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Abstract

We study regression of 1-Lipschitz functions under a log-concave measure & on R%. We fo-
cus on the high-dimensional regime where the sample size n is subexponential in d, in which
distribution-free estimators are ineffective. We analyze two polynomial-based procedures: the
projection estimator, which relies on knowledge of an orthogonal polynomial basis of u, and the
least-squares estimator over low-degree polynomials, which requires no knowledge of i whatso-
ever. Their risk is governed by the rate of polynomial approximation of Lipschitz functions in
L?(u). When this rate matches the Gaussian one, we show that both estimators achieve minimax
bounds over a wide range of parameters. A key ingredient is sharp entropy estimates for the class
of 1-Lipschitz functions in L?(p1), which are new even in the Gaussian setting.

1 Introduction

In this paper, we study the following regression problem. Given an unknown 1-Lipschitz function
f:R% — R, we observe data
((Xb le)? R (er Yn)) )

where:

* The vectors X1, ..., X, € R?are independent random vectors that are distributed according to
some Borel probability measure 1 on R? that may or may not be known to us.

* The numbers Y7, ..., Y, € R are noisy observations of the function f evaluated at X, that is,
where, throughout the paper, &, . . ., &, are independent, real-valued Gaussian random variables

of mean zero and variance o2, for some parameter o > 0.

Our goal is to construct an estimator f : R — R of the function f, whose performance is
measured by the L?(j)-risk, defined via

R(f. ) =Elf = flli2(- )

There are various types of probability measures p for which our analysis applies. We first consider
a relatively simple case:
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1.1 The Gaussian case

Consider first the case where ;1 = v = 4, the standard Gaussian measure on R?. A well-known fact
(recalled below) is that any 1-Lipschitz function f : R? — R can be approximated by polynomials in
Gaussian space. Namely, for any m > 1, there exists a polynomial P,, : R? — R of total degree at

most m such that )

If = Bullzeey < 7 (3)
Here and throughout the paper, the degree of a multivariate polynomial refers to its total degree. More
precisely, for a multi-index o = (v, . . ., ag) € N¢ and the corresponding monomial
d
P(x):fo“ = (x1,...,24) € R,

we define .
deg(P) := Zai =: |a.
i=1

Here N = {0,1,2,...} stands for the set of all non-negative integers. The degree of a multivariate
polynomial is the maximum of the degrees of its monomials. Note that the polynomial 7, in (3)
is simply the orthogonal projection of f onto the finite-dimensional space of polynomials on R? of
degree at most m, denoted by P, ,,,. In particular, denoting by

(Ha)aeNd

the Hermite basis of orthogonal polynomials for v, one can write

P, = Z <f, Ha)LQ('y) H,. “4)

aeNd |a|<m

Our goal is to construct an estimator for the function f. Thanks to the polynomial approximation
property (3)), a natural idea is to estimate the polynomial P,, € Py, for a suitable choice of degree
m depending on n,d and o. This reduces the nonparametric problem (I)) to a parametric one. In
view of @), for a well-chosen m, one may construct an estimator f by empirically estimating the
coefficients

fa = <f7 Ha)LQ(y)‘
Namely, we define

f = Z fa H,, ®)

a€eNd |a|<m
where the coefficients ( fa)m‘gm are defined as follows:

* First, for a = 0, we estimate the Gaussian integral of f (its “barycenter”)

a:=fo= [ fdy
R4

via

Loy 1 1 < 1<
ai:fO:E;E:ﬁ;f(Xi)‘FE;gi. (6)

Clearly a is an unbiased estimator of a.



e Next, for any o € N with || > 0 we define

fa = E (Y; — &)HQ(XZ> (7)
i=1
1 L e
~n - (f(Xi) —a)Ha(X;) + - ;fiHa(Xi) + - ;(a —a)H,(X;), 8)

which is a biased estimator of f,,.

Note that the naive unbiased estimator of f,, namely
f—lﬁiYHL¥> ©)
a T n — 7 « 1/

may have an arbitrarily large variance, since we make no assumptions on the barycenter of f. If one
assumes that the barycenter of f lies in some ball of fixed radius, independent of the dimension d and
of the sample size n, then it makes sense to use the simpler estimator f in place of f.

Up to this minor variance reduction procedure, the estimator f is simply the projection estimator
of f in the orthonormal basis of Hermite polynomials (H,,),ene-

1.2 The log-concave case

Moving away from the Gaussian setting, we aim to generalize the learning procedure from Section
to other measures. We shall assume that:

+ The probability measure ;. is a log-concave measure on R¢, meaning that
dp(z) = e V@ dg
for some convex potential V : RY — R U {oo};

* The probability measure p satisfies a polynomial approximation property: for any 1-Lipschitz
function f : RY — R and an integer m > 1, there exists a polynomial P, : R? — R of degree
at most m such that

If = Pullizy < ¥i(m), (10)

for some function ¥, : N — R* decreasing to 0 as m — oo;
 for normalization purposes, let us assume that
v,(0) =1 (11)
In other words, for any 1-Lipschitz function f,

Var,(f) = |f = Eufllz2g) < ¥3(0) = L.

A probability measure 1 on R? with finite second moments is isotropic if fRd z;dp(x) = 0 for all
i, and Cov (1) = Id, where Cov (1) = (Cov 4;(pt))i j=1,..n € R"*™ is the covariance matrix, defined

via Cov i (1) = /Rd ziz dp(z) — /Rd x;dp(x) /Rd zdp(x).

Below we will mostly work with the isotropic normalization. The projection estimator is defined as
follows:



Definition 1.1. Let z be an isotropic log-concave measure on R%. Let (P,),ene be an orthonormal
basis of polynomials in L?(u) with deg(P,) = || for all .. Given observations of the form (T]) and
some parameter m € N, we define the projection estimator by

f="> fuPu (12)

a,deg(Pa)<m

where
. 1 <&
o :: = —_— }/;;, 13
Q= fo=— ; (13)
and for all the other coefficients
R 1 <&
== (V;—a)P(X;). 14
fa= 2D (Yi= @)Pa(Xy) (14)

Let us mention that the Kannan—Lovéasz—Simonovits (KLS) conjecture suggests that the normal-
ization (IT) is equivalent to normalizing the largest variance over all directions:

¢ < [[Cov()]lp < 1 (15)

for some universal constant ¢ > 0, where || - ||, is the operator norm. For two functions a and b,
we write a < bor a = O(b) if there exists a universal constant C' > 0 such that a < Cb. We write
a~bifa < band b < a. Using the best current bounds on the KLS constant [KIa23]], one can take
¢ =c, ~ 1/logn in (I3).

Log-concave measures provide a natural generalization of the Gaussian case for two reasons. First,
the behavior of Lipschitz and polynomial functions of a log-concave random vector is relatively well-
understood. Second, although few explicit bounds are known, the polynomial approximation property
always holds—albeit possibly with a slowly decaying function ¥,,. A detailed discussion of these
facts is provided in Section 2}

We prove the following upper bound on the performance of the projection estimator.

Theorem 1.2. Let n,d > 2, and assume that the variance of the noise o* satisfies
o? < d.
Define
_ | log
mo = LlogZJ :

We distinguish between two regimes:

o Ifd® < n < eVilosd gop
m = mgy — 4.

For this choice of degree m we obtain the bound

Ellf = fll72) < Ta(m) +O(3). (16)

. Ifex/&logd <n < edlogd/2 g

4log myg W
log(d/mo) I

For this choice of degree m we obtain the bound

Ellf = fl720 < Ph(m) + 0 () - (17)

m:mo—{
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The computation of the projection estimator requires apriori knowledge of an orthonormal basis
of polynomials for p. In the more general setting where p is an unknown log-concave probability
measure, one may instead use the polynomial that minimizes the empirical least-squares error.

Definition 1.3. Let ;1 be an isotropic log-concave measure. Given observations of the form (1)) and
some parameter m € N, we define the least-squares estimator by

fus == argmin Y (P(X;) - Y;)?, (18)

deg(P)<m i=1

That is, the sum on the right-hand side of (18] is a quadratic function on the finite-dimensional space
P4 of polynomials of degree at most m on R?, and we define the estimator fLs to be any mini-
mizer of this quadratic function. Note that the computation of the least-squares estimator requires no
knowledge about the underlying measure /.

We show that the performance of the least-squares estimator fLs is comparable to that of the
projection estimator f in certain regimes.

Theorem 1.4. Let n,d > 2, and assume that the variance of the noise o satisfies
0% < d.
Define

1
mo = [,

There exist universal constants cqy, Cy > 0 such that the following hold:

 If

d5 <n< 0 log? d/loglogd,

set m = mqy — 4. For this choice of degree m we have the bound,
E|lf = fusllZeq < Wa(m) 4+ O(3) - (19)

. If‘
2 d’
ecolog d/loglogd <n< 600,

for some B < 1/2, define

_ log(Cylogn)

o <%, m=mg—4— |2amg].

log d

For this choice of degree m, assuming that d > d(3) so that m > 0,
Ellf — frsllizgy < Wa(m) +0(3) - (20)

We also provide here lower bounds for the minimax rate of the learning problem (TJ). For a fixed
probability measure ;. on R?, define the minimax rate

Ry, = infsup R(f, f), 1)
ff

where the infimum runs over all estimators f (i.e., all measurable functions of the data (X;,Y;)! ;)
and the supremum runs over all 1-Lipschitz functions f. A standard information-theoretic way of



*
n

d(f,9) = du(f,9) = If — 9ll2)

providing a lower bound on R
More precisely, let

4 1s the Fano method [Wail9], which requires entropy estimates.

and let
Bri, = {f ‘R4 - R : fis 1-Lipschitz with /deu < 1}
be the unit ball of 1-Lipschitz functions for this metric. For 0 < € < 1, define
N (Brip,€,d,,)
to be the maximal size of an e-separated set in By, with respect to the metric d = d,,, and set
H' () = log N (BLip, €, dy),

the entropy of Lipschitz functions with respect to d,,.

