape of the distribution.
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Figure 3.1: Histogram of simulations on the sphere in dimension 1000 with 10°

samples for different sets A.
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3.4 Random Geodesics in a Convex Body

In this section we prove that there is no analogous theorem to Theorem 3.1 when we
choose random geodesics inside a convex body. We show that for every convex body,
we can find a set such that the relative length of the intersection with a random line
is close to a zero-one law.

There are different distributions for geodesics inside a convex body. We focus
on the following model; choose a random point X € K distributed uniformly, and a
random direction § € S"~! distributed uniformly on the sphere and independent of
X. The random geodesic is defined by L = {X + R6}.

This model of random geodesics is the hit and run model, commonly used in
various algorithmic problems such as computing the volume of a convex body.

We say a convex body K C R" is in isotropic position if a random vector X
distributed uniformly inside K has EX = 0 and EX ® X = Id. We start by two

observations about isotropic convex bodies.

Proposition 3.19. Let K C R" be an isotropic convex body. Let X be a random

vector distributed uniformly in K. Then for any a > 0 and any € > 0 we have
P((X,6) |z a+e) 2P ([ (X, &) ] = a) —ce,

and

P((X, )| <a—¢e) 2P((X,§) | <a) —ce,

where ¢ > 0 is a universal constant and £ € S™ 1.

Proof. Let f: R — R, be the density of (X, §), then f is log-concave, [¢f(t)dt =0
and [tf(t)dt = 1. By [12] we have

sup f(t) < ef(0).

By the Berwald-Borell lemma [6, 8] the functions M*(p) = (T(p+1))~* [P f(t)dt
and M~ (p) = (T(p+1))~" ffoo t? f(t)dt are log concave in [—1,00). Hence,

ME(0) > (M*(=1))"* (M*(2))"° .
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Since f is a density function for an isotropic random variable, we have
M*(=1) = M~ (=1) = f(0)
M*0)+ M (0)=1

M*(2)+ M~ (2)

ro

1/
Adding everything, and using a'/® + b'/3 > (a + b)'/? for all a,b > 0, we have
L= MH(0)+ M7(0) > £22(0) (MF(2)" 4+ (M-(2))7") = 021
Hence,
sup f < ef(0) < eV/2.
To conclude, we have

P((X,0za+e)=P((X.§)[=a)-Pla <[(X,§)| <a+e)

>P([(X,§)[ = a) —2esup f =2 P(|(X,§)| 2 a) —ce.

The second statement follows similarly. O]

Proposition 3.20. Let K C R"™ be an isotropic convex body. Let X be a random
vector distributed uniformly in K. Let § € S ! and let £ : K — R, be the length
function in direction 0, that is {(x) = length (K N {x + RO}). Then

P(U(X) > t) < 2e7,
where ¢ > 0 1s a universal constant.

Proof. The function £(z) depends only on the projection of z to the hyperplane 6.
Hence, by Fubini’s theorem we have,
EP(X) = — / (@) () da.
Vol (K) Proj, | K
Let Sp be the Steiner symmetrization in the 6 direction and set 7' = Sy K (for more
details on the Steiner symmetrization see [7]). Since the Steiner symmetrization is
in the 0 direction the function ¢ and Proj,. K are preserved under it. Hence, for a

random vectors X and Y distributed uniformly on K and T we have,
E(Y) = EF(X).
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In addition
Var (Y, 6) < Var (X, 0) = 1.

Hence, by the Berwald-Borell lemma [6, 8] we have

1/2

(E|(Y,0) )" < Cp (B[ (Y,0) ") " < Cp.

Since (Y, 0) is a symmetric random variable, we have

Y — e ) ) ! e ) o)
E|(Y,0)|” = / / tlPdt | L(y)dy = / / tiPdt | {(x)dx
Vol (T) Proj, . T \ -/ —£(y)/2 Vol (K) Proj, 1 K \J—t(z)/2

1 1

— 2r(p+ 1)Vol (K) /PronLKng(x)E(I)dx = mEng(X)

We have,
B (X) = 20| (Y, 0) [~ < (2071 < CPpl.

By Markov’s inequality, for any o > 0 we have

o0 P o
P(((X) > t) = P(e*M) > ) < e B =7y O‘—,M(X) <e ™) (Cra).
p=0 I p=0
Choosing o = 1/(2C) concludes the proof. O

Another observation we use is the concentration of measure on the sphere. The
following proposition can be proved by a direct computation or by the concentration

of Lipschitz functions on the sphere.

Proposition 3.21. Let § € S™! be a random vector chosen by the uniform distri-

bution, and let € € S™! be a fived direction. Then
P(|(0,€) ] >1t) < Ce ™2 Vt>0.

We are now ready to show that random geodesic sampling in any isotropic convex
body can be close to a zero one law. Let K C R"™ be a convex body. For any
¢ € 8" define the set Ac = {z € K; |(z,&)| > t¢}, where t¢ > 0 is chosen such
that Vol (A¢) /Vol (K) = 1/2.

Proposition 3.22. Let K C R" be an isotropic convex body. Let X be a random
vector distributed uniformly in K. Let L = {X + R0} where X is uniform in K and

0 is uniform in S"1. For any & € S"! we have,
length(L N Ag) 1
P 0,1} | =1-0"( —|.
(length(L nrk) €101 NG
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Proof. We define the following events:

D= {|<X,§>|2t§+c_1%},

B logn
P={l6.01<2521,
M = {length(L NK) < c_llogn},

where ¢ > 0 is the constant from Proposition 3.20. Assuming the event DNPNM, we
have X inside A with distant to the inner boundary of A¢ of at least ¢~ log® n/\/n.
In addition, the line passing through X can diverge in the £ direction by at most

¢ tlogn - logn/y/n, hence it cannot escape it. Therefore,

length(L N Ag)
=1|>P(DNPNM).
<1ength(LﬂK) = P(DNPNM)
By previous propositions
C
P(P)>1— —
(P)21-2,
P(M)>1 2
iy n?
and
1 log®n
P(D = ! .
Hence,

length(L N Ag) 1 L1
P =1]>=-- — .
<length(L NK) — 2 © vn

We can repeat the argument by replacing D with

1 3
D':{|<X,5>|Stg—c-1 8 ”}

B

and obtain

length(L N A¢) 0
length(LNK)

o ()
O

Remark 3.23. There are other examples of subsets with a similar property. For
example, similar analysis shows that in an isotropic convexr body K with constant
thin shell width (e.g the cube or the simplex) the set A = K N (RBY), where BY is
the euclidean ball and R is chosen such that Vol(A) /Vol(K) = 1/2, has a similar
property (when replacing 0,1 with o(1),1 — o(1)).
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Figure 3.2: Histogram of simulations on the sphere in dimension 1000 with 3000

samples for A, defined on different convex bodies.

