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1 Introduction

The problem of optimal transport has been studied since Monge in 1781. In its modern formulation,
we are given two probability measures, say on Rn, and are tasked with finding a map T , which
transfers µ to ν, and is optimal in the sense that it minimizes an average cost Ex∼µ[c(x, T (x))],
for some predetermined cost function c : Rn × Rn → R. The most studied choice of such a cost
function is c(x, y) = |x− y|p/p, for some p > 0, though we will consider only the case p ≥ 1.

The most natural question one can ask of this problem is the existence and uniqueness of
solutions to it. Under the mild assumption that the source measure µ is absolutely continuous, it
turns out that there is always such an optimal transport map, and if p > 1 then it is unique. If
p = 1, such a map need not be unique even for simple cases. For example, if µ, ν are the uniform
probability measures on [0, 1], [1, 2] respectively, then both T (x) = x + 1 and T (x) = 2 − x are
optimal. However, there is some uniqueness property: For any measures µ, ν, we can associate a
Lipschitz function with Lipschitz constant 1, called the Kantorovich potential of the pair, and it is
unique up to an addition of a constant.

In general, the potentials are a pair of real-valued functions maximizing a dual formulation of the
optimal transport problem. Specifically, they are a pair (φ,ψ), such that φ(x) + ψ(y) ≤ c(x, y) for
all x, y ∈ Rn, and which maximize Ex∼µ[φ(x)] + Ex∼ν [ψ(x)] among such functions. For example,
for p = 1, the potentials turn out to be ±u, where u is the aforementioned Lipschitz function;
and for p = 2, they are convex functions which are Legendre transforms of each other. Another
natural question is robustness of these potentials, or of the optimal transport maps, depending on
variations in the measures µ, ν. It is indeed true that the potentials and the transport maps depend
continuously on the measures µ, ν. A more complex question is about the modulus of continuity of
such maps - e.g., are they α-Hölder continuous, for some α > 0. This turns out to be much more
difficult to prove. Only recently have there been proofs of some results under reasonably general
assumptions. These results apply to the cases p > 1, and results relating to stability of potentials
have not been obtained for the case p = 1. The research shown in this thesis works in this direction.

The thesis is organized as follows. Chapter 2 contains a brief background on optimal transport.
Chapter 3 is a survey of recent results on stability results that have been obtained recently in the
cases of p greater than 1. Then, the final two chapters have novel results. Chapter 4 details results
I have obtained on stability in the case p = 1, and various assumptions on the source and target
measure. Finally, chapter 5 shows some applications of these stability results, mainly focusing on
a stable version of the transport convolution inequality.

2 Background on Optimal Transport and Other Results

In this section, we lay the basic theory of optimal transport. The main sources we will use through-
out this chapter are the works of Ambrosio [1, 2], Santambrogio [12], and Villani [13].

2.1 Basic Definitions and Formulation

Let µ, ν be probability measures over some measure spaces X,Y respectively. We denote by Π(µ, ν)
the set of all joint probability measures π on X × Y that have µ, ν as their marginals. In concrete
terms, π ∈ Π(µ, ν) if and only if π(X × A) = µ(A), π(B × X) = ν(B) for all measurable subsets
A ⊆ X,B ⊆ Y . Note that π(µ, ν) is always nonempty: For instance, the product measure µ⊗ ν is
in Π(µ, ν). Elements of Π(µ, ν) will also be called transport plans.
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A cost function will be a measurable function c : X × Y → [0,∞]. Given a transport plan
π ∈ Π(µ, ν) and a cost function c, we define the total cost of the plan as

Ic(π) =

∫
X×Y

c(x, y)dπ(x, y),

And the Kantorovich optimal transport cost between µ and ν is defined as

Tc(µ, ν) = inf
π∈Π(µ,ν)

Ic(π). (1)

It is possible to have Ic(π) = ∞ for all transport plans π, in which case Tc(µ, ν) = ∞. If π ∈ Π(µ, ν)
minimizes (1), it is called an optimal transport plan.

This is the Kantorovich formulation of optimal transport. The original problem Monge described
was slightly different; informally, in the Kantorovich formulation, each x ∈ X can map to multiple
y ∈ Y , but Monge described each x ∈ X mapping to a single y ∈ Y . More formally, we look
at the set of all maps T : X → Y such that T#µ = ν, which means that T is measurable and
ν(A) = µ(T−1(A)) for all measurable subsets A ⊆ Y . Denote this set as M(µ, ν), and note that
unlike the Kantorovich formulation, this set can be empty; for example, if µ is a Dirac mass, then
T#µ will also be a Dirac mass for any map T . Therefore, if µ is a Dirac mass but ν is not, M(µ, ν)
is empty. Given a transport map T and a cost function, we can analogously define its total cost to
be

Ic(T ) =

∫
X

c(x, T (x))dµ,

And the Monge optimal transport cost between µ and ν is defined as

Tmc (µ, ν) = inf
T∈M(µ,ν)

Ic(T ). (2)

Similarly to the Kantorovich formulation, a minimizer to (2) is called an optimal transport map. If
T is a transport map, we can define π = (Id, T )#µ; then it is easy to check that π ∈ Π(µ, ν), and
Ic(π) = Ic(T ). Therefore, the Kantorovich formulation is broader than the Monge formulation; in
particular, we always have Tc(µ, ν) ≤ Tmc (µ, ν).

We will mostly be deal with the Monge formulation, i.e. with optimal transport maps. However,
the Kantorovich formulation will be important to us. It is very hard to prove directly that the Monge
problem admits a solution. As we will see, however, the Kantorovich problem has a solution in a
broad number of cases, and it is then possible to prove that a solution to the Kantorovich problem
is also a solution to the Monge problem.

2.2 Existence and Duality of Optimal Transport Plans

In this section, we prove the existence of optimal transport plans under rather general assump-
tions. We narrow down the spaces X,Y to be Polish spaces, which means that they are separable
complete metric spaces. We use Polish spaces because probability measures on such spaces obey
some convenient properties. In particular, Prokhorov’s theorem, described below, allows us to use
a compactness argument to prove the existence of a minimizer to the Kantorovich problem.

Theorem 1 (Prokhorov’s Theorem). Let X be a Polish space. A set Σ of probability measures
on X is compact in the weak topology if and only if for every ε > 0 there exists a compact subset
K ⊆ X such that µ(X\K) ≤ ε for every µ ∈ Σ.
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The proof of Prokhorov’s theorem is rather technical, see [11] for example. The special case
where Σ consists of a single element is easier.

Lemma 1. Let X be a Polish space, µ a probability measure on X. Then for every ε > 0 there
exists a compact subset K ⊆ X such that µ(X\K) ≤ ε.

Proof. Let {xn}∞n=1 be a countable dense subset of X. Then
⋃∞
n=1B1/m(xn) = X for every m ∈ N,

so there exists some km > 0 such that

µ

(
X\

km⋃
n=1

B1/m(xn)

)
≤ ε/2m

Denote Km =
⋃km
n=1B1/m(xn), and let K =

⋂∞
m=1Km. By definition, then, K is closed and totally

bounded, hence compact; and

µ(X\K) ≤
∞∑
m=1

µ(X\Km) ≤
∞∑
m=1

ε

2m
= ε.

To state the theorem we want to prove, we also define a notion of semicontinuity.

Definition 1. Let X be a Polish space. A function f : X → [−∞,∞] is called lower semicontinuous
if
f(x) ≤ lim infn→∞ f(xn) whenever limn→∞ xn → x.

There is another, equivalent definition to lower semicontinuity, at least in the case of nonnegative
functions.

Lemma 2. Let X be a Polish space. A function f : X → [0,∞] is lower semicontinuous if and
only if there exist bounded nonnegative continuous functions fn such that f = supn fn.

Proof. If f = supn fn, with fn continuous, and xm → x, then

f(x) = sup
n
fn(x) = sup

n
lim
m→∞

fn(xm) ≤ lim inf
m→∞

sup
n
fn(xm) = lim inf

m→∞
f(xm).

The other direction is a bit more involved. First, note that any nonnegative continuous function f
is certainly the supremum of bounded continuous functions (simply take fn = min{f, n}). There-
fore, it’s enough to show that any nonnegative lower semicontinuous function is the supremum of
nonnegative continuous functions. If f ≥ 0 is lower semicontinuous and d is the distance on X,
we define fn by fn(x) = infy∈X f(y) + nd(x, y). Then we need to verify some things: That fn is
continuous, that fn ≤ f , and that supn fn = f .

For continuity of fn, note that fixing y, the function f(y)+nd(x, y) is Lipschitz continuous and
nonnegative, with Lipschitz constant n. This means that fn is the infimum of Lipschitz functions
with the same Lipschitz constant and which are bounded from below, so it is continuous, and even
Lipschitz.

By definition, we have fn(x) ≤ f(x) + nd(x, x) = f(x), so supn fn(x) ≤ f(x). The hard part
is proving that supn fn(x) ≥ f(x), and this is where lower semicontinuity of f will come into play.
Let yn ∈ X such that fn(x) ≥ f(yn) + nd(x, yn)− 2−n. Then fn(x) is bounded by f(x), so

nd(x, yn) ≤ f(x) + 2−n − f(yn) ≤ f(x) + 2−n ≤ f(x) + 1.
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In other words, nd(x, yn) is bounded as n→ ∞. Therefore, d(x, yn) → 0 as n→ ∞, or equivalently
yn → x. By lower semicontinuity of f , we get

sup
n
fn(x) ≥ lim inf

n→∞
f(yn) + nd(x, yn)− 2−n ≥ lim inf

n→∞
f(yn) ≥ f(x).

Now, we can state the theorem proving existence of optimal transport plans.

Theorem 2. Let X,Y be Polish spaces, µ, ν probability measures on X,Y respectively, c : X×Y →
[0,∞] lower semicontinuous. Then there exists an optimal transport plan between µ, ν for the cost
c.

Proof. We first prove that Π(µ, ν) is weakly compact. Indeed, by lemma 1, for every ε > 0 there
exists compact subsets K1 ⊆ X,K2 ⊆ Y such that µ(X\K1), ν(Y \K2) ≤ ε/2. Then for every
π ∈ Π(µ, ν) we have

π((X × Y )\(K1 ×K2)) ≤ π((X\K1)× Y ) + π(X × (Y \K2)) = µ(X\K1) + ν(Y \K2) ≤
ε

2
+
ε

2
= ε,

therefore, by Prokhorov’s theorem Π(µ, ν) is compact.
Now, let πn ∈ Π(µ, ν) be a sequence of transport plans such that Ic(πn) → Tc(µ, ν). By

compactness of Π(µ, ν), there exists a subsequence πnk converging to some π ∈ Π(µ, ν) in the weak
topology. Also, by lemma 2, we can write c = supm cm, where cm are bounded and continuous.
Then by the monotone convergence theorem and the definition of weak convergence, we have

Ic(π) = Eπ[c(x, y)] = Eπ
[
sup
m
cm(x, y)

]
= sup

m
Eπ[cm(x, y)] = sup

m
lim
k→∞

Eπnk [cm(x, y)]

≤ lim inf
k→∞

sup
m

Eπnk [cm(x, y)] = lim inf
k→∞

Eπnk [c(x, y)] = lim inf
k→∞

Ic(πnk) = Tc(µ, ν).

So Ic(π) ≤ Tc(µ, ν), and since Ic(π) ≥ Tc(µ, ν) by definition, we get that Ic(π) = Tc(µ, ν), so that
π is optimal.

Next, we discuss a dual formulation to the Kantorovich problem.

Theorem 3. Let X,Y be Polish spaces, µ, ν probability measures on X,Y , c : X × Y → [0,∞]
lower semicontinuous. Then

min
π∈Π(µ,ν)

∫
X×Y

c(x, y)dπ = sup
(φ,ψ)∈Φc(µ,ν)

∫
X

φdµ+

∫
Y

ψdν, (3)

where

Φc(µ, ν) = {(φ,ψ) : φ ∈ L1(µ), ψ ∈ L1(ν), φ(x) + ψ(y) ≤ c(x, y)∀x ∈ X, y ∈ Y }.

We call a maximizer to the right hand side in (3) a Kantorovich potential. They will prove
useful to us later, when analyzing the Monge problem, since we will be able to construct optimal
transport maps using the potentials.
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Note that one direction of the equality in (3) is easy: If φ(x) + ψ(y) ≤ c(x, y), then for every
π ∈ Π(µ, ν): ∫

X×Y
c(x, y)dπ ≥

∫
X×Y

φ(x) + ψ(y)dπ =

∫
X

φ(x)dµ+

∫
Y

ψdν.

The hard part, will therefore be to prove the other direction of the inequality.
To gain an idea of the proof, we can imagine fixing some function φ : X → [ − ∞,∞], and

considering what is the largest corresponding ψ so that φ(x) + ψ(y) ≤ c(x, y) for all x ∈ X, y ∈ Y .
Swapping sides, we get ψ(y) ≤ c(x, y) − φ(x); therefore, the largest value ψ(y) can achieve is the
infimum of c(x, y)− φ(x), over all possible x ∈ X. This leads us to the following definition.

Definition 2. Let φ : X → [−∞,∞] such that φ(x) > −∞ for some x ∈ X. The c-transform of
φ is defined as

φc(y) = inf
x∈X

c(x, y)− φ(x).

We say that a function ψ : Y → [−∞,∞) is c-concave if ψ = φc for some function φ. Similarly,
for ψ : Y → [−∞,∞] such that ψ(y) > −∞ for some y ∈ Y , we define

ψc(x) = inf
y∈Y

c(x, y)− ψ(y),

and φ : X → [−∞,∞) is c-concave if φ = ψc for some function ψ.

Note that our definition of c-concavity includes the constant function −∞; however we will
mostly ignore this case.

There is a technical subtlety in the definition - it is not a priori obvious that φc is even mea-
surable, since it is the supremum of a possibly uncountable family. However, if c is continuous and
yn → y, then −φc is lower semicontinuous, since it is the supremum of continuous functions. It is
not hard to see that lower semicontinuity is equivalent to (φc)−1(−∞,−a) = (−φc)−1(a,∞) being
open for every a ∈ R, which implies that φc is measurable in this case.

For convenience, we show some basic properties of the c-transform.

Proposition 1. Let φ : X → [−∞,∞]. Then

a. For all x ∈ X, y ∈ Y we have
φ(x) + φc(y) ≤ c(x, y).

b. φ ≤ φcc.

c. φccc = φc.

d. ψ : Y → [−∞,∞) is c-concave if and only if ψcc = ψ.

Analogous properties also hold for ψ : Y → [−∞,∞].

Proof. (a) follows directly from the definition of the c-transform. Swapping sides, we get φ(x) ≤
c(x, y)− φc(y), and taking the infimum we see that

φ(x) ≤ inf
y∈X

c(x, y)− φc(y) = φcc(x),
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which proves (b). For (c), we have

φccc(y) = inf
x∈X

c(x, y)− φcc(x) = inf
x∈X

c(x, y)− inf
y′∈X

c(x, y′)− φc(y′)

= inf
x∈X

c(x, y)− inf
y′∈X

c(x, y′)− inf
x′∈X

c(x′, y′)− φ(x′)

= inf
x∈X

sup
y′∈X

inf
x′∈X

c(x, y)− c(x, y′) + c(x′, y′)− φ(x′)

≤ inf
x,x′∈X

sup
y′∈X

c(x, y)− c(x, y′) + c(x′, y′)− φ(x′)

≤ inf
x∈X

sup
y′∈X

c(x, y)− c(x, y′) + c(x′, y′)− φ(x)

= inf
x∈X

c(x, y)− φ(x) = φc(x).

This proves that φccc ≤ φc. By (b), we know that φccc ≥ φc, so we conclude that φccc = φc.
Finally, (d) is an easy consequence of (c).

To connect between optimal transport plans and c-concave functions, we introduce the notion
of cyclical monotonicity.

Definition 3. A set Γ ⊆ X × Y is c-cyclically monotone if, for any finite set of points
(x1, y1), . . . , (xk, yk) ∈ Γ, it holds that

k∑
i=1

c(xi, yi) ≤
k∑
i=1

c(xi, yi+1),

where we define yk+1 := y1.

Since every permutation is a product of cycles, this definition is equivalent to

k∑
i=1

c(xi, yi) ≤
k∑
i=1

c(xi, yπ(i)),

for every π ∈ Sk.
The link between optimal transport and cyclical monotonicity is demonstrated in the following

proposition.

Proposition 2. a. Suppose c is continuous, and let µ, ν be probability measures over X,Y such
that Tc(µ, ν) < ∞. If π is an optimal transport plan between µ and ν, then the support of π
is c-cyclically monotone.

b. Moreover, the union of the supports of all optimal transport plans between µ and ν is c-
cyclically monotone.

Proof. We first prove (a). Assume otherwise, so there exist (x1, y1), . . . , (xk, yk) ∈ supp(π) such
that

k∑
i=1

c(xi, yi) >

k∑
i=1

c(xi, yi+1).
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Then by continuity of c and the definition of support, there exist open neighborhoods xi ∈ Ui, yi ∈ Vi
such that π(Ui × Vi) > 0, the sets Ui × Vi are pairwise disjoint, and

k∑
i=1

c(x′i, y
′
i) >

k∑
i=1

c(x′i, y
′
i+1),

for any x′i ∈ Ui, y
′
i ∈ Vi. Let A =

⋃k
i=1 Ui × Vi, B =

⋃k
i=1 Ui × Vi+1. Let πi = π|Ui×Vi/π(Ui × Vi).

Define the measure σ to be the product measure of all the πis on
∏k
i=1X × Y . Also denote by

ui, vi the projections onto the i-th copy of X,Y respectively; then (ui, vi)#σ = πi. Now, for α > 0
let π′ be the signed measure defined by

π′ := π + α

k∑
i=1

((ui, vi+1)#σ − (ui, vi)#σ) = π + α

k∑
i=1

((ui, vi+1)#σ − πi).

If α is small enough so that απ(Ui × Vi) ≤ 1 for all i, then απi ≤ π on Ui × Vi, so π
′ is a positive

measure. In fact, π′ is a probability measure, since

π′(X × Y ) = π(X × Y ) + α

k∑
i=1

((ui, vi+1)#σ(X × Y )− πi(X × Y )) = 1 + α

k∑
i=1

(1− 1) = 1.

Also, π′ has the same marginals as π, since for example, denoting πx to be the projection to the
first coordinate coordinate,

πx#π
′(X × Y ) = πx#π + α

k∑
i=1

(πx ◦ (ui, vi+1))#σ − πx ◦ (ui, vi))#σ)

= πx#π + α

k∑
i=1

(ui#σ − ui#σ) = πx#π.

Now, a simple computation gives us:

I(π′)− I(π) = α

k∑
i=1

(∫
X×Y

c(x, y)d((ui, vi+1)#σ)−
∫
X×Y

c(x, y)d((ui, vi)#σ)

)
= α

∫
∏k
i=1X×Y

c(ui, vi+1)− c(ui, vi)dσ < 0,

which is a contradiction, since we assumed π was optimal.
For (b), let (x1, y1), . . . , (xk, yk) belong to optimal transport plans π1, . . . , πk respectively. Then

π :=
1

n

n∑
i=1

πi,

is also an optimal transport plan, whose support contains (x1, y1), . . . , (xk, yk). Therefore (b) follows
from (a).

