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Abstract

We study regression of 1-Lipschitz functions under a log-concave measure µ on Rd. We fo-
cus on the high-dimensional regime where the sample size n is subexponential in d, in which
distribution-free estimators are ineffective. We analyze two polynomial-based procedures: the
projection estimator, which relies on knowledge of an orthogonal polynomial basis of µ, and the
least-squares estimator over low-degree polynomials, which requires no knowledge of µ whatso-
ever. Their risk is governed by the rate of polynomial approximation of Lipschitz functions in
L2(µ). When this rate matches the Gaussian one, we show that both estimators achieve minimax
bounds over a wide range of parameters. A key ingredient is sharp entropy estimates for the class
of 1-Lipschitz functions in L2(µ), which are new even in the Gaussian setting.

1 Introduction
In this paper, we study the following regression problem. Given an unknown 1-Lipschitz function
f : Rd → R, we observe data

((X1, Y1), . . . , (Xn, Yn)) ,

where:

• The vectors X1, . . . , Xn ∈ Rd are independent random vectors that are distributed according to
some Borel probability measure µ on Rd that may or may not be known to us.

• The numbers Y1, . . . , Yn ∈ R are noisy observations of the function f evaluated at Xi, that is,

Yi = f(Xi) + ξi, i = 1, . . . , n, (1)

where, throughout the paper, ξ1, . . . , ξn are independent, real-valued Gaussian random variables
of mean zero and variance σ2, for some parameter σ > 0.

Our goal is to construct an estimator f̂ : Rd → R of the function f , whose performance is
measured by the L2(µ)-risk, defined via

R(f̂ , f) := E∥f − f̂∥2L2(µ). (2)

There are various types of probability measures µ for which our analysis applies. We first consider
a relatively simple case:

1Department of Mathematics, Weizmann Institute of Science, Rehovot 7610001, Israel. Email:
pierre.bizeul@weizmann.ac.il. Partially supported by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme, grant agreement No. 101001677 “ISOPERIMETRY”.

2Department of Mathematics, Weizmann Institute of Science, Rehovot 7610001, Israel. Email:
boaz.klartag@weizmann.ac.il. Supported by a grant from the Israel Science Foundation (ISF).

1

mailto:pierre.bizeul@weizmann.ac.il
mailto:boaz.klartag@weizmann.ac.il


1.1 The Gaussian case
Consider first the case where µ = γ = γd, the standard Gaussian measure on Rd. A well-known fact
(recalled below) is that any 1-Lipschitz function f : Rd → R can be approximated by polynomials in
Gaussian space. Namely, for any m ≥ 1, there exists a polynomial Pm : Rd → R of total degree at
most m such that

∥f − Pm∥2L2(γ) ≤
1

m+ 1
. (3)

Here and throughout the paper, the degree of a multivariate polynomial refers to its total degree. More
precisely, for a multi-index α = (α1, . . . , αd) ∈ Nd and the corresponding monomial

P (x) =
d∏
i=1

xαi
i x = (x1, . . . , xd) ∈ Rd,

we define

deg(P ) :=
d∑
i=1

αi =: |α|.

Here N = {0, 1, 2, . . .} stands for the set of all non-negative integers. The degree of a multivariate
polynomial is the maximum of the degrees of its monomials. Note that the polynomial Pm in (3)
is simply the orthogonal projection of f onto the finite-dimensional space of polynomials on Rd of
degree at most m, denoted by Pd,m. In particular, denoting by

(Hα)α∈Nd

the Hermite basis of orthogonal polynomials for γ, one can write

Pm =
∑

α∈Nd,|α|≤m

⟨f,Hα⟩L2(γ) Hα. (4)

Our goal is to construct an estimator for the function f . Thanks to the polynomial approximation
property (3), a natural idea is to estimate the polynomial Pm ∈ Pd,m, for a suitable choice of degree
m depending on n, d and σ. This reduces the nonparametric problem (1) to a parametric one. In
view of (4), for a well-chosen m, one may construct an estimator f̂ by empirically estimating the
coefficients

fα := ⟨f,Hα⟩L2(γ).

Namely, we define
f̂ :=

∑
α∈Nd,|α|≤m

f̂αHα, (5)

where the coefficients (f̂α)|α|≤m are defined as follows:

• First, for α = 0, we estimate the Gaussian integral of f (its “barycenter”)

a := f0 =

∫
Rd

fdγ

via

â := f̂0 =
1

n

n∑
i=1

Yi =
1

n

n∑
i=1

f(Xi) +
1

n

n∑
i=1

ξi. (6)

Clearly â is an unbiased estimator of a.
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• Next, for any α ∈ Nd with |α| > 0 we define

f̂α =
1

n

n∑
i=1

(Yi − â)Hα(Xi) (7)

=
1

n

n∑
i=1

(f(Xi)− a)Hα(Xi) +
1

n

n∑
i=1

ξiHα(Xi) +
1

n

n∑
i=1

(â− a)Hα(Xi), (8)

which is a biased estimator of fα.

Note that the naı̈ve unbiased estimator of fα, namely

f̌α =
1

n

n∑
i=1

YiHα(Xi), (9)

may have an arbitrarily large variance, since we make no assumptions on the barycenter of f . If one
assumes that the barycenter of f lies in some ball of fixed radius, independent of the dimension d and
of the sample size n, then it makes sense to use the simpler estimator f̌ in place of f̂ .

Up to this minor variance reduction procedure, the estimator f̂ is simply the projection estimator
of f in the orthonormal basis of Hermite polynomials (Hα)α∈Nd .

1.2 The log-concave case
Moving away from the Gaussian setting, we aim to generalize the learning procedure from Section
1.1 to other measures. We shall assume that:

• The probability measure µ is a log-concave measure on Rd, meaning that

dµ(x) = e−V (x) dx

for some convex potential V : Rd → R ∪ {∞};

• The probability measure µ satisfies a polynomial approximation property: for any 1-Lipschitz
function f : Rd → R and an integer m ≥ 1, there exists a polynomial Pm : Rd → R of degree
at most m such that

∥f − Pm∥2L2(µ) ≤ Ψ2
µ(m), (10)

for some function Ψµ : N → R+ decreasing to 0 as m → ∞;

• for normalization purposes, let us assume that

Ψµ(0) = 1. (11)

In other words, for any 1-Lipschitz function f ,

Varµ(f) = ∥f − Eµf∥2L2(µ) ≤ Ψ2
µ(0) = 1.

A probability measure µ on Rd with finite second moments is isotropic if
∫
Rd xidµ(x) = 0 for all

i, and Cov (µ) = Id, where Cov (µ) = (Cov ij(µ))i,j=1,...,n ∈ Rn×n is the covariance matrix, defined
via

Cov ij(µ) =

∫
Rd

xixjdµ(x)−
∫
Rd

xidµ(x)

∫
Rd

xjdµ(x).

Below we will mostly work with the isotropic normalization. The projection estimator is defined as
follows:
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Definition 1.1. Let µ be an isotropic log-concave measure on Rd. Let (Pα)α∈Nd be an orthonormal
basis of polynomials in L2(µ) with deg(Pα) = |α| for all α. Given observations of the form (1) and
some parameter m ∈ N, we define the projection estimator by

f̂ :=
∑

α,deg(Pα)≤m

f̂α Pα, (12)

where

â := f̂0 =
1

n

n∑
i=1

Yi, (13)

and for all the other coefficients

f̂α =
1

n

n∑
i=1

(Yi − â)Pα(Xi). (14)

Let us mention that the Kannan–Lovász–Simonovits (KLS) conjecture suggests that the normal-
ization (11) is equivalent to normalizing the largest variance over all directions:

c ≤ ∥Cov(µ)∥op ≤ 1 (15)

for some universal constant c > 0, where ∥ · ∥op is the operator norm. For two functions a and b,
we write a ≲ b or a = O(b) if there exists a universal constant C > 0 such that a ≤ Cb. We write
a ≃ b if a ≲ b and b ≲ a. Using the best current bounds on the KLS constant [Kla23], one can take
c = cn ≃ 1/ log n in (15).

Log-concave measures provide a natural generalization of the Gaussian case for two reasons. First,
the behavior of Lipschitz and polynomial functions of a log-concave random vector is relatively well-
understood. Second, although few explicit bounds are known, the polynomial approximation property
(10) always holds—albeit possibly with a slowly decaying function Ψµ. A detailed discussion of these
facts is provided in Section 2.

We prove the following upper bound on the performance of the projection estimator.

Theorem 1.2. Let n, d ≥ 2, and assume that the variance of the noise σ2 satisfies

σ2 ≤ d.

Define
m0 = ⌊ logn

log d
⌋.

We distinguish between two regimes:

• If d5 ≤ n ≤ e
√
d log d, set

m := m0 − 4.

For this choice of degree m we obtain the bound

E∥f − f̂∥2L2(µ) ≤ Ψ2
µ(m) +O

(
1
d

)
. (16)

• If e
√
d log d ≤ n ≤ ed log d/2, set

m = m0 −
⌈ 4 logm0

log(d/m0)

⌉
.

For this choice of degree m we obtain the bound

E∥f − f̂∥2L2(µ) ≤ Ψ2
µ(m) +O

(
1
m2

)
. (17)
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The computation of the projection estimator requires apriori knowledge of an orthonormal basis
of polynomials for µ. In the more general setting where µ is an unknown log-concave probability
measure, one may instead use the polynomial that minimizes the empirical least-squares error.

Definition 1.3. Let µ be an isotropic log-concave measure. Given observations of the form (1) and
some parameter m ∈ N, we define the least-squares estimator by

f̂LS := argmin
deg(P )≤m

n∑
i=1

(P (Xi)− Yi)
2, (18)

That is, the sum on the right-hand side of (18) is a quadratic function on the finite-dimensional space
Pd,m of polynomials of degree at most m on Rd, and we define the estimator f̂LS to be any mini-
mizer of this quadratic function. Note that the computation of the least-squares estimator requires no
knowledge about the underlying measure µ.

We show that the performance of the least-squares estimator f̂LS is comparable to that of the
projection estimator f̂ in certain regimes.

Theorem 1.4. Let n, d ≥ 2, and assume that the variance of the noise σ2 satisfies

σ2 ≤ d.

Define
m0 = ⌊ logn

log d
⌋.

There exist universal constants c0, C0 > 0 such that the following hold:

• If
d5 ≤ n ≤ ec0 log

2 d/ log log d,

set m = m0 − 4. For this choice of degree m we have the bound,

E∥f − fLS∥2L2(µ) ≤ Ψ2
µ(m) +O

(
1
d

)
. (19)

• If

ec0 log
2 d/ log log d ≤ n ≤ e

dβ

C0 ,

for some β < 1/2, define

α =
log(C0 log n)

log d
< 1

2
, m = m0 − 4− ⌊2αm0⌋.

For this choice of degree m, assuming that d ≥ d(β) so that m ≥ 0,

E∥f − fLS∥2L2(µ) ≤ Ψ2
µ(m) +O

(
1
d

)
. (20)

We also provide here lower bounds for the minimax rate of the learning problem (1). For a fixed
probability measure µ on Rd, define the minimax rate

R∗
n,d = inf

f̃
sup
f

R(f, f̃), (21)

where the infimum runs over all estimators f̃ (i.e., all measurable functions of the data (Xi, Yi)
n
i=1)

and the supremum runs over all 1-Lipschitz functions f . A standard information-theoretic way of
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providing a lower bound on R∗
n,d is the Fano method [Wai19], which requires entropy estimates.

More precisely, let
d(f, g) := dµ(f, g) = ∥f − g∥L2(µ),

and let

BLip =

{
f : Rd → R : f is 1-Lipschitz with

∫
f 2dµ ≤ 1

}
be the unit ball of 1-Lipschitz functions for this metric. For 0 < ε < 1, define

N (BLip, ε, dµ)

to be the maximal size of an ε-separated set in BLip with respect to the metric d = dµ, and set

Hµ
L(ε) = logN (BLip, ε, dµ),

the entropy of Lipschitz functions with respect to dµ.

