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1 Introduction

The problem of optimal transport has been studied since Monge in 1781. In its modern formulation,
we are given two probability measures, say on R", and are tasked with finding a map 7', which
transfers p to v, and is optimal in the sense that it minimizes an average cost E,.,[c(z, T(x))],
for some predetermined cost function ¢ : R™ x R® — R. The most studied choice of such a cost
function is ¢(z,y) = |z — y|?/p, for some p > 0, though we will consider only the case p > 1.

The most natural question one can ask of this problem is the existence and uniqueness of
solutions to it. Under the mild assumption that the source measure pu is absolutely continuous, it
turns out that there is always such an optimal transport map, and if p > 1 then it is unique. If
p = 1, such a map need not be unique even for simple cases. For example, if u, v are the uniform
probability measures on [0, 1], [1, 2] respectively, then both T'(x) = « + 1 and T(z) = 2 — x are
optimal. However, there is some uniqueness property: For any measures u, v, we can associate a
Lipschitz function with Lipschitz constant 1, called the Kantorovich potential of the pair, and it is
unique up to an addition of a constant.

In general, the potentials are a pair of real-valued functions maximizing a dual formulation of the
optimal transport problem. Specifically, they are a pair (p,%), such that ¢(z) + ¥ (y) < c¢(z,y) for
all z,y € R", and which maximize E,.,[p(2)] + Ez~, [t (2)] among such functions. For example,
for p = 1, the potentials turn out to be +u, where u is the aforementioned Lipschitz function;
and for p = 2, they are convex functions which are Legendre transforms of each other. Another
natural question is robustness of these potentials, or of the optimal transport maps, depending on
variations in the measures p, v. It is indeed true that the potentials and the transport maps depend
continuously on the measures p,v. A more complex question is about the modulus of continuity of
such maps - e.g., are they a-Hélder continuous, for some o > 0. This turns out to be much more
difficult to prove. Only recently have there been proofs of some results under reasonably general
assumptions. These results apply to the cases p > 1, and results relating to stability of potentials
have not been obtained for the case p = 1. The research shown in this thesis works in this direction.

The thesis is organized as follows. Chapter 2 contains a brief background on optimal transport.
Chapter 3 is a survey of recent results on stability results that have been obtained recently in the
cases of p greater than 1. Then, the final two chapters have novel results. Chapter 4 details results
I have obtained on stability in the case p = 1, and various assumptions on the source and target
measure. Finally, chapter 5 shows some applications of these stability results, mainly focusing on
a stable version of the transport convolution inequality.

2 Background on Optimal Transport and Other Results

In this section, we lay the basic theory of optimal transport. The main sources we will use through-
out this chapter are the works of Ambrosio [1, 2], Santambrogio [12], and Villani [13].

2.1 Basic Definitions and Formulation

Let p, v be probability measures over some measure spaces X, Y respectively. We denote by II(u, v)
the set of all joint probability measures m on X x Y that have u, v as their marginals. In concrete
terms, w € II(p,v) if and only if 7(X x A) = p(A),n(B x X) = v(B) for all measurable subsets
A C X,B CY. Note that 7(p, v) is always nonempty: For instance, the product measure p ® v is
in II(p, v). Elements of II(u, ) will also be called transport plans.



A cost function will be a measurable function ¢ : X x Y — [0,00]. Given a transport plan
m € II(p, v) and a cost function ¢, we define the total cost of the plan as

IC(,]T) = /X Yc(l'vy)dﬂ—(l'vy)a

And the Kantorovich optimal transport cost between u and v is defined as

Tepv) = _inf Ie(m). (1)
It is possible to have I.(7) = oo for all transport plans 7, in which case T.(u,v) = oco. If m € TI(p, v)
minimizes (1), it is called an optimal transport plan.

This is the Kantorovich formulation of optimal transport. The original problem Monge described
was slightly different; informally, in the Kantorovich formulation, each x € X can map to multiple
y € Y, but Monge described each € X mapping to a single y € Y. More formally, we look
at the set of all maps T : X — Y such that T#u = v, which means that T is measurable and
v(A) = u(T~1(A)) for all measurable subsets A C Y. Denote this set as M (yu,v), and note that
unlike the Kantorovich formulation, this set can be empty; for example, if x4 is a Dirac mass, then
T#p will also be a Dirac mass for any map 7. Therefore, if p is a Dirac mass but v is not, M (u, v)

is empty. Given a transport map 7" and a cost function, we can analogously define its total cost to
be

1(T) = /X (e, T(x))dp,

And the Monge optimal transport cost between p and v is defined as

Tgn(u, V) = TE]%/?(&,V) IC(T) (2)
Similarly to the Kantorovich formulation, a minimizer to (2) is called an optimal transport map. If
T is a transport map, we can define m = (Id, T)#p; then it is easy to check that m € II(u,v), and
I.(w) = I.(T). Therefore, the Kantorovich formulation is broader than the Monge formulation; in
particular, we always have T.(u,v) < T2 (u, v).

We will mostly be deal with the Monge formulation, i.e. with optimal transport maps. However,
the Kantorovich formulation will be important to us. It is very hard to prove directly that the Monge
problem admits a solution. As we will see, however, the Kantorovich problem has a solution in a
broad number of cases, and it is then possible to prove that a solution to the Kantorovich problem
is also a solution to the Monge problem.

2.2 Existence and Duality of Optimal Transport Plans

In this section, we prove the existence of optimal transport plans under rather general assump-
tions. We narrow down the spaces X,Y to be Polish spaces, which means that they are separable
complete metric spaces. We use Polish spaces because probability measures on such spaces obey
some convenient properties. In particular, Prokhorov’s theorem, described below, allows us to use
a compactness argument to prove the existence of a minimizer to the Kantorovich problem.

Theorem 1 (Prokhorov’s Theorem). Let X be a Polish space. A set ¥ of probability measures
on X is compact in the weak topology if and only if for every e > 0 there exists a compact subset
K C X such that p(X\K) < e for every p € X.



The proof of Prokhorov’s theorem is rather technical, see [11] for example. The special case
where Y consists of a single element is easier.

Lemma 1. Let X be a Polish space, p a probability measure on X. Then for every € > 0 there
exists a compact subset K C X such that p(X\K) < e.

Proof. Let {,}52, be a countable dense subset of X. Then (J;~; B/ (x,) = X for every m € N,
so there exists some k,,, > 0 such that

km
u (X\ U Bl/m@cn)) <e/2m

n=1

Denote K, = UZZI Bi/m(7y), and let K = or_y K. By definition, then, K is closed and totally
bounded, hence compact; and

[es) oo c
X\K Z H X\Km Z 7m
m=1 m=1

To state the theorem we want to prove, we also define a notion of semicontinuity.

Definition 1. Let X be a Polish space. A function f : X — [—o00, 00| is called lower semicontinuous

if

f(z) <liminf, o f(z,) whenever im, o x, — .

There is another, equivalent definition to lower semicontinuity, at least in the case of nonnegative
functions.

Lemma 2. Let X be a Polish space. A function f : X — [0,00] is lower semicontinuous if and
only if there exist bounded nonnegative continuous functions f, such that f = sup,, fn.

Proof. If f = sup,, fn, with f, continuous, and x,, — x, then

f(z) =sup fr(x) = sup hm fo(zm) < hm 1nf sup folzm) = hﬁi}gloff(ﬂ?m)
n

The other direction is a bit more involved. First, note that any nonnegative continuous function f
is certainly the supremum of bounded continuous functions (simply take f,, = min{f,n}). There-
fore, it’s enough to show that any nonnegative lower semicontinuous function is the supremum of
nonnegative continuous functions. If f > 0 is lower semicontinuous and d is the distance on X,
we define f,, by fn(z) = infyex f(y) + nd(x,y). Then we need to verify some things: That f, is
continuous, that f, < f, and that sup,, f, = f.

For continuity of f,, note that fixing y, the function f(y)+ nd(z,y) is Lipschitz continuous and
nonnegative, with Lipschitz constant n. This means that f, is the infimum of Lipschitz functions
with the same Lipschitz constant and which are bounded from below, so it is continuous, and even
Lipschitz.

By definition, we have f,(x) < f(x) + nd(x,z) = f(z), so sup,, fn(x) < f(x). The hard part
is proving that sup,, f.(x) > f(z), and this is where lower semicontinuity of f will come into play.
Let y, € X such that f,(z) > f(yn) +nd(x,yn) —27". Then f,(z) is bounded by f(z), so

<

nd(z, yn) < f(@) +£27" = flyn) < fl@) +27" < f2) +1



In other words, nd(z, y,) is bounded as n — oco. Therefore, d(x,y,) — 0 as n — 0o, or equivalently
Yn — . By lower semicontinuity of f, we get

Now, we can state the theorem proving existence of optimal transport plans.

Theorem 2. Let X,Y be Polish spaces, u, v probability measures on X,Y respectively, c: X XY —
[0, 00] lower semicontinuous. Then there exists an optimal transport plan between p,v for the cost
c.

Proof. We first prove that IT(u,v) is weakly compact. Indeed, by lemma 1, for every € > 0 there
exists compact subsets K1 C X, Ky C Y such that pu(X\K;1),v(Y\K32) < ¢/2. Then for every
7 € II(p, v) we have

T((X X YO\ X Ky)) < w((X\K) x V) +7(X x (Y\K2)) = p(X\KL) + v(Y\K) <

| ™

therefore, by Prokhorov’s theorem II(u, v) is compact.

Now, let m, € II(u,v) be a sequence of transport plans such that I.(w,) — T.(u,v). By
compactness of II(u, ), there exists a subsequence ,, converging to some m € II(u,v) in the weak
topology. Also, by lemma 2, we can write ¢ = sup,, ¢m, where ¢, are bounded and continuous.
Then by the monotone convergence theorem and the definition of weak convergence, we have

I.(m) = Exle(z,y)] = Ex [sip em(z, y)] =supE;[em(z,y)] = sup kli_}rgo Er,, lem(z,9y)]

m

<liminfsupE,, [em(z,y)] = liminfE, [e(x,y)] = liminf I.(7,, ) = Te(p, v).
k—oo m "k k— oo "k k—o0
So I.(m) < T.(u,v), and since I.(mw) > T.(u,v) by definition, we get that I.(7w) = T.(u,v), so that
7 is optimal. O
Next, we discuss a dual formulation to the Kantorovich problem.

Theorem 3. Let X,Y be Polish spaces, p,v probability measures on X, Y, ¢ : X XY — [0, 0]
lower semicontinuous. Then

min / c(z,y)dr = sup /gad,u+/ Ydv, (3)
m€ll(u,v) J X xy () €D (p,v) J X Y

where

D (p,v) ={(p.¥) s € L'(p), ¢ € L' (v), p(x) + ¥(y) < c(a,y)Ve € X,y € Y}.

We call a maximizer to the right hand side in (3) a Kantorovich potential. They will prove
useful to us later, when analyzing the Monge problem, since we will be able to construct optimal
transport maps using the potentials.



Note that one direction of the equality in (3) is easy: If o(x) + ¥(y) < ¢(x,y), then for every

7 € I(p, v):
/Xxyc(x,y)dwz/Xxyw(:v)+¢(y)dw:/x@(x)du+/ywdu

The hard part, will therefore be to prove the other direction of the inequality.

To gain an idea of the proof, we can imagine fixing some function ¢ : X — [ — 00, 0], and
considering what is the largest corresponding 1 so that ¢(z) + ¥(y) < c(z,y) forallz € X,y €Y.
Swapping sides, we get ¥ (y) < c(x,y) — p(x); therefore, the largest value ¢ (y) can achieve is the
infimum of ¢(z,y) — ¢(x), over all possible z € X. This leads us to the following definition.

Definition 2. Let ¢ : X — [ — 00, 00] such that ¢(x) > —oo for some x € X. The c-transform of
@ is defined as

v(y) = nf c(z,y) - p(z).

We say that a function ¥ 1 Y — [—00,00) is c-concave if ¥ = ¢° for some function p. Similarly,
for: Y — [ — 00,00] such that ¥(y) > —oo for some y € Y, we define

Y(x) = inf c(z,y) —P(y),

yey
and ¢ : X — [—00,00) is c-concave if o = ¢° for some function 1.

Note that our definition of c-concavity includes the constant function —oo; however we will
mostly ignore this case.

There is a technical subtlety in the definition - it is not a priori obvious that ¢¢ is even mea-
surable, since it is the supremum of a possibly uncountable family. However, if ¢ is continuous and
Yn — Y, then —p° is lower semicontinuous, since it is the supremum of continuous functions. It is
not hard to see that lower semicontinuity is equivalent to (¢¢)~(—o00, —a) = (—¢°)~*(a, 00) being
open for every a € R, which implies that ¢° is measurable in this case.

For convenience, we show some basic properties of the c-transform.

Proposition 1. Let ¢ : X — [—00,00]. Then

a. Forallz € X,y € Y we have
o) + ¢ (y) < c(x,y).

b. p < .

