
Poisson approximation of random lattices

Boaz Klartag

Abstract

Fix a subset S ⊂ Rn of volume at most cn that satisfies S ∩ (−S) = ∅. We consider two
point processes in S: the first is the Poisson point process of intensity one, and the second is
the restriction of a random lattice to S, where the random lattice is distributed uniformly in
the space of covolume-one lattices. We show that the total variation distance between these
two point processes is at most Ce−c′n, where c, C, c′ > 0 are universal constants.

1 Introduction
We revisit the connection between random lattices of covolume one and the Poisson point
process of intensity one in high dimensions. A simple point process in Rn is a probability
distribution over the space of locally finite subsets of Rn. We consider two simple point
processes:

1. The first is the Poisson point process of intensity one in Rn. Thus P ⊆ Rn is a random
countable subset, such that for any fixed subset S ⊆ Rn with 0 < Voln(S) < ∞, the
random variable

|P ∩ S|

is a Poisson random variable with parameter λ = Voln(S), i.e., P(|P ∩ S| = k) =
e−λλk/k!. Here |X| = #(X) is the cardinality of the set X .

An important property is that the random variables |P ∩ A1|, . . . , |P ∩ AN | are inde-
pendent random variables for any pairwise disjoint sets A1, . . . , AN ⊆ Rn of finite
volume. Moreover, for m ≥ 1, when conditioning on the event that |P ∩ S| = m,
the random subset P ∩ S has the same distribution as the set {X1, . . . , Xm}, where
X1, . . . , Xm are independent random vectors, all distributed uniformly in S. We refer
the reader e.g. to Last and Penrose [6] for information about Poisson processes.

2. A lattice of full rank in Rn is a set of the form T (Zn) where T : Rn → Rn is an
invertible linear map. The covolume of the lattice is |det(T )|. Write Xn for the space
of all lattices of covolume one in Rn. The space Xn is a homogeneous space under the
action of the group SLn(R), where the action of g ∈ SLn(R) on the lattice L ⊆ Rn

is the lattice
g.L = {g(x) ; x ∈ L}.

Minkowski and Siegel [14] discovered that there is a unique Haar probability measure
on Xn which is invariant under the action of SLn(R). Let L be a random lattice
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of covolume one, distributed uniformly in Xn, i.e., its law is the Haar probability
measure. The second simple point process that we consider is the random countable
subset L ⊆ Rn. For more information on random lattices we refer the reader e.g. to
Gruber and Lekkerkerker [1, Section 19.3] or to Marklof [7] and references therein.

A priori, a lattice in Rn is a structured object that has little to do with the Poisson process
whose points do not influence each other. This intuition is indeed correct in low dimensions.
However, works by Rogers1 [9] and Schmidt [12] from the 1950s suggest that, quite unex-
pectedly, in high dimensions the two point processes mentioned above are similar to each
other, at least when both are restricted to a subset S ⊆ Rn with S∩ (−S) = ∅ and of volume
at most cn. Here c > 0 is a universal constant. The works by Holm [2], Kim [3, 4] and
Södergren [15, 16] described below analyze several formulations and consequences of this
effect. In this paper we propose an additional formulation of the same phenomenon.

Let S ⊆ Rn be a fixed set of finite, non-zero volume. We endow the collection of all
finite subsets of S, denoted by F(S), with the minimal topology with respect to which A 7→∑

x∈A φ(x) is a continuous functional on F(S) for any compactly-supported, continuous
function φ : Rn → R. Observe that the laws of P ∩ S and of L ∩ S are Borel probability
measures supported on F(S). For a non-empty finite subset X ⊆ Rn we write

ι(X) =

{
1 the vectors in X are linearly independent
0 otherwise

(1)

We also set ι(∅) = 1 and note that ι({0}) = 0. A basic relation between the Poisson
process and the lattice process is the following identity, whose straightforward proof using
Siegel-type summation formulae is given in Section 2.

Proposition 1.1. Let S ⊆ Rn be a measurable set with S ∩ (−S) = ∅ and 0 < Voln(S) <
∞. Let f : F(S) → R be a bounded, measurable function such that f(X) = 0 if |X| ≥ n.
Then,

E
∑

X⊆L∩S
f(X) · ι(X) = E

∑
X⊆S∩P

f(X), (2)

where the sum runs over all subsets X of L ∩ S on the left-hand side, and of S ∩ P on the
right-hand side.

The total variation distance between the laws of the two random sets P ∩ S and L ∩ S
is defined as

dTV (P ∩ S,L ∩ S) = sup
A⊆F(S)

|P(P ∩ S ∈ A)− P(L ∩ S ∈ A)| (3)

where the supremum runs over all events A, i.e., all Borel subsets A ⊆ F(S). In view of
Proposition 1.1, linearly dependent tuples are the main obstacle in showing that the two point
processes L ∩ S and P ∩ S are close to each other. By combining Proposition 1.1 with a
variant of Schmidt’s sieve [12] and results by Rogers [8, 9] we establish the following:

1In [9], Rogers thanks Mr. W. M. Gorman from the Department of Economics for remarking that Rogers’ earlier
results about random lattices suggested that the asymptotic distribution might be of the Poisson type.