We lower bound Hµ
L when µ is an isotropic log-concave measure, with an improvement when it

has a product structure. We say that a probability measure µ on Rd is a product measure if X1, . . . , Xd

are independent random variables whenever X = (X1, . . . , Xd) has law µ.

Theorem 1.5. Let µ be an isotropic log-concave measure on Rd. Then for any ε with

d−η < ε < 1,

we have (
d

⌊c/ε⌋2

)
≲ Hµ

L(ε), (22)

where η < 1/4 and c > 0 are universal constants. Moreover, if additionally µ is a product measure,
then (22) holds with η = 1/4, that is, it holds in the range

d−1/4 < ε < 1.

As we will see in Section 4, the estimate (22) is tight up to the value of the constant c. Note that it
is more conventional to define entropy via covering numbers rather than packing numbers. Since the
two definitions are equivalent up to a factor of 2 in ε, this choice does not affect the result. Note that
it is more conventional to define entropy via covering numbers rather than packing numbers. Since
the two definitions are equivalent up to a factor of 2 in ε, this choice does not affect the result.

To the best of our knowledge, this result is new even in the Gaussian setting, and might be of
independent interest. It allows us to derive minimax lower bounds for the learning problem (10).

Corollary 1.6. Let µ be an isotropic log-concave measure on Rd. Assume that the noise satisfies

n−κ ≤ σ2 ≤ n

for some constant κ > 0. There exists a universal constant c > 0 such that if

n ≤ e
cd2η log d

κ ,

the minimax risk is lower bounded as

R∗
n,d ≳ (1 + κ)

log n

log d
. (23)

Moreover, if additionally µ is a product measure, then the lower bound (23) holds in the range

n ≤ e
c
√
d log d
κ .
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Thus, in the Gaussian case, or more generally, when µ is an isotropic log-concave measure satis-
fying

Ψ2
µ(m) ≲

1

m
, (24)

we obtain matching bounds in certain regimes for both the projection and least-squares estimators.
Specializing the previous bounds to the case where, say, κ = 10 we obtain the following:

Corollary 1.7. Let n, d ≥ 2, and let µ be an isotropic log-concave measure on Rd satisfying (24),
such as the Gaussian measure or the uniform measure on the hypercube. Assume, for instance, that
the noise parameter σ > 0 satisfies

1

n10
≤ σ2 ≤ d.

Then the following hold:

• The projection estimator and the least squares estimators achieves the minimax rate, up to a
universal constant, in the range

d5 ≤ n ≤ ecd
2η log d,

where c > 0 is a universal constant. That is,

log d

log n
≲ R∗

n,d ≤ R(f, f̂) ≃ R(f, fLS) ≲
log d

log n
. (25)

• If µ is additionally a product measure, then the projection estimator achieves minimax rate in
the larger range

d5 ≤ n ≤ ec
√
d log d.

For the least square estimator, there exists a universal constant C > 0 such that for any 0 <
β < 1/2, if

d5 ≤ n ≤ ed
β/C ,

and d ≥ d(β) then the minimax rate is achieved up to a factor (1− 2β)−1:

log d

log n
≲ R∗

n,d ≤ R(f, fLS) ≲ (1− 2β)−1 log d

log n
.

In comparison, typical regression algorithms for smooth functions – such as nearest neighbors –
require a number of samples that is at least exponential in the dimension. In contrast, our proposed
algorithms attains the minimax rate in the high-dimensional regime, when the number of samples
is merely subexponential in the dimension. As a concrete takeaway, consider learning a 1-Lipschitz
function from noisy observations in L2(γ), where we recall that γ = γd is the standard Gaussian
measure in Rd. In order to achieve accuracy up to a factor ε > 0, it suffices to use a sample size that
grows only polynomially with the dimension:

n ≃ d
c
ε

for some constant c > 0. To the best of our knowledge, this result is new already in the Gaussian case.
Our approach is related to the recent works of Eskenazis, Ivanishvili and Streck ([EI22], [EIS22]) on
learning over the discrete hypercube, which rely on expansions in the orthonormal Walsh polynomial
basis.

The remainder of this paper is organized as follows:

In Section 2, we review several properties of log-concave measures that will be used throughout
the paper. We recall concentration inequalities for Lipschitz and polynomial functions, and present
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polynomial approximation results for Lipschitz functions in L2(µ). This background sets the stage
for the statistical analysis.

In Section 3, we study in detail the two algorithms proposed for estimating Lipschitz functions: the
projection estimator and the least-squares estimator. For both procedures we establish upper bounds
on their L2(µ) risk (Theorems 1.2 and 1.4).

In Section 4, we turn to lower bounds. We provide new estimates on the metric entropy of the class
of 1-Lipschitz functions under isotropic log-concave measures (Theorem 1.5). As a consequence, we
derive minimax lower bounds for the regression problem (1), showing that in certain regimes the
upper and lower bounds match (Corollary 1.6).

2 Background on log-concave measures
In this section, we recall several properties of log-concave measures that are central to our study.
We begin with the concentration properties of Lipschitz and polynomial functions under log-concave
distributions. We then briefly review key facts about the Langevin semigroup associated with a log-
concave measure. Finally, we discuss polynomial approximation of Lipschitz functions with respect
to such measures.

2.1 Concentration of Lipschitz and polynomial functions
We recall that a probability measure µ on Rd is log-concave if it takes the form

µ(dx) = e−V (x) dx (26)

for some convex function V : Rd → R ∪ {∞}. If the measure is supported in an affine subspace of
Rd, we require that its density relative to this affine subspace will take the form (26) for some convex
function V . Gaussian measures, uniform distributions on convex bodies, and Dirac measures are all
examples of log-concave probabilities. The convexity of V is known to imply strong concentration
properties for µ.

We say that µ satisfies a Poincaré inequality with constant C > 0 if, for all locally Lipschitz
functions f ,

Varµ(f) ≤ C

∫
|∇f |2 dµ. (27)

The best constant C > 0 in the Poincaré inequality is denoted by CP (µ) and referred to as the
Poincaré constant of µ. Namely,

CP (µ) := sup
f

Varµ(f)∫
|∇f |2 dµ

,

where the supremum is taken over all locally Lipschitz, non-constant functions f . We also define

CLip
P (µ) := sup

f∈Lip1
Varµ(f),

where the supremum is over all 1-Lipschitz functions f . Our normalization assumption (11) rewrites
as

CLip
P (µ) = Ψµ(0) = 1.

It is clear from the definitions that
CLip
P (µ) ≤ CP (µ).
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However, a theorem of Emanuel Milman [Mil09] asserts that, for log-concave measures, these two
quantities are equivalent up to a universal constant:

CP (µ) ≃ CLip
P (µ). (28)

In other words, for log-concave measures, the Poincaré inequality is essentially saturated by Lipschitz
functions. The KLS conjecture, originally formulated in [KLS95], proposes an even stronger state-
ment: that the Poincaré inequality is actually saturated by linear functions. Namely, the trivial chain
of inequalities

∥Cov(µ)∥op ≤ CLip
P (µ) ≤ CP (µ)

could be reversed up to universal constants. The best known estimate to date is due to [Kla23]:

CP (µ) ≲ log n. (29)

A related but stronger functional inequality is the logarithmic Sobolev inequality. We say that µ
satisfies a log-Sobolev inequality with constant ρ > 0 if, for all locally Lipschitz functions f ,

Entµ(f
2) ≤ 2ρ

∫
|∇f |2 dµ. (30)

The best constant ρ > 0 for which this holds is denoted by ρLS(µ) and referred to as the log-Sobolev
constant of µ. It always holds that

CP (µ) ≤ ρLS(µ),

and the log-Sobolev inequality is strictly stronger than the Poincaré inequality, as it implies sub-
gaussian concentration rather than merely subexponential (see Proposition 2.1 below). In particular,
unlike the Poincaré inequality, not all log-concave measures satisfy a log-Sobolev inequality. We
refer to [Biz23] for further details. As a central example, the standard Gaussian measure satisfies

CP (γ) = ρLS(γ) = 1.

As mentioned before, a Poincaré inequality implies exponential concentration for Lipschitz func-
tions, while a log-Sobolev inequality implies stronger subgaussian concentration. These facts were
observed by Gromov–Milman [GM83] (for Poincaré) and Herbst (for log-Sobolev), and are summa-
rized in the following proposition.

Proposition 2.1. Let µ be a probability measure on Rd and f a 1-Lipschitz function. There exists a
universal constant C > 0 such that, for any p ≥ 1,

∥f∥Lp(µ) ≤ Cp
√

CP (µ),

∥f∥Lp(µ) ≤ C
√
p
√
ρLS(µ).

In particular, under our normalization (11), the moments of a Lipschitz function grow at most
linearly with p. This fact can be reformulated in the context of Orlicz norms. A random variable X is
said to be sub-exponential if there exists K > 0 such that

E[exp(|X|/K)] ≤ 2,

and sub-Gaussian if
E[exp(X2/K2)] ≤ 2.

The smallest such constant K defines the Orlicz norms ∥X∥ψ1 and ∥X∥ψ2 respectively. A well-known
equivalent definition of the Orlicz norm is

∥X∥ψα ≃ sup
m≥1

∥X∥m
m1/α

.

9



Proposition 2.1 can be reformulated as :

∥f(X)∥ψ1 ≤ C
√

CP (µ), and ∥f(X)∥ψ2 ≤ C
√
ρLS(µ).

We recall the following standard Bernstein-type inequalities:

Proposition 2.2. Let X1, . . . , Xn be independent centered random variables. Then∥∥∥∥∥ 1n
n∑
i=1

Xi

∥∥∥∥∥
ψ1

≲
1√
n
max
i

∥Xi∥ψ1 ,

∥∥∥∥∥ 1n
n∑
i=1

Xi

∥∥∥∥∥
ψ2

≲
1√
n
max
i

∥Xi∥ψ2 ,

We refer to [Ver18] for background on subexponential and subgaussian distributions. As for
polynomials, when the underlying measure is log-concave, we have the following estimates.

Proposition 2.3. Let µ be a log-concave measure on Rd, and let P be a degree-m polynomial. Ab-
breviate ∥P∥q = ∥P∥Lq(µ). Then there exists a universal constant C > 0 such that, for any q ≥ 2,

∥P∥q ≤ min
(
C(q−2)m, (Cq)m

)
∥P∥2.

Moreover, for any q ≥ 1, there exists C1 > 0 such that

∥P∥q ≤ (C1q)
m∥P∥1.

Proof. The inequality
∥P∥q ≤ (C1q)

m∥P∥2 ≤ (C2q)
m∥P∥1

was essentially established by Bourgain [Bou91], see also [NSV02]. It remains to interpolate for q
close to 2. We may assume without loss of generality that ∥P∥2 = 1. By Hölder’s inequality, for
2 ≤ q ≤ 4,

∥P∥qq ≤ ∥P∥4−q2 ∥P∥q−2
4 ≤ Cm(q−2),

which concludes the proof.

We remark that the following improvement holds when µ = γ, the standard Gaussian measure
(see [AS17, Proposition 5.48]):

Lemma 2.4. Let P be a degree-m polynomial on Rd. Then

∥P∥Lq(γ) ≤ (q − 1)m/2∥P∥L2(γ).

