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Abstract

In this thesis, we will use topological methods to achieve some results connected to
Dvoretzky’s theorem. The proofs use a generalisation of the Borsuk-Ulam theorem for finite
groups. The paper proves the existence of a {#1}*-symmetric k-dimensional subspace in
the algebraic case and of an almost {41}*-symmetric k-dimensional subspace in the convex
case.

In addition, some extra results are shown.
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Notation

|- Ly norm in RY

|-l Any norm in RY

SN Unit sphere in RV !

My Median value of function f : SV — R
My, Median value of norm || - || : S¥ — R
B(a,b) Ball of radius b with center a

A+ B Minkowski sum of body A and B

A, A+ B(0,¢)

W Hall measure on the sphere

2y, The group of p elements (for prime p)
log(x) The base 2 logarithm function

SO(N) The group of rotations in R
GL(n)(R) The group of invertible matrices in RY

Wk The ordered set of k orthogonal vectors of length 1 in RY
Zyd The set of polynomials R¥ — R of degree d
E+ The subspace orthogonal to subspace

AwrqB  The restricted wreath product of A and B when B acts on the left of the set (2.



Sign symmetries using a topological approach to
Dvoretzky’s theorem

Tomer Novikov

1 Introduction

This thesis was written in conjunction with a paper written jointly by Bo’az Klartag and Tomer
Novikov. (As of August 2022 it is in preprint [23])

Dvoretzky’s theorem [9, 10] is a fundamental result in the theory of high-dimensional normed
spaces that was proved around 1960. Conjectured earlier by Grothendieck [12] and others (see
[9]), it is formulated as follows:

Theorem 1.1 (Dvoretsky’s theorem). Let || - || be a norm in R and let 0 < € < 1/2. Suppose
that k is an integer that satisfies
log(1
n > exp (CkM) (1)
€

for a universal constant C' > (. Then there exists an k-dimensional subspace E C R™ andr > 0
such that for all x € E,
(1 —e)rlz| < flzf| < (1 +e)rfx]

where | - | is the standard Euclidean norm.

Theorem 1.1 can be reformulated as stating that any centrally-symmetric convex body K C
R™ has a central k-dimensional section that is nearly spherical.

The estimate (1) is taken from Paouris and Valettas [24] (which improved on a previous result
by Schechtman [25]), and its proof utilizes an influential approach by V. Milman to Dvoretzky’s
theorem which emphasizes the role of the concentration of measure phenomena [18, 19]. How-
ever, the dependence on 1/¢ in the estimate (1) is exponential. It is conjectured that the depen-
dence on ¢ in Dvoretzky’s theorem should be polynomial, this is the conjectural almost-isometric
variant of Dvoretzky’s theorem. It holds in the case when k& = 2 (see [20]) or when the norm || - ||
is assumed 1-symmetric, i.e., when

|(£2r(1), - ETrm)|| = 21, -+ 20l V(zq,...,2,) € R"

for any permutation w7 € S,, and for any choice of signs. See Bourgain-Lindenstrauss [4],
Tikhomirov [26] and Fresen [11] for analysis of the 1-symmetric case. In summary:
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1. Bourgain-Lindenstrauss [4] show that n > ¢(k)|log(e)|e~ "= for some unknown function
c(k)

2. Tikhomirov [26] shows that n > (%)%
3. Fresen [11] found a specific subspace for which it holds true if n > (%)C’“ for some ¢ > 0

The proofs mostly use random “isotropic” nets on the sphere and discrete approximations of
cumulative almost-Gaussian distributions.

We will demonstrate that it is enough to assume that the norm is invariant to .S,, only, without
the addition of the invariance to sign change.

All proofs of Theorem 1.1 for general k rely heavily on probability and analysis, for exam-
ple through the use of P. Levy’s concentration inequality for Lipschitz functions on the high-
dimensional sphere as seen in [21]. On the other hand, the proof for the case £ = 2, which is
attributed to Gromov in [20], is purely topological. There is currently no proof of Dvoretzky’s
theorem that makes substantial use of topology (this topic is extensively discussed in [6]). There
is still hope that a proof employing topological tools would lead to better dependence on ¢ in
Theorem 1.1.