The next definition draws inspiration from convex analysis.
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Definition 4. Let φ : X → [−∞,∞) be a c-concave function. The c-superdifferential of φ is
defined for each x ∈ X as

∂cφ(x) = {y ∈ Y : φ(z) ≤ φ(x) + c(z, y)− c(x, y)∀z ∈ X},

and ∂cφ =
⋃
x∈X ∂cφ(x).

Note that if ψ = φc, then φ(x) + ψ(y) = c(x, y) if and only if y ∈ ∂cφ(x). Indeed, we always
have φ(x) + ψ(y) ≤ c(x, y), and

φ(x) + ψ(y) ≥ c(x, y) ⇔
ψ(y) ≥ c(x, y)− φ(x) ⇔

c(z, y)− φ(z) ≥ c(x, y)− φ(x)∀z ⇔
φ(z) ≤ φ(x) + c(z, y)− c(x, y)∀z ⇔

y ∈ ∂cφ(x) ⇔ .

Also, suppose φ is not identically −∞, and φ(x) = −∞. Then there exists some z ∈ X such that
φ(z) > −∞, and then φ(z) > φ(x) + c(x, z) − c(x, y) for all y, since the right hand side is always
−∞. Therefore, in this case ∂cφ(x) is empty.

The c-superdifferential allows us to prove the following theorem.

Theorem 4. A set Γ ⊆ X × Y is c-cyclically monotone if and only if it is contained in the
c-superdifferential of a c-concave function φ : X → [−∞,∞) that is not identically −∞.

Proof. First, assume Γ ⊆ ∂cφ, and let (x1, y1), . . . , (xk, yk) ∈ Γ. By the remark preceding the
theorem, φ(xi) > −∞ for all i. Then we have

φ(xi−1)− φ(xi) ≤ c(xi−1, yi)− c(xi, yi),

and summing over all possible i-s, the terms on the left hand side cancel out, and we are left with

0 ≤
k∑
i=1

c(xi−1, yi)− c(xi, yi) =

k∑
i=1

c(xi, yi+1)− c(xi, yi).

For the other direction, let Γ be c-cyclically monotone. Fix some (x0, y0) ∈ Γ. Define φ : X →
[−∞,∞) as

φ(x) := inf
k∈N,(x1,y1),...,(xk,yk)∈Γ

c(x, y1)+c(x1, y2)+. . .+c(xk, y0)−c(x0, y0)−c(x1, y1)−. . .−c(xk, yk).

Then, by c-cyclical monotonicity of Γ, we have φ(x0) = 0, so φ is not identically −∞.
Now, let (x, y) ∈ Γ, and z ∈ X. Take (x1, y1) := (x, y) and (x2, y2), . . . , (xk, yk) ∈ Γ, then

φ(z) ≤ c(z, y1) + c(x1, y2) + . . .+ c(xk, y0)− c(x0, y0)− c(x1, y1)− . . .− c(xk, yk)

= c(z, y)− c(x, y) + c(x, y2) + . . .+ c(xk, y0)− c(x0, y0)− c(x2, y2)− . . .− c(xk, yk),

and taking the infimum over all (x2, y2), . . . (xk, yk), we get

φ(z) ≤ c(z, y)− c(x, y) + φ(x).

Since z was arbitrary, we have y ∈ ∂cφ(x), which is what we wanted to prove.

8



Now, we can begin proving theorem 3. We first discuss a special case, where the supremum in
(3) is actually a maximum.

Proposition 3. Assume c is continuous, and that Tc(µ, ν) < ∞. Then there exists a c-concave
pair of functions φ,ψ such that if π is an optimal transport plan between µ and ν, and (x, y) are
in the support of π, then φ(x) +ψ(y) = c(x, y). If, in addition, we assume that the set of all y ∈ Y
for which ∫

X

c(x, y)dµ(x) <∞, (4)

has positive ν-measure, and similarly the set of all x ∈ X for which∫
Y

c(x, y)dν(y) <∞, (5)

has positive µ-measure, then φ ∈ L1(µ), ψ ∈ L1(ν), and we have∫
X×Y

c(x, y)dπ =

∫
X

φdµ+

∫
Y

ψdν.

Proof. By proposition 2 and theorem 4, the union of the supports of all optimal transport plans is
contained in the c-superdifferential of a c-concave function φ. If ψ = φc, then we have y ∈ ∂cφ(x)
whenever (x, y) ∈ supp(π) for an optimal transport plan π, which as we saw is equivalent to
φ(x) + ψ(y) = c(x, y). Therefore we can try and write∫

X×Y
c(x, y)dπ =

∫
X

φdµ+

∫
Y

ψdν. (6)

To make this argument correct, we need to prove that the integrals on the right hand side actually
exist, and that the expression is not of the form ∞−∞. This would then prove the integrals are
finite, since the left hand side is. To this end, we will show the integrals exist and are not ∞ by
proving that the nonnegative parts φ+, ψ+ are integrable.

We first prove that φ,ψ > −∞ almost everywhere. Indeed, if φ(x) = −∞, then ∂cφ(x) = ∅, but
supp(π) is concentrated on the superdifferential of φ. If we define A = {x : ψ(x) = −∞}, then this
means that A × Y ∩ supp(π) = ∅, so π(A × Y ) = 0, and therefore µ(A) = 0. A similar argument
holds for ψ.

Since φ(x)+ψ(y) ≤ c(x, y), we have φ+(x) ≤ c(x, y)−ψ(y). Fixing y to be such that condition
(4) holds and ψ(y) ̸= −∞, we see that φ+(x) ∈ L1(µ). Similarly, ψ+(x) ∈ L1(ν). Therefore, the
integrals in (6) are not ∞, so they in fact converge.

Proof of theorem (3). For c that is bounded and continuous, the theorem follows from the previous
result; in fact, in this case the dual problem admits a maximizer. For general c, we express
c = supn cn, where cn are bounded continuous functions. Then there exist (φn, ψn) ∈ Φcn(µ, ν)
that are maximizers to the dual problem for cost cn. Passing to the limit, we get

sup
(φ,ψ)∈Φc(µ,ν)

∫
X

φdµ+

∫
Y

ψdν ≥ lim sup
n→∞

∫
X

φndµ+

∫
Y

ψndν = lim sup
n→∞

∫
X×Y

cn(x, y)dπ

≥
∫
X×Y

lim
n→∞

cn(x, y)dπ =

∫
X×Y

c(x, y)dπ,

and the other direction of the duality was already proven.
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This concludes the proof of the duality of optimal transport. The final result we will need relates
back to cyclical monotonicity. As it turns out, this property is rather useful, and we would like
to show optimal transport plans are concentrated on c-cyclically monotone sets even when c isn’t
continuous.

Proposition 4. Suppose c is lower semicontinuous, and let π be an optimal transport plan. Then
there exists a c-cyclically monotone set Γ ⊆ X × Y such that π(Γ) = 1.

Proof. For the proof, we will use duality. Let (φn, ψn) ∈ Φc(µ, ν) be such that

lim
n→∞

∫
X

φndµ+

∫
Y

ψndν =

∫
X×Y

c(x, y)dπ,

then the functions fn(x, y) = c(x, y) − φn(x) − ψn(y) are nonnegative, and fn → 0 in L1(π).
Therefore, taking a subsequence if necessary, we have fn → 0 π-almost everywhere. Let Γ be a set
of full measure on which fn → 0. Then if (x1, y1), . . . (xk, yk) ∈ Γ, we have

k∑
i=1

c(xi, yi) = lim
n→∞

k∑
i=1

φn(xi) + ψn(yi) = lim
n→∞

k∑
i=1

φn(xi) + ψn(yi+1) ≤
k∑
i=1

c(xi, yi+1).

For a single polish space X = Y , the most important examples of cost functions are cp(x, y) =
d(x, y)p, where p ≥ 1. We define Wp = Tcp(µ, ν)

1/p. This turns out to define a distance, called
the Wasserstein metric. The only difficult part is the triangle inequality. We will use the following
theorem, allowing us to ”glue” probability measures.

Theorem 5 (Lebesgue gluing theorem). Let µ1, µ2, µ3 be probability measures over X1, X2, X3

respectively. Let π1 be a coupling of µ1 and µ2, and π2 be a coupling of µ2 and µ3. Then there
exists a unique joint probability distribution π on X1×X2×X3, whose marginal on X1×X2 is π1,
and whose marginal on X2 ×X3 is π2.

If µ1, µ2, µ3 are probability measures, π1 is an optimal transport plan between µ1, and π2 is an
optimal transport plan between µ2 and µ3, then let π be the joint probability measure given above,
and let π3 be the marginal of π on X1 ×X3. Then π3 is a transport plan between µ1 and µ3, so by
the Minkowski inequality

Wp(µ1, µ3) ≤ ∥d(x, y)∥Lp(π3) = ∥d(x1, x3)∥Lp(π) ≤ ∥d(x1, x2)∥Lp(π) + ∥d(x2, x3)∥Lp(π)
= ∥d(x, y)∥Lp(π1) + ∥d(x, y)∥Lp(π2) =Wp(µ1, µ2) +Wp(µ2, µ3),

which proves the triangle inequality.

2.3 Optimal Transport in Euclidean Space, p > 1

So far, our setting has been rather general, with measures over an arbitrary Polish space, cost
functions which are arbitrary lower semicontinuous functions on that space. However, we will now
restrict to the more concrete setting of X = Y = Rn, and cost functions of the form c(x, y) =
|x− y|p/p, for some p ≥ 1.

Our aim is to study the existence and uniqueness of optimal transport maps in the Euclidean
setting. To state the theorems, we will need to define some notion of approximate differentiability.
First, we define the density of a point in a set.
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Definition 5. Let A ⊆ Rn, x ∈ Rn. The density of A at x is defined to be

lim
ε→0

|A ∩Bε(x)|
|Aε(x)|

.

We recall also the well known Lebesgue density theorem.

Theorem 6 (Lebesgue density theorem). Let A ⊆ Rn. Then almost every point x ∈ A has density
1 in A.

Now we define the notion of approximate differentiability.

Definition 6. Let f : Rn → [−∞,∞]. We say that f is approximately differentiable at a point
x ∈ Rn if there exists a function g differentiable at x, such that the set {y ∈ Rn : f(y) = g(y)} has
density 1 at x. In this case, we denote ∇̃f(x) = ∇g(x).

Note that from this definition, it is obvious that if the approximate differential exists, it is unique
since if g1, g2 are two functions that agree with f on a set with density 1 at x, then g1 = g2 on a
set of density 1 at x, so ∇g1(x) = ∇g2(x).

Aside from this, we will make use of some standard differentiability theorems, due to Rodemacher
and Aleksandrov.

Theorem 7 (Rodemacher’s theorem). Let U be an open subset of Rn, and let u : U → R be
Lipschitz. Then u is differentiable almost everywhere.

Theorem 8 (Aleksandrov’s theorem). Let A be a convex subset of Rn, and let f : Rn → R be
convex. Then f is twice differentiable almost everywhere, that is there exist ∇Af(x), D

2
Af(x) such

that
f(z) = f(x) +∇Af(x) · (z − x) +D2

Af(x)(z − x) · (z − x) + o(|z − x|2)

For almost every x ∈ A.

Now, we can state our main theorem. In the following, for v ∈ Rn, α ∈ R, we write vα = |v|α−1v.

Theorem 9 (Optimal transport, the case p > 1). Let p > 1. Let µ, ν be probability measures on
Rn, with µ absolutely continuous. Then:

• There exists an almost everywhere unique optimal transport plan between µ and ν for the cost
c(x, y) = |x− y|p/p, and that plan is induced by a transport map T .

• There exists a c-concave function φ which is approximately differentiable µ-almost everywhere,
and T (x) = x− (∇̃φ)(1/(p−1)).

• The transport map T is approximately differentiable µ-almost everywhere, and the derivative
∇̃T is diagonalizable with nonnegative eigenvalues.

• If ν is also absolutely continuous, then T is injective almost everywhere and T−1 is the optimal
transport map from ν to µ.
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Proof. By proposition 3, there exists a pair (φ,ψ) of c-concave functions, such that any optimal
transport plan π between µ and ν is supported on the c-superdifferential of φ. Because φ is c-
concave, we can write

φ(x) = inf
y∈Rn

|x− y|p

p
− ψ(y). (7)

Define

φR(x) = inf
y∈Br(0)

|x− y|p

p
− ψ(y),

so φR is Lipschitz on BR(0), since it is the infimum of Lipschitz functions with the same Lipschitz
constant. For µ-almost all x ∈ Rn, the infimum on (7) is achieved for some y ∈ Rn, so we have
φ(x) = φR(x) when R > |y|. Denoting AR := {x ∈ Br(0) : φ(x) = φR(x)}, by Lebesgue’s density
theorem and Rodemacher’s theorem we see that φ is approximately differentiable at almost every
point x ∈ AR. Since µ is absolutely continuous, we get that φ is approximately differentiable
µ-almost everywhere.

If (x, y) ∈ supp(π), then we have

φ(x) + ψ(y) =
|x− y|p

p
,

so x maximizes
|x′ − y|p

p
− φ(x′),

which means, by taking gradients, that

(x− y)(p−1) = ∇̃φ(x).

From here, it is obvious that y is unique almost everywhere and given by y = x− (∇̃φ)(1/(p−1)).
For the proof of the third point, we will use Aleksandrov’s theorem on the potential φ. Of

course, this is not immediately applicable since φ is not convex. We will instead rely on a weak
form of semi-concavity. For each triplet (B,B′, B′′) of open balls containing each other with rational
centers and radii, let

NB,B′,B′′ = {x ∈ B : T (x) ∈ B′′\B′},

and

φB,B′,B′′ = inf
y∈B′′\B′

|x− y|p

p
− φc(y).

Because the minimum defining φ is attained at T (x), we have φB,B′,B′′ = φ on NB,B′,B′′ . Also,
for y ∈ B′′\B′, |x − y|p/p is differentiable on B and the derivative is C-Lipschitz, for some C :=
C(B,B′, B′′) <∞ independent of y. Therefore, the functions

|x− y|p

p
− φc(y)− C

2
|x|2,

are all concave in x, and so is φB,B′,B′′ − C
2 |x|

2, since it is the infimum of concave functions.
By Aleksandrov’s theorem, φB,B′,B′′ is twice differentiable almost everywhere, and therefore φ is
approximately twice differentiable almost everywhere on A :=

⋃
(B,B′,B′′)NB,B′,B′′ = {x : T (x) ̸=

x}. Since T is a smooth function of the approximate gradient of φ, it is approximately differentiable
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almost everywhere on A. Outside of A, T is the identity. Therefore it is approximately differentiable
on any point with density 1, which is almost every point by the Lebesgue density theorem.

For simplicity, we denote f(x) = |x−y|p
p in what follows. We need to prove that ∇̃T is diago-

nalizable with nonnegative eigenvalues. This is clear if T (x) = x, so we assume otherwise. If φ is
approximately twice differentiable at x, as shown before x minimizes f(x′ − y)− φ(x′). Therefore,
the hessian of this function is totally nonnegative, so

D2f(x− T (x)) ≥ D̃2φ(x).

Letting f∗ be the Legendre transform of f , we have that ∇f,∇f∗ are inverses. Also note that
T (x) = x−∇f∗(∇̃φ(x)), so(

D2f∗(∇̃φ(x))
)−1

= D2f(∇f∗(∇̃φ)) = D2f(x− T (x)) ≥ D̃2φ(x).

Define A := D2f∗(x − T (x)), B := −D̃2φ(x). Note that by the chain rule, ∇̃T (x) = I + AB, and
we know that A−1 ≥ −B. Let C be a symmetric positive definite matrix such that C2 = A. Then
we can write

C(id + CBC)C−1 = CC−1 + C2BCC−1 = I +AB,

and since I + CBC is symmetric, this proves that ∇̃T is diagonalizable. If v is any vector, we can
write

⟨(I + CBC)v, v⟩ = ⟨v, v⟩+ ⟨Cv,BCv⟩ ≥ |v|2 ≥ ⟨Cv,A−1Cv⟩ = |v|2 − ⟨v, v⟩ = 0,

which proves that all eigenvalues of I+CBC, and hence all eigenvalues of I+AB, are nonnegative.
For the fourth point, let π be the optimal transport plan induced by T ; we can regard it as a

transport plan π′ from ν to µ, which is optimal as a transport plan. Since ν is absolutely continuous,
by the first point, π′ is induced by a transport map T ′ from ν to µ. Then the sets {(x, T (x) : x ∈ Rn}
and {(y, T ′(y)) : y ∈ Rn} have full π-measure, and so does their intersection; therefore T (T ′(x)) for
µ-almost all x, and T ′(T (y)) for ν-almost all y.

Let us discuss in more detail the implications of this theorem on the special case p = 2. Consider
the dual problem. If φ,ψ are the potentials associated to µ, ν, then they maximize∫

φdµ+

∫
ψdν,

subject to

φ(x) + ψ(y) ≤ |x− y|2/2 =
1

2
(|x|2 + |y|2)− x · y.

Substituting φ′ = |x|2/2 − φ and similarly for ψ, we end up with the equivalent minimization
problem ∫

φ′dµ+

∫
ψ′dν,

subject to
φ′(x) + ψ′(y) ≥ x · y.
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Recall that φ,ψ are c-transforms of each other. If we translate this to φ′, ψ′, we get

ψ′(y) =
|y|2

2
−ψ(y) = sup

x

|y|2

2
− |x− y|2

2
+φ(x) = sup

x
x·y− x2

2
+φ(x) = sup

x
x·y−φ′(x) := (φ′)∗(y),

and a similar expression for φ′. This star operation is known as the Legendre transform — note
that it is the supremum of affine functions, so it defines a convex function, i.e. φ′, ψ′ are convex.
By the theorem we proved before, we know that the optimal transport map is x − ∇φ = ∇φ′, so
it is the gradient of a convex function. This map is called the Brenier map pushing µ to ν. The
condition φ(x) + ψ(T (x)) = c(x, y) turns into the Fenchell-Young inequality and equality:

φ(x) + ψ(y) ≥ x · y,
φ(x) + ψ(∇φ(x)) = x · ∇φ(x).

We also note that as a consequence, the gradients ∇φ,∇ψ are inverses of each other.
Before moving on to the case p = 1, we will discuss interpolation. For two measures µ0, µ1,

with µ0 absolutely continuous, let T be the optimal transport map between µ0 and µ1 for the cost
|x− y|p. We interpolate between µ0 and µ1 by defining Tt = tT + (1− t)id, and then µt = Tt#µ0.
The relevant fact for us is that µt is absolutely continuous for every t < 1. This is a consequence
of the following lemma:

Lemma 3. Let µ0, µ1 be probability measures over Rn, with µ0 absolutely continuous, and let T be
an optimal transport map from µ0 to µ1 for the cost |x− y|p. Let Tt(x) = tT (x) + (1− t)x. Then
for t < 1, T is injective µ0-almost everywhere.

Proof. The case t = 0 is obvious, so we may assume that 0 < t < 1. Suppose that Tt(x) = Tt(y).
Denote a = T (x)− x, b = T (y)− y. Note that we have x = Tt(x)− ta, y = Tt(y)− tb. By c-cyclical
monotonicity, for µ0-almost all pairs x, y we have

|a|p + |b|p = |T (x)− x|p + |T (y)− y|p ≤ |T (y)− x|p + |T (x)− y|p

= |ta+ (1− t)b|p + |tb+ (1− t)a|p ≤ t|a|p + (1− t)|b|p + t|b|p + (1− t)|a|p = |a|p + |b|p,

and by strict convexity of | · |p, this implies that a = b, and therefore x = y, µ0-almost everywhere.