C. pfC = o°.

d. ¥ :Y — [—00,00) is c-concave if and only if ¢ = ).
Analogous properties also hold for ¢ : Y — [—o00,o0].

Proof. (a) follows directly from the definition of the c-transform. Swapping sides, we get p(z) <
c(z,y) — ¢°(y), and taking the infimum we see that

p(z) < yig)f( c(z,y) — ¢°(y) = (),



which proves (b). For (¢), we have

cce (

©““(y) = inf c(z,y) — p“(x) = inf c(z,y) — 12& c(z,y") — ¢°(y)
y/

reX

_ _ s AN /
= Inf c(z,y) — inf (e, y') = Jnf c(2',y) = p(a)

inf sup 1nf c(z,y) — c(z,y') + c(a',y") — o(z')
reX v EX z'e

< inf sup c(x,y) —c(z,y') + (2’ y) — p(a)
x,T EXy D¢

< inf sup c(z,y) — c(z,y) + (', ') — o(x)
zEX yrex

= Inf c(z,y) — p(x) = ¢°(2).

This proves that ¢ < ¢°. By (b), we know that ¢%¢ > ¢° so we conclude that @€ = ¢°.
Finally, (d) is an easy consequence of (c). O

To connect between optimal transport plans and c-concave functions, we introduce the notion
of cyclical monotonicity.

Definition 3. A set I' C X XY is c-cyclically monotone if, for any finite set of points
(1,91),- .-, (g, yx) €T, it holds that

k
> clwiy) < ]
i=1

C(x'h yi+1)7

M)~

N
Il
-

where we define yip+1 := y1.

Since every permutation is a product of cycles, this definition is equivalent to

k
> elwiy) <
=1

C(xiv yﬂ’(z))7

™M=

=1

for every m € Sj.
The link between optimal transport and cyclical monotonicity is demonstrated in the following
proposition.

Proposition 2. a. Suppose c is continuous, and let p, v be probability measures over X,Y such
that T.(u,v) < oo. If w is an optimal transport plan between p and v, then the support of ™
is c-cyclically monotone.

b. Moreover, the union of the supports of all optimal transport plans between p and v is c-
cyclically monotone.

Proof. We first prove (a). Assume otherwise, so there exist (z1,y1),..., (Zk, yx) € supp(w) such

that
k

k
Z (@i, yi) > Z (@i, Yir1)-
i=1 =1



Then by continuity of ¢ and the definition of support, there exist open neighborhoods z; € U;,y; € V;
such that w(U; x V;) > 0, the sets U; x V; are pairwise disjoint, and

k
Z C(LU;, y;) > Z C(:E/iv y2+1)7
i=1 i=1
for any ) € Uy, y, € Vi Let A=Y, U; x Vi, B =, Ui x Vigy. Let m = v, xvi /7(Us x V).
Define the measure o to be the product measure of all the ;s on Hle X x Y. Also denote by
u;,v; the projections onto the i-th copy of X,Y respectively; then (u;, v;)#0 = m;. Now, for a > 0
let 7’ be the signed measure defined by

k

k
mi=at ) ((w,vip)#o — (u,v)#o) =7+ a Y ((u,vie)#o — 7).

i=1 =1

If o is small enough so that ar(U; x V;) < 1 for all 4, then am; < m on U; x V;, so 7’ is a positive
measure. In fact, 7’ is a probability measure, since

k k
T(XxY)=a(X xY)+a) ((u,vip)#o(X xY)=m(X xY))=1+a) (1-1)=L1

i=1 i=1

Also, 7’ has the same marginals as , since for example, denoting 7, to be the projection to the
first coordinate coordinate,

k
T (X X Y) = mo#m + aZ(m 0 (Ui, Viq1))#0o — Ty 0 (U4, v;))F#0)
i=1

k
=M, H#T + Z(ui#a — w;#0o) = mLHT.
i=1

Now, a simple computation gives us:

c(w)d((ui,m#o))

I(w’)—Im:aé( ot~ [

= a/ c(ug, vir1) — c(ug, v;)do < 0,
bk XXY

which is a contradiction, since we assumed 7 was optimal.
For (b), let (x1,y1), ..., (g, yx) belong to optimal transport plans 7y, ..., 7 respectively. Then

n
1
™iI= — E T,
n
=1

is also an optimal transport plan, whose support contains (x1,y1),. .., (g, yx). Therefore (b) follows
from (a). O

The next definition draws inspiration from convex analysis.



Definition 4. Let ¢ : X — [—00,00) be a c-concave function. The c-superdifferential of ¢ is
defined for each x € X as

Oep(r) ={y €Y : 9(2) < ¢(x) + c(2,y) — c(x,y)Vz € X},

and 0.0 = J,¢ x Oetp().

Note that if ¥ = ¢°, then ¢(z) + ¥(y) = c(z,y) if and only if y € O.p(x). Indeed, we always
have ¢(z) + ¥ (y) < c(z,y), and

)
0(z) < p(x)+c(z,y) — c(z,y)Vz &
Yy € dep(z) &

Also, suppose ¢ is not identically —oo, and ¢(z) = —oco. Then there exists some z € X such that
©(z) > —o0, and then p(z) > ¢(z) + c(z, 2) — c(x,y) for all y, since the right hand side is always
—o0. Therefore, in this case d.p(z) is empty.

The c-superdifferential allows us to prove the following theorem.

Theorem 4. A set I' C X X Y is c-cyclically monotone if and only if it is contained in the
c-superdifferential of a c-concave function ¢ : X — [—00,00) that is not identically —oc.

Proof. First, assume I' C J.¢, and let (x1,41),..., (g, yx) € T'. By the remark preceding the
theorem, ¢(x;) > —oc for all i. Then we have

o(wi1) — (i) < e(@i-1,9:) — c(Ti, yi),

and summing over all possible i-s, the terms on the left hand side cancel out, and we are left with

k k
Z c(@io1,yi) — c(@i,yi) = > cl@i, yir1) — c(@i, vs)-
i=1 i=1

For the other direction, let T' be c¢-cyclically monotone. Fix some (xg,yo) € I'. Define ¢ : X —
[—00,00) as

o(x) = inf c(x,y1)te(rr, y2)+. . 4@k, yo) —c(z0, Yo) — (@1, y1) —- - . — (T, Yi)-
keN,(z1,y1)ses(Tk,yr)ET

Then, by c-cyclical monotonicity of T', we have ¢(zg) = 0, so ¢ is not identically —oo.
Now, let (z,y) € T, and z € X. Take (z1,y1) := (z,y) and (x2,¥2),. .., (g, yx) € T, then

p(2) <clzyy1) +e(z1,y2) + o+ c(Tr, yo) — c(@o, yo) — c(@1,y1) — - .. — ek, Yk)
= C(Zvy) - C(’l,’,y) + C(xva) +...+ C(xkayﬂ) - C(l’o,yo) - C(zQa y2) e T C(zkayk)a

and taking the infimum over all (x2,¥s), ... (Tk, yx), we get
p(2) < clz,y) = cl, y) + ().

Since z was arbitrary, we have y € d.¢(x), which is what we wanted to prove. O



Now, we can begin proving theorem 3. We first discuss a special case, where the supremum in
(3) is actually a maximum.

Proposition 3. Assume c is continuous, and that T.(u,v) < oo. Then there exists a c-concave
pair of functions @, such that if ™ is an optimal transport plan between p and v, and (x,y) are
in the support of w, then p(z) + ¥(y) = c(z,y). If, in addition, we assume that the set of ally € Y
for which

/ e, y)dp(z) < oo, (4)
X

has positive v-measure, and similarly the set of all x € X for which
| ctwmavt) <, )

has positive u-measure, then ¢ € L*(u),v € L*(v), and we have

/ c(a:,y)d7r=/ <pdu+/ Pdv.
XxY X Y

Proof. By proposition 2 and theorem 4, the union of the supports of all optimal transport plans is
contained in the c-superdifferential of a c-concave function . If 1) = ¢°, then we have y € 0.¢(x)
whenever (z,y) € supp(w) for an optimal transport plan 7, which as we saw is equivalent to
o(z) +¥(y) = c(z,y). Therefore we can try and write

/Xxyc(x,y)dﬂ:/xgodu-i-/ywdu. (6)

To make this argument correct, we need to prove that the integrals on the right hand side actually
exist, and that the expression is not of the form co — co. This would then prove the integrals are
finite, since the left hand side is. To this end, we will show the integrals exist and are not co by
proving that the nonnegative parts ¢, 1T are integrable.

We first prove that ¢, 1 > —oo almost everywhere. Indeed, if ¢(z) = —oo, then d.¢(x) = ), but
supp(m) is concentrated on the superdifferential of ¢. If we define A = {x : () = —o0}, then this
means that A x Y Nsupp(n) = 0, so 7(A x Y) = 0, and therefore u(A) = 0. A similar argument
holds for .

Since p(z) + ¥ (y) < e(x,y), we have o7 (z) < e(x,y) — 1 (y). Fixing y to be such that condition
(4) holds and (y) # —oo, we see that o™ (x) € L'(u). Similarly, ¢y (x) € L'(v). Therefore, the
integrals in (6) are not co, so they in fact converge. O

Proof of theorem (3). For ¢ that is bounded and continuous, the theorem follows from the previous
result; in fact, in this case the dual problem admits a maximizer. For general ¢, we express
¢ = sup,, ¢, where ¢, are bounded continuous functions. Then there exist (¢n, ¥y) € @, (1, V)
that are maximizers to the dual problem for cost ¢,. Passing to the limit, we get

sup / <pdu+/ wduzlimsup/ gondu—&—/ wnduzlimsup/ cn(x,y)dm
(pp)ePc(p,v) J X Y n—oo JX Y n—oo JXXY

2/ lim cn(amy)dw:/ c(z,y)dm,
XxYy "o XXY

and the other direction of the duality was already proven. O



This concludes the proof of the duality of optimal transport. The final result we will need relates
back to cyclical monotonicity. As it turns out, this property is rather useful, and we would like
to show optimal transport plans are concentrated on c-cyclically monotone sets even when ¢ isn’t
continuous.

Proposition 4. Suppose c is lower semicontinuous, and let w be an optimal transport plan. Then
there exists a c-cyclically monotone set ' C X XY such that w(T") = 1.

Proof. For the proof, we will use duality. Let (5, ¥,) € ®.(u, v) be such that

lim [ ondu +/ PYndv = / c(w,y)dm,
n—oo Jx Y XxY

then the functions f,(z,y) = c(z,y) — ¢n(x) — ¥n(y) are nonnegative, and f, — 0 in L(n).
Therefore, taking a subsequence if necessary, we have f,, — 0 m-almost everywhere. Let I" be a set
of full measure on which f,, — 0. Then if (x1,41),... (zx,yx) € T, we have

k k k k
ZC xzayz = h_{r;OZ‘Pn .131 + ¢n(yz) = hm Z‘Pn -751 + wn yz-‘rl ZC $1,yz+1
i=1 =1

O

For a single polish space X =Y, the most important examples of cost functions are ¢,(x,y) =
d(z,y)?, where p > 1. We define W, = Tcp(u,y)l/p. This turns out to define a distance, called
the Wasserstein metric. The only difficult part is the triangle inequality. We will use the following
theorem, allowing us to ”glue” probability measures.

Theorem 5 (Lebesgue gluing theorem). Let p1, pio, ps be probability measures over Xi, Xo, X3
respectively. Let m1 be a coupling of p1 and ps, and wy be a coupling of ps and ps. Then there
exists a unique joint probability distribution m on X1 X X9 X X3, whose marginal on X7 X X9 is 71,
and whose marginal on Xo X X3 is 7.

If w1, po, 3 are probability measures, 71 is an optimal transport plan between g1, and 75 is an
optimal transport plan between us and pg, then let 7 be the joint probability measure given above,
and let w3 be the marginal of 7 on X; x X3. Then 73 is a transport plan between p; and ps, so by
the Minkowski inequality

Wi g, ) < Nld(2,y)l Lo (ra) = ld(@ 1, 23) [ Lo () < (@1, 22) [ Lo () + (A2, 23) | Lo ()
= lld(@, )l Loy + (@ Yl Lo () = W1, p2) + Wy (p2, 13),

which proves the triangle inequality.

2.3 Optimal Transport in Euclidean Space, p > 1

So far, our setting has been rather general, with measures over an arbitrary Polish space, cost
functions which are arbitrary lower semicontinuous functions on that space. However, we will now
restrict to the more concrete setting of X = Y = R", and cost functions of the form c(x,y) =
| — y|?/p, for some p > 1.

Our aim is to study the existence and uniqueness of optimal transport maps in the Euclidean
setting. To state the theorems, we will need to define some notion of approximate differentiability.
First, we define the density of a point in a set.
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Definition 5. Let A C R™ x € R". The density of A at x is defined to be

. |ANB.(x)|
1 -
20 A (x)]

We recall also the well known Lebesgue density theorem.