A different line of research, parallel to the developments related to Dvoretzky’s theorem, is
going back to Birch [3], following Brauer [5]. This time, rather than analyzing a norm on R" for
large n, one looks at a d-homogeneous polynomial P : R® — R. The regular sub-structure that
one expects to find is a k-dimensional subspace £ C R" such that the restriction P|g vanishes
when d is odd, and is proportional to the Euclidean norm taken to the power d when d is even.

Theorem 1.2 (“Algebraic Dvoretzky-type theorem”). Let k,d > 1. Then there exists f(k,d) > 1
such that if N > f(k,d) and P : RN — R is a d-homogeneous polynomial, then there exists a
k-dimensional subspace E C R™ and o € R such that

P(z) = a|z|* Ve e E
In the case where d is odd we have o = 0.

This is also sometimes called the "Milman-Gromov Conjecture”[18, Section 1.15]. In the odd
case, Theorem 1.2 goes back to Birch [3], and is preceding the proof of Dvoretzky’s theorem.
Reasonable estimates for the function f(k, d) are known in the odd case, according to Aron and
Hajek [1] and to Dolnikov and Karasev [7, Theorem 4]. Aron and Hajek relied on the Borsuk-
Ulam theorem, while the argument by Dolnikov and Karasev [7] is almost a textbook application
of the theory of Stiefel-Whitney characteristic classes, a theory that is beautifully presented in
Milnor [21]. These topological approaches yield the bound proven in [7],

d+k—1 .
f(k,d)§k+( +d )S(k+d)mm(’“d)

where C' > 0 is a universal constant.



The case where d > 4 is an even number is more challenging (when d = 2 a simple argument
using the intermediate value theorem gives f(k,2) < 2k). Theorem 1.2 was conjectured by
Milman in [20, Section 1] and in [18, Section 1.15]. Theorem 1.2 was proven by Dolnikov and
Karasev [7], relying on Carlsson’s solution to the Siegel conjecture, and it yields no effective
bound on the function f(k,d), or equivalently, on the dimension of the subspace in which a
given polynomial is proportional to a power of the Euclidean norm.

Definition 1.3. A polynomial P : R — R is {£1}*-symmetric if there exists an orthonormal
basis {e;}¥_, so thatVx; € R,(sy, 52, ..., 8,) € {£1}F the following holds:

Note that if P is homogeneous and of odd degree then P = 0.

Algebraic Dvoretsky can be seen as finding a k-dimensional subspace in which the homoge-
neous polynomial has SO(k)-symmetry. We prove a weaker result that every homogeneous poly-
nomial has a subspace in which the restriction is {£1}*-symmetric with f(k,d) < k + (“7*7)
as in the previously mentioned odd case.

Our next result relies on algebraic Dvoretzky-type theorems, in order to make advances to-
wards the almost-isometric variant of Dvoretzky’s theorem. Unfortunately, we do not obtain
a full rotational symmetry but only the so-called “l-unconditional symmetries” which are the
equivalent for norms which have {4-1}*-symmetry. In other words, a norm || - || in R¥ is “uncon-
ditional” such that there exists an orthonormal basis (e1, . . . , ¢x) such that for any xq, ...,z € R

and any choice of signs,
k k
E :I:a:z-e,; E Ti€;
i=1 i=1

Theorem 1.4. Let X C R"™ be a convex body so that X = —X, and let ¢ > 0 be small enough.
Suppose that (Ck§/2 )k < n, where ¢ > 0 is a universal constant. Then there exists a k-dimensional

subspace E C R"™ and an unconditional body T' C E such that

(1—e)TCXNEC (14T )

As we explain below, in order to prove Theorem 1.4 we approximate the norm by a polyno-
mial using a Jackson-type theorem from Newman and Shapiro [22], and then apply a standard
topological argument of Bursuk-Ulam type.

It should be noted that Theorem 1.4 achieves better bounds than the standard Dvoretzky’s
theorem, by requiring a smaller symmetry, only for k£ < et

Additional results are presented.

