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Lecture 5: Duality and the Santalé and Bourgain-Milman inequalities

Let K C R" be a centrally-symmetric convex body. The randomized Dvoretzky
theorem tells us that random ¢-dimensional sections of K for ¢ < d(K) are approx-
imately Euclidean balls of radius 1/M (K'). We recall that the Dvoretzky dimension

of K is )
M(K)
dK)=n-—=") .
= (35 )
where M (K) is the average of the norm || - || on the unit sphere S™~! and where
b(K) is the maximum of the norm || - || x on this unit sphere. Here, || - || x is the

norm whose unit ball is K. In particular, if b(K) ~ M (K), then sections of K of
dimension proportional to 1 are approximately Euclidean. One of the most important
examples of such a convex body is the cross polytope

sy {eemsymi<a).
i=1
relevant to Kashin’s splitting and to Grothendieck’s inequality (see below).

The parameters b(K) and M (K') have a geometric meaning: the radius of the
Euclidean ball circumscribed in K equals 1/b(K), while 1/M (K) is the harmonic
average on the sphere of the radial function of K, i.e.,

M(lK) B (/S @dan—l(@)_l,

and rx (0) = 1/||0||x = sup{t > 0; t € K} measures how far K extends in di-
rection 6. Next we interpret Dvoretzky’s theorem and these two geometric parameters
via duality.

5.1 Convex duality

Convex sets K C R™ come to the world in pairs; this is especially true for centrally-
symmetric convex sets or convex cones. We recall that the polar body to a convex body
K C R" containing the origin in its interior is

K°e={zeR";Vye K, (z,y) <1}.



We have (K°)° = K with K = K° if and only if K’ = B" (exercise). When K is
a polytope, there is a one-to-one correspondence between the vertices of K and the
(n — 1)-dimensional facets of K °. In particular, the number of vertices of K equals
the number of facets of /{°. We denote the supporting functional of K by
hi(x) = sup(z,y).
yeK
The supporting functional h x determines the convex body K. In fact, the supporting

functional provides a one-to-one correspondence convex bodies on one hand, and 1-
positively-homogenous, convex functions on the other hand.

Observe that for § € S, the quantity h (0) 4+ hx(—0) is the width of K in
the direction 6; that is, it equals the distance between the two hyperplanes orthogonal
to 6 such that K is “sandwiched” between them. Moreover, note that

hiir = hg + hr. ey
When K C R" is centrally-symmetric,
[zlle = llzlk = hx ().

An important geometric parameter of a convex body K C R" is its (half) mean width,
defined by
M (K) = M(K®) = / hic(2)don1 (2).
Sn— 1
The mean-width is Minkowski-additive, i.e.,

Sn—1

= M*(K) + M*(T).

M* (K +T) = / hicsz(x)don i (x) = /S () + (@) do 1 (2)

It is an exercise to verify that the dual operation to section is projection, i.e., if £ C R"
is a subspace, then,

(KNE)®=ProjgK°, (2)

where Projg : R — FE is the orthogonal projection operator. Moreover, when K
is centrally-symmetric,

1
b(K°) = sup |z| = zdiam(K).
zeEK 2

Since M (K°) = M*(K) while b(K°) = diam(K)/2, the randomized version of
Dvoretzky’s theorem has the following immediate corollary, obtained by dualizing:



Corollary 5.1. Let K C R" be a convex body with K = —K, let 0 < & < 1/2 and
assume that 1 < £ < n satisfies

0 <ce? - d(K°)

for
IM*(K)\?
dK°)=n-| ——-%
(K*) =n (diam(K)>
Let E € G, ¢ be a random, uniformly-distributed subspace. Then with probability of
at least 1 — C exp(—ce?d(K°)),

(1 —e)M*(K)Bp C ProjpK C (1+¢)M"(K)Bg,
where c, C, C' > 0 are universal constants.

Similarly, one may deduce from Dvoretzky’s theorem that any centrally-symmetric
convex body K C R™ has a orthogonal projection

Projp(K)

of dimension dim(E) > ce? - logn which is e-close to a Euclidean ball. In addition
to the geometric projection, we may also consider the measure projection and ask how
regular they are. That is, if X ~ Unif(K), then we can ask whether the random
vector

Projp(X) (3)

is close to Gaussian. A result in this direction, in spirit of the thin-shell theorem
and the strong thin-shell bounds satisfies by convex bodies, was proven by Eldan and
Klartag [3]. The theorem states that for any convex body K C R"™ with barycenter at
the origin, there exists a subspace ¥ C R™ with dim(E) > n® such that the random
vector in (3) is close to a Gaussian random vector, with total-variation distance at most
Cn=#. Here, C, o, B > 0 are universal constants.