2.4 Optimal Transport in Euclidean Space, p = 1

Next, we discuss the case p = 1. This subsection will also be relevant in sections 4 and 5, which are
the crux of the thesis. In this case, there is no unique optimal transport plan. However, we have
the following theorem.

Theorem 10 (Optimal transport, the case p = 1). Let µ, ν be probability measures on Rn, with µ
absolutely continuous. Then:

a. There exists a (not necessarily unique) optimal transport map T from µ to ν for the cost
c(x, y) = |x− y|.

b. There exists a 1-Lipschitz function u such that, for any optimal transport map T , we have
|x− T (x)| = u(x)− u(T (x)).

14



While (a) will take some effort, (b) is quite easy to show, and follows from the fact that 1-
Lipschitz functions are exactly the c-concave functions in the p = 1 case. Indeed if u is 1-Lipschitz,
then u(x)− u(y) ≤ |x− y|, so

uc(y) = inf
x∈Rn

|x− y| − u(x) ≥ −u(y),

and
uc(y) = inf

x∈Rn
|x− y| − u(x) ≤ |y − y| − u(y) = −u(y),

which proves that u is c-concave, and uc = −u. On the other hand, an infimum of 1-Lipschitz
functions is still 1-Lipschitz, as long as it is not −∞.

According to proposition 3, there exists a 1-Lipschitz function u such that

u(x)− u(y) = u(x) + uc(y) = |x− y|,

for every (x, y) in the support of an optimal transport plan π. This leads us to the following
definition.

Definition 7. Let u be 1-Lipschitz. A transport ray of u is a maximal segment [x, y] in Rn such
that u(x) − u(y) = |x − y|, maximal here meaning it is not contained in any larger such segment.
We call a transport ray nondegenerate if x ̸= y.

Note that if u(x)− u(y) = |x− y| and z lies between x and y, then

u(x)− u(z) = u(x)− u(y)− (u(z)− u(y)) ≥ |x− y| − |z − y| = |x− z|.

On the other hand, u(x)−u(z) ≤ |x−z| because u is 1-Lipschitz; this shows that u(z) = |x−z|−u(x),
so u is linear on the segment [x, y]. This allows us to define a total ordering on each transport ray:

Definition 8. Let u be 1-Lipschitz. We define a total order on each transport ray of u by x ≥ y if
and only if u(x) ≤ u(y).

If (x, y) ∈ supp(π), then as before u(x) − u(y) = |x − y|, so x, y belong to the same transport
ray, and x ≤ y on this transport ray.

Given a transport ray [x, y], we call the open segment (x, y) the interior of the transport ray.

Proposition 5. Let u be a 1-Lipschitz function, and let [x, y] be a transport ray. Then u is
differentiable on its interior, and its derivative equals

∇u =
x− y

|x− y|
.

Proof. Let e := x−y
|x−y| . The directional derivative of u along e is 1, since u increases linearly on

[x, y]. We first prove the derivative in directions orthogonal to x − y vanishes. Let z lie on (x, y),
and let e′ be a unit vector orthogonal to e. Define δ := u(z+ te′)−u(z), and let t0 be small enough
so that z ± t0e ∈ (x, y). Then

δ + t0 = u(z + te′)− u(z) + u(z)− u(z − t0e) = u(z + te′)− u(z − t0e) ≤ |te′ + t0e| =
√
t2 + t20,
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where the last step used the orthogonality of e and e′. Similarly,

δ − t0 = u(z + te′)− u(z) + u(z)− u(z + t0e) = u(z + te′)− u(z + t0e) ≤
√
t2 + t20.

Squaring these inequalities, we get

±2δt0 ≤ δ2 ± 2δt0 ≤ t2,

so that

|δ| ≤ t2

2t0
.

Now, if z′ ∈ Rn is close enough to z, we can write it as z′ = z′′ + te′, for some t ∈ R, z′′ ∈ (x, y),
and e′ orthogonal to e. Also, if z′ is close enough, we can pick a small t0, depending only on z, so
that z′′ ± t0e. Then by what we proved above, we have

u(z′)− u(z) = u(z′)− u(z′′) + u(z′′)− u(z) = O
(
t2
)
+ (z′′ − z) · e = (z′ − z) · e+ o(|z′ − z|),

since O(t2) = o(t) = o(|z′ − z|).

Now, fix an optimal transport plan π, which among all optimal transport plans for the cost
|x− y|, is optimal for the square cost |x− y|2 (such a plan exists by compactness, though it is not
immediate that it is unique). We want to prove that this plan is induced by a transport map. First,
we prove the following monotonicity property.

Proposition 6. Let π be a transport plan defined as above. Then π is concentrated on a set
Γ ⊆ Rn × Rn, with the following property: Let (x1, y1), (x2, y2) ∈ Γ, such that x1, x2, y1, y2 all
belong to one transport ray. If x1 < x2, then y1 ≤ y2.

Proof. We can define a new cost, c, by

c(x, y) =

{
|x− y|2 if x ≤ y,

∞ otherwise.

Then c is lower semicontinuous, and the condition on π is equivalent to it being optimal for the cost
c. Therefore π is concentrated on a c-cyclically monotone set Γ. We already know that x1 ≤ y1
and x2 ≤ y2, so we need to account for the possibility x1 < x2 ≤ y2 < y1. In that case, c-
cyclical monotonicity gives us (x1 − x2) · (y1 − y2) ≥ 0, which implies y1 ≤ y2, contradicting the
assumption.

Therefore, π is monotone on each transport ray. This also implies that the number of x for which
there exist multiple y such that (x, y) ∈ Γ is at most countable on each nondegenerate transport
ray. We want to conclude from this that this set has measure zero. For this we will first need the
following definition.

Definition 9. A function f is called countably Lipschitz if there exists a sequence {An}∞n=1 such
that

⋃∞
n=1An has full measure and f |An is Lipschitz for each n.

Proposition 7. Suppose li is a collection of nondegenerate oriented intervals such that the direction
v(x) of the line passing through x is a countably Lipschitz function, and Bi ⊆ li is countable for
each i. Then B :=

⋃
Bi has measure zero.
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Proof. If we look at the countable set of hyperplanes orthogonal to vectors with rational coordinates,
every nondegenerate line intersects at least one of these. By σ-additivity, we can assume that v
is Lipschitz and that there exists a hyperplane Y intersecting each line in the collection. Let
f : A→ Rn be defined as f(x, t) = x+ tv(x), defined on some set A ⊆ Y ×R. Then, the preimage
f−1(B) has only countably many points on each line of the form {x} × R. By Fubini’s theorem,
this implies that f−1(B) has measure zero, and therefore B has measure zero since the image of a
measure zero set under a Lipschitz map is still measure zero.

To complement this result, we want to prove that ∇u is countably Lipschitz. This will again
make use of Aleksandrov’s theorem.

Proposition 8. Let u be 1-Lipschitz. Then ∇u is countably Lipschitz.

Proof. Let Eh be the set of all points belonging to transport rays [x, y] that are at distance at least
h from the point x.

Let uh denote the restriction of u to Eh. We define a new cost function ch by ch(x, y) := fh(x−y),
where fh is any C2 function which is 1-Lipschitz and such that fh(x) = |x| if |x| ≥ h. Choose λh
to be greater than ∥D2f∥∞. Then we can write

u(z) = |x− z|+ u(x) = inf
x∈Rn

fh(x− z) + u(x),

and since the functions

fh(x− z) + u(x)− λh
|z|2

2
,

are all concave, so is

u(z)− λh
|z|2

2
.

Therefore, u is concave up to a smooth function. We finish by citing the following result.

Proposition 9. Let f be a convex function. Then ∇f is countably Lipschitz.

Proof of theorem 10. Let π be the optimal transport plan for the distance cost |x−y|, which is also
optimal for the cost |x− y|2. Then, we proved there exists a set Γ of full π-measure, such that for
every x, there are several options:

• x belongs to several transport rays, but then u is not differentiable at x; by Rodemacher’s
theorem, the set of all such x has Lebesgue measure 0.

• x belongs to a single nondegenerate transport ray, and there exist multiple y such that (x, y) ∈
Γ; by propositions 6, 7, and 8, the set of all such x also has Lebesgue measure 0.

• x belongs to a single nondegenerate transport ray, and there exists a single y on that ray such
that (x, y) ∈ Γ.

• Finally, x can not belong to any nondegenerate transport ray, and in that case u(x)− u(y) =
|x− y| implies that y = x, i.e. y is determined uniquely by x.

Because µ is absolutely continuous, we get that for µ-almost all x, there exists a unique y such that
(x, y) ∈ Γ. If we now define T (x) to be that unique y, we get that π is induced by T , so T is an
optimal transport map from µ to ν.
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Let us mention that according to proposition 6, for the transport map T constructed in the
proof and x1 < x2, we have T (x1) ≤ T (x2). In other words, T is monotone on each transport ray.

Next, we define the transport density.

Definition 10. Let µ, ν be probability measures, π an optimal transport plan. Then the transport
density (for some optimal transport plan π) is defined by

σ =

∫ 1

0

πt#(|y − x|π)dt,

where πt(x, y) = ty + (1− t)x.

Since the definition of σ depends on the choice of an optimal transport plan π, it is not necessarily
unique, however see proposition 11 below.

One notable fact about the transport density σ is that it obeys a sort of partial differential
equation.

Proposition 10. Let µ, ν be probability measures, and u, σ the potential and transport density
associated with µ, ν. Then

−∇ · (∇u · σ) = µ− ν,

where this equation is taken to hold in the sense of distributions.

Proof. Define Et to be equal to πt#(y − x)π, so that σ =
∫ 1

0
Etdt. Also define µt = πt#π. For

some test function φ ∈ C∞
c , we calculate:

d

dt

∫
Rn
φdµt =

d

dt

∫
Rn×Rn

φ(ty+(1− t)x)dπ =

∫
Rn×Rn

∇φ(ty+(1− t)x) · (y−x) =
∫
Rn×Rn

∇φdEt.

Interpreting this equation in the sense of distributions, we get that

d

dt
µt = −∇ · Et,

Note that −Et = ∇u|Et|; this follows from the fact that if (x, y) ∈ supp(π), then u(x) − u(y) =
|x− y|, so y − x is a positive multiple of −∇u(x) = −∇u(y). Therefore, we get

d

dt
µt = ∇ · (∇u|Et|).

Finally, integrating t from 0 to 1 we get

ν − µ = µ1 − µ0 =

∫ 1

0

d

dt
µtdt =

∫ 1

0

∇ · (∇u|Et|)dt = ∇ ·
(
∇u
∫ 1

0

|Et|dt
)

= ∇ · (∇u · σ).

We will not use this, but this equation allows us to prove that the transport density is unique
if µ or ν or absolutely continuous:

Proposition 11. Let µ or ν be absolutely continuous. Then σ is independent of π, and therefore
is unique.
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Proof. The proof uses the theory of disintegration of measures. The idea is that given a map
f : X → Y , a measure µ on X, and ν = f#µ, then we can disintegrate µ alongside the fibers of
f . We write µ = µy ⊗ ν, where µy is concentrated on f−1(y), and we take this to mean, for each
A ⊆ X measurable,

µ(A) =

∫
Y

µy(A)dν(y).

The Lebesgue disintegration theorem is the central result we will use. It states that this decompo-
sition always exists, and is unique almost everywhere.

Now, we explain how to use the disintegration theorem. Without loss of generality, assume µ is
absolutely continuous. Let S be the set of all points belonging to a single transport ray. Then S
has full measure, by Rodemacher’s theorem. Define a multivalued function R : Rn × Rn → Tu by
sending (x, y) to the transport rays containing x; then this function is uniquely defined µ-almost
everywhere inside S×Rn, so by absolute continuity of µ, it is well-defined µ-almost everywhere. Let
λ = R#π. Then disintegrate π as π = πr ⊗λ, and similarly σ = σr ⊗λ. Let the marginals of πr be
µr, νr. Then, note that σr is the transport density associated with µr. However, on one dimension,
this means that σr depends only on µr, νr, by proposition 10. Therefore, to finish the proof, we
need to prove that λ does not depend on π, and that µr, νr do not depend on π for λ-almost all r.

For λ, this is easy: Note that since R only depends on the first coordinate, λ(A) = π(R−1(A)) =
π(A × Ω) = µ(A). Also, we can write µ = µr ⊗ λ, so by uniqueness of disintegration µr does not
depend on π. For νr the argument is harder; note that we can not write ν = νr ⊗ λ since ν is not
necessarily absolutely continuous, and hence R is not defined ν-almost everywhere. Still, we can
write

νr = νSr + νS
c

r ,

where νSr is the second marginal of πr|Rn×S , and νS
c

r is the second marginal of πr|Ω×Sc . Now,
similarly to before, we have ν|S = νSr ⊗ λ, and so νSr does not depend on π. For νS

c

r , note that this
measure must be concentrated on the endpoints of the transport ray, since every other point on the
ray is differentiable. In fact, for λ-almost all r, νS

c

r cannot give mass to the lower endpoint. This
is because, denoting A to be the subset of Sc consisting of all x ∈ Rn which are lower endpoints of
such rays, we see that

0 = µ(Sc) ≥ µ(A) =

∫
R(Rn×Rn)

µr(A)dλ(r) =

∫
R(Sc×Rn)

µr({x(r)})dλ(r),

where x(r) is the lower endpoint of r. This proves the integrand is zero λ-almost everywhere.
To summarize, νS

c

r does not give mass to the lower endpoint of r, so it is a Dirac mass concen-
trated on the endpoint of the ray. However νr is a probability measure, and therefore the mass of
νSr is equal to 1 minus the mass of νS

c

r , which is not dependent on π, as we proved. Therefore we
are done.

We will use the following uniqueness result.

Proposition 12. Let µ or ν be absolutely continuous and with bounded supports. Then σ is
absolutely continuous.

Proof. Without loss of generality, assume µ is absolutely continuous, and let T be the optimal
transport plan from µ to ν which is monotone on each transport ray. Let π be the transport plan
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induced by T , and define µt := ((1− t)id + tT )#µ = πt#π. Then it follows that

σ ≤ C

∫ 1

0

µtdt,

where C is chosen to be larger than |y − x| for all x ∈ supp(µ), y ∈ supp(ν); this is possible since
we assumed µ, ν are supported on bounded sets. It is enough, then, to prove that µt is absolutely
continuous for almost all t, and we will indeed prove it is absolutely continuous for all t < 1. We
first argue when ν = {y1, . . . , yk} is discrete. Define Ωi := T−1(yi), and Ωi(t) = Tt(Ωi). If x belongs
to two different Ωi(t)s, then it must lie on the line between two points yi, yj in the support of ν.
Denoting x = Tt(xi) = Tt(xj), where T (xi) = yi, T (xj) = yj , we see that xi, xj , x, yi, yj all lie on
the same line. If yi < yj , then xi < xj by monotonicity, but then x = Tt(xi) < Tt(xj) = x, which
is a contradiction.

Therefore, Ωi(t) are all disjoint for each t < 1. Then for each subset A ⊆ Rn, we have

µt(A) =

k∑
i=1

µt(A ∩ Ωi(t)) =

k∑
i=1

µt

(
A ∩ Ωi(t)− txi

1− t

)
= µ

(
k⋃
i=1

A ∩ Ωi(t)− txi
1− t

)
.

By translation invariance of the Lebesgue measure, we have∣∣∣∣∣
k⋃
i=1

A ∩ Ωi(t)− txi
1− t

∣∣∣∣∣ ≤ |A|
(1− t)n

.

Because µ is absolutely continuous, for every ε there exists δ := δε > 0 such that |A| ≤ δ implies
µ(A) ≤ ε. Then, choosing δε(t) = δε/(1 − t)n, we see that |A| ≤ δε(t) implies that µt(A) ≤ ε, so
µt is absolutely continuous. If ν is a general measure, we can express it as a weak limit of discrete
measures νn. If A is open and |A| ≤ δε(t), then

µt(A) ≤ lim inf
n→∞

µnt (A) ≤ ε,

which shows that µt is absolutely continuous.

2.5 Entropic Optimal Transport

Next, we discuss a variation on the optimal transport problem, called entropic optimal transport.
The content of this subsection is taken from [9].

We first define the concept of relative entropy. For two probability measures π, ρ on a space X,
we define the relative entropy to be

H(π|ρ) =
∫
X

ln

(
dπ

dρ

)
dπ = Eρ

[
dπ

dρ
ln

(
dπ

dρ

)]
,

and if π is not absolutely continuous with respect to ρ, we define H(π|ρ) = ∞. By convexity of
h(z) = z ln z, we see that H(·|ρ) is convex and nonnegative (by Jensen’s inequality).

Lemma 4 (Pinsker’s inequality). dTV (µ, ν) ≤
√
2H(µ|ν). Here the total variation dTV is the L1

distance between the densities, according to some (arbitrary) reference measure.
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Proof. If µ is not absolutely continuous with respect to ν, the inequality is trivial. Therefore,
assume µ is absolutely continuous with respect to ν, and let f = dµ

dν . We have the inequality
3(x− 1)2 ≤ (4 + 2x) · (x lnx− x+ 1), so by Hölder’s inequality

3∥µ− ν∥2TV = Eν
[√

3|f − 1|
]2

≤ Eν
[√

4 + 2f ·
√
f ln f − f + f

]2
≤ Eν [4 + 2f ] · Eν [f ln f − f + 1] = 6H(µ|ν).

Proposition 13. Suppose that πn is a sequence of probability distributions on a space X, such that
H(πn|ρ) is bounded. Then πn has a weakly convergent subsequence.

Proof. Denote by fn the Radon-Nikodym derivatives of πn. Then we know that Eρ[h(fn)] is
bounded by M < ∞. Let ε > 0, and choose C = e−ε. Then we have that εh(x) > x for
x > C, and therefore∫

fn(x)>C

fndρ ≤ ε

∫
fn(x)>C

h(fn)dρ ≤ ε

∫
X

h(fn)dρ ≤ εM.

This shows that the sequence fn is uniformly equiintegrable, which is known to imply that fn has
a weakly convergent subsequence.

Theorem 11. Suppose that πn is a sequence of probability measures, such that

lim sup
m,n→∞

H

(
πn + πm

2

∣∣∣∣ρ) ≥ lim
n→∞

H(πn|ρ). (8)

Then the Radon-Nikodym derivatives fn = dπn
dρ converge in L1, or equivalently the πn converge in

total variation.

Proof. Denote πn,m = (πn + πm)/2, fn,m = (fn + fm)/2. Then we have

2H(πn,m|ρ) = Eρ
[
fn ln

(
dπn,m
dρ

)]
+ Eρ

[
fm ln

(
dπn,m
dρ

)]
= Eρ

[
fn ln

(
dπn,m
dπn

)]
+ Eρ

[
fn ln

(
dπn
dρ

)]
+ Eρ

[
fm ln

(
dπn,m
dπm

)]
+ Eρ

[
fm ln

(
dπm
dρ

)]
= −H(πn|πn,m) +H(πn|ρ)−H(πm|πn,m) +H(πm|ρ),

and after rearranging:

H(πn|ρ) +H(πm|ρ)− 2H(πn,m|ρ) = H(πn|πn,m) +H(πm|πn,m).