Most of the work was conducted in tandem with my advisor Bo’az Klartag.
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2 Remark about Fresen-type norms

Before we continue, observe the following argument:
Let || - || be a permutation-invariant norm in R*Y and f : RY — R?" be defined as
f(z1, 22, ., 2N8) = (21, =21, T2, — T2, .. — TN) (3)

Then the pull-back of the norm into RY is both permutation-invariant and unconditional.
This can be thought of as the fact that {£1} Wr{12,.,m}Sm 18 a subgroup of Sy,,. As a result,
results such as the one proved by Fresen [11] can be improved:

Theorem 2.1. There exists ¢ > 0 so that the following holds: Let 12 < k € N, 0 < € < %

Letn € N so that k < ﬁlog(n) Let || - || be a norm in R™ that is permutation-invariant and

T : R*¥ — R" be a given linear one-to-one function. Then Vx € RF,
(1—e)M|z| <||Tz|| < (14 ¢€)M|z|
for M = ||0|| (v is a specific vector that can be derived from v which in turn is defined in [11]).

Also, results such as the one proved by Tikhomirov [26], and by Bourgain-Lindenstrauss [4]
can remove the restriction for the norm to be unconditional, and instead only Sy-invariant, by
taking twice the original dimension.

3 Using Dold’s theorem

We write Z, 4 for the space of d-homogeneous (i.e. homogeneous of degree d) polynomials from
R to R.

Definition 3.1. The Stiefel manifold W, ;, is the manifold of ordered k orthogonal vectors of
length 1 in R".

Let us briefly touch upon a known topic in algebraic topology:

Definition 3.2. A ropological space X is r-connected if every continuous map f : S™ — X can
be extended to a continuous map f : B'™' — X.

It should be noted that there are other equivalent definitions, as seen in [15], but we do not
need them. By [13, Example 4.53], W,, , is n — k — 1-connected.

Theorem 3.3 (Z/pZ permutation). Let d,k € N and p a prime such that k is even or p > 2.

Then for any
kp+d
n > < p;— ) +kp+1

and for any homogeneous polynomial P : R" — R of degree d there exist p orthogonal subspaces
Vi, Va, ...V, of dimension k and a linear orthogonal transformation o : ©;V; — @,;V; so that
o(Vi) = Vig1, (with V11 = V1) and the restriction of P to the span is invariant to o.
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This is proven using:

Theorem 3.4. [Dold’s theorem as seen in [15, Theorem 6.2.6]] Let GG be a nontrivial finite
group. Let G act on manifolds X and 'Y, when X is n-connected, G acts freely on'Y and'Y is of
dimension at most n. Then there does not exist a G-equivariant function from X to'Y .

Proof of Theorem 3.3. Let W, ;, be X, G = Z/pZ. Divide {1,2,..., kp} into p sets of k co-
ordinates and let G act on Zy, 4 freely by permuting the sets in a cyclic manner. Note that all
orbits are of size 1 or p. Let Y C Z, 4 be the subset which have orbits of size p. Note that
dim(Y) = dim(Zypq). As mentioned previously, W, s, is n — kp — 1-connected. Divide the
basis of each element of W, ;, into the same p sets of k basis vectors a Zj, 4 and let G act on
it by permuting them cyclically in the same manner. As a result, f : W), , — Zj, 4 by taking
the restriction of the polynomial to the subspace is a G-equivariant function. By the boundary,
n—kp—12> dim(Za) = dim(Y). However, assuming that Im(f) C Y leads to a contra-
diction with Dold’s theorem since G acts freely on Y. Therefore there exists a k-dimensional
subspace £ so that f(E) € Zi,q \ Y. Therefore the polynomial is G-invariant, when o is the
action that we defined. O

The reason this type of proofs fails for some other spaces is a result of the fact that the
connectivity of a direct sum of two spaces is the minimum of their connectivities. Note that
Dold’s theorem cannot prove more general cases of (G because the theorem assumes that the
action of GG on Y is free, and if G has non-trivial subgroups this gives the result that there is at
least one symmetry from G, but not all of the G-symmetries.

Since the connectedness and the dimension of IV, ;, differs only by a factor of £, we do not
expect this result in this case to be able to be improved by more than this using topological
means.