2



Theorem 1.2. Let S ⊆ Rn be a measurable set with S ∩ (−S) = ∅ and 0 < Voln(S) < cn.
Then,

dTV (L ∩ S, P ∩ S) ≤ Ce−c′n, (4)

where c, c′, C > 0 are universal constants.

Thus, for any property of finite subsets of S, the probability that L ∩ S satisfies this
property is very close to the probability that P ∩ S has the property; the difference between
the two probabilities is at most Ce−c′n. Theorem 1.2 is proven in Section 4, while the variant
of Schmidt’s sieve that we use is presented in Section 3.

Under the assumptions of Theorem 1.2, Schmidt [12] showed that the probability that
L∩S is empty is close to the probability that P ∩S is empty, with an additive approximation
error of at most Ce−c′n. This estimate implies a bound for the sphere packing density in
Rn, and it is also closely related to the covering density, see Rogers [10]. More generally,
Proposition 3.3 in Kim [4] states that for all k ≤ c̃n,

|P(|L ∩ S| = k) − P(|P ∩ S| = k)| ≤ Ce−c′n.

Thus, up to the precise values of the universal constants, Theorem 1.2 is formally a general-
ization of these results.

We make no effort to optimize the universal constants in Theorem 1.2. Up to the precise
values of these universal constants, the results by Södergren [15] and Kim [4] about the
lengths of the shortest cn vectors in a random lattice may be recovered from Theorem 1.2,
by using standard analysis of the Poisson process. Indeed, if we let

S = {x ∈ Rn ; |x| ≤ rn, x1 > 0}, (5)

where rn > 0 is chosen so that S is a half-ball of volume cn, then almost surely L ∩ S
contains one lattice vector from each pair ±v ∈ L \ {0} with |v| ≤ rn. With probability of
at least 1−Ce−cn there are at least c′n of such lattice vectors, as follows from Theorem 1.2
and standard Poisson tail estimates. Similarly, some results by Södergren [16], Kim [4] and
Holm [2] about the angles between the cn shortest vectors, as well as the results regarding
the first cn successive minima, should also follow from Theorem 1.2.

The conclusion of Theorem 1.2 is false, in general, when Voln(S) ≥ n. Indeed, if S is
a half-ball of volume at least n as in (5), then with non-negligible probability, the random
set L ∩ S contains n vectors such that the matrix whose columns are these vectors has
an integer determinant. The corresponding event for the random set P ∩ S occurs with
probability zero. Moreover, when K ⊆ Rn is a convex set with the origin in its interior and
S = {x ∈ K ;x1 > 0}, we have2

E|L ∩ S|n = +∞ (6)

while E|P ∩ S|q < ∞ for any q > 0. To prove (6), use e.g. the bound in Kleinbock
and Margulis [5, Section 7.1] together with the observation that if (εK) ∩ L ̸= {0} then
|L ∩ S| ≥ cK/ε.

2While discussed as an open problem in [13], we note that (6) has been known to experts for a long time.
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Our notation is fairly standard. The Euclidean norm of x = (x1, . . . , xn) ∈ Rn is

denoted by |x| =
√∑

i x
2
i . We write Voln for n-dimensional volume, and SLn(R) is the

group of all n × n real matrices of determinant one. All measurable sets and functions are
assumed Borel measurable, and an empty sum equals zero. We write 1A(x) for the indicator
of the set A, that equals one when x ∈ A and vanishes when x ̸∈ A. We write

(
n
k

)
for the

number of k-element subsets of {1, . . . , n}, thus
(
n
k

)
= 0 when k > n. For a subset X ⊆ Rn

we write rank(X) for the dimension of the linear space spanned by the vectors of X .

Unless stated otherwise, we use C, c, c′, C ′, C̃, c̃ to denote various positive universal con-
stants whose value may change from one line to the next. All of the universal constants in this
paper are effective; that is, we could provide explicit numerical values for them if desired.

Acknowledgements. I would like to thank Barak Weiss for his explanations on random
lattices and for directing my attention to Schmidt’s paper [12]. Thanks also to Sergey Av-
vakumov, Seungki Kim, Jens Marklof and Anders Södergren for helpful discussions. Sup-
ported by a grant from the Israel Science Foundation (ISF).

2 Linear independence of the lattice vectors in S

Fix a measurable subset S ⊆ Rn with S ∩ (−S) = ∅ and with 0 < Voln(S) < ∞. Let
L ⊆ Rn be a random lattice of covolume one, distributed uniformly in Xn. Let the random
set P ⊆ Rn be the set of atoms of a Poisson point process of intensity one in Rn. With
probability one, both random sets

L ∩ S and P ∩ S

are finite. Recall from (1) that ι(X) = 1 for X ⊆ Rn if and only if the vectors in X are
linearly independent. Otherwise ι(X) = 0.