In order to complete the proof of Theorem 3.2, we note that we can repeat this
argument for any convex body, but in a specific direction ¢. Let K C R"™ be a convex
body. Let X be a random vector distributed uniformly in K. Denote the covariance
matrix of X by C = EX ® X. Choosing ¢ = argmax{(Cz,z); = € S" '}, will
obtain the desired result.

While Theorem 3.2 shows that for some subsets of the simplex, intersection
with random geodesic will have a zero one law, Theorem 3.1 shows that for the
simplex there is another curve model that samples subsets of the simplex in a more
representative way.

Let A, = {x € R"; ; > 0, > x; < 1} be the Archimedes simplex in R". Tt is

well known that the transformation 7, : S***! — A, defined by
Wn(l‘) = (I’% + x31+27 cee ,I’i + x%n—i—l)

pushes the surface area measure of the sphere to the volume measure of the simplex.
Let x,y € S?"™! be orthogonal to each other, and let v(t) = zcost + ysint, be the

geodesic curve that starts at = in the direction y, and 6 = 7, o y. We have

(6(2)); = ((my)(t)); = (cj cost + y; sin t)? + (Cpyjr1COSE + Yy sint)?

DO —

1
= —(%2 + $121+j+1 + y]z + y721+j+1> + 5(553 + “7721+j+1 - ?J]2' - y121+j+1> cos(2t)

+ (TYj + Tngj+1Ynrj1) sin(28).
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Hence, the map m, maps geodesics on a sphere to a ellipses in A,,. Hence, we

can push forward our result to the simplex and get,

Corollary 3.24. Let A C A, be with Vol(A) /Vol(A,) =1/2. Let L be a random
ellipse in A, chosen as the m, image of a uniform geodesic on S**~. We have,

where p is the push forward on the length by the map m,.

Question 3.25. Let K C R" be a convex body, can we find a distribution of curves

inside K that would generalize Corollary 3.24 to K?

3.5 Arithmetic Progressions in Finite Fields

In this section we demonstrate how a similar technique to the one we used to prove
Theorem 3.1, can be applied in other settings. We analyze the intersection of subsets
of the n dimensional discrete torus with random arithmetic progressions.

Let p > 0 be a prime number and let n > 0 be an integer. Denote Z, = Z/pZ,
and

Gp={(a,a+b,...,a+ (p—1)b); a,b € Z;, b#0}.

For convenience we shall denote a sequence (a,a +b,...,a+ (p — 1)b) by the pair

(a;b). We define a discrete version of the Radon transform R : L*(Z3) — L*(G)) by

—_

p—

(Rf)(a;b) = fla+jb).

=
<
Il
o

The conjugate transform R*: L*(G,) — L*(Zy) is defined by

(Rg)(a) = —— " glab).

pr—1
As before, we define S = R*R.

Proposition 3.26. The eigenvalues of the operator S are

pn—l -1

A =
pr—1

Y
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for functions with mean zero, and
A =1,
for constant functions.

Proof. The operator S commutes with translations. Hence, the eigenfunctions of S

are of the form f,(x) = ¢2™®¥)/7 for y € Z. We have,

Sfy(a) = m;ify(aﬂb)-

J=0

By the definition of f, we have

s b )
Z a+ jb Z 6z27r (a+jby) 6i27r<a,y)/p Z eiQWj(b,y)/p _ fy(a) ) ) .
j=0 7=0 Jj=0 07 <b7 y> 7é 0

Hence,

1 p"—1,y=0

1
S(fy)(a) = fy(a)— ; (by) =0,b# 0} = fyla)—
e LA VT R
We have,
n—1
=P T2 vy Ao
P 1

]

Using the singular values of the Radon transform, we can bound the variance as

before, and get a result analogous to Theorem 3.1.

Theorem 3.27. Let A C Z" with m(A) = 1/2 and let a,b € Z;; be random vectors
such that b # 0. Let L = {a,a+b,...,a+ (p — 1)b} be the arithmetic progression
defined by a and b. Then,

(‘#AHL ’>\/§>§%.

3.6 Intersection With Higher Dimensional Sub-
spaces

In § 3.2 we saw how to express the singular values of the k£ dimensional Radon

transform Rj by one dimensional integration of the Gegenbauer polynomials with
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respect to some weight function. We used this result in § 3.3 in order to find the
behavior of intersection with random geodesics on the sphere through the special
case k = 2. The purpose of this section is to understand random intersection on the
sphere by subspaces of higher dimension k£ by studying the singular values of Ry for
k> 2.

It is possible to generalize the approach of Section 3.3 and use the known coef-
ficients of the trigonometric polynomials P(cost) (see [36]) and the Fourier series
of sin"~2(t). By orthogonality of the Fourier basis, this will be a finite sum, and
the number of summands in A9, is min{¢, k/2 — 1}. If either k or ¢ are small, the
calculations are simple, but when both £ and ¢ are large, it becomes difficult to
handle.

We begin with an example of results of this method. Here, we fix a small k£ and

calculate A} ,, for all /.

Example 3.28. The eigenvalues of Sy are

N = (E : Z ) 3> ) (6/2 +€%2 ) 2>2 (¢ + n22 ;)é(gé +2)

We obtain |A\s2| < 1/2. For large { we have

n 3/2
2 o
MemC (€<n + 6)) '

In addition, using Proposition 3.15 the sequence {Ai%} s a product of two positive

decreasing sequences, hence it is also decreasing. We obtain, that for any f €

L?(S"1) such that [, f(x)don,—y =0,

171 22 g1y -

DO | —

R4Sl 2260y <

Similarly we can calculate the eigenvalue A} , for all even k > 2.