Theorem 6 (Lebesgue density theorem). Let A C R™. Then almost every point x € A has density
1in A.

Now we define the notion of approximate differentiability.

Definition 6. Let f : R™ — [—o00,00]. We say that f is approzimately differentiable at a point
x € R™ if there exists a function g differentiable at x, such that the set {y € R" : f(y) = g(y)} has
density 1 at x. In this case, we denote V f(x) = Vg(x).

Note that from this definition, it is obvious that if the approximate differential exists, it is unique
since if g1, g2 are two functions that agree with f on a set with density 1 at =, then g1 = g» on a
set of density 1 at z, so Vg1 (x) = Vga(z).

Aside from this, we will make use of some standard differentiability theorems, due to Rodemacher
and Aleksandrov.

Theorem 7 (Rodemacher’s theorem). Let U be an open subset of R", and let v : U — R be
Lipschitz. Then u is differentiable almost everywhere.

Theorem 8 (Aleksandrov’s theorem). Let A be a convex subset of R™, and let f : R™ — R be
convez. Then f is twice differentiable almost everywhere, that is there exist V 4 f(z), D% f(x) such
that

f(z)=f@) +Vaf(z) (z—2)+ Dif(2)(z —2) (2 — 2) + o]z — 2|?)
For almost every xz € A.

Now, we can state our main theorem. In the following, for v € R", o € R, we write v = |v|* 1v.

Theorem 9 (Optimal transport, the case p > 1). Let p > 1. Let u,v be probability measures on
R"™, with p absolutely continuous. Then:

o There exists an almost everywhere unique optimal transport plan between p and v for the cost
c(z,y) = |z — y|?/p, and that plan is induced by a transport map T.

o There exists a c-concave function ¢ which is approzimately differentiable p-almost everywhere,
and T(z) = x — (V)(H/(p=1),

e The transport map T is approzimately differentiable p-almost everywhere, and the derivative
VT is diagonalizable with nonnegative eigenvalues.

o Ifv is also absolutely continuous, then T is injective almost everywhere and T~ is the optimal
transport map from v to .

11



Proof. By proposition 3, there exists a pair (¢,9) of c-concave functions, such that any optimal
transport plan m between p and v is supported on the c-superdifferential of . Because ¢ is c-
concave, we can write

p(z) = ;enﬂ{n P Y(y). (7)
Define P
on()= imf Ty

5o ¢p is Lipschitz on Bg(0), since it is the infimum of Lipschitz functions with the same Lipschitz
constant. For p-almost all x € R™, the infimum on (7) is achieved for some y € R™, so we have
o(x) = ¢r(x) when R > |y|. Denoting Ag := {x € B.(0) : ¢(z) = pr(x)}, by Lebesgue’s density
theorem and Rodemacher’s theorem we see that ¢ is approximately differentiable at almost every
point x € Ag. Since pu is absolutely continuous, we get that ¢ is approximately differentiable
p-almost everywhere.

If (z,y) € supp(n), then we have

|z —yl?
p(x) +P(y) = —

SO x maximizes
|z’ —ylP

5 o(a'),
which means, by taking gradients, that
(z =)™ = V().

From here, it is obvious that y is unique almost everywhere and given by y = z — (V)(/(r=1),
For the proof of the third point, we will use Aleksandrov’s theorem on the potential . Of
course, this is not immediately applicable since ¢ is not convex. We will instead rely on a weak
form of semi-concavity. For each triplet (B, B’, B”) of open balls containing each other with rational
centers and radii, let
NB,B/,B” = {CC €B: T(l‘) S B”\B/},

and | »
. x—y .
’ " = lnf - .
¥YB,B’',B BN B p ©°(y)
Because the minimum defining ¢ is attained at T'(z), we have ¢p g g7 = ¢ on Ng g/ . Also,

for y € B"\B’', |z — y|P/p is differentiable on B and the derivative is C-Lipschitz, for some C :=
C(B,B’,B") < oo independent of y. Therefore, the functions

|x7y|p c c 2
I~ prty) - el

are all concave in x, and so is B B/ ,B” — %|x|2, since it is the infimum of concave functions.
By Aleksandrov’s theorem, ¢p g/ p~ is twice differentiable almost everywhere, and therefore ¢ is
approximately twice differentiable almost everywhere on A := U p/ gy Np.pr,5r = {2 : T(2) #
x}. Since T is a smooth function of the approximate gradient of ¢, it is approximately differentiable
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almost everywhere on A. Outside of A, T is the identity. Therefore it is approximately differentiable
on any point with density 1, which is almost every point by the Lebesgue density theorem.

For simplicity, we denote f(z) = le=vl" iy what follows. We need to prove that VT is diago-
nalizable with nonnegative eigenvalues. This is clear if T'(z) = z, so we assume otherwise. If ¢ is
approximately twice differentiable at x, as shown before & minimizes f(z’ —y) — ¢(a’). Therefore,
the hessian of this function is totally nonnegative, so

D*f(z —T(x)) = D*¢(x).

Letting f* be the Legendre transform of f, we have that Vf, Vf* are inverses. Also note that
T(z) = 2 — V*(Ve(r)), so

(D27 (Vel@)) = D2F(VI*(V9) = Df(a — T(w) = Do(),

Define A := D2f*(z — T(x)), B := —D?p(z). Note that by the chain rule, VT'(z) = I + AB, and
we know that A=! > —B. Let C be a symmetric positive definite matrix such that C? = A. Then
we can write

C(id+CBC)C™'=CC '+ C*BCC™ =1+ AB,

and since I + CBC' is symmetric, this proves that VT is diagonalizable. If v is any vector, we can
write

(I + CBC)v,v) = (v,v) + (Cv, BCv) > |v|* > (Cv, A~1Cv) = |v|* — (v,v) =0,

which proves that all eigenvalues of I+ CBC', and hence all eigenvalues of I + AB, are nonnegative.

For the fourth point, let m be the optimal transport plan induced by T'; we can regard it as a
transport plan 7’ from v to u, which is optimal as a transport plan. Since v is absolutely continuous,
by the first point, 7’ is induced by a transport map 7" from v to . Then the sets {(x, T'(z) : x € R"}
and {(y,T"(y)) : y € R™} have full m-measure, and so does their intersection; therefore T'(7”(z)) for
p-almost all z, and T"(T'(y)) for v-almost all y.

Let us discuss in more detail the implications of this theorem on the special case p = 2. Consider
the dual problem. If o, v are the potentials associated to u, v, then they maximize

/ edp + / Ydv,

subject to
ol@) +6(y) < | —yP/2 = L (o + 1) 7y,
Substituting ¢’ = |z|?/2 — ¢ and similarly for ), we end up with the equivalent minimization
problem
/ @' dp + / Y dv,
subject to

() + ' (y) > - y.
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Recall that ¢, are c-transforms of each other. If we translate this to ¢, v’ we get

/ _ |y|2 _ |y|2 |5Zj B y‘Q _ ‘T2 _ / o 7\ *
Vy) = - —¥(y) = sup - —————+¢(x) = supz-y— - +o(z) = supz-y—¢'(z) := (¢")"(y),
2 ) 2 T 2 ©

and a similar expression for ¢'. This star operation is known as the Legendre transform — note
that it is the supremum of affine functions, so it defines a convex function, i.e. ¢’ 9’ are convex.
By the theorem we proved before, we know that the optimal transport map is x — Vi = V¢', so
it is the gradient of a convex function. This map is called the Brenier map pushing p to v. The
condition ¢(x) + (T (x)) = ¢(z,y) turns into the Fenchell-Young inequality and equality:

o) +9(Ve(x)) =z - Vo(z).

We also note that as a consequence, the gradients Vi, Vi) are inverses of each other.

Before moving on to the case p = 1, we will discuss interpolation. For two measures pug, i1,
with pg absolutely continuous, let T' be the optimal transport map between pg and p for the cost
| — y|P. We interpolate between pg and p; by defining T3 = tT + (1 — t)id, and then u; = Ti# 0.
The relevant fact for us is that p,; is absolutely continuous for every ¢ < 1. This is a consequence
of the following lemma:

Lemma 3. Let pg, 1 be probability measures over R™, with pg absolutely continuous, and let T be
an optimal transport map from pg to py for the cost |x — y|P. Let Ty(x) = tT(x) + (1 — t)z. Then
fort < 1, T is injective pg-almost everywhere.

Proof. The case t = 0 is obvious, so we may assume that 0 < ¢ < 1. Suppose that Ti(z) = T:(y).
Denote a = T'(x) — z,b = T(y) — y. Note that we have x = Ty(x) — ta,y = Ti(y) — tb. By c-cyclical
monotonicity, for pg-almost all pairs x,y we have
la” + [b]" = |T(x) — 2| + |T(y) —yl” < |T(y) — =" + [T'(z) — y|’

=lta+ (1 —=t)bP + [tb+ (1 —t)al’ < tla|’ + (1 —¢)|b]P + t|b|” + (1 — t)|al’ = |a|P + |b|?,

and by strict convexity of | - |P, this implies that a = b, and therefore & = y, up-almost everywhere.
O

2.4 Optimal Transport in Euclidean Space, p =1

Next, we discuss the case p = 1. This subsection will also be relevant in sections 4 and 5, which are
the crux of the thesis. In this case, there is no unique optimal transport plan. However, we have
the following theorem.

Theorem 10 (Optimal transport, the case p = 1). Let u,v be probability measures on R™, with u
absolutely continuous. Then:

a. There exists a (not necessarily unique) optimal transport map T from u to v for the cost
c(z,y) =z —yl.

b. There exists a 1-Lipschitz function w such that, for any optimal transport map T, we have
|z = T(z)| = u(z) — u(T(z)).

14



While (a) will take some effort, (b) is quite easy to show, and follows from the fact that 1-
Lipschitz functions are exactly the c-concave functions in the p = 1 case. Indeed if w is 1-Lipschitz,
then u(x) — u(y) < |z —yl, so

u(y) = inf |z —y| —u(z) > —u(y),

TER™
and
u(y) = inf [z —y|—u(z) <[y -yl —uly) = —u(y),
meR'L
which proves that u is c-concave, and u® = —u. On the other hand, an infimum of 1-Lipschitz

functions is still 1-Lipschitz, as long as it is not —oco.
According to proposition 3, there exists a 1-Lipschitz function u such that

u(@) —uly) = u(z) +u(y) = |z —yl,

for every (x,y) in the support of an optimal transport plan w. This leads us to the following
definition.

Definition 7. Let u be 1-Lipschitz. A transport ray of u is a mazimal segment [x,y] in R™ such
that u(z) — u(y) = |z — y|, mazimal here meaning it is not contained in any larger such segment.
We call a transport ray nondegenerate if x # y.

Note that if u(z) — u(y) = |z — y| and z lies between z and y, then

u(r) —u(z) = u(@) —uly) - (u(z) —uy)) 2 [ —y[ - |z —y| = [ — 2|,

On the other hand, u(x)—u(z) < |r—z| because w is 1-Lipschitz; this shows that u(z) = |z—z|—u(z),
so u is linear on the segment [z, y]. This allows us to define a total ordering on each transport ray:

Definition 8. Let u be 1-Lipschitz. We define a total order on each transport ray of u by x > vy if
and only if u(z) < u(y).

If (x,y) € supp(r), then as before u(z) — u(y) = |z — y|, so x,y belong to the same transport
ray, and x < y on this transport ray.
Given a transport ray [x,y], we call the open segment (z,y) the interior of the transport ray.

Proposition 5. Let u be a 1-Lipschitz function, and let [x,y] be a transport ray. Then u is
differentiable on its interior, and its derivative equals

T —
Vu = Y.
|z -yl
Proof. Let e := =% The directional derivative of u along e is 1, since u increases linearly on

T eyl
[x,y]. We first prove the derivative in directions orthogonal to & — y vanishes. Let z lie on (z,y),
and let €’ be a unit vector orthogonal to e. Define ¢ := u(z +te’) — u(z), and let ¢y be small enough
so that z &+ tpe € (z,y). Then

4+t =u(z+te') —u(z) + u(z) —u(z — toe) = u(z +te') — u(z — toe) < |te' + toe| = \/t? + 12,
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where the last step used the orthogonality of e and e’. Similarly,

§—to=u(z+te') —u(z) + u(z) —u(z + toe) = u(z + te') — u(z + toe) < \/t2 + 3.