We will also need a classical anti-concentration result for polynomials in log-concave variables,
due to Carbery and Wright ([CW01, Theorem 8])

Theorem 2.5. Let X be a log-concave random vector in Rd, and let P be a polynomial of degree at
most m such that EP 2(X) = 1. Then for all t > 0,

P (|P (X)| ≤ t) ≤ Cmt1/m,

where C > 0 is a universal constant.
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2.2 Langevin semigroup
We now briefly recall some basic facts about the semigroup associated with a log-concave measure.
For a detailed exposition, we refer to [BGL13]. Let µ be a log-concave probability measure on Rd

with density
µ(dx) = e−V (x) dx

for a convex V : Rd → R. The probability measure µ is associated with the symmetric diffusion
operator

L := ∆−∇V · ∇, (31)

which satisfies, for smooth, compactly-supported functions f, g : Rd → R,∫
f Lg dµ =

∫
g Lf dµ = −

∫
∇f · ∇g dµ. (32)

Consider the Friedrich self-adjoint extension of the operator L to a self-adjoint operator on L2(µ),
which is also denoted by L. The corresponding semigroup is

Tt := etL (t ≥ 0). (33)

This semigroup is Markovian and admits an explicit probabilistic representation: if (Xt)t≥0 solves the
stochastic differential equation

dXt =
√
2 dBt −∇V (Xt) dt,

where (Bt) is standard Brownian motion in Rd, then (Xt) is a Markov process, and

Ttf(x) = E[f(Xt) | X0 = x].

It follows that Tt is a contraction on Lp(µ) for all p ≥ 1. The semigroup Tt has been widely used
to establish functional inequalities for µ, since it continuously interpolates between T0f = f and
T∞f =

∫
f dµ. The rate at which Ttf converges to the mean is governed by the gradient of f :

Lemma 2.6. Let f ∈ L2(µ) be a smooth function with
∫
Rd |∇f |2dµ < ∞. Then

∥Ttf∥2L2(µ) ≥ ∥f∥2L2(µ) − 2t

∫
|∇f |2 dµ.

Proof. The argument is standard, we sketch the computation:
d

dt
∥Ttf∥2L2(µ) = 2⟨LTtf, Ttf⟩L2(µ)

= −2

∫
|∇Ttf |2 dµ

≥ −2

∫
Tt|∇f |2 dµ

≥ −2

∫
|∇f |2 dµ,

where we used the standard gradient bound that follows from log-concavity

|∇Ttf |2 ≤ Tt|∇f |2,

and the fact that Tt is a contraction.

Since Tt acts as a local averaging operator, one may expect smoothing properties. It is well-known
e.g. [KL25] that Tt maps bounded functions to Lipschitz functions:

Lemma 2.7. For every bounded function f and any t > 0, we have

∥Ttf∥Lip ≤ ∥f∥∞√
t

.
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2.3 Polynomial approximation of Lipschitz functions
2.3.1 Dimension 1

For a log-concave measure µ on R, we define Ψµ(m) as the best function such that, for any 1-Lipschitz
function f and integer m ≥ 1,

Em(µ, f) := inf
deg(Pm)≤m

∥f − Pm∥L2(µ) ≤ Ψµ(m). (34)

We begin with a well-known qualitative result.

Proposition 2.8. Let µ be a measure on Rd such that there exists ε > 0 such that for all θ ∈ B2(0, ε),∫
eθ·x µ(dx) < ∞.

Then polynomials are dense in L2(µ). Moreover, the convergence is uniform over the class FLip of
1-Lipschitz functions:

Em(µ,F) := sup
f∈F

Em(f, µ) −→ 0 as m → ∞.

Proof. Let f ∈ L2(µ) be orthogonal to all polynomials, and define the signed measure µf (dx) =
f(x)µ(dx). By the Cauchy–Schwarz inequality, for θ small enough:(∫

eθ·x µf (dx)

)2

≤
(∫

f 2 dµ

)(∫
e2θ·x µ(dx)

)
< ∞.

Thus, µf admits a Laplace transform defined in a neighborhood of 0, and all of its derivatives at the
origin vanish due to the orthogonality condition. It follows that µf = 0, hence f = 0 in L2(µ). The
uniform convergence follows by compactness of the set of centered 1-Lipschitz functions in L2(µ).

In particular, since any log-concave probability measure satisfies the exponential integrability
condition, we have

Ψµ(m) −→ 0

as m → ∞.

We now turn to quantitative statements. A classical result in this direction is the quantitative
Weierstrass approximation theorem, going back to Bernstein and to Jackson. It asserts that for a
1-Lipschitz function f on the interval [−1, 1],

inf
deg(P )≤m

∥f − P∥L∞([−1,1]) ≤
C

m
. (35)

Let us describe in some detail how to obtain an L2 version of this result. Let µ be the uniform probabil-
ity measure on [−1, 1]. The orthogonal polynomials with respect to µ are the Legendre polynomials,

Pn(x) =
1

2nn!

dn

dxn
(
x2 − 1

)n
,

which satisfy ∫ 1

−1

Pn(x)Pm(x) dµ(x) =
1

2n+ 1
δnm.
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They also satisfy the differential equation

d

dx

(
(1− x2)P ′

n(x)
)
+ n(n+ 1)Pn(x) = 0. (36)

Integrating by parts gives ∫ 1

−1

P ′
n(x)P

′
m(x)(1− x2) dx =

2n(n+ 1)

2n+ 1
δnm. (37)

Let us normalize the Legendre polynomials as

pn :=
Pn√
2n+ 1

,

so that (pn) forms an orthonormal basis in L2(µ). Any function f ∈ L2(µ) can be expanded as

f =
∑
k≥0

⟨f, pk⟩L2(µ)pk =
∑
k≥0

fkpk.

Observe that if f ′ ∈ L2((1− x2)µ), then

f ′ =
∑
k≥1

fkp
′
k,

and by orthogonality using (37), we obtain∫
(f ′)2(1− x2) dµ =

∑
k≥1

k(k + 1)f 2
k . (38)

In particular,

E2
m(µ, f) =

∑
k≥m+1

f 2
k ≤ 1

(m+ 1)(m+ 2)

∫
(f ′)2(1− x2) dµ. (39)

Following Jackson’s theorem, an extensive body of work was devoted to the study of polynomial
approximation on R under more general probability measures (or ”weights”). A good reference is the
survey [Lub07]. Let us denote

µα :=
1

Zα
e−|x|α ,

where Zα is a normalizing constant. It can be shown that polynomials are dense in L2(µα) if and only
if α ≥ 1. When α > 1, it was proved by Freud [Fre77] and Lubinsky and Levin [LL87] that, for
sufficiently regular functions f ,

E2
m(f, µα) ≲ m2−2/α

∫
R
(f ′)2 dµα. (40)

The case α = 1 is different: it can be shown that the set{
f ∈ L2(µ1) :

∫
f dµ1 = 0,

∫
(f ′)2 dµ1 ≤ 1

}
is not compact in L2(µ1). We refer to [BGL13] for details. As a consequence, a bound of the form
(40) cannot hold with any fixed rate. Nevertheless, a corollary of a result by [Lub07] shows that if f
is 1-Lipschitz, then

E2
m(f, µ1) ≲

1

log2(m+ 1)
. (41)

As a consequence, we may state a universal approximation rate for log-concave probability measures
on the real line:
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Lemma 2.9. Let µ be a log-concave probability measure on R with unit variance. Then for any
1-Lipschitz function f and m ≥ 1,

E2
m(µ, f) ≲

1

log2(1 +m)
.

Proof. This follows from the fact that if ρ is a log-concave density on R with unit variance and
barycenter at 0, then

ρ(x) ≤ C e−|x|/C

for some universal constant C > 0. A proof of this estimate can be found in [Bob03].

We also mention that, in sharp contrast with the two-sided exponential distribution, the one-sided
exponential enjoys a much faster approximation rate. Denote by ν = e−x 1R+(x) dx. Then for 1-
Lipschitz functions f ,

E2
m(ν, f) ≲

1

m
,

see e.g., [BK25].

2.3.2 Higher dimensions

In higher dimensions, quantitative results on polynomial approximation are scarce. A notable ex-
ception is the case of the Gaussian measure γd on Rd, which admits an explicit orthogonal basis of
polynomials: the Hermite polynomials. In dimension one, the n-th Hermite polynomial is defined via
the Rodrigues formula:

Hn(x) := (−1)nex
2/2 dn

dxn
e−x

2/2, (42)

and satisfies the orthogonality relation:∫ +∞

−∞
Hn(x)Hm(x) e

−x2/2 dx = n!
√
2π δn,m. (43)

In dimension d, for a multi-index α = (α1, . . . , αd), define

Hα(x) := Hα1(x1) · · ·Hαd
(xd).

The Hermite polynomials form an orthogonal basis of L2(γd) and are also eigenfunctions of the
differential operator

L := ∆ + x · ∇,

which is the infinitesimal generator of the Ornstein–Uhlenbeck semigroup:

Ttf(x) := E
[
f
(
δtx+

√
1− δ2tG

)]
,

where G ∼ γd and δt = e−t.

Proposition 2.10. For any multi-index α, we have:

LHα = −|α|Hα,

and consequently,
TtHα = e−t|α|Hα.
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Given a function f ∈ L2(γd), we may decompose it in the Hermite basis as

f =
∑
α

fαHα.

Using the integration by parts formula (32), we compute the gradient energy:∫
∥∇f∥2 dγd =

∫
(−Lf)f dγd

=
∑
α

|α|f 2
α.

Finally,

E2
m(γd, f) =

∑
|α|≥m+1

f 2
α ≤ 1

m+ 1

∑
α

|α|f 2
α

≤ 1

m+ 1

∫
|∇f |2 dγd.

This is an instance of the tensorization principle established in [BK25].

Proposition 2.11 (Tensorization). Let µi be a probability measure on R for i = 1, . . . , d. Assume that
for all i, ∑

α≥1

φi(α)f
2
α ≤

∫
R
(f ′)2wi(x) dµi,

for some positive functions (φi)1≤i≤d and (wi)1≤i≤d, where fα denotes the coefficients in the orthonor-
mal polynomial basis of µi. Let µ := µ1 ⊗ · · · ⊗ µd. Then for all smooth f ∈ L2(µ),

∑
|α|≥1

φ(α)f 2
α ≤

∫
Rd

d∑
i=1

wi(xi)(∂if)
2 dµ,

where φ(α) :=
∑

i φi(αi) and we set φi(0) := 0, |α| :=
∑

i αi. In particular, defining

Φ(m) := inf
|α|=m

φ(α),

we obtain the approximation bound

E2
m(µ, f) ≤

1

Φ(m+ 1)

∫
Rd

d∑
i=1

wi(xi)(∂if)
2 dµ.

Moreover, if f is 1-Lipschitz,

E2
m(µ, f) ≤

1

Φ(m+ 1)
E
[
max
i

wi(Xi)
]
.

Let us illustrate Proposition 2.11 in concrete examples. For 1 < β ≤ 2, define the product measure

µ⊗d
β := µβ ⊗ · · · ⊗ µβ.

Recall that in dimension 1, we have

E2
m(µβ, f) ≲ m2/β−2

∫
R
(f ′)2 dµβ,
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i.e., the tail bound ∑
k≥m+1

f 2
k ≲ m2/β−2

∫
R
(f ′)2 dµβ.

Using summation by parts, we deduce that for any 0 < δ ≤ 1,∑
k≥1

k2−2/βf 2
k

log1+δ(1 + k)
≤ C

δ

∫
R
(f ′)2 dµβ,

for some constant C > 0. Define

φ(x) :=
x2−2/β

log1+δ(x)
.

Since φ(x)/x decreases on (1,∞), we obtain

Φ(m) := inf
|α|=m

∑
i

φ(αi) = φ(m).

By tensorization, this yields

E2
m(µ

⊗d
β , f) ≲

log1+δ(m)

δ m2−2/β

∫
Rd

∥∇f∥2 dµ⊗d
β .

Choosing

δ∗ := max

(
1,

1

log logm

)
,

we obtain
E2
m(µ

⊗d
β , f) ≲

logm log logm

m2−2/β

∫
Rd

∥∇f∥2 dµ⊗d
β . (44)

For the case β = 1, it was proved in [BK25] that
∞∑
k=1

log2(e+ k)f 2
k ≲

∫
R
log2(e+ |x|)(f ′)2 dµ1. (45)

Hence, tensorization gives

E2
m(f, µ

⊗d
1 ) ≲

1

log2(1 +m)

∫
Rd

d∑
i=1

log2(e+ |xi|)(∂if)2 dµ⊗d
1 .