This theorem is similar to the theorem used by Milman (inspired by Gromov) in [20, Section
4]. As such, let us reconstruct the result:

Proof of Section 4 from [20]. Let p > 2 be prime and G = Z/pZ. Let || - || be a norm in R”. Let

Y =RP/{(z,z,...,x)|z € R}
Let G act on W, 3 2 by rotating the vectors in their span by %’r and let G act on Y by rotating the
coordinates by one. Define i : Wy, 32 — (RPF3)P by hj(u,v) = cos(%)u + sm(%)v (as in,
the images of u under the group action). Then define f : W35 — RP by f; = ||h;||. This is
a G-equivariant function. If Im(f) C Y, then there is a contradiction since G acts freely on Y.
Therefore Im(f) N{(x,x,...,z)|z € R} # (). Therefore there exists a 2-dimensional subspace

on which the norm is equal along the vertices of a p roots of unity. Computing the end result is
the same as in the original proof. O



4 {&1}*-symmetry in the Stiefel manifold

For this proof we will be using the following theorem:

Theorem 4.1 (Borsuk-Ulam generalisation). Let G be a finite group which acts freely on a man-
ifold X which is compact, connected, and smooth and of dimension N. Let m : G — GLy (R)
be a representation of G in which almost all orbits are of size |G|. Assume that there exists a
G-equivariant continuous smooth function f.q : X > m such that there exists € > 0 so that
| fron (V)| = |G| if |v| < €. Moreover, f,.},(B(0,€)) is a set of |G| non-intersecting submanifolds
{U;,c X }ﬁ'l so that the restriction of fi.s to each of them is one-to-one.

Then any G-equivariant smooth function h : X — R vanishes at some point in X.

This theorem is discussed and proven in Section 8. It is a slight expansion of the theorem
that is stated and proven for example in Klartag’s paper [14, Theorem 2.1].

Let G = {£1}* act on W,,; by pointwise multiplication- if g = (g1,..,9x) € G then
(91, - gr) (V1 -, v) = (g1v1, -, Grrg)-

Theorem 4.2 (Symmetry in the Stiefel manifold for G = {+1}*). Let G act by representation
T on R for c < n — k so that Vx € R\ 0,3g € G so that 7(g)(x) # x. Let | : W, ; — R be
continuous and G-equivariant. Then | vanishes at some point in W, j,

Proof of Theorem 4.2: Since ( is abelian and each element is of order 2, there exists a basis / in
R¢ and a set {7, }acs of one-dimensional representations so that

=@

acl

Hereafter, R is denoted as R”.
There exists D : I — 2{1:2%} g0 that

() =[] 9

JED(a)

(G = {£1}" so g; is the j’th coordinate of g). By the restriction in the formulation, none of the
parts of the decomposition are trivial (D () # ().
Let
J={(a,b)]a,b e N,2<a<n,1<b<min(a—1,k)}

Note that it is the same size nk — @ as the dimension of IV, ;.. Since n — k > citis possible

to give for each « a different £ < a,, < n and therefore the function s : / — J defined as
s(a) = (aa, maz(D(a)))

is injective.
Define B : J — 2{1:2-k} t0 be a function that has the following properties:

1. For a € I'let B(s(a)) = D(«)



2. be B((a,b)) C {1,...,b} (in other words, maz(B((a,b))) = b). Note that this is already
true for a € 1.

Then for (vy, vy, . .., v) € Wi, define f°t : W, — R’ coordinate-wise:

fenn o) =), [ )

i€ B((a,b))\b

Thereafter define 7 to be the diagonal representation of G in R” so that f**! is G-equivariant:

(T)an(@) =2@ry  |] @

i€B((a,b))\b

It is G-equivariant since in both cases the sign of (7, )4 changes according to the parity of
the B, coordinates of G. To check the size of the preimage of 0, note that if f***(z) = 0,
then V(a, 1) € J, fis%)(z) = 0 so vy = (£1,0,0,..,0). By induction over i, v; have =1 in the
i’th place and 0 everywhere else. This is a set of size 2% = |G|. If f!(z) = y for |y| < €
for small enough € then there are also |G| solutions, each of them close to a different solution of
ftest (CL’) = 0.

Since the Stiefel manifold is compact, connected and smooth, all the conditions of the the-
orem hold. Let 5 : R’ — R’ be the linear extrapolation of s. Then define h : W, — R’
as h = 5(1). This is a G-equivariant function, and therefore by the theorem it vanishes at some

point. Therefore there exist (vy, v, .., v) € W, ;, on which h vanishes, and therefore [ vanishes.

Q ftest; h JO

Wn,k — R

N

RI DT

A few notes on the theorem:

1. Assume that f;.s is polynomial on the coordinates of the manifold W, ;. Transform our
environment from W, to its natural embedding in real vector space, and then expand
fiest- If the theorem had been in a complex environment, then by Nullstellensatz we would
expect that the size of the intersection f;.;; = 0 and W, ;, to be a multiple of the size of
the intersection between W,, ; and a random affine subspace of the relevant dimension.
This is equal to 2"~1+! In the real case, the amount must still be even and under most
“intuitive” constructions will be a power of 2. Therefore it is probably difficult to prove
using this method for a G (such as (Z/pZ)", p # 2) in which the order of the group is not
divisible many times by 2.
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2. Note that if there are {/;}", : W, — R which are continuous and G-equivariant, and
as long as 7; retain the same requirement, the~n all /; vanish at the same point in W, ;, as
long as > " ¢; < n — k since we can define [ = @!; and apply the theorem directly.

From this theorem we can conclude the following theorems:

Corollary 4.3 (Algebraic sign symmetry). Let {d;}",, k € N. Then for any

" k+d —1
(7

and for any homogeneous polynomials P; : R™ — R of degrees d; there exist k pairwise orthog-
onal vectors vy, . ..,v, € R" of length 1 such that

VS1, ., Sk € {—1, 1} ‘v’al, € R V1 S 1 S m PZ <Z§:1 CLj’Uj) = PZ (Z?:l Sj(lj’l]j) .
Proof of Corollary 4.3: For a monomial 2 over k variables, let k(o) € {0,1}* be equal to
« pointwise mod 2. Let Zj 4, be the space of real polynomials of degree d; over £ variables,
and Zj 4, to be the subspace of polynomials of degree d; over k variables in which k(a) # 0.
Define b; : Zy 4, — Zj 4, by simple projection. dim(Zyq,) < dim(Zyq4,) = (ijl). G has a
representation 7; on Zk,di by changing the signs of the coordinat;s. Define [ : Wn7k7—> DBi=1Lk 4,
by restricting the polynomial to the subspace, and | = @®;—1b;(1) : Wy, — @;=1Zx 4, . This is
a (G-equivariant function. Therefore by the theorem it vanishes at some point. Therefore there
exist (v1, vz, .., Ux) € Wi, on which the polynomials are even in each coordinate- P;(}_; a;v;) =

PZ(Z] +a;v;) =

As a result this also gives an equivalent theorem on non-homogeneous polynomials.

Note that by taking the subspace that is invariant to GG and factoring along it before applying
the theorem, the theorem finds a fixed point.

In the case of odd d, this gives the results that are presented earlier by [7] and are better than
the one found in [1] (Technically a bit better than [7] since the proof skips over the difference in
dimension between Zj 4. and 7} 4,):

Corollary 4.4 (Odd algebraic Dvoretsky theorem). Let d, k € N, when d is odd. Let P : R" — R
be a homogeneous polynomial of degree d and (Hj_l) + k 4+ 1 < n. Then there exists a k-
dimensional subspace in which P = (.

Corollary 4.5 (Algebraic reflection symmetry). Let {d;}", k € N. Then for any
2k +d;i—1
> 2k
"> +;( . )
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and for any homogeneous polynomials P; : R" — R of degrees d; there exist 2k pairwise

orthogonal vectors x4, . .., To, € R™ of length 1 such that
k 2%k k 2k
Vai,...,a € R VI<i<m P (Z a;T; + Z ajxj> =P <Z @j4kT; + Z aj_kxj> .
j=1 j=k+1 j=1 j=k+1

Proof of Corollary 4.5: Let 2k = k’. Then define {z; fil aS V; = Tj + Tivk, Vivk = Tj — Titk
for 1 <14 < k. Then the theorem holds on these coordinates by changing the signs of v; . (This
is the trick from Section 2) O

We believe that there may be a way to repeatedly use theorems which are structurally similar
to the previous ones to reach a proof of the algebraic Dvoretzky’s theorem using the method
demonstrated by [7].