Note that the left hand side converges to 0, by (8) and the fact that H(·|ρ) is convex. Then the
terms on the right hand side also converge to 0. By Pinsker’s inequality, we have

dTV (πn, πm) = ∥fn − fm∥L1(ρ) ≤ ∥fn − fn,m∥L1(ρ) + ∥fn,m − fm∥L1(ρ)

≤
√

2H(πn|πn,m) +
√

2H(πm|πn,m) → 0.

Therefore, πn is a Cauchy sequence, so it converges.
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Theorem 12. Suppose that K is a set of probability measures absolutely continuous with respect
to ρ, such that the set of densities of measures in K is convex and closed in L1(ρ). Suppose also
there exists µ ∈ K such that H(µ|ρ) <∞. Then

a. there exists a unique minimizer π∗ for H(·|ρ) in K.

b. If π0 is such that, denoting f0 = dπ0

dρ , we have Eπ[ln f0] ≥ H(π0|ρ) for all π ∈ K, then
π0 = π∗.

Proof. a. Let a be the infimum of H(π|ρ) among π ∈ K, and let πn be a sequence such that
limn→∞H(πn|ρ) = a. Then H(πn+πm2 |ρ) ≥ a by assumption, but on the other hand by
convexity H(πn+πm2 |ρ) ≤ 1

2H(πn|ρ) + 1
2H(πm|ρ) → a. Therefore the conditions for theorem

11 are fullfilled, and we have πn → π∗ ∈ K, which must then be a minimizer. Uniqueness
follows by the strict convexity of h(x) = x lnx.

b. Let π ∈ K such that H(π|ρ) <∞. We calculate:

H(π|ρ) = Eπ
[
ln

(
dπ

dρ

)]
= Eπ

[
ln

(
dπ

dπ0

)]
+ Eπ

[
ln

(
dπ0
dρ

)]
= H(π|π0) + Eπ[ln f0],

so
H(π|ρ) ≥ H(π|ρ)−H(π|π0) = Eπ[ln f0] ≥ H(π0|ρ).

This inequality certainly holds if H(π|ρ) = ∞, so we get that π0 minimizes H(π0|ρ).

We state the following corollaries to the theorem.

Corollary 1. Suppose that H(π0|ρ) < ∞, and Eπ[ln f0] is constant on the set of measures in K
with finite entropy. Then π0 = π∗.

Proof. This follows from part (b) of the theorem.

Corollary 2. Let ψ1, . . . , ψn : Rn → R, and let K = {π : Eπ[ψi] = 0 ∀1 ≤ i ≤ n}. Then K has a
unique minimizer of the form

dπ∗

dρ
= aeb1ψ1+...+bnψn , (9)

for any probability measure ρ. Also, π∗ is the unique measure in K expressible this way.

Proof. If such an expression exists, by the previous corollary π∗ is indeed the optimizer. The
proof that such an expression exists involves Lagrange multipliers, see [9, Example 1.18] for more
details.

Returning to optimal transport, we now consider the case where K = Π(µ, ν), for some proba-
bility measures µ ∈ X, ν ∈ Y . We assume that X,Y are polish spaces. We also write ρ1 ∼ ρ2 to
mean that ρ1 is absolutely continuous with respect to ρ2, and vice versa.
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Theorem 13. Suppose that π∗ ∈ Π(µ, ν) is an optimizer for H(π|ρ), where ρ is a probability
measure on X × Y which satisfies ρ ∼ µ⊗ ν. Then π∗ can be uniquely characterized as the unique
probability measure in Π(µ, ν) for which the exist functions φ ∈ L1(µ), ψ ∈ L1(ν) such that

dπ∗

dρ
= eφ+ψ,

and moreover, φ,ψ are unique up to an additive constant.

Proof. Because X and Y are separable, the conditions defining Π(µ, ν) can be summarized as∫
X

fidπ = 0,

∫
Y

gidπ = 0, (10)

for suitable countable dense families fi, gi. Denote K = Π(µ, ν), and let Kn be the set of all proba-
bility measures π obeying (10) for i = 1, . . . , n. Then Kn are closed and convex, and K =

⋂∞
n=1Kn.

For each Kn, by corollary 2, the minimizer πn of H(π|ρ) among π ∈ Kn is of the form dπn
dρ = eφn+ψn

for suitable φn, ψn. Now note that πn+πm
2 ∈ Kmax(n,m), so lim supn,m→∞H

(
πn+πm

2 |ρ
)
≥ H(π∗|ρ),

which means the conditions of 11 are fulfilled, and the densities of πn converge in L1 to the density
of π∗. Recalling that convergence in L1 implies convergence almost everywhere of a subsequence,
we can write

dπ∗

dρ
= lim
n→∞

eφn+ψn

ρ-almost everywhere. So, we have that φn + ψn converges, and want to deduce that φn, ψn con-
verge. Here a somewhat technical measure-theoretic argument is required; if the convergence holds
everywhere, then we can force φn(x

∗) = 0 for some x∗ ∈ X, and now

φn(x) = φn(x) + ψn(y)− φn(x
∗)− ψn(y)

And the right hand side obviously converges, which implies that φn converges to some measurable
φ, and in that case ψn = (φn + ψn) − φn also converges. However, this argument requires some
modification in the case where the convergence holds merely ρ-almost everywhere.

Specifically, in this case, we have that the set A of (x, y) for which φn(x) +ψn(y) converges has
full measure. For each x ∈ X, let Ax denote the set of all y such that (x, y) ∈ A. Then by Fubini’s
theorem, almost all the sets Ax are of full measure, which proves the theorem.

Since ρ is absolutely continuous with respect to µ ⊗ ν, we can write e−c(x,y) = dρ
d(µ⊗ν) , where

c(x, y) : X ×X → R ∪ {∞}.
If dπdρ = eφ+ψ, then π = eφ+ψρ = eφ+ψ−c(µ⊗ ν). The marginals of π are then

π1(π) = eφ(x)
∫
X

eψ(y)−c(x,y)dν(y) · µ,

π2(π) = eψ(y)
∫
X

eφ(x)−c(x,y)dµ(x) · ν.

If π ∈ Π(µ, ν), then this leads us to the following equations, called the Schrödinger equations:

φ(x) = − ln

∫
X

eψ(y)−c(x,y)dν(y),

ψ(y) = − ln

∫
X

eφ(x)−c(x,y)dµ(x).

23



2.6 Other results

We will need a couple of other results in our study. We recall that a measure µ over Rn is called
log-concave if it is absolutely continuous, and its density is of the form e−ψ, where ψ : Rn → R is
a convex function. This can be seen to be equivalent to the density f satisfying f(ty + (1− t)x) ≥
f(y)tf(x)1−t for all x, y ∈ Rn, 0 ≤ t ≤ 1.

Theorem 14 (Brascamp-Lieb Inequality). Let µ be a log-concave probability measure, with density
e−ψ over Rn. Let f ∈ C2 ∩ L1(µ). Then

Varµ(f) ≤ E[∇f · (D2ψ)−1∇f ]. (11)

Proof. We will first define a sort of Laplacian corresponding to µ. If u, v ∈ C∞
c , we have by

integration in parts ∫
Rn
∂iu · vdµ =

∫
Rn
Diu · v · e−ψdx

= −
∫
Rn
u
(
∂iv · e−ψ − v · ∂iψ · e−ψ

)
= −

∫
Rn
u (∂iv − ∂iψ · v) dµ.

(12)

Therefore, if we define ∂∗i v = ∂iv − ∂iψ · v, (12) gives us∫
Rn
∂iu · vdµ = −

∫
Rn
u · ∂∗i vdµ. (13)

We now define the Laplacian operator (with respect to µ) to be

L(u) =

n∑
k=1

∂∗i (∂iu).

Note that by 13, the Laplacian operator satisfies the identity∫
Rn
L(u) · vdµ =

∑
i=1n

∫
Rn
∂∗i (∂iu) · vdµ

= −
n∑
i=1

∫
Rn
∂i(u) · ∂i(v)dµ = −

∫
Rn

∇u · ∇vdµ.

We want to compute the partial derivatives of L(u). To do this, we first compute how ∂i, ∂
∗
k

commute:
∂i(∂

∗
ku) = ∂i(∂ku− ∂kψ · u) = ∂kiu− ∂ikψ · u− ∂kψ · ∂iu

= ∂∗k(∂iu)− ∂ikψ · u.
Therefore,

∂iL(u) =

n∑
k=1

∂i(∂
∗
k(∂ku)) =

n∑
k=1

∂∗k(∂iku)− ∂ikψ · ∂ku

= L(∂iu)−
n∑
k=1

∂ikψ · ∂ku.
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Now, we have enough tools to compute the L2 norm of L(u):∫
Rn
L(u)2dµ = −

n∑
i=1

∫
Rn
∂iu · ∂iL(u)dµ

= −
n∑
i=1

∫
Rn
∂iu · L(∂iu)dµ+

n∑
i,k=1

∫
Rn
∂ikψ · ∂iu · ∂kudµ

=

∫
Rn

(D2ψ)∇u · ∇udµ+

n∑
i=1

∫
Rn

∥∂iu∥2dµ.

This implies in particular the following inequality:∫
Rn
L(u)2dµ ≥

∫
Rn

(D2ψ)∇u · ∇udµ. (14)

To deduce (11) from (14), we use the density of functions of the form L(u) in the subspace of zero-
mean functions in L2(µ). Specifically, if f ∈ C1∩L2(µ) and ε > 0, we can assume that

∫
Rn fdµ = 0,

and then there exists u ∈ C∞
c such that ∥f − L(u)∥2L2(µ) ≤ ε, or equivalently∫

f2dµ ≤ ε+ 2

∫
fL(u)dµ−

∫
L(u)2dµ ≤ ε− 2

∫
∇f · ∇udµ−

∫
(D2ψ)∇u · ∇udµ. (15)

Now we will use a general linear algebra fact. If A > 0, it has a square root
√
A > 0. If x, y are

vectors, then by the Cauchy-Schwarz inequality and the arithmetic-geometric inequality:

x · y =
√
Ax ·

√
A−1y ≤ (

√
Ax ·

√
Ax)1/2(

√
A−1y ·

√
A−1y)1/2

= (Ax · x)1/2(A−1y · y)1/2 ≤ 1

2
Ax · x+

1

2
Ay · y,

And by swapping sides, we find
−2x · y −Ax · x ≤ Ay · y.

Applying this to (15) we get ∫
f2dµ ≤ ε+

∫
(D2ψ)∇f · ∇fdµ,

and letting ε→ 0, we get the statement.
To finish the proof, we need to prove the density argument we used. To prove it, it is enough

to show that the only function orthogonal to L(u) for each u is 0. Let f be such a function, then∫
L(f)udµ =

∫
fL(u)dµ = 0,

so L(f) = 0. The equation L(f) = 0 defines an elliptic partial differential equation, and f is a weak
solution to it. By the regularity of weak solutions to elliptic equations, this implies that f is C∞.

A direct computation shows

L(f2) = ∆(f2)−∇ψ · ∇(f2) = 2|∇f |2 + 2f ·∆f − 2f∇f · ∇ψ
= 2|∇f |2 + 2fL(f) = 2|∇f |2,
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so if θ ∈ C∞
c , then∫
|∇(θf)|2dµ =

∫
|f∇θ + θ∇f |2dµ =

∫
(f2|∇θ|2 + 2fθ∇θ · ∇f + θ2|∇f |2)dµ

=

∫ (
f2|∇θ|2 + 1

2
∇(f2) · ∇(θ2) + θ2|∇f |2

)
dµ

=

∫ (
f2|∇θ|2 + 1

2
L(f2)θ2 + θ2|∇f |2

)
dµ =

∫
f2|∇θ2|dµ.

Recall we want to prove that f is constant, i.e. ∇f = 0. If we were able to choose θ = 1, this
would be obvious, however we need θ to be compactly supported. Therefore, let θk be a sequence
of smooth functions such that θk ≡ 1 on Bk(0), and |∇θk| ≤ 1/k. Then∫

Bk(0)

|∇f |2dµ ≤
∫

|∇(θkf)|2dµ =

∫
f2|∇θ2k|dµ ≤ 1

k2
∥f∥2L2(µ).

When k → ∞, the right hand side tends to zero. This means that |∇f | is zero almost everywhere,
so f is constant.

Another inequality we will use is the Prékopa-Leindler inequality.

Theorem 15 (Prékopa-Leindler Inequality). Let µ be a log-concave probability measure over Rn.
Let p ≥ 1, 0 < t < 1, f, g, h : Rn → R be such that, for all x, y ∈ Rn,

h(tx+ (1− t)y) ≥ f(x)tg(x)1−t.

Then
∥h∥L1(µ) ≥ ∥f∥tL1(µ)∥g∥

1−t
L1(µ).

The Prékopa-Leindler inequality can be derived from another transport related inequality, which
we will now describe.

Proposition 14. Let p > 1, µ0, µ1 measures, and T the optimal transport map from µ0 to µ1 for
the p-cost. Let Tt = tT + (1− t)Id), and µt = Tt#µ0. Then

µt(Tt(x)) ≤ µ0(x)
1−tµ1(T (x))

t. (16)

The proof relies on a formula on the push-forward of a measure. Specifically, if T#µ = ν, T
is approximately differentiable almost everywhere and injective, and f, g are the densities of µ, ν
respectively, then

f(x) = g(T (x))|det ∇̃T (x)|.

This formula is essentially the change of variables formula: Specifically, the change of variables
formula implies the integrals of the two sides on any measurable subset A ⊆ Rn coincide, since∫

A

g(T (x))|det ∇̃T (x)| =
∫
T (A)

g(x)dx = ν(T (A)) = µ(A).

Now, we prove the proposition.
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Proof of proposition 14. By theorem 9, ∇̃Tt is diagonalizable with nonnegative eigenvalues, so
det ∇̃Tt is nonnegative. Also, by lemma 3, Tt is injective almost everywhere, since µt is abso-
lutely continuous. Writing the push-forward equation in this case, we find that

µ0(x) = µt(Tt(x)) det ∇̃Tt(x) = µt(Tt(x)) det(t∇̃T + (1− t)I). (17)

Next, we use the fact that det(tA+ (1− t)I)1/n is concave in t, when A is diagonalizable and with
nonnegative eigenvalues. This first gives us

det(t∇̃T + (1− t)I) ≥
(
tdet ∇̃T 1/n + (1− t) det I1/n

)n
=

(
t

(
µ0(x)

µ1(x)

)1/n

+ (1− t)

)n
.

Plugging into (17), we conclude

µt(Tt(x)) ≤
µ0(x)(

t
(
µ0(x)
µ1(x)

)1/n
+ (1− t)

)n
=
(
tµ1(x)

−1/n + (1− t)µ0(x)
−1/n

)−n
≤ µ0(x)

1−tµ1(T (x))
t,

where the second inequality is just the arithmetic-geometric inequality.

Using this result, we can give a simple proof of the Prékopa-Leindler inequality.

Proof of the Prékopa-Leindler inequality. By normalizing, we can assume ∥f∥L1(µ) = ∥g∥L1(µ) = 1,
so it is enough to prove that ∥h∥Lp(µ) ≥ 1. Define µ0 = fdµ, µ1 = gdµ. If T is the transport map
between µ0 and µ1, the proposition and log-concavity of µ give us

µt(Tt(x)) ≤ µ0(x)
1−tµ1(T (x))

t = f(x)1−tµ(x)1−tµ(T (x))tg(T (x))t ≤ f(x)1−tg(T (x))tµ(Tt(x))

≤ h(Tt(x))µ(Tt(x))

Therefore
µt(x) ≤ h(x)µ(x).

Integrating, we get

1 =

∫
1dµt ≤

∫
h(x)dµ = ∥h∥L1(µ),

which is what we wanted to prove.

When dealing with the p = 1 case, we will consider the finiteness of integrals of the form∫
X

d(x, ∂X)−αdx, (18)

for 0 ≤ α < 1. It turns out that such integrals converge when X has rectifiable boundary. We recall
the definition of rectifiability in this case:

Definition 11. Let X ⊆ Rn be bounded. The boundary of X is said to be rectifiable if there exists
a bounded subset C ⊆ Rn−1 and a Lipschitz function f : Rn−1 → Rn such that ∂X ⊆ f(C).
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Proposition 15. Let X ⊆ Rn be a bounded set with rectifiable boundary, and let 0 ≤ α < 1. Then
the integral (18) is finite.

For the proof, we will use the concept of the Minkowski content. We denote Xt = {x ∈ X :
d(x, ∂X ≥ t)}, so ∂Xt = {x ∈ X : d(x, ∂X) = t).

Definition 12. Let Y ⊆ Rn−1. We define the upper (n− 1)-dimensional Minkowski content of Y
by

Mn−1(Y ) = lim sup
ε→0

|{x ∈ Rn : d(x, Y ) ≤ ε}|
ε

.

So, in case that Y = ∂X, we have

Mn−1(∂X) = lim sup
ε→0

|X\Xε|
ε

.

Theorem 16. Let X be a set with rectifiable boundary. Then

Mn−1(∂X) = Hn−1(∂X),

where Mn−1 is the n− 1-dimensional Minkowski content. In particular, the Minkowski dimension
of ∂X is n− 1.

For the proof, see [6, theorem 3.2.39]. In fact, we will only need a much weaker theorem: All
we need is for the Minkowski content Mn−1(∂X) to not be infinite, which is much easier to prove.

Proof. By definition, there exists a bounded subset A ⊆ Rn−1 and a surjective L-Lipschitz map
f : A→ ∂X. For a given ε > 0, we can cover A by C/εn−1 balls of radius ε, for some C depending
on A. Now if |x− y| ≤ ε for some y ∈ ∂X, then we can write y = f(z), and z lies in one of those ε
balls, say Bε(z

′). Then

|x− f(z′)| ≤ |x− f(z)|+ |f(z)− f(z′)| ≤ ε+ Lε = (L+ 1)ε.

Denoting C ′ = L+1, we get that X\Xε is covered by Cεn−1 balls of radius C ′ε. Since the volume
of a ball in Rn is proportional to the n-th power of the radius, we get the total volume of (∂X)ε is
bounded by

C ′′εn/εn−1 = C ′′ε,

which shows that ∂X has Minkowski dimension at most n− 1.

Proof of proposition 15. We know that Mn−1(∂X) < ∞, so there exists a constant C < ∞ such
that |X\Xε| ≤ Cε+ β(ε), where β(ε) = o(ε). Therefore,∫

X

d(x, ∂X)−αdx =

∫ ∞

0

|{x ∈ X : d(x, ∂X)−α ≥ s}|ds

≤
∫ 1

0

|X|ds+
∫ ∞

1

|X\X(1/s)1/α |ds

≤ |X|+ C

∫ ∞

1

1

s1/α
ds+

∫ ∞

1

β

(
1

s1/α

)
ds

<∞.

28



For C2 domains, we can actually derive a better result, determining the speed of convergence
to the limit defining the Minkowski content. We first note the following:

Proposition 16. Let X be a C2 domain. Then

• (Xt)s = Xt+s for all sufficiently small t, s,

• the quantity Hn−1(∂Xt) stays bounded as t→ 0.

We will use the theory of the geometry of tubes. We first prove the following.

Proposition 17. Let M be a C1 manifold, y ∈ Rn, and let x ∈M be the closest point in M to y.
Then x− y is normal to M at the point x.