Thus far we considered four lengthscales associated with K, which are
1/6(K),1/M(K), M*(K) and  diam(K).
We now add a fifth lengthscale, the volume-radius of K, defined via
Vol,, (K) ) 1m
Vol,,(B™)

which is the volume of the Euclidean ball with the same radius as /. Quite a few
geometric questions on high-dimensional convex sets involve at least one of the three
middle parameters from (4) in the following lemma:

vrad.(K) = (



Lemma 5.2. For any centrally-symmetric convex body K C R" we have the chain of
basic inequalities

1 1 i K
— < ——— <wvrad.(K) < MY (K) < diam (K

b(K) = M(K) S— @)

and equalities hold when K is a Euclidean ball.

Proof. The inequality M (K) < b(K) holds true since the spherical average of the
norm || - || is at most its maximum. Similarly

M*(K) = M(K®) < b(K°) = diam(K) /2.

We move on to the second inequality from the left in (4). Recall that

el dos (@), ®

Vol,,(K) = Vol,(B™) /
Indeed, by integrating in polar coordinates,

Vol,,(K) = Vol,_,(S™) / / L (rO)r™drdo, ()
sn-1.Jo

011"
= nVOln(B")/ (/ T"_ldr> do,_1(0),
Sn—l 0

and (5) follows. Hence, by Jensen’s inequality,

» 1/n 1 1
vrad.(K) = </5n1 ]| dan1($)> 2 Jsnor 2] xdoy 1 () ~ M(K)

The third inequality from the left on (4), which is the inequality

vorad.(K) < M*(K), (6)

is called Urysohn’s inequality. Itis valid for any Borel subset K C R" of finite volume.
In order to prove it, we recall the multiplicative Brunn-Minkowski inequality,

Vol,, (AK; + (1 — A\)K5) > Vol,,(K;)*Vol, (K,)' .

By a simple induction argument, if N > 1 and the numbers A;, ..., Ay > 0 add to
one, then for any Borel sets K1, ..., Ky C R" of finite volume,
N
Vol,, (Z AK) > [ Vol (k). (7
i=1 i=1

N



Consider the particular case where Uy, ..., Uy € O(n) and K; = U;(K). By (7),

1 N
Vol,, (N ; Ui(K)> > Vol,, (K). (8)

We interpret the convex body on the left-hand side as
1
U(K)dn(U) = + 3 U(K),
O(n) N ;

where v = (1/N) >, 0y, is a discrete measure on O(n), and where in view of (1),
we define the convex body

U(K)dv(U)
o(n)

via its supporting functional, i.e., it is the unique convex body whose supporting func-
tional is

/O o (@)@ (x € RY),

‘We may now let the discrete measures vy = vy, ... v, tend to the uniform probability
measure on O(n), denoted by 1,,. We deduce from (8) that

Voln< U(K)dun(U)> ~ fim v01n< U(K)dz/N(U))
O(n) N—oo O(n)
> Vol,,(K). )

The convex body [, () U(K)dpi,(U) is rotationally-invariant, and hence it is a Eu-
clidean ball centered at the origin. In order to determine its radius, we compute its
mean-width:

M%OWMKmmw)z/wamwa>

o
_ / M*(K)dpn(U) = M*(K).
O(n)
Thus the radius of this Euclidean ball equals M *(K ), and by (9),
Vol,,(M*(K)B") > Vol,,(K),

which proves (6). O



5.2 Volume-diameter balance

The following theorem complements Dvoretzky’s theorem, and is useful for under-
standing the diameter of random sections whose dimension exceeds the Dvoretzky
dimension of K.

Theorem 5.3 (“volume-diameter balance [7]”). Let K C R" be a convex body con-
taining the origin, andlet1 < { < n. Let E € G,, ¢ be arandom subspace, distributed
uniformly. Set

4
= —
n’
Then with probability of at least 1 — C exp(—én),
diam(K N E)**v.rad.(K N E)* < Cv.rad.(K), (10)
where, c, C, C > 0 are universal constants. In fact, the random variable

X = diam(K N E)'*v.rad.(K N E)*

satisfies
(E|X|")"™ ~ v.rad.(K). (11)

Thus, if a random section of K typically has a non-negligible volume, then its
diameter is not too large.