5 Proof of Theorem 1.4

Proof. We will use Theorem 4.2. Recall that it claims that under certain conditions {£1}"-
equivariant functions from W, ;, to RY achieve 0, even without it being a restriction of a polyno-
mial.

As seen in [22, Theorem 2], for any continuous function S*~! — R there is a polynomial of
degree d that approximates the function to cw(k/d) in L.

Define h(E) = EN X for E € W, ;. Note that —h(E) = h(E) since X is symmetric.

For every £ € W, there is a unique John position ellipsoid Jg in h(E). Note that the
ellipsoid Jg varies continuously with E since there is a unique ellipsoid on every selection and
the space is a compact. Moreover, —Jg = Jg. There is a unique linear transformation diag-
onal Ly € GL(FE) on the axes of the ellipsoid and taking the John ellipsoid to a unit sphere:
Lg(Jg) = S*! (however the choice of axes may not be unique). Note that Ly continuously
depends on E. The composition of these two functions gives a continuous function b’ = Lg(h)
from TW,, ;. into the set of convex bodies lying between S*~* and v/£S*~1. Note that 1’ is O(k)-
equivariant.

For E € W, define gg : S*~! — R to be the distance from 0 to the boundary of //(E) in
that direction:gg(v) = max{A| v € h'(E)}. Therefore gr depends continuously on F and is
O(k)-equivariant. As a result of the John position of #/(E) being S*~1, 1 < gp < Vk and g is
\/E-Lipschitz.

Let us choose a function f; : W, — @fZOZk,T which takes E to a polynomial f;(FE) of
degree d such that |% — 1| is minimal up to a factor of 2. In addition, define f5 : W, —
Zi.2 @ Zy1 which defines the equation which defines Jg by Jg = {f» = 1}. By averaging out
over O(k) and smoothing along W, ;, with a partition of unity, it is possible to make the choice of
both f; continuous and O(k)-equivariant. Note that this averaging does not increase ]% — 1]
so it is minimal up to a factor of 2.

12



Note that O(k)-invariance contains {+1}*-invariance. By Theorem 4.2, if n—k > 27, (" +
(k+§_1) + ("17Y), F(E) = fi(E) & f»(E) at some subspace E is {#1}*-invariant. This means
that f;(E) and f5(F) are both even in relation to the same k-basis. As a result, Lz is diagonal in
this basis. ~

By the stated above theorem, [fi(E) — gpleo < cw(k/d). Since 1 < gz and gj is VE-
Lipschitz, cw(k/d) < ck®?/d and, as a result, ]%}f) —1|oo < ck®2/d.

Define T]’; to be the shape such that for direction v € Sk=1 the distance from 0 to the
boundary of 77 along this direction is f; (E)(v). This shape is {+1}*-invariant. Therefore Tz =
LEI(T;E) is also {=1}*-invariant since shapes that are even on the coordinates are preserved by
diagonal linear operations on those coordinates. .

By the construction of T and g, for large enough d, (1 — ck*?/d)h/(E) C Tj C (1 +
ck®? /d)N (E). Therefore (1 — ck*?/d)h(E) C Tp C (1 + ck®?/d)h(E).

Therefore if you set ¢ = c%/z then Theorem 1.4 follows, on the condition that n — k >
Zfzo (HT_I) + (k+§_1) + (kﬂ_l) and ¢ = c%/z. Fixing € and £ gives d = c@ shows that the

condition rfollows from the requierment of T'heorem 1.4:

k3/2 3
— )<
() <n

O

Note that, as with the polynomial, it is possible to find a subspace which is e-unconditional
for multiple convex bodies. Also, it is probably possible to expand this proof to general convex
bodies. In this case Ly is an affine transformation and v/k is replaced by k.