Proof. Write M implicitly as {x : f(x) = 0}, for f ∈ C1. Then the closest point to y is the
minimizer of |x− y|2, subject to f(x) = 0. The lagrange multiplier is

L(x, λ) = |x− y|2 + λf(x)

Then we have, for the minimizer
2(x− y) + λ∇f(x) = 0

So, x− y is parallel to ∇f(x), which is perpendicular to the manifold.

Now, letM ⊆ Rn be a closed, oriented, n−1-dimensional, C2 submanifold, and denote by ν(m)
the unit normal vector to m ∈ M . Define a map F : M × R → Rn by F (m, t) = m+ tν(m). Note
that F is linear in t, and d

dtF = ν.

Proposition 18. F (−, t) is a diffeomorphism for small enough t > 0.

Proof. Because M is C2, the map F is continuously differentiable. At each point m ∈ M , we can
express the tangent space (Rn)m to m in Rn as a direct sum (Rn)m = di(Mm)⊕Rν(m), where i is
the inclusion map i :M → Rn.

Note that F |M×{0} is just i, so dF (m, 0)|Mm
is equal to di. Also, F |{m}×R is linear in t, and

the image dF (m, 0)|R0
is Rν(m). This proves that dF is surjective, hence an isomorphism at each

point (m, 0).
By the inverse function theorem, F is a local diffeomorphism in a neighborhood of M × {0}.

By compactness, there exists open sets U1, . . . , Uk such that
⋃k
i=1 Ui ⊆ M , and such that F |Ui

is a diffeomorphism for each i. Let d be the Lebesgue number of this covering; this means that
|m − m′| ≥ d if m,m′ do not belong to the same Ui for any i. Pick t0 small enough so that

F (M × [0, t0] ⊆
⋃k
i=1 Ui, and 2t0 ≤ d. Then, if m ̸= m′ do not belong to the same Ui, and t, t

′ ≤ t0,
we get that

|F (m, t)− F (m′, t′)| ≥ |m−m′| − |m− F (m, t)| − |m′ − F (m′, t′)| ≥ d− t− t′ ≥ d− 2t0 > 0,

which shows that F (m, t) ̸= F (m′, t′). If they do belong to the same open set, then F (m, t) ̸=
F (m′, t′) since F |Ui is a diffeomorphism for each i. This proves that F |⋃k

i=1 Ui
is injective, so it is

a diffeomorphism.
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Next, we introduce an object called the second fundamental form. The manifold M inherits a
Riemannian metric from Rn. Explicitly, if ∂1(m), . . . , ∂n−1(m) are local coordinates of Mm, g is
equal to

g(∂i(m), ∂j(m)) = ⟨∂iF (m, 0), ∂jF (m, 0)⟩.

Define the second fundamental form at point m ∈M to be the unique A satisfying

g(A∂i, ∂j) = −⟨ν(m), ∂ijF (m, 0)⟩.

Define Mt to be the image of F (M, t) with gt the induced Riemannnian metric from Rn. By
proposition 18, Mt is diffeomorphic to M for small enough t, so we can identify tangent vectors on
M and Mt. Then

∂i

〈
d

dt
F (m, t), ∂jF (m, t)

〉
=

〈
d

dt
∂iF (m, t), ∂jF (m, t)

〉
+

〈
d

dt
∂iF (m, t), ∂ijF (m, t)

〉
,

by the product rule. So:〈
d

dt
∂iF (m, t), ∂jF (m, t)

〉
= ∂i

〈
d

dt
F (m, t), ∂jF (m, t)

〉
−
〈
d

dt
F (m, t), ∂ijF (m, t)

〉
= ∂i⟨ν(m), ∂jF (m, t)⟩ − ⟨ν(m), ∂ijF (m, t)⟩
= −⟨ν(m), ∂ijF (m, t)⟩,

(19)

where the last equality follows from the fact that ν is perpendicular to any tangent vector, so
⟨ν(m), ∂jF (m, t)⟩ = 0. So, by the product rule again:

d

dt
gt(∂i, ∂j)

∣∣∣∣
t=0

=
d

dt
⟨∂iF (m, t), ∂jF (m, t)⟩

∣∣∣∣
t=0

=

〈
d

dt
∂iF (m, t), ∂jF (m, t)

〉 ∣∣∣∣
t=0

+

〈
∂iF (m, t),

d

dt
∂jF (m, t)

〉 ∣∣∣∣
t=0

= −2⟨ν(m), ∂ijF (m, 0)⟩ = 2g(A∂i, ∂j).

For t is small enough, we can define the second fundamental form also for the hypersurfaces Mt,
and denote it by A(t), so that A = A(0). We want to prove the following:

Proposition 19. There holds
A′(t) = −A2(t).

Proof. By (19), we have〈
d

dt
∂iF (m, t)

∣∣∣∣
t=t0

, ∂jF (m, t0)

〉
= −⟨ν(m), ∂ijF (m, t0)⟩ = gt0(A(t0)∂i, ∂j),

so〈
d

dt
∂iF (m, t)

∣∣∣∣
t=t0

, ∂jF (m, t0)

〉
= ⟨(A(t0)∂iF (m, t0)), ∂jF (m, t0)⟩ = ⟨dFm(A(t0)∂i), ∂jF (m, t0)⟩ .
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Because dF is an isomorphism, this implies that dFm(A(t0))∂i) =
d
dt∂iF (m, t)

∣∣
t=t0

. Note that A(t)
is clearly self adjoint by definition, so we get

gt0(A
2(t0)∂i, ∂j) = gt0(A(t0)∂i, A(t0)∂j) = ⟨dFm(A(t0)∂i), dFm(A(t0)∂j)⟩

=

〈
d

dt
∂iF (m, t)

∣∣∣∣
t=t0

,
d

dt
∂jF (m, t)

∣∣∣∣
t=t0

〉
.

Since d2

dt2F = d
dtν = 0, we conclude

gt0(A
2(t0)∂i, ∂j) =

〈
d

dt
∂iF (m, t)

∣∣∣∣
t=t0

,
d

dt
∂jF (m, t)

∣∣∣∣
t=t0

〉

=
d

dt

〈
∂iF (m, t),

d

dt
∂jF (m, t)

〉 ∣∣∣∣
t=t0

−
〈
∂iF (m, t0),

d2

dt2
∂jF (m, t)

〉 ∣∣∣∣
t=t0

=
d

dt

〈
∂iF (m, t),

d

dt
∂jF (m, t)

〉 ∣∣∣∣
t=t0

=
d

dt
gt(A(t)∂i, ∂j)

∣∣∣∣
t=t0

= g′t0(A(t0)∂i, ∂j) + gt0(A
′(t0)∂i, ∂j)

= 2gt0(A
2(t0)∂i, ∂j) + gt0(A

′(t0)∂i, ∂j),

And by swapping sides, we get the result.

As a consequence, consider d
dtA

−1(t): It is equal to

d

dt
A−1(t) = −A−1A′(t)A−1 = −A ·A−2A′(t)A−1 = −A · (A′(t))−1A′(t)A−1 = −AA−1 = −I.

In other words, A−1(t) is a linear function. It is nonzero everywhere, so A(t) is the inverse of a
linear function.

As a consequence of this, trace(A(t)) stays bounded as t→ 0. If ωt =
√
det gtdx1 ∧ . . . ∧ dxn is

the volume form on Mt, then the derivative of the (n− 1)-dimensional volume of Mt is given by

d

dt
Vol(Mt) =

∫
d

dt
ωt =

∫ d
dt det gt

2
√
det gt

dx1 ∧ . . . ∧ xn =

∫
trace(A(t)) ·

√
det gtdx1 ∧ . . . ∧ xn

=

∫
trace(A(t))ωt,

since

d

dt
det gt = det gt · trace(g−1

t · d
dt
gt) = det gt · trace(g−1

t · gt ·A(t)) = det gt · 2traceA(t).

Since trace(A(t)) is bounded and M is compact, we have that Vol(Mt) stays bounded as t → 0,
which is what we wanted to prove.
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proof of proposition 16. Orient ∂X so ν is the inward pointing normal vector. Define the map
F : ∂X × [0, t0] → Rn as before, by F (x, t) = x+ tν(x) is a diffeomorphism for t0 small enough.

We want to prove that ∂Xt = F (∂X, t). Let y ∈ ∂Xt, and let x ∈ X be such that |x − y| = t.
By proposition 17, |x − y| = tν(x), so y ∈ F (∂X, t). On the other hand, if y ∈ F (∂X, t), then
y = x+ tν(x) for some x ∈ ∂X, so d(y, ∂X) ≤ |x− y| = t. If t′ := d(x, ∂X) < t, then y ∈ F (∂X, t′).
However, F is a diffeomorphism, so y cannot belong to both F (X, t) and F (X, t′), for t′ < t.
Therefore d(y, ∂X), or in other words y ∈ ∂Xt.

Now, the first point follows easily, because

(∂Xt)s = F (F (∂X, t), s) = F (∂X, t+ s) = ∂Xt+s.

The second part was already proven.

To evaluate (18), we use the coarea formula, shown below.

Proposition 20 (coarea Formula). Let u be a Lipschitz function, f ∈ L1(X). Then∫
X

f(x)|detu(x)|dx =

∫ ∞

0

∫
u−1({y})

f(x)dHn−1(x)dy.

Proposition 21. Let X be a bounded C2 domain, 0 ≤ α < 1. Define

h(α, t) =

∫
Xt

d(x, ∂Xt)
−αdx.

Then h(α, t) stays bounded as t→ 0.

Proof. Let t0 be small enough so that (∂Xt)s = ∂Xt+s for every t, s ≤ t0. We use the coarea
formula, with ut = d(x, ∂Xt). Then |det∇u| = 1 if d(x, ∂X) ≤ t0. The level sets of u are
u−1({s}) = (∂Xt)s, which is 1-Lipschitz. Calculating, we get∫

Xt

d(x, ∂Xt)
−αdx ≤

∫
Xt∩{d(x,∂Xt)>t0}

t−α0 dx+

∫
Xt∩{d(x,∂Xt)≤t0}

d(x, ∂Xt)
−αdx.

The first integral is bounded since X, and hence Xt, is bounded. For the second integral, we
calculate: ∫

Xt∩{d(x,∂Xt)≤t0}
d(x, ∂Xt)

−αdx =

∫ t0

0

∫
u−1(s)

s−αdHn−1(x)ds

=

∫ t0

0

s−αHn−1((∂Xt)s)ds

=

∫ t0

0

s−αHn−1(Xt+s)ds,

and since α < 1 and Hn−1(Xt+s) is bounded as t, s → 0, the last integral stays bounded as
t→ 0.
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3 Stability of Optimal Transport - The Case p > 1

In this section, we prove quantitative stability of optimal transport maps for p > 1. This section
summarizes two articles: The first, by Delalande and Mérigot [5], deals with p = 2, and the second,
by Mischler and Trevisan [8], generalizes Delalande and Mérigot’s results to p > 1.

The main theorems we prove are the following.

Theorem 17. Suppose µ is a probability density supported on a bounded convex set Ω, with ∞ >
M ≥ µ ≥ m > 0 on Ω, and ν1, ν2 are contained in a bounded set X. Let T1, T2 be the Brenier maps
from µ to ν1, ν2. Then

∥T1 − T2∥L2(µ) ≤ CΩ,X,µW1(ν1, ν2)
1/6.

Theorem 18. Suppose µ is a log-concave probability measure supported on a bounded convex set
Ω, and ν1, ν2 are contained in a bounded set X. Let T1, T2 be the optimal transport maps for the
p-cost from µ to ν1, ν2. Then if p > 2, we have

∥T1 − T2∥L2(µ) ≤ CΩ,X,µW1(ν1, ν2)
1/6(p−1),

and if 1 < p < 2, we have

∥T1 − T2∥L2(µ) ≤ CΩ,X,µ,αW1(ν1, ν2)
α,

For every 0 < α < (p−1)2

p(p−1) .

We start with the proof of the first theorem in the next subsection.

3.1 Stability of Potentials for p = 2

We first prove the following theorem.

Theorem 19. Let µ be a probability density on a compact and convex set Ω ⊆ Rn, with 0 < mµ ≤
ρ ≤ Mµ < ∞. Let ν0, ν1 be two probability measures with support bounded by R, and let φ0, φ1

be the associated potentials transporting from µ to ν0, ν1 for the square cost. Suppose that there
exist constants mφ,Mφ ∈ R such that mφ ≤ φ0, φ1 ≤ Mφ. Then denoting ψ0 = φ∗

0, ψ1 = φ∗
1, the

following inequality holds:

Varµ(φ1 − φ0) ≤ eRdiam(Ω)
Mµ

mµ

∫
Rn

(ψ0 − ψ1)d(ν1 − ν0). (20)

The proof will consist of applying the Brascamp-Lieb inequality to an expression involving the
Kantorovich functional, which is defined asK(ψ) = Eµ[ψ∗]. We first prove the following proposition.

Proposition 22. Let φ0, φ1 ∈ C2(Rn) be strongly convex functions. Define ψ0 = φ∗
0, ψ1 = φ∗

1.
Now define v = ψ1 − ψ0, ψt = ψ0 + tv = tψ1 + (1− t)ψ0, and finally φt = ψ∗

t . Then φt are also in
C2, are strongly convex, and we have the following identities:

d

dt
K(ψt) = −

∫
Ω

v(∇φt)dµ, (21)

d2

dt2
K(ψt) =

∫
Ω

∇v (∇φt) ·D2φt(∇v(∇φt))dµ. (22)
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Proof. We assume that φ0, φ1 are α-strongly convex and C2. The inverse function theorem implies
that ψ0, ψ1 are also C2 with α-Lipschitz gradients, and D2ψi > 0 for i = 0, 1. These properties
carry over to ψt, and by the inverse function theorem again we have that φt is C

2 and α-strongly
convex.
Define F (t, x, y) = ∇ψt(y) − x, and consider the function G(t, x) = ∇φt(x); then G satisfies
F (t, x,G(t, x)) = 0. ∂yF = D2ψt(y) is positive definite, so the implicit function theorem applies
and shows that G is a C1 map. Moreover, by implicit differentiation, we get(

d

dt
∇ψt

)
(∇φt(x)) +D2ψt(∇φt(x)) ·

d

dt
∇φt(x) = 0,

and after rearranging:
d

dt
φt(x) = −D2φt(x) · ∇v(∇φt(x)). (23)

Now, we turn toward computing the derivatives of φt with respect to time. Using the Fenchell-
Young equality, we have

φt(x) = x · ∇φt(x)− ψt(∇φt(x)).

This equation shows that φt is differentiable, and we can find its derivative as

d

dt
φt(x) = x · d

dt
∇φt(x)− v(∇φt(x))−∇ψt(∇φt(x)) ·

d

dt
∇φt(x) = −v(∇φt(x)).

And now d
dtφt can be differentiated again, and using (23) we can find the second derivative of φt

to be
d2

dt2
φt(x) = −∇v(∇φt(x)) ·

d

dt
∇φt(x) = ∇v (∇φt(x)) ·D2φt(x)∇v (∇φt(x)) .

The proposition now follows from differentiation under the integral sign.

Proof of Theorem 19. First, we can by standard approximation reduce to C2, strongly convex func-
tions. Using the fundamental theorem of calculus and equations (21), (22), we find∫

Rn
(ψ0 − ψ1)d(ν1 − ν0) =

d

dt
K(ψt)

∣∣
t=1

− d

dt
K(ψt)

∣∣
t=0

=

∫ 1

0

d2

dt2
K(ψt)dt

=

∫ 1

0

Eµ
[
∇v(∇φt) ·D2φt∇v(∇φt)

]
dt.

To bring this equation to a form that is closer to the Brascamp-Lieb inequality, introduce the change
of variables vt := v(∇φt), so the expression inside the integral becomes

d2

dt2
K(ψt) = Eµ[(D2φt)

−1∇vt · ∇vt] (24)

We want to apply the Brascamp-Lieb inequality, however note that we have not assumed ρ is log-
concave. Therefore, we define a new measure µt with density 1

Zt
e−φt , with Zt chosen so that this

results in a probability distribution. Then the Brascamp-Lieb inequality gives

Eµt
[
(D2φt)

−1∇vt · ∇vt
]
≥ Varµt(vt). (25)
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In order to relate this inequality to (24), we will show that the ratio of µt and µ is bounded from
above and below. First, we will show that mφ ≤ φt ≤ Mφ. This holds for t = 0, 1 by assumption,
and by convexity of the conjugation operator, we see that

φt = (tψ1 + (1− t)ψ0)
∗ ≤ tφ1 + (1− t)φ0 ≤Mφ.

On the other hand, we have ψ0(0) = sup{−φ0} ≤ −mφ and similarly for ψ1(0), so

φt(x) = sup{x · y − ψt(y)} ≥ −ψt(0) = −tψ1(0)− (1− t)ψ0 ≥ mφ.

Therefore, we have that mφ ≤ φt ≤Mφ for all t ∈ [0, 1], so e−Mφ

Zt
≤ µt ≤ e−mφ

Zt
, and since we know

that mµ ≤ µ ≤Mµ, we get
Zte

mφmµµt ≤ µ ≤ Zte
MφMµµt. (26)

Now, the value inside the expectation in (24) is nonnegative, since D2φt is positive definite. There-
fore, using (25) and (26) gives us

Eµ[(D2φt)
−1∇vt · ∇vt] ≥ Zte

mφmρEµt [(D
2φt)

−1∇vt · ∇vt]

≥ Zte
mφmρVarµt(vt) ≥ emφ−Mφ

mρ

Mρ
Varµ(vt).

(27)

The last inequality follows from a general fact: If ρ1 ≤ Cρ2, then

Varρ1(f) = min
c∈R

Eρ1 [(f − c)2] ≤ min
c∈R

CEρ2 [(f − c)2] = CVarρ2(f).

Returning to (27), recalling the definition of vt, we get

Varµ(vt) = Varµ(ψ1(∇φt)− ψ0(∇φt)) = Varνt(ψ1 − ψ0),

where νt = ∇φt#µ interpolates between µ0 and µ1.
To summarize, so far we have shown that∫ 1

0

Varνt(ψ1 − ψ0)dt ≤
Mµ

mµ
eMφ−mφ

∫
X

(ψ0 − ψ1)d(ν1 − ν0). (28)

Now, by convexity of the Variance and Jensen’s inequality,∫ 1

0

Varνt(ψ1 − ψ0)dt =

∫ 1

0

Varµ((ψ1 − ψ0) ◦ ∇φt)dt ≥ Varµ

(
−
∫ 1

0

d

dt
φt(x)

)
= Varµ(φ1 − φ0).

Finally, we want to remove the exponential dependence on Mφ − mφ. Given α ∈ R, denote
φαi = αφi, ν

α
i = ∇φαi #µ for i = 0, 1. Denoting ψαi = (φαi )

∗ = αψi(·/α), we have the following
relations:

Varµ(φ
α
1 − φα0 ) = α2Varµ(φ1 − φ0),∫

Rn
(ψα0 − ψα1 )d(ν

α
1 − να0 ) = α

∫
Rn

(ψ0 − ψ1)d(ν1 − ν0),

αmφ ≤ φα0 , φ
α
1 ≤ αMφ,

which give us the following inequality:

Varµ(φ1 − φ0) ≤
Mµ

mµ

eα(Mφ−mφ)

α

∫
Rn

(ψ0 − ψ1)d(ν1 − ν0).
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If we set α = (Mφ −mφ)
−1, we are left with

Varµ(φ1 − φ0) ≤ e
Mµ

mµ
(Mφ −mφ)

∫
Rn

(ψ0 − ψ1)d(ν1 − ν0).