Proof of Theorem 5.3. Integrating in polar coordinates,

Vol (K) = / ||~ td, (12)
lrg KNE
where k,, = Vol,,(B™). Indeed, as before,
Vol ( —Tmn/ / 1g (r0)r" *drdo, ()
Sn— 1
= Nk, / / L (r0)r0|"~" - " tdrdog(6)
Sn-1nE
Nk,

= E/ z|"tde,
Uy KOE‘ |

where o ; is the uniform probability measure on the (¢—1)-dimensional sphere SN
FE. Next, we claim that almost surely

/ |z|"*dx > ™ - Vol,(K N E) - diam(K N E)"*. (13)
KNE

6



Observe that the reverse inequality to (13) trivially holds true if we remove the c"
factor. In order to prove (13), we denote I' = K N E. Pick xy € T with
diam (7T

Set g 1

Then for any z € Tj,
8 1. .
|z| > §\x0\ - §d1am(T) > ¢ - diam(7).
Hence,

/ " da 2/ 2|~ da > "~ - Voly(Tp) - diam(T)"~
T To

Vol, (T
= c”goée( )diam(T)”%,
proving (13). By substituting (13) into (12), we see that

NKy

Vol,,(K) > ¢" - -EVol,(K N E)diam(K N E)"™, (14)

Ry
where the reverse inequality to (14) holds true without the ¢™ factor. Hence
v.rad.(K)" > ¢"E (v.rad. (K 0 E)*iam(K N E)')".

We now deduce (10) by the Markov-Chebyshev inequality. The “In fact” part follows
from the fact that the reverse inequality to (14) holds true without the ¢” factor. O

In the important case of X' = BT, Theorem 5.3 can be used to prove the following
(see guided exercise below).

Corollary 5.4 (Kashin’s splitting [14]). There exists an orthogonal decomposition
R" = E; @ Ey with dim(E;) > |n/2] for i = 1,2 such that

Vo € By U Es, cvnlz| < ||zl < V/nlz),

where ||z||y = Y1, |z forx = (x1,...,2,) € R" and where ¢ > 0 is a universal
constant.

By considering a Kashin splitting into three pieces and dualizing, we obtain the
following:



Corollary 5.5 (Grothendieck’s inequality [6]). For any numbers M;; € R (i,j =

1,...,n),
n n
max E Mij<ui,vj> < C max E Mijsitj N
ug, v  ERM | & si,tr€{—1,1} | =
lujl,fvjl<1 19,5=1 i,j=1

where C' > 0 is a universal constant.

5.3 The Santal6 and the Bourgain-Milman inequalities

The bodies K and K° are kind-of “inverses” to each other. For instance, for any
invertible, linear map 7" : R — R",

(T(K))? = (T7)"(K°).

Theorem 5.6 (Santalé and Bourgain-Milman). For any centrally-symmetric convex
body K C R",
¢ <wvrad.(K)v.rad.(K°) <1, (15)

where ¢ > 0 is a universal constant. In fact, ¢ = 1/2 works according to Kuper-
berg [8].

The left-hand side inequality in (15) holds true without the central-symmetry as-
sumption, assuming only that 0 lies in the interior of K. The right-hand side inequality
in (15) holds true whenever K C R"™ is a centered convex body, i.e., its barycenter
lies at the origin.

In the case of a centrally-symmetric convex body K C R", the Mahler conjecture
[9, 10] suggests that

471
Vol,,(K) - Vol,,(K°) > - (16)
n!
Equality in (16) is attained when K = [—1,1]". Inequality (16) was proven thus
far for n = 2,3, see Iriyeh and Shibata[5]. For a general convex body K C R"
containing the origin in its interior, the Mahler conjecture [9, 10] suggests that

(n+4 1)+t
(n!)?

There is equality in (16) when K is a centered simplex. Inequality (17) was proven in
[9, 10] for n = 2.

Vol,,(K) - Vol,, (K°) > (17)



Sketch of proof of the Santalo inequality. Since the optimizer is a Euclidean ball, a
symmetrization proof comes to mind. Recall the Steiner symmetrization from Lecture
2. When K C R" is a convex body and H C R" is a hyperplane through the origin
with H = 0+ for 0 € S™ ', we write

Su(K)

for the closure of

Length ROYNK
{y+t0;yeH,teR, t] < ength((y + R0) )}.