We lower bound HY when p is an isotropic log-concave measure, with an improvement when it
has a product structure. We say that a probability measure £ on R? is a product measure if X7, ..., X,
are independent random variables whenever X = (X1, ..., X;) has law p.

Theorem 1.5. Let 1 be an isotropic log-concave measure on RY. Then for any ¢ with

d"T<e<1,
we have 4
(WP) < Hi(e). 22)

where n < 1/4 and ¢ > 0 are universal constants. Moreover, if additionally p is a product measure,
then holds with n = 1/4, that is, it holds in the range

d V' <e < 1.

As we will see in Section[d} the estimate is tight up to the value of the constant c. Note that it
is more conventional to define entropy via covering numbers rather than packing numbers. Since the
two definitions are equivalent up to a factor of 2 in ¢, this choice does not affect the result. Note that
it is more conventional to define entropy via covering numbers rather than packing numbers. Since
the two definitions are equivalent up to a factor of 2 in ¢, this choice does not affect the result.

To the best of our knowledge, this result is new even in the Gaussian setting, and might be of
independent interest. It allows us to derive minimax lower bounds for the learning problem (10).

Corollary 1.6. Let j1 be an isotropic log-concave measure on RY. Assume that the noise satisfies
nrf<ol<n

for some constant k > 0. There exists a universal constant ¢ > 0 such that if

C 2 O,
n S e d 77’{1 gd7
the minimax risk is lower bounded as
logn
o2 (1+k . 23
n,d ~ ( )logd ( )
Moreover, if additionally (1 is a product measure, then the lower bound (23)) holds in the range
Cf O,
n<e G gd.



Thus, in the Gaussian case, or more generally, when p is an isotropic log-concave measure satis-

fying
1
2
\IJM(m) 5 E7 (24)
we obtain matching bounds in certain regimes for both the projection and least-squares estimators.

Specializing the previous bounds to the case where, say, kK = 10 we obtain the following:

Corollary 1.7. Let n,d > 2, and let i be an isotropic log-concave measure on R? satisfying [24),
such as the Gaussian measure or the uniform measure on the hypercube. Assume, for instance, that
the noise parameter o > ( satisfies
1
— < o?<d.
plo =7 =
Then the following hold:

e The projection estimator and the least squares estimators achieves the minimax rate, up to a

universal constant, in the range
5 cd?"log d
d><n<e ;

where ¢ > 0 is a universal constant. That is,

log d <R

S (25)
logn

* If p is additionally a product measure, then the projection estimator achieves minimax rate in
the larger range
d5 < n < eC\/ElOgd

For the least square estimator; there exists a universal constant C' > 0 such that for any 0 <

B<1/2if

d5 <n< ed'B/C7
and d > d([3) then the minimax rate is achieved up to a factor (1 — 23)71:

log d < _logd

SRna SR(f, fus) S (1 —20)

logn logn’

In comparison, typical regression algorithms for smooth functions — such as nearest neighbors —
require a number of samples that is at least exponential in the dimension. In contrast, our proposed
algorithms attains the minimax rate in the high-dimensional regime, when the number of samples
is merely subexponential in the dimension. As a concrete takeaway, consider learning a 1-Lipschitz
function from noisy observations in L?(vy), where we recall that v = ~, is the standard Gaussian
measure in R?. In order to achieve accuracy up to a factor ¢ > 0, it suffices to use a sample size that
grows only polynomially with the dimension:

c
n~d-

for some constant ¢ > 0. To the best of our knowledge, this result is new already in the Gaussian case.
Our approach is related to the recent works of Eskenazis, Ivanishvili and Streck ([EI22], [EIS22]) on
learning over the discrete hypercube, which rely on expansions in the orthonormal Walsh polynomial
basis.

The remainder of this paper is organized as follows:

In Section [2] we review several properties of log-concave measures that will be used throughout
the paper. We recall concentration inequalities for Lipschitz and polynomial functions, and present
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polynomial approximation results for Lipschitz functions in L?(p). This background sets the stage
for the statistical analysis.

In Section[3] we study in detail the two algorithms proposed for estimating Lipschitz functions: the
projection estimator and the least-squares estimator. For both procedures we establish upper bounds

on their L?(y) risk (Theorems|[1.2]and [1.4).

In Sectiond] we turn to lower bounds. We provide new estimates on the metric entropy of the class
of 1-Lipschitz functions under isotropic log-concave measures (Theorem [I.5]). As a consequence, we
derive minimax lower bounds for the regression problem (I]), showing that in certain regimes the
upper and lower bounds match (Corollary [1.6).

2 Background on log-concave measures

In this section, we recall several properties of log-concave measures that are central to our study.
We begin with the concentration properties of Lipschitz and polynomial functions under log-concave
distributions. We then briefly review key facts about the Langevin semigroup associated with a log-
concave measure. Finally, we discuss polynomial approximation of Lipschitz functions with respect
to such measures.

2.1 Concentration of Lipschitz and polynomial functions

We recall that a probability measure 1 on R¢ is log-concave if it takes the form
p(dz) = e V@ dg (26)

for some convex function V : R? — R U {oo}. If the measure is supported in an affine subspace of
R?, we require that its density relative to this affine subspace will take the form for some convex
function V. Gaussian measures, uniform distributions on convex bodies, and Dirac measures are all
examples of log-concave probabilities. The convexity of V' is known to imply strong concentration
properties for p.

We say that p satisfies a Poincaré inequality with constant C' > 0 if, for all locally Lipschitz
functions f,

Var,(f) < O/Wﬂ%m. 27

The best constant C' > 0 in the Poincaré inequality is denoted by Cp(u) and referred to as the
Poincaré constant of ;1. Namely,

o Var,(f)

where the supremum is taken over all locally Lipschitz, non-constant functions f. We also define

CEP(u) := sup Var,(f),
f€Lipy
where the supremum is over all 1-Lipschitz functions f. Our normalization assumption (IT)) rewrites
as
CEP (1) = 0, (0) = 1.

It is clear from the definitions that .
CpP(p) < Cp(p).



However, a theorem of Emanuel Milman [Mil09] asserts that, for log-concave measures, these two
quantities are equivalent up to a universal constant:

Cp(p) = Cp® (). (28)

In other words, for log-concave measures, the Poincaré inequality is essentially saturated by Lipschitz
functions. The KLS conjecture, originally formulated in [KLS95], proposes an even stronger state-
ment: that the Poincaré inequality is actually saturated by linear functions. Namely, the trivial chain
of inequalities '

|Cov(12)llop < CE(11) < Co(n)

could be reversed up to universal constants. The best known estimate to date is due to [Kla23]:
Cp(p) < logn. (29)

A related but stronger functional inequality is the logarithmic Sobolev inequality. We say that p
satisfies a log-Sobolev inequality with constant p > 0 if, for all locally Lipschitz functions f,

Eut, (/%) < 2 [ IV du (30)

The best constant p > 0 for which this holds is denoted by ps(x) and referred to as the log-Sobolev
constant of p. It always holds that

Cp(p) < prs(i),

and the log-Sobolev inequality is strictly stronger than the Poincaré inequality, as it implies sub-
gaussian concentration rather than merely subexponential (see Proposition 2.1 below). In particular,
unlike the Poincaré inequality, not all log-concave measures satisfy a log-Sobolev inequality. We
refer to [Bi1z23]] for further details. As a central example, the standard Gaussian measure satisfies

Cp(v) = prs(y) = 1.

As mentioned before, a Poincaré inequality implies exponential concentration for Lipschitz func-
tions, while a log-Sobolev inequality implies stronger subgaussian concentration. These facts were
observed by Gromov—Milman [[GM83]] (for Poincaré) and Herbst (for log-Sobolev), and are summa-
rized in the following proposition.

Proposition 2.1. Let i be a probability measure on RY and f a 1-Lipschitz function. There exists a
universal constant C' > 0 such that, for any p > 1,

£y < Cpv/Cr(p),
1Flle ) < Cv/pV prs(p)-

In particular, under our normalization (T1)), the moments of a Lipschitz function grow at most
linearly with p. This fact can be reformulated in the context of Orlicz norms. A random variable X is
said to be sub-exponential if there exists /X > 0 such that

Elexp(|X]/K)] <2,
and sub-Gaussian if
Elexp(X?/K?%)] < 2.

The smallest such constant K~ defines the Orlicz norms || X ||, and ||.X|,;, respectively. A well-known
equivalent definition of the Orlicz norm is

[ X 1[rm

ml/e

[ Xlyo = sup
m>1

9



Proposition [2.1] can be reformulated as :

1F(X)llo, < CVCr(i). and  [|FCO)]ly < Cv/prs(h)-

We recall the following standard Bernstein-type inequalities:

Proposition 2.2. Let X1, ..., X,, be independent centered random variables. Then

ZX ZX

We refer to [Verl8] for background on subexponential and subgaussian distributions. As for
polynomials, when the underlying measure is log-concave, we have the following estimates.