Since ∇φ0,∇φ1 are bounded by R, the maximum difference Mφ−mφ can take is Rdiam(Ω), which
proves the theorem.

Corollary 3. Assume the same assumptions as in Theorem 19. Then

Varµ(φ1 − φ0) ≤ eRdiam(Ω)2
Mµ

mµ
W1(µ0, µ1).

Proof. The functions ψ0, ψ1 are diam(Ω)-Lipschitz since their the image of their gradients is in X,
so this corollary follows by Kantorovich duality for p = 1.

3.2 Stability of Transport Maps for p = 2

In the previous section, we proved a stability result relating the potentials. In this part, we want
to extend this to the maps themselves. Our main tool is the following Gagliardo-Nirenberg type
inequality, which allows us to bound the L2 norm of the transport maps using the potentials:

Theorem 20. Let K ⊆ Rn be a compact domain with rectifiable boundary. Let u, v be L-Lipschitz
functions which are convex on intervals. Then there exists a constant Cn depending only on n such
that the following inequality holds:

∥∇u−∇v∥2L2 ≤ CnL
4/3Hn−1(∂K)2/3∥u− v∥2/3L2 .

Now theorem 17 follows immediately from theorem 20 and corollary 3. We now prove Theorem
20. We will first prove the theorem for the n = 1 case.

Proposition 23. Suppose that u, v : I → R are convex with unformly bounded gradients. Then

∥u′ − v′∥2L2 ≤ 8(∥u′∥L∞ + ∥v′∥L∞)4/3∥u− v∥2/3L2 .

Proof. By approximating u, v with smooth functions, we can assume that u, v are both C2. Also,
by a change of variables we can assume I = [0, 1]. Now, using integration by parts, we get

∥u′ − v′∥2L2 =

∫ 1

0

(u′ − v′)2dt = (u− v)(u′ − v′)
∣∣1
0
−
∫ 1

0

(u− v)(u′′ − v′′)dt.

The first term can be bounded as

|(u− v)(u′ − v′)(1)− (u− v)(u′ − v′)(0)| ≤ 2(∥u′∥L∞ + ∥v′∥L∞)∥u− v∥L∞ ,

and using convexity, the second term can be bounded by∣∣∣∣∫ 1

0

(u− v)(u′′ − v′′)dt

∣∣∣∣ ≤ ∥u− v∥L∞

∫ 1

0

|u′′ − v′′|dt

≤ ∥u− v∥L∞

∫ 1

0

u′′ + v′′dt

= (u′ + v′)
∣∣1
0
∥u− v∥L∞

≤ 2(∥u′∥∞ + ∥v′∥∞)∥u− v∥L∞ .
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Here convexity ensures that u′′, v′′ are positive. Therefore, we get:

∥u′ − v′∥2L2 ≤ 4(∥u′∥L∞ + ∥v′∥L∞)∥u− v∥L∞ . (29)

Denote ε = ∥u − v∥L∞ . Since u − v is continuous, this value is achieved on some point x ∈ [0, 1],
and we can assume without loss of generality that ε = u(x) − v(x). u − v is actually L-Lipschitz
continuous, for L ≤ ∥u′∥L∞ + ∥v′∥L∞ , so we have u(x′) − v(x′) ≥ ε/2 for x′ ∈ [x − a, x + a], with
a = min{1/2, ε/2L}. Therefore

∥u− v∥2L2 ≥ ε2

4
·min

{
1,

ε

2L

}
. (30)

If ε ≤ 2L, then equation (30) becomes

∥u− v∥2L2 ≥ ε3

4L
≥ ∥u− v∥3L∞

8(∥u′∥L∞ + ∥v′∥L∞)
.

Combining this with (29), we get after simplification

∥u′ − v′∥2L2 ≤ 8(∥u′∥L∞ + ∥v′∥L∞)4/3∥u− v∥2/3L2 .

If ε ≥ 2L, on the other hand, then ∥u− v∥2 ≥ ε/2, so

L2 = L4/3 · L2/3 ≤ (∥u′∥L∞ + ∥v′∥L∞)4/3 · ∥u− v∥2/3L2 ,

and now we finish by noting that L ≥ ∥u′ − v′∥L2 .

The generalization to higher dimensions will involve two results from integral geometry. First,
by substitution, we have the following two facts, for any vector e ∈ Sn−1:∫

Rn
f(x)2dx =

∫
{e}⊥

∫ ∞

−∞
f(y + te)2dtdy,∫

Rn
⟨F (x), e⟩2dx =

∫
{e}⊥

∫
−∞∞

⟨F (y + te), e⟩2dtdy.

Integrating over all e, we get:∫
Rn
f(x)2 =

∫
Sn−1

∫
{e}⊥

∫ ∞

−∞
f(y + te)dtdyde,∫

Rn
|F (x)|2dx = Cn

∫
Sn−1

∫
{e}⊥

∫
−∞∞

⟨F (y + te), e⟩2dtdyde,
(31)

for some constant Cn. The second part is a result of Fubini’s theorem and the the identity

Cn

∫
Sn−1

⟨V, e⟩2de = |V |2, (32)

which can be easily seen from the fact that (32) is invariant under scaling and rotations.
The second fact we will need is Crofton’s formula: Denote lye to be the oriented line y + Re.

Then if S is a rectifiable subset of Rn,

Hn−1(S) = C ′
n

∫
Sn−1

∫
{e}⊥

#(lye ∩ S)dyde.
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Proof of theorem 20. Set F = ∇u−∇v. Then (31) implies

∥∇u−∇v∥2L2 = Cn

∫
Sn−1

∫
{e}⊥

∥u′lye − v′lye∥
2
L2(lye∩K)dyde,

where ul denotes the restriction of u to l. For e ∈ Sn−1, y ∈ {e}⊥, let nlye denote the number of
connected components in lye ∩K. Clearly nlye ≤ #{lye ∩ ∂K}. Since we assumed ∂K is rectifiable,
Crofton’s formula applies and we have∫

Sn−1

∫
{e}⊥

nlyedyde ≤
∫
Sn−1

∫
{e}⊥

#(lye ∩ ∂K)dyde =
1

C ′
n

Hn−1(∂K) <∞.

Therefore, for almost all lines lye , l
y
e ∩K is a finite union of nlye segments. On each such segment,

with the help of proposition 23 and Jensen’s inequality, we get

∥u′lye − v′lye∥
2
L2(lye∩K) ≤ 8(2L)4/3

(
nlye
)2/3 ∥ulye − vlye∥

2/3

L2(lye∩K)
.

From here, we see

∥∇u−∇v∥2L2 ≤ (2L)4/3Cn

∫
Sn−1

∫
{e}⊥

(
nlye
)2/3 ∥ulye − vlye∥

2/3

L2(lye∩K)
dyde.

Using Hölder’s inequality with p = 3/2, q = 3 and (31), we get that the last part is bounded by

CnL
4/3

(∫
Sn−1

∫
{e}⊥

nlyedyde

)2/3

· ∥u− v∥2/3L2 . (33)

Finally, we use Crofton’s formula again to conclude that the integral in (33) is bounded by
Cn′Hn−1(∂K)2/3 for some constant Cn′ . Putting all this together, we get that

∥∇u−∇v∥2L2 ≤ CnL
4/3Hn−1(∂K)2/3∥u− v∥2/3L2 ,

which is what we wanted to prove.

3.3 Stability of Potentials for p > 1

Next, we discuss the more general case of p > 1. To prove stability of transport potentials in this
case, we utilize entropic optimal transport. We will need to differentiate between the cases p ≥ 2
and 1 < p < 2. The main difference is that for p ≥ 2, we can shift the cost |x− y|p to be concave,
which turns out to be relevant for the proof. For p < 2, the second derivative of |x− y|p explodes
near x = y, which prevents us from doing so and means the proof in this case will be more involved.

We first recall some results about entropic optimal transport. The main problem is minimizing

min
π∈Π(µ,ν)

{∫
X×Y

c(x, y)dπ + εH(π|µ⊗ ν)

}
.

We can reduce this problem to the case ε = 1 by setting cε := c/ε. Then we can reduce this to the
problem studied in section 2.4 by setting ρ := αe−cµ⊗ ν, for a suitable α > 0 that turns this into
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a probability measure, and then minimizing H(π|ρ). By introducing a reference measure σ >> ν,
we can write

dπ

d(µ⊗ σ)
=

dπ

dµ⊗ ν

dν

dσ
,

so ∫
X×Y

c(x, y)dπ + εH(π|µ⊗ ν) =

∫
X×Y

c(x, y)dπ + εH(π|µ⊗ σ)− εH(ν|σ).

The dual formulation is

sup
ψ∈L1(σ)

{∫
X

ψc,εdρ+

∫
Y

ψdσ − εH(ν|σ)
}
,

where

ψc,ε(x) = −ε ln
∫
Y

e(ψ(y)−c(x,y))/εdσ. (34)

Note that this definition is independent of the target measure ν considered.
For convenience, in what follows we will often reduce to the case where the target measure is

discrete. Since every measure is a weak limit of discrete measures, this will not hurt the generality
of the arguments. If Y = {y1, . . . , ym}, denote ψi = ψ(yi), so we can identify ψ as an element of
Rm. Then (34) becomes

ψc,ε(x) = −ε ln

(
n∑
i=1

exp

(
ψi − c(x, yi)

ε

)
σi

)
.

We can also differentiate ψc,ε(x) with respect to its coordinates, and get

∂(ψc,ε(x))

∂ψi
= −

exp
(
ψi−c(x,yi)

ε

)
σi∑m

j=1 exp
(
ψj−c(x,yj)

ε

)
σj
,

and the second derivatives are, for i ̸= j,

∂2(ψc,ε(x))

∂ψ2
i

=
1

ε

−
exp

(
ψi−c(x,yi)

ε

)
σi∑m

j=1 exp
(
ψj−c(x,yj)

ε

)
σj

+
exp

(
ψi−c(x,yi)

ε

)2
σ2
i(∑m

j=1 exp
(
ψj−c(x,yj)

ε

)
σj

)2
 ,

∂(ψc,ε(x)

∂ψi∂ψj
=

1

ε

exp
(
ψi−c(x,yi)

ε

)
∑m
j=1 exp

(
ψj−c(x,yj)

ε

)
σj

exp
(
ψj−c(x,yj)

ε

)
∑m
j=1 exp

(
ψj−c(x,yj)

ε

)
σj
σiσj .

Let πεψ(x) be the discrete probability distribution which equals i with probability −∂(ψc,ε(x))
∂ψi

. As

in the p = 2 case, denote the Kantorovich functional to be Kε(ψ) := −Eµ[ψc,ε]. Then the above
calculations give us, for v ∈ Rm:

∇Kε(ψ) · v =

∫
Ω

Eπεψ(x)[v]dµ,

⟨v,D2Kε(ψ)v⟩ = 1

ε

∫
Ω

Varπεψ(x)(v)dµ.

(35)
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In the course of the proof, we will also use the function Zβ(ψ), defined as

Zβ(ψ) =

∫
Ω

eβψ
c,ε

dµ. (36)

We can compute the Hessian of lnZβ to be

∂ lnZβ(ψ)

∂ψi
=

1

Zβ(ψ)

∫
Ω

βeβψ
c,ε

· ∂ψ
c,ε

∂ψi
dµ,

∂2 lnZβ(ψ)

∂ψi∂ψj
=

1

Zβ(ψ)

∫
Ω

β2eβψ
c,ε

· ∂ψ
c,ε

∂ψi

∂ψc,ε

∂ψj
+ βeβψ

c,ε ∂2ψc,ε

∂ψiψj
dµ,

and so, we can write

⟨v,D2 lnZβ(ψ)v⟩ = −β
ε

∫
Ω

Varπεψ (v)dµ
β,ε
ψ + β2Varµεψ (Eπεψ [v]), (37)

where

µβ,εψ =
1

Zβ(ψ)
eβψ

c,ε

µ.

Now, we can proceed to the proof. We first prove that Zβ is log-concave.

Proposition 24 (Log-Concavity). Let µ be a log-concave probability measure supported on a com-
pact and convex set Ω, let Y = {y1, . . . , ym} be discrete, and let c : Ω × Y → R be a cost function
that is concave on its first coordinate. Then the function Zβ(ψ) defined as in (36) is log-concave,
so

Zβ(ψt) ≥ Zβ(ψ0)
1−tZβ(ψ1)

t,

Whenever ψt = tψ1 + (1− t)ψ0, 0 ≤ t ≤ 1.

Proof. Since Zβ(ψ) = Z1(βψ), we can assume for simplicity that β = 1. Let x0, x1 ∈ X, and
xt = tx1 + (1− t)x0. Then by concavity of c, and hence convexity of −c:

− ψc,εt (xt) = ε ln

(
n∑
i=1

exp

(
(ψt)i − c(xt, yi)

ε

)
σi

)

≤ ε ln

( n∑
i=1

exp

(
(ψ1)i − c(x1, yi)

ε

)
· σi

)t
·

(
n∑
i=1

exp

(
(ψ0)i − c(x0, yi)

ε

)
· σi

)1−t


≤ −tψc,ε1 (x1)− (1− t)ψc,ε0 (x0),

(38)

where we used Hölder’s inequality with exponentials 1/t, 1/(1− t). Denoting ht(x) = eψ
c,ε
t (x), (38)

becomes
ht(xt) ≥ h0(x0)

1−th1(x1)
t.

Since Z1(ψ) = ∥ht∥L1(µ), the statement now follows from the Prékopa-Leindler inequality.

Proposition 25. Under the assumptions of of proposition 24, if ψ0, ψ1 ∈ C(Y ), ψt = tψ1+(1−t)ψ0,
and φεt = ψc,εt for 0 ≤ t ≤ 1, then

Varµ(φ
ε
1 − φε0) ≤ 2eMc,ε⟨ψ1 − ψ0,∇Kε(ψ1)−∇Kε(ψ0)⟩,
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where
Mc,ε = sup

t∈[0,1]

sup
x,y∈Ω

{φεt (x)− φεt (y)} .

Proof. By the previous proposition, we get that D2 lnZβ(ψ) is negative semidefinite for every
ψ ∈ C(Y ); using (37), this equates to, for all v ∈ Rm, 0 ≤ t ≤ 1:

βVarµβ,εψt

(
Eπεψt [v]

)
≤ 1

ε

∫
Ω

Varπεψt
(v)dµβ,εψt . (39)

Recalling that µβ,εψt = 1
Zβ(ψt)

eβψ
c,ε
t µ, we get the inequalities

e−βMc,εµβ,εψt ≤ µ ≤ eβMc,εµβ,εψt . (40)

Plugging these inequalities into (39), we get

Varµ

(
Eπεψt [v]

)
≤ e2βMc,ε

βε

∫
Ω

Varπεψt
(v)dµ =

e2βMc,ε

β
⟨v,D2Kε(ψt)v⟩. (41)

To proceed, we use the chain rule to get

d

dt
ψc,εt = ∇ψc,εt · (ψ1 − ψ0) = Eπεψt [ψ1 − ψ0].

Using convexity of the variance, we can bound the left hand side of (41) from below as

Varµ(φ
ε
1 − φε0) = Varµ

(∫ 1

0

d

dt
ψc,εt dt

)
≤
∫ 1

0

Varµ

(
Eπc,εψt [ψ1 − ψ0]

)
dt.

Continuing, using v := ψ1 − ψ0, we get∫ 1

0

Varµ

(
Eπc,εψt [ψ1 − ψ0]

)
dt ≤

∫ 1

0

e2βMc,ε

β
⟨ψ1 − ψ0, D

2Kε(ψt)(ψ1 − ψ0)⟩dt

≤ e2βMc,ε

β

〈
ψ1 − ψ0,

∫ 1

0

D2Kε(ψt)(ψ1 − ψ0)dt

〉
=
e2βMc,ε

β

〈
ψ1 − ψ0,

∫ 1

0

d

dt
∇Kε(ψt)dt

〉
=
e2βMc,ε

β
⟨ψ1 − ψ0,∇Kε(ψ1)−∇Kε(ψ0)⟩.

Finally, we optimize for β by setting β := 1/2Mc,ε, and get

Varµ (φ
ε
1 − φε0) ≤ 2eMc,ε⟨ψ1 − ψ0,∇Kε(ψ1)−∇Kε(ψ0)⟩.

Now we can prove the main result.
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Theorem 21. Suppose µ is a log-concave probability measure supported on a bounded convex set
Ω, and ν0, ν1 are contained in a bounded set X. Let the maximal magnitudes of Ω, X be denoted by
RΩ, RX . Let φ0, φ1 the potentials associated with transporting from µ to ν0, ν1 for the p-cost. Then

Varµ(φ1 − φ0) ≤ 2ediam(Ω)(RΩ +RX)p−1

∫
X

(ψ1 − ψ0)d(ν0 − ν1).

Proof. We will first assume that Y is discrete. If c is as in the previous proposition, then normalizing
the φεi and letting ε→ 0, we get

Varµ(φ1 − φ0) ≤ 2eMc⟨ψ1 − ψ0,∇K(ψ1)−∇K(ψ0)⟩,

where
K(ψ) = −Eµ[ψc],
Mc = sup

t∈[0,1]

sup
x,y∈Ω

{φt(x)− φt(y)},

and here φt = ψct . By definition, this means that

φt(y) = sup
x∈X

|x− y|p

p
− ψt(x).

This is a supremum of (RΩ+RX)p−1-Lipschitz continuous functions, and is therefore also Lipschitz
continuous with the same Lipschitz constant. Therefore

|φt(x)− φt(y)| ≤ (RΩ +RX)p−1|x− y| ≤ 2diam(Ω)(RΩ +RX)p−1,

so
Mc ≤ 2diam(Ω)(RΩ +RX)p−1,

and this inequality carries over to non-discrete probability measures by approximation.
Let c̃(x, y) = |x− y|p − γ|x|2, where γ is equal to

γ =
1

2
sup

x∈Ω,y∈X

{∥∥D2
xc(x, y)

∥∥
op

}
.

Then c̃ is concave in the first variable, so we have

Varρ (φ̃1 − φ̃0) ≤ 2eMc̃⟨ψ1 − ψ0,∇K(ψ1)−∇K(ψ0)⟩.

By the definition, for i = 0, 1 we can see that φ̃i = φci +γ|x|2, so that φ̃1− φ̃0 = φ1−φ0. Therefore

Varρ(φ1 − φ0) ≤ 2Mc̃⟨ψ1 − ψ0,∇K(ψ1)−∇K(ψ0)⟩

= 2ediam(Ω)(RΩ +RX)p−1

∫
X

(ψ1 − ψ0)d(ν0 − ν1),

where the last equality follows from (35). The theorem for non discrete measures µ0, µ1 follows
from the fact that every compactly supported measure is the weak limit of discrete measures.

We now discuss 1 < p < 2. Unlike in the p ≥ 2 case, we cannot reduce to a concave cost, since
the second derivatives of |x − y|p explode near the diagonal. Therefore our proofs will be more
complicated, and the resulting bounds will be worse. We will rely on the following weaker version
of concavity.
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Lemma 5. Let 1 < p < 2, and x, y ∈ Rn, 0 < t < 1. Then

|ty + (1− t)x|p ≥ t|y|p + (1− t)|x|p − γt(1− t)|x− y|p,

for some γ > 0 depending only on p.