If f is 1-Lipschitz, then

E2
m(f, µ

⊗d
1 ) ≲

E
[
maxi log

2(e+ |Xi|)
]

log2(m)
≲

log2 log d

log2m
.

In contrast, for the product of one-sided exponential measures, the approximation rate is much better.
Let ν⊗d be the d-fold product of the one-sided exponential distribution. Then for 1-Lipschitz f ,

E2
m(ν

⊗d, f) ≲
log d

m
,

see [BK25].

We conclude this section with an interesting dimensional effect of tensorization, which lies at
the core of the entropy estimates of Section 4. Let µ be the uniform probability measure on [−1, 1].
Recall that for sufficiently regular f , using (38),∑

k≥1

k2f 2
k ≤

∫
(f ′)2(1− x2) dµ ≤

∫
(f ′)2 dµ.
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The rate is quadratic, much faster than the linear rate observed for the Gaussian measure, for example.
For the uniform measure on the hypercube µ⊗d, the tensorization principle yields, in particular,

E2
m(µ, f) ≤

1

Φ(m+ 1)

∫
∥∇f∥2 dµ⊗d,

where
Φ(m) = inf

|α|=m

∑
i

α2
i .

The key difference is that here the function φ(x) = x2 is convex, so that φ(x)/x is increasing (as
opposed to decreasing). Therefore,

Φ(m) = m, for m ≤ d,

while for m ≥ d,

Φ(m) ≃ m2

d
.

The takeaway is that when the degree m is smaller than or comparable to the dimension d, the rate
cannot be better than the Gaussian one, i.e., linear in m.

More precisely, let µ be an isotropic product measure on Rd, and let Φµ denote the best function
such that for all sufficiently regular functions f ,

E2
m(µ, f) ≤

1

Φµ(m)
.

Then, for m ≤ d,
Φµ(m) ≤ Φγ(m) = m+ 1.

The corresponding extremal function f is the multilinear polynomial of degree m ≤ d defined by

f(x) =
m∏
i=1

xi.

Whenever the measure µ is isotropic and of product form, the function f belongs to the tensor basis
of orthonormal polynomials. Therefore, for all k < m,

E2
k(µ, f) = ∥f − 0∥2L2(µ) = 1.

On the other hand, a direct computation shows that∫
∥∇f∥2 dµ = m.

Hence,

Φµ(m− 1) ≤
∫
∥∇f∥2 dµ

E2
m−1(µ, f)

≤ m.

We will see in Section 4 that if µ is additionally log-concave, this remains true when restricting to
Lipschitz functions, at least for m ≤

√
d.

3 Empirical computation of an approximating polynomial
In this section we analyze in detail the empirical procedures introduced in the introduction. Given
observations (1), our goal is to construct a polynomial estimator of f , taking advantage of the approx-
imation property (10). We focus on two natural algorithms: the projection estimator, which relies
on an orthogonal polynomial basis of µ, and the least-squares estimator, which requires no structural
knowledge of µ.
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3.1 The projection estimator
We fix a 1-Lipschitz function f , and assume that µ is a log-concave probability measure on Rd with
polynomial approximation rate:

sup
f

inf
deg(P )≤m

∥f − P∥L2(µ) ≤ Ψµ(m),

where the sup runs over all 1-Lipschitz functions f . Recall that for normalization purposes, we
assume that Ψµ(0) = 1, which amounts to the bound CP (µ) ≲ 1.

We decompose the function f as

f = f − Eµf + Eµf =: f̃ + a, (46)

where a = Eµf is a constant and f̃ is mean-zero.

Recall that we denote by X1, . . . , Xn the observed i.i.d. samples from µ. The integer n denotes
the sample size used in the algorithm, while m denotes the maximal polynomial degree used. Finally,
we define

D = D(d,m) :=

(
d+m

m

)
,

which is the dimension of the space Pd,m of multivariate polynomials of total degree at most m in
Rd. Let us further denote by (pk)0≤k≤D−1 an orthonormal basis of Pd,m ⊆ L2(µ). Thus, we may
decompose f as

f =
D−1∑
k=0

fk pk + f>m = a+
D−1∑
k=1

fk pk + f>m, (47)

where for all 1 ≤ k ≤ D − 1,

fk := ⟨f, pk⟩L2(µ) = ⟨f̃ , pk⟩L2(µ),

and
∥f>m∥L2(µ) ≤ Ψ(m).

Recall that the empirical estimator of the mean is given by

â := f̂0 =
1

n

n∑
i=1

Yi,

and for 1 ≤ k ≤ D − 1, we define the empirical coefficients as

f̂k =
1

n

n∑
i=1

(Yi − â) pk(Xi)

=
1

n

n∑
i=1

(Yi − a) pk(Xi) +
1

n

n∑
i=1

(â− a) pk(Xi)

=: f̂ ∗
k + δk. (48)

Here, f̂ ∗
k is the unbiased component of the estimator, satisfying

E[f̂ ∗
k ] = fk.

The projection estimator is then given by

f̂ := â+
D−1∑
k=1

f̂k pk.

Our goal is to prove the following result, previously stated in the introduction.
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Theorem 3.1. Under the above assumptions, the projection estimator satisfies

E∥f − f̂∥2L2(µ) ≤ Ψ2
µ(m) +

(Cm2 + 4σ2)D

n
, (49)

for some absolute constant C > 0.
Furthermore, in the Gaussian setting, we have the sharper bound

E∥f − f̂∥2L2(γ) ≤
1

m
+

(Cm+ 4σ2)D

n
, (50)

for some absolute constant C > 0.

Proof. Let Pm denote the orthogonal projection of f onto the space Pd,m of polynomials of degree at
most m. Then:

E∥f − f̂∥22 = E∥f − Pm∥22 + E∥f̂ − Pm∥22

≤ Ψ2(m) + Var(â) +
D−1∑
k=1

E(f̂k − fk)
2

≤ Ψ2(m) + Var(â) + 2
D−1∑
k=1

E(f̂ ∗
k − fk)

2 + 2
D−1∑
k=1

Eδ2k

= Ψ2(m) +
Var(Y1)

n
+ 2

D−1∑
k=1

Var(f̂ ∗
k ) + 2

D−1∑
k=1

Eδ2k

≤ Ψ2(m) +
1 + σ2

n
+

2

n

D−1∑
k=1

Var ((Y1 − a)pk(X1)) + 2
D−1∑
k=1

Eδ2k, (51)

where in the last passage we used that V arµ(f) ≤ Ψµ(0) = 1. We first bound the third term in (51).
Let (X, Y ) denote a copy of (X1, Y1). Observe that

Y − a = f(X) + ξ − a = f̃(X) + ξ,

where f̃ = f − a is centered. Then, for any 1 ≤ k ≤ D,

Var ((Y − a)pk(X)) ≤ E
(
(Y − a)2p2k(X)

)
= E

(
f̃ 2(X)p2k(X)

)
+ E

(
ξ2p2k(X)

)
= E

(
f̃ 2(X)p2k(X)

)
+ σ2.

Now we apply Hölder’s inequality with exponents q = m+ 1 and q∗ = 1 + 1/m:

E
[
f̃ 2(X)p2k(X)

]
≤
(
Ef̃ 2q(X)

)1/q (
Ep2q

∗

k (X)
)1/q∗

≤ C∥f̃(X)∥22m+2,

as follows from Proposition 2.3. Recalling that CP (µ) ≲ 1, by Proposition 2.1, we have

∥f̃(X)∥22m+2 ≲ m2, (52)

since f̃ is 1-Lipschitz and centered. Now we bound the fourth term in (51). Define

Sn :=
1

n

n∑
i=1

pk(Xi).
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Then:

Eδ2k = E (â− a)2 S2
n

= E

(
1

n

n∑
i=1

(
f̃(Xi) + ξi

))2

S2
n

= E

(
1

n

n∑
i=1

f̃(Xi)

)2

S2
n + E

(
1

n

n∑
i=1

ξi

)2

S2
n

= E

(
1

n

n∑
i=1

f̃(Xi)

)2

S2
n +

σ2

n2
ES2

n.

Note that ES2
n = EP 2

k (X)/n = 1/n. By again using Hölder’s inequality with q = m + 1, and
bounding ∥Sn∥q∗ ≤ ∥pk(X)∥q∗:

Eδ2k ≤ ∥ 1
n

n∑
i=1

f̃(Xi)∥2q · ∥pk(X)∥2q∗ +
σ2

n3

≲ ∥ 1
n

n∑
i=1

f̃(Xi)∥2m+1 +
σ2

n2
.

By Proposition 2.2, we know that for a 1-Lipschitz function:

∥ 1
n

n∑
i=1

f̃(Xi)∥ψ1 ≲
1√
n
∥f̃(X)∥ψ1 ≲

1√
n
.

Hence,

∥ 1
n

n∑
i=1

f̃(Xi)∥2m+1 ≲
m2

n
. (53)

Plugging everything back into (51), we obtain:

E∥f − f̂∥22 ≤ Ψ2
µ(m) +

Cm2D

n
+

4σ2D

n
,

for some absolute constant C > 0, as claimed. For the “Furthermore” part, we replace m2 in (52) and
in (53) by m ·min{m, ρLS(X)} which equals m in the Gaussian case.

3.1.1 Proof of Theorem 1.2

Let us explain how to deduce Theorem 1.2 from Theorem 3.1. Set

5 ≤ m0 =

⌊
log n

log d

⌋
≤ d

2

and observe that (
d+m0

m0

)
≤
(
e(d+m0)

m0

)m0

≤
(
5d

m0

)m0

≤ dm0 ≤ n.
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For any integer 1 ≤ p ≤ m0 we set
mp = m0 − p.

Recall that D = D(d,mp) =
(
d+mp

mp

)
. According to the preceding inequality, we have :(

d+mp

mp

)
n

≤
(
d+m0−p
m0−p

)(
d+m0

m0

) =
(d+m0 − p)!

(d+m0)!
· m0!

(m0 − p)!

≤
(m0

d

)p
.

Plugging this into Theorem 3.1, we get for the choice of m = mp,

E∥f − f̂∥2L2(µ) ≤ Ψ2
µ(mp) +

(
Cm2

0 + 4σ2
) (m0

d

)p
.

We choose

p = max

(
4,

⌈
4 logm0

log d/m0

⌉)
.

In the first regime,
n ≤ e

√
d log d

and p = 4 while m0 ≤
√
d. We have

E∥f − f̂∥2L2(µ) ≤ Ψ2
µ(m0 − 4) + C ′d(1/

√
d)4

which is what we wanted to proved. In the second regime, we have

e
√
d log d ≤ n ≤ ed log d/2,

p =

⌈
4 log(m0)

log(d/m0)

⌉
and √

d− 1 ≤ m0 ≤ d/2.

By our choice of p, (m0

d

)p
≤
(m0

d

) 4 log(m0)
log(d/m0) =

1

m4
0

which concludes the proof.

As can be seen from the proof of Theorem 1.2, the error term in (16) may be improved to O(1/d5)
or so if we take m = m012 rather than m = m0− 4. In any case, the error term is typically negligible
compared to Ψ2

µ(m).

3.2 Least square estimator
We now move to the analysis of the least squares estimator f̂LS . Given a choice of a polynomial degree
m, this estimator is defined as the polynomial of degree less than m that minimizes the empirical l2

risk:

f̂LS = argmin
P∈Pd,m

n∑
i=1

(Yi − P (Xi))
2 . (54)

The goal of this section is to prove the following bound on its prediction error:
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Theorem 3.2. Assume that
σ2 ≤ d

and that d ≥ d0, for some universal constant d0 ≥ 3. Then for any n,m ≥ 1 such that the right-hand
side is smaller than 1, it holds that

E∥f − f̂LS∥2L2(µ) ≤ Ψ2
µ(m) +

(C log(n))2mD log(D)

n
+

8σ2D

n
, (55)

for some absolute constant C ≥ 1.

