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Lecture 5: Duality and the Santaló and Bourgain-Milman inequalities

Let K ⊆ Rn be a centrally-symmetric convex body. The randomized Dvoretzky
theorem tells us that random ℓ-dimensional sections of K for ℓ≪ d(K) are approx-
imately Euclidean balls of radius 1/M(K). We recall that the Dvoretzky dimension
of K is

d(K) = n ·
(
M(K)

b(K)

)2

,

where M(K) is the average of the norm ∥ · ∥K on the unit sphere Sn−1 and where
b(K) is the maximum of the norm ∥ · ∥K on this unit sphere. Here, ∥ · ∥K is the
norm whose unit ball is K. In particular, if b(K) ∼ M(K), then sections of K of
dimension proportional to n are approximately Euclidean. One of the most important
examples of such a convex body is the cross polytope

Bn
1 =

{
x ∈ Rn ;

n∑
i=1

|xi| ≤ 1

}
,

relevant to Kashin’s splitting and to Grothendieck’s inequality (see below).

The parameters b(K) and M(K) have a geometric meaning: the radius of the
Euclidean ball circumscribed in K equals 1/b(K), while 1/M(K) is the harmonic
average on the sphere of the radial function of K, i.e.,

1

M(K)
=

(∫
Sn−1

1

rK(θ)
dσn−1(θ)

)−1

,

and rK(θ) = 1/∥θ∥K = sup {t > 0 ; tθ ∈ K} measures how far K extends in di-
rection θ. Next we interpret Dvoretzky’s theorem and these two geometric parameters
via duality.

5.1 Convex duality

Convex sets K ⊆ Rn come to the world in pairs; this is especially true for centrally-
symmetric convex sets or convex cones. We recall that the polar body to a convex body
K ⊆ Rn containing the origin in its interior is

K◦ = {x ∈ Rn ; ∀y ∈ K, ⟨x, y⟩ ≤ 1} .
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We have (K◦)◦ = K with K = K◦ if and only if K = Bn (exercise). When K is
a polytope, there is a one-to-one correspondence between the vertices of K and the
(n− 1)-dimensional facets of K◦. In particular, the number of vertices of K equals
the number of facets of K◦. We denote the supporting functional of K by

hK(x) = sup
y∈K

⟨x, y⟩.

The supporting functional hK determines the convex bodyK. In fact, the supporting
functional provides a one-to-one correspondence convex bodies on one hand, and 1-
positively-homogenous, convex functions on the other hand.

Observe that for θ ∈ Sn−1, the quantity hK(θ) + hK(−θ) is the width of K in
the direction θ; that is, it equals the distance between the two hyperplanes orthogonal
to θ such that K is “sandwiched” between them. Moreover, note that

hK+T = hK + hT . (1)

When K ⊆ Rn is centrally-symmetric,

∥x∥K◦ = ∥x∥∗K = hK(x).

An important geometric parameter of a convex bodyK ⊆ Rn is its (half) mean width,
defined by

M∗(K) =M(K◦) =

∫
Sn−1

hK(x)dσn−1(x).

The mean-width is Minkowski-additive, i.e.,

M∗(K + T ) =

∫
Sn−1

hK+T (x)dσn−1(x) =

∫
Sn−1

[hK(x) + hT (x)] dσn−1(x)

=M∗(K) +M∗(T ).

It is an exercise to verify that the dual operation to section is projection, i.e., ifE ⊆ Rn
is a subspace, then,

(K ∩ E)◦ = ProjEK
◦, (2)

where ProjE : Rn → E is the orthogonal projection operator. Moreover, when K
is centrally-symmetric,

b(K◦) = sup
x∈K

|x| = 1

2
diam(K).

Since M(K◦) = M∗(K) while b(K◦) = diam(K)/2, the randomized version of
Dvoretzky’s theorem has the following immediate corollary, obtained by dualizing:
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Corollary 5.1. Let K ⊆ Rn be a convex body with K = −K, let 0 < ε < 1/2 and
assume that 1 ≤ ℓ ≤ n satisfies

ℓ ≤ cε2 · d(K◦)

for

d(K◦) = n ·
(
2M∗(K)

diam(K)

)2

.