2

Recall from Lecture 2 that there is a sequence of consecutive Steiner symmetrizations
of K that converges to a Euclidean ball. By Fubini’s theorem,

Vol,,(Sx(K)) = Vol,, (K).
We furthermore claim that when K is centrally-symmetric,
Vol,,(Sx(K°)) < Vol (Sx(K)°). (18)

Inequality (18) implies that Vol,,(K) - Vol,, (K °) cannot decrease under Steiner sym-
metrization. Since there a sequence of Steiner symmetrizations of K converging to
a ball, the Santal6 inequality follows. It still remains to prove (18). Denote K (t) =
{y € H; y+tf € K}, and claim that for t € R,

Ko(t) + K°(—t)
2

as may be readily checked from the definitions. The non-centrally-symmetric case is
proven in Meyer and Pajor [11]. O

g (SHK)O(t)v

5.4 Sketch of proof of the Bourgain-Milman inequality

There are several proof of the Bourgain-Milman inequality, all quite startling, using
tools such as harmonic analysis and K -convexity, or complex analysis, or properties
of the log-Laplace transform Here we discuss Berndtsson’s simplification [1] of Ku-
perberg’s proof [8]. Other proofs may be found in Bourgain and Milman [2], Nazarov
[12] and Giannopoulos, Paouris and Vritsiou [4].

We begin with duality of convex functions, which is yet another manifestation of
convex duality. For a convex function ¢ : R” — R with lim,_,, ¥ (x)/|z| = oo,
we consider its Legendre transform

P (x) = sup [z -y —p(y)] (z € R). (19)

yeR™



The supremum is attained by continuity, since ) grows super-linearly at infinity, and
¥* : R™ — R is a convex function with lim, ., ¢ (x)/|z| = oo satisfying

(7)==,

see exercise below. The role of the Euclidean ball, as the unique fixed point of the
polarity transform, is played by the function

Indeed, we have that ¢» = " if and only if v = 4. In fact, for any centrally-
symmetric convex body K C R",

2 2

In the case where 1) is smooth, the supremum of the concave function in (19) is attained
ata point y € R™ with V(y) = x. It follows that for any z € R",

(@) + 97 (VY (2) = - V(). @2n

Another important property of the Legendre transform (exercise) is that when ) is
C''-smooth and strictly-convex, the continuous map

(20)

R" 5z — Vi(x) € R"
is invertible, and its inverse is the map
z — V' (x).

Thus the Legendre transform provides a convenient way to invert the gradient-map of
a convex function.

Theorem 5.7 (Berndtsson). Let i : R™ — R be an even, convex function such that
lim, o ¥(x)/|x| = +00. Then,

/ e ¥ / eV > (22)

In order to deduce Kuperberg’s bound for the Bourgain-Milman inequality from
Theorem 5.7, we apply the theorem with ¢ (z) = ||z||% /2 and note that

/n e lelic/2 gy — /OOO Vol, ({z € R"; e I415/2 > 1) dt = €, Vol (K),

10



for C,, = (2m)"?/k, = 2"/2/T'(n/2 + 1). The left-hand side inequality in (15)
now follows from (20) and Theorem 5.7.

We proceed with a sketch of proof of Theorem 5.7. Let us assume that 1) is smooth
and strongly convex; this means that the Hessian matrix V2t () is positive definite
everywhere, rather than merely positive semidefinite as for a general convex function.
In fact, we may even assume that there exists some absurdly large i > 0 such that

_ l2ff

v@) =

for all |x| > R.

All of this can be acheived by an approximation argument which only has an arbitrarily
small effect on the integrals in Theorem 5.7. Our assumptions imply that the gradient
map

x — Vip(z)

is a diffeomorphism from R™ to R™, which equals the identity map outside a ball of
radius R centered at the origin.

We will work in C?* =2 C™ x C", and use
as complex coordinates in C*". Consider the 2n-dimensional submanifold of C*",

A = Ay = Graph(V)) x Graph(V))
={(zv,&m); 29,60 €RY, £ =Vi(x), n=V(y)}.

For instance, with 1o(z) = |z|*/2, the submanifold A, is the diagonal subspace
x =&, =y. Define

t::z:—|—y and 526_777. 24)
2 2
Lemma 5.8. For (z,y,&,n) € A, defining t and s via (24) and z and w via (23), we
have ¢
w(t) +u7(s) < TEEE e (7)),
2 2
where z - w = zjw; for z,w € C" while 0 = (wy, . .., Wy).