Squaring these inequalities, we get
+26ty < 6% + 26ty < 12,

so that
tQ
0] < o
2tg
Now, if 2’ € R™ is close enough to z, we can write it as 2’ = 2" + te/, for some t € R, 2" € (z,y),
and e’ orthogonal to e. Also, if 2’ is close enough, we can pick a small ¢y, depending only on z, so
that 2” & tge. Then by what we proved above, we have

u(z') —u(z) = u(z’) —u(z") +u(z") —u(z) =0 (*) + (2" —2) - e=(z' — 2) - e+ o]’ — 2]),
since O(t?) = o(t) = o(|2' — z|). O

Now, fix an optimal transport plan w, which among all optimal transport plans for the cost
|7 — yl, is optimal for the square cost |z — y|? (such a plan exists by compactness, though it is not
immediate that it is unique). We want to prove that this plan is induced by a transport map. First,
we prove the following monotonicity property.

Proposition 6. Let m be a transport plan defined as above. Then 7 is concentrated on a set
' C R™ x R, with the following property: Let (x1,y1),(z2,y2) € T, such that x1,z2,y1,y2 all
belong to one transport ray. If x1 < xa, then y1 < ys.

Proof. We can define a new cost, ¢, by

—( ) “Tfy|2 1fz§y,
c(z,y) = .
Y oo otherwise.

Then ¢ is lower semicontinuous, and the condition on 7 is equivalent to it being optimal for the cost
¢. Therefore 7 is concentrated on a ¢-cyclically monotone set I'. We already know that z; < ¥
and zo < Yo, so we need to account for the possibility 1 < xz2 < y» < y1. In that case, ¢
cyclical monotonicity gives us (z1 — x2) - (y1 — y2) > 0, which implies y; < yo, contradicting the
assumption. O

Therefore, 7 is monotone on each transport ray. This also implies that the number of = for which
there exist multiple y such that (z,y) € T' is at most countable on each nondegenerate transport
ray. We want to conclude from this that this set has measure zero. For this we will first need the
following definition.

Definition 9. A function f is called countably Lipschitz if there exists a sequence {A,}52, such
that | J;—; Ay, has full measure and f|a, is Lipschitz for each n.

Proposition 7. Supposel; is a collection of nondegenerate oriented intervals such that the direction
v(x) of the line passing through x is a countably Lipschitz function, and B; C l; is countable for
each i. Then B :=J B; has measure zero.
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Proof. If we look at the countable set of hyperplanes orthogonal to vectors with rational coordinates,
every nondegenerate line intersects at least one of these. By o-additivity, we can assume that v
is Lipschitz and that there exists a hyperplane Y intersecting each line in the collection. Let
f: A — R"™ be defined as f(z,t) = x + tv(z), defined on some set A CY x R. Then, the preimage
f~1(B) has only countably many points on each line of the form {z} x R. By Fubini’s theorem,
this implies that f~!(B) has measure zero, and therefore B has measure zero since the image of a
measure zero set under a Lipschitz map is still measure zero. O

To complement this result, we want to prove that Vu is countably Lipschitz. This will again
make use of Aleksandrov’s theorem.

Proposition 8. Let u be 1-Lipschitz. Then Vu is countably Lipschitz.

Proof. Let Ej, be the set of all points belonging to transport rays [z, y] that are at distance at least
h from the point x.

Let uj, denote the restriction of u to Ej. We define a new cost function ¢, by ¢ (z,y) := frn(z—y),
where fj, is any C? function which is 1-Lipschitz and such that fy,(z) = |z| if || > h. Choose Ay,
to be greater than ||D?f||.. Then we can write

u(z) = |z —z| + ulz) = ziean" Iz = 2) + u(x),

and since the functions

|22
Fula = 2) +ulz) = A=,
are all concave, so is
u(z) — )\hﬁ.
2
Therefore, u is concave up to a smooth function. We finish by citing the following result. O

Proposition 9. Let f be a convex function. Then V f is countably Lipschitz.

Proof of theorem 10. Let 7 be the optimal transport plan for the distance cost |x — y|, which is also
optimal for the cost |x — y|?>. Then, we proved there exists a set I' of full 7-measure, such that for
every x, there are several options:

e z belongs to several transport rays, but then u is not differentiable at z; by Rodemacher’s
theorem, the set of all such x has Lebesgue measure 0.

e z belongs to a single nondegenerate transport ray, and there exist multiple y such that (z,y) €
I'; by propositions 6, 7, and 8, the set of all such z also has Lebesgue measure 0.

e x belongs to a single nondegenerate transport ray, and there exists a single y on that ray such
that (z,y) € T

e Finally, 2 can not belong to any nondegenerate transport ray, and in that case u(x) —u(y) =
| — y| implies that y = z, i.e. y is determined uniquely by z.

Because p is absolutely continuous, we get that for y-almost all x, there exists a unique y such that
(z,y) € T. If we now define T(x) to be that unique y, we get that 7 is induced by T, so T is an
optimal transport map from u to v. O
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Let us mention that according to proposition 6, for the transport map 7T constructed in the
proof and 1 < xg, we have T'(z1) < T(x2). In other words, T is monotone on each transport ray.
Next, we define the transport density.

Definition 10. Let u,v be probability measures, m an optimal transport plan. Then the transport
density (for some optimal transport plan 7) is defined by

1
o= /0 m#(|ly — z|m)dt,

where mi(z,y) =ty + (1 — t)z.

Since the definition of o depends on the choice of an optimal transport plan 7, it is not necessarily
unique, however see proposition 11 below.

One notable fact about the transport density o is that it obeys a sort of partial differential
equation.

Proposition 10. Let u,v be probability measures, and u,oc the potential and transport density
associated with p,v. Then
-V-Vu-0)=p-uv,

where this equation is taken to hold in the sense of distributions.

Proof. Define E; to be equal to m#(y — ), so that o = fol FE.dt. Also define py = m#mw. For
some test function ¢ € C2°, we calculate:

d d
7/ edpy = —/ e(ty+ (1 —t)x)dr =/ Vo(ty+(1—t)z) - (y — =) =/ VdE;.
dt ]R’n, dt Rn ><]Rn Rn XRTL RTL XR’H.

Interpreting this equation in the sense of distributions, we get that

d
—u =—-V - F
dtut V- Ei,

Note that —F; = Vul|E;|; this follows from the fact that if (z,y) € supp(w), then u(z) — u(y) =
| — yl, so y — = is a positive multiple of —Vu(z) = —Vu(y). Therefore, we get

d

Finally, integrating ¢ from 0 to 1 we get
1

d 1 1
V— = — o = ; %utdt:/o V- (Vu|E|)dt =V - <Vu/0 |Etdt> =V.(Vu-o).

O

We will not use this, but this equation allows us to prove that the transport density is unique
if p or v or absolutely continuous:

Proposition 11. Let p or v be absolutely continuous. Then o is independent of 7, and therefore
18 unique.
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Proof. The proof uses the theory of disintegration of measures. The idea is that given a map
f: X — Y, ameasure 4y on X, and v = f#u, then we can disintegrate p alongside the fibers of
f. We write p = p,, ® v, where p, is concentrated on f~!(y), and we take this to mean, for each
A C X measurable,

MW=AMWW@

The Lebesgue disintegration theorem is the central result we will use. It states that this decompo-
sition always exists, and is unique almost everywhere.

Now, we explain how to use the disintegration theorem. Without loss of generality, assume p is
absolutely continuous. Let S be the set of all points belonging to a single transport ray. Then S
has full measure, by Rodemacher’s theorem. Define a multivalued function R : R® x R™ — T, by
sending (z,y) to the transport rays containing x; then this function is uniquely defined u-almost
everywhere inside S X R™, so by absolute continuity of y, it is well-defined p-almost everywhere. Let
A = R#w. Then disintegrate m as m = 7, ® A, and similarly ¢ = o, ® A\. Let the marginals of 7, be
tr, V. Then, note that o, is the transport density associated with u,.. However, on one dimension,
this means that o, depends only on pu,., v, by proposition 10. Therefore, to finish the proof, we
need to prove that A does not depend on 7, and that .., . do not depend on 7 for A-almost all .

For ), this is easy: Note that since R only depends on the first coordinate, A\(A) = n(R™1(4)) =
(A x Q) = p(A). Also, we can write u = p, ® A, so by uniqueness of disintegration p, does not
depend on 7. For v, the argument is harder; note that we can not write v = v, ® X since v is not
necessarily absolutely continuous, and hence R is not defined v-almost everywhere. Still, we can
write

S S
v =v, +v,,

where v is the second marginal of m,|gnxg, and v2° is the second marginal of m,|gxge. Now,
similarly to before, we have v|s = v¥ ® ), and so v/> does not depend on 7. For ufc, note that this
measure must be concentrated on the endpoints of the transport ray, since every other point on the
ray is differentiable. In fact, for A-almost all r, u;,gc cannot give mass to the lower endpoint. This
is because, denoting A to be the subset of S¢ consisting of all x € R™ which are lower endpoints of

such rays, we see that

0=p)zp = [ e = [ eanae)

R(SexR™)

where x(r) is the lower endpoint of . This proves the integrand is zero A-almost everywhere.

To summarize, V,.SC does not give mass to the lower endpoint of r, so it is a Dirac mass concen-
trated on the endpoint of the ray. However v, is a probability measure, and therefore the mass of
v? is equal to 1 minus the mass of Vfc, which is not dependent on 7, as we proved. Therefore we
are done. O

We will use the following uniqueness result.

Proposition 12. Let p or v be absolutely continuous and with bounded supports. Then o is
absolutely continuous.

Proof. Without loss of generality, assume u is absolutely continuous, and let T' be the optimal
transport plan from p to v which is monotone on each transport ray. Let 7 be the transport plan
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induced by T', and define p; := ((1 —t)id + tT)#p = m#n. Then it follows that

1
o< C/ /,Ltdt,
0

where C is chosen to be larger than |y — x| for all z € supp(u),y € supp(v); this is possible since
we assumed g, v are supported on bounded sets. It is enough, then, to prove that u, is absolutely
continuous for almost all ¢, and we will indeed prove it is absolutely continuous for all ¢ < 1. We
first argue when v = {y1, ..., yx} is discrete. Define Q; := T~1(y;), and Q;(t) = T;(Q;). If z belongs
to two different ;(¢)s, then it must lie on the line between two points y;,y; in the support of v.
Denoting = = Ty (x;) = Ty(x;), where T(z;) = y;, T(z;) = y;, we see that x;,z;,z,y;,y; all lie on
the same line. If y; < y;, then z; < x; by monotonicity, but then z = Ti(x;) < T;(x;) = z, which
is a contradiction.
Therefore, Q;(t) are all disjoint for each ¢ < 1. Then for each subset A C R", we have

k k k
A) = ANQ;(t) = | = .
) = Y (A0 0) = S (FRE ) < (L_J =
By translation invariance of the Lebesgue measure, we have
OAﬂQi(t) — tz; A
‘ 1—t — (1=t
i=1

Because p is absolutely continuous, for every e there exists § := §. > 0 such that |A| < § implies
(A) < e. Then, choosing d.(t) = 6./(1 — )™, we see that |A| < 0.(¢) implies that u:(A4) < €, so
¢ is absolutely continuous. If v is a general measure, we can express it as a weak limit of discrete
measures v". If A is open and |A| < §.(¢), then

e (A) < liminf py (A) < e,

n—roo

which shows that u; is absolutely continuous. O

2.5 Entropic Optimal Transport

Next, we discuss a variation on the optimal transport problem, called entropic optimal transport.
The content of this subsection is taken from [9)].

We first define the concept of relative entropy. For two probability measures 7, p on a space X,
we define the relative entropy to be

= () [En(5)]

and if 7 is not absolutely continuous with respect to p, we define H(7|p) = co. By convexity of
h(z) = zIn z, we see that H(:|p) is convex and nonnegative (by Jensen’s inequality).

Lemma 4 (Pinsker’s inequality). drv (u,v) < «/2H (u|v). Here the total variation drv is the L'
distance between the densities, according to some (arbitrary) reference measure.
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Proof. If 1 is not absolutely continuous with respect to v, the inequality is trivial. Therefore,

assume g is absolutely continuous with respect to v, and let f = Z—’;. We have the inequality

3(x—1)2 < (4+22) (xlnz —z + 1), so by Holder’s inequality

B — vl =B, [VBIF 1] <E, [VAT2r Vimf 77|
<E4+2f] - E[fInf— f+1] = 6H(ulv).
O

Proposition 13. Suppose that m, is a sequence of probability distributions on a space X, such that
H(m,|p) is bounded. Then m, has a weakly convergent subsequence.

Proof. Denote by f, the Radon-Nikodym derivatives of m,. Then we know that E,[h(f,)] is
bounded by M < oco. Let € > 0, and choose C = e~°. Then we have that eh(z) > x for
x > C, and therefore

/ fndp < 5/ h(fn)dp < 5/ h(fn)dp < eM.
fn(z)>C fn(x)>C X

This shows that the sequence f;, is uniformly equiintegrable, which is known to imply that f,, has
a weakly convergent subsequence. O

Theorem 11. Suppose that 7, is a sequence of probability measures, such that

lim sup H (W’p) > li_)m H(m,|p). (8)

m,n— oo

Then the Radon-Nikodym derivatives f, = d;r—; converge in L', or equivalently the m, converge in
total variation.