Example 3.29. For any even k > 4 we have,

9 n—=2)( k=2 \n—Fk/n—1\" n—k
Ao = Th——— —_— = —.
: 21 \k/2-1) k 2 k(n—1)
We employ a different technique in order to calculate the eigenvalues of Sy for

all £k and /.
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Proposition 3.30. Let 2 < k <n and let { > 1. Then,

20 +n—3\ 'VAL(20+n/2 — DD(k/2 —1/2) (=0 —n/2 4+ k/2+1),
( ) T((+D)T(k/2+00(n/2—1) (=20—n/2+2),

where (a)y, is the Pochhammer symbol.

When a,b > 0 and b € Z, we have (a), = ['(a+b)/T'(a) and (—a), = (—1)T(a+
1)/T(a—b+1).

Proof. By Proposition 3.10, it is enough to calculate f_ll Pyy(t)(1 — t2)k/2=3/2qt. By

[36, equation 4.7.31] we have

¢ g 2T =G+ n/2-1) 5
Po(t) = Z(_ ) L(n/2—1)T(+ )20 — 25 + 1)t o

5=0
Hence, we can start by integrating only the monomials. By standard computations,

' 2m 2\k/2—3/2 _F(m—|—1/2)F(k/2—1/2)
/115 (1 — t2)k/2=32q1 = (m + £/2)

Combining the two, we have

' 2 1/2) & 22e2ap2 o 1\T(P — 44 1/0
J R e ==
- Tn/2-1) = T(j+ DT(20 = 2 + DI = j + k/2)
Multiplying inside the sum and diving outside the sum by
rie+1)Irk/2410)
VL2 +n/2 — 1)

we need to sum over

2270020 — 4 n/2 — VD0 — j + 1/2)D(0 + D)D(k/2 + 0)
T(j+ D20 —2j + )Tl — j + k/2)y/a0(20 +nj2 — 1)

Since (see [1, equation 6.1.18])

27T —j+1/2) 1
VaAl(20 —2j+1) T —j+1)

Using the definition of the Pochhammer symbol for negative numbers, we can reduce
the summands to

Fe+Drk/2+ 00204+ n/2—35—1) (1) (f) (—=k/2—10+41);
DT —j+DI(k/2+0— (20 +n/2—1) ) (=20 —n/2+2);

(_1)JF<
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By the Vandermonde identity (see [35, Appendix IIIJ)

i () k24 1), (l—n/2+4k/2-1)

= (=20 —n/2+2); (=20 —n/2+2),
Hence,
! oz, VITR20+n/2 = 1D)T(k/2 —1/2) (=0 —n/2+ k/2+ 1),
/_lpﬂ(t)(l_t Rt = DT T Of /2= 1) (2 —nf2 12

]

Corollary 3.31. Let 2 < k < n — 1. The sequence {\.2/}> of eigenvalues of Sy, is

a decreasing sequence.

Proof. Using the functional relationships I'(z + 1)/I'(z) = z and (z + 1),/ (@) =
(m + x)/z, by Proposition 3.30, we have

Aroeva _ (20+1)(20+1n — k)
Af 20 (20+Ek)(20+n—1)

()

We note that for any k& > 1, this ratio is strictly less than one, hence the sequence

is decreasing. O]
Using the above calculations, we can prove Theorem 3.4.

Proof of Theorem 3.4. By Corollary 3.31 the non trivial singular values of R are
at most A\ 2. By Proposition 3.30 we have

\ n—1\""'Val(n/2+1)T(k/2—1/2)n—k
k2= T’“( ) T(k/2+10(n/2—1) n

In addition,

__ Dk/2)
= A (k)2 — 1/2)°
We have,
2(n — k)I'(n/2+4+ 1)I'(k/2)  n—k

2 _
Apo =

nin—1)(n-2)T(k/2+ 1D (n/2—-1) k(n—1)

Hence, for any f € L*(S™!) we have

Var(Ry.f) < %VM( f).

To finish the proof, we set f to be the normalized indicator of the subset A C
Snt ]
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The importance of Corollary 3.31 is not only in showing that the sequence is

decreasing, but also by the rate of the decrease in (x).

Example 3.32. When k =n — 1, Fquation (x) gives us

g Z
An1.00 < — | .
n—1,2¢ > (Cn+£>

This is the rate used by Klartag and Regev in [22] to prove the result for intersection
with hyper-planes.

Another interesting case is when k& = [n/2]|. Equation (%) gives us

¢ \2
An < |(C—— )
/226 = ( n—l—f)

An interesting question would be to give a direct proof for Theorem 6.1 in [22]
using this result. A possible starting point would be to generalize the hypercontrac-

tivity result (Lemma 5.3 in [22]) for the Grassmanian manifold G, .
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Chapter 4

Scenery Reconstruction in the

Hypercube

4.1 Introduction

Let f:{—1,1}" — {—1,1} be a Boolean function on the n-dimensional hypercube,
and let S; be a random walk on the hypercube. Can we reconstruct the function
f (with probability 1, up to the hypercube’s symmetries) by only observing the
scenery process {f(S;)},?

Similar questions have been raised for other graphs. For example, it was shown
in [5] that when G is a cycle graph, the answer is yes: it is possible to reconstruct
the function f (which is a string up to choice of origin) up to rotation and reflection
with probability 1. It is still an open question whether any such string can be recon-
structed in polynomial time. When G = Z, reconstruction is generally impossible
[25]; for random sceneries on Z see [29)].

When G is the hypercube, such a process was studied for a specific Boolean
function, the percolation crossing, under the notion of dynamical percolation; see [13]
for details.

In the general case, however, we show that for n > 4 the answer is no. We do
this by considering a pair of non-isomorphic functions f and g such that if .S; and
T; are random walks on the hypercube, then f(S;) and ¢g(7;) have exactly the same

distribution. We discuss two different classes of such functions:
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e Locally p-biased functions: Let G be a graph. A Boolean function f : G —

{—1,1} is called locally p-biased, if for every vertex x € G we have

{y ~x fly) =1} _
deg(x)

p.