Let E ∈ Gn,ℓ be a random, uniformly-distributed subspace. Then with probability of
at least 1− C̃ exp(−c̃ε2d(K◦)),

(1− ε)M∗(K)BE ⊆ ProjEK ⊆ (1 + ε)M∗(K)BE,

where c, c̃, C̃ > 0 are universal constants.

Similarly, one may deduce from Dvoretzky’s theorem that any centrally-symmetric
convex body K ⊆ Rn has a orthogonal projection

ProjE(K)

of dimension dim(E) ≥ cε2 · log n which is ε-close to a Euclidean ball. In addition
to the geometric projection, we may also consider the measure projection and ask how
regular they are. That is, if X ∼ Unif(K), then we can ask whether the random
vector

ProjE(X) (3)

is close to Gaussian. A result in this direction, in spirit of the thin-shell theorem
and the strong thin-shell bounds satisfies by convex bodies, was proven by Eldan and
Klartag [3]. The theorem states that for any convex body K ⊆ Rn with barycenter at
the origin, there exists a subspace E ⊆ Rn with dim(E) ≥ nα such that the random
vector in (3) is close to a Gaussian random vector, with total-variation distance at most
Cn−β . Here, C,α, β > 0 are universal constants.

Thus far we considered four lengthscales associated with K, which are

1/b(K), 1/M(K),M∗(K) and diam(K).

We now add a fifth lengthscale, the volume-radius of K, defined via

v.rad.(K) =

(
Voln(K)

Voln(Bn)

)1/n

which is the volume of the Euclidean ball with the same radius as K. Quite a few
geometric questions on high-dimensional convex sets involve at least one of the three
middle parameters from (4) in the following lemma:
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Lemma 5.2. For any centrally-symmetric convex bodyK ⊆ Rn we have the chain of
basic inequalities

1

b(K)
≤ 1

M(K)
≤ v.rad.(K) ≤M∗(K) ≤ diam(K)

2
, (4)

and equalities hold when K is a Euclidean ball.

Proof. The inequality M(K) ≤ b(K) holds true since the spherical average of the
norm ∥ · ∥K is at most its maximum. Similarly

M∗(K) =M(K◦) ≤ b(K◦) = diam(K)/2.

We move on to the second inequality from the left in (4). Recall that

Voln(K) = Voln(B
n)

∫
Sn−1

∥x∥−nK dσn−1(x). (5)

Indeed, by integrating in polar coordinates,

Voln(K) = Voln−1(S
n−1)

∫
Sn−1

∫ ∞

0

1K(rθ)r
n−1drdσn−1(θ)

= nVoln(B
n)

∫
Sn−1

(∫ ∥θ∥−1
K

0

rn−1dr

)
dσn−1(θ),

and (5) follows. Hence, by Jensen’s inequality,

v.rad.(K) =

(∫
Sn−1

∥x∥−nK dσn−1(x)

)1/n

≥ 1∫
Sn−1 ∥x∥Kdσn−1(x)

=
1

M(K)
.

The third inequality from the left on (4), which is the inequality

v.rad.(K) ≤M∗(K), (6)

is called Urysohn’s inequality. It is valid for any Borel subsetK ⊆ Rn of finite volume.
In order to prove it, we recall the multiplicative Brunn-Minkowski inequality,

Voln (λK1 + (1− λ)K2) ≥ Voln(K1)
λVoln(K2)

1−λ.

By a simple induction argument, if N ≥ 1 and the numbers λ1, . . . , λN ≥ 0 add to
one, then for any Borel sets K1, . . . ,KN ⊆ Rn of finite volume,

Voln

(
N∑
i=1

λiKi

)
≥

N∏
i=1

Voln(Ki)
λi . (7)
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Consider the particular case where U1, . . . , UN ∈ O(n) and Ki = Ui(K). By (7),

Voln

(
1

N

N∑
i=1

Ui(K)

)
≥ Voln(K). (8)

We interpret the convex body on the left-hand side as∫
O(n)

U(K)dν(U) =
1

N

N∑
i=1

Ui(K),

where ν = (1/N)
∑

i δUi is a discrete measure on O(n), and where in view of (1),
we define the convex body ∫

O(n)

U(K)dν(U)

via its supporting functional, i.e., it is the unique convex body whose supporting func-
tional is ∫

O(n)

hU(K)(x)dν(x) (x ∈ Rn).