Proof. Indeed, by the convexity and evenness of 1 and ¢*,

z+ y) < Y@ +90)
2 2

v =

11



while

s v (£57) < LOTCD)_ @it

2 )~ 2 B 2
This is the only place in the whole proof where the assumption that 1) is even is used.
Since £ = Vp(z) and n = Vi) (y), by property (21) of the Legendre transform,

w(t)+¢*(s)§¢($);¢*(€) )+ () e Etyn

* 2 T2

O

We view the coordinates x, , £, 7 as R™-valued functions on C?". Thus ¢ and s
are also R™-valued functions on C2", while z and w are C"-valued. We leave it as an
exercise to show that our assumptions imply that the map

(t,s): A — R" x R" (25)

is a diffeomorphism. By Lemma 5.8 we may integrate with respect to the standard
orientation in R™ and obtain

/ ew/ e ¥ = / e POV e AL ANdE, Ndsy A ... N ds,
n n Rn XR"

= / e VOV g A ds > / e ReGD/2q8 A ds,  (26)
A A

where we abridge dt = dt; A ... A dt, and ds = ds; A ... A ds,, and also dz =
dzy N ... Ndz, and dw = dw; A ... A dw,, and similarly for dx and dy.

Lemma 5.9. In C*" we have the following relation:

dt Nds = (4i)""dz A dw.

Proof. The submanifold Graph(V1)) is Lagrangian relative to the standard symplectic
form on R™ x R™. In other words, since £ = Vi)(x) we have {; = 0,1 (x) and

i dx; \Nd&; = i dx; A (90 (x)dxy) = 0,

j=1 k=1

as 0,1 = Ok;7. Hence, by (24),

n n n

1 1
Z}WA@j:1}2@%+@0AW®—WHV:Zz:Pd%Adm+d%Ad§L

i=1 i=1 i=1

12



since the sum over dx; A d§; vanishes, as well as the sum over dy; A dn;. By the
same reason,

n

> dz Ndw; =Y (day + idy;) A (dE; — idn;) =1 [—dz; Adn, + dy; AdE] .
j=1

j=1 j=1
Consequently,
n 1 n
j=1 j=1
By considering the n" exterior power of both 2-forms, the lemma follows. O

Since the map in (25) is a diffeomorphism, the (2n)-form dt A ds does not vanish
on the submanifold A, and in particular it does not change sign. From (26) and Lemma
5.9, we see that

/ e‘¢/ eV 2/’6_2'“’/2
n n A

/ e Z 12 dt A ds
A

|dt A ds|

dt A ds = / ’6_24@/2
A

>

= 4_n

/e_z'“’/de A dw‘. (27)
A

The beauty is that the (2n)-form
e " dz A dw (28)

is holomorphic in z and anti-holomorphic in w, and as such it is a closed form. Indeed,
it is an exercise to write d = 0, + 0; + 0, + O in C*" and verify that the form in
(28) is closed, by using only the fact that e~ /2 is a holomorphic function of z and
an anti-holomorphic function of w. In particular, by Stokes theorem, the integral

/ e *12dz A dw
A

does not change in value when we deform the sub-manifold A = A, in a compact
region of C™. However, outside of a large ball, the function v coincides with g,
and hence A, coincides with the flat subspace A,,, which is given by the equations
x =&,y = n. Hence,

/ e F" 24z A\ d = / e *2dz A dw (29)
Ai/, Awo
= j:(2i)"/ e~ =P+ 20 A dy = +(20)" - (27m)",
A

Yo

13



where in the last passage we replace the integral over A, by the integral over R” x R"
since the map (x,y) : Ay, — R™ x R™ is a diffeomorphism. Theorem 5.7 follows
from (27) and (29).

Exercises.

1. Let F' : R" — R be a convex function such that F'(Ax) = AF(x) for all
x € R™and A > 0. Prove that there exists a unique convex body K C R™ such
that

hix = F.

2. Let K C R"™ be a convex body containing the origin in its interior.

(a) Prove that (K°)° = K with K = K° if and only if X = B".
(b) Prove that (K N E)° = ProjgK° for any subspace £ C R™.

3. Kashin’s splitting. Let K = BY.
(a) Show that b(K') = /n and Vol,,(K) = 2™ /n!, and conclude that
vrad.(K) < C/b(K).

(b) Apply Theorem 5.3 and deduce Corollary 5.4.

(c) Split into three pieces and dualize: Prove that we may decompose R3" =
E, ® Ey @ E3, an orthogonal decomposition with dim(F;) = n for all 4,
such that for any ¢, j € {1,2,3}, setting F = E; @ E,,

cv/nBg C Projg ([-1,1]") C V/nBg. (30)
4. Grothendieck’s inequality.

(a) Deduce from (30) that for any uy, ..., Uy, V1,...,v, € B™ N E] there
exist f1,..., fn € E1® Eyand g, ...,9, € E1 @ E3 such that for all 4,

C

e
\/ﬁ? g’L OO_\/H

and Projg, fi = u;, Projg, g; = v; for all ¢. Conclude that for all 7, j,

(fisg5) = (ui, ;).

[ fillo <
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(b) Prove that for any numbers M;; € R (i,7 =1,...,n),

n C n
max E M;i{u;,v)| < —  max E M;i{fi,gi)|-
ug, v ERM L ]< ) J> N fi,g;€[-1,1]37 — J< ’ J>
lugl,Jvj1<1 14,5=1 i,j=1

(c) Prove Corollary 5.5.

5. Prove the basic properties of the Legendre transform mentioned above. Show
thatif F' : R™ — R is smooth, strongly-convex and lim,_, ., F'(x)/|z| = +o0,
then VF : R" — R" is a diffeomorphism.

6. Prove that the map in (25) is a diffeomorphism (hint: fix £ € R", consider the
convex function ¢(x) = 1(x) + (2t — x), and observe that if (z +y)/2 =t
then s = 2V p(x)).

References

[1] Berndtsson, B., Complex integrals and Kuperberg’s proof of the Bourgain-
Milman theorem. Adv. Math., Vol. 388, Paper No. 107927, (2021), 10 pp.

[2] Bourgain, J., Milman, V. D., New volume ratio properties for convex symmetric
bodies in R™. Invent. Math., Vol. 88, no. 2, (1987), 319-340.

[3] Eldan, R., Klartag, B., Pointwise estimates for marginals of convex bodies. J.
Funct. Anal., Vol. 254, no. 8, (2008), 2275-2293.

[4] Giannopoulos, A., Paouris, G., Vritsiou, B. -H., The isotropic position and the
reverse Santalo inequality. Israel J. Math., Vol. 203, no. 1, (2014), 1-22.

[5] Iriyeh, H., Shibata, M., Symmetric Mahler’s conjecture for the volume product
in the 3-dimensional case. Duke Math. J., Vol. 169, no. 6, (2020), 1077-1134.

[6] Lindenstrauss, J., Pelczyiiski, A., Absolutely summing operators in L,-spaces
and their applications. Studia Mathematica, Vol. 29, no. 3, (1968), 275-326.

[7] Klartag, B., A geometric inequality and a low M -estimate. Proc. Amer. Math.
Soc., Vol. 132, no. 9, (2004), 2619-2628.

[8] Kuperberg, G., From the Mahler Conjecture to Gauss Linking Integrals. Geom.
Funct. Anal. (GAFA), Vol. 18, (2008), 870-892

[9] Mabhler, K., Ein Minimalproblem fur konvexe Polygone. Mathematica Zutphen
B7, (1939), 118-127.

15



[10] Mahler, K., Ein Ubertragungsprinzip fiir konvexe kérper. Casopis Pest Mat. Fys.,
Vol. 68, (1939), 93-102.

[11] Meyer, M., Pajor, A., On the Blaschke-Santalé6 inequality. Arch. Math., Vol. 55,
(1990), 82-93.

[12] Nazarov, F., The Hormander proof of the Bourgain-Milman theorem. Geometric
aspects of functional analysis — Israel Seminar, Lecture Notes in Math., Vol.
2050, Springer, (2012), 335-343.

[13] Santald, L. A., Un invariante afin para los cuerpos convexos del espacio den
dimensiones. Portugal. Math., Vol. 8, (1949), 155-161.

[14] Szarek, S., On Kashin’s almost Euclidean orthogonal decomposition of £7. Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys., Vol. 26, no. 8, (1978), 691—
694.

Request. Please e-mail me at boaz.klartag@weizmann.ac.il with any com-
ments, corrections, or suggestions regarding these lecture notes. In addition, if you are
able to produce tikz figures similar to (or better than) those drawn on the blackboard
in class, I would be glad to include them in the notes.
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