In words, f is locally p-biased if for every vertex x, f takes the value 1 on
exactly a p-fraction of z’s neighbors. If f is a locally p-biased function, then the
random variables { f(.S;) }; have the same distribution as independent Bernoulli

random variables with P(f(S;) = 1) = p.

e Locally p-stable functions: Let G be a graph. A Boolean function f : G —
{—1,1} is called locally p-stable, if for every vertex € G we have

{y ~; flz)=f)} _ )
deg()

In words, f is locally p-stable if for every vertex x, f retains its value on
exactly a p-fraction of x’s neighbors. If f is locally p-stable, then the random
variables { f(.S;) f(Si+1)}: have the same distribution as independent Bernoulli
random variables with P(f(S;)f(Siy1) =1) = p.

We say that two Boolean functions f,g: {—1,1}" — {—1, 1} are isomorphic, if
there exists an automorphism of the hypercube ¢ : {—1,1}" — {—1,1}" such that
f o1 =g. Two functions are non-isomorphic if no such ¢ exists.

The existence of two non-isomorphic locally p-biased functions, or two non-
isomorphic locally p-stable functions thus render scenery reconstruction on the hy-
percube impossible.

It is not immediately obvious that pairs of non-isomorphic locally p-biased and
pairs of non-isomorphic locally p-stable functions exist. It is then natural to ask, for
which p values do they exist? If they do exist, how many of them are there?

In this paper, we characterize the possible p values on the n-dimensional hyper-
cube, give bounds on the number of non-isomorphic pairs, and discuss results on
other graphs. The paper is organized as follows.

In § 4.2 we give a full characterization of the connection between the dimension
of the hypercube n and the permissible p values of locally p-biased functions, as

expressed in the following theorem:
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Theorem 4.1. Let n € N be a natural number and p € [0,1]. There exists a locally
p-biased function f : {—1,1}" — {=1,1} if and only if p = b/2% for some integers
b>0,k>0, and 2% divides n.

Our construction is based on the Hamming code. In this code, some of the bits of
an n-bit word are designated as parity bits, and their value is a linear combination of
the rest of the word such that all the words in the code have a minimum distance of
3. Combining different translations of Hamming codes, we can construct functions
for all p of the above form.

In § 4.3 we inspect the class size of non-isomorphic locally p-biased functions on
the hypercube. We show that the class size for p = 1/2 is at least C2V™/n'/* for
some constant C' > 0, and for p = 1/n is super-exponential in n, when such p values
are permissible. Thus reconstruction is impossible for such functions. We conjecture
that the number of non-isomorphic locally p-biased functions scales quickly for all

permissible p values:

Conjecture 4.2. Let n > 0 be even. Let p = b/2%, where 1 < b < 2% k > 1 and
2F divides n. Let B} be the set of non-isomorphic locally p-biased functions. Then

|Bg} 18 super-exponential in n.

In § 4.4 we briefly discuss locally p-stable functions. We show that they exist
for all possible p values, and that for most p values there are many non-isomorphic
pairs; however, for every n, there are p values for which there is a single unique
locally p-stable function. The results in this section are based on those of § 4.3.

In § 4.5 we discuss locally p-biased functions on other graphs. First, we show
that when G is a regular tree of degree n, then all p = a/n are permissible. Second,
we show that for G = Z" all the results for the hypercubes hold true. This gives us
a partial answer for permissible p values for Z", but there are additional values that
cannot be achieved through the hypercube construction: for example, for n =1 we
can define a function with p = 1/2 and when n = 2 we can find a function with
p = 1/4. We also discuss other Cayley graphs of Z, and suggest further questions
on scenerey reconstruction.

Throughout most of this paper we treat the Boolean hypercube as the set
{—=1,1}". We identify it with the {0, 1}" hypercube by considering —1 in the first to
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correspond to 0 in the second. In this context, for two functions f,g: {—1,1}" —
{—1,1}, the support of f is the set {z € {—1,1}"; f(z) = 1}, and the union of f

and g is the function supported on the union of the supports of f and g.

4.2 Characterization of permissible p values for
locally p-biased functions

In this section we prove Theorem 4.1. The “only if” part is achieved by a double

counting argument.

Proof (of the “only if” statement of Theorem 4.1). Let f : {—1,1}" — {—1,1} be
a locally p-biased Boolean function. For a given vertex, p represents both the fraction
of neighbors on which f obtains the value 1, and also the fraction of vertices of
the entire graph on which f obtains the value 1. Thus p = m/n for some m €
{0,1,...,n}, and also p = 1/2" where | = |[{z € {-1,1}"; f(z) = 1}|.

p:—:

) m
AL n

(4.1)
Decompose n into its prime powers, writing n = ¢2¥, where c is odd. Then by (4.1),

we have that

as stated by the theorem. O]

The “if” part of Theorem 4.1 is given by an explicit construction, performed
in three steps. First, we use perfect codes (introduced below) in order to obtain
a locally 1/n-biased function for n that is a power of two. Second, we extend the
result to a locally m/n-biased function by taking the union of m locally 1/n-biased

functions with disjoint support. Finally, given a locally p-biased function on n bits,
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we show how to manipulate its Fourier representation in order to yield a locally
p-biased function on cn bits for any c.

We begin with a brief review of binary codes. We omit proofs and simply state
definitions and known results; for a more thorough introduction, see e.g [26, 27].

A binary code C on the n-dimensional hypercube is simply a subset of {—1,1}";
its elements are called codewords. The distance of a code C'is defined as min, 2yec du(z, y),
where 0y (z,y) = [{i € {1,...,n};z; # y;}| is the Hamming distance between x and
y, that is, the number of coordinates in which x and y differ. A code of odd distance
d is called perfect if the Hamming balls of radius (d — 1)/2 around each codeword
completely tile the hypercube without overlaps. A code is called linear if its code-
words form a vector space over Fy.

A particularly interesting code is the Hamming code with k parity bits, denoted
Hy,. Tt is a linear, distance-3 perfect code on the hypercube of dimension n = 2% —1.
Its codewords are structured as follows. For € Hy and i € {1,...,n}, the bit z; is
called a parity bit if 7 is a power of 2, and data bit otherwise. Thus every codeword
contains k parity bits and 2% — k — 1 data bits. The data bits range over all possible
bit-strings on 2¥ — k — 1 bits, while the parity bits are a function of the data bits:

vi= P x vi=2,1>0

NGO
where @ denotes exclusive bitwise or (xor), and A denotes bitwise AND. Thus there
are 28 — k — 1 codewords in Hy.

Armed with perfect codes, we are ready to start our proof.

