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Motivation
Let (M, g) be a C*-smooth Riemannian surface.

Classical Theorem
The Gauss curvature function K : M — R vanishes everywhere if
and only if the surface M is locally isometric to the Euclidean plane.

@ A quantitative version: Express in terms of different coordinate
charts on a Riemannian disc B := By (po, §) with

6 sgp]K] <e. (1)

@ For example: In a polar normal coordinate chart (around py)
g = dr?® + $*d6>.
A standard comparison argument shows that if (1) holds, then
sin(y) _ ¢(r,0) _ sinh(y/%)
< < .
E S ST
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Isothermal coordinates comparison

Our main result is a quantitative version with respect to an
isothermal coordinate chart

z @ Buyr(po,0) — Be(0,6)

such that

“) =0 and =(0Bu(m,9) = 9Bc(0,0). L7 S

@ The metric is given by g = ¢ - |dz|*. l

@ o is the conformal factor corresponding to z. C

@ Exists due to the uniformization theorem. JD

@ Liouville's formula (A - flat Laplacian):

o Alogy)

2¢
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Isothermal coordinates comparison

Theorem 1.1

Let (M, g) be a C?-smooth Riemannian surface, fix po € M and let
0 > 0. Suppose that:

@ The injectivity radius of all points of B := Bj/(po, d) is at least 20.
@ The Gauss curvature function K : M — R satisfies —x < K|B <k,
for some constant k > 0 such that 6%k < 72 /4.

Let z : B — 0D be an isothermal coordinate chart such that z(py) = 0
and 2(0B) = §S!, and whose conformal factor is . Then

2 4 0%k

2 2 sin k) tan K 2
B

Note: Due to the Whitehead theorem, B is strongly convex.
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Immediate Corollaries

Corollary 1.3

Under the assumptions of the theorem together with the additional
assumption that 6%k < 7%/8, we have that

sup | log ¢| < 86%.
B

Corollary 1.4 - The coordinate map is bi-Lipschitz

Under the assumptions of the theorem together with the additional
assumption that 6%k < w2/8, for any p # q € B

exp(—40k) < M < exp(40°k)

~ |z(p) — 2(9)]

<b Vp#q€eEB +— a*<p<bh VpeB

dg(p,g
Since a < —| o)

2(q)|
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Proof of Theorem 1.1 - Reduction

Proposition 3.1 (Boundary and origin estimates)
Under the assumptions of Theorem 1.1
4tanh?(6y/k/2) 4tan?(6y/k/2)
< <

0%k < plpo) < 02K

sin?(8v/k) sinh?(6+/x)
exp (—52/{/2) < 5 < |8B < — s < exp (525/2) ‘

D

i
-1) = 05K
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Proof of Theorem 1.1 - Reduction

Proposition 3.3 (Uniform 7 /2 estimates)
Under the assumptions of Theorem 1.1, for any p # q € B

2 s(VR) () sinh(3 /%) tan(/5)
7 3y/mcosh(ay/m) — [2(p) — 2(q)] 5 |

s
< .
-2

— Jp
-1 = 05K
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The maximum principle

The main tool we use is the maximum (resp. minimum) principle for
subharmonic (resp. superharmonic) functions.

The maximum (resp. minimum) principle

Let 2 be a bounded domain in C and let u(z) be a subharmonic
(resp. superharmonic) function on €. If limsupu(z) < 0 (resp.
liminfu(z) > 0) as z — 99, then u(z) < 0 (resp. u(z) > 0) for all
z €.
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Proof of Theorem 1.1 - Reduction

Given Propositions 3.1 and 3.3, we are able to prove Theorem 1.1.
The only missing ingredient is the following elliptic-regularity lemma:

Lemma 3.4
Suppose that u € C%(dD) N C°(6D) satisfies Au = f on 6D. Then

sup [u] < sup |u| + (8%/4) - sup || = a(u, f).
oD oSt oD

Proof.
52_|z|2

Define v(z) = supsg: |u| + =5~ supsp | f|. Then Av = —supgp, | f|

Alv—u) <0 and (v —u)|ssr > 0.

By the min. principle u < v < a(u, f). Similarly —u < a(u, f). [

y
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Proof of Theorem 1.1 - Reduction
Proof of Theorem 1.1.

sup |log ¢| < sup |log ¢| + (62/4) - sup |Alog | (Lemma 3.4)
B oB B
= sup |log o] + (6°/2) -sup |K - | (Alogp = —2Kp)
52 52
2 2 B
62K 72 (sinh(8v/k) tan(d/k) \ >
< = - . 3.
== [1 + ( P ) (Prop. 3.3)

U

v
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Notation

We write w = 61z : B — I, so that w is
an isothermal coordinate chart with

w(py) =0 and  w(dB) =S

by W=90z

Aw) = 6%p(2). / "

. . I =
The corresponding conformal factor is given

Matan Eilat (Weizmann Institute) Isothermal coordinates comparison March 31, 2021 11 /28



Green's function

Given such an isothermal coordinate chart w : B — D, we let

G = —log|w|.

Then:
e G>0on B.
o G(p) 2225 0.

o G(p) 2 .

G:-Io;lb)'

e G is harmonic on B\ {po} with a
logarithmic pole at py.

@ Forany p € B\ {po} we have

Ap) - IVG)g - [w(p)]* = 1.
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The harmonic barriers
For p € B (The "base-point”), define

G]()S) (q) = —log (tan (dg(q,p)\/ﬁ/2)) (The "spherical barrier")

G:f,h)(q) = —log (tanh (d4(g,p)v/x/2)) (The "hyperbolic barrier”)

Laplacian comparison: Under our assumptions
Vi cot(vVe - dy(p, ) < Aundy(p,-) < Vi coth(V - dy(p, -))

4
AyGY <0 < Ay G
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The harmonic barriers

Hence if p € B and w = 8 '2: B — D is an isothermal coordinate
chart with w(py) = 0 and w(9B) = S', by the max. (resp. min.)
principle

Gy (q) + C > —loglw(p) —w(q)] Vg€ 9B

p

= GY(¢q)+C > —loglw(p) —w(q)] Vg€ B\{p}

and

G"(q) + C < —log|w(p) —w(q)| Vg€ B
— W

— G(q)+C < —loglw(p) —w(q)|  Vge B\{p}

p
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Proof of Proposition 3.1

Proposition 3.1 (Boundary and origin estimates)

Under the assumptions of Theorem 1.1

4tanh?(0y/k/2) < olpo) < 4tan?(5+/k/2)

0%k - - 0%k
sin?(6/k) sinh?(51/k)
P #lop < 2n

Let w=6"12: B — D, so that w is an isothermal coordinate chart with
w(po) = 0 and w(OB) = S. Write \ for the corresponding conformal factor.

Since ¢(z) = 62\ (w), it suffices to show that

4tanh2/i(5\/ﬁ/2) < A(po) < 4tan?(6y/k/2)
sin?(5y/r) <A, < sinh?(0v/k)
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Proof of Proposition 3.1
Write G = —log |w|, and let
G = G — log(cot(5v/k/2))
— log(tan(dy(po, -))V/k/2) — log(cot(6v//2))
GW .= Gz(fg) — log(coth(dv/k/2))
— log(tanh(dy(po, ) v/k/2) — log(coth(0+/k/2))

For any ¢ € OB
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Proof of Proposition 3.1
Thus by the max. (resp. min.) principle, for any p € B\ {po}
GM(p) < Gp) < GV (p).

Since lim, ¢ tan(z)/x = lim, o tanh(z)/xz = 1, writing
r(p) = dy(po, p),

2 tanh(0+/k/2) < lim r(p) < 2tan(dv/k/2)
Vi el ST Ve

Hence

4tanh?(0+/k/2 4tan?(6+/k/2
(OVE/2) _ oy < A0t (0V/2)
K K
proving the estimates at the origin.
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Proof of Proposition 3.1

Since
GO =W =G=0 ondB=/{r(q) =6}
and
e < g <g® on B,

for any ¢ € 9B we have |VG(q)|l, = —0,G(q) and
\/_ (s) \/E
— < < — = —.
Since A(q) = [[VG(q)||,?, we obtain
-2 12
sin”(d+/k) < )\|BB < sinh®(+/k)

K - K ’

proving the estimates on the boundary.
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Proof of Proposition 3.3

Proposition 3.3 (Uniform 7 /2 estimates)
Under the assumptions of Theorem 1.1, for any p # q € B

2 s(VR) () sinh(3/R) tan(3y/)
7 3yreosh(8\/R)  [2(p) — 2(q)] 5r

Strategy:

s
< .
-2

@ Bound the distances-ratio between any two boundary points.

@ Use the harmonic barriers to deduce bounds the distances-ratio
between two interior points (which proves the proposition).
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Proof of Proposition 3.3 - boundary distances-ratio

Fix g1 # q2 € OB. As before, let w =612z : B — D, so that w is an
isothermal coordinate chart with w(pg) = 0 and w(0B) = S'. We will
consider several distance metrics:

dae("r’ﬁx)
VA (q,,q(J

Riemannian distance dy(q1, g2)
Euclidean distance |w(q1) — w(g2)|
Riemannian arc-distance dyp(q1,q2)
. _ . N L)
Euclidean arc-distance ds: (w(q1), w(g2)) \u[%]-u!%ll l

Riemannian angle Z(q1,g2) at po
Y
[
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Proof of Proposition 3.3 - boundary distances-ratio

For the upper bound we use:

do(qr,q2) — _ dg(q1,¢2)  doplqr,q2)  dsr(w(g), w(g2))
(w(g) —w(g)|  dop(a,¢2) dsi(w(q), wig)) |w(g)—w(ge)|
<1 h SE g

Proposition 3.1 provides estimates on the conformal factor on the
boundary. Hence

sin(dv/k) < das(q1, q2) < sinh(d+/k)
Vi T ds(w(a),wie) T VE

and we obtain

7 sinh(dv/k)

dy(q1, ¢2) <

lw(q) — w(ga)| ~ 2 VE
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Proof of Proposition 3.3 - boundary distances-ratio
For the lower bound we use

dg(q1,92)  _ dg(q1,92) Zla1,92) ~ dop(q1,92)  dsi(wlq1),w(g2))
lw(gr) —w(q2)l  Z(q1,92) dop(qr,q2) dgi(wlqr),w(gz)) |wlq) —w(g2)l
> sin(dv/k)/ VK >1

In polar normal coordinates g = dr® + ¢?df*. By a comparison
argument for the Jacobi equation, under our assumptions

sin(y/k - 1) sinh(y/k - 1)
VE Ve

Assuming 0(q;) =0 and 0 < 0(q2) = Z(q1,92) < 7, we have

< ¢(r,0) <

6(qz2) 0(q2)
sinh(y/k - 0
dosaan < [ 0660t = [ 006,00 < VD )
0 0
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Proof of Proposition 3.3 - boundary distances-ratio
For the lower bound we use

dg(q1,92)  _ dg(aq1,92)  Zlar.q2)  dop(q1,42)  dgi(wiqr), w(g2))
lw(q1) —w(g2)l  Z(g1,92) dom(q1,92) dgi(w(q1),w(g2)) |w(q1) — w(g2)l
>VR/Sh(6V/R) > sin(6v/E) /R 1

By Toponogov's theorem and the spherical law of cosines,
dy(q1, qo) S cos~!(cos?(+/k) + sin®(6v/k) cos(Z(q1, q2))
Lq1,q2) — VE - Z(qu, ¢)

The infimum of the RHS is obtained for Z(q1,q2) = 7, thus

dy(q1,42) 20
Llq,q) —

Hence
dg(q1, G2) > E ) dsin(d+/k)
jw(qr) —w(gz)] — 7 sinh(dy/k)
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Proof of Proposition 3.3 - boundary distances-ratio
Combining all the inequalities above, we have

Corollary 3.13

Under the assumptions of Theorem 1.1, write w = 6~'z : B — D.
Then for any ¢; # ¢2 € OB

2 dsin(dv/k) < dy(q1, q2) o7 sinh(d+/k)
m sinh(0v/k) 7 w(gr) —w(ge)| T 2
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Proof of Proposition 3.3

Using Corollary 3.13 and the fact that x/ tanh(x) is increasing and
x/tan(x) is decreasing, we obtain

Lemma 3.14

Under the assumptions of Theorem 1.1, write w =6 '2: B — D
and fix gg € OB. Then for any g € 9B \ {q}

G((lg)(q) + W < —log|w(q) — w(qo)|

G¥(q) +C® > —log lw(q) — w(go)]

where

c™ =1og (—7r iif(\é/_f/)ﬁ)) , C® =log (Wsmh(dl/i)/%an(‘sﬁ))

v
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Proof of Proposition 3.3
Sketch of the proof of Lemma 3.14: For any ¢ € 0B\ {qo}

Ggg)(q) = —log(tanh(r(q)v/k/2))

< —log(r(q)) — log(tanh(0v/k)) + log(20)
(z/ tanh(x) increasing, r(q) < 24)

—C™ —log |w(q) — w(go)| (Corollary 3.13)

IA

and similarly

GY(q) = — log(tan(r(q)V/r/2))

>  log(r(q)) — log(tan(sv/5)) + log(2)
(z/ tan(x) decreasing, r(q) < 20)

—C®) —log |w(q) — w(go)| (Corollary 3.13)

A%
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Proof of Proposition 3.3
Fix o € 0B. By Lemma 3.14

GW(q) +C" < —log|w(q) —w(g)| Vg€ IB\ {q}

G¥(q)+C¥ > —logw(q) —w(q)| Vg€ 0B\ {q}

By the max. (resp. min.) principle
G (q) + C™ < —logw(q) — w(q)| Vg€ B

G¥(q) +C¥ > —logw(q) —w(g)] Vg€ B
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Proof of Proposition 3.3
Fix p € B. By the symmetry G{" (p) = G3”(q), G¥(p) = G¥(q),

G (q) + O™ < —loglw(p) —w(g)] Vg€ dB

G (q) +C¥ > —log|w(p) —w(q)| Vg€ B

By the max. (resp. min.) principle
h h
Gy (g) +C™ < —loglw(p) —w(g)| Vg€ B

G (q) +C¥ > —log|w(p) —w(q)| Vg€ B

These inequalities together with tanh(z) < x < tan(z) translate to

2 sin(d+/k) dy(p,q) sinh(d+v/k) tan(d/k) ‘

7 /rcosh(0y/k) = lw(p) — w(q)| = 2 oK

Since z = dw, the proof is completed.
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