Before embarking on the proof of Theorem 3.2, we remark that the assumptions implies in partic-
ular that

log(n)mD ≤ (C log(n))2mD ≤ n. (56)

Thus, if n ≥ 3, we get
m ≤ log n. (57)

Furthermore,

D =

(
d+m

m

)
≥
(

d

m

)m
. (58)

Plugging (58) and (57) into (56) we get
dm ≤ n,

that is
m ≤ log n

log d
. (59)

which we assume in the rest of this section. Note that the quantity of interest,

f − f̂LS,

is unchanged if we subtract a constant from f . Thus, for convenience, we assume from now on in this
section that ∫

f dµ = 0. (60)

We define

A = (pk(Xi))k,i =

p0(X1) . . . pD−1(X1)
...

...
p0(Xn) . . . pD−1(Xn)

 ∈ Rn×D,

and

b =

Y1
...
Yn

 .

We adopt the following useful notation: for a polynomial P of degree at most m, we write

P ∈ RD

for the vector of its coordinates in the basis (pk)0≤k≤D−1. A straightforward computation shows that

f̂LS = (ATA)−1AT b =

(
1

n
ATA

)−1
1

n
AT b. (61)
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The vector 1
n
AT b is merely the vector of empirical scalar products, which, as in the previous

section, we denote by f̂∗. For all 0 ≤ k ≤ D − 1,

f̂∗
k =

(
1

n
AT b

)
k

=
1

n

n∑
i=1

Yipk(Xi). (62)

This is indeed the same definition as in (48), since we assumed that

a =

∫
f dµ = 0.

From the analysis carried out in Section 3.1, we know that

E∥Pmf − f̂∗∥22 ≤
(Cm2 + 4σ2)D

n
(63)

where Pmf is the projection of f onto Pd,m in L2(µ). From now on, we assume that n is large enough
so that the right hand side in (55) is smaller than 1. In particular, we also get

E∥Pmf − f̂ ∗∥2L2(µ) ≲ 1.

Since ∥f∥L2(µ) ≤ Ψµ(0) = 1,

∥f̂ ∗∥L2(µ) ≤ ∥Pmf − f̂ ∗∥L2(µ) + ∥Pmf∥L2(µ) ≤ C + ∥f∥L2(µ) ≤ C̃. (64)

We denote
Cn =

1

n
ATA.

The main technical step in this section is a moment bound on the deviation of C−1
n from the identity

matrix, measured in operator norm.

Lemma 3.3. Assume that n ≥ D, then for all 1 ≤ p ≤ logD,(
E∥C−1

n − Id∥pop
)2/p ≤ (C log n)2mD logD

n

where C > 0 is a universal constant.

Before proving this lemma, let us explain how it implies Theorem 3.2. As a warm-up, we first
prove a weaker statement:

E∥f − f̂LS∥2 ≤ Ψµ(m) +

√
(C log n)2mD logD

n
+

2σ
√
D√
n

. (65)

3.2.1 Proof of (65)

Since f̂∗ is given by (62), we may write

E∥Pmf − f̂LS∥2 ≤ E∥Pmf − f̂∗∥2 + E∥f̂LS − f̂∗∥2
= E∥Pmf − f̂∗∥2 + E∥(C−1

n − Id) f̂
∗∥2

≤ E∥Pmf − f̂∗∥2 + E∥C−1
n − Id∥op ∥f̂∗∥2.

Now, using the Cauchy–Schwarz inequality and (64), we bound the last term by

E∥C−1
n − Id∥op ∥f̂∗∥2 ≲

(
E∥C−1

n − Id∥2op
)1/2

.
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From Lemma 3.3 with p = 2, we know that

E∥C−1
n − Id∥2op ≲

(C log n)2mD logD

n
. (66)

Putting everything together and using (63), we get

E∥f − f̂LS∥L2(µ) ≤ ∥f − Pmf∥L2(µ) + E∥Pmf − f̂LS∥L2(µ)

≤ Ψµ(m) +

√
(Cm2 + 4σ2)D

n
+

√
(C log n)2mD logD

n

≤ Ψµ(m) +

√
(C log n)2mD logD

n
+

2σ
√
D√
n

,

where the constant C may change from line to line, and we used
√
a+ b ≤

√
a+

√
b.

3.2.2 Proof of Theorem 3.2

The proof of (55) follows the same strategy, with one additional computation. As before, we write

E∥f − f̂LS∥2L2(µ) = E∥f − Pmf∥2L2(µ) + E∥Pmf − f̂LS∥2L2(µ)

≤ Ψ2
µ(m) + 2E∥Pmf − f̂∗∥22 + 2E∥f̂LS − f̂∗∥22

≤ Ψ2
µ(m) +

(Cm2 + 8σ2)D

n
+ 2E∥C−1

n − Id∥2op ∥f̂∗∥22.

Using Hölder’s inequality with p = 1
2
logD and q = p∗, and using Lemma 3.3, we bound

E∥C−1
n − Id∥2op ∥f̂∗∥22 ≤

(
E∥C−1

n − Id∥2pop
)1/p (E∥f̂∗∥2q2

)1/q
≤ (C log n)2mD logD

n

(
E∥f̂∗∥2q2

)1/q
.

It remains to prove that (
E∥f̂∗∥2q2

)1/q
≲ 1. (67)

We use a simple interpolation argument. Recall that, by (64),

E∥f̂∗∥22 ≲ 1. (68)

Recall that σ2 ≤ d ≤ D. We claim the following crude bound on the fourth moment:

E∥f̂∗∥42 ≲ D3. (69)

Indeed,

E∥f̂∗∥42 = E
(D−1∑
k=0

(f̂ ∗
k )

2
)2

≤ D
D−1∑
k=0

E
(
f̂ ∗
k )

4.

For any 0 ≤ k ≤ D − 1,

E
(
(f̂ ∗
k )

4
)
= E

(
1

n

n∑
i=1

Yi pk(Xi)

)4

≤ E
(
Y 4
1 pk(X1)

4
)

≤
(
EY 8

1

)1/2 (E|pk(X1)|8
)1/2

≲ σ4Cm ≲ D2,
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where we used Propositions 2.1 and 2.3 and the growth assumption on σ. Now, for any nonnegative
random variable X and any q ∈ [1, 2], by interpolation,(

EXq
)1/q ≤ (EX) 2/q−1 (EX2) 1−1/q.

Applying this to X = ∥f̂∗∥22 and using (68) and (69), we get(
E∥f̂∗∥2q2

)1/q
≲ (D3) 1−1/q = D 3/p = D 6/ logD ≲ 1,

which proves (67). In order to complete the proof of Theorem 3.2, it remains to prove Lemma 3.3.

3.2.3 Bounding C−1
n

The proof of Lemma 3.3 consists of two steps. First, we prove the same bound but for Cn rather than
for its inverse.

Lemma 3.4. Assume that n ≥ D, then for all 1 ≤ p ≤ logD,(
E∥Cn − Id∥pop

)2/p ≤ (C log n)2mD logD

n
.

where C > 0 is a universal constant.

In order to prove Lemma 3.4, we first unpack the definition of Cn. For 1 ≤ i ≤ n, define i.i.d
random vectors

Zi =

 p1(Xi)
...

pD−1(Xi)

 ∈ RD−1 (i = 1, . . . , n). (70)

Notice that we did not include the term p0(Xi) = 1 corresponding to the constant polynomial. We
write Z for a random vector with the same law as Z1. Then Z is isotropic:

EZ = 0, EZZ⊤ = Id.

We denote the empirical covariance of Z by

Covn =
1

n

n∑
i=1

ZiZ
⊤
i . (71)

We also write Z̃i for the full vector

Z̃i =

(
1
Zi

)
∈ RD. (72)

We may then express Cn as

Cn =
1

n
AA⊤ =

1

n

n∑
i=1

Z̃iZ̃i
⊤

=

(
1 1

n

∑n
i=1 Z

⊤
i

1
n

∑n
i=1 Zi Covn

)
.

(73)

From (73) and (72), we easily deduce the following lemma.

Lemma 3.5. Let Cn and Covn be defined by (73) and (71), respectively. Then,

∥Cn − Id∥op ≤
∥∥∥ 1
n

n∑
i=1

Zi

∥∥∥ + ∥Covn − Id∥op. (74)
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In what follows, we bound the p-th moment of the operator norm of Covn−Id. We use Rudelson’s
lemma [Rud99], relying on the non-commutative Khintchine inequality of Lust-Picard and Pisier (see
[Pis03, Theorem 9.8.2]). Inequality (3.4) in [Rud99] reads as follows:

Lemma 3.6. Let x1, . . . , xn be vectors in RD, and let ϵ1, . . . , ϵn be i.i.d. symmetric Bernoulli vari-
ables. Then for any p ≤ logD,(

E∥
∑
i

ϵixi ⊗ xi∥pop
)2/p

≤ C logD max
i

∥xi∥2 ∥
∑
i

xi ⊗ xi∥op.

As in Rudelson’s paper, the lemma is used to bound the deviation of the empirical covariance from
its expectation.

Corollary 3.7. Let Covn be defined by (71). Whenever the right-hand side is smaller than 1,(
E∥Covn − Id∥p

)2/p
≤ C logD

n

(
Emax

i
|Zi|2p

)1/p
.

We need a standard symmetrization lemma.

Lemma 3.8. Let (Xi)i∈I be a finite sequence of independent random vectors in some Banach space,
and let εi be independent symmetric Bernoulli random variables. Then, for any p ≥ 1,

E∥
∑
i∈I

Xi − EXi∥p ≤ 2p E∥
∑
i∈I

εiXi∥p.

Proof. We set
X̃i = Xi −X ′

i,

where X ′
i is an independent copy of Xi. By Jensen’s inequality,

E∥
∑
i∈I

Xi − EXi∥p ≤ E∥
∑
i∈I

X̃i∥p

= E∥
∑
i∈I

εiX̃i∥p

≤ 2p−1E

(
∥
∑
i∈I

εiXi∥p + ∥
∑
i∈I

εiX
′
i∥p
)

= 2p E∥
∑
i∈I

εiXi∥p.

We can now prove Corollary 3.7.

Proof of Corollary 3.7. We set
Sp = E∥Covn − Id∥pop,

the quantity of interest. The first step is to use the symmetrization lemma:

Sp = E∥ 1
n

n∑
i=1

(Zi ⊗ Zi − EZi ⊗ Zi)∥pop

≤ 2p

np
E∥

n∑
i=1

εiZi ⊗ Zi∥pop.
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We then apply Rudelson’s lemma, conditionally on the Zi’s and then take expectation over the Zi’s,
to obtain

Sp ≤
Cp

np
log(D)p/2 E

(
max
i

∥Zi∥p ∥
∑
i

Zi ⊗ Zi∥p/2op

)

≤ Cp

np
log(D)p/2

(
Emax

i
∥Zi∥2p

)1/2 (
E∥
∑
i

Zi ⊗ Zi∥pop
)1/2

, (75)

where we used Cauchy–Schwarz. Now, observe that

E∥
∑
i

Zi ⊗ Zi∥pop = np E∥Id +
1

n

∑
i

(Zi ⊗ Zi − Id)∥pop

≤ 2p−1np
(
1 + E∥ 1

n

∑
i

(Zi ⊗ Zi − Id)∥pop
)

= 2p−1np(1 + Sp).

Plugging this back into (75), we find that

Sp ≤ λ(1 + Sp)
1/2, (76)

where

λ =
(C logD)p/2

np/2

(
Emax

i
|Zi|2p

)1/2
.

Distinguishing the cases Sp ≤ 1 and Sp ≥ 1, one obtains

Sp ≤ 2max(λ, λ2).

Thus, in particular, if λ ≤ 1, we conclude that

(
E∥Covn − Id∥pop

)2/p ≤ λ2/p =
C logD

n

(
Emax

i
|Zi|2p

)1/p
,

which is the desired bound.

We now need an estimate on (
Emax

i
|Zi|2p

)1/p
.