Proof of Proposition 1.1. The sums in (2) are well-defined since P ∩ S and L ∩ S are finite
sets almost surely. Let ℓ = 1, . . . , n− 1 and assume that f : F(S) → R is a bounded, mea-
surable function such that f(A) = 0 if |A| ̸= ℓ. We will show that under these assumptions,
both expressions in (2) equal

1

ℓ!

∫
Sℓ

g(x1, . . . , xℓ)dx1 . . . dxℓ

where Sℓ = S × . . . × S ⊆ (Rn)ℓ and g : Sℓ → R is defined via g(x1, . . . , xℓ) :=
f({x1, . . . , xℓ}) for distinct x1, . . . , xℓ ∈ S. The function g is bounded and hence integrable
on Sℓ. The fact that

E
∑

x1,...,xℓ∈L∩S
linearly independent

g(x1, . . . , xℓ) =

∫
S
. . .

∫
S
g(x1, . . . , xℓ)dx1 . . . dxℓ (7)

is proven in Rogers [8] and is mentioned without proof already in Siegel [14]. See also
Schmidt [11]. One way to prove this fact is to show that the Borel measure

E
∑

x1,...,xℓ∈L
linearly independent

δx1,...,xℓ
(8)
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on (Rn)ℓ is locally finite and SLn(R)-invariant, and therefore a constant multiple of the
Lebesgue measure. By considering the measure of large balls, one can prove that this pro-
portionality constant equals one.

Let us now analyze the expectation on the right-hand side of (2). Conditioning on the
event that |S ∩ P | = m we know that the set S ∩ P is equidistributed with {X1, . . . , Xm}
where X1, X2, . . . , Xm are independent random vectors distributed uniformly in S. There-
fore, when m ≥ ℓ,

E

 ∑
x1,...,xℓ∈S∩P

distinct

g(x1, . . . , xℓ)
∣∣∣ |S ∩ P | = m

 =
m!

(m− ℓ)!
·
∫
Sℓ

g(x1, . . . , xℓ)
dx1 . . . dxℓ
Voln(S)ℓ

.

Consequently, with λ = Voln(S),

E
∑

x1,...,xℓ∈S∩P
distinct

g(x1, . . . , xℓ) =
∞∑

m=ℓ

e−λλm

m!
· m!

(m− ℓ)!
·
∫
Sℓ

g(x1, . . . , xℓ)
dx1 . . . dxℓ
Voln(S)ℓ

=
∞∑

m=ℓ

e−λλm−ℓ

(m− ℓ)!
·
∫
Sℓ

g(x1, . . . , xℓ)dx1 . . . dxℓ. (9)

The sum in (9) equals one. Therefore, by (7) and (9),

E
∑

x1,...,xℓ∈L∩S
linearly independent

g(x1, . . . , xℓ) = E
∑

x1,...,xℓ∈P∩S
distinct

g(x1, . . . , xℓ).

Dividing by ℓ! we prove (2) in the particular case where f satisfies the condition that f(A) =
0 when |A| ̸= ℓ. We refer to this condition as condition (ℓ). For the general case, we
note that we may decompose f =

∑n−1
ℓ=0 fℓ where fℓ is a bounded, measurable function

satisfying condition (ℓ). We have proved that (2) holds true when f is replaced by fℓ for
ℓ = 1, . . . , n− 1. The equality (2) holds trivially when f is replaced by f0. By linearity, we
conclude that (2) holds for the function f itself, completing the proof.

Set λ = Voln(S). As in Schmidt [12], for a finite set A ⊆ Rn let us define ρjk(A)
to be the number of subsets X ⊆ A of cardinality k with rank(X) = j. It follows from
Proposition 1.1 that if 0 ≤ k ≤ n− 1 then

Eρkk(L ∩ S) = E
∑

X⊆L∩S
1{#(X)=k} · ι(X) = E

∑
X⊆P∩S

1{#(X)=k} =
λk

k!
, (10)

where the last passage follows from the fact that #(P ∩ S) is a Poisson random variable
with parameter λ, and from the standard computation

∑∞
m=k

(
m
k

)
· e−λλm/m! = λk/k!.

A non-trivial estimate proven in Schmidt [12, Theorem 3], relying also on ideas and
computations from Rogers [8, 9], states that for 1 ≤ k ≤ n− 1,

Eρk−1
k (L ∩ S) ≤ λk−1

(k − 1)!
· [3k(3/4)n/2 + 5k2−n]. (11)
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The proof of (11) relies on analysis of Siegel-type summation formulae for specific patterns
of linear dependence, as well as on delicate counting arguments. Observe that in the case
where λ ≤ cn and k ≤ cn, the right-hand side of (11) is much smaller than that of (10).
Thus, in this case, the expected number of linearly independent k-tuples in L ∩ S greatly
exceeds the number of k-tuples whose linear rank equals k − 1. The following proposition
was proven by Kim [4, Proposition 3.1], using the methods of Rogers and Schmidt.