6 Affine Dvoretsky’s theorem

By expanding on the proof in [21, Chapter 4] using concentration of measure, it is possible to
generate an affine version of Dvoretsky’s theorem:

Theorem 6.1. There exists ¢ > 0 so that for any norm || - || in RY there exists an embedding
T : R™ — RY 50 that the following holds: Assume r > 0. Let Ep : SN — SN=1n Im(T)*
be an embedding which preserves distances. Let M; be defined to be the average over SN~ of
|| - ||- Define b to be the minimal value so that || - || < b| - |. Then if = € SN=""!is chosen

ce2 M2N

uniformly, then with probability 1 — (¢)""le™ 27

| || Tx + rEr(2)||
V1+72M;

—1|<e

for all x € S ' and some ¢ > 0.
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7 Proof of c-Dvoretsky in the 1-symmetry case utilising the
Hall Marriage theorem

Lemma 7.1. Let || - || be a norm in RY which is I1-symmetric. Let u,v € RY so that |u;| < |vy).
Then ||u]| < [[v]l.

The proof of this lemma can be done by induction on the coordinates. For each coordi-
nate, since w; € [—|v, |vil], (vi,..,u;,..,vN) is a weighted average of (v1,..,v;,..,vx) and
(U1, .0y — V4, oy UN ).

Lemma 7.2. Let ||- || be a norm in RN which is 1-symmetric. Let {1, .., N'} be a union of disjoint

N . kea, |kl
subsets A;. Let u,v € RY so that if i € Aj, then u; = —3—. Then ul| < |v]].
J
Proof. Let o € RY be such that (0); = |v;]. Since || - || is 1-symmetric, ||9]| = ||v]].

Let T be the set of permutations of {1, .., N'} so thatif o € Tand i € Aj, then o (i) € A;.

Then w is equal to taking the 7" permutations of V' and averaging them with equal weight.
Since norms obey the triangle inequality, this process cannot increase the norm, and as a result
[lull < [[oll. O

Note that a more general result can be achieved by not taking equal weights.

While the following theorem leads to a significantly worse result than Tikhomirov [26, The-
orem 1] (N > (4[2%)”) for fixed ¢, and worse than Bourgain-Lindenstrauss [4, Theorem 2]
(N > ¢(n)|log(e)] (%)%) for fixed n, the proof is distinct. The proof is inspired by the proof of
the existence of the Haar measure introduced apparently by Wilhelm Maak [8, page 60-62] and

presented in [21].

Theorem 7.3. Let n € N be large enough, ¢ > 0 small enough. Let || - || be a norm in RY which

is I-symmetric. If N > (1 + M)” then there exists a subspace F of dimension n and ¢ > 0 so
thatVv € E,

(1= e)efo] < Jof| < (1 + €)cfv|
where | - | is the standard Euclidian norm.

Proof. Let § = o=, Let X = {x;}%_, be a choice of the smallest d-net on S™~*. By [21,
Lemma 2.6], there exists a 6-net of S™~! of size N and therefore k < N. Let u,v € S™!, and
A be an orthogonal matrix so that Av = u. Then AX = {A(x;)}F_, is also a minimal J-net.
Assume to contradiction that there exists a subset () C {1,..,k} so that the 2d-neighbourhood
of {z;}icq has contains strictly less than |()| points from the set AX. Then the union of these
points in AX and {z;};¢¢ is a strictly smaller 6-net, which is a contradiction. Therefore by the
Hall Marriage Theorem, there exists a permutation o on {1, .., k} so that d(xz;, A(x,(;))) < 20.
Therefore

(s 23) = (0, 2o 0) | = [, 23) = (u, Ao ) = [, 20 = Alzo()))] < 20
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and therefore if 70 = ((0,21), ..., (0, xx)), and (70), = ({0, To(1)), .-, (0, Tor))), then ||T0]| =
1(T0),]|], and |Tu — (T0) 4|00 < 20.

The definition of a Haar measure from [21, Chapter 1] gives that the density of a Haar mea-
sure is a limit of densities given by minimal e-nets. The Haar measure is isotropic, and therefore
for small enough ¢, the density of e-nets on caps is almost isotropic (up to a muliplication factor
of 2 for large enough caps).

Therefore, since N is large enough, and ¢ is small enough, if we observe any coordinate of X
and take the average of the largest g of them, the result is larger than ﬁ which is proportional to
the projection of the density of the Haar measure of the positive half-sphere onto said coordinate.
Therefore

1T = (Tv)e| < 10v/nd||Tv|| = e[| Tv]]

which gives the desired result since u, v € S"~! are arbitrary.
O

Note that the main reason that the result is worse than Bourgain-Lindenstrauss [4, Theorem
2] is the inequality |(u, z; — A(z4(;)))| < 26 which only uses |(vq, va2)| < |v1||va]

8 Borsuk-Ulam generalisation

Theorem 4.1 is a slight generalisation of [14, Theorem 2.1] in that it only requires the conse-
quences of the implicit function theorem at 0 instead of requiring regularity at 0. In turn, it is
a generalisation of the geometric proof of the standard Borsuk-Ulam theorem presented in [16,
Section 2.2]. The geometric proof of the standard Borsuk-Ulam theorem is attributed to Bar “any
[2], Meyerson and Wright [17] among others.

The standard Borsuk-Ulam theorem is a particular case of this theorem in the following
manner:

Let G = {£1} with an action on S™ which takes the antipodal point and the sign action on
R”. For a smooth function f : S* — R™ define f(z) = f(x) — f(—z), which is an antipodal
function. Finally, defining F* (21, 29, ..xn, xn11) = (71, T2, ..2x) is a G-equivariant, smooth
function which has a preimage of size 2 around 0. Therefore the theorem holds, so f vanishes at
some point giving an equality f(z) = f(—=x)

Proof of Theorem 4.1. This is a slight expansion of the proof from [14, Theorem 2.1]. We will
assume to contradiction.
|G|

Let L = sup(w). X has a standard metric M since it is a compact and smooth manifold.

Since G acts freely, there exists 0 < ¢ = inf({M(x,gx)|z € X,g € G,g # 1}).
Define o : [0,1] x X + RY as o(t) = (1 — t) fiest + th, and denote oy(z) = o(t,x). Itis

smooth and o; is G-equivariant.
For v € RY, let o(v) be its orbit under G.
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By the Sard Theorem, the set of critical values of o has measure 0. On the other hand, the
image of oy already has full measure. Therefore, for almost all |v| < ¢/L, 07'(v) is a one-
dimensional submanifold of [0, 1] x X that intersects 0 x X transversally. with {o~1(v) N ({0} x
X)} = |G|. Therefore for almost all |v| < €/L, this is true for the whole of o(v). We can also
assume WLOG that |o(v)| = |G|. Therefore for almost all |v| < €/L, | fi.4(0(v))| = |G|

Since they are preimages of different values, o~ (g(v)) do not intersect for different g € G.
As a result, for almost all |[v| < €¢/L, 07 '(o(v)) is a smooth one-dimensional submanifold of
0,1] x X.

Since it is a smooth one-dimensional manifold, o~'(o(v)) is a union of connected one-
dimensional manifolds- segments and cycles. Since it intersects {0} x X transversally, the
connected elements which intersect {0} x X are not cycles. Therefore, since the values are
regular, they must terminate at the edge of [0, 1] x X whichis {{0} x X} U {{1} x X}. Since
they are preimages of different values, o~'(o(v)) do not intersect for different ¢ € G. Let
x € {{0} x X}. Assume that the connected component A which starts from x terminates at
y € {{0} x X}. Then fist(z) = fiest(y). Let 2’ be the element of o(y) that shares the same
U; as = (¢’ = gy). Let B be the connected component connected to z’. Then A = ¢gB. Since
almost all values are regular, if |v| is small enough then there exist continuous parametrisations
& wig 1 [0,1] — A, Bsothat Vz € [0,1],d(&1(2), &2(2)) < ¢/4. However, there exists a contin-
uous function ¢ : [0, 1] — [0, 1] so that g&2(2) = & (¥(2)). ¥(0) = 1,4(1) = 0. Therefore there
exists z € [0, 1] so that ¢)(z) = z. Therefore g&2(2) = &1 (z). However, d(&1(2),&2(2)) < ¢/4.
which means that d(g&>(z), &2(2)) < ¢/4 which contradicts the definition of ¢.

O
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