We may now let the discrete measures νN = νU1,...,UN tend to the uniform probability
measure on O(n), denoted by µn. We deduce from (8) that

Voln

(∫
O(n)

U(K)dµn(U)

)
= lim

N→∞
Voln

(∫
O(n)

U(K)dνN(U)

)
≥ Voln(K). (9)

The convex body
∫
O(n)

U(K)dµn(U) is rotationally-invariant, and hence it is a Eu-
clidean ball centered at the origin. In order to determine its radius, we compute its
mean-width:

M∗
(∫

O(n)

U(K)dµn(U)

)
=

∫
O(n)

M∗(UK)dµn(U)

=

∫
O(n)

M∗(K)dµn(U) =M∗(K).

Thus the radius of this Euclidean ball equals M∗(K), and by (9),

Voln(M
∗(K)Bn) ≥ Voln(K),

which proves (6).
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5.2 Volume-diameter balance

The following theorem complements Dvoretzky’s theorem, and is useful for under-
standing the diameter of random sections whose dimension exceeds the Dvoretzky
dimension of K.

Theorem 5.3 (“volume-diameter balance [7]”). Let K ⊆ Rn be a convex body con-
taining the origin, and let1 ≤ ℓ ≤ n. LetE ∈ Gn,ℓ be a random subspace, distributed
uniformly. Set

λ =
ℓ

n
.

Then with probability of at least 1− C̃ exp(−c̃n),

diam(K ∩ E)1−λv.rad.(K ∩ E)λ ≤ Cv.rad.(K), (10)

where, c, c̃, C̃ > 0 are universal constants. In fact, the random variable

X = diam(K ∩ E)1−λv.rad.(K ∩ E)λ

satisfies
(E|X|n)1/n ∼ v.rad.(K). (11)

Thus, if a random section of K typically has a non-negligible volume, then its
diameter is not too large.

Proof of Theorem 5.3. Integrating in polar coordinates,

Voln(K) =
nκn
ℓκℓ

E
∫
K∩E

|x|n−ℓdx, (12)

where κn = Voln(B
n). Indeed, as before,

Voln(K) = nκn

∫
Sn−1

∫ ∞

0

1K(rθ)r
n−1drdσn−1(θ)

= nκnE
∫
Sn−1∩E

∫ ∞

0

1K(rθ)|rθ|n−ℓ · rℓ−1drdσE(θ)

=
nκn
ℓκℓ

E
∫
K∩E

|x|n−ℓdx,

whereσE is the uniform probability measure on the (ℓ−1)-dimensional sphereSn−1∩
E. Next, we claim that almost surely∫

K∩E
|x|n−ℓdx ≥ cn ·Volℓ(K ∩ E) · diam(K ∩ E)n−ℓ. (13)
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Observe that the reverse inequality to (13) trivially holds true if we remove the cn

factor. In order to prove (13), we denote T = K ∩ E. Pick x0 ∈ T with

|x0| ≥
diam(T )

4
.

Set
T0 =

8

9
x0 +

1

9
T ⊆ T.

Then for any x ∈ T0,

|x| ≥ 8

9
|x0| −

1

9
diam(T ) ≥ c · diam(T ).

Hence, ∫
T

|x|n−ℓdx ≥
∫
T0

|x|n−ℓdx ≥ cn−ℓ ·Volℓ(T0) · diam(T )n−ℓ

= cn−ℓ
Volℓ(T )

9ℓ
diam(T )n−ℓ,

proving (13). By substituting (13) into (12), we see that

Voln(K) ≥ cn · nκn
ℓκℓ

· EVolℓ(K ∩ E)diam(K ∩ E)n−ℓ, (14)

where the reverse inequality to (14) holds true without the cn factor. Hence

v.rad.(K)n ≥ cnE
(
v.rad.(K ∩ E)λdiam(K ∩ E)1−λ

)n
.

We now deduce (10) by the Markov-Chebyshev inequality. The “In fact” part follows
from the fact that the reverse inequality to (14) holds true without the cn factor.