S —maXHX e

~

S —maXHX s

~

Proposition 2.3. Let 1 be a log-concave measure on RY, and let P be a degree-m polynomial. Ab-
breviate || P||; = || P||La(). Then there exists a universal constant C' > 0 such that, for any q > 2,

1Plly < min (C=27, (Cq)™) || Pl2.
Moreover, for any q > 1, there exists Cy, > 0 such that
IPllq < (Crg)™ |Pl[s-

Proof. The inequality
[Pllq < (C1g)™[[Pll2 < (C2q)™ [Py

was essentially established by Bourgain [Bou91]], see also [NSV02]. It remains to interpolate for ¢
close to 2. We may assume without loss of generality that | P|s = 1. By Holder’s inequality, for
2<q<4,
2 m
1Pllg < |Pll~"|| P < o™,

which concludes the proof. O

We remark that the following improvement holds when ;1 = -, the standard Gaussian measure
(see [[AS17, Proposition 5.48]):

Lemma 2.4. Let P be a degree-m polynomial on R%. Then
1PNy < (4= D)™ 2|I1P] 12y

We will also need a classical anti-concentration result for polynomials in log-concave variables,
due to Carbery and Wright (([CWO01), Theorem 8])

Theorem 2.5. Let X be a log-concave random vector in R%, and let P be a polynomial of degree at
most m such that EP%(X) = 1. Then for all t > (,

P(|P(X)| <t) < Cmt*™,

where C' > 0 is a universal constant.

10



2.2 Langevin semigroup

We now briefly recall some basic facts about the semigroup associated with a log-concave measure.
For a detailed exposition, we refer to [BGLI3|]. Let i be a log-concave probability measure on R¢
with density

p(dr) = e V@ dg

for a convex V : R — R. The probability measure f is associated with the symmetric diffusion
operator

L:=A-VV.V, (31
which satisfies, for smooth, compactly-supported functions f, g : R? — R,
[ rrgdu= [gridu=- [vi-vodn 32)

Consider the Friedrich self-adjoint extension of the operator L to a self-adjoint operator on L?(u),
which is also denoted by L. The corresponding semigroup is

T, := et (t>0). (33)

This semigroup is Markovian and admits an explicit probabilistic representation: if (X;);>¢ solves the
stochastic differential equation

dX, =V2dB, — VV(X,) dt,
where (B;) is standard Brownian motion in R?, then (X;) is a Markov process, and
Tif(x) = E[f(Xy) | Xo = x].

It follows that T is a contraction on LP(u) for all p > 1. The semigroup 7} has been widely used
to establish functional inequalities for p, since it continuously interpolates between 7y f = f and
Twf = [ f dp. The rate at which T} f converges to the mean is governed by the gradient of f:

Lemma 2.6. Let f € L*(;1) be a smooth function with [, |V f|*du < co. Then

1T 20 > 122 — 2t / V2 dp.

Proof. The argument is standard, we sketch the computation:
d
%HthH%%u) = 2LTLf, Tof) 12
— 2 [ (VL. d
> —2/Tt]Vf|2du

> 2 [|Vffdn
where we used the standard gradient bound that follows from log-concavity
VTP < TIV I,

and the fact that 7; is a contraction. O

Since 7} acts as a local averaging operator, one may expect smoothing properties. It is well-known
e.g. [KL25] that 7; maps bounded functions to Lipschitz functions:

Lemma 2.7. For every bounded function f and any t > 0, we have

17l

T flLip <
T2 f[|Lip N

11



2.3 Polynomial approximation of Lipschitz functions
2.3.1 Dimension 1

For a log-concave measure £ on R, we define W, (m) as the best function such that, for any 1-Lipschitz
function f and integer m > 1,

Bl )= int |[f = Palliagy < u(m). (34)

eg(Pm)<m
We begin with a well-known qualitative result.

Proposition 2.8. Let i1 be a measure on R? such that there exists ¢ > 0 such that for all € By(0, ¢),

/ee'xu(dx) < 00.

Then polynomials are dense in L*(p). Moreover, the convergence is uniform over the class Fi;p, of
1-Lipschitz functions:

En(p, F) :=sup E,(f,p) — 0 asm — 0.
feF

Proof. Let f € L*(u) be orthogonal to all polynomials, and define the signed measure p;(dx) =
f(x)p(dx). By the Cauchy—Schwarz inequality, for # small enough:

(fwis) < (] ) (] =) <~

Thus, 1y admits a Laplace transform defined in a neighborhood of 0, and all of its derivatives at the
origin vanish due to the orthogonality condition. It follows that 1y = 0, hence f = 0in L?(u). The
uniform convergence follows by compactness of the set of centered 1-Lipschitz functions in L? (). O

In particular, since any log-concave probability measure satisfies the exponential integrability
condition, we have
U,(m) —0

as m — oQ.

We now turn to quantitative statements. A classical result in this direction is the quantitative
Weierstrass approximation theorem, going back to Bernstein and to Jackson. It asserts that for a
1-Lipschitz function f on the interval [—1, 1],

C
inf — Pllpeoqer < —. 35
deg%g)gmﬂf | zoo-1,1) < - (35)
Let us describe in some detail how to obtain an L? version of this result. Let u be the uniform probabil-
ity measure on [—1, 1]. The orthogonal polynomials with respect to y are the Legendre polynomials,

1 d" n
Pa®) = i (7~ 1)

which satisfy



They also satisfy the differential equation

d
p (1=2*)P,(z)) + n(n+1)P,(z) = 0. (36)
Integrating by parts gives
! 2n(n+1)
Pl (z)P,(z)(1 — 2%) dv = =——L 0. 37
| PPty e = 2 @)
Let us normalize the Legendre polynomials as
Pyp— Pn
Pn = ot 1

so that (p,,) forms an orthonormal basis in L?(u). Any function f € L?(u1) can be expanded as

f= prkm P = kapk

k>0 k>0

Observe that if f' € L?((1 — 2?)u), then

f, = Z.fk’p;v

k>1
and by orthogonality using (37)), we obtain
/ (f)PA =2 du=> k(k+1)f. (38)
k>1
In particular,
1
E2 ( 21— 2?) dp. 39

k>m+1

Following Jackson’s theorem, an extensive body of work was devoted to the study of polynomial
approximation on R under more general probability measures (or "weights”). A good reference is the

survey [LubO7]. Let us denote

1 7|x|o<

Mo = Z_ae )

where 7, is a normalizing constant. It can be shown that polynomials are dense in L?(p,,) if and only

if « > 1. When o > 1, it was proved by Freud [Fre77] and Lubinsky and Levin [LL87] that, for
sufficiently regular functions f,

E2(f, o) < m?/e / (F)? dpte. 40)

R

The case o = 1 is different: it can be shown that the set

{f e ) [ Fam=0. [0 dm < 1}

is not compact in L?(y;). We refer to [BGLI13] for details. As a consequence, a bound of the form
(40) cannot hold with any fixed rate. Nevertheless, a corollary of a result by [Lub07] shows that if f
is 1-Lipschitz, then

1
2 < -

As a consequence, we may state a universal approximation rate for log-concave probability measures
on the real line:

13



Lemma 2.9. Let i1 be a log-concave probability measure on R with unit variance. Then for any
1-Lipschitz function f and m > 1,

1
E? < —

Proof. This follows from the fact that if p is a log-concave density on R with unit variance and

barycenter at 0, then
ple) < Cel/C

for some universal constant C' > 0. A proof of this estimate can be found in [Bob03]]. O

We also mention that, in sharp contrast with the two-sided exponential distribution, the one-sided
exponential enjoys a much faster approximation rate. Denote by v = e~* Ig+(x) dz. Then for 1-
Lipschitz functions f,

see e.g., [BK23].

2.3.2 Higher dimensions

In higher dimensions, quantitative results on polynomial approximation are scarce. A notable ex-
ception is the case of the Gaussian measure 7, on R?, which admits an explicit orthogonal basis of
polynomials: the Hermite polynomials. In dimension one, the n-th Hermite polynomial is defined via
the Rodrigues formula:

dn
H,(z) = (—1)"6902/2%@*952/2, 42)

and satisfies the orthogonality relation:

+oo
H,(z)H,,(z) e "2 dr = nlV2r Snm- (43)
In dimension d, for a multi-index o = (v, . . ., ay), define

H,(x) := Hy,(x1) -+ - Ho,(4).

The Hermite polynomials form an orthogonal basis of L?(~y,;) and are also eigenfunctions of the
differential operator
L=A+2xz-V,

which is the infinitesimal generator of the Ornstein—Uhlenbeck semigroup:
Tif(2) = [f (0 + VT 07G)],

where G ~ v5and §; = e~".

Proposition 2.10. For any multi-index o, we have:
LH, = —|a| H,,

and consequently,
T,Hy = e 1 H,.
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Given a function f € L?(~y,), we may decompose it in the Hermite basis as
f = Z f oH,

Using the integration by parts formula (32)), we compute the gradient energy:

J1951 ¢ = -2t v
= _lalf2.
Finally,
En(uwf)= > 1 §m+1z'o"f

|a|>m+1
/ V12 da.

This is an instance of the tensorization principle established in [BK25]].

<
_m+1

Proposition 2.11 (Tensorization). Let ji; be a probability measure on R fori =1, ..., d. Assume that

for all 1,
S (o) f? < / ()Puws(x) dys,

a>1

for some positive functions (p;)1<i<q and (w;)1<;<q, where f,, denotes the coefficients in the orthonor-
mal polynomial basis of ji;. Let j1 = iy @ - - ® pg. Then for all smooth f € L*(p),

> elerfi< [ sz (2O F)* d,
la|>1
where () := Y. pi(ou) and we set p;(0) := 0, || :== ). . In particular, defining

O(m) = ‘1|Iif o(a),

we obtain the approximation bound

2 1 : 2
E: (i, f) < m/{Rd;wi($i)(aif) dp

Moreover, if f is 1-Lipschitz,

E2(u, f) < E [mzax wi(Xi)] .