Proof. Denote 7y, m = (mn, + Tm) /2, from = (fu + fm)/2. Then we have

2H (i mlp) = B, {fn In (dz,;mﬂ ‘B, {fm . (dz,;mﬂ
— {f” . (d;:;m)} +E, {fn In (ch:ﬂ
+E, {fm In (d;;’mﬂ +E, {fm In (d;z)ﬂﬂ
)

= —H(mp|Tn,m) + H(mulp) — H(Tm|Tnm) + H(mm|p),

and after rearranging:
H(mnlp) + H(mml|p) — 2H (Tn,mlp) = H(Tn|mnm) + H(Tm|Tnm)-

Note that the left hand side converges to 0, by (8) and the fact that H(-|p) is convex. Then the
terms on the right hand side also converge to 0. By Pinsker’s inequality, we have

drv (1, mn) = o = fulli o) < 1o = Famllzac) + 1 fam = fll L)
< \J2H (| ) + /2H ([ ) = 0.

Therefore, m, is a Cauchy sequence, so it converges. O
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Theorem 12. Suppose that K is a set of probability measures absolutely continuous with respect
to p, such that the set of densities of measures in K is convex and closed in L*(p). Suppose also
there exists ;1 € K such that H(p|p) < co. Then

a. there exists a unique minimizer ©* for H(:|p) in K.

b. If my is such that, denoting fo = dd%, we have Ex[ln fo] > H(m|p) for all m € K, then
o = T*.

Proof.  a. Let a be the infimum of H(w|p) among 7 € K, and let 7, be a sequence such that
limy, o0 H(mn|p) = a. Then H(T2t™=|p) > @ by assumption, but on the other hand by
convexity H (=t |p) < 1H(m,|p) + £ H(mm|p) — a. Therefore the conditions for theorem
11 are fullfilled, and we have w, — n* € K, which must then be a minimizer. Uniqueness
follows by the strict convexity of h(xz) = zInz.

b. Let m € K such that H(rw|p) < co. We calculate:

o) =2 [ (4] =20 i (22 )] 52 m (%]
= H(r|mo) + Ex[In fo],

H(r|p) = H(w|p) — H(w|mo) = Ex[In fo] = H(mo|p).

This inequality certainly holds if H(7|p) = oo, so we get that 7y minimizes H (mo|p).

We state the following corollaries to the theorem.

Corollary 1. Suppose that H(mg|p) < oo, and E[ln fo] is constant on the set of measures in K
with finite entropy. Then mg = w*.

Proof. This follows from part (b) of the theorem. O

Corollary 2. Let ¢1,...,%, : R" 5> R, and let K = {n : E;[¢;] =0V1 < i <n}. Then K has a
unique minimizer of the form
dr” — qeb1¥rtHonn (9)

dp
for any probability measure p. Also, ™ is the unique measure in K expressible this way.
Proof. If such an expression exists, by the previous corollary 7* is indeed the optimizer. The

proof that such an expression exists involves Lagrange multipliers, see [9, Example 1.18] for more
details. 0

Returning to optimal transport, we now consider the case where K = II(u,v), for some proba-
bility measures p € X,v € Y. We assume that X,Y are polish spaces. We also write p; ~ p2 to
mean that p; is absolutely continuous with respect to ps, and vice versa.
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Theorem 13. Suppose that 7 € T(u,v) is an optimizer for H(w|p), where p is a probability
measure on X XY which satisfies p ~ p® v. Then ™ can be uniquely characterized as the unique
probability measure in II(u,v) for which the exist functions ¢ € L' (u),v € L*(v) such that

drm _ ot
dp ’
and moreover, @, are unique up to an additive constant.

Proof. Because X and Y are separable, the conditions defining II(u, v) can be summarized as

/ fidﬂ- = Oa/ gZdTr = 07 (10)
X Y

for suitable countable dense families f;, g;. Denote K = II(u, v), and let K, be the set of all proba-
bility measures 7 obeying (10) for i = 1,...,n. Then K, are closed and convex, and K = ﬂff:l K,.
For each K,,, by corollary 2, the minimizer m,, of H(7|p) among m € K, is of the form dden = e¥ntin
for suitable ¢y, 1. Now note that ™5™ € K, (s.m), 50 imsup,, ,, o H (Z2572(p) > H(7*|p),
which means the conditions of 11 are fulfilled, and the densities of ,, converge in L' to the density
of 7*. Recalling that convergence in L' implies convergence almost everywhere of a subsequence,
we can write

dp T S
p-almost everywhere. So, we have that ¢, + ¥, converges, and want to deduce that ,,,, con-
verge. Here a somewhat technical measure-theoretic argument is required; if the convergence holds
everywhere, then we can force @, (2*) = 0 for some 2* € X, and now

on(T) = () + Yn(y) — on(a") — Yn(y)

And the right hand side obviously converges, which implies that ¢,, converges to some measurable
v, and in that case ¥,, = (@, + ¥n) — vy also converges. However, this argument requires some
modification in the case where the convergence holds merely p-almost everywhere.

Specifically, in this case, we have that the set A of (x,y) for which ¢, () + 1, (y) converges has
full measure. For each x € X, let A, denote the set of all y such that (z,y) € A. Then by Fubini’s
theorem, almost all the sets A, are of full measure, which proves the theorem. O

Since p is absolutely continuous with respect to u ® v, we can write e~ ¢(®¥) = %, where
c(z,y): X x X = RU{o0}.
If j—; = e?T¥ then 7 = e?T¥p = #¥~¢(1y ® v). The marginals of 7 are then

() = @) / =@ gy (y) -
X

To(m) = 6w(y)/ @@V 4 (z) - v.
X

If 7 € II(p, v), then this leads us to the following equations, called the Schrodinger equations:

o(z) = —In / W=D gy ().
X

$(y) = —In / e# ()= dy ().
X
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2.6 Other results

We will need a couple of other results in our study. We recall that a measure p over R™ is called
log-concave if it is absolutely continuous, and its density is of the form e~%, where 1) : R® — R is
a convex function. This can be seen to be equivalent to the density f satisfying f(ty + (1 — t)z) >
f)tf(x)=t for all z,y € R*,0 <t < 1.

Theorem 14 (Brascamp-Lieb Inequality). Let o be a log-concave probability measure, with density
e™¥ over R™. Let f € C*N L' (u). Then

Var,(f) <E[VS - (D*¢)"'Vf]. (11)

Proof. We will first define a sort of Laplacian corresponding to up. If u,v € C2°, we have by
integration in parts

Oyu - vdp = Diu-v-e ¥Ydx
Rn R'ﬂ
= —/ u(@iv-eﬂz’ —v-@zw-e*w) (12)
R"L
= —/ u (O;v — Oy - v) dp.
]Rn

Therefore, if we define 9fv = ;v — 9;% - v, (12) gives us
Oiu - vdp = — / u - O vdp. (13)
R’n n
We now define the Laplacian operator (with respect to p) to be
L(u) = > 0; (9;u).
k=1
Note that by 13, the Laplacian operator satisfies the identity

/ L(u) - vdp = Z 0} (Oyu) - vdu

i—1n R’IL
=— Z 0i(u) - 0;(v)dpu = — Vu - Vodp.
— Jre R™

We want to compute the partial derivatives of L(u). To do this, we first compute how 0;, 0}
commute:

0;(Ofu) = 0;(Opu — Op) - u) = Ogiu — Oyt - u — O - Oyu

Therefore,

0;L(u) = Z&»(az’i(@ku)) =

k=1

= L(0iu) = > _ Ot - Ogu.

k=1

O (Osu) — Oipt) - O

NE

=~
Il

1
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Now, we have enough tools to compute the Ly norm of L(u):

/n L(u)?dp = — Z Oiu - 0; L(u)dp

i=1YR"
= — Z Oiu - L(Oju)dp + Z / Oir - Oju - Opudp
i=1 /R™ ik=17R"

:/ (D2¢)Vu-Vudu+Z/R (| @5l 2 dps.
.  Jp

This implies in particular the following inequality:

/ L(u)?du > / (D?)Vu - Vudp. (14)

To deduce (11) from (14), we use the density of functions of the form L(u) in the subspace of zero-
mean functions in L?(u). Specifically, if f € C*NL?(u) and & > 0, we can assume that Jgn fdp =0,
and then there exists u € C2° such that ||f — L(u)[72(,) < €, or equivalently

/deu <e+ 2/fL(u)du - /L(u)Qdu <e-— Q/Vf -Vudp — /(D2¢)Vu -Vudp.  (15)

Now we will use a general linear algebra fact. If A > 0, it has a square root vA > 0. If z,y are
vectors, then by the Cauchy-Schwarz inequality and the arithmetic-geometric inequality:

z-y=VAzr- VA ly < (VAz - VAz)'2(VA-Ty - VA-1y)/?
= (Az - 2)V2(A Yy )2 < %Aw cx+ %Ay -y,

And by swapping sides, we find
—2r-y—Az-z < Ay-y.

Applying this to (15) we get

/ Pdu<et / (D) f -V fdp,

and letting € — 0, we get the statement.
To finish the proof, we need to prove the density argument we used. To prove it, it is enough
to show that the only function orthogonal to L(u) for each u is 0. Let f be such a function, then

[ vty = [ Lo,

so L(f) = 0. The equation L(f) = 0 defines an elliptic partial differential equation, and f is a weak
solution to it. By the regularity of weak solutions to elliptic equations, this implies that f is C°.
A direct computation shows

L(f?) = A(f*) = Vo - V() = 2|VfI* +2f - Af = 2fVf- V¢
=2|Vf[* + 2fL(f) = 2|V fI?,
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so if € C2°, then
[19@nPdu = [ 1590+ 6% 1Pd = [(£1967 + 20656 £ + 6219 )

= [ (1702 4 550 96 + 191 ) d

= [ (7102 4 S22+ 1912 ) = [ 72196

Recall we want to prove that f is constant, i.e. Vf = 0. If we were able to choose § = 1, this
would be obvious, however we need 6 to be compactly supported. Therefore, let 8 be a sequence
of smooth functions such that 6, = 1 on By(0), and |V6x| < 1/k. Then

1
[ 9P < [19@0Pdn = [ £IV6Idu < e,
B (0)
When k — oo, the right hand side tends to zero. This means that |V f| is zero almost everywhere,
so f is constant. O

Another inequality we will use is the Prékopa-Leindler inequality.

Theorem 15 (Prékopa-Leindler Inequality). Let p be a log-concave probability measure over R™.
Letp>1,0<t<1,f g,h:R" =R be such that, for all x,y € R™,

htz + (1 —t)y) > f(z)'g(x)' "

Then
Vollzagey > 114 lgll it

The Prékopa-Leindler inequality can be derived from another transport related inequality, which
we will now describe.

Proposition 14. Let p > 1, ug, u1 measures, and T the optimal transport map from pg to py for
the p-cost. Let Ty = tT + (1 — t)Id), and py = Ty#uo. Then

pe(Te(2)) < po(x)' ™ pa (T ()" (16)

The proof relies on a formula on the push-forward of a measure. Specifically, if T#u = v, T
is approximately differentiable almost everywhere and injective, and f, g are the densities of pu,v
respectively, then

f(z) = g(T(x))| det VT (z)].

This formula is essentially the change of variables formula: Specifically, the change of variables
formula implies the integrals of the two sides on any measurable subset A C R"™ coincide, since

/ 9(T(2))] det VT ()| = / g(a)de = V(T(A)) = u(A).
A

T(A)

Now, we prove the proposition.
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Proof of proposition 14. By theorem 9, VT, is diagonalizable with nonnegative eigenvalues, so
det VT; is nonnegative. Also, by lemma 3, T; is injective almost everywhere, since p; is abso-
lutely continuous. Writing the push-forward equation in this case, we find that

po(x) = pe(Te(x)) det VTi(z) = s (Ty(2)) det(tVT + (1 — t)I). (17)

Next, we use the fact that det(tA + (1 —t)I)'/™ is concave in ¢, when A is diagonalizable and with
nonnegative eigenvalues. This first gives us

n 1/n
det(tVT + (1 — t)I) > (tdet@Tl/"Jr (1-1) det]l/") - (t (“0(”3)> +@ —t))

Plugging into (17), we conclude
fo ()
1/n
o (x)
(t (uf(w)) +(1- t))

= (1 (@) 4+ (1= o) ") < o) (T(a))',

pi(Ti(2)) <

n

where the second inequality is just the arithmetic-geometric inequality. O
Using this result, we can give a simple proof of the Prékopa-Leindler inequality.

Proof of the Prékopa-Leindler inequality. By normalizing, we can assume || f| z1(.) = llgllz1(n) = 1,
so it is enough to prove that [|h||1s(,) > 1. Define g = fdu, p1 = gdp. If T is the transport map
between pp and pg, the proposition and log-concavity of p give us

(@)~ (T ()" = f2)' ™ ) (T (@) g(T(2))" < f(2)'~g(T(@) m(Te(x))

pi(Ti(x)) < po
< M(Ti () (Ti ()

Therefore
(@) < hia)u(a).