In the important case ofK = Bn
1 , Theorem 5.3 can be used to prove the following

(see guided exercise below).

Corollary 5.4 (Kashin’s splitting [14]). There exists an orthogonal decomposition
Rn = E1 ⊕ E2 with dim(Ei) ≥ ⌊n/2⌋ for i = 1, 2 such that

∀x ∈ E1 ∪ E2, c
√
n|x| ≤ ∥x∥1 ≤

√
n|x|,

where ∥x∥1 =
∑n

i=1 |xi| for x = (x1, . . . , xn) ∈ Rn and where c > 0 is a universal
constant.

By considering a Kashin splitting into three pieces and dualizing, we obtain the
following:
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Corollary 5.5 (Grothendieck’s inequality [6]). For any numbers Mij ∈ R (i, j =
1, . . . , n),

max
ui,vj∈Rn
|ui|,|vj |≤1

∣∣∣∣∣
n∑

i,j=1

Mij⟨ui, vj⟩
∣∣∣∣∣ ≤ C max

si,tk∈{−1,1}

∣∣∣∣∣
n∑

i,j=1

Mijsitj

∣∣∣∣∣ ,
where C > 0 is a universal constant.

5.3 The Santaló and the Bourgain-Milman inequalities

The bodies K and K◦ are kind-of “inverses” to each other. For instance, for any
invertible, linear map T : Rn → Rn,

(T (K))◦ = (T−1)∗(K◦).

Theorem 5.6 (Santaló and Bourgain-Milman). For any centrally-symmetric convex
body K ⊆ Rn,

c ≤ v.rad.(K)v.rad.(K◦) ≤ 1, (15)

where c ≥ 0 is a universal constant. In fact, c = 1/2 works according to Kuper-
berg [8].

The left-hand side inequality in (15) holds true without the central-symmetry as-
sumption, assuming only that 0 lies in the interior ofK. The right-hand side inequality
in (15) holds true whenever K ⊆ Rn is a centered convex body, i.e., its barycenter
lies at the origin.

In the case of a centrally-symmetric convex bodyK ⊆ Rn, the Mahler conjecture
[9, 10] suggests that

Voln(K) ·Voln(K◦) ≥ 4n

n!
. (16)

Equality in (16) is attained when K = [−1, 1]n. Inequality (16) was proven thus
far for n = 2, 3, see Iriyeh and Shibata[5]. For a general convex body K ⊆ Rn
containing the origin in its interior, the Mahler conjecture [9, 10] suggests that

Voln(K) ·Voln(K◦) ≥ (n+ 1)n+1

(n!)2
. (17)

There is equality in (16) whenK is a centered simplex. Inequality (17) was proven in
[9, 10] for n = 2.
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Sketch of proof of the Santaló inequality. Since the optimizer is a Euclidean ball, a
symmetrization proof comes to mind. Recall the Steiner symmetrization from Lecture
2. When K ⊆ Rn is a convex body and H ⊆ Rn is a hyperplane through the origin
with H = θ⊥ for θ ∈ Sn−1, we write

SH(K)

for the closure of{
y + tθ ; y ∈ H, t ∈ R, |t| < Length((y + Rθ) ∩K)

2

}
.

Recall from Lecture 2 that there is a sequence of consecutive Steiner symmetrizations
of K that converges to a Euclidean ball. By Fubini’s theorem,

Voln(SH(K)) = Voln(K).

We furthermore claim that when K is centrally-symmetric,

Voln(SH(K
◦)) ≤ Voln(SH(K)◦). (18)

Inequality (18) implies that Voln(K) ·Voln(K◦) cannot decrease under Steiner sym-
metrization. Since there a sequence of Steiner symmetrizations of K converging to
a ball, the Santaló inequality follows. It still remains to prove (18). Denote K(t) =
{y ∈ H ; y + tθ ∈ K}, and claim that for t ∈ R,

K◦(t) +K◦(−t)
2

⊆ (SHK)◦(t),

as may be readily checked from the definitions. The non-centrally-symmetric case is
proven in Meyer and Pajor [11].