1
d(m+1)
Let us illustrate Proposition in concrete examples. For 1 < § < 2, define the product measure

Recall that in dimension 1, we have

B2 (jug. f) < m?/2 / ()2 duss,
R

15



i.e., the tail bound

2 <, 2/B-2 N2 dia.
S E<m /R(f) "

k>m—+1
Using summation by parts, we deduce that for any 0 < o < 1,

k'Q_Q/ﬁflg ¢ "2
v Ik oY d
> < /R(f) 148

1+46 —
= log (1+k) — 0

for some constant C' > 0. Define
L2218

AT

Since ¢(x)/x decreases on (1, 00), we obtain

®(m) := inf ng(ai) = p(m).

|lal=m

By tensorization, this yields

B (5 5 m VAP dug

Choosing
1
0" i=max (1, — |,
log logm

log m loglogm
B3, 1) 5 BT |0 d @)

For the case 8 = 1, it was proved in [BK25] that

we obtain

Zlog (c+ 0 S [ 1o +1a)(r) dua. (45)
R

Hence, tensorization gives

1

d
E2 ®d <—/ 1 2 ; 87, 2d ®d.
S S oy L o108 D 0 i

If f is 1-Lipschitz, then

E [max; log*(e + | X;|)]
log?(m) log®m

E2(f, ufh <

In contrast, for the product of one-sided exponential measures, the approximation rate is much better.
Let v®¢ be the d-fold product of the one-sided exponential distribution. Then for 1-Lipschitz f,

B2, ) < 284
m
see [BK23]].

We conclude this section with an interesting dimensional effect of tensorization, which lies at
the core of the entropy estimates of Section 4] Let u be the uniform probability measure on [—1, 1].
Recall that for sufficiently regular f, using (38)),

S [ra-aaus [

k>1

16



The rate is quadratic, much faster than the linear rate observed for the Gaussian measure, for example.
For the uniform measure on the hypercube ;®¢, the tensorization principle yields, in particular,

1
B 1) < gy [ IV A

where

O(m) = |i|nf o,
The key difference is that here the function p(z) = z? is convex, so that ¢(z)/x is increasing (as
opposed to decreasing). Therefore,

d(m) =m, form < d,

while for m > d,

m2

O(m) ~ i
The takeaway is that when the degree m is smaller than or comparable to the dimension d, the rate

cannot be better than the Gaussian one, i.e., linear in m.

More precisely, let p be an isotropic product measure on R?, and let @, denote the best function
such that for all sufficiently regular functions f,

) 1
B (p, f) < 3.(m)

Then, form < d,
P, (m) < O, (m)=m+ 1.

The corresponding extremal function f is the multilinear polynomial of degree m < d defined by

flz) = HmZ

Whenever the measure p is isotropic and of product form, the function f belongs to the tensor basis
of orthonormal polynomials. Therefore, for all £ < m,

Ei(p, f) = If = Oll72(,) = 1.

On the other hand, a direct computation shows that

/ IV 12 dpe = m.

Hence,
R

Er2n71<:u7 f) =

We will see in Section 4| that if x is additionally log-concave, this remains true when restricting to
Lipschitz functions, at least for m < V.

P, (m—1) <

3 Empirical computation of an approximating polynomial

In this section we analyze in detail the empirical procedures introduced in the introduction. Given
observations (T]), our goal is to construct a polynomial estimator of f, taking advantage of the approx-
imation property (10). We focus on two natural algorithms: the projection estimator, which relies
on an orthogonal polynomial basis of 1, and the least-squares estimator, which requires no structural
knowledge of p.

17



3.1 The projection estimator

We fix a 1-Lipschitz function f, and assume that  is a log-concave probability measure on R? with
polynomial approximation rate:

Supdeg%gf 1f = Pllzegy < ¥u(m),

where the sup runs over all 1-Lipschitz functions f. Recall that for normalization purposes, we
assume that ¥, (0) = 1, which amounts to the bound Cp(p) < 1.

We decompose the function f as

f=f-E.f+E.f=f+a, (46)
where a = E,, f is a constant and f is mean-zero.

Recall that we denote by X1, ..., X, the observed i.i.d. samples from . The integer n denotes
the sample size used in the algorithm, while m denotes the maximal polynomial degree used. Finally,

we define J
D = D(d,m) = ( +m),
m

which is the dimension of the space Py, of multivariate polynomials of total degree at most m in
RY. Let us further denote by (pi)o<k<p—1 an orthonormal basis of Py,,, C L*(x). Thus, we may
decompose f as

D-1 D-1
F= fepnt fom=a+ Y fivk+ fom: (47)
k=0 k=1

where foralll < k< D —1,

Je = (fipe) 2 = (> Pr) 22w

and
[fsmllzzgy < W(m).
Recall that the empirical estimator of the mean is given by

=: fk + 5k. (48)
Here, f,j is the unbiased component of the estimator, satisfying
E[fi] = fi-
The projection estimator is then given by

A

f=a+ f

TTM?

Our goal is to prove the following result, previously stated in the introduction.

18



Theorem 3.1. Under the above assumptions, the projection estimator satisfies

5 Cm? + 402)D
B~ Flagy < W) + ETATID )

for some absolute constant C' > 0.
Furthermore, in the Gaussian setting, we have the sharper bound

2
N (Cm+ 4o )D7 (50)

1
m n

Ellf = flliz¢) <
for some absolute constant C' > (.

Proof. Let P, denote the orthogonal projection of f onto the space P, ,,, of polynomials of degree at
most m. Then:

E|f - flI5 = Elf — Pull3 +E|lf = Pul

D—-1
< W’(m) + Var(a) + > E(fx — f)?
k=1
D—-1 . D—1
< W’(m) + Var(a) +2 Y E(ff — fi)? +2 ) EG}
k=1 k=1
Var(Yl) D—1 . D—1
— \112 * 2
(m) —— +2 Var(ff) +2) K
k=1 k=1
14 o2 9 D-1 D—1
< U¥(m) + — - 2 Var (Y: — a)pr(X1)) +2;E5§, (51)

where in the last passage we used that Var,(f) < ¥,(0) = 1. We first bound the third term in (51)).
Let (X,Y) denote a copy of (X1, Y]). Observe that

Y—a=f(X)+&—a=f(X)+¢
where f' = f — ais centered. Then, forany 1 < k£ < D,
Var (Y — a)pi(X)) <E ((Y — a)*pi(X))
—E(FA(X)pA(X)) + E (€1(X))

=B (P(X)pEX)) +0*.

~— —

Now we apply Holder’s inequality with exponents ¢ = m + 1 and ¢* = 1+ 1/m:

1/q*

~ ~ 1/ .
E[P20p (0] < (BF200) ™ (Bpir (X))
< O F X134
as follows from Proposition [2.3] Recalling that Cp (1) < 1, by Proposition[2.1} we have

1F )32 S M2, (52)

since f is 1-Lipschitz and centered. Now we bound the fourth term in (5. Define
1 n
Sy = - Zpk(Xi).
1=1
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Then:

2 n 2
=E %}]ﬂ&g %+E<%§¥ﬁ S

1 F 2 2, 0o
=E (=) f(Xy) S+ —ES;.

i=1

Note that ES? = EP?(X)/n = 1/n. By again using Holder’s inequality with ¢ = m + 1, and
o < [lPe(X) g

2
o
E5k<|\—2f Nz Ipe(XOllg + —

<||_Zf m+1+

By Proposition[2.2] we know that for a 1-Lipschitz function:

H—Zf IIwm\/—Hf( >||¢1s%.

Hence,
2

!FZf M2pr S (53)

n
Plugging everything back into (51)), we obtain:

A Cm?D 402D
L7 - I < wi(m) + <+ 202,

n

for some absolute constant C' > 0, as claimed. For the “Furthermore” part, we replace m? in and
in by m - min{m, prs5(X)} which equals m in the Gaussian case.

3.1.1 Proof of Theorem

Let us explain how to deduce Theorem [I.2] from Theorem Set

logn d
5 < = < —
= Mo Long 2

and observe that

() < (142
)

20



For any integer 1 < p < mg we set
my = Mo — P-

Recall that D = D(d,m,) = (*"™). According to the preceding inequality, we have :

P

(d-i—m,;) (d+m0—p) (d tmg — p)' mO!

mp mo—p _ .
no - (d;’?o) (d+mg)!  (mo—p)!

< (%)
—\d
Plugging this into Theorem 3.1} we get for the choice of m = m,,

) P
Ellf = fll320 < Wi(my) + (Cmj + 40?) (@> :

d
max [ 4 4log myg
= X — .
b " | log d/mq

< e\/&logd

We choose

In the first regime,
n

and p = 4 while my < V/d. We have
EIlf = flE2 < Wi(mo —4) + C'd(1/Vd)'
which is what we wanted to proved. In the second regime, we have
e\/ﬁlogd <n< edlogd/2’
_ [410g(m0) -‘
log(d/mq)

and
Vd—1<mg<d)2.

By our choice of p,

4log(mg)
(M)’ < (B _ L
d/ —\d mg

which concludes the proof. O

As can be seen from the proof of Theorem the error term in may be improved to O(1/d”)
or so if we take m = m(12 rather than m = my — 4. In any case, the error term is typically negligible
compared to W7 (m).