Lemma 4.3. Let n = 2% be a power of two. Then there exists a locally 1/n-biased

function on {—1,1}".

Proof. In a locally 1/n-biased function f, every point in the hypercube must have
exactly 1 neighbor which is given the value 1, and n — 1 neighbors which are given
the value -1.

Let C be a distance-3 perfect code on the n —1 = 2¥ — 1-dimensional hypercube.
That is, every two code words in C' are at a Hamming distance of at least 3 from
each other, and the Hamming balls of radius 1 centered around each codeword

completely tile the hypercube. Such codes exist for dimension 2* — 1; for example,
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as mentioned above and shown in [26], the Hamming code is such a code. Define

f:{-1,1}" = {-1,1} to be the following function:

1, reCx{-1,1
fla) = sCxiLy (42)

—1, otherwise.

In words, f(x) takes the value of 1 whenever the first n— 1 coordinates of z are a
codeword in C, and otherwise takes the value of —1. Then f is a locally 1/n-biased

function:

- If f(z) =1, then z = (y,b) € C x {—1,1}. Thus 2/ = (y, —b) is the only
neighbor of = on which f(z') = 1; any other neighbor differs from x in the first
n — 1 coordinates, and since C' is a distance-3 code, these coordinates are not

a codeword in C.

- If f(z) = —1, then « = (y,b) where b € {—1,1} and y is not a codeword
of C. Since C is perfect, y must fall inside some radius-1 ball of a codeword
z. Then 2/ = (z,b) is the only neighbor of z such that f(z') = 1; any other
codeword differs from z in at least 3 coordinates since C' is a distance-3 code,

and so differs from y in at least 2.
0

Lemma 4.4. Let n = 2% be a power of two. Then there exists a locally m/n-biased

function on {—1,1}" for any m =0,1,... n.

Proof. For m = 0 the statement is trivial. Let m € {1,...,n}. In order to construct
a locally m/n-biased function, it is enough to find m locally 1/n-biased functions
fi,.. ., fm with pairwise disjoint support, i.e {z: fi(z) =1} N{z: fi(z) =1} =0

for all 7 # j. With these functions, we can define f in the following manner:

fo) = 1,  fi(z) =1 for some i

—1, otherwise.

Then f is a locally m/n-biased function: For every z € {1,—1}", consider its

neighbors on which f takes the value 1, i.e the set {y; d(x,y) =1,3i s.t fi(y) = 1}.
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Each f; contributes exactly one element to this set, since it is a locally 1/n-biased
function; further, these elements are all distinct, since the f;’s have pairwise disjoint
supports. So x has m neighbors on which f takes the value 1.

Recall that the Hamming code on 2% —1 bits uses 2¥ —k —1 data bits (these range
over all possible bit-strings on 2% — k — 1 bits) and k parity bits (these are a function
of the data bits). Let C be the Hamming code on 2¥ —1 bits, and rearrange the order
of the bits so that the parity bits are all on the right hand side of the codeword, i.e
each codeword z can be written as x = (y, z) where y is a word of length 2% — k — 1
constituting the data bits and z is a word of length &k constituting the parity bits.

Now, for all 1 < i < n, define the sets C; = {z® (i — 1); z € C}, where @
denotes the exclusive or (xor) operator. Then the sets C; are all pairwise disjoint:
in order for two words z = (y, 2) € C; and 2’ = (v, 2’) € C} to be the same, we need
to have both y = ¢ and z = z/. But if y = 3 then the data bits are the same, and
by construction z @ 2’ = (i — 1) ® (j — 1), so z # 2" if i # j. Further, since xoring
by a constant only amounts to a rotation of the hypercube, each Cj is still a perfect
code.

Let f; be the function which uses C; as its perfect code as defined in (4.2). Then,
fi,-.., fn are n locally 1/n-biased functions with pairwise disjoint supports. The
combination of any m of these functions yields a locally m/n-biased function.

]

Lemma 4.5. Let f : {—1,1}" — {—1,1} be a locally p-biased function on the n-

dimensional hypercube. Let ¢ € N, and define a new function f': {—1,1}" —

{_17 1} by

c—1 c—1
f/(l’) - f (H Titjny - - - 7H xn-‘y—jn) . (43)
7=0 7=0

Then " is a locally p-biased function.

Proof. Let 2/ € {—1,1}"" and let i € {1,2,...,n}. The number of neighbors of
2’ that change the sign of the i—th coordinate of (H;;(l) Tigjny - - ,H;é ZL‘n+jn> is
exactly c¢. Since the coordinates are independent and f is locally p-biased, the

fraction of neighbors of 2’ where f’ obtain the value 1 is pen. m
We are now ready to prove that the condition on p is sufficient in Theorem 4.1.
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Proof (of the “if” statement of Theorem 4.1). All that is left is to stitch the above
lemmas together: Let n = ¢2*. Using Lemma 4.4, create a locally p-biased function
g :{-1, 1}2k — {—1,1} on 2% variables; then, using Lemma 4.5, extend it to a

function f on n variables. O

4.3 Non-isomorphic locally p-biased functions

In this section we discuss the classes of non-isomorphic locally p-biased function.
We show that for the hypercube of dimension n, the growth rate with respect to n
is at least Q (2\/5/ \/ﬁ) for p = 1/2 and super-exponential for p = 1/n, when such
p’s are permissible. We conjecture that for any permissible p the growth rate is
super-polynomial.

The proof for p = 1/2 is based on an explicit construction of non-isomorphic
locally 1/2-biased functions. In order to define these functions we use the following

simple observation.

Observation 4.6. Let f; : {—1,1}" — {—=1,1} be locally 1/2-biased functions for

1 = 1,2 where ny +ny =n. Then
f(@) = filz1, s T f2(Tn 415 s Tn)
is a locally 1/2-biased function on {—1,1}".
The above proposition allows us to construct examples for locally 1/2-biased
functions, by combinations of such functions on lower dimensions.
We have two basic examples for locally 1/2-biased functions:

1. In any even dimension n,
gn(xlv cee 7xn> =Ty xn/2~
2. In dimension n = 4,
1

h(ZEl, Xo,T3, 1’4) = § (%11’2 + ToX3 — XT3Ty4 + LU1I4) .
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The Fourier decomposition of a Boolean function is its expansion as a real mul-
tilinear polynomial: any Boolean function f : {—1,1}" — R can be written as a

sum

f(@1, .. w,) = Z sz%‘,

SC{l,..n}  i€S

where the fs are real coefficients. Such a representation is unique; for a proof and
other properties of the Fourier decomposition, see e.g chapter 1 in [31].