5.4 Sketch of proof of the Bourgain-Milman inequality

There are several proof of the Bourgain-Milman inequality, all quite startling, using
tools such as harmonic analysis and K-convexity, or complex analysis, or properties
of the log-Laplace transform Here we discuss Berndtsson’s simplification [1] of Ku-
perberg’s proof [8]. Other proofs may be found in Bourgain and Milman [2], Nazarov
[12] and Giannopoulos, Paouris and Vritsiou [4].

We begin with duality of convex functions, which is yet another manifestation of
convex duality. For a convex function ψ : Rn → R with limx→∞ ψ(x)/|x| = ∞,
we consider its Legendre transform

ψ∗(x) = sup
y∈Rn

[x · y − ψ(y)] (x ∈ Rn). (19)
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The supremum is attained by continuity, since ψ grows super-linearly at infinity, and
ψ∗ : Rn → R is a convex function with limx→∞ ψ(x)/|x| = ∞ satisfying

(ψ∗)∗ = ψ,

see exercise below. The role of the Euclidean ball, as the unique fixed point of the
polarity transform, is played by the function

ψ0(x) =
|x|2

2
.

Indeed, we have that ψ = ψ∗ if and only if ψ = ψ0. In fact, for any centrally-
symmetric convex body K ⊆ Rn,

ψ(x) =
∥x∥2K
2

=⇒ ψ∗(x) =
∥x∥2K◦

2
. (20)

In the case whereψ is smooth, the supremum of the concave function in (19) is attained
at a point y ∈ Rn with ∇ψ(y) = x. It follows that for any x ∈ Rn,

ψ(x) + ψ∗(∇ψ(x)) = x · ∇ψ(x). (21)

Another important property of the Legendre transform (exercise) is that when ψ is
C1-smooth and strictly-convex, the continuous map

Rn ∋ x 7→ ∇ψ(x) ∈ Rn

is invertible, and its inverse is the map

x 7→ ∇ψ∗(x).

Thus the Legendre transform provides a convenient way to invert the gradient-map of
a convex function.

Theorem 5.7 (Berndtsson). Let ψ : Rn → R be an even, convex function such that
limx→∞ ψ(x)/|x| = +∞. Then,∫

Rn
e−ψ

∫
Rn
e−ψ

∗
≥ πn. (22)

In order to deduce Kuperberg’s bound for the Bourgain-Milman inequality from
Theorem 5.7, we apply the theorem with ψ(x) = ∥x∥2K/2 and note that∫

Rn
e−∥x∥2

K/2dx =

∫ ∞

0

Voln
({
x ∈ Rn ; e−∥x∥2

K/2 ≥ t
})

dt = CnVoln(K),
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for Cn = (2π)n/2/κn = 2n/2/Γ(n/2 + 1). The left-hand side inequality in (15)
now follows from (20) and Theorem 5.7.

We proceed with a sketch of proof of Theorem 5.7. Let us assume thatψ is smooth
and strongly convex; this means that the Hessian matrix ∇2ψ(x) is positive definite
everywhere, rather than merely positive semidefinite as for a general convex function.
In fact, we may even assume that there exists some absurdly large R > 0 such that

ψ(x) =
|x|2

2
for all |x| ≥ R.

All of this can be acheived by an approximation argument which only has an arbitrarily
small effect on the integrals in Theorem 5.7. Our assumptions imply that the gradient
map

x→ ∇ψ(x)

is a diffeomorphism from Rn to Rn, which equals the identity map outside a ball of
radius R centered at the origin.

We will work in C2n ∼= Cn × Cn, and use

z = x+ iy, w = ξ + iη (x, y, ξ, η ∈ Rn) (23)

as complex coordinates in C2n. Consider the 2n-dimensional submanifold of C4n,

Λ = Λψ = Graph(∇ψ)× Graph(∇ψ)
= {(x, y, ξ, η) ; x, y, ξ, η ∈ Rn, ξ = ∇ψ(x), η = ∇ψ(y)} .

For instance, with ψ0(x) = |x|2/2, the submanifold Λψ0
is the diagonal subspace

x = ξ, η = y. Define

t =
x+ y

2
and s =

ξ − η

2
. (24)

Lemma 5.8. For (x, y, ξ, η) ∈ Λ, defining t and s via (24) and z and w via (23), we
have

ψ(t) + ψ∗(s) ≤ x · ξ + y · η
2

= Re

(
z · w̄
2

)
,

where z · w =
∑

j zjwj for z, w ∈ Cn while w̄ = (w̄1, . . . , w̄n).