3.2 Least square estimator

We now move to the analysis of the least squares estimator f - Given a choice of a polynomial degree
m, this estimator is defined as the polynomial of degree less than m that minimizes the empirical /2

risk:
n

fLs = argmin Z (Y; — P(X)))?. (54)

PeEP4m i—1

The goal of this section is to prove the following bound on its prediction error:
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Theorem 3.2. Assume that
o? <d

and that d > dy, for some universal constant dy > 3. Then for any n, m > 1 such that the right-hand
side is smaller than 1, it holds that

(C'log(n))?*™Dlog(D) N 802D

Ellf - fLSH%2(u) < \Ifz(m) + . n

; (55)

for some absolute constant C' > 1.

Before embarking on the proof of Theorem [3.2] we remark that the assumptions implies in partic-
ular that
log(n)™D < (Clog(n))*"D < n. (56)

Thus, if n > 3, we get
m < logn. 57

()=
m m

Plugging and into (56) we get

Furthermore,

d"™ <mn,

that is

logn
< .
= log d

which we assume in the rest of this section. Note that the quantity of interest,
f - fLS7

is unchanged if we subtract a constant from f. Thus, for convenience, we assume from now on in this
section that

(39)

/f dy = 0. (60)
We define
po(X1) ... pp-1(Xy)
A= (pr(Xi))ri = : : € R™P,
po(Xn) .. pp-1(Xn)
and
Y;
b= :
Y,

We adopt the following useful notation: for a polynomial P of degree at most m, we write
P cR”
for the vector of its coordinates in the basis (px)o<k<p_1- A straightforward computation shows that

L, 61)

n

—1
frs = (ATA)1ATy = (%ATA)
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The vector %ATb is merely the vector of empirical scalar products, which, as in the previous
section, we denote by f* Forall 0 <k <D —1,

o 1 1 &
fi = (EATb>k = ;Yim()@). (62)

This is indeed the same definition as in (48]), since we assumed that

a:/fdu:O.

From the analysis carried out in Section 3.1, we know that

(Cm?* + 40*)D
n

E|Pnf — f*)2 < (63)

where P, f is the projection of f onto P, in L?(x1). From now on, we assume that n is large enough
so that the right hand side in (55]) is smaller than 1. In particular, we also get

E|Ppnf = [ Iz S 1-

Since || f|| 2 < V,(0) =1,

1 2y < N1Pmf — F¥ N2 + 1P llezgy < C+ 1 f ez < C- (64)

We denote ]
C, = ZATA.
n

The main technical step in this section is a moment bound on the deviation of C;! from the identity
matrix, measured in operator norm.

Lemma 3.3. Assume thatn > D, then forall 1 < p <log D,

)Q/p < (C'logn)?™Dlog D
- n

(BIC, " = Lalls

op
where C' > 0 is a universal constant.

Before proving this lemma, let us explain how it implies Theorem As a warm-up, we first
prove a weaker statement:

(C'logn)*™Dlog D N 20V D

E|f — frslla < W, (m) + \/ (65)

3.2.1 Proof of (65)
Since f* is given by (62), we may write
E||Ppf — frslz S E|Pnf — f*ll2 +El frs — £
=E||Pnf — £l +EN(C" = La) £~
<SE|Pnf — 2 +EIC = Lallop [ £7l2.

Now, using the Cauchy—Schwarz inequality and (64)), we bound the last term by

_ - _ 1/2
EIC = Lallop 1F* N2 S (BINC, = Lall2,) "

~
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From Lemma [3.3| with p = 2, we know that

C'logn)*"Dlog D
n

ElC; - L, < ¢

op ~

(66)
Putting everything together and using (63)), we get

E”f - fLSHL?(u) < Hf - meHLz(u) +E||me - fLS”LQ(u)
24+ 402)D | 2mDlog D
S‘Ifu(m)—l—\/(om + 402) +\/(C’ ogn) og

n n
(Clogn)?mDlog D 20V D
<

where the constant C' may change from line to line, and we used va + b < y/a + Vb.

3.2.2 Proof of Theorem 3.2]
The proof of (53) follows the same strategy, with one additional computation. As before, we write
E|lf = fusllzeq = Elf = Pufll72qy + ElPuf — frslZz

< Wi(m) + 2E| Pnf — £*[I3 + 2El| frs — £*|3
(Cm?* + 80%) D
n

< U2 (m) + +2E(Ct = L2, [1£*113-

Using Holder’s inequality with p = % log D and g = p*, and using Lernma we bound

_ 1 . 1/q
< (BIC;" - 1l%)"” (BIFI13)
(Clogn)*"Dlog D (

n

E|C." = Lill3, 11 £7]]

N DN

IN

) f20) "
It remains to prove that

(E1F12) " 1. (©7)
We use a simple interpolation argument. Recall that, by (64),

E[f*I3 < 1. (68)

Recall that 02 < d < D. We claim the following crude bound on the fourth moment:

E||f*|I3 < D*. (69)
Indeed,
R D—1 . 9 D—1 .
Elf I =E(>(0?) < DY B,
k=0 k=0

Forany0 < k < D — 1,



where we used Propositions 2.1 and [2.3] and the growth assumption on o. Now, for any nonnegative
random variable X and any ¢ € [1, 2], by interpolation,

(EXq)l/q < (Ex)2/q—1 (EX2)1—1/Q'
Applying this to X = || f*|2 and using (G8) and (69), we get
(BIF13) " < (D)o = p¥e = poieD <

which proves (67). In order to complete the proof of Theorem it remains to prove Lemma/[3.3

3.2.3 Bounding C;!

The proof of Lemma [3.3|consists of two steps. First, we prove the same bound but for C), rather than
for its inverse.

Lemma 3.4. Assume thatn > D, then forall 1 < p <log D,

2/p _ (Clogn)?™Dlog D

— p
(EHCTZ Id”op) n

where C' > 0 is a universal constant.

In order to prove Lemma @ we first unpack the definition of C),. For 1 < ¢ < n, define i.i.d

random vectors
Y4l (Xz)
Z; = : c RP! (i=1,...,n). (70)

po-1(X5)

Notice that we did not include the term py(X;) = 1 corresponding to the constant polynomial. We
write Z for a random vector with the same law as Z;. Then Z is isotropic:

EZ =0, EZZ" = I,.

We denote the empirical covariance of Z by

1 n
Cov, ==Y Z.7Z" 71
ovy =~ E; Z (71)
We also write Z~i for the full vector
7, = (Zl) € RP. (72)

We may then express C,, as

1 Il ~ =7
Cn=—-AA" ==Y 7,7,

(73)
_ 1 7 oic 4
% Z:’Lzl Zz COVn '
From and (72)), we easily deduce the following lemma.
Lemma 3.5. Let C,, and Cov,, be defined by and (T1)), respectively. Then,
1 n
1C = Tallp < Hi_jz + [1Cova = Lallp (74)
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In what follows, we bound the p-th moment of the operator norm of Cov,, — I;. We use Rudelson’s
lemma [Rud99], relying on the non-commutative Khintchine inequality of Lust-Picard and Pisier (see
[Pis03, Theorem 9.8.2]). Inequality (3.4) in [Rud99] reads as follows:

Lemma 3.6. Let x1,...,x, be vectors in RP, and let €y, ... €, be i.i.d. symmetric Bernoulli vari-
ables. Then for any p < log D,

2/p
(BIY cwi@ais,)” < Clog D maxail* Iy 2 @ willo.

As in Rudelson’s paper, the lemma is used to bound the deviation of the empirical covariance from
its expectation.

Corollary 3.7. Let Cov,, be defined by (T1). Whenever the right-hand side is smaller than 1,
C'log D
n

2/p 9op\ /P
<E||Covn—ld||p> < (Emax|Zi|p> .

We need a standard symmetrization lemma.

Lemma 3.8. Let (X;);c; be a finite sequence of independent random vectors in some Banach space,
and let ¢; be independent symmetric Bernoulli random variables. Then, for any p > 1,

ED Xi—EX|P < R[> eXi|".
iel i€l

Proof. We set

where X is an independent copy of X;. By Jensen’s inequality,

EIY X~ EX[P < B[S X[

i€l el
=E|> X
el
< zplE(uzaxiup . uzeix;up)
el el
=2E|> e X
iel

We can now prove Corollary

Proof of Corollary[3.7) We set
S, = E||Cov,, — 14"

op?

the quantity of interest. The first step is to use the symmetrization lemma:

1 n
Sp = EHE Z(Zl ® Z; —EZ; ® Z;)|},

i=1

L
_ 7. [P
< anE|| ;:1 €iZ; ® Zi|h-

26



We then apply Rudelson’s lemma, conditionally on the Z;’s and then take expectation over the Z;’s,
to obtain

Cp 2 2
SﬁsﬁbymwﬁﬁwwmwQ:a®am>

Cr 1/2 1/2
< log(Dy”? (Emax|Z®) " (BIY Zew Zils,) (75)
where we used Cauchy—Schwarz. Now, observe that
1
EHZ Z; ® Zillo, = n" B[ la + Z(Zi ® Z; — 1a)llb,
1
-1
< (4Bl Y (Ziw Zi- 1))
=2°"1nP(1 4 5,).
Plugging this back into (75)), we find that
S, <A1+ S,)"2, (76)
where /2
log D)P 1/2
A_Eﬁgj_(mMﬂzw>,
nP/2 7
Distinguishing the cases S, < 1 and .S, > 1, one obtains
S, < 2max(\, \?).
Thus, in particular, if A < 1, we conclude that
C'log D 1/
(ElICov, — Lull)*” < 3207 = CLEL (g max 7,20) "
n )
which is the desired bound. O

We now need an estimate on y
p
(Emax|Z,~|2p> i
K

The ¢, norm on R" is equivalent to the ¢, norm for ¢ = 2logn, up to a universal constant. For this
choice of ¢, notice that 2p/q < 1. By Jensen’s inequality,

n 1/p
1/ 2p/
Qmmwzw)pscqilmﬁpﬁ
=1

Finally, the random variable Q = |Z; |? is a degree 2m polynomial in log-concave variables with

E|Q|=EQ=E|Z =D - L.
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By Proposition[2.3] we obtain

(E|Z K )2/q (EQq/2>2/q
< (Cq/2)"" D
= D(C'logn)*™.