Integrating, we get
1= [ 14 < [ hG@)dn = [Wlz1,
which is what we wanted to prove. O

When dealing with the p = 1 case, we will consider the finiteness of integrals of the form
/ d(z, OX)~“dz, (18)
b'e

for 0 < a < 1. It turns out that such integrals converge when X has rectifiable boundary. We recall
the definition of rectifiability in this case:

Definition 11. Let X C R"™ be bounded. The boundary of X is said to be rectifiable if there exists
a bounded subset C C R"™ and a Lipschitz function f:R"™t — R" such that 0X C f(C).
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Proposition 15. Let X C R" be a bounded set with rectifiable boundary, and let 0 < a < 1. Then
the integral (18) is finite.

For the proof, we will use the concept of the Minkowski content. We denote X; = {z € X :
d(z,0X > t)},s0 0X; ={z € X : d(z,0X) =1t).

Definition 12. Let Y C R"~1. We define the upper (n — 1)-dimensional Minkowski content of Y
by

R":d(z,Y) <
M" 1Y) = limsup [z € (2,Y) < EH
e—=0 £

So, in case that Y = 0X, we have
X.
M"19X) *hmsup| \ |

e—=0

Theorem 16. Let X be a set with rectifiable boundary. Then
M™ 1 (0X) = H" 1 (9X),

where M™~ ! is the n — 1-dimensional Minkowski content. In particular, the Minkowski dimension
of 0X isn —1.

For the proof, see [6, theorem 3.2.39]. In fact, we will only need a much weaker theorem: All
we need is for the Minkowski content M™~1(9X) to not be infinite, which is much easier to prove.

Proof. By definition, there exists a bounded subset A C R"~! and a surjective L-Lipschitz map
f:A— 0X. For a given € > 0, we can cover A by C/e"~! balls of radius ¢, for some C' depending
on A. Now if |x — y| < e for some y € 90X, then we can write y = f(z), and z lies in one of those €
balls, say B.(z'). Then

v = F)] < o= FE@)| +1f(z) = f()] < e+ Le = (L + .

Denoting €’ = L + 1, we get that X\ X_ is covered by Ce"~! balls of radius C’e. Since the volume
of a ball in R™ is proportional to the n-th power of the radius, we get the total volume of (0x ) is
bounded by

C/ISn/En_l — C”E,

which shows that 0.X has Minkowski dimension at most n — 1. O

Proof of proposition 15. We know that M"~1(0X) < oo, so there exists a constant C' < oo such
that | X\X.| < Ce + B(g), where 3(¢) = o(e). Therefore,

/ d(z,0X) %dx = / Hz e X :d(z,0X)"% > s}|ds
X 0

1 00

<|X\+C/ ds—l—/ 6(511/o¢)d8
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For C? domains, we can actually derive a better result, determining the speed of convergence
to the limit defining the Minkowski content. We first note the following:

Proposition 16. Let X be a C? domain. Then
o (Xi)s = Xiqs for all sufficiently small t, s,
e the quantity H" 1 (0X;) stays bounded ast — 0.
We will use the theory of the geometry of tubes. We first prove the following.

Proposition 17. Let M be a C' manifold, y € R, and let x € M be the closest point in M to y.
Then x — y is normal to M at the point x.

Proof. Write M implicitly as {z : f(z) = 0}, for f € C'. Then the closest point to y is the
minimizer of |z — y|?, subject to f(x) = 0. The lagrange multiplier is

Lz, A) =z —yl* + M (2)

Then we have, for the minimizer
2z —y)+ AV f(z) =0

So, x — y is parallel to V f(z), which is perpendicular to the manifold. O

Now, let M C R" be a closed, oriented, n — 1-dimensional, C? submanifold, and denote by v(m)
the unit normal vector to m € M. Define a map F : M x R — R™ by F(m,t) = m + tv(m). Note
that F' is linear in ¢, and %F =v.

Proposition 18. F(—,t) is a diffeomorphism for small enough t > 0.

Proof. Because M is C?, the map F' is continuously differentiable. At each point m € M, we can
express the tangent space (R,,),, to m in R™ as a direct sum (R,,),, = di(M,,) ® Rv(m), where i is
the inclusion map i : M — R”.

Note that F|yrx{o} is just i, so dF(m,0)|nr,, is equal to di. Also, F|mmy«r is linear in ¢, and
the image dF'(m,0)|g, is Rv(m). This proves that dF is surjective, hence an isomorphism at each
point (m,0).

By the inverse function theorem, F' is a local diffeomorphism in a neighborhood of M x {0}.
By compactness, there exists open sets Uy, ..., U such that Ule U; € M, and such that F|y,
is a diffeomorphism for each i. Let d be the Lebesgue number of this covering; this means that
|lm — m/| > d if m,m’ do not belong to the same U; for any i. Pick ¢y small enough so that
F(M x[0,to] C Ule U;, and 2tg < d. Then, if m # m’ do not belong to the same U;, and ¢,t' < tg,
we get that

|F(m,t) — F(m/, )] > |m —m/| — |m — F(m,t)| — |m' — F(m/,t)| >d—t—t' >d— 2ty >0,

which shows that F(m,t) # F(m/,t"). If they do belong to the same open set, then F(m,t) #
F(m/,t') since F|y, is a diffeomorphism for each i. This proves that F|Uz‘c71 v, 1s injective, so it is
a diffeomorphism. - O
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Next, we introduce an object called the second fundamental form. The manifold M inherits a
Riemannian metric from R™. Explicitly, if d;(m),...,0,—1(m) are local coordinates of M,,, g is
equal to

9(9;(m), 9;(m)) = (0;F'(m,0), 0;F(m, 0)).
Define the second fundamental form at point m € M to be the unique A satisfying
g(Aaiv 8]) = —<V(m), &‘jF(m, 0)>

Define M; to be the image of F(M,t) with g; the induced Riemannnian metric from R™. By
proposition 18, M; is diffeomorphic to M for small enough ¢, so we can identify tangent vectors on
M and M;. Then

o; <jtF(m,t),8jF(m,t)> - <(jt8iF(m,t),8jF(m, t)> + <jtaiF(m,t),8ijF(m,t)> ,

by the product rule. So:
<$8¢F(m, t),0;F(m, t)> 0; <5F(m, t),0;F(m, t)> - <C;iF(m7 t),0:;F(m, t)>
= 0i(v(m), 0;F (m, t)) — (v(m), 0 F (m, 1))

1
) (19)
—(v(m), 0i; F(m, 1)),
where the last equality follows from the fact that v is perpendicular to any tangent vector, so
(v(m), 0, F(m,t)) = 0. So, by the product rule again:

d

d
S00,05)| = L OF(m,1),0;F(m,)

t=0 t=0

- <$aiF(m,t),ajF(m,t)> _ <a F(m,t), ja F(m, t)>

= —2(v(m), 9;;F (m,0)) = 29(A9;, 9;).

t=0

For t is small enough, we can define the second fundamental form also for the hypersurfaces My,
and denote it by A(t), so that A = A(0). We want to prove the following:

Proposition 19. There holds
A'(t) = —A2(t).

Proof. By (19), we have

<(Z@1F(m,t) ,ajF(matO)> = _<V(m)’ 6ijF(m’t0)> = Gt (A(to)ai’ 8j)7

SO

<;t@iF(m, t) ((A(to)DiF'(m, to)), 8; F(m, to)) = (dFn(A(to)di), 9;F (m, to)) -

,8jF(m,t0)>

t=to
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Because dF is an isomorphism, this implies that dF,, (A(to))0;) = %£0,F(m, t)’t:to. Note that A(t)

is clearly self adjoint by definition, so we get

9t (A%(40)0:,0;) = g1, (A(t0)0i, A(t0)0;) = (dFm(A(t0)0:), dFrn (A(t0)0)))

t=to >

d
—0,;F
t:to’dtaj ()

d

. 2
Since %F = %I/ =0, we conclude

d
Gto (AQ(tO)ahaj) = <dtaZF(m,t)

t=to

d2
- <8¢F(m,t0), @a]F(m, t)>

d <8iF(m,t), dajF(m,t)>

= % dt t=to
d d

== <8iF(m’t)’ ﬁajF(m7t)> t=to

_4 (A(t)d;,0;)

— dtgt 1y Y] =t

= ggo (A(to)a“ 6]) + to (A/(to)aiv aj)
= 291, (A% (t0) s, 05) + 1o (A’ (t0) s, 05),

And by swapping sides, we get the result.
As a consequence, consider 4 A~1(¢): It is equal to

%Ail(t) = - ATTAMAT = A ATPA AT = A (A ) TTA (AT = —AAT = T
In other words, A~%(¢) is a linear function. It is nonzero everywhere, so A(t) is the inverse of a

linear function.
As a consequence of this, trace(A(t)) stays bounded as t — 0. If w; = y/det grdzy A ... Adxy, is

the volume form on M, then the derivative of the (n — 1)-dimensional volume of M; is given by

4 det
%Vol(Mt) = /%wt = / Zdtdi\/%ggidxl Ao ANxy = /trace(A(t)) -y/det grdry Ao Ay,
= /trace(A(t))wt,

since
d L d .
det g; = det gy - trace(g; ~ - ﬁgt) = det g; - trace(g; ~ - gt - A(t)) = det g - 2traceA(t).

dt
Since trace(A(t)) is bounded and M is compact, we have that Vol(M;) stays bounded as t — 0,

which is what we wanted to prove.
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proof of proposition 16. Orient 0X so v is the inward pointing normal vector. Define the map
F:0X x [0,tg] = R™ as before, by F(x,t) =z + tv(z) is a diffecomorphism for g small enough.

We want to prove that 0X; = F(0X,t). Let y € 90Xy, and let € X be such that | — y| = ¢.
By proposition 17, |z — y| = tv(z), so y € F(0X,t). On the other hand, if y € F(9X,t), then
y=x+tv(x) for some x € X, sod(y,0X) < |z —y|=t. Ift' :==d(z,0X) <t,theny € F(0X,t').
However, F is a diffeomorphism, so y cannot belong to both F(X,t) and F(X,t'), for ¢ < t.
Therefore d(y,dX), or in other words y € 9X;.

Now, the first point follows easily, because

(aXt)S = F(F((?X, t), S) = F(@X,t + S) = 6Xt+s.
The second part was already proven. O

To evaluate (18), we use the coarea formula, shown below.

Proposition 20 (coarea Formula). Let u be a Lipschitz function, f € L'(X). Then

/X f(z)| detu(z)|dz = /OOO /u—l({y}) f(@)dH" (z)dy.

Proposition 21. Let X be a bounded C? domain, 0 < ae < 1. Define
h(a,t) = / d(x,0X:)"“dx.
Xt

Then h(a,t) stays bounded as t — 0.

Proof. Let ty be small enough so that (0X;)s = 0X¢4s for every t,s < tg. We use the coarea
formula, with u; = d(x,0X;). Then |detVu| = 1 if d(z,0X) < to. The level sets of u are
u™1({s}) = (0X})s, which is 1-Lipschitz. Calculating, we get

/ d(;g76Xt)_ad;z:§/ tgo‘da?—l—/ d(x,0X:)"“dx.
X, Xin{d(z,0X)>to} Xen{d(z,0X)<to}

The first integral is bounded since X, and hence X, is bounded. For the second integral, we
calculate: .
0
/ d(z,0X;) “dx :/ / sTdH" ! (x)ds
X:N{d(z,0X:)<to} 0 u~1(s)

_ / " e (0X,).)ds
0

to
= / sTOHM N Xy s )ds,
0

and since a < 1 and H" (X, ) is bounded as t,s — 0, the last integral stays bounded as
t—0. 0

32



3 Stability of Optimal Transport - The Case p > 1

In this section, we prove quantitative stability of optimal transport maps for p > 1. This section
summarizes two articles: The first, by Delalande and Mérigot [5], deals with p = 2, and the second,
by Mischler and Trevisan [8], generalizes Delalande and Mérigot’s results to p > 1.

The main theorems we prove are the following.

Theorem 17. Suppose p is a probability density supported on a bounded convez set (2, with oo >
M>p>m>0o0nQ, and v,y are contained in a bounded set X. Let Ty, Ty be the Brenier maps
from p to vy,ve. Then

Ty — T2l 2 n) < Ca,x., Wi (v1, )",

Theorem 18. Suppose u is a log-concave probability measure supported on a bounded conver set
Q, and vi,ve are contained in a bounded set X. Let Ty,Ts be the optimal transport maps for the
p-cost from p to vi,ve. Then if p > 2, we have

1Ty — Tl r2(uy < Ca,x, Wilvi, ve)/6P=1),
and if 1 < p < 2, we have
1Ty — Toll 2 (n) < Ca,x,pu,aWi(v1,12)%,

(p—1)?
p(p—1)°

For every 0 < a <

We start with the proof of the first theorem in the next subsection.