Automorphisms of the hypercube are manifested on the Fourier decomposition
of a Boolean function by either permutation or by a sign change to a subset of
indices. Hence, we can show that two Boolean functions are not isomorphic by
showing that their Fourier decompositions cannot be mapped into one another by
such permutations and sign changes.

In this section, a tensor product of two functions f(z1,...,z,) and g(z1,...,zy)

is a function on disjoint indices, i.e.

Ry, Tpgm) = f(@1, o 20) - 9(Tpg1s - oy Togm)-

Proposition 4.7. There exists hy, ho, ... such that for any k the function hy is
locally 1/2-biased on the 4k-dimensional hypercube and hy, is not isomorphic to any

tensor product of hy,...,hg_1, 92, 94, Gg, -..-

Proof. We define hy = h, and

k-1 k-1
hi, = h H331+4i,---,H$4+4i :
=0 i=0

where h is the function from example 2. By Lemma 4.5, hy, is locally 1/2-biased on
{—1,1}*. Assume that hy, is isomorphic to a tensor product of hy, ..., Agx_1, Go, ..., Gn_o.
If there exists 1 <4 < j < k such that both h; and h; appear in a product that is
isomorphic to hg, then the Fourier decomposition of the product would have at least
16 different monomials. But h; has only 4 different monomials, and the functions
cannot be isomorphic. Similarly, if we do not use any of the functions hq,..., hg_1,
then we get the parity function, which has only one monomial in its Fourier decom-
position. Hence, we may assume that there is only one 1 < ¢ < k such that h; is in

the product. Then, up to an automorphism, this function is of the form

f(x) = hi(xh cee ,$4i)g4k—4i($4i+1, . 7I4k)-
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On the one hand, by definition of Ay, its Fourier decomposition has pairs of mono-
mials with no shared indices (e.g. the monomials that replace z1xo and z3x4 in hy).
On the other hand, in the decomposition of f, all monomials have shared indices;

for example x4;,1 appears in all monomials. Hence they are not isomorphic. O

Using the functions hq, hs,... we can give a lower bound for the class of non-

isomorphic locally 1/2-biased functions.
Lemma 4.8. The number of non-negative integer solutions to

a; +2a9 + ...+ kap <k (4.4)
is at least CAVF /Y4 where C > 0 is a universal constant.

Proof. For any 1 < ¢ < k, the number of solutions to (4.4) is at least the number of
solutions to

lay + blag + ...+ Lay < k.

It is well known that the number of solutions to this inequality is

<£ —1—; /5) |

This term is maximized when ¢> = k. Hence, a lower bound for the number of

()

By Stirling’s formula, the asymptotic of this is (1/y/@)4Vk /k1/4. O

solutions to (4.4) is

Remark 4.9. The number of integer solutions to the equality case is the famous
partition function p(n). Hardy and Ramanujan [17] showed precise asymptotics.

Using their result it is possible to show that the number of integer solutions is

> (i) ~ CeVEIVE,

j=1
with explicit constants C,c > 0. While this result gives better bounds than Lemma

4.8, our simple estimation is enough for our purposes.

Proposition 4.10. Let n be even. Let B{L/Q be a maximal class of non-isomorphic

locally 1/2-biased functions. Then ’B?/z > CQﬁ/nl/‘l, where C' > 0 is a universal

constant.
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Proof. Let k = |n/4]. By Observation 4.6, we can construct locally 1/2-biased
functions by tensor products of hy, ..., hy and g1, ..., g, as follows: choose functions
{hij} such that m := ) 4i; < n. Then the tensor product ®h;, uses m variables.
This can be completed to n variables by tensoring with g, _,,.

If two functions use the same h;’s, then they are isomorphic (by change of in-
dices). And if they have a different decomposition of h;’s, then by the same argu-
ments used in Proposition 4.7, they have a different Fourier decomposition and are
therefore non-isomorphic. Thus, the isomorphic class of such a function is deter-
mined by the number of times each h; appears in the product.

Hence, the number of non-isomorphic functions we can construct in this manner

is the number of solutions to

4ay + 8ag + - - - + 4dkap, < n (4.5)
where the aq, ..., a, are non-negative integers that represent the number of copies of
h; in the product. Using Lemma 4.8, this number is at least C4VF /kY/4 = C'2v™ /pl/4

m

For a Boolean function f with Fourier coefficients f s, the Fourier weight at degree

d is defined as
Wa(f) = Z /3

|S|=d
As the following proposition shows, the Fourier decomposition of a locally 1/2-biased
function contains only monomials of degree n/2. It might be possible to obtain better

bounds on the number of non-isomorphic functions using this condition.

Proposition 4.11. Let f : {—1,1}" — {—1,1} be a locally 1/2-biased function.

Then the Fourier weight at degree n/2 is 1.

It is an interesting question to find a general connection between p and the weight

distribution of a locally p-biased function.

Proof. Let A, be the adjacency matrix of the hypercube. The map

2R f = (f(al)a "'7f<a2")>7

60



where aq,...,a9n are the vertices of the hypercube, is a bijection between locally

1/2-biased functions and the null space of A,,. Since

we have

P.(t) =P, 1(t = 1)P,_1(t + 1),

where P, is the characteristic polynomial of A,,. For Ay the eigenvalue 0 has mul-

tiplicity 2 and +2 has 1. Continuing by induction, the eigenvalues of A,, are

m

—m,—m + 2,...,m with multiplicities (7), ('3

), e (::) Hence, for even n the di-
mension of the null space is (7:/12) For any S C {1,2,...,n} with |S| = n/2 we
denote xg(z) = [[,cg2i and vs = @(xs). Since the functions xg are all locally
1/2-biased, the vectors vg are in the null space of A,,. Note that there are (n72) such
vectors, and they form an independent set. Hence the set {vs}s is a basis of the

null set. By the bijection we get that every locally 1/2-biased function is a linear

combination of yg. O]

Class sizes for locally 1/n-biased functions can also be achieved via the following

proposition.