At this point, we have established the bound (whenever the right-hand side is smaller than 1):

Cl 2m Dlog D
(IE:,Hcovn—[||p)2“”<< ogn)™"Dlog D 77)
n
In view of Lemma 3.5 we have, for any p > 1,
n p
E(C, — L||7.)*"" < 2 (E||Cov,, — L||2.)*" + 2E 7
(E| allb,) ™" < 2 (E||Cov, — Lall5,) ™" + ”Zl 2
log n)" D log D 1< [
< (Clogn™DlogD oy |1y~ 7, (78)
n ne |,

Thus, we need to upper-bound
1 n
Bl 7l
i=1

First, for p = 2 we have

2
1 n
E 5;&

For general p, consider the random variable

It is a polynomial of degree 2m in the log-concave variables X;. Furthermore, from the case p = 2,

we know that D
ElQl=EQ < Py

Using again the moment inequality for polynomials (Proposition [2.3)), we find that

p\ 2/p
A2\ 2P o~ (Clogn)*™D
( ZZ) = (BQ?) " < (CpymEIQ < 2

where we used that D < n. Plugging this inequality into finally proves Lemma [3.4}

)g/p < (C'logn)?™Dlog D.
n

(ENCn — Iall5,
O

It remains to pass from an inequality on C), to a corresponding inequality for its inverse. We shall
thus need an integrable bound on the probability that the smallest eigenvalue of C,, is small.

Recall that the covariance matrix is given by

iy
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where Z; = (pr(X;))o<k<p_1. For any § € SP~1, Z; - 0 is a polynomial of degree at most m with
E|Z; - 0]* = 1.
The Carbery-Wright Theorem (2.5]) implies the following small-ball property.
Lemma 3.9. Forany 0 € SP~! and any t > 0,
P(1Z-6] <t) < Cmt'/™.

In the sequel, we work in the setting of Theorem[3.2] In particular, we may assume thatn > C¢*D
for some sufficiently large constant Cy and m > 1. We control the tails of A,;,(C,,) in two regimes:

Lemma 3.10. Assume as we may that n > C'D for some sufficiently large C. Then there exist
universal constants cg, c1, co such that

BOhwin(C) < ) < expf ).
Furthermore, fort < 1/n?,
PAmin(C,) < t) < /16,

Proof. We start by proving the first statement. Notice that

n

Amin(Cr) = inf lZ(Z,--e)?

oecsb-2n

=1

Now fix some unit vector ¢, and write V' = (Z -0)%. Then V is a non-negative random variable with
EV = 1 and EV? < e“" for some constant ¢, by Proposition The Paley—Zygmund inequality
implies that

P(V<1/2)<1—e

for some constant ¢ > 0. This in turn implies that
Ee ™ <1—e " (79)

for some constant ¢ > (. We now make use of the Laplace method. Fix § € SP~! and write

S, = i(Z,e)? = ﬁ;v

i=1
Let ¢ = ¢+ log 2, and let t; = e~“™. By Markov’s inequality,
P(1S, <) =P(eS > &)
S (E (eme)emtl)

< ((1 —e ™M1+ 26—C0m>>”
< (1= e~2emyn

n
< exp(— 0 )

where we used that mt; < me ™82 < 1 and that ¢* < 1 + 2z for z < 1 and that 2= < ¢~°™,
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Now taking a union bound over a ¢, /2-net N of the sphere S”~2

NV < (1+%)D

concludes the proof of the first statement, since n > C* D for a sufficiently large chosen Cj.
We move to the second statement. Again, we fix some vector on the sphere and work with the
same notations as before. For any ¢t < n—lz,

P(%Sn < 2t> < P(S, < 2VO)"
P(V < 2vt)"
—B(|Z - 6] < £y

S Cm tn/4m
S tn/Sm)

of cardinality

IN

where we used Carbery—Wright (Theorem [2.5)) on line 4 and assumed a large enough choice of Cj.
Taking a union bound over a t-net of the sphere, of cardinality less than (1 + 2/t)?, concludes the
proof, again for Cy large enough.

We are now in a position to prove Lemma [3.3] We use the simple observations that, for any

positive matrix M,
1

M1t =Il, < ———
H d”p— )\mln(M)’

|M_ [d”Op’

and that

_ 1
||M 1 _ Id”op S maX(l, m) .

We abbreviate A, = Amin(Ch ). Recall that

logn

~ logd’
Thus, given ¢j and ¢; the constants from Lemma (3.10} if d is large enough we have
—Ccom 1 cm
€ 0 Z ﬁa € ! S \/ﬁ
We partition the probability space into three events:

-’4 - {)\min Z e—com}7
B == {# S Amin S e—com}’
C= {)\min < #}

Using the previous observations and Lemma|3.10}
E||C," = Lallf, = B[IC," = Lall5,1a] + E[IC" = Lallg,1s] + E[IIC," = Lall5,Lc]
< €pCOmE[HCn — [de I[A} —|—E[)\ P ]13] —{—E[)\ 4 ]1@]

min min
—+00

IP’( 1 zu) du
2p

)\P

min

< EC, — Tl + ¥ expf —2) + [

n

1/n
Ccom —vn b
< BN Co Ll e [ PO <0 gt

1/n?
€pCOmEHC - Id”p + O( 1/4> +p/ tn/lﬁmfpfl dt
0

< POE||C, — |2, + Oe ™).
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‘We conclude that

2/p (C'logn)?™Dlog D

(EIC;" - 1) .

op

for some constant C' > 0, which is what we wanted.

3.2.4 Proof of Theorem [I.4]
We explain how to deduce Theorem [T.4] from Theorem [3.2] As in[3.1.1] we set

— logn
7 |logd |’

my = Mo — P-

and for any integer 1 < p < my,

We again have
)

)< ey
n — \d

Plugging this into Theorem 3.2} we obtain, for the choice m = m,,

(C'logn)*™ Dlog D N 802D

Ellf = frslZaq < Wi (my,) + - -
mot1—p [ T00\P mo\P
< U(m,) + (Clog n)>mo+1—> (70) +8d<70>

< Wi(m,) + (Clogpmot (- 1) 1 sa (Z0)
= Tl o8 dlog d d/)
First regime. We set p = 4 and assume that

< ex clode
=P Joglog d

for some constant ¢ < 1 to be determined. As a consequence, we have

logn - loglogn < 2clog® d,

where we assume d > 16. We upper bound

4clogd
(C'logn)?™! < (Clogn)loglogn ™

< exp Aclogd + 1) -log(Clogn)
log logn

4clog d
< exp Zeosd Ly (loglogn + C")
log logn

4clogd
< exp 4clogd+loglogn+&0/+0’
log logn

IA

IN

exp(4c(1+ C")logd + 2loglogd + C")
exp(C’ + 2log d)

AN

d2
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where we chose ]

bt

8d (%)p < 8d (lojd)4 — o(1/d).

Cc

On the other hand, clearly

Second regime. We want to ensure that
(Clogn)* ot < (dlogd).
We assume that loa(C1
o= —og( og ) <1/2
log d

It is enough that
2mg log(C'logn)  log(C'logn)

> 1
pzi+ log d log d

Thus, using that o < 1, it is enough that

. 2mg log(C'log n)

log d

As announced, we choose

- 2mg log(C'logn)
log d
=4+ [2amy].

For that choice of p, since

logn
= < 2

we again have
mo

<d (7)4 — 0(1/d).

D
o=
n

4 The metric entropy of Lipschitz functions

In the previous sections, we used low-degree multivariate polynomials to approximate and learn Lip-
schitz functions in high dimensions. In the Gaussian setting, when ;. = -, for a given € > 0 we use
that any 1-Lipschitz function f can be approximated with error at most € by a polynomial of degree at
most m, where m ~ é Heuristically, this approach makes sense if, at scale ¢, the “size” of the space
of polynomials of degree at most m is not much larger than that of the space of Lipschitz functions.
One standard way to measure size is through metric entropy. For a metric space (X, d) we define its

metric entropy as
Hx.q) () = IOgMX,d) (e), (30)

for all ¢ > 0, where N q)(¢) is the largest cardinality of an e-separated set in (X', d). We adopt the
(slightly unusual) convention of using packing numbers instead of covering numbers for our definition
of metric entropy, as it will be more convenient for us.

We provide estimates for the metric entropy of Lipschitz functions equipped with the distance

d(f,9) = If — gllz2),
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where (. is an isotropic product log-concave measure on R¢. We denote by
Hg(g) = H(Bzip’d)(s),

where Bfip is the unit ball of 1-Lipschitz functions, i.e., those f such that

/deuS 1.

Theorem 4.1. Let i be an isotropic product log-concave measure on R%. Let ¢ > 0 satisfy
d WV <e <.

Then
C€2
A< < HY(e),

where ¢ > 0 is a universal constant.

In the case where ;. = +, the standard Gaussian measure on R%, we get a two-sided estimate:
Corollary 4.2. There exists a constant ¢ > 0 such that, for any ¢ with
d V4 <e <1,
we have
TN < < (14 (81)
le/e)?) ~ T \[4/€12)
where ¢ > 0 is a universal constant.