Proof. According to [7, chapter 12], we have the following inequality:

p⟨(a− z)(p−1) − (b− z)(p−1), a− b⟩ ≤ γ|a− b|p, (42)

for all a, b, z ∈ Rn, and for some γ > 0 depending only on p. By convexity of | · |p and the fact that
convex functions are above their gradient, we have

|ty + (1− t)x|p ≥ |x|p + ⟨px(p−1), t(y − x)⟩,
|ty + (1− t)x|p ≥ |y|p + ⟨py(p−1), (1− t)(x− y)⟩.

Linearly combining these inequalities, we get

|ty + (1− t)x|p ≥ t|y|p + (1− t)|x|p + pt(1− t)⟨x(p−1) − y(p−1), y − x⟩,

and finally using (42), we prove the result.

For 1 < p, there exists γ ∈ R depending only on p such that

|tx1 + (1− t)x0|p ≥ t|x1|p + (1− t)|x0|p − γt(1− t)|x0 − x1|p. (43)

We also cite the following fact which we will use in the proof.

Lemma 6. Let ρ be a log-concave probability measure, and let f, g be nonnegative smooth functions.
Define µ = fρ, ν = gρ. Then there exists a constant C depending only on ρ such that

W2(µ, ν)
2 ≤ C

inff
∥f − g∥2L2(ρ). (44)

Proposition 26. Denote Iβ(ψ) = lnZβ(ψ), and ψt = (1− t)ψ0 + tψ1. Then

Iβ(ψt) ≥ (1− t)Iβ(ψ0) + tIβ(ψ1)− βγt(1− t)Wp

(
µβ,ε
ψc,ε0

, µβ,ε
ψc,ε1

)p
.

Proof. Again, for simplicity, assume β = 1. Using the bound (43), we can proceed similarly to
proposition 24, and get

ψc,εt (xt) = −ε ln

(
n∑
i=1

exp

(
(ψt)i − c(xt, yi)

ε

)
σi

)
≥ tψc,ε1 (x1) + (1− t)ψc,ε0 (x0)− γt(1− t)|x0 − x1|p.

Let ht = eψ
c,ε
t , µi = hiµ for i = 0, 1, and normalize ψ0, ψ1 so ∥h0∥L1(µ), ∥h1∥L1(µ) = 1. Then

ht(xt) ≥ h1(x1)
th0(x0)

1−texp (−γt(1− t)|x0 − x1|p) .
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Now let T be the optimal transport map from µ0 to µ1, and let Tt = tT + (1 − t)id, µt = Tt#µ0.
Then according to (16):

µt(Tt(x)) ≤ µ0(x)
1−tµ1(T (x))

t

= h0(x)
1−tµ(x)1−th1(T (x))

tµ(T (x))t

≤ ht(Tt(x))exp (γt(1− t)|x− T (x)|p)µ(Tt(x)),

which means for µt-almost every x, we have

µt(x) ≤ ht(x)µ(x)exp
(
γt(1− t)|T−1

t (x)− T (T−1
t (x))

)
. (45)

Integrating the exponential term with respect to ρt and using Jensen’s inequality, we have∫
Ω

exp
(
−γt(1− t)|T−1

t (x)− T (T−1
t (x))

)
dµt

≥ exp

(
−γt(1− t)

∫
Ω

|T−1
t (x)− T (T−1

t (x))dµt

)
= exp

(
−γt(1− t)

∫
Ω

|x− T (x)|p)h0dµ
)

= exp (−γt(1− t)Wp(µ0, µ1)
p) .

Integrating the rest of (45), we get

∥ht∥L1(µ) ≥ exp (−γt(1− t)Wp(µ0, µ1)
p)

= exp
(
−γt(1− t)Wp

(
µ1,ε
ψc,ε0

, µ1,ε
ψc,ε1

)p)
∥h0∥1−tL1(µ)∥h1∥

t
L1(µ).

Recalling that Z1(ψt) = ∥ht∥L1(ρ), we get the desired conclusion.

Proposition 27. Under the same assumptions as theorem 18, we have

Varµ(φ1 − φ0)
p/(p−1) ≤ CX,µ,p

∫
X

(ψ1 − ψ0)d(ν0 − ν1) ≤ CX,µ,pW1(ν0, ν1).

Proof. By the previous proposition and using Using standard facts about convexity, we get that

⟨ψ1 − ψ0,∇Iβ(ψ1)−∇Iβ(ψ0)⟩ ≤ 2βγWp(µβψc,ε0
, µβψc,ε1

)p. (46)

Now, we retrace the steps of the proof of proposition 25 with the extra term. First define

⟨D2Iβ(ψt) · (ψ1 − ψ0), ψ1 − ψ0⟩ = bt.

Then by (46) we have that ∫ 1

0

btdt ≤ 2βγWp(µβψc,ε0
, µβψc,ε1

)p. (47)

Using (37) we also have that

bt
β

+
1

ε

∫
Ω

Varπεψt
(ψ1 − ψ0)dµt = βVarµψt (Eπεψt [ψ1 − ψ0]).
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And using (40) we conclude

βe−βMc,εVarµ

(
Eπc,εψt [v]

)
≤ eβMc,ε

ε

∫
Ω

Varπc,εψt
(v)dµ+

bt
β

= eβMc,ε⟨v,D2Kc,ε(ψt)v⟩+
bt
β
.

Now if we follow the rest of the steps in proposition 25 and use 47, we find that

βe−βMc,εVarµ(φ1 − φ0) ≤ eβMc,ε⟨ψ1 − ψ0,∇Kc,ε(ψ1)−∇Kc,ε(ψ1)⟩+ 2γWp

(
µβ,ε
ψβ,ε0

, µβ,ε
ψc,ε1

)p
. (48)

Denote

µφ =
1

Z(φ)
eφµ.

Then letting ε→ 0 in (48), we finally get

βe−βMcVarµ(φ1 − φ0) ≤ eβMc

∫
X

(ψ1 − ψ0)d(ν0 − ν1) + 2γWp(µβφ0 , µβφ1)
p. (49)

We want to bound the last term on the right hand side. For simplicity we again assume β = 1.
Using (44), we see that

Wp(µφ0
, µφ1

) ≤W2(µφ0
, µφ1

) ≤ CeMc

∥∥∥∥ eφ1∫
Ω
eφ1dµ

− eφ0∫
Ω
eφ0dµ

∥∥∥∥2
L2(µ)

. (50)

Going further, we see∣∣∣∣ eφ1(x)∫
Ω
eφ1dµ

− eφ0(x)∫
Ω
eφ0dµ

∣∣∣∣ ≤ ∣∣∣∣eφ1(x) − eφ0(x)∫
Ω
eφ1dµ

∣∣∣∣+ eφ0(x)

∣∣∣∣ 1∫
Ω
eφ1dµ

− 1∫
Ω
eφ0dµ

∣∣∣∣
≤ eMc |eφ1(x) − eφ0(x)|+ e2Mc

∣∣∣∣∫
Ω

(eφ1 − eφ0)dµ

∣∣∣∣
≤ e2Mc |φ1(x)− φ0(x)|+ e2Mc∥φ1 − φ0∥L1(µ),

and integrating, we get∥∥∥∥ eφ1(x)∫
Ω
eφ1dµ

− eφ0(x)∫
Ω
eφ0dµ

∥∥∥∥2
L2(µ)

≤ e4Mc
(
∥φ1 − φ0∥L2(µ) + ∥φ1 − φ0∥L1(µ)

)2
≤ 4e4Mc∥φ1 − φ0∥2L2(µ).

(51)

Now we can combine (49), (50) and (51) to get

βe−βMcVarµ(φ1 − φ0) ≤ eβMc

∫
X

(ψ1 − ψ0)d(ν0 − ν1) + Ce5pβMc/2βp∥φ1 − φ0∥pL2(µ),

and changing sides, we find

βe−2βMc∥φ1 − φ0∥2L2(µ) − Ce
(5p−2)β

2 Mcβp∥φ1 − φ0∥pL2(µ) ≤
∫
X

(ψ1 − ψ0)d(µ0 − ν1)
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We want to choose β which maximizes the left hand side. If we ignore the exponential terms, the
optimal β is given by

β :=

(
∥φ1 − φ0∥2−pL2(µ)

Cp

)1/(p−1)

.

Denote α :=Mc, α
′ := 5p−2

2 Mc, and Φ := ∥φ1 − φ0∥(2−p)/(p−1)
L2(µ) . Now, we define

f(β) := βe−αβ∥φ1 − φ0∥2L2(µ) − Cβpeα
′β∥φ1 − φ0∥pL2(µ),

g(ε) = εe−αΦε − Cεpeα
′Φε,

h(ε) = εe−αε − Cεpeα
′ε.

Since the values of φ0, φ1 are bounded, we can assume for simplicity that ∥φ1 − φ0∥L2(µ) ≤ 1, so

that Φ ≤ 1 as well. In that case, we have g(ε) ≥ h(ε), and we also have f(β) = ∥φ1−φ0∥p/(p−1)
L2(µ) g(ε)

if ε = β/Φ. Therefore∫
X

(ψ1 − ψ0)d(ν0 − ν1) ≥ f(β) = ∥φ1 − φ0∥p/(p−1)
L2(µ) g(ε) ≥ ∥φ1 − φ0∥p/(p−1)

L2(µ) h(ε).

The maximal value of h(ε) is some quantity independent of φ1, φ0, which finishes the proof.

3.4 Stability of the Transport Maps for p > 1

To obtain stability of the transport maps, we recall that the transport plans can be expressed as

T (x) = x− (∇φ)1/(p−1),

where φ is the potential associated with µ, ν. We will also use the following inequality:

∥v(α) − w(α)∥ ≤ C∥v − w∥α,

for some constant C depending only on α and the dimension n. Using these two relations and the
reverse Gagliardo-Nirenberg inequality from theorem 20, for p > 2 we can simply write

∥T2 − T1∥2L2(µ) =

∫
Ω

∥(∇φ2)
1/(p−1) − (∇φ1)

1/(p−1)∥2dµ

≤ C

∫
Ω

∥∇φ2 −∇φ1∥2/(p−1)dµ

≤ C∥∇φ2 −∇φ1∥2/(p−1)
L2(µ)

≤ C∥φ2 − φ1∥2/(p−1)
L2(µ) ,

where the last inequality follows from the fact that by following reasoning similar to the proof of

theorem 9, we see that by adding a factor of the form γ |x|2
2 , we can transform the functions φ1, φ2

to be concave, and then apply theorem 20.
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For 1 < p < 2, the situation is again different. We will use a fractional Sobolev inequality, but
first let us define fractional Sobolev spaces. Let u : Ω → R, for an open domain Ω ⊆ Rn. Also let
0 < α < 1, 1 ≤ p <∞. Define

[u]α,p :=

(∫
Ω×Ω

|u(x)− u(y)|p

|x− y|n+αp
dxdy

)1/p

,

and
∥u∥Wα,p(Ω) = ∥u∥Lp(Ω) + [u]α,p.

Define Wα,p(Ω) to be the space of all functions u for which ∥u∥Wα,p(Ω) < ∞. For p = ∞, define
W s,∞(Ω) to be the Hölder space Cs(Ω), with the regular norm.

For s > 1, we define the fractional Sobolev space W s,p(Ω) as follows. Express s = m+α, where
m ∈ N, 0 ≤ α < 1. Then we can define

∥u∥W s,p(Ω) := ∥u∥Wm,p(Ω) + sup
|α|=m

∥Dαu∥Wα,p(Ω),

and define W s,p to be the space of functions for which this norm is less than ∞.

Proposition 28. Let 1 < r < 2. Let u ∈ L2(Ω) ∩W 1,∞(Ω) ∩W r,1(Ω). Then u ∈ H1(Ω), and we
have

∥u∥H1(Ω) ≤ C∥u∥1−
2

1+r

L2(Ω) ∥u∥
1

1+r

W 1,∞(Ω)∥u∥
1

1+r

W r,1(Ω).

Proof. The inequality follows from the more standard fractional Gagliardo-Nirenberg inequality,
which we cite from [3]. It states that for 0 ≤ s1 < s2, 1 ≤ p1, p2 ≤ ∞ and 0 < θ < 1, defining
s := θs1 + (1− θ)s2 and 1

p := θ 1
p1

+ (1− θ) 1
p2
, we have

∥u∥W s,p(Ω) ≤ ∥u∥θW s1,p1 (Ω)∥u∥
1−θ
W s2,p2 (Ω), (52)

provided that the following does not hold: s2 ∈ N, p2 = 1, and s1 − 1
p1

≥ s2 − 1
p2
.

We can iterate on the inequality, so that if 0 < θ1, θ2, θ3 < 1 with θ1 + θ2 + θ3 = 1, 0 ≤ s1 <
s2 < s3, 1 ≤ p1, p2, p3 ≤ ∞, and we define s = θ1s1+ θ2s2+ θ3s3, and

1
p = θ1

1
p1

+ θ2
1
p2

+ θ3
1
p3
, then

we have
∥u∥W s,p(Ω) ≤ ∥u∥θ1W s1,p1 (Ω)∥u∥

θ2
W s2,p2 (Ω)∥u∥

θ3
W s3,p3 (Ω),

provided that in addition to the previous condition, the following does not hold: s3 ∈ N, p3 = 1
and s− 1

p ≥ s3 − 1
p3
. For our purposes, we set:

θ1 = 1− 2

1 + r
,

θ2 = θ3 =
1

1 + r
,

p1 = 2,

p2 = ∞,

p3 = 1,

s1 = 0,

s2 = 1,

s3 = r,

Then the conditions for the inequality are fulfilled, and we obtain (52).

47



We also use the following inequality.

Lemma 7. The following inequality holds, where φ is a potential:

⟨∇φ(x)−∇φ(y), x− y⟩ ≤ λ|x− y|p. (53)

Proof. Suppose that T is the optimal transport map. By c-cyclical monotonicity, we have for all
x, y ∈ X

|x− T (x)|p − |y − T (x)|p ≤ |x− T (y)|p − |y − T (y)|p. (54)

By (42), we have, for v, h, z ∈ Rn:

|v + h− z|p − |v − z|p − p⟨(v − z)(p−1), h⟩

= p

∫ 1

0

⟨(v + th− z)(p−1) − (v − z)(p−1), h⟩dt

≤ p

∫ 1

0

λtp−1|h|pdt = λ|h|p.

(55)

Next, we plug (54) into (55) twice, first using v = x, z = T (x), h = y− x on the left hand side, and
then using v = y, z = T (y), h = x− y on the right hand side to get

−λ|x− y|p − p⟨(x− T (x))(p−1), y − x⟩ ≤ λ|x− y|p + p⟨(y − T (y))(p−1), x− y⟩.

Finally, by (9) we have (x− T (x))(p−1) = ∇φ(x) and changing sides, we get

⟨∇φ(x)−∇φ(y), x− y⟩ ≤ λ|x− y|p.

We now prove a variant of the Gagliardo-Nierenberg type inequality.

Theorem 22. Let u, v be c-concave function for the p-cost, on some compact domain K with
rectifiable boundary. Then

∥∇u−∇v∥L2 ≤ C∥u− v∥θL2 ,

for each θ < (p− 1)/(p+ 1), and for C depending only on θ and K.

With this theorem and the stability of potentials we proved, 18 follows.

Proof of theorem 22. Similarly to the proof of theorem 20, it is enough to prove the 1-dimensional
case, and then generalize to higher dimensions using integral geometry. For one dimension, we can
exploit (53) to get

|u′(x)− u′(y)|
|x− y|

=
|(u′(x)− u′(y)(x− y)|

(x− y)2

≤ |(u′(x)− u′(y))(x− y)− λ(x− y)p|+ λ|x− y|p

(x− y)2

=
(u′(y)− u′(x))

x− y
+

2λ

|x− y|2−p
.
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Next, pick α < p− 1. Computing:

[u′]α,1 =

∫ 1

0

∫ 1

0

|u′(x)− u′(y)|
|x− y|α+1

dxdy

≤ −
∫ 1

0

∫ 1

0

u′(x)− u′(y)

(x− y)|x− y|α
dxdy +

∫ 1

0

∫ 1

0

2λ

|x− y|2−p+α
dxdy

≤ −
∫ 1

0

∫ 1

−1

1{0≤x+h≤1}
u′(x+ h)− u′(x)

h|h|α
dhdx+

∫ 1

0

∫ 1−x

−x

2λ

|h|2−p+α
dhdx

The second integral converges, since 2 − p + α < 1. For the first integral, changing the order of
integration, we get ∫ 1

0

∫ 1

0

1{0≤x+h≤1}
u′(x+ h)− u′(x)

h|h|α
dxdh

=

∫ 1

0

u(1)− u(h)− u(1− h) + u(0)

hα+1
dh ≤ 2L

∫ 1

0

1

hα
dh <∞.

Similarly, the integral for h < 0 converges as well. Therefore, we have that [u′]α,1 is finite and
bounded by a constant C, depending only on L,α and p. Therefore, u belongs to the fractional
Sobolev space W r,p, where r = 1 + α. We can take u, v to have mean zero, and the fractional
Gagliardo-Nirenberg inequality gives us, for θ = 1− 2/(1 + r):

∥u− v∥H1 ≤ C∥u− v∥θL2 · ∥u− v∥1/(1−r)W 1,1 · ∥u− v∥1/(1+r)W r,1 ≤ C ′∥u− v∥θL2 .

Since r < p, we therefore have the inequality for any θ < (p− 1)/(p− 1).

4 Stability of Optimal Transport - The Case p = 1

In this section, we prove stability of potentials in the case p = 1. This section contains novel work.
Let µ, ν be probability measures over Rn. We recall the definition of the transport density σ as

σ =

∫ 1

0

πt#(|y − x|π)dt,

We will prove the following theorems.

Theorem 23. Suppose µ, ν are probability measures with disjoint supports contained in X := Bd(0),
and in addition µ is absolutely continuous, supported on a set Ω with rectifiable boundary, and there
exist constants 0 < m,M < ∞ such that m ≤ µ ≤ M on Ω. Let u be the Kantorovich potential
associated with (µ, ν), and v be any 1-Lipschitz function. Then

∥∇u−∇v∥L1(µ) ≤ Cd,µ,α

(∫
X

(u− v)d(µ− ν)

)α
,

for every 0 < α < 1/3.

The next theorems have a worse exponent, but apply to probability measures which may not
be bounded from below or have unbounded support.
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Theorem 24. Suppose µ, ν are probability measures with disjoint supports contained in X := Bd(0),
and in addition µ has a log-concave density. Let u be the Kantorovich potential associated with
(µ, ν), and v be any 1-Lipschitz function. Then

∥∇u−∇v∥L1(µ) ≤ Cd,µ,α

(∫
X

(u− v)d(µ− ν)

)α
,

for every 0 < α < 1/4.

Theorem 25. Suppose µ, ν are probability measures with disjoint supports. Suppose in addition ν
has support contained in X := Bd(0), and µ is κ-uniformly log-concave. Let u be the Kantorovich
potential associated with (µ, ν), and v be any 1-Lipschitz function. Then

∥∇u−∇v∥L1(µ) ≤ Cd,µ,α

(∫
X

(u− v)d(µ− ν)

)α
,

for every 0 < α < 1/4.