Proof. Indeed, by the convexity and evenness of ψ and ψ∗,

ψ(t) = ψ

(
x+ y

2

)
≤ ψ(x) + ψ(y)

2
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while

ψ∗(s) = ψ∗
(
ξ − η

2

)
≤ ψ∗(ξ) + ψ∗(−η)

2
=
ψ∗(ξ) + ψ∗(η)

2
.

This is the only place in the whole proof where the assumption that ψ is even is used.
Since ξ = ∇ψ(x) and η = ∇ψ(y), by property (21) of the Legendre transform,

ψ(t) + ψ∗(s) ≤ ψ(x) + ψ∗(ξ)

2
+
ψ(y) + ψ∗(η)

2
=
x · ξ + y · η

2
.

We view the coordinates x, y, ξ, η as Rn-valued functions on C2n. Thus t and s
are also Rn-valued functions on C2n, while z and w are Cn-valued. We leave it as an
exercise to show that our assumptions imply that the map

(t, s) : Λ → Rn × Rn (25)

is a diffeomorphism. By Lemma 5.8 we may integrate with respect to the standard
orientation in Rn and obtain∫

Rn
e−ψ

∫
Rn
e−ψ

∗
=

∫
Rn×Rn

e−ψ(t)−ψ
∗(s)dt1 ∧ . . . ∧ dtn ∧ ds1 ∧ . . . ∧ dsn

=

∫
Λ

e−ψ(t)−ψ
∗(s)dt ∧ ds ≥

∫
Λ

e−Re(z·w̄)/2dt ∧ ds, (26)

where we abridge dt = dt1 ∧ . . . ∧ dtn and ds = ds1 ∧ . . . ∧ dsn, and also dz =
dz1 ∧ . . . ∧ dzn and dw̄ = dw̄1 ∧ . . . ∧ dw̄n and similarly for dx and dy.

Lemma 5.9. In C2n we have the following relation:

dt ∧ ds = (4i)−ndz ∧ dw̄.

Proof. The submanifold Graph(∇ψ) is Lagrangian relative to the standard symplectic
form on Rn × Rn. In other words, since ξ = ∇ψ(x) we have ξj = ∂jψ(x) and

n∑
j=1

dxj ∧ dξj =
n∑

j,k=1

dxj ∧ (∂jkψ(x)dxk) = 0,

as ∂jkψ = ∂kjψ. Hence, by (24),
n∑
j=1

dtj∧dsj =
1

4

n∑
j=1

(dxj+dyj)∧(dξj−dηj) =
1

4

n∑
j=1

[−dxj ∧ dηj + dyj ∧ dξj] ,
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since the sum over dxj ∧ dξj vanishes, as well as the sum over dyj ∧ dηj . By the
same reason,
n∑
j=1

dzj ∧ dw̄j =
n∑
j=1

(dxj + idyj) ∧ (dξj − idηj) = i
n∑
j=1

[−dxj ∧ dηj + dyj ∧ dξj] .

Consequently,
n∑
j=1

dtj ∧ dsj =
1

4i

n∑
j=1

dzj ∧ dw̄j.

By considering the nth exterior power of both 2-forms, the lemma follows.

Since the map in (25) is a diffeomorphism, the (2n)-form dt∧ ds does not vanish
on the submanifoldΛ, and in particular it does not change sign. From (26) and Lemma
5.9, we see that∫

Rn
e−ψ

∫
Rn
e−ψ

∗
≥
∫
Λ

∣∣∣e−z·w̄/2∣∣∣ dt ∧ ds = ∫
Λ

∣∣∣e−z·w̄/2∣∣∣ |dt ∧ ds|
≥
∣∣∣∣∫

Λ

e−z·w̄/2dt ∧ ds
∣∣∣∣ = 4−n

∣∣∣∣∫
Λ

e−z·w̄/2dz ∧ dw̄
∣∣∣∣ . (27)