3.1 Stability of Potentials for p = 2
We first prove the following theorem.

Theorem 19. Let i be a probability density on a compact and convex set Q0 C R", with 0 < m, <
p < M, <oo. Letvy,v be two probability measures with support bounded by R, and let g, p1
be the associated potentials transporting from p to vg,vy for the square cost. Suppose that there
exist constants my, M, € R such that my < g, 01 < My,. Then denoting 1o = 3,91 = @7, the
following inequality holds:

Var,,(¢1 — o) < eRdiam(2) M, /n (Yo — 1)d(11 — 1p). (20)

my

The proof will consist of applying the Brascamp-Lieb inequality to an expression involving the
Kantorovich functional, which is defined as K (¢)) = E,,[¢)*]. We first prove the following proposition.

Proposition 22. Let g, 01 € C*(R™) be strongly convex functions. Define 1o = ¢§, 11 = ¢F.
Now define v = 1 — o, ¥ = o + tv =ty + (1 — t)tpo, and finally pr = ;. Then @i are also in
C?, are strongly convex, and we have the following identities:

G == [ o(Tean 1)

& ~ . .
LK (W) = /Q Vo (Vi) - D2ou(Vo(Vipr))d. (22)

33



Proof. We assume that (g, ¢ are a-strongly convex and C2. The inverse function theorem implies
that 1,1, are also C? with a-Lipschitz gradients, and D?; > 0 for ¢ = 0,1. These properties
carry over to 1, and by the inverse function theorem again we have that ¢; is C? and a-strongly
convex.

Define F(t,z,y) = Vi (y) — z, and consider the function G(t,z) = V.(x); then G satisfies
F(t,z,G(t,z)) = 0. 9,F = D?(y) is positive definite, so the implicit function theorem applies
and shows that G is a C' map. Moreover, by implicit differentiation, we get

(7% (Vo)) + D20(Tin(0) - G Ti1(0) =

and after rearranging:

d
© oula) = ~Dpu(a) - Vo(Viu(x). (23)
Now, we turn toward computing the derivatives of ¢; with respect to time. Using the Fenchell-
Young equality, we have

pr(z) =z - Vi (z) — Pi(Vpr(2)).

This equation shows that ¢; is differentiable, and we can find its derivative as

d

So@) =2 ZV@)  o(Virla)) - V(T - 5

 SVe) = —o(Vir(@)).

And now %got can be differentiated again, and using (23) we can find the second derivative of ¢y
to be

d? d
(@) = =Vo(Veu()) - 2 V() = Vo (Veu(x) - D*ou(@)Vo (Ve ().
The proposition now follows from differentiation under the integral sign. O

Proof of Theorem 19. First, we can by standard approximation reduce to C2, strongly convex func-
tions. Using the fundamental theorem of calculus and equations (21), (22), we find

d d b2
/Rn (Yo —1)d(v1 — o) = £K(1/Jt)‘t:1 - @K(l/}t)‘t:o = /0 ﬁK(iﬁt)dt

= /1 E, [Vo(Vy) - D*@Vo(Vi,)] dt.
0

To bring this equation to a form that is closer to the Brascamp-Lieb inequality, introduce the change
of variables 7; := v(Vy), so the expression inside the integral becomes

d2

(W) =B, [(D*) 7' VT, - vy (24)

We want to apply the Brascamp-Lieb inequality, however note that we have not assumed p is log-

concave. Therefore, we define a new measure 1, with density Z%e*“’f, with Z; chosen so that this
results in a probability distribution. Then the Brascamp-Lieb inequality gives

]Eﬁt [(D2Q0t)71VWt . Vﬂt} Z Varﬁt (@t) (25)
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In order to relate this inequality to (24), we will show that the ratio of 7z, and p is bounded from
above and below. First, we will show that m, < ¢; < M. This holds for ¢ = 0,1 by assumption,
and by convexity of the conjugation operator, we see that

o = (1 + (1 —t)1o)* <ty + (1 —t)po < M.
On the other hand, we have 1 (0) = sup{—¢o} < —m,, and similarly for 1;(0), so
er(x) = sup{z -y — ¥ (y)} = = (0) = =t (0) — (1 = t)3pg = .

—My —m

Therefore, we have that m, < ¢, < M, for all t € [0,1], so € 7 <@ << th , and since we know
that m, < p < M, we get

Zememyfi, < p < ZteM“’Muﬂt. (26)

Now, the value inside the expectation in (24) is nonnegative, since D2y, is positive definite. There-
fore, using (25) and (26) gives us

E,[(D*¢) "'V, - Vo, | > Zye™em By [(D*p1) 'V, - V]

t

> Ze™em,Vary, (v;) > e™e Mo @Varu(@). (27)
M,
The last inequality follows from a general fact: If p; < Cps, then
Vaty, () = min By, [(f — 7] < min CE,, [(f - ] = CVary, ()
Returning to (27), recalling the definition of T;, we get
Var,, (v:) = Var, (¢1(Ver) — 1o(Ver)) = Vary, (1 — o),
where v; = Vo, #u interpolates between pg and .
To summarize, so far we have shown that
! M,
/ Varl,t (1,[}1 — wo)dt < JGM*’im‘P / (¢0 — wl)d(yl — 1/0). (28)
0 My X

Now, by convexity of the Variance and Jensen’s inequality,

1 1 1y
/ Var,, (11 — tpo)dt = / Var, ((¢1 — o) o Vipy)dt > Var, </ dt@t(@) = Var,(¢1 — ¢o)-
0 0 0

Finally, we want to remove the exponential dependence on M, — m,. Given a € R, denote
0¥ = ag;, vy = V4 for i = 0,1. Denoting v = (¢&)* = at);(-/a), we have the following
relations:

Var, (¢f — ¢f) = a®Var,(p1 — @),

w5 —under - v5) =a [ o= v - ),
RrR™ Rn

amtﬁ S @8790% S OéM@,
which give us the following inequality:

MM ea(Mw_mw)

[ o= vy o).

V. — <
arulor o) <
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If we set a = (M, — my,) "', we are left with

Var(y = 0) < e B0, = mp) [ (o = )il —vo)

Since Vg, Vi1 are bounded by R, the maximum difference M, —m,, can take is Rdiam(2), which
proves the theorem. O

Corollary 3. Assume the same assumptions as in Theorem 19. Then

. M,
Var,(p1 — ¢o) < eRdlam(Q)zﬁwl(N07ﬂl)'
m

Proof. The functions g, ¥ are diam()-Lipschitz since their the image of their gradients is in X,
so this corollary follows by Kantorovich duality for p = 1. O

3.2 Stability of Transport Maps for p = 2

In the previous section, we proved a stability result relating the potentials. In this part, we want
to extend this to the maps themselves. Our main tool is the following Gagliardo-Nirenberg type
inequality, which allows us to bound the L? norm of the transport maps using the potentials:

Theorem 20. Let K CR™ be a compact domain with rectifiable boundary. Let u,v be L-Lipschitz
functions which are convex on intervals. Then there exists a constant C,, depending only on n such
that the following inequality holds:

IV — V|2 < CuLY3H" 1 (OK)?/3 |u — |75

Now theorem 17 follows immediately from theorem 20 and corollary 3. We now prove Theorem
20. We will first prove the theorem for the n =1 case.

Proposition 23. Suppose that u,v : I — R are conver with unformly bounded gradients. Then
2/3
' = '3 < 8(w | pe + [[0/]|oe )3l — w757,

Proof. By approximating u, v with smooth functions, we can assume that u,v are both C2. Also,
by a change of variables we can assume I = [0, 1]. Now, using integration by parts, we get

u — |22 = /0 (u' —v')2dt = (u—v)(u — v’)}(l) — / (u—v)(u" —v")dt.

0
The first term can be bounded as

(= v)(u" = o) (1) = (u = v) (' = )(O)] < 2| | + V"] L) [l = V]| Lo,

and using convexity, the second term can be bounded by

1 1
/ (u—v)(u” —v”)dt‘ < |ju — ||~ / [u” —v"|dt
0 0

1
< ||u—v||Loc/ u’ + " dt
0

1
= (v +U/)|O||U_U||L:>o

< 2([[e/floo + 1V loo) 1 = vl| Los.
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Here convexity ensures that u”,v” are positive. Therefore, we get:
lu" = v'l172 < Al | + || o) Ju = 0] oe. (29)

Denote € = ||u — v||pe. Since u — v is continuous, this value is achieved on some point z € [0, 1],
and we can assume without loss of generality that ¢ = u(x) — v(x). u — v is actually L-Lipschitz
continuous, for L < ||u/||pe + ||v'|| e, so we have u(z’) — v(z’) > /2 for o’ € [z — a,z + a], with
a = min{1/2,e/2L}. Therefore

2

€ . €
lu— |22 > T -mm{l,ﬁ}. (30)
If ¢ < 2L, then equation (30) becomes
’ [lu = vll7

2
u—v > — .
he =l = 37 2 Swom + ol

Combining this with (29), we get after simplification
2/3
' = v'l132 < 8l + ([0 [[oe) 2w — v][75°.
If € > 2L, on the other hand, then ||u —v||2 > £/2, so
L? = LY PP < (|l A+ 0| ) 7 - flu = 0l 25,

and now we finish by noting that L > ||u’ — v'|| . O

The generalization to higher dimensions will involve two results from integral geometry. First,
by substitution, we have the following two facts, for any vector e € S*~1:

2 _ > 2
RECE /{ N |t tearay,

/RW<F($);€>2dx = /{e}L [WW<F(y+t€),e>2dtdy.

Integrating over all e, we get:

[ger=[ [ [ swsiaye

(31)
/ |F(x)|?dx = Cn/ / / (F(y + te), e)?dtdyde,
R~ Ssn—1 J{e}t J—oo®
for some constant C),. The second part is a result of Fubini’s theorem and the the identity
Cy (V,e)2de = |V %, (32)

S§n—1

which can be easily seen from the fact that (32) is invariant under scaling and rotations.
The second fact we will need is Crofton’s formula: Denote [¥ to be the oriented line y + Re.
Then if S is a rectifiable subset of R™,

H"Y(S) = C;/S - #(1Y N S)dyde.
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Proof of theorem 20. Set F = Vu — Vov. Then (31) implies
IVu— Vo7 = C, /Sl/{ , gy = vy 122 12 sy dyde,

where u; denotes the restriction of u to I. For e € S"~!,y € {e}*, let njy denote the number of
connected components in [Y N K. Clearly n;y < #{l¥ N 0K}. Since we assumed 0K is rectifiable,
Crofton’s formula applies and we have

1
/ / nypdyde < / #(IY N OK)dyde = —-H" ' (0K) < <.
sn—1 J{e}t sn—1 J{e}t C

n

Therefore, for almost all lines [¥, I N K is a finite union of n;y segments. On each such segment,
with the help of proposition 23 and Jensen’s inequality, we get

2/3

2/3
gy = 172 qenm) < 8CRLYY? (mp) ™ iy — v |75 ey

From here, we see
2/3
190 ol <D0, [ [ ) e — e e e

Using Holder’s inequality with p = 3/2,¢ = 3 and (31), we get that the last part is bounded by

2/3
CLM? ( /S 1 /{ }anzdyd€> o)) 75 (33)
e e

Finally, we use Crofton’s formula again to conclude that the integral in (33) is bounded by
CpH™ 1 (0K)?/3 for some constant C, . Putting all this together, we get that

IV — Volf22 < CuL3H " (OK) 3 |u — o35,

which is what we wanted to prove. U

3.3 Stability of Potentials for p > 1

Next, we discuss the more general case of p > 1. To prove stability of transport potentials in this
case, we utilize entropic optimal transport. We will need to differentiate between the cases p > 2
and 1 < p < 2. The main difference is that for p > 2, we can shift the cost |2 — y|? to be concave,
which turns out to be relevant for the proof. For p < 2, the second derivative of |z — y|P explodes
near x = y, which prevents us from doing so and means the proof in this case will be more involved.

We first recall some results about entropic optimal transport. The main problem is minimizing

min {/XXY o, y)dr + eH(xlu ® V)} .

m€(p,v)

We can reduce this problem to the case ¢ = 1 by setting ¢, := ¢/e. Then we can reduce this to the
problem studied in section 2.4 by setting p := ae™“p ® v, for a suitable @ > 0 that turns this into
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a probability measure, and then minimizing H(w|p). By introducing a reference measure o >> v,
we can write

de_ dm dv
dp®o) dp®vdo’

SO

/ e(,y)dn + eH(mlu ® v) = / (. y)dm + cH(nlp® 0) — cH(vo).
XxY XxY

The dual formulation is
sup {/ wc’edp+/ WYdo — 5H(1/|a)} )
pell(o) L/x Y

e (z) = —eln/ W) —c@v))/e jg. (34)
Y

where

Note that this definition is independent of the target measure v considered.