Proposition 2.1 (Kim). Suppose that λ = Voln(S) ≤ n/30. Then with probability of at
least 1 − Ce−cn, the set L ∩ S consists of at most n/10 vectors, and these vectors are
linearly independent. Here, c, C > 0 are universal constants.

Another proof of Proposition 2.1 using Schmidt’s results. Write dk(L ∩ S) for the number
of subsets of L ∩ S of cardinality k that consist of linearly independent vectors, and are
contained in a strictly larger subset of L ∩ S whose linear rank is still k. A moment of
reflection reveals that

dk(L ∩ S) ≤
(
k + 1

k

)
· ρkk+1(L ∩ S).

Indeed, if we go over all (k+1)-element subsets that are counted in the definition of ρkk+1(L∩
S), and for each of them consider all of its k-element subsets, then we cover all of the subsets
counted in the definition of dk(L ∩ S). From (11) we thus see that for k ≤ n− 2,

Edk(L ∩ S) ≤ (k + 1) · λ
k

k!
· (3k+1(3/4)n/2 + 5k+12−n). (12)

Recall that λ ≤ n/30. By using the inequalities k! ≥ (k/e)k and (ea/x)x ≤ ea, we see that
for k ≤ n/10, the right-hand side of (12) is at most

10n ·
( en

30k

)k
· (3

n
10 (3/4)

n
2 + 5

n
10 2−n) ≤ 10n · e

n
30 · (3

n
10 (3/4)

n
2 + 5

n
10 2−n) ≤ Ce−cn.

Thus the right-hand side of (12) is at most Ce−cn if k ≤ n/10. Since dk(L ∩ S) is a
non-negative integer, we conclude that the probability that the random variable dk(L∩ S) is
positive is at most C ′e−c′n. Therefore,

P (∃1 ≤ k ≤ n/10, dk(L ∩ S) > 0) ≤
⌊n/10⌋∑
k=1

C ′e−c′n ≤ Ce−cn. (13)

If dk(L ∩ S) = 0 for all k ≤ n/10, then for any subspace E ⊆ Rn of dimension at most
n/10, the vectors in L ∩ S ∩ E are linearly independent. The probability of this event is at
least 1− Ce−cn according to (13).

Next, from (10) and the Markov-Chebyshev inequality, the probability that there exist at
least ℓ = ⌈n/10⌉ linearly independent vectors in L ∩ S is at most

Eρℓℓ(L ∩ S) =
λℓ

ℓ!
≤
(
eλ

ℓ

)ℓ

≤ Ce−cn.

In other words, with probability of at least 1− Ce−cn, the linear span of the set L ∩ S is of
dimension at most n/10.
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In summary, consider the event where the set L ∩ S spans a subspace of dimension at
most n/10, and moreover, for any subspace E ⊆ Rn of dimension at most n/10, the vectors
in L ∩ S ∩ E are linearly independent. By the preceding two paragraphs, the probability
of this event is at least 1 − Ce−cn. Under this event, the set L ∩ S contains at most n/10
vectors, which are linearly independent.

3 Schmidt’s sieve
The usual inclusion-exclusion principle states that for any finite set B and integers R1, R2 ≥
0, with R1 odd and R2 even,

R1∑
j=0

(−1)j
(
|B|
j

)
≤ 1{B=∅} ≤

R2∑
j=0

(−1)j
(
|B|
j

)
. (14)

An analogous, more sophisticated sieve was introduced by Schmidt [12] and modified by
Kim [3, 4]. A variant of this sieve is presented in detail in this section.

The rank deficiency of a finite set X ⊆ Rn is defined as

δ(X) = |X| − rank(X) ≥ 0.

Thus δ(X) = 0 if and only if X consists of linearly independent vectors. For a set B, we
write

(
B
k

)
for the collection of all subsets of B of cardinality k. For a finite set B ⊆ Rn and

integers k, r ≥ 0, define

Sk,r(B) =

{
X ∈

(
B

k + r

)
; δ(X) ≤ 1{r is odd}

}
(15)

and

Tk,r(B) =

{
X ∈

(
B

k + r

)
; δ(X) ≤ 1{r is even}

}
. (16)

Thus Sk,r(B) consists of the linearly independent subsets of B of cardinality k + r when r
is even, and of the subsets of cardinality k + r and rank deficiency at most one when r is
odd. The convention for Tk,r(B) is the opposite one. Recall that F(Rn) is the collection of
all finite subsets of Rn.

Proposition 3.1. Let φ : F(Rn) → [0,∞) be a function such that φ(Y ) = 0 whenever the
vectors in Y are linearly dependent. Let B ⊆ Rn be finite, and let k ≥ 0. Let R1, R2 ≥ 0
be integers such that R1 is odd and R2 is even. Then,

R1∑
r=0

(−1)r
∑

X∈Sk,r(B)

∑
Y ∈(Xk )

φ(Y ) ≤ φ(B)1{|B|=k} ≤
R2∑
r=0

(−1)r
∑

X∈Tk,r(B)

∑
Y ∈(Xk )

φ(Y ).