Remark 4.3. Corollary extends immediately to products of isotropic log-concave measures that
are Lipschitz images of the Gaussian. Indeed, if © = T# for some K -Lipschitz map 7, then

du(f,9) = dy(foT,goT)

and thus
HE(e) < HY(</K).

This includes, for example, the uniform measure on the hypercube, or products of strongly log-
concave densities.

From Theorem 4.1, we will deduce a slightly weaker lower bound for the general case.

Theorem 4.4. Let 1 be an isotropic log-concave probability measure on R%. Let ¢ > 0 satisfy
d"<e< 1.

Then
C 52
A< < HY(e),

where 1 < 1/4 and ¢ > 0 are universal constants.

We begin by proving the upper bound in Corollary 4.2] which essentially follows from polynomial
approximation. Without loss of generality, we may assume that d is large enough. Let € € (0, 1) and
let (f1,. .., fx) be an e-separated subset of B/, . Since ¥, (m) < 1/(m+ 1), there exist polynomials
Py, ..., Py such that

42
Ifi = Pillz2yy < 5, deg(P;) <m := EW -
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Thus, by the triangle inequality, the set (P, . .., Py) is €/3-separated; indeed, for i # j,
15 = Pill2iy) = 5

In fact, for any ¢, the polynomial P is the truncated Hermite expansion of the 1-Lipschitz function f;:
Pi = Z <f7,7 Ha> Ha-
|lo|<m

In particular,
“Pi||L2('y) < ||fi||L2(7) <L

Hence P, lies in the unit ball of P, equipped with the norm ||-|| ;2(,). As before, we set

D (d + m)
m
for the dimension of that space. We thus have the standard packing bound
N+ < ()7

Let my = E‘V and D, := (*1"2). For d large enough,

ma2

Dlog(?) < D,
so that
N < P2,
Finally,

()

(A4 my)!(d— my)!
(-
(d+mo)(d+mg—1)---(d+1)
dld—1)-(d—my+1)

mo m2 ma2
S(d+m2) :(1+ 2My ) §(1+i) <ot
d—m2 d—m2 mo

This concludes the proof of the upper bound:

oo < D2 5 ((y/)

The constant 4 is not optimal and can in fact be reduced essentially to 2.

4.1 Lower bound

For the lower bound, given € > d1—1/4, our strategy is to begin with a %—separated set of polynomials
of degree at most m, with m ~ 6%, and from it construct an e-separated set of Lipschitz functions.
By convolving p with a tiny Gaussian of variance tending to zero, it is not difficult to show that we
may assume that ;2 has and positive density on the whole R™. From now on we fix such an isotropic

product log-concave measure ;4 and denote by
(T3)e>0
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the associated Langevin semigroup. One possible way of transforming a polynomial P into a Lips-
chitz function fp is to set

fp="T(P)), (82)
for some A\, ¢t > 0, where P|, denotes the truncation
Plx(x) = P(x) 1p@)<y-
By construction P| is bounded by A, thus by Lemma 2.7}
fpis \%—Lipschitz.

We shall choose ¢ and )\ so that the L? norm of fp is not too different from that of P. More precisely,
we would like to ensure that if P and () are two polynomials of degree at most m such that

1P = Qll2w) > 3

then
1 fp = foll2gy = ¢ > 0. (83)

If we can ensure (83]) for any pair of polynomials P, () in a %—separated set of Py, then we will
have constructed a c-separated set of Lipschitz functions with Lipschitz constant \/AZ Equivalently, a

%i—separated set of 1-Lipschitz functions.

Let us discuss what values of ¢ and A might ensure (83]). At this heuristic level, it is helpful to
consider the case ;¢ = ~. In this case, the Langevin semigroup is the Ornstein—Uhlenbeck semigroup,
which acts diagonally on Hermite polynomials:

T.H, = e t°1H,.

Thus, by decomposing a polynomial P of degree at most m into the orthonormal Hermite basis,

P= Y P.H,

o] <m
we obtain
ITiPlZey = D e ™2 > 7™ 3" P2 =7 P 2. (84)

lo|[<m |o|<m

Although we will apply 7; to the truncated polynomial P|, rather than to P itself, using the fact that
T} is a contraction in L?(vy) we may write

1Pl L2y > TP llrae) = ITe(P = Plillzay > e ™ I1Pllrae) = 1P = Plallza).  (85)
Thus, if we choose t of order 1/m, we must choose A large enough so that
1P = Plxllz2y)
is sufficiently small. The issue is that for an arbitrary degree-m polynomial P with
1Pllz2¢) = 1,
if one wants to truncate at some level A > 0 so that

1P — PlAllz2gy) < 15
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one may have to take
)\ 2 ecm’

which is too large for our purposes. Indeed, the fourth moment of P may be as large as
EPY(G) > ™

for some constant ¢ > (. This can already be seen in dimension one by considering the degree-m
monomial.

We resolve this issue by considering random degree-m polynomials, for which we show that, with
positive probability, it suffices to take
A=A > 0,

a constant independent of m. Moving away from the Gaussian setting, we also show that for such
random polynomials the Langevin semigroup does not “kill” the L? norm too quickly.

4.1.1 Random multilinear polynomials

We restrict our attention to polynomials which are linear combinations of degree-m multilinear mono-

mials. Let p
D(] == ( > .
m

Write S,,,, for the collection of all subsets of {1, ..., d} of cardinality m. We define a polynomial

Y ][Xi= D buXa (86)

aESd,m 1€Q OzESd,m

for a given vector § € RP0 = RSm where we write
Xo =[] X
i€
Our intuition is that for a random 6, the value distribution of P»(X') should be roughly Gaussian.
Lemma 4.5. Assume that m*> < d and let Py be defined by (86)). Let 0 € RY° be a Gaussian random
vector of mean zero and covariance (1/Dy) - Ip,. Then the expected fourth moment of Py is bounded

by

By [EP}(X)] <3+ ™

(87)
where X ~ u, C'is a universal constant, and Cy = 3 + C.

Proof. We expand

Eg [EP/(X)] =B ) 6o,00,00,00,Xa, Xa, Xa; Xa,

a1,02,03,064

_ Z E[03] E[X2] + 3> E[02] E[63] E[X2X7]

a#ﬁ
= 2 ZE X3+ =5 ZE [X2X2]
0 oz
ZE [X2X3).
a8
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Here we used that
E[04,00,00500,] # 0

if and only if all four indices are equal (giving the first term), or if they form two distinct pairs (three
such pairings, giving the second term). Now, for o, 8 € Sy,

2 4 2 @
Ex2x3 =E| ] x! [ Xx7|<9™,
i€anp iealB\(anp)
using that for any centered log-concave random variable X,

EX* <9EX?,

see e.g. [Eit24, Theorem 1.4]. Thus

o Z]E [X2X3) < Zg‘a“ﬁ'

=3 E9‘W |

=3 Eg‘aﬂ{l ..... m}|
where in the last line we denote by « and /3 two independent uniform random subsets of {1,...,d}
of size m, and used invariance under any bijection. The random variable | N {1, ..., m}| follows a

hypergeometric distribution:
lan{l,...,m}| ~ Hypergeometric(d, m, m).

It is well known that Hypergeometric(N, K, n) is stochastically dominated by Binomial(n, K/N)
(and Hoeffding [Hoe63] even proved that the same domination also holds in the convex order). Thus,
for any increasing or convex f,

Ef(len([1,m]]) <Ef(Z),

where Z ~ Binomial(m, p = m/d). In particular,
E9lenibmll < B9Z = (1 4 8p)™
8m
— (1422
(%)
<exp(8m?/d) < 1+ Coym?/d,

where one may take Cy = €® — 1. This concludes the proof of Lemma O

We have established that, on average, the 4-th moment of the random multilinear polynomials is
bounded. We now need an argument to show that their L? norm does not decay too quickly along the
Langevin semigroup. We will use Lemma from Section [2| which states that for any f € L?(u)
with square integrable gradient,

ITEF 2 > (1120 — 2t / IV AP d. (88)

As before we denote the multilinear polynomials by

Xo =[] X

1€
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Clearly, forany 1 <1 <d

Xo\fi), otherwise.

£
aiXa:{O’ ifi ¢ «,

In particular, since i is a product measure, for a fixed i, the family (9;X,) is orthonormal in L?(1).
For any § € R0,

/HVPeHQdu = /zd:(aiP@Pdu
=Z > /92 (0, X)%du

=1 ac{1,...,d}
lo]=mn

= D 292

=m||6]|3 (89)

We are now in a position to prove the lower bound of Theorem Let IV be an integer to be
chosen later, and let 64, . . ., 6 be i.i.d random vectors with distribution

0~ N (0, 250, )
Let FPy,, ..., Py, be the corresponding polynomials defined by (86). For any 1 < i,j < N we have
1P|l L2y = 10ill2 and |2 — Pjl[12(4) = 1|6 — ;]2

Furthermore, for any ¢ # j, the random vector ¢; — 0; is again Gaussian with covariance D%I Dy- BY
Gaussian concentration for Lipschitz functions and a union bound, we obtain

PE1<iAj<N: |[6i—0],<1) < NP (”rG“z < 1)
< N*B(|G] < |G| - ¥22)
< ]\[26—D0/327

where G ~ N (0, Ip,), and where we used that
VDo =1 < E||G]>.
We also have the tail bound
P(31<i<N: [|6]5>2) < Ne P/
We choose N = eP0/128 and define the events
A={(Py,,...,P,)isa l-separated setin L*(u)},

and
B={lgil3<2 VI<i<N}

From the two previous inequalities we deduce that

P(ANB) >1—2e P0/6 > 2

38



say. On the other hand, by Lemma @4.5|and Markov’s inequality, we have that
p=P(ExF;(X) < 2Cy) >1/2,

where () is the constant from Lemma Thus, roughly half of the (FPp,)1<;<y Will enjoy a nice
bound on their fourth moment. That is, define

Ny =#{1 <i<N: ExP;(X) < 2Cy} ~ Binomial(N, p).