The ℓ∞ norm on Rn is equivalent to the ℓq norm for q = 2 log n, up to a universal constant. For this
choice of q, notice that 2p/q ≤ 1. By Jensen’s inequality,

(
Emax

i
∥Zi∥2p

)1/p
≲

(
E
( n∑
i=1

|Zi|q
)2p/q)1/p

≲
(
nE|Z1|q

)2/q
≲
(
E|Z1|q

)2/q
.

Finally, the random variable Q = |Z1|2 is a degree 2m polynomial in log-concave variables with

E|Q| = EQ = E|Z1|2 = D − 1.
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By Proposition 2.3, we obtain (
E|Z1|q

)2/q
=
(
EQq/2

)2/q
≤ (Cq/2)2mD

= D(C log n)2m.

At this point, we have established the bound (whenever the right-hand side is smaller than 1):(
E∥Covn − Id∥pop

)2/p ≤ (C log n)2mD logD

n
. (77)

In view of Lemma 3.5, we have, for any p ≥ 1,

(
E∥Cn − Id∥pop

)2/p ≤ 2
(
E∥Covn − Id∥pop

)2/p
+ 2E

∣∣∣∣∣ 1n
n∑
i=1

Zi

∣∣∣∣∣
p

2

≤ (C log n)2mD logD

n
+ 2E

∣∣∣∣∣ 1n
n∑
i=1

Zi

∣∣∣∣∣
p

2

. (78)

Thus, we need to upper-bound

E∥ 1
n

n∑
i=1

Zi∥p2.

First, for p = 2 we have

E

∣∣∣∣∣ 1n
n∑
i=1

Zi

∣∣∣∣∣
2

=
D − 1

n
≤ D

n
.

For general p, consider the random variable

Q̃ =

∣∣∣∣∣ 1n
n∑
i=1

Zi

∣∣∣∣∣
2

2

.

It is a polynomial of degree 2m in the log-concave variables Xi. Furthermore, from the case p = 2,
we know that

E|Q̃| = EQ̃ ≤ D

n
.

Using again the moment inequality for polynomials (Proposition 2.3), we find that(
E

∣∣∣∣∣ 1n
n∑
i=1

Zi

∣∣∣∣∣
p

2

)2/p

=
(
EQ̃p/2

)2/p
≤ (Cp)2mE|Q̃| ≤ (C log n)2mD

n
,

where we used that D ≤ n. Plugging this inequality into (78) finally proves Lemma 3.4:(
E∥Cn − Id∥pop

)2/p ≤ (C log n)2mD logD

n
.

It remains to pass from an inequality on Cn to a corresponding inequality for its inverse. We shall
thus need an integrable bound on the probability that the smallest eigenvalue of Cn is small.

Recall that the covariance matrix is given by

Cn =
1

n

n∑
i=1

Z̃i ⊗ Z̃i,
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where Z̃i = (pk(Xi))0≤k≤D−1. For any θ ∈ SD−1, Z̃i · θ is a polynomial of degree at most m with

E|Z̃i · θ|2 = 1.

The Carbery-Wright Theorem (2.5) implies the following small-ball property.

Lemma 3.9. For any θ ∈ SD−1 and any t ≥ 0,

P
(
|Z̃ · θ| ≤ t

)
≤ Cmt1/m.

In the sequel, we work in the setting of Theorem 3.2. In particular, we may assume that n ≥ Cm
0 D

for some sufficiently large constant C0 and m ≥ 1. We control the tails of λmin(Cn) in two regimes:

Lemma 3.10. Assume as we may that n ≥ Cm
0 D for some sufficiently large C0. Then there exist

universal constants c0, c1, c2 such that

P(λmin(Cn) ≤ e−c0m) ≤ exp
(
− n
ec1m

)
.

Furthermore, for t ≤ 1/n2,
P(λmin(Cn) ≤ t) ≤ tn/16m.

Proof. We start by proving the first statement. Notice that

λmin(Cn) = inf
θ∈SD−2

1

n

n∑
i=1

(Z̃i · θ)2.

Now fix some unit vector θ, and write V = (Z̃ · θ)2. Then V is a non-negative random variable with
EV = 1 and EV 2 ≤ ecm for some constant c, by Proposition 2.3. The Paley–Zygmund inequality
implies that

P(V < 1/2) ≤ 1− e−c̃m

for some constant c̃ > 0. This in turn implies that

Ee−mV ≤ 1− e−cm (79)

for some constant c > 0. We now make use of the Laplace method. Fix θ ∈ SD−1 and write

Sn =
n∑
i=1

(Z̃i · θ)2 =
n∑
i=1

Vi.

Let c0 = c+ log 2, and let t1 = e−c0m. By Markov’s inequality,

P
(

1
n
Sn < t1

)
= P

(
e−mSn > e−nmt1

)
≤
(
E
(
e−mV

)
emt1

)n
≤
(
(1− e−cm)(1 + 2e−c0m)

)n
≤ (1− e−2cm)n

≤ exp
(
− n

e2cm

)
,

where we used that mt1 ≤ me−m log 2 ≤ 1 and that ex ≤ 1 + 2x for x ≤ 1 and that 2e−c0m ≤ e−cm.
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Now taking a union bound over a t1/2-net N of the sphere SD−2 of cardinality

|N | ≤
(
1 +

4

t1

)D
concludes the proof of the first statement, since n ≥ Cm

0 D for a sufficiently large chosen C0.
We move to the second statement. Again, we fix some vector on the sphere and work with the

same notations as before. For any t ≤ 1
n2 ,

P
(

1
n
Sn ≤ 2t

)
≤ P(Sn ≤ 2

√
t)n

≤ P(V ≤ 2
√
t)n

= P(|Z · θ| ≤ t1/4)n

≤ Cmtn/4m

≤ tn/8m,

where we used Carbery–Wright (Theorem 2.5) on line 4 and assumed a large enough choice of C0.
Taking a union bound over a t-net of the sphere, of cardinality less than (1 + 2/t)D, concludes the
proof, again for C0 large enough.

We are now in a position to prove Lemma 3.3. We use the simple observations that, for any
positive matrix M ,

∥M−1 − Id∥op ≤
1

λmin(M)
∥M − Id∥op,

and that

∥M−1 − Id∥op ≤ max

(
1,

1

λmin(M)

)
.

We abbreviate λmin = λmin(Cn). Recall that

m ≤ log n

log d
.

Thus, given c0 and c1 the constants from Lemma 3.10, if d is large enough we have

e−c0m ≥ 1

n2
, ec1m ≤

√
n.

We partition the probability space into three events:

A = {λmin ≥ e−c0m},

B =
{

1
n2 ≤ λmin ≤ e−c0m

}
,

C = {λmin ≤ 1
n2}.

Using the previous observations and Lemma 3.10,

E∥C−1
n − Id∥pop = E

[
∥C−1

n − Id∥pop1A
]
+ E

[
∥C−1

n − Id∥pop1B
]
+ E

[
∥C−1

n − Id∥pop1C
]

≤ epc0mE
[
∥Cn − Id∥pop1A

]
+ E

[
λ−p
min1B

]
+ E

[
λ−p
min1C

]
≤ epc0mE∥Cn − Id∥pop + n2p exp

(
− n
ec1m

)
+

∫ +∞

n2p

P
(

1
λpmin

≥ u
)
du

≤ epc0mE∥Cn − Id∥pop + n2pe−
√
n +

∫ 1/n2

0

P(λmin ≤ t)
p

tp+1
dt

≤ epc0mE∥Cn − Id∥pop +O(e−n
1/4

) + p

∫ 1/n2

0

tn/16m−p−1 dt

≤ epc0mE∥Cn − Id∥pop +O(e−n
1/4

).
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We conclude that (
E∥C−1

n − Id∥pop
)2/p ≤ (C log n)2mD logD

n

for some constant C > 0, which is what we wanted.

3.2.4 Proof of Theorem 1.4

We explain how to deduce Theorem 1.4 from Theorem 3.2. As in 3.1.1, we set

m0 =

⌊
log n

log d

⌋
,

and for any integer 1 ≤ p ≤ m0,
mp = m0 − p.

We again have (
d+mp

mp

)
n

≤
(m0

d

)p
.

Plugging this into Theorem 3.2, we obtain, for the choice m = mp,

E∥f − fLS∥2L2(µ) ≤ Ψ2
µ(mp) +

(C log n)2mpD logD

n
+

8σ2D

n

≤ Ψ2
µ(mp) + (C log n)2m0+1−p

(m0

d

)p
+ 8d

(m0

d

)p
≤ Ψ2

µ(mp) + (C log n)2m0+1

(
1

d log d

)p
+ 8d

(m0

d

)p
.

First regime. We set p = 4 and assume that

n ≤ exp

(
c log2 d

log log d

)
for some constant c < 1 to be determined. As a consequence, we have

log n · log log n ≤ 2c log2 d,

where we assume d ≥ 16. We upper bound

(C log n)2m+1 ≤ (C log n)
4c log d
log logn

+1

≤ exp

((
4c log d

log log n
+ 1

)
· log(C log n)

)
≤ exp

((
4c log d

log log n
+ 1

)
(log log n+ C ′)

)
≤ exp

(
4c log d+ log log n+

4c log d

log log n
C ′ + C ′

)
≤ exp(4c(1 + C ′) log d+ 2 log log d+ C ′)

≤ exp(C ′ + 2 log d)

≲ d2,
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where we chose
c =

1

4(1 + C ′)
.

On the other hand, clearly

8d
(m0

d

)p
≤ 8d

(
log d

d

)4

= o(1/d).

Second regime. We want to ensure that

(C log n)2m0+1 ≤ (d log d)p−1.

We assume that

α :=
log(C log n)

log d
< 1/2

It is enough that

p ≥ 1 +
2m0 log(C log n)

log d
+

log(C log n)

log d
.

Thus, using that α < 1, it is enough that

p ≥ 2 +
2m0 log(C log n)

log d
.

As announced, we choose

p = 4 +

⌊
2m0 log(C log n)

log d

⌋
= 4 + ⌊2αm0⌋.

For that choice of p, since

m0 =

⌊
log n

log d

⌋
≲ d1/2,

we again have

σ2D

n
≤ d

(m0

d

)4
= O(1/d).

4 The metric entropy of Lipschitz functions
In the previous sections, we used low-degree multivariate polynomials to approximate and learn Lip-
schitz functions in high dimensions. In the Gaussian setting, when µ = γ, for a given ε > 0 we use
that any 1-Lipschitz function f can be approximated with error at most ε by a polynomial of degree at
most m, where m ≃ 1

ε
. Heuristically, this approach makes sense if, at scale ε, the “size” of the space

of polynomials of degree at most m is not much larger than that of the space of Lipschitz functions.
One standard way to measure size is through metric entropy. For a metric space (X , d) we define its
metric entropy as

H(X ,d)(ε) = logN(X ,d)(ε), (80)

for all ε > 0, where N(X ,d)(ε) is the largest cardinality of an ε-separated set in (X , d). We adopt the
(slightly unusual) convention of using packing numbers instead of covering numbers for our definition
of metric entropy, as it will be more convenient for us.

We provide estimates for the metric entropy of Lipschitz functions equipped with the distance

d(f, g) = ∥f − g∥L2(µ),
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where µ is an isotropic product log-concave measure on Rd. We denote by

Hµ
L(ε) = H(Bµ

Lip,d)
(ε),

where Bµ
Lip is the unit ball of 1-Lipschitz functions, i.e., those f such that∫

f 2 dµ ≤ 1.

Theorem 4.1. Let µ be an isotropic product log-concave measure on Rd. Let ε > 0 satisfy

d−1/4 < ε < 1.

Then
dc/ε

2

≲ Hµ
L(ε),

where c > 0 is a universal constant.

In the case where µ = γ, the standard Gaussian measure on Rd, we get a two-sided estimate:

Corollary 4.2. There exists a constant c > 0 such that, for any ε with

d−1/4 < ε < 1,

we have (
d

⌊c/ε⌋2

)
≲ Hγ

L(ε) ≲

(
d

⌈4/ε⌉2

)
, (81)

where c > 0 is a universal constant.

Remark 4.3. Corollary 4.2 extends immediately to products of isotropic log-concave measures that
are Lipschitz images of the Gaussian. Indeed, if µ = T#γ for some K-Lipschitz map T , then

dµ(f, g) = dγ(f ◦ T, g ◦ T )

and thus
Hµ
L(ε) ≤ Hγ

L(ε/K).

This includes, for example, the uniform measure on the hypercube, or products of strongly log-
concave densities.

From Theorem 4.1, we will deduce a slightly weaker lower bound for the general case.

Theorem 4.4. Let µ be an isotropic log-concave probability measure on Rd. Let ε > 0 satisfy

d−η < ε < 1.

Then
dc/ε

2

≲ Hµ
L(ε),

where η < 1/4 and c > 0 are universal constants.

We begin by proving the upper bound in Corollary 4.2, which essentially follows from polynomial
approximation. Without loss of generality, we may assume that d is large enough. Let ε ∈ (0, 1) and
let (f1, . . . , fN) be an ε-separated subset of Bγ

Lip. Since Ψγ(m) ≤ 1/(m+1), there exist polynomials
P1, . . . , PN such that

∥fi − Pi∥L2(γ) ≤ ε
3
, deg(Pi) ≤ m :=

⌈
3
ε

⌉2
.
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Thus, by the triangle inequality, the set (P1, . . . , PN) is ε/3-separated; indeed, for i ̸= j,

∥Pi − Pj∥L2(γ) ≥ ε
3
.

In fact, for any i, the polynomial Pi is the truncated Hermite expansion of the 1-Lipschitz function fi:

Pi =
∑
|α|≤m

⟨fi, Hα⟩Hα.

In particular,
∥Pi∥L2(γ) ≤ ∥fi∥L2(γ) ≤ 1.

Hence Pi lies in the unit ball of Pd,m, equipped with the norm ∥·∥L2(γ). As before, we set

D =

(
d+m

m

)
for the dimension of that space. We thus have the standard packing bound

N ≤
(
1 + 6

ε

)D ≤
(
7
ε

)D
.

Let m2 :=
⌈
4
ε

⌉2 and D2 :=
(
d+m2

m2

)
. For d large enough,

D log
(

7
ε

)
≤ D2,

so that
N ≤ eD2 .

Finally, (
d+m2

m2

)(
d
m2

) =
(d+m2)!(d−m2)!

d!2

=
(d+m2)(d+m2 − 1) · · · (d+ 1)

d(d− 1) · · · (d−m2 + 1)

≤
(
d+m2

d−m2

)m2

=

(
1 +

2m2

d−m2

)m2

≤
(
1 +

4

m2

)m2

≤ e4.

This concludes the proof of the upper bound:

logN ≤ D2 ≲

(
d

⌈4/ε⌉2

)
.

The constant 4 is not optimal and can in fact be reduced essentially to 2.

4.1 Lower bound
For the lower bound, given ε > 1

d1/4
, our strategy is to begin with a 1

2
-separated set of polynomials

of degree at most m, with m ≃ 1
ε2

, and from it construct an ε-separated set of Lipschitz functions.
By convolving µ with a tiny Gaussian of variance tending to zero, it is not difficult to show that we
may assume that µ has and positive density on the whole Rn. From now on we fix such an isotropic
product log-concave measure µ and denote by

(Tt)t≥0
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the associated Langevin semigroup. One possible way of transforming a polynomial P into a Lips-
chitz function fP is to set

fP = Tt(P |λ), (82)

for some λ, t > 0, where P |λ denotes the truncation

P |λ(x) = P (x) 1{|P (x)|≤λ}.

By construction P |λ is bounded by λ, thus by Lemma 2.7,

fP is λ√
t
-Lipschitz.

We shall choose t and λ so that the L2 norm of fP is not too different from that of P . More precisely,
we would like to ensure that if P and Q are two polynomials of degree at most m such that

∥P −Q∥L2(µ) ≥ 1
2
,

then
∥fP − fQ∥L2(µ) ≥ c > 0. (83)

If we can ensure (83) for any pair of polynomials P,Q in a 1
2
-separated set of Pd,m, then we will

have constructed a c-separated set of Lipschitz functions with Lipschitz constant λ√
t
. Equivalently, a

c
√
t

λ
-separated set of 1-Lipschitz functions.
Let us discuss what values of t and λ might ensure (83). At this heuristic level, it is helpful to

consider the case µ = γ. In this case, the Langevin semigroup is the Ornstein–Uhlenbeck semigroup,
which acts diagonally on Hermite polynomials:

TtHα = e−t|α|Hα.

Thus, by decomposing a polynomial P of degree at most m into the orthonormal Hermite basis,

P =
∑
|α|≤m

PαHα,

we obtain
∥TtP∥2L2(γ) =

∑
|α|≤m

e−2t|α|P 2
α ≥ e−2tm

∑
|α|≤m

P 2
α = e−2tm∥P∥2L2(γ). (84)

Although we will apply Tt to the truncated polynomial P |λ rather than to P itself, using the fact that
Tt is a contraction in L2(γ) we may write

∥Tt(P |λ)∥L2(γ) ≥ ∥TtP∥L2(γ) − ∥Tt(P − P |λ)∥L2(γ) ≥ e−tm∥P∥L2(γ) − ∥P − P |λ∥L2(γ). (85)

Thus, if we choose t of order 1/m, we must choose λ large enough so that

∥P − P |λ∥L2(γ)

is sufficiently small. The issue is that for an arbitrary degree-m polynomial P with

∥P∥L2(γ) = 1,

if one wants to truncate at some level λ > 0 so that

∥P − P |λ∥L2(γ) ≤ 1
10
,

35



one may have to take
λ ≥ ecm,

which is too large for our purposes. Indeed, the fourth moment of P may be as large as

EP 4(G) ≥ ecm

for some constant c > 0. This can already be seen in dimension one by considering the degree-m
monomial.

We resolve this issue by considering random degree-m polynomials, for which we show that, with
positive probability, it suffices to take

λ = λ0 > 0,

a constant independent of m. Moving away from the Gaussian setting, we also show that for such
random polynomials the Langevin semigroup does not “kill” the L2 norm too quickly.

4.1.1 Random multilinear polynomials

We restrict our attention to polynomials which are linear combinations of degree-m multilinear mono-
mials. Let

D0 =

(
d

m

)
.

Write Sd,m for the collection of all subsets of {1, . . . , d} of cardinality m. We define a polynomial

Pθ =
∑

α∈Sd,m

θα
∏
i∈α

Xi =
∑

α∈Sd,m

θαXα, (86)

for a given vector θ ∈ RD0 ∼= RSd,m , where we write

Xα =
∏
i∈α

Xi.

Our intuition is that for a random θ, the value distribution of Pθ(X) should be roughly Gaussian.

Lemma 4.5. Assume that m2 ≤ d and let Pθ be defined by (86). Let θ ∈ RD0 be a Gaussian random
vector of mean zero and covariance (1/D0) · ID0 . Then the expected fourth moment of Pθ is bounded
by

Eθ
[
EP 4

θ (X)
]
≤ 3 +

Cm2

d
≤ C0, (87)

where X ∼ µ, C is a universal constant, and C0 = 3 + C.

Proof. We expand

Eθ
[
EP 4

θ (X)
]
= E

∑
α1,α2,α3,α4

θα1θα2θα3θα4Xα1Xα2Xα3Xα4

=
∑
α

E[θ4α]E[X4
α] + 3

∑
α ̸=β

E[θ2α]E[θ2β]E[X2
αX

2
β]

=
3

D2
0

∑
α

E[X4
α] +

3

D2
0

∑
α ̸=β

E[X2
αX

2
β]

=
3

D2
0

∑
α,β

E[X2
αX

2
β].
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Here we used that
E[θα1θα2θα3θα4 ] ̸= 0

if and only if all four indices are equal (giving the first term), or if they form two distinct pairs (three
such pairings, giving the second term). Now, for α, β ∈ Sd,m,

E
[
X2
αX

2
β

]
= E

 ∏
i∈α∩β

X4
i

∏
i∈α∪β\(α∩β)

X2
i

 ≤ 9|α∩β|,

using that for any centered log-concave random variable X ,

EX4 ≤ 9EX2,

see e.g. [Eit24, Theorem 1.4]. Thus

3

D2
0

∑
α,β

E[X2
αX

2
β] ≤

3

D2
0

∑
α,β

9|α∩β|

= 3E9|α∩β|

= 3E9|α∩{1,...,m}|,

where in the last line we denote by α and β two independent uniform random subsets of {1, . . . , d}
of size m, and used invariance under any bijection. The random variable |α ∩ {1, . . . ,m}| follows a
hypergeometric distribution:

|α ∩ {1, . . . ,m}| ∼ Hypergeometric(d,m,m).

It is well known that Hypergeometric(N,K, n) is stochastically dominated by Binomial(n,K/N)
(and Hoeffding [Hoe63] even proved that the same domination also holds in the convex order). Thus,
for any increasing or convex f ,

Ef
(
|α ∩ [1,m]|

)
≤ Ef(Z),

where Z ∼ Binomial(m, p = m/d). In particular,

E9|α∩[1,m]| ≤ E9Z = (1 + 8p)m

=

(
1 +

8m

d

)m
≤ exp(8m2/d) ≤ 1 + C0m

2/d,

where one may take C0 = e8 − 1. This concludes the proof of Lemma 4.5.

We have established that, on average, the 4-th moment of the random multilinear polynomials is
bounded. We now need an argument to show that their L2 norm does not decay too quickly along the
Langevin semigroup. We will use Lemma 2.6 from Section 2, which states that for any f ∈ L2(µ)
with square integrable gradient,

∥T µ
t f∥2L2(µ) ≥ ∥f∥2L2(µ) − 2t

∫
∥∇f∥2 dµ. (88)

As before we denote the multilinear polynomials by

Xα =
∏
i∈α

Xi.
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Clearly, for any 1 ≤ i ≤ d

∂iXα =

{
0, if i /∈ α,

Xα\{i}, otherwise.

In particular, since µ is a product measure, for a fixed i, the family (∂iXα) is orthonormal in L2(µ).
For any θ ∈ RD0 , ∫

∥∇Pθ∥2dµ =

∫ d∑
i=1

(∂iPθ)
2dµ

=
d∑
i=1

∑
α⊂{1,...,d}

|α|=m

∫
θ2α(∂iXα)

2dµ

=
∑

α⊂{1,...,d}
|α|=m

d∑
i=1

θ2α1i∈α

= m∥θ∥22 (89)

We are now in a position to prove the lower bound of Theorem 4.1. Let N be an integer to be
chosen later, and let θ1, . . . , θN be i.i.d random vectors with distribution

θi ∼ N
(
0, 1

D0
ID0

)
.

Let Pθ1 , . . . , PθN be the corresponding polynomials defined by (86). For any 1 ≤ i, j ≤ N we have

∥Pi∥L2(µ) = ∥θi∥2 and ∥Pi − Pj∥L2(µ) = ∥θi − θj∥2.

Furthermore, for any i ̸= j, the random vector θi − θj is again Gaussian with covariance 2
D0

ID0 . By
Gaussian concentration for Lipschitz functions and a union bound, we obtain

P(∃ 1 ≤ i ̸= j ≤ N : ∥θi − θj∥2 ≤ 1) ≤ N2 P
(
∥

√
2√
D0

G∥2 ≤ 1
)

≤ N2 P
(
∥G∥ ≤ E∥G∥ −

√
D0

4

)
≤ N2e−D0/32,

where G ∼ N (0, ID0), and where we used that√
D0 − 1 ≤ E∥G∥2.

We also have the tail bound

P
(
∃ 1 ≤ i ≤ N : ∥θi∥22 ≥ 2

)
≤ Ne−D0/4.

We choose N = eD0/128, and define the events

A = {(Pθ1 , . . . , PθN ) is a 1-separated set in L2(µ)},

and
B = {∥θi∥22 ≤ 2 ∀1 ≤ i ≤ N}.

From the two previous inequalities we deduce that

P(A ∩ B) ≥ 1− 2e−D0/64 ≥ 3
5
,
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say. On the other hand, by Lemma 4.5 and Markov’s inequality, we have that

p = P
(
EXP 4

θ (X) ≤ 2C0

)
≥ 1/2,

where C0 is the constant from Lemma 4.5. Thus, roughly half of the (Pθi)1≤i≤N will enjoy a nice
bound on their fourth moment. That is, define

N1 = #{1 ≤ i ≤ N : EXP 4
θi
(X) ≤ 2C0} ∼ Binomial(N, p).

The median of a Binomial with parameters (N, p) is greater than ⌊Np⌋. Thus, with probability 1/2,
we have

N1 ≥ ⌊pN⌋ ≥ N/3.

The event
D = A ∩ B ∩ {N1 ≥ N/3}

has positive probability, greater than 0.1. For such a realization we find polynomials

(Pi)1≤i≤N1

that form a 1-separated set of BL2(µ)(0,
√
2) of cardinality

N1 ≥ N/3 = eD0/128/3 ≥ eD0/256,

and satisfy
EXP 4

i (X) ≤ 2C0 ∀1 ≤ i ≤ N1, (90)

∥Pi∥2L2(µ) = ∥θi∥22 ≤ 2, (91)

∥∇Pi∥2L2(µ) = m∥θi∥22 ≤ 2m. (92)

As described above, we set
fi = Tt(Pi|λ) (93)

with
t = 1

32m
,

and λ to be chosen later. Then fi is Lipschitz with constant

λ√
t
= 4

√
2λ

√
m. (94)

Secondly, Tt is a contraction in L2(µ), so

∥fi∥L2(µ) ≤ ∥Pi|λ∥L2(µ) ≤ ∥Pi∥L2(µ) ≤ 2.

Let us verify that (fi)1≤i≤N1 is separated. Let i ̸= j, using the triangle inequality, (88), (89) and
(92), we get

∥fi − fj∥L2(µ) = ∥Tt(Pi|λ − Pj|λ)∥L2(µ)

≥ ∥Tt(Pi − Pj)∥L2(µ) − ∥Tt(Pi|λ − Pj|λ − Pi + Pj)∥L2(µ)

≥
(
∥Pi − Pj∥2L2(µ) − 2t

∫
∥∇ (Pi − Pj)∥2dµ

)1/2

− ∥Pi − Pi|λ∥L2(µ) − ∥Pj − Pj|λ∥L2(µ)

≥
(
1− 4t

(
∥∇Pi∥2L2(µ) + ∥∇Pj∥2L2(µ)

))1/2
− ∥Pi − Pi|λ∥L2(µ) − ∥Pj − Pj|λ∥L2(µ)

≥ (1− 16tm)1/2 − ∥Pi − Pi|λ∥L2(µ) − ∥Pj − Pj|λ∥L2(µ)

≥ 1√
2
− ∥Pi − Pi|λ∥L2(µ) − ∥Pj − Pj|λ∥L2(µ). (95)
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It remains to upper-bound
∥Pi − Pi|λ∥L2(µ) ∀1 ≤ i ≤ N1.

We fix some 1 ≤ i ≤ N , let
E = {|Pi| ≥ λ}.

Using Markov’s inequality and (91),

P(E) ≤
∥Pi∥2L2(µ)

λ2
≤ 2

λ2
. (96)

Using Cauchy-Schwarz and (90),

∥Pi − Pi|λ∥L2(µ) = ∥Pi1E∥L2(µ)

≤ ∥Pi∥L4(µ)∥1A∥L4(µ)

≤
(
2C0

λ2

)1/4

.

We choose
λ = 16

√
2
√
C0

and we find that for all 1 ≤ i ≤ N1,

∥Pi − Pi|λ∥L2(µ) ≤
1

4
.

Plugging this back into (95), we arrive at

∥fi − fj∥L2(µ) ≥
1√
2
− 1

2
≥ 1

5
(97)

for all 1 ≤ i ̸= j ≤ N1. Setting

f̃i =
1

4
√
2
√
mλ

fi =
1

128
√
C0

√
m
fi

We have constructed a family of 1-Lipschitz functions which is C̃√
m

-separated and has cardinality

N1 ≥ eD0/256

where

D0 =

(
d

m

)
.

In other words, for a given ε > 0, setting

m = ⌊C̃
2

ε2
⌋

we constructed an ε-separated set of cardinality of cardinality N1 with

logN1 ≳

(
d

m

)
≥
(
d
c
ε2

)
for some constant c > 0, which is what we wanted to prove.
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4.1.2 The general case

We explain how to deduce the general isotropic case from the case of the product measure. It is
well-known that lower-dimensional marginals of an isotropic log-concave probability measure are
approximately Gaussian. The following precise statement was proved in [EK08]:

Theorem 4.6. Let µ be an isotropic log-concave probability measure in Rd. Then there exists a
subspace E ⊆ Rd of dimension k ≥ dη0 such that

|pE(x)− qγE(x)| ≤
C

k
qγE(x) for all |x| ≤ k (98)

where C, η0 are universal constants, pE is the density of the marginal µE of µ on E and qγE(x) =
(2π)−k/2e−|x|2/2 is the density of a standard Gaussian on E, which we denote by γE .

The estimate (98) implies that pE is very close to γE on a ball of radius k, while most of the mass
of µE , or γE , is concentrated in a ball of radius only ≃

√
k. This implies in particular that the L2

norm of a Lipschitz function does not change much when swithcing from µE to γE . Indeed, let g be
a 1-Lipschitz function. Then,∫

E

g2dµ ≥
∫
|x|≤k

g2dµ

=

∫
g2dγE −

∫
|x|≤k

g2(dγE − dµE)−
∫
|x|>k

g2dγE

≥
∫

g2dγE − C

k

∫
g2dγE −

(∫
g4dγE

)1/2

P (|GE| ≥ k)1/2

≥
∫

g2dγE

(
1− C

k

)
− C1e

−k (99)

where C1 is a universal constant. In the last line we have used concentration of the norm of a standard
k-dimensional Gaussian:

γk

(
|x| ≥

√
k + t

)
≤ e−t

2/2.

and that for all 1-Lipschitz functions g,(∫
g4dγ

)1/2

≤
∫

g2dγ + C̃1

for some constant C̃1.

Let 1 > ε > 1
k1/4

. By Theorem 4.1, we can find 1-Lipschitz functions f1, . . . , fN such that for all
i ̸= j

∥fi − fj∥L2(γE) ≥ ε

and
logN ≳ k

c
ε2 ≳ d

c′
ε2 .

We now apply (99) to the 1-Lipschitz function g = 1
2
(fi − fj). For large enough d, we get

∥fi − fj∥2L2(µE) ≥ ∥fi − fj∥2L2(γE)

(
1− C

k

)
− 4C1e

−k

≥ ε2
(
1− C

k

)
− 4C1e

−k

≥ ε2

4
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where we assume that d is large enough so that C
k
≤ 1

2
and 4C1e

−k ≤ 1
4
√
k
≤ ε2

4
. Thus the functions

f1, . . . , fN are ε/2 separated in L2(µE). Equivalently, the functions f1 ◦ ΠE, . . . , fN ◦ ΠE are ε/2
separated in L2(µ), where ΠE : Rd → E is the orthogonal projection operator. Thus for all ε >
d−η0/4,

Hµ
L(ε) ≥ logN ≳ d

c′
ε2 .

This proves the general case, with η = η0/4.

4.2 A Minimax lower bound for learning Lipschitz functions
We now go back to the learning problem

Yi = f(Xi) + σZi i = 1, . . . , n. (100)

and we prove the minimax lower bound announced in the Introduction, Corollary 1.6, which we
restate below for the reader’s convenience.

Corollary (Corollary 1.6). Let µ be an isotropic log-concave measure on Rd. Assume that the noise
satisfies

n−κ ≤ σ2 ≤ n

for some constant κ > 0. There exists a universal constant c > 0 such that if

n ≤ e
cd2η log d

κ ,

the minimax risk is lower bounded as

R∗
n,d ≳ (1 + κ)

log n

log d
. (101)

Moreover, if additionally µ is a product measure, then the lower bound (101) holds in the range

n ≤ e
c
√
d log d
κ .

A typical way of establishing lower bounds for a learning problem is to reduce it to a multiple hy-
pothesis testing problem and apply information-theoretic methods. This is known as Fano’s method.
More precisely, we shall use the Yang–Barron version, which requires computing entropy estimates
in the Kullback–Leibler divergence for the collection of random variables

Dn = {((X1, Y1), . . . , (Xn, Yn)) : f ∈ B2(Lip, 0, 1)} = {(X, Yf ) : f ∈ B2(Lip, 0, 1)},

namely, the collection of all possible random vectors that we may observe, indexed by our function
class, the 1-Lipschitz functions with bounded L2(µ) norm. Let P and Q be two probability measures
on Rd such that P is absolutely continuous with respect to Q. The Kullback–Leibler divergence from
P to Q, denoted by DKL(P ∥Q), is defined as

DKL(P ∥Q) :=

∫
Rd

log

(
dP

dQ

)
dP,

where dP
dQ

denotes the Radon–Nikodym derivative of P with respect to Q. For ε > 0, let

Ñ (Dn, ε,DKL)

be the minimal size of an ε-net of Dn with respect to DKL, and set

H̃(Dn, ε,DKL) := log Ñ (Dn, ε,DKL).

Here the entropy is defined via covering numbers; we use a tilde to emphasize the distinction from
the earlier convention adopted for HL, which was based on packing numbers.

The Yang–Barron method is summarized in the next lemma; see [Wai19] for background.
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Lemma 4.7. Let ε > 0 be such that

ε2 ≥ H̃(Dn, ε,DKL), (102)

and δ > 0 be such that
HL(δ) ≥ 4ε2 + 2 log 2. (103)

Then, the minimax risk using n samples is lower bounded as

inf
f̂

sup
f∈B2(Lip,0,1)

E∥f − f̂∥2L2(µ) ≳ δ2. (104)

Proof of Corollary 1.6. We first compute the metric entropy of Dn equipped with the Kullback–
Leibler divergence. Let f1 and f2 be two Lipschitz functions. For k = 1, 2, the vector Yfk decomposes
as

Yfk = fk(X) +Gk,

where fk(X) = (fk(X1), . . . , fk(Xn)) and Gk ∼ N (0, σ2In) are independent Gaussian vectors. Con-
ditioning on X , Yf1 and Yf2 are independent Gaussians with means f1(X) and f2(X), and covariance
σ2In. It follows that

DKL((X, Yf1) ∥ (X, Yf2)) = E
[
DKL

(
Yf1 | X ∥Yf2 | X

)]
= E

(
1

2σ2

n∑
i=1

(
f1(Xi)− f2(Xi)

)2)
=

n

2σ2
∥f1 − f2∥2L2(µ).

In particular, choosing f1 = 0, the radius of Dn in Kullback–Leibler divergence is at most

n

2σ2
.

Set
ε2 =

n

2σ2
,

which trivially ensures (102). To satisfy (103), we require

HL(δ) ≳
n

σ2
.

By Theorem 4.1, provided that δ ≥ d−η in the general case (respectively, δ ≥ d−1/4 in the product
case), it suffices that

d c/δ
2 ≥ n

σ2
,

i.e.
δ2 ≲

log d

log(n/σ2)
.

Using σ2 ≥ n−κ, we have log(n/σ2) ≥ (1 + κ) log n, so we may take

δ2 =
c

1 + κ

log d

log n

for some c > 0. The applicability condition δ ≥ d−η (respectively δ ≥ d−1/4) amounts to

δ2 ≥ d−2η ⇐⇒ c

1 + κ

log d

log n
≥ d−2η,
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(respectively c
1+κ

log d
logn

≥ d−1/2) which holds whenever

n ≤ exp

(
c d2η log d

1 + κ

)
.

Respectively,

n ≤ exp

(
c
√
d log d

1 + κ

)
.

This yields the stated bounds.
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