7



The remainder of this section is devoted to the proof of Proposition 3.1. Let A ⊆ B ⊆ Rn

be finite sets. For r ≥ 0, set

σr(A,B) = #
{
Y ⊆ B \A ; |Y | = r, δ(A ∪ Y ) ≤ 1{r is odd}

}
(17)

and
τr(A,B) = #

{
Y ⊆ B \A ; |Y | = r, δ(A ∪ Y ) ≤ 1{r is even}

}
. (18)

When r is even, the quantity σr(A,B) counts the number of subsets of size r of B \A such
that when we add them to A, we obtain a linearly independent set. When r is odd, in place
of linear independence we require rank deficiency at most one. The convention for τr(A,B)
is the opposite one.

Lemma 3.2. Let A ⊆ B ⊆ Rn be finite sets, and assume that A consists of linearly inde-
pendent vectors. Then for every R1, R2 ≥ 0 with R1 odd and R2 even,

R1∑
r=0

(−1)rσr(A,B) ≤ 1{A=B} ≤
R2∑
r=0

(−1)rτr(A,B). (19)

Proof. Let C = B \A and denote N = |C|. If N = 0 then A = B and for all r ≥ 0,

σr(A,B) = τr(A,B) = 1{r=0}.

Thus both sums in (19) are equal to 1, and the lemma follows. From now on we may
therefore assume that A ̸= B and hence

N ≥ 1.

For r ≥ 0 define
Pr = {Z ⊆ C ; |Z| = r, δ(A ∪ Z) = 0}

and
Qr = {Z ⊆ C ; |Z| = r, δ(A ∪ Z) ≤ 1}.

For r > N we have Pr = Qr = ∅. Moreover, for all r ≥ 0,

σr(A,B) =

{
|Pr| r is even
|Qr| r is odd

τr(A,B) =

{
|Qr| r is even
|Pr| r is odd

(20)

For r = 0, . . . , N , set

pr =
|Pr|(
N
r

) , qr =
|Qr|(
N
r

) . (21)

Thus pr is the probability that a random completion of A to a subset of B of cardinality
|A| + r is still linearly independent, and qr is the probability that its rank deficiency is at
most one. We also put pr = qr = 0 for r > N . Clearly, for all r ≥ 0,

pr ≤ qr. (22)
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Note that the probability pr that such a random completion would consist of linearly-independent
vectors is non-increasing with r, as well as the probability qr that its rank deficiency is at
most one. Therefore, for any r ≥ 0,

pr ≥ pr+1 and qr ≥ qr+1. (23)

Another observation is that if X ⊊ B is linearly independent, then by adding any element
from B \ X to X , we obtain a set Y ⊆ B whose rank deficiency is at most one. It thus
follows that for r = 0, . . . , N − 1,

pr ≤ qr+1. (24)

For r ≥ 0 write

cr =
r∑

j=0

(−1)j
(
N

j

)
= (−1)r

(
N − 1

r

)
, (25)

with c−1 = 0, where we recall that
(
N−1
r

)
= 0 if r > N − 1. By using summation by parts

we see that for any numbers d0, . . . , dR,

R∑
r=0

(−1)r
(
N

r

)
dr =

R∑
r=0

(cr − cr−1)dr = cRdR +
R−1∑
r=0

cr(dr − dr+1). (26)

The left-hand side inequality in (19). In order to prove the left-hand side inequality in
(19) we set R = R1, an odd number. For r ≥ 0 define

dr =

{
pr r is even
pr−1 r is odd

(27)

which is a number between zero and one. Note that if r is odd, necessarily r − 1 ≥ 0 and
dr = pr−1 is well-defined. Note that for r ≥ 0,{

dr − dr+1 = 0 r is even
dr − dr+1 ≥ 0 r is odd

(28)

Indeed, if r is even, then dr − dr+1 = pr − pr = 0, while if r is odd, then r ≥ 1 and
dr − dr+1 = pr−1 − pr+1 ≥ 0 by (23). Thus (28) holds true. Next, we claim that for all
r ≥ 0,

(−1)rσr(A,B) ≤ (−1)r
(
N

r

)
dr. (29)

Indeed, if r > N then
(
N
r

)
= 0 and both the left-hand side and the right-hand side of (29)

vanish, by (20). It thus suffices to prove (29) for r = 0, . . . , N . If r is even, then by (20),
(21) and (27),

(−1)rσr(A,B) = (−1)r
(
N

r

)
pr = (−1)r

(
N

r

)
dr.

Hence (29) holds true when r is even. If r is odd, then r ≥ 1 and r − 1 is even. Thus by
(20), (21) and (24),

(−1)rσr(A,B) = −
(
N

r

)
qr ≤ −

(
N

r

)
pr−1 = (−1)r

(
N

r

)
dr,

9



where we used (27) in the last passage. This completes the proof of (29) in all cases. We
deduce from (28), (29) and the summation by parts (26) that

R∑
r=0

(−1)rσr(A,B) ≤
R∑

r=0

(−1)r
(
N

r

)
dr = cRdR +

R−1∑
r=0

cr(dr − dr+1)

≤
R−1∑
r=0

cr(dr − dr+1) =
R−1∑
r=0

r is odd

cr(dr − dr+1) ≤ 0, (30)

where in the first passage in (30) we used that cRdR ≤ 0 since dR ≥ 0 by (27) while cR ≤ 0
by (25) as R is an odd number. In the last passage in (30) we used that cr ≤ 0 by (25) as
r is odd, while dr − dr+1 ≥ 0. Since A ̸= B, the left-hand side inequality in (19) follows
from (30).

The right-hand side inequality in (19). Set R = R2, an even number. For r ≥ 0 define

dr =


qr r is even and r ≤ N
qr+1 r is odd and r ≤ N − 1
qN r ≥ N

(31)

For r ≥ 0, {
cr(dr − dr+1) = 0 r is odd
dr − dr+1 ≥ 0 r is even

(32)

Indeed, consider first the case where r is odd. If r < N , then dr = dr+1 = qr+1. If r ≥ N ,
then cr = 0 by (25). Thus cr(dr − dr+1) = 0 whenever r is odd. Let us now prove (32)
assuming that r is even. If r < N − 1, then by (23) and (31),

dr − dr+1 = qr − qr+2 ≥ 0.

If r = N − 1, then dr − dr+1 = qN−1 − qN ≥ 0 again by (23). If r ≥ N , then dr − dr+1 =
qN − qN = 0. This proves (32). Next, let us show that for all r ≥ 0,

(−1)rτr(A,B) ≥ (−1)r
(
N

r

)
dr. (33)

Indeed, if r > N then
(
N
r

)
= 0 and both the left-hand side and the right-hand side of (33)

vanish. It remains to prove (33) for r = 0, . . . , N . If r is even, then by (20), (21) and (31),

(−1)rτr(A,B) = (−1)r
(
N

r

)
qr = (−1)r

(
N

r

)
dr.

Hence (33) holds when r is even. Next, consider the case where r is odd. If r is odd and
r < N , then by (20), (21) and (24),

(−1)rτr(A,B) = −
(
N

r

)
pr ≥ −

(
N

r

)
qr+1 = (−1)r

(
N

r

)
dr,

where we used (31) in the last passage. If r is odd and r = N then

(−1)rτr(A,B) = −pN ≥ −qN = (−1)r
(
N

r

)
dr,

10



where the inequality pN ≤ qN follows from (22) above. This completes the proof of (33) in
all cases. We deduce from (32), (33) and the summation by parts (26) that

R∑
r=0

(−1)rτr(A,B) ≥
R∑

r=0

(−1)r
(
N

r

)
dr = cRdR +

R−1∑
r=0

cr(dr − dr+1)

≥
R−1∑
r=0

cr(dr − dr+1) =
R−1∑
r=0

r is even

cr(dr − dr+1) ≥ 0. (34)

Here, in the first passage in (34) we used that cRdR ≥ 0, since dR ≥ 0 by (31) while cR ≥ 0
by (25) as R is an even number. In the last passage in (34) we used that cr ≥ 0 by (25) as r
is even, while dr − dr+1 ≥ 0 by (32). The right-hand side inequality in (19) follows from
(34). The proof of the lemma is complete.

Proof of Proposition 3.1. Consider first the sum

L =

R1∑
r=0

(−1)r
∑

X∈Sk,r(B)

∑
Y ∈(Xk )

φ(Y ).

Since φ(Y ) = 0 whenever the vectors in Y are linearly dependent, only linearly independent
sets Y ∈

(
B
k

)
contribute to the sum L. Let us fix a linearly independent subset Y ⊆ B of

cardinality k. A term involving φ(Y ) can only arise from a set X ∈ Sk,r(B) satisfying

X = Y ∪ Z, Z ⊆ B \ Y, |Z| = r.

Consequently, in view of (15) and (17), the coefficient of φ(Y ) in the sum L is

R1∑
r=0

(−1)rσr(Y,B).

By Lemma 3.2, applied with A = Y , this coefficient is at most 1{Y=B}. Since φ ≥ 0, we
obtain

L ≤
∑

Y ∈(Bk)
Y linearly independent

1{Y=B}φ(Y ) = φ(B)1{|B|=k}, (35)

proving the left-hand side inequality in the conclusion of the proposition. Next, set

U =

R2∑
r=0

(−1)r
∑

X∈Tk,r(B)

∑
Y ∈(Xk )

φ(Y ).

Again, only linearly independent sets Y ∈
(
B
k

)
contribute to the sum. Fix such a linearly-

independent set Y . A term in the sum U involving φ(Y ) arises from a set X ∈ Tk,r(B) such
that

X = Y ∪ Z, Z ⊆ B \ Y, |Z| = r.

11



Hence the coefficient of φ(Y ) in the sum U is

R2∑
r=0

(−1)rτr(Y,B).