The median of a Binomial with parameters (IV, p) is greater than | Np|. Thus, with probability 1/2,
we have
Ny > |pN| > N/3.

The event

has positive probability, greater than 0.1. For such a realization we find polynomials
(Pi<ism
that form a 1-separated set of Byz (0, v/2) of cardinality
Ny > N/3 = ¢Po/128 j3 > Do/256,

and satisfy

ExP!(X)<2C, V1<i<Ny, (90)
1P 1Z2 0 = 6112 < 2, 1)
IV P72, = ml6il]5 < 2m. (92)
As described above, we set
fi =T,(P])) 93)
with
b= T

and ) to be chosen later. Then f; is Lipschitz with constant

A
N AN2\/m. (94)

Secondly, T} is a contraction in L?(u), so
1 fill 2 < NBA 2 < 1Bl 22 < 2.

Let us verify that (f;)1<;<n, is separated. Let i # j, using the triangle inequality, (88), and
(92), we get

1fi = fillzzgo = IT(Blx = Pil)lz2g
2 [ Ti(Fi = Py)llc2uy — ITe(Pilx = Pilx — B+ Byl 2

1/2
(HP 217 —2t/IIV (P =B du) — 15 = Bilallz2gy = 155 = Bilallzzqo

2 1/2
— At (IV Pill72 () + ||V1’j||L2(M))> — 15 = Bilallz2gy = 155 = Bjlallzzqo

/\

2
(1 —16tm)""* — [|P; — Pilllzzgy — |15 — Pilall 20
75 = 1P = Pilallz2g = 125 = Pilllz2q- (95)

AVARLY,
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It remains to upper-bound
|Pi — Pilall 2 V1l <i < Ny

We fix some 1 <7 < N, let

€ =AlB]= A}
Using Markov’s inequality and (91)),
||Pi||i2(u) 2
P(&) < e < 5%k (96)
Using Cauchy-Schwarz and (90),
1P = Pilxllz2g = [[Pilell 2
<N Pillzago 1T allzaw
(200>1/4
< | — .
< {5
We choose
A =16v2+/Cy
and we find that for all 1 < i < Ny,
1
1P — Pilallz2) < 1
Plugging this back into (95]), we arrive at
1 1 1
 f > = > 97
Ifi = fill 2wy 2 5 2725 97)

forall 1 <1 # j < Nj. Setting

oY e 1
CoavaymaT 128V Coym”

We have constructed a family of 1-Lipschitz functions which is %-separated and has cardinality

N, > ¢Po/236

- (2)

02
=

where

In other words, for a given ¢ > 0, setting

m=|

we constructed an e-separated set of cardinality of cardinality /N; with

vz ()= )
m &2

for some constant ¢ > 0, which is what we wanted to prove.
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4.1.2 The general case

We explain how to deduce the general isotropic case from the case of the product measure. It is
well-known that lower-dimensional marginals of an isotropic log-concave probability measure are
approximately Gaussian. The following precise statement was proved in [EKOS]:

Theorem 4.6. Let ;1 be an isotropic log-concave probability measure in RY. Then there exists a
subspace E C R? of dimension k > d™ such that

C
pe(2) = 4y (@)] < 43 (2) forall |z| <k (98)

where C, 1o are universal constants, pg is the density of the marginal jip of pon E and q.,(v) =
(27?)_'“/26"“"‘2/2 is the density of a standard Gaussian on E, which we denote by vg.

The estimate (98) implies that pg is very close to g on a ball of radius k&, while most of the mass
of f1z, Or vp, is concentrated in a ball of radius only ~ /k. This implies in particular that the L2
norm of a Lipschitz function does not change much when swithcing from .z to vz. Indeed, let g be
a 1-Lipschitz function. Then,

/ g dp > / g dp
E |z|<k
_ 2 2 2
—/gdw—/ g(dvE—duE)—/ g dve
|z| <k |x|>k
9 C 9 4 12 1/2
> [ ¢°dyvg — =19 dvg — g dvg P(|Gg| > k)

> / G <1 _ %) et (99)

where (] is a universal constant. In the last line we have used concentration of the norm of a standard

k-dimensional Gaussian:
2
Vi <|3:\ > \/E+t> < e /2

and that for all 1-Lipschitz functions g,
1/2 .
(/ g4d’y) < /gzd'y +C

Letl >e¢e > kﬁ By Theorem we can find 1-Lipschitz functions fi, ..., fy such that for all
L F

for some constant (.

1fi = fill 2wy = €
and )
logN > k= > d==.
We now apply (99) to the 1-Lipschitz function g = 1(f; — f;). For large enough d, we get

C _
6= 50t 2 16 = Gl (1= 5 ) 400

> g2 (1 — %) — 4Ce7"

£2
>
4
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where we assume that d is large enough so that % < % and 4Cye % < ﬁ% < %. Thus the functions

fi,..., fv are £/2 separated in L?(ug). Equivalently, the functions f; o I, ..., fy o I are £/2

separated in L?(yu), where I : R? — E is the orthogonal projection operator. Thus for all ¢ >
d—"m/4,

H!e) >1ogN > d=.
This proves the general case, with n = 1,/4.

4.2 A Minimax lower bound for learning Lipschitz functions

We now go back to the learning problem
Yi=f(X;)+oZ, i=1,...,n. (100)

and we prove the minimax lower bound announced in the Introduction, Corollary [T.6] which we
restate below for the reader’s convenience.

Corollary (Corollary [1.6). Let 11 be an isotropic log-concave measure on RY. Assume that the noise
satisfies
nrf<ol<n

for some constant k > 0. There exists a universal constant ¢ > 0 such that if

n S ecdznnlogd’
the minimax risk is lower bounded as
logn
o2 (1 . 101
n,drv( +H)10gd ( )
Moreover, if additionally y is a product measure, then the lower bound (101)) holds in the range
cvVdlogd
n<e =

A typical way of establishing lower bounds for a learning problem is to reduce it to a multiple hy-
pothesis testing problem and apply information-theoretic methods. This is known as Fano’s method.
More precisely, we shall use the Yang—Barron version, which requires computing entropy estimates
in the Kullback-Leibler divergence for the collection of random variables

Dn = {((X1, Y1), (X, Vo))« f € By(Lip, 0, 1)} = {(X,Y}) : f € By(Lip, 0, 1)},

namely, the collection of all possible random vectors that we may observe, indexed by our function
class, the 1-Lipschitz functions with bounded L?(;) norm. Let P and ) be two probability measures
on R? such that P is absolutely continuous with respect to Q. The Kullback—Leibler divergence from
P to @, denoted by Dy, (P || Q), is defined as

DKL(PH Q) = /Rd log(%> dp,

where Z—g denotes the Radon—Nikodym derivative of PP with respect to (). For £ > 0, let

N(Dn7 £, DKL)
be the minimal size of an e-net of D,, with respect to Dgy,, and set
H(D,, e, Dky) := log N (D,,, e, Dky).

Here the entropy is defined via covering numbers; we use a tilde to emphasize the distinction from
the earlier convention adopted for Hj,, which was based on packing numbers.

The Yang—Barron method is summarized in the next lemma; see [Wail9] for background.
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Lemma 4.7. Let € > 0 be such that
52 Z ﬁ(Dna £, DKL))

and 6 > 0 be such that
Hp(8) > 4e* 4+ 2log 2.

Then, the minimax risk using n samples is lower bounded as

inf sup E[f - f||%2(u) 2 0%,
f feB2(Lip,0,1)

(102)

(103)

(104)

Proof of Corollary[I.6] We first compute the metric entropy of D,, equipped with the Kullback—
Leibler divergence. Let f; and f> be two Lipschitz functions. For & = 1, 2, the vector Y, decomposes

as
Yfk = fk(X) + Gy,

where f1.(X) = (fu(X1),. .., fr(X,)) and Gy, ~ N (0, 0*1,,) are independent Gaussian vectors. Con-
ditioning on X, Y}, and Y7}, are independent Gaussians with means f;(X') and f»(X), and covariance

o?1,. It follows that

D (X, Y) [ (X, Y,)) = E[Dyw (Ve | X 1Yy, | X))

n

= E(% Z(fl(Xi) - f2(Xi))2>

i=1

n
=5z llfi = FallZ2-

In particular, choosing f; = 0, the radius of D,, in Kullback—Leibler divergence is at most

202

Set
2 n

e = 5%
which trivially ensures (102). To satisfy (103)), we require
n
H.(0) 2 puy

By Theorem provided that § > d~" in the general case (respectively, 6 > d~/* in the product

case), it suffices that

c/8? ﬂ
d Z 0_27
ie.
2 logd

™ log(n/o?)
Using 02 > n™", we have log(n/c?) > (1 + ) logn, so we may take

52 c logd

T 1+k logn
for some ¢ > 0. The applicability condition § > d~" (respectively § > d~'/*) amounts to

c logd S g
1+ kK logn —

>4 =

I
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(respectively —— &9 > 7-1/2) which holds whenever

1+x logn
(c d*" log d)
n<exp| — | .
14k
Respectively,
(c Vd log d)
n < exp
1+ kK
This yields the stated bounds. O
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