The beauty is that the (2n)-form

e−z·w̄/2dz ∧ dw̄ (28)

is holomorphic in z and anti-holomorphic inw, and as such it is a closed form. Indeed,
it is an exercise to write d = ∂z + ∂z̄ + ∂w + ∂w̄ in C2n and verify that the form in
(28) is closed, by using only the fact that e−z·w̄/2 is a holomorphic function of z and
an anti-holomorphic function of w. In particular, by Stokes theorem, the integral∫

Λ

e−z·w̄/2dz ∧ dw̄

does not change in value when we deform the sub-manifold Λ = Λψ in a compact
region of Cn. However, outside of a large ball, the function ψ coincides with ψ0,
and hence Λψ coincides with the flat subspace Λψ0

which is given by the equations
x = ξ, y = η. Hence,∫

Λψ

e−z·w̄/2dz ∧ dw̄ =

∫
Λψ0

e−z·w̄/2dz ∧ dw̄ (29)

= ±(2i)n
∫
Λψ0

e−(|x|2+|y|2)/2dx ∧ dy = ±(2i)n · (2π)n,
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where in the last passage we replace the integral overΛψ0
by the integral overRn×Rn

since the map (x, y) : Λψ0
→ Rn × Rn is a diffeomorphism. Theorem 5.7 follows

from (27) and (29).

Exercises.

1. Let F : Rn → R be a convex function such that F (λx) = λF (x) for all
x ∈ Rn and λ ≥ 0. Prove that there exists a unique convex bodyK ⊆ Rn such
that

hK = F.

2. Let K ⊆ Rn be a convex body containing the origin in its interior.

(a) Prove that (K◦)◦ = K with K = K◦ if and only if K = Bn.

(b) Prove that (K ∩ E)◦ = ProjEK
◦ for any subspace E ⊆ Rn.

3. Kashin’s splitting. Let K = Bn
1 .

(a) Show that b(K) =
√
n and Voln(K) = 2n/n!, and conclude that

v.rad.(K) ≤ C/b(K).

(b) Apply Theorem 5.3 and deduce Corollary 5.4.

(c) Split into three pieces and dualize: Prove that we may decompose R3n =
E1 ⊕E2 ⊕E3, an orthogonal decomposition with dim(Ei) = n for all i,
such that for any i, j ∈ {1, 2, 3}, setting E = Ei ⊕ Ej ,

c
√
nBE ⊆ ProjE ([−1, 1]n) ⊆

√
nBE. (30)

4. Grothendieck’s inequality.

(a) Deduce from (30) that for any u1, . . . , un, v1, . . . , vn ∈ Bn ∩ E1 there
exist f1, . . . , fn ∈ E1 ⊕E2 and g1, . . . , gn ∈ E1 ⊕E3 such that for all i,

∥fi∥∞ ≤ C√
n
, ∥gi∥∞ ≤ C√

n
(i = 1, . . . , n)

and ProjE1
fi = ui, P rojE1

gi = vi for all i. Conclude that for all i, j,

⟨fi, gj⟩ = ⟨ui, vj⟩.
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(b) Prove that for any numbers Mij ∈ R (i, j = 1, . . . , n),

max
ui,vj∈Rn
|ui|,|vj |≤1

∣∣∣∣∣
n∑

i,j=1

Mij⟨ui, vj⟩
∣∣∣∣∣ ≤ C

n
max

fi,gj∈[−1,1]3n

∣∣∣∣∣
n∑

i,j=1

Mij⟨fi, gj⟩
∣∣∣∣∣ .

(c) Prove Corollary 5.5.

5. Prove the basic properties of the Legendre transform mentioned above. Show
that if F : Rn → R is smooth, strongly-convex and limx→∞ F (x)/|x| = +∞,
then ∇F : Rn → Rn is a diffeomorphism.

6. Prove that the map in (25) is a diffeomorphism (hint: fix t ∈ Rn, consider the
convex function φ(x) = ψ(x)+ψ(2t−x), and observe that if (x+ y)/2 = t
then s = 2∇φ(x)).
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Request. Please e-mail me at boaz.klartag@weizmann.ac.il with any com-
ments, corrections, or suggestions regarding these lecture notes. In addition, if you are
able to produce tikz figures similar to (or better than) those drawn on the blackboard
in class, I would be glad to include them in the notes.
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