Proposition 4.12. Let n = 2%, and let C; and Cy be two non-isomorphic distance-3
perfect codes on the n — 1-dimensional hypercube. Then the two functions fi and fo

defined by equation (4.2) using the perfect codes Cy and Cy are non-isomorphic.

The proof shows that in any isomorphism between two functions constructed
using equation (4.2), the last coordinate must be preserved. However, this will imply

that the remaining coordinates are isomorphic, in contradiction to the assumption.

Proof. Suppose to the contrary that f; and f, are isomorphic, i.e there is an au-
tomorphism ¢ : {—1,1}" — {—=1,1}" such that for all z € {—1,1}", we have
fi(z) = fa((z)). Denote by B = {(y,1); y € {—1, 1}"_1} the n — 1-dimensional
hypercube obtained by fixing the last coordinate to 1, denote C' = {(y, 1); y € Cy}
and note that support(fa|p) = C by construction. Consider ¢|p, the restriction of

¢ to B. This restriction is an isomorphism between B and some n — 1-dimensional
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hypercube A contained within the n- dimensional hypercube. Any sub-hypercube
of dimension n — 1 is obtained from {—1,1}" by fixing one of the coordinates to
be either 1 or —1, and taking the span of all other coordinates. Then A must be
spanned by the first n — 1 coordinates, leaving the last coordinate fixed: otherwise,
by equation (4.2), the set A would contain two neighboring points x and 2z’ that
differ only in their last coordinate such that fi(z) = fi(2’) = 1. This means there
are y,y' € C obeying ¢(y) = z,¢(y’) = 2/; but this is a contradiction, since ¢
should preserve distances, and the distance between x and 2z is 1 while the distance
between y and y' is 3. So A = {(y,b); y € {-1, 1}"_1} for some b € {—1,1}. But
then ¢|p is an isomorphism between C; and Cy, since (Y is a perfect code in A and

(s is a perfect code in B; a contradiction. O

Corollary 4.13. Let n = 2% Let B?/n be the class of non-isomorphic locally 1/n-

biased functions. Then ‘B?/n 18 super-exponential in n.

Proof. By Proposition 4.12, any lower bound on the number of non-isomorphic per-
fect codes on the n — 1-dimensional hypercube gives a lower bound to the number of
locally 1/n-biased functions on the n-dimensional hypercube. Recent constructions,
such as in [24], give a super-exponential lower bound on the number of such perfect

codes. n

We would have liked to apply the same argument to locally m /n-biased functions,
as given by the construction in Lemma 4.4. Our argument there used the explicit
construction of the Hamming code which, being linear, was easy to modify in order
to obtain functions with disjoint supports. Such is not the case for the construction
of non-linear codes. However, we still believe that similar estimates are true for any

permissible p.

Corollary 4.14. By Proposition 4.10, scenery reconstruction is impossible for even-

dimensional hypercubes.

For odd dimensional hypercubes, on which there are no non-trivial locally biased

functions, we use locally stable functions instead, as described in the next section.
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4.4 Locally p-stable functions

Unlike locally p-biased functions, there is no restriction on permissible p values for

locally p-stable functions:

Observation 4.15. Let p = m/n for some m € {0,1,...,n}. Then the parity

function on n —m variables,

flz1, 0 20) = T 1T - - - Ty,
18 locally p-stable.

Thus we will focus on the number of non-isomorphic pairs of locally stable func-

tions. A negative result is attainable by a simple examination:

Proposition 4.16. If p = 1/n or p = (n — 1)/n, then the parity function is the

only locally stable p-function on the hypercube, up to isomorphisms.

Proof. We prove only for p = (n — 1)/n; the proof for p = 1/n is similar.

We will show that f depends only on a single coordinate. Let x be an initial
point in the hypercube and y its unique neighbor such that f(z) # f(y). Denote
the coordinate in which they differ by i. By local stability, every other neighbor z’
of x has f(z') = f(x), and every other neighbor ¢ of y has f(y') = f(y).

Let j # i, let  be the neighbor of x that differs from z in coordinate j, and let g
be the neighbor of y that differs y in coordinate j. Then ¥ is a neighbor of g, since
z and g differ only in the i-th coordinate. Also, since f(z) = f(Z) and f(y) = f(9)
but f(z) # f(y), we have f(z) # f(g).

Since f is locally (n — 1)/n-stable, each of z’s neighbors 2’ has exactly one
neighbor ¢ on which f attains the opposite value. By the above, for each such 2/,
the corresponding 3’ differs from it in the i-th coordinate. This reasoning can be
repeated, choosing a neighbor of x as the initial starting point, showing that for
all 2/ with the same i-th coordinate as x, f(x) = f(2'), while for all 2’ that differ
in the i-th coordinate from z, f(z) # f(2’). This means that either f(z) = x; or

flx) = —m;. ]

Many other p values, however, have larger classes of non-isomorphic locally p-
stable functions, since locally stable functions can be built out of locally 1/2-biased

functions:
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Figure 4.1: Left: The only locally (n — 1)/n-stable function is the parity function
on 1 variable. Right: The only locally 1/n-stable function is the parity function on

n — 1 variables.

Proposition 4.17. There is an injection ¢ between locally 1/2-biased functions on
{—1,1}" and locally (n/2)/(n+ 1)-stable functions on {—1,1}""". Further, if f and
g are two non-isomorphic locally 1/2-biased functions, then p(f) and v(g) are also

non-isomorphic.

Proof. Define ¢ by

(N1, wnga) = f1, 0 Tn) - o

Then o(f) is locally (n/2)/(n+1)-stable, since for every x € {—1,1}"1 ©(f) re-
tains its value on exactly half of the neighbors which differ in the first n coordinates,
but flips its value on the neighbor that differs in the last coordinate. The claim about

non-isomorphism follows directly from the functions’ Fourier decomposition. O

Observe that unlike locally biased functions, locally stable functions can be easily

extended to higher dimension:

Observation 4.18. Let f be a locally (n —m)/n-stable function. Then f can be ex-
tended to hypercubes of size n' > n by simply ignoring all but the first n coordinates.

This gives a locally (n" —m)/n’-stable function.

We can use this observation to give a lower bound on the number of locally
(n’ — m)/n'-stable functions for a fixed m and any n’ > 2m — 2. This works as
follows: first, pick any fixed m > 1. Using Proposition 4.17, we obtain a locally
(n —m)/n = (n/2)/(n + 1)-stable with n = 2m — 2. This can be extended by
Observation 4.18 to any n’ > n, and together with Proposition 4.10 we get a lower

bound of C2V?m=2/(2m — 2)/* different locally (n’ — m)/n’-stable functions.
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This observation also provides us with a pair of non-isomorphic locally stable

functions for all hypercubes of dimension n > 5, showing that:

Corollary 4.19. Scenery reconstruction is impossible for n-dimensional hypercubes

forn >5.

4.5 Other directions and open questions

In this section we discuss similar results and questions for other graphs. We also
list some further questions regarding locally biased and locally stable functions on

the hypercube. For other excellent open problems see [10].

4.5.1 Hypercube reconstruction

Our work shows that in general, Boolean functions on the hypercube cannot be

reconstructed.

Question 4.20. Under which conditions is it possible to reconstruct Boolean func-

tions on the hypercube?
Question 4.21. Is a random Boolean function reconstructible with high probability?

Remark 4.22. Using the techniques of [5], it can be shown that reconstruction is

always possible in the hypercube of dimension at most 3.

4.5.2 Other graphs

Note that the necessity condition on p of Theorem 4.1 can be applied to any finite
regular graph, ruling out functions based on the relation between the graph degree

and the number of vertices.

Trees

Let G be an n-regular infinite tree. Then for any p = b/n, b = 0,1,...,n there

exists a locally p-biased function. Such a function can be found greedily by picking
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a root vertex v € G, setting f(v) = 1, and iteratively assigning values to vertices
further away in any way that meets the constraints.

Notice that the method above requires picking some initial vertex, and that the
method yields many possible functions on labeled trees (all of which are isomorphic
when we remove the labels). Once the initial vertex v has been fixed, it is possible
to generate a distribution on locally p-biased functions, by setting f(v) to be 1 with
probability b/n, and randomly expanding from there.

Question 4.23. For an n-regular tree G, find an invariant probability measure on

locally p-biased functions that commutes with the automorphisms of the tree.

The standard lattice

Figure 4.2: Top: a locally 1/2-biased function on Z. Bottom: a locally 1/4-biased

function on Z?2.

The following propositions show that there is a one-to-one mapping of locally
p-biased functions from the hypercube to Z". Since automorphisms of the lattice
can be pulled back to automorphisms of the hypercube, we get lower bounds for the

size of non-isomorphic locally p-biased functions on Z".
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Proposition 4.24. Let f : {—1,1}" — {—1,1} be a locally p-biased function. Then
there exists a locally p-biased extension f 1 2" — {—1, 1} such that f‘{,l nn = f-In
addition, if f and g are non-isomorphic locally p-biased functions on the hypercube,

then f and § are non-isomorphic.

Proof. Here we think of the hypercube as {0,1}" instead of {—1,1}". For any
x € Z", define

Y(xy,...,2,) = (21 mod 2,..., z, mod 2)

and

Let x € Z™, and let e; be the i-th vector in the standard basis. Denote y = v (z) and
write ' for the neighbor of y in {0,1}" which differs from y in the i-th direction.
Then f(x +e;) = f(a: —¢;) = f(y'), showing that f is a locally p-biased function.

Note that the automorphisms of Z™ are those of the hypercube with the addition
of translations. But under the map 1, translations in Z" amount to reflections in

{0,1}". Thus any automorphism between £ and § would induce one between f and

g. O

The above extension procedure gives us lower bounds on the growth rate of some

classes of non-isomorphic locally p-biased functions.

Corollary 4.25. Let Eg be the class of mon-isomorphic locally p-biased functions

on Z".
1. If n is even, then ’E{‘/g‘ > C?ﬁ/nl/4, where C' > 0 1s a universal constant.
2. If n = 2%, then ‘E’f/n 18 super-exponential.

Unlike for the hypercube, we do not have a characterization theorem for the
lattice Z™. In fact, we have found a locally 1/2-biased function for Z and a locally
1/4-biased function for Z?; see Figure 4.2. Both of these are not the result of

embedding the relevant hypercube in the lattice via Proposition 4.24.

Question 4.26. Give a complete characterization of permissible p values for locally

p-biased functions on Z". When such functions exist, count how many there are.
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Cayley Graphs

In general, for a given group with a natural generating set, it is interesting to ask
whether its Cayley graph admits locally biased or locally stable functions, and if
so, how many. Specific examples which spring to mind for such groups are the

group of permutations S,, with all transpositions {o;;} and Z with any number

i<j
of generators. For the latter case, the following observation shows that for any two

generators, Z has a locally 1/2-biased function:

Observation 4.27. Let a > 1 and b > 1 generate Z. Then the function [ defined

by
, 0<(x mod2a+0b)<a+b

-1, a+b<(x mod2(a+b)) <2(a+b)
is locally 1/2-biased.

Computer search shows that for some generators, other locally biased functions

exist; see Figure 4.3 for an example.

Question 4.28. Characterize the locally biased and locally stable functions on S,

as a function of its generating set.

Question 4.29. Characterize the locally biased and locally stable functions on Z as

a function of its generating set.

Figure 4.3: Three non-isomorphic locally 1/2-biased functions for Z with the gener-

ators {2,3}. Computer search shows that these are the only ones.

4.5.3 Locally biased and locally stable functions

Section § 4.3 only gives lower bounds on the number of locally biased functions, and

applies only for p = 1/2 and p = 1/n (and 1 — 1/n by taking negation of functions).
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Question 4.30. What are the exact asymptotics for the number of non-isomorphic

locally biased functions, for all permissible p?
We can also ask about the robustness of the locally biased property:

Question 4.31. How do the characterization and counting theorems for locally bi-
ased functions change, when we relax the locally biased demand for 2°" of the

vertices (i.e a small amount of vertices can have their neighbors labeled arbitrarily)?

The uniqueness of locally 1/n-stable functions is in stark contrast to the expo-
nential size of locally 1/n-biased functions. Our bounds in section § 4.4 for the
number of (n — m)/n-locally stable functions are exponential in m, but not in n.

We seek a better understanding of these functions:

Question 4.32. What are the exact asymptotics for the number of non-isomorphic

locally stable functions?
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