For convenience, in what follows we will often reduce to the case where the target measure is
discrete. Since every measure is a weak limit of discrete measures, this will not hurt the generality
of the arguments. If Y = {y1,...,ym}, denote ¥; = 9(y;), so we can identify 1 as an element of

R™. Then (34) becomes
77[16’6(1’) — _¢ln <§ exp (77[}2 - Cg(xayl)) Ui) )

We can also differentiate 1%¢(x) with respect to its coordinates, and get

o) _ oo (*E)
Qi exp (e

and the second derivatives are, for i # j,

2
O2(yee(z)) 1 exp (w%(“’)) o; exp (Q/J%(zy)) o2
a2 |~ +
; m i—c(@,y; ez 2]
v el or e (wim) o (ZE‘; exp (w) C,j)
(Yo (x) 1 exp (%%(x’y’)) exp (%%(a,yj))

31/%31/1] 9 Zj:l exp ("/’J 5( !y./)> o; Z]‘:l exp (1[}.7 s( 7:‘/1)) o;
Let 7y, (z) be the discrete probability distribution which equals ¢ with probability —%;(I)). As
in the p = 2 case, denote the Kantorovich functional to be K¢(¢)) := —E,[¢)>¢]. Then the above
calculations give us, for v € R™:

VK€(¢) ‘U= /QETrfp(:v) [U]d:uv
(35)
1

(v, D?KE (1)) = - /QVarﬂil(m)(v)du.
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In the course of the proof, we will also use the function Zg(v)), defined as

Zo(w) = [ & d (36)
Q
We can compute the Hessian of In Z5 to be

811’1 Zﬁ - 1 Bapee d
= T o
82 In Zﬁ(w) 1 2 gy wc € a’@[]c € e a wc ed
i Zp(y) / e Iy O e ity

and so, we can write

(v, D*In Zg(1p)v) = —g /Q Varze (v)dﬂivf + 52\/&1@% (Exs [v]), (37)

where 1
IB,E _ ﬂwc,i
Wy = e L.
v Zs(Y)

Now, we can proceed to the proof. We first prove that Zg is log-concave.

Proposition 24 (Log-Concavity). Let p be a log-concave probability measure supported on a com-
pact and convex set Q, let Y = {y1,...,ym} be discrete, and let ¢ : @ x Y — R be a cost function
that is concave on its first coordinate. Then the function Zg(v) defined as in (36) is log-concave,
so

Zg(we) > Zs(v0)' ™ Zp(4n)",
Whenever ¢y = tipy + (1 — t)1o,0 <t < 1.

Proof. Since Zg(y) = Z1(By), we can assume for simplicity that 5 = 1. Let xp,z1 € X, and
x¢y =tx1 + (1 — t)zo. Then by concavity of ¢, and hence convexity of —c:

—gp%(z) = eln (i exp (W) m-)
<eln (iexp (WW> ) (Zexp <—c(xoy)> U) Y es)
< ‘ :

< =t (1) — (1 — )y (o),

where we used Holder’s inequality with exponentials 1/t,1/(1 — t). Denoting hy(z) = e¥t”(*), (38)
becomes
ht(ZL't) Z ho(xo)lithl(xl)t.

Since Z1(¢) = At £1(u), the statement now follows from the Prékopa-Leindler inequality. O

Proposition 25. Under the assumptions of of proposition 24, if g, 1 € C(Y), ¥y = tep1+(1—t)1o,
and ¢ =y for 0 <t <1, then

Var, (¢ — ¢§) < 2eM (11 — 1o, VK= (¢1) — VK= (1)),
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where

M. = sup sup {o;(x) —¢i(y)}.
tel0,1] z,yeQ

Proof. By the previous proposition, we get that D?In Zg(¢)) is negative semidefinite for every
¥ € C(Y); using (37), this equates to, for all v e R"™,0 <t < 1:

1 Be
gVar, o (B 1o]) < 2 /Q Vars: (v)dl. (39)
Recalling that p%’f = meﬁwtc - u, we get the inequalities

e_ﬁMc,s‘ugf S 1 S eﬁMc,s‘uif. (40)

Plugging these inequalities into (39), we get

2BM.. 2B Moo
Var, (Eﬂit [v]) < e /QVarﬂit (v)dp = 3 (v, D2K= (1 )v). (41)
To proceed, we use the chain rule to get
D e = Ve (1 — o) = Eng, 1 — ol
dt bt

Using convexity of the variance, we can bound the left hand side of (41) from below as

1 d e 1
Var,, (95 — ¢5) = Var, ( / Z dt) < / Var,, (IEW;,: [ — %]) dt.
0 0

Continuing, using v := 1)1 — Yy, we get

1 E P i DK* d
/o Var, ( O 1/10]> t< /0 3 (1 — %o, (Y1) (1 — bo))dt
(Y ey
<73 U1 wo,/o t) (Y1 — o
28M.,. Ly
S 5 <¢1 - T/JO,/O dtV’CE(W)dt>
28Me..
=3 (11 = 1bo, VK= (¢p1) — VK=(¢b0)).

Finally, we optimize for 8 by setting 8 := 1/2M. ., and get

Var, (¢] — ¢5) < 2eMe (1 — o, VK= (¢1) — VK (¢))-

Now we can prove the main result.
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Theorem 21. Suppose u is a log-concave probability measure supported on a bounded conver set
Q, and vy, vy are contained in a bounded set X. Let the mazimal magnitudes of 0, X be denoted by
Rq, Rx. Let pg, 1 the potentials associated with transporting from u to vg, vy for the p-cost. Then

Var,(p1 — ¢o) < 2ediam(Q2)(Rq + Rx )P ! /X(wl — o)d(vp — 1v1).

Proof. We will first assume that Y is discrete. If ¢ is as in the previous proposition, then normalizing
the ¢§ and letting € — 0, we get

Var, (01 — o) < 2eM (1 — b, VIC(Y1) — VK (30)),

where
K@) = -E.[v,
M. = sup sup {¢:(z) —@i(y)}
te[0,1] z,yeN

and here ¢; = 1f. By definition, this means that

|z -y

orly) = sup 2 (@),

reX p

This is a supremum of (R + Rx )P~ !-Lipschitz continuous functions, and is therefore also Lipschitz
continuous with the same Lipschitz constant. Therefore

le(2) = e(y)| < (Ra + Rx )P~ 'a — y| < 2diam(Q)(Ra + Rx)™",

SO
M, < 2diam(Q)(Rq + Rx)P™ !,
and this inequality carries over to non-discrete probability measures by approximation.

Let &(z,y) = |v — y|P — v|x|?, where 7 is equal to

_ 1 2
T=5 5 {HDIC(JJ,y)HOp} :

Then ¢ is concave in the first variable, so we have
Var, (¢1 — ¢o) < 2eMz(y1 — o, V(1) — VK(¢0))-
By the definition, for i = 0,1 we can see that ¢; = ¢ +v|z|?, so that ¢; — o = 1 — po. Therefore
Var,(p1 — ¢o) < 2Mz(11 — 1o, V(1) — VK (20))
= 2ediam(Q)(Rq + Rx )P~ * /)((1/11 — o)d(vy — 11),

where the last equality follows from (35). The theorem for non discrete measures pg, p; follows
from the fact that every compactly supported measure is the weak limit of discrete measures. [

We now discuss 1 < p < 2. Unlike in the p > 2 case, we cannot reduce to a concave cost, since
the second derivatives of |z — y|P explode near the diagonal. Therefore our proofs will be more
complicated, and the resulting bounds will be worse. We will rely on the following weaker version
of concavity.
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Lemma 5. Let 1 <p <2, and x,y e R",0<t < 1. Then
ity + (1 = )|” = tly[” + (1 = t)]]” —yt(1 = )]z -y,
for some v > 0 depending only on p.
Proof. According to [7, chapter 12], we have the following inequality:
plla— ) = (b= 2)#D,a—b) < Ala — b7, (42)

for all a,b, z € R™, and for some v > 0 depending only on p. By convexity of | - |P and the fact that
convex functions are above their gradient, we have

lty + (1 — t)z|P > |zP + (pzP~ Y t(y — z)),
ity + (1 — )z > [y|” + (py® ™V, (1 - t)(z — y)).

Linearly combining these inequalities, we get
lty + (1= )zl” >ty + (1= t)]af” +pt(L — )@V —y @Dy — ),
and finally using (42), we prove the result. O

For 1 < p, there exists v € R depending only on p such that
[tz1 + (1 —t)xol? > t|za|P 4+ (1 — t)|zo|P — vEt(1 — t)|zo — 21 /P. (43)
We also cite the following fact which we will use in the proof.

Lemma 6. Let p be a log-concave probability measure, and let f, g be nonnegative smooth functions.
Define u = fp,v = gp. Then there exists a constant C' depending only on p such that

C

2 2

Wa(p,v)” < @Hf—g”m(py (44)
Proposition 26. Denote I3(¢) =InZg(¢), and ¥y = (1 —t)3po + t1. Then

Is(¢e) = (1= ) I5(tho) + tls(¥n) — Brt(1 — )W, (uwgmuﬁ’és)p

Proof. Again, for simplicity, assume 8 = 1. Using the bound (43), we can proceed similarly to
proposition 24, and get

¥y (2) = —eln <1z: exp (wt)i —;(azt,yi)) oi>

> 1y (1) + (1 = )vg" (xo) — yE(1 — )|ao — a1 7.
Let hy = €%, iy = hyp for i = 0,1, and normalize 1y, 11 so lhollLr s 1Pallruy = 1. Then

he(s) > hy(21) ho(zo) texp (—yt(1 — t)|zo — z1|P).
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Now let T be the optimal transport map from g to p, and let Ty = ¢T + (1 — ¢)id, uy = Ty# uo-
Then according to (16):

pe(Ti(x)) < po(2)' = i (T(2)"
= ho(2)' ™ u(2) " ha (T(2)) (T ()"
< hy(Ti(@))exp (t(1 = t)|x — T(2)[") (T (),

which means for u;-almost every x, we have
pe(x) < he(z)p(a)exp (vt(1 = |7 (@) = T(T} ' ())) - (45)

Integrating the exponential term with respect to p; and using Jensen’s inequality, we have

/Q exp (—yt(1 — HIT7 () — T(T7 (2)) dse

> exp (<101 =) [ 117 0) = 700 )

= exp ( V(1 —t) / |z — I”)hodu> = exp (—7t(1 — )W (po, p1)?) -
Integrating the rest of (45), we get
[hellzr () = exp (=7t(1 — )W (po, p1)?)
= exp (=11 = W, (e, i) ) Ihollyzty Il
Recalling that Z;(¢¢) = ||h¢||L1(,), we get the desired conclusion. O

Proposition 27. Under the same assumptions as theorem 18, we have

Var, (o1 — )P/ P71 < Cx,u,p/ (11 = vo)d(vo — 11) < Cx ppWi(vo, v1).
b'e
Proof. By the previous proposition and using Using standard facts about convexity, we get that

(1 — 1o, VIg(¢1) — VIg(0)) < 287Wy(kpyee, tpyee)” (46)
Now, we retrace the steps of the proof of proposition 25 with the extra term. First define
(D*15(¢1) - (1 = o), b1 — o) = b
Then by (46) we have that X
| e < 2899, s s (47)
Using (37) we also have that

% + é /QVarﬂ;t (Y1 — vo)dus = BVary,,, (]Eﬂi)t [¥1 = o))
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And using (40) we conclude

BMCE b

66 BMCEVaI‘H (E S ° /Var c,e du-’-é
b

- eﬁMc»s@, D2 K% (;)v) + é

Now if we follow the rest of the steps in proposition 25 and use 47, we find that

Be= MoV, (1 = o) < PV iy = tho, VKOS (1) = VK (b)) + 29Wy (5o ) " (49)

Denote

Then letting € — 0 in (48), we finally get

Be PMeVar, (o1 — o) < ePMe /X(’I/Jl = Yo)d(vo — 1) + 29Wp(ug

©o0> ﬂﬁ@l)p'

(49)

We want to bound the last term on the right hand side. For simplicity we again assume g = 1.

Using (44), we see that

WP(F"«PO?“#’J < W2(ﬂ¢oaﬂ¢1) < CeMe e¥t B e%o .
Q 6‘P1dlu, fQ elPOdu L2
Going further, we see
eP1(@) e®o(w) eP1(@) _ gwo(@) ) .
_ < + 6%@) _
fﬂ e dp fﬂ e#odp| ~ fQ e?rdp fQ errdpu fQ ePody

< eMc|e<P1($) _ e‘PO(w)‘ 4 2Me

/(6601 — esoo)d,u‘
Q

< e®Meloy (@) — @o(@)] + *Mellor — woll L1y,

and integrating, we get

Now we can combine (49), (50) and (51) to get

er(x) etpo(x)
Joerrdