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Lecture 3: The thin shell theorem and the Johnson-Lindenstrauss lemma

In this lecture and the next, we discuss applications of the spherical concentration of
measure phenomenon in high-dimensions and prove results that (arguably) shed light
on the geometry of high-dimensional Euclidean space. We begin with the following
corollary of Lévy’s isoperimetric inequality:

Theorem 3.1 (“spherical concentration of Lipschitz functions”). Let f : S"' — R
be an L-Lipschitz function, i.e., |f(x) — f(y)| < Llx — y| for all z,y € S™ .
Consider the average of f on the sphere, namely,

E= fdon—l'

Sn—l
Then for any t > 0,

on1 ({z € 8" Y |f(z) — E| > t}) < Ce /L7 (1)
where C, ¢ > 0 are universal constants.

Theorem 3.1 implies that 1-Lipschitz functions on the high-dimensional sphere
behave, in certain respects, as if they were nearly constant. Apriori, one might expect
such a function to attain values across the entire interval [0, 1], for instance. However,
if we sample five random points from the sphere and evaluate a 1-Lipschitz function
f at those points, the resulting values will be very close to each other, differing by at

most O(1/y/n).

Proof of Theorem 3.1. We may assume that L = 1 (otherwise, replace f by f/L).
Abbreviate {f < t} = {z € S"*; f(x) < t}. Let M > 0 be a median of the
function f, i.e.,

e ({f <MY >1/2  and  oua({f > M) > 1/2.

(not that it matters, but the median of a continuous function is uniquely determined).
Set A = {f < M?}. Observe that

where A, = {z € 5" '; inf,c4 |x — y| < t} is the ¢-neighborhood of A. Since
0n_1(A) > 1/2, by the spherical isoperimetric inequality that we proved in the pre-
vious lecture,

o ({f S M +1}) 2 00 1(A) 21— Cem. @



Similarly, since the ¢-neighborhood of { f > M} is contained in { f > M — t},

oo ({f>M—1t})>1—Ce ", 3)
From (2) and (3), for any ¢ > 0.
oo ({If = M| >t}) < Cem™. @)

The expectation of f is rather close to the median. In fact, by (4) and Jensen’s inequal-
ity,

E— M| =

fdor — M‘ < [ 15-ldo,
S'rLfl

gn—1
_ / oy ({If = M| > #}) dt < / Ce—etndt <
0 0
This implies that for any ¢ > 0,

oa1({|f — E| > t}) < Cemet™m, )

Indeed, if ¢ < 1/4/n then the right-hand side of (5) can be assumed at least 1, while
if t > 1/4/n, then we may use our bound for | E' — M| and note that

{zes" i |fa) - Bl >t} C{zesS" " [f(z) - M| > Ct}.
Now (5) follows from (4). O

<
=

As we see from the proof of Theorem 3.1, we may replace the expectation F in
(1) by the median M, as well as by other “central values” of f, like the L?-norm of f
when it’s non-negative; see the exercise below.

Remark 3.2. Concentration effects go beyond Lipschitz functions, and that it usually
suffices to assume that the function f is “Lipschitz on average”. For example, the
Poincaré inequality on the sphere states that if f : S™~! is a smooth function (or just
locally Lipschitz) and f gno1 Jdo,_1 =0, then

1
frdo, g < —— IV fPdo,—1. (6)

Sn—1 n—1 Sgn—1

Equality holds in (6) if and only if f(z) = x - 0 for some § € R". This is proven
by analyzing spherical harmonics and the spherical Laplacian, see e.g. Miiller [8].
There are also LP-versions of the Poincaré inequality (6) where f? and |V f|? are
replaced by |f|” and |V f|?, respectively. A strong and useful inequality is the log-
Sobolev inequality on the sphere, see e.g. Bakry, Gentil and Ledoux [1]. As we
will see later on, the Poincaré inequality (6) implies sub-exponential concentration of
Lipschitz functions, which is considerably weaker than the sub-Gaussian concentration
of Theorem 3.1.



3.1 The thin shell theorem

Our first application of the spherical concentration of measure phenomenon is a version
of the “thin-shell theorem” of Sudakov [9] and Diaconis—Freedman [4]. This theorem
offers additional insight into why the Gaussian distribution arises in the central limit
theorem.

Let X = (X, ..., X,,) be arandom vector in R" with E| X |? < co. We say that
X is isotropic or normalized if

EXZ :07 EXZX] :517] v’L,jZ 1,...,77,,
or in short if
EX=0 and Cov(X):=EX®X =1d,

where @ = (2;2;); j=1,...n € R"*" for x € R". Equivalently, a random vector
X is isotropic if for any § € S™~!, the marginal random variable (X, ) has mean
zero and variance one.

Any random vector X satisfying mild conditions can be made isotropic by applying
to it an appropriate linear-affine transformation (exercise!). Thus, isotropicity is just
a matter of normalization of the random vector; we need to center it and then stretch
or shrink it linearly in some orthogonal directions in order too make it balanced in all
directions in terms of variance of marginal distributions.

Theorem 3.3 (Thin-shell theorem). Let X be an isotropic random vector in R", and
let Z be a real-valued, standard Gaussian random variable. Assume that for some

>0,
| X o
=) == ?

Then there exists a subset A C S™ ! with o,,_1(A) > 1 — C exp(—cy/n), such that
forany 6 € Aandt € R,

\P(X-est)—MZSt)\§C<€”Q+n11/8>v ®)

where C, ¢ > 0 are universal constants.

The exponents 1/2 and 1/8 on the right-hand side of (8) are non-optimal. Bobkov,
Chistyakov and Gotze [2, 3] used the Fourier transform as well as other techniques, and
essentially obtained Ce? logn on the right-hand side of (8), with a slightly different
definition of €, and with a slightly different probabilistic estimate on 6.



What is the meaning of condition (7)? By the Chebyshev—Markov inequality, this
condition implies that

X
P 1—\/§§u§1+\/§ >1—c.
Jn
Thus, when € < 1, condition (7) implies that the bulk of the mass of X is concentrated
in a thin spherical shell.

Theorem 3.3 tells us that in order to have many approximately Gaussian marginals,
it suffices to verify that most of the mass of the random vector X is contained in a
thin spherical shell whose width is much smaller than its radius. The fact that the
radius must be /n is dictated by the isotropic normalization of X. From the proof
of Theorem 3.3 one can see that the thin-shell condition (7) is also necessary for the
Gaussian approximation phenomenon of the majority of the marginals.

Examples.

1. Consider the case where X = (X1,..., X, ) and Xy, ..., X, are independent
random variables with, say, EX? = 1 and EX' < 100 for all i. The thin-shell
condition (7) holds true with a rather small €. Indeed, we may compute that

| X )2 (IXI2 >2 (IXIQ) - <Xi2)
= _ < _ — — ik
E<\/ﬁ 1] <E - 1 Var - ;Var -
1 & 100

Thus the standard deviation of | X|/\/n is at most 10//n, and (7) holds true
with e = O(n~%/2), i.e., the width of the thin spherical shell that contains most
of the mass of X is only O(1/+/n) times its radius. Theorem 3.3 thus implies
that many of the marginals of X are approximately Gaussian, in accordance with
the classical central limit theorem.

2. Consider a regular simplex circumscribed by the sphere /nS"~!. Let X be
a discrete random vector in R", uniformly distributed on the n + 1 vertices of
this simplex. Note that X is isotropic, and that the mass of X is concentrated
in a thin-spherical shell of width ¢ = 0. Thus, by Theorem 3.3, most of the
marginals of X are approximately Gaussian.

3. In the second part of this course, we will (hopefully) discuss a recent proof that
the uniform distribution on any convex set in R", when isotropic, satisfies the
requirements of Theorem 3.3 with e = C'/ \/71, see Klartag and Lehec [6].



4. A non-example: Let Y be a random vector distributed uniformly on the sphere
S"~1 and let 7 be a symmetric Bernoulli random variable, independent of Y,
ie,P(r =0) =P(r =1) = 1/2. Define

V3Y, ifr =0,

X:
Wy ifr=1.

Observe that X is an isotropic random vector that does not satisfy a good thin-
shell estimate, since it assigns mass 1/2 to each of two spheres of very different
radii. Consequently, the marginals (X, ) are all far from Gaussian: each of the
two spheres contributes an approximately Gaussian component to the marginal,
but their variances are very different. Hence the density of the marginal X - 6
is the average of two Gaussian densities with very different variances, i.e., it is

approximately
L[ e, L )

2 lvm V3T

which is not close to Gaussian.

The proof of Theorem 3.3 has the following structure: First, we show that a certain
observable, defined as a function on the sphere, is concentrated around some unknown
value. Then, in order to identify this value, analyze the expectation of the observable.
Our observables would be Lipschitz approximations for the functions

Sl P(X-0<t) )

for t € R. The function in (9) is not necessarily continuous in general, but as we will
see it admits good Lipschitz approximations. We begin the proof of Theorem 3.3 with
the following:

Lemma 3.4. Let X and ¢ be as in Theorem 3.3, and let Y ~ Unif(S™'). Let
f : R — R be an L-Lipschitz function. Then there exists a subset © C S™~1 with
0,-1(0) > 1 — Cexp(—cy/n) such that for any 6 € O,

[Ef(X -6) — Ef(v/nY1)| < CL (7111/4 +5> : (10)

Proof. For simplicity assume that X has no atom at the origin; it is an exercise to
go over the proof below and eliminate this requirement. We may assume that Y is
independent of X, since this assumption does not change the values of the various
expressions in (10). For § € S™~! denote

F(0) =Ef(X - 6).



Letus observe that F'is an L-Lipschitz function on the sphere. Indeed, forany 6, 65 €
Snf 1 ,

F(6) — F(6:)| EIF(X-01) = F(X -02)| < LE|X - (6, — 05)

< L\JEIX - (0, — 6:)[2 = |0, — 6],
since X isisotropic, and hence the random variable X - (6, —605) has variance |0, —6-|2.
The function F' is L-Lipschitz, hence it deviates very little from its average on the
sphere. In particular, by using Theorem 3.1 witht = L /n'/*, we deduce the existence
of a subset © C S™ ! with 0,,_1(©) > 1 — C'exp(—cy/n) such that

Vo € O, 'F(H) - Fdo,_,

_ L
- < (11)

The next step is to estimate the average of F' on the sphere, and connect it with
Ef(y/nY1). To this end, we observe that the two random variables

(X/I1X],Y) and Y] (12)

have the same distribution, by the rotational-invariance of the uniform measure on the
sphere. Indeed, Y; and (Y, 6) have the same distribution for any fixed € S, and
the same holds when we replace the fixed § € S™~! by any random vector supported
in S”~! that is independent of Y.

Moreover, the random variable (X /| X |, Y') is independent of X . Thus, since the
two random variables in (12) are equidistributed, the same holds when we multiply
each of them by |X|. It follows that the random variables (X,Y) and | X|Y] are
equidistributed. Therefore,

Fdo, , =EF(Y)=Ef(X-Y) =Ef(|X|Y). (13)
Sn—l

Our main assumption (7) implies that the random variable | X | is typically very close
to v/n. Thus,

EF(X|V:) — Ef(Vavh)| < L-E[(IX| - Vi) Yi]

< Ly/Eny? B (1X]/v — 1) < e,

as EY}? = 1/n. Combining the last inequality with (11) and (13), the proof is com-
pelte. O




Recall from the first lecture that the density of the random variable \/nY] is

t2 HT_S
Cn (]- - ) )
n

where C,, = 1/v/27+O(1/n), and that if Z is a standard Gaussian random variable
then forall t € R

P (vnY; < t) —]P’(th)}g%. (14)

Proof of Theorem 3.3. Set § = max{+/e,n"'/3}. For t € R consider the function

1 T <t
Li(x)=X 1—(zx—1t)/0 xz€]tt+7]
0 r>t+6

Then I, is a (1/6)-Lipschitz function, and
P(X-0<t) <EL(X-0) <P(X-0<t+9). (15)
From Lemma 3.4, for any ¢t € R there exists A, C S"~! with
On_1(A) >1—Ce eV (16)

such that for any 6§ € A,,
1 ~
[EL(X -0) - EL(Va¥})| < C -5 - (nt4e)<cve. an

Our goal is to leverage (17) and show that there exists a subset A C S™~! of large
measure such that forall§ € Aandt € R,

IP(X-0<t)—P(Z<t)<CVs. (18)

Step 1. We would like to replace \/nY; in (17) by Z. By the definition of I; and
by (14),

P(Z <t) - C/n <P (VY <t) <EL(VnY))
<P(VnY, <t+0) <P(Z<t+68)+C/n.  (19)

Moreover,

—2*/200 < 75<5

[
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P(Z <t+0)-P(Z<t)|=



Thus by (19),

EIt(\/ﬁ}G):P(th)JrO(éJri) _PB(Z<)+0(5).

Consequently, from (17), for any 6 € A,
IEL(X -0) — P(Z < t)| < CVG. (20)

Step 2. We would need to take care simultaneously of all values of ¢. To this end,
we write

t o—a?/2
@(t):IP’(th)—/oo o
Consider the Gaussian d-quantiles
t; =@ '(i-0) fori=1,...,k:=[1/6]] — 1,
so k < n'/8. Then
P(Z <t;) =3¢ forj=1,...,k.
Set also g = —oo and ¢, ; = +o00. Consider the event

k
A=A, cs5!
=1

which by (16) satisfies
Op1(A) > 1—k-Ce ™" >1—Cn'/Pe V" > 1 - Ce*V™.

We are now in a position to prove (18). Pick # € A and t € R. There exists j =
0,...,ksuchthatt; <t <t;.,. Thus, by (20),

P(X -0 <t) <P(X-0<t,,) <El (X 0) <P(Z<t;)+CV5
<SP(Z<t)+CVo+06=P(Z<t)+O0(6),

which proves one half of the desired inequality (18). For the other half, leti = 0, ..., k
be such thatt; <t — 9§ <t;,q1. Thus,

P(X-0<t)>P(X-0<t,+06) >EL (X 0)>P(Z<t)—CVs
>P(Z <t)—CV5,

completing the proof of (18). O



3.2 The Johnson-Lindenstrauss lemma on dimension reduction

We move on to our second application of spherical concentration of measure. In their
work [5] on Lipschitz extensions of maps from metric spaces to a Euclidean space,
Johnson and Lindenstrauss proved the following lemma:

Lemma 3.5 (“The JL lemma on dimension reduction”). Suppose that X C R" is a
finite set and let 0 < & < 1/2. Let k be an integer such that

k> Ce? log #(X).

Then there exists amap f : X — R* such that for all x,y € X,

—Jr—y| < - < (1+4+¢e)|lzx—y.
vl s @) - fW)l < A +e)lz —yl
In fact, the map f is the restriction to X of a linear map from R" to RF.

We say that the map f from Lemma 3.5 is a metric embedding with distortion at
most 1 4 €, since it distorts distances by a multiplicative factor of at most 1 + <. Thus
any subset of IV points in Euclidean space in any dimension may be embedded in
dimension C'log IV while preserving all distances up to a factor of at most 1.01.

Example. Consider the n+1 vertices of a regular simplex in R" with edgelength 1.

That is, the points xg, . .., , € R" satisfy
1 i#
|xi_$j|:{ 0 i=1
=J
An exact metric embedding of this metric space X = {xo, ..., z, } is possible only in

dimension n and above. However, an embedding with distortition of 1.01 is possible
already in dimension C log n. Putting it differently, in R¥ and even in the unit sphere
SF=1, there is a collection of e°* points where all distances between pairs of points lie
in the interval

[0.99,1.01].
This finite subset of S* ! is an “approximate simplex” with exponentially many points.

In order to prove the JL lemma, we need to introduce the notion of a random k-
dimensional subspace of R™. The collection of all k-dimensional subspaces of R is
referred to as the Grassmannian G,, .. The Grassmannian G, j, is a smooth manifold
of dimension k(n— (k+1)/2). The group O(n) of all orthogonal transformations on
R™ acts transitively on ), ,, meaning that for any two given subspaces F1, Ey € G, i,
there is an element U € O(n) such that

U(E,) = Bs.



In other words, the Grassmannian G, i, is a homogenous space of the orthogonal group.
Haar’s theorem states that since the compact group O(n) acts transitively on G, ,
there exists a unique rotationally-invariant probability measure on G, . Moreover,
there is a unique (Haar) rotationally-invariant probability measure also on O(n), re-
ferred to as the uniform probability measure on O(n).

Whenever we say that ¥ € G, 5, is a random subspace, distributed uniformly in
G, x» we refer to this Haar probability measure on GG, ;. Observe that for any fixed
rotation U € O(n), the random subspace U (F) is also uniformly distributed in the
Grassmannian G, ;.. Similarly, if U € O(n) is a random orthogonal transformation,
uniformly distributed on O(n), thenalso U ~! = U* is uniformly distributed on O(n),
as well as UU, and U, U for any fixed matrix Uy € O(n). The uniqueness of the Haar
measure has the following consequences:

Claim3.6. 1. IfX,,..., X, € S"! are independent random vectors, each dis-
tributed uniformly in S™~*, then

E = Sp{Xl, e 7Xk}
is almost surely a k-dimensional subspace, distributed uniformly in G, j.

2. If By € G, is a fixed subspace, and U € O(n) is a random, uniformly-
distributed orthogonal transformation, then

U(Eo)

is distributed uniformly in G, .. In particular, the span of the first k columns
or first k rows of U is uniformly-distributed in G, .

3. Fixx,y € S" Y withx L vy. Then the law of Uy conditioning on Uz = w is
uniform in the (n — 2)-dimensional sphere u N S™~1,

For a subspace  C R", we write Projg for the orthogonal projection operator
onto £ C R™. When we project a given point # € R™ to a random k-dimensional
subspace 2 C R™ that is distributed uniformly over the grassmannian, the Euclidean
norm of 6 decays by a factor of roughly /k/n, as is proven in the following:

Lemma 3.7. Let 1 < k < nand xy € S" ! be fixed, and let E € G, be a
random, uniformly distributed subspace. Then for any € > 0, with probability of at
least 1 — C exp(—ce?k) of selecting E,

k . k
(1 —z—:)\/; < |Projrxy| < (1 —|—€)\/;,

where C, ¢ > 0 are universal constants.
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Proof. Rather than having the point x( fixed and the subspace E random, we can
switch! Let Ey € G,, , be a fixed subspace, and let X ~ Unif(S™"~'). We claim that

. (d) .
|Projrxo| = |Projg,X|, 21

i.e., these two random variables are equidistributed. Indeed, if U € O(n) is a ran-
dom orthogonal transformation, then X has the same distribution as U (z), hence
|Projg, X| is equidistributed with
. . ‘ ) (d) ,
|Projg,Uxo| = U Projg,Uxo| = |Proju-p,zo| = |Projsaol,

proving (21). Our goal is thus to show that | Projg, X | is concentrated. Forz € S™™*,
denote

f(x) = |Projg,x|.

The function f is clearly 1-Lipschitz. Let uy, ..., u; € Ey be an orthonormal basis,
and let us complete it to a full orthonormal basis u, ..., u, € R™. Then

Fdo, | = /S S udo, @) =k [ (ew)do, (@)

Sn—l i—1 Sn—l
k " , k
= — - U d n— = —.
- /Sn1 ;(x u;)*do,_1(x) -

Hence \/k/n is a central value of the non-negative, 1-Lipschitz function f, and we
may apply Theorem 3.1 with L = 1 and with the average E replaced by \/k/n. We

obtain that
n—1 k —&%k
Op—1 T c S ; Z e\ — S CG ’
n

completing the proof. O

fa) -2

n

Proof of Lemma 3.5. Denote m = #(X). Consider the set

Yz{x_y ;m#y,x,yGX},
|z — y|

so that #(Y) < m? Let E € G,, ;. be a random subspace, uniformly distributed in
the Grassmannian. We claim that

P <V9 €y, (1 —6)\/5 < |Projef] < (1 —i—s)\/f) > % (22)

11



Indeed, by our choice of parameters, we may ensure that

—ce’k) <
Cexp(—ce'k) < 52

with ¢, C' > 0 being the universal constants from Lemma 3.7. Hence, by the union
bound and the conclusion of that lemma, with probability of at least 1 /2, forall§ € Y,

(-0 < Projsl < 400 E, 3)
n n

This proves (22). Since the probability estimated in (22) is positive, we may fix a
subspace £ € G, ;. for which the event described in (22) holds true. Setting

f = \/ZPrOan

we have that f : R” — E = R*, and for any 2,y € X with 2 # v,
x_

@)= 1@l =l =l | (Z2) | = b= ol [3 [Proge (222

Since the point § = (x —y)/|z — y| belongs to the set Y, from (23) we conclude that

2 @) = f)l
T Jr—y

1—¢ <1l+4e¢,

completing the proof. O

We remark that by using entropy considerations, it was shown by Larsen and Nel-
son [7] that the estimates in the Johnson-Lindenstrauss lemma are close to optimal
if £ is not extremely small. They asked whether with m = #/(X), the require-
ment k > ce~2 - logm in the Johnson-Lindenstrauss lemma may be improved to
k > ce=? -log(2 + *m). This is still open.

Exercises.

1. Let X be a random vector in R" with E| X |? < oo that is not supported by a
hyperplane. Prove that there exist a vector b € R" and a positive-definite matrix
A such that A(X) 4 b is isotropic.

2. Eliminate the requirement that P(X = 0) = 0 from the proof of Lemma 3.4.

12



3. Let (2, P) be a probability space, and let f, . . ., f,, € L?(€2) be an orthonormal
systemsuchthat >, fZ = 1, Prove that there exist coefficients (61, . .., 6,) €
S™~Lsuchthat f = Y7 | 6, f; satisfies

1
- — e
V2T J o

where m is the Lebesgue measure. (We remark that there are many non-trivial
examples of such orthonormal systems. For instance, any orthonormal basis of
the space of spherical harmonics of a certain degree and dimension.)

‘P(fﬁt) (teR)

4. For a non-negative function f : S"~! — R, replace E in Theorem 3.1 by

v/ Sgnos f2don 1.

(some jargon: any a with |a — E| < L/+/n may be called a “central value” of

.

5. Recall the proof of Haar’s theorem, and prove Claim 3.6.
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Thanks to Georgios Gavrilopoulos for correcting typos in an earlier version of these
notes.

Request. Please e-mail me at boaz.klartag@weizmann.ac.il with any com-
ments, corrections, or suggestions regarding these lecture notes. In addition, if you are
able to produce tikz figures similar to (or better than) those drawn on the blackboard
in class, I would be glad to include them in the notes.
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