By Lemma 3.2, applied with A = Y , this coefficient is at least 1{Y=B}. Since φ ≥ 0, it
follows that

U ≥
∑

Y ∈(Bk)
Y linearly independent

1{Y=B}φ(Y ) = φ(B)1{|B|=k}.

This proves the right-hand side inequality in the conclusion of the proposition, and the proof
is complete.

4 Proof of Theorem 1.2
Let us set

c0 = 1/200.

Suppose that n ≥ 2 and fix a measurable subset S ⊆ Rn with S ∩ (−S) = ∅ such that

λ = Voln(S)

satisfies
0 < λ ≤ c0n.

Recall that F(S) is the collection of all finite subsets of S.

Lemma 4.1. Assume that n ≥ 20, let 0 ≤ k ≤ n/10, and let Ak ⊆ F(S) be a Borel set
containing only subsets of cardinality exactly k. Then

P(L ∩ S ∈ Ak)− P(P ∩ S ∈ Ak) ≤ Ce−cn,

where c, C > 0 are universal constants.

Proof. Let m be an integer such that

R = m− k ∈ 2Z

and ∣∣∣m− n

5

∣∣∣ ≤ 1.

Since n ≥ 20, we have
k + 1 ≤ m ≤ n− 1, (36)

and hence R is a positive, even number. For a finite subset Y ⊆ S define

φ(Y ) = 1Ak
(Y )ι(Y ). (37)

12



Then φ ≥ 0 while φ(Y ) = 0 whenever the vectors in Y are linearly dependent. Let E ⊆
F(S) be the collection of all linearly independent subsets of cardinality at most n/10. By
Proposition 2.1,

P(L ∩ S ∈ E) ≥ 1− Ce−cn, (38)

where we use that λ ≤ c0n ≤ n/30. For any finite set B ⊆ S,

1Ak
(B) ≤ 1Ec(B) + φ(B)1{|B|=k}, (39)

where Ec = F(S) \ E is the complement of E . Applying (39) with B = L ∩ S and using
Proposition 3.1 with R2 = R, we get

1Ak
(L ∩ S) ≤ 1Ec(L ∩ S) +

R∑
r=0

(−1)r
∑

X∈Tk,r(L∩S)

∑
Y ∈(Xk )

φ(Y ). (40)

Recall from (16) that Tk,r(L ∩ S) consists of linearly independent sets when r is odd, and
of sets of rank deficiency at most one when r is even. Since 0 ≤ φ ≤ 1, we may bound the
contribution of all sets X with δ(X) = 1 to the sum in (40) as follows:

1Ak
(L ∩ S) ≤ 1Ec(L ∩ S) +

R∑
r=0

(−1)r
∑

X∈(L∩S
k+r)

ι(X)
∑

Y ∈(Xk )

φ(Y ) +
R∑

r=0

∑
X∈(L∩S

k+r)
δ(X)=1

(
k + r

k

)

≤ 1Ec(L ∩ S) +

R∑
r=0

(−1)r
∑

X∈(L∩S
k+r)

ι(X)
∑

Y ∈(Xk )

φ(Y ) +

m∑
ℓ=1

(
ℓ

k

)
ρℓ−1
ℓ (L ∩ S).

We may now take expectation and use Proposition 1.1 in order to replace the random lattice L
by the Poisson point process P . By using (38) and Proposition 1.1 we obtain

P(L ∩ S ∈ Ak) ≤ Ce−cn + E
R∑

r=0

(−1)r
∑

X∈(P∩S
k+r)

∑
Y ∈(Xk )

φ(Y ) + E
m∑
ℓ=1

(
ℓ

k

)
ρℓ−1
ℓ (L ∩ S).

(41)
Here Proposition 1.1 is applicable since k + r ≤ k +R = m ≤ n− 1 by (36).

With probability one, all subsets of P ∩ S of cardinality at most m are linearly indepen-
dent. By (37), almost surely φ(Y ) = 1Ak

(Y ) for all Y ∈
(
P∩S
k

)
. Recall that k+R = m and

that R is even. By the usual inclusion-exclusion inequality (14) applied with R1 = R− 1,

R∑
r=0

(−1)r
∑

X∈(P∩S
k+r)

∑
Y ∈(Xk )

φ(Y ) ≤ 1Ak
(P ∩ S) +

∑
X∈(P∩S

m )

∑
Y ∈(Xk )

1Ak
(Y ), (42)

where the last term on the right-hand side is equal to the summand corresponding to r = R
on the left-hand side. Therefore, by taking expectation in (42) and combining with (41),

P(L ∩ S ∈ Ak) ≤Ce−cn + P(P ∩ S ∈ Ak)

+ E
∑

X∈(P∩S
m )

∑
Y ∈(Xk )

1Ak
(Y ) + E

m∑
ℓ=1

(
ℓ

k

)
ρℓ−1
ℓ (L ∩ S). (43)
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We need to bound the two terms in (43). Begin by bounding the Poisson term. Since |P ∩S|
is a Poisson random variable with parameter λ,

E
∑

X∈(P∩S
m )

∑
Y ∈(Xk )

1Ak
(Y ) ≤

(
m

k

)
E
(
|P ∩ S|

m

)
=

(
m

k

)
λm

m!
(44)

≤ 2m
(
eλ

m

)m

=

(
2eλ

m

)m

≤ Ce−cn.

In the last line we used the bounds
(
m
k

)
≤ 2m and m! ≥ (m/e)m, as well as the facts that

λ ≤ c0n, m ≥ n/10 and c0 ≤ 1/200.

Next, let us bound the rank-deficiency-one term. Recall from (36) that m ≤ n − 1. By
Schmidt’s estimate (11), for 1 ≤ ℓ ≤ m,

Eρℓ−1
ℓ (L ∩ S) ≤ λℓ−1

(ℓ− 1)!

[
3ℓ
(
3

4

)n/2

+ 5ℓ2−n

]
.

Consequently, by using the inequality
(
ℓ
k

)
≤ 2ℓ,

E
m∑
ℓ=1

(
ℓ

k

)
ρℓ−1
ℓ (L ∩ S) ≤

∞∑
ℓ=1

2ℓ
λℓ−1

(ℓ− 1)!

[
3ℓ
(
3

4

)n/2

+ 5ℓ2−n

]
(45)

=

(
3

4

)n/2

6e6λ + 10e10λ2−n ≤ Ce−cn,

where the last passage follows from the facts that λ ≤ c0n and c0 ≤ 1/200. Substituting the
bounds (44) and (45) into (43) we obtain

P(L ∩ S ∈ Ak) ≤ P(P ∩ S ∈ Ak) + Ce−cn,

completing the proof.

Proof of Theorem 1.2. We may assume that n ≥ 20, since otherwise the conclusion follows
by increasing the universal constant C. It suffices to prove the theorem under the assumption

Voln(S) = λ ≤ c0n.

By the definition of total variation distance,

dTV (L ∩ S, P ∩ S) = sup
A⊆F(S)

|P(L ∩ S ∈ A)− P(P ∩ S ∈ A) |

= sup
A⊆F(S)

[P(L ∩ S ∈ A)− P(P ∩ S ∈ A) ] , (46)

where the suprema run over all Borel subsets A ⊆ F(S). Note that in the second line we
replaced the absolute value by brackets, which is legitimate because replacing A by F(S)\A
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changes the sign of the expression inside the absolute value. For k ≥ 0, write Fk(S) for the
collection of all k-element subsets of S. Set

m = ⌊n/10⌋+ 1

and
F≥m(S) =

⋃
ℓ≥m

Fℓ(S).

Thus

F(S) =

(
m−1⋃
k=0

Fk(S)

)
∪ F≥m(S)

is a disjoint union. Fix a Borel set A ⊆ F(S) and write

Ak = A ∩ Fk(S), A≥m = A ∩ F≥m(S).

Then

P(L ∩ S ∈ A)− P(P ∩ S ∈ A) (47)

= [P(L ∩ S ∈ A≥m)− P(P ∩ S ∈ A≥m)] +
m−1∑
k=0

[P(L ∩ S ∈ Ak)− P(P ∩ S ∈ Ak)] .

For each 0 ≤ k ≤ m− 1, Lemma 4.1 yields

P(L ∩ S ∈ Ak)− P(P ∩ S ∈ Ak) ≤ Ce−cn.

Since m ≤ n, summing over k = 0, . . . ,m− 1 gives

m−1∑
k=0

[P(L ∩ S ∈ Ak)− P(P ∩ S ∈ Ak)] ≤ C ′e−c′n. (48)

It remains to bound the contribution of A≥m to (47). By Proposition 2.1, with probability of
at least 1−Ce−cn, the set L ∩ S has cardinality at most n/10. Since m = ⌊n/10⌋+ 1, this
implies

P(L ∩ S ∈ A≥m) ≤ P(|L ∩ S| ≥ m) ≤ Ce−cn.

Therefore
P(L ∩ S ∈ A≥m)− P(P ∩ S ∈ A≥m) ≤ Ce−cn. (49)

By combining (47), (48) and (49) we conclude that for any Borel set A ⊆ F(S),

P(L ∩ S ∈ A)− P(P ∩ S ∈ A) ≤ Ce−c′n.

In view of (46), this completes the proof.

Remark 4.2. (i) Is it true that the universal constant c from Theorem 1.2 can be taken
arbitrarily close to 1? This question is somewhat related to a remark in Venkatesh [17].
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(ii) When S ⊆ Rn is a Euclidean ball of volume n/5, say, and L ⊆ Rn is a random lattice
of covolume one, we currently do not know how to estimate

(E|L ∩ S|p)1/p (50)

for all 1 ≤ p < n, up to a multiplicative universal constant. It seems that the bounds
for (50) that can be extracted from Schmidt [13] could be off by a factor of Cp. The
advantage of Schmidt’s sieve over the usual inclusion-exclusion principle is that it
allows us to avoid analyzing these high moments.
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