Theorem 26. Suppose µ, ν are probability measures with disjoint supports contained in X := Bd(0),
and in addition µ is absolutely continuous, supported on a set Ω with C2 boundary, and there exist
constants 0 < m,M <∞, and δ > 0 such that md(x, ∂Ω)δ ≤ µ ≤M on Ω. Let u be the Kantorovich
potential associated with (µ, ν), and v be any 1-Lipschitz function. Then

∥∇u−∇v∥L1(µ) ≤ Cd,µ,α

(∫
X

(u− v)d(µ− ν)

)α
,

for every 0 < α < 1/4.

Our method of proof relies on an intermediate step using the transport density. The usefulness
of the transport density in the proof is demonstrated by the following lemma.

Lemma 8. Suppose µ, ν are probability measures with supports contained in X ⊆ Rn, and that µ
is absolutely continuous. Let v be a 1-Lipschitz function. Denoting σ, u to be the transport density
and potential associated with (µ, ν), we have

∥∇u−∇v∥2L2(σ) ≤ 2

∫
X

(u− v)d(µ− ν).
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Proof. Let π be any optimal transport plan. Recalling that πt(x, y) = ty + (1− t)x, then∫
X

(u− v)d(µ− ν) =

∫
X×X

(|x− y| − v(x) + v(y))dπ

=

∫
X×X

∫ 1

0

(|x− y| − ∇v(πt(x, y)) · (x− y))dtdπ

=

∫
X×X

∫ 1

0

|x− y|
(
1−∇v(πt(x, y)) ·

x− y

|x− y|

)
dtdπ

≥
∫
X×X

∫ 1

0

|x− y|
2

∣∣∣∣∇v(πt(x, y))− x− y

|x− y|

∣∣∣∣2 dtdπ
=

1

2

∫ 1

0

∫
X×X

|x− y||∇v(πt(x, y))−∇u(πt(x, y))|2dπdt

=
1

2

∫ 1

0

∫
X

|∇u−∇v|2d|Et|dt =
1

2

∫
X

|∇u−∇v|2dσ

=
1

2
∥∇u−∇v∥2L2(σ).

Next, we aim to obtain a bound in terms of µ. We use proposition 15 to obtain a relation
between the measure µ and the transport density σ, namely an upper bound on the Rényi divergence
Dα(µ||σ). Recall that for arbitrary probability measures ρ1, ρ2 in Rn, the Rényi divergence is given
by

Dα(ρ1||ρ2) :=
1

α− 1
ln

(∫
Rn

(
dρ1
dρ2

)α−1

dρ1

)
.

Lemma 9. Assume the same assumptions as Theorem 23, and in addition that ν is discrete and
n ≥ 2. Then

Dα(µ||σ) ≤ 2 ln(M)− ln(m) + CΩ,α,

for every α < 3/2.

Proof. Let T be the monotone optimal transport map between µ and ν, which induces an optimal
tranport plan π, and let Tt = tT + (1− t)id. We can write

σ(x) =

∫ 1

0

µ′
t(x)dt,

where µ′
t = πt#(|y − x|π) = Tt#(|T (x)− x|µ). As a byproduct of the proof of proposition 12, the

maps Tt are injective. The determinant approximate differential of detT is also easily seen to be
(1− t)n, since T is piecewise constant. Therefore, writing the push-forward equation, we see

µ′
t(Tt(x)) =

1

|det ∇̃T |
|T (x)− x|µ(x) = |T (x)− x|µ(x)(1− t)−n ≥ |T (x)− x|µ(x).

If x, T−1
t (x) ∈ Ω, having T (T−1

t (x)) ̸= T (x) implies that x lies on the line passing through two
points in the support of ν; since ν is discrete and n ≥ 2, it holds that T (T−1

t (x)) = T (x) for almost
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all x ∈ Ω for which T−1
t (x) ∈ Ω. Therefore, T−1

t (x) is linear in t for every t < t0, where t0 is the
largest value for which T−1

t0 is defined. Integrating, we get

σ(x) ≥ |T (x)− x|
∫ 1

0

µ(T−1
t (x))dt ≥ |T (x)− x| · m

d
d(x, ∂Ω) ≥ m

d
d(x, ∂Ω)2,

where here we used the fact that T (x) is outside of Ω, since the supports of µ, ν are disjoint.
Therefore

µ(x)

σ(x)
≤ dM

m

1

d(x, ∂Ω)2
.

By proposition (15), the Rényi divergence is therefore bounded by

Dα(µ||σ) ≤
1

α− 1
ln

(∫
Ω

(
M

m

1

d(x, ∂Ω)2

)α−1

dµ

)
≤ 2 ln(M)− ln(m) + CΩ,X,α,

as long as 2(α− 1) < 1, or equivalently α < 3/2.

Now we can prove the result which allows us to transition from a bound in terms of the transport
density to a bound in terms of the measure µ.

Lemma 10. Assume the same assumptions as Theorem 23. Then

∥f∥L1(µ) ≤ Cd,µ,p

(
M

m

)1/p

∥f∥Lp(σ),

for every f ∈ L∞(X), p > 3.

Proof. We first assume that ν is discrete and n ≥ 2. Let q be such that 1/p+1/q = 1. By Hölder’s
inequality, we see that

∥f∥L1(µ) ≤ ∥f∥Lp(σ)
∥∥∥∥dµdσ

∥∥∥∥
Lq(σ)

= ∥f∥Lp(σ)

(∫
Ω

(
dµ

dσ

)q−1

dµ

)1/q

= ∥f∥Lp(σ)
(
e(q−1)Dq(µ||σ)

)1/q
≤ CΩ,X,p∥f∥Lp(σ)

M2/p

m1/p
.

For general ν, the result is obtained by approximation by discrete measures. Finally, for n =
1, denoting m to be the Lebesgue measure on [0, 1], the lemma follows by replacing µ, ν with
µ⊗m, ν ⊗m.

Proof of theorem 23. We apply the previous result to f = |∇u −∇v|, which is bounded by 2. We
get that

∥∇u−∇v∥L1(µ) ≤ CX,µ,p∥∇u−∇v∥Lp(σ) ≤ CX,µ∥∇u−∇v∥2/pL2(σ)

≤ CX,µ

(∫
X

(u− v)d(µ− ν)

)1/p

.

This inequality holds for any p > 3, and hence for any exponent less than 1/3.
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Proof of theorems 24 and 25. We will prove a similar result to lemma 10, which will imply the
theorems. For any f ∈ L∞, we can write

∥f∥L1(µ) = ∥f∥L1(µ,Br,m) + ∥f∥L1(µ,Br\Br,m) + ∥f∥L1(µ,Rn\Br),

where Br,m = {x ∈ Br : µ(x) ≥ m}. For theorem 24, we can ignore the third term for large enough
r. On the first term, we do a calculation similar to the one done in lemma 10:

∥f∥L1(µ,Br,m) ≤ ∥f∥Lp(σ)

∥∥∥∥∥
(
dµ

dσ

∣∣∣∣
Br,m

)∥∥∥∥∥
Lq(σ)

= ∥f∥Lp(σ)

(∫
Br,m

(
dµ

dσ

)q−1

dµ

)1/q

≤ ∥f∥Lp(σ)M
(
d

m

)1/p
(∫

Br,m

1

d(x, ∂Br,m)2(q−1)
dx

)1/q

≤ Cp,µr
n/q∥f∥Lp(σ)

(
d

m

)1/p

,

because, by [5, proposition 4.6], the last integral is bounded by rn times some constant value
(independent of r,m for small enough m and big enough r).

The second term is clearly bounded by Cmrn. The last term is bounded by a tail of a uniformly
log-concave distribution, and so bounded by Cµr

n−2e−
1
2κr

2

. All in all we see that

∥f∥L1(µ) ≤ Cp,µ,d

(
rn∥f∥Lp(σ)

m1/p
+mrn + rn−2e−

1
2κr

2

)
.

Optimizing for m, we get

∥f∥L1(µ) ≤ Cp,µ,d

(
rn∥f∥p/(p+1)

Lp(σ) + rn−2e−
1
2κr

2
)
.

Now set r = (2κ−1| log ∥f∥Lp(σ)|)1/2n. We get

∥f∥L1(µ) ≤ Cp,µ,d∥f∥p/(p+1)
Lp(σ) | log ∥f∥Lp(σ)|n/2.

Because the only condition on p is that it is bigger than 3, we can ignore the log term, and get

∥∇u−∇v∥L1(µ) ≤ Cp,µ,d∥∇u−∇v∥2/(p+1)
L2(σ)

≤ Cp,µ,d

(∫
X

(u− v)d(µ− ν)

)1/(p+1)

.

Proof of theorem 26. By proposition 21 we conclude that the integral∫
Ωt

d(x, ∂Ωt)
−αdx,
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stays bounded as t→ 0, for a fixed 0 ≤ α < 1. On Ωt, µ is bounded from below by mtδ; outside of
Ωt, µ is bounded from above by Mtδ. Therefore, using similar reasoning to the previous proofs we
get that for any f ∈ L∞, we have

∥f∥L1(µ) = ∥f∥L1(µ,Ωt) + ∥f∥L1(µ,Ω\Ωt) ≤ Cp,µ

(∥f∥Lp(σ)
tδ/p

+ tδ
)
.

And optimizing for s := tδ and substituting f := |∇u −∇v| as in the previous proofs, we get the
result.

5 An Application of Stability

In this section, we discuss an application of the stability for potentials in the p = 1 case to what
is called the convolution inequality. Let µ, ν be two probability measures, and ρ some convolution
kernel. We define the convolution µ ∗ ρ as

µ ∗ ρ(A) =
∫
Rn
µz(A)ρ(z)dz,

where µz is defined as
µz(A) := µ(A− z).

We will define ρε = ρ(·/ε), so that as ε → 0, ρε turns into a Dirac mass. We define µε :=
µ ∗ ρε. The convolution inequality arises from studying the Wasserstein distance between µε, νε
- see, for example, [4], where the author discusses the relation between similar concepts on a
Riemannian manifold and the geometry of the Riemannian manifold. It turns out, that we have
Wp(µε, νε) ≤ Wp(µ, ν). For p = 1, this is because, if u is a Kantorovich potential associated
with µ, ν, then uz = u(· − z) is a Kantorovich potential associated with µz, νz, which implies
that W1(µ

z, νz) = W1(µ, ν). Letting u
ε be the Kantorovich potential associated with µε, νε, using

Kantorovich duality, we get

W1(µ, ν) =

∫
Rn
W1(µ

z, νz)ρ(z)dz ≥
∫
Rn

∫
Rn
uεd(µ

z − νz)ρε(z)dz

=

∫
Rn
uεd(µε − νε) =W1(µε, νε),

(56)

and in fact, a similar logic holds for p > 1 as well, though we will focus on the case p = 1 from
now on. There are two natural questions that arise here - first, what are the equality cases, and
second, whether we can then prove some stable version of this theorem, so that if the difference
W1(µ, ν)−W1(µε, νε) is small, then µ, ν are close to the aforementioned equality cases. Note that
as ε → 0, and ρε converges do a Dirac mass, µε, νε get closer to µ, ν, so we would expect stability
to degenerate as ε→ 0. The question one might ask is, how fast does it degenerate in this case?

Suppose µ, ν achieve equality in (56). This means that u is a Kantorovich potential for µz, νz

for almost all z, so that u(x− z) = u(x)−Cz for almost all x, z. This implies ∇u(x− z) = ∇u(x),
i.e. ∇u is constant. In this case u can be chosen to be of the form u(x) = ⟨x, e⟩ for some
e ∈ Rn, ∥e∥ = 1. On the other hand, if u(x) = ⟨x, e⟩, then u(x− z) = u(x)− ⟨z, e⟩, so that we have
W1(µ, ν) =W1(µε, νε) and (µ, ν) achieve equality. For an equivalent definition, define pe to be the
projection to the hyperplane orthogonal to e.
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Proposition 29. (µ, ν) achieve equality if and only if for some e ∈ Rn, we have η = pe#µ = pe#ν,
and writing the disintegration µ = µy⊗η, ν = νy⊗η, µy is stochastically dominated by νy for almosy
all y.

We note that the concept of stochastic dominance has some various applications to economics,
see for example [10].

Proof. First suppose that (µ, ν) are an equality-achieving pair. Let T be an optimal transport map
from µ to ν. By definition of potentials, we have ⟨T (x)− x, e⟩ = u(T (x))− u(x) = |T (x)− x|, i.e.
T (x) − x is a positive multiple of e. and therefore pe(T (x) − x) = pe(e) = 0, or pe(x) = pe(T (x)),
which can be written as pe = pe ◦ T .

We can pick T to be increasing on each p−1
e (y), in which case T |p−1(y) is an optimal transport

map from µy to νy for almost all y. We also have T (x) ≥ x for all x. For any a ∈ p−1(y):

Eνy [1x≤a] =
∫
p−1(y)

1x≤adνy =

∫
p−1(y)

1T (x)≤adµy

≤
∫
p−1(y)

1x≤adµy = Eµy [1x≤a],

so that µy is stochastically dominated by νy.
For the other direction, let T be glued from monotone maps Ty form µy to νy. By stochastic

domination we have T (x) ≥ x, so T (x)−x is pointing in direction e. This implies that u(x) = ⟨x, e⟩
is a potential, so (µ, ν) is a an equality-achieving pair.

An equivalent characterization to the disintegration condition is the following: Eµ[φ] ≤ Eν [φ],
whenever φ is monotone along direction e, i.e. φ(x + te) ≥ φ(x) for every x ∈ Rn, t ≥ 0. If µy is
stochastically dominated by νy for all y, then this is clear because we would have Eµy [φ] ≤ Eνy [φ]
for almost all y. On the other hand, if µy is not stochastically dominated by νy for almost all y, we
can pick monotone φy so that Eµy [φy] > Eνy [φy] if possible, and φy = 0 otherwise; then gluing the
φy-s together into φ, we find that Eµ[φ] > Eν [φ].

Using a result by Michael Goldman’s, and the stability result proved in the previous section, we
can get the following corollary.

Corollary 4. Assume the same assumptions as theorem 23, and also assume that the convolution
kernel ρ satisfies ρ ≥ a > 0 on B1(0). If we write δ := W1(µ, ν) −W1(µε, νε), then there exists
e ∈ Rn, ∥e∥ = 1 such that ∫

X

|∇u− e|dµ ≤ CX,µ,α,ρε
−1δα,

for any 0 < α < 1/3.

Proof. We will provide a sketch of the proof, omitting some technical details. We begin by expanding
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the definition of δ. Recalling that uz is the potential between µz and νz, we find

δ =W1(µ, ν)−W1(µε, νε) =

∫
Rn
W1(µ

z, νz)ρε(z)dz −W1(µε, νε)

=

∫
Rn

∫
Rn
uzd(µz − νz)ρε(z)dz −

∫
Rn
uεd(µε − νε)

=

∫
Rn

∫
Rn
uzd(µz − νz)ρε(z)dz −

∫
Rn

∫
Rn
uεd(µ

z − νz)ρε(z)dz

=

∫
Rn

∫
Rn

(uz − uε)d(µ
z − νz)ρε(z)dz.

Let 0 ≤ α < 1/3. We can use theorem 23 on the inner integral, and combining with Jensen’s
inequality, we conclude that

CX,µ,αδ
α ≥

∫
Rn

(
CX,µ,α

∫
Rn

(uz − uε)d(µ
z − νz)

)α
ρε(z)dz

≥
∫
Rn

∫
Rn

|∇u(x− z)−∇uε(x)|dµz(x)ρε(z)dz

=

∫
Rn×Rn

|∇u(x)−∇uε(y)|ρε(x− y)dµ(x)dy.

(57)

To make sense of the last integral, recall that we assumed that ρ(x) ≥ a for |x| ≤ 1. Therefore,
ρε(x − y) ≥ a when |x − y| ≤ ε. Careful analysis of the integral then the leads to the following
bound:

Cµ,ρ

∫
Rn×Rn

|∇u(x)−∇uε(y)|ρε(x− y)dµ(x)dy ≥ ε

∫
Rn×Rn

|∇u(x)−∇u(y)|dµ(x)dµ(y),

and combined with (57), we get∫
Rn×Rn

|∇u(x)−∇u(y)|dµ(x)dµ(y) ≤ CX,µ,α,ρε
−1δα,

As a final step, this implies the existence of y ∈ Rn such that∫
Rn

|∇u(x)−∇u(y)|dµ(x) ≤ CX,µ,α,ρε
−1δα,

by basic properties of the integral. Denoting e := ∇u(y), we are done.

With that, we can prove the following.

Proposition 30. Suppose the Kantorovich potential u for (µ, ν) satisfies ∥∇u− e∥L1(µ) ≤ δ. Then
W1(pe#µ, pe#ν) ≤ Cdδ, where d = diam(X) as before.

Proof. Let X ′ be the union of all transport rays perpendicular to e. Then if x ∈ X ′, we have
|∇u(x)− e| =

√
2, and hence by Markov’s inequality µ(X ′) ≤ δ/

√
2, and in addition

ν(X ′) = µ(T−1(X ′)) = µ(X ′) ≤ δ√
2
.
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On X\X ′, we let pu(x) be the point of intersection of the line passing through x in direction ∇u
with H. If θ is the angle between ∇u and e, then

cos θ = ⟨∇u, e⟩ = 1− |∇u− e|2

2
,

so
|pu(x)− pe(x)| = |pu(x)− x| sin θ ≤ d sin θ = d

√
1− cos2 θ ≤ d

√
2(1− cos θ)

= d|∇u(x)− e|.
We will switch to a probabilistic interpretation. LetM,N be random variables with laws µ|X\X′ , ν|X\X′ ,
and coupled according to an optimal transport plan, so that pu(M) = pu(N). We have that

|pe(M)− pe(N)| ≤ |pu(M)− pe(M)|+ |pu(N)− pe(N)|
≤ d(|∇u(M)− e|+ |∇u(N)− e|),

and so

W1(pe#µ|X\X′ , pe#ν|X\X′) ≤ d(∥∇u(x)− e∥L1(µ) + ∥∇u(x)− e∥L1(ν)) = 2dδ.

Combining with what we saw about X ′, we end up with

W1(pe#µ, pe#ν) ≤ Cdδ.

We next prove the following

Proposition 31. Given the same assumption as the previous proposition, then

Eµ[φ] ≤ Eν [φ]− Cdδ,

whenever φ is 1-Lipschitz and monotone along direction e.

Proof. Let T̃ (x) denote the orthogonal projection of T (x) onto the line spanned by e. If |∇u(x)−e| ≤√
2, then T̃ (x) − x is a positive multiple of e, so φ(T̃ (x)) ≥ φ(x). As in the previous section, the

distance between T (x) and T̃ (x) is bounded by Cd|∇u(x)− e|, so we get

φ(T (x)) ≥ φ(x)− Cd|∇u(x)− e|.

The set A = {x : |∇u(x)− e| ≥
√
2} satisfies µ(A) = ν(A) ≤ δ√

2
as in the previous proposition, so

altogether we can write

Eν [φ] = Eµ[φ ◦ T ] ≥ Eµ[φ− Cd|∇u− e] = E[φ(M)]− Cdδ.

Combining all the we proved, we have the following corollary.

Corollary 5. Assume the same assumptions as in Corollary 4, and write δ =W1(µ, ν)−W1(µε, νε).
Then for every α < 1, there exists a constant C = CX,µ,α such that

W1(pe#µ, pe#ν) ≤ Cε−1δα,

and
Eµ[φ] ≤ Eν [φ]− Cε−1δα,

whenever φ is 1-Lipschitz and monotone along e.
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the space of probability measures. Springer Science & Business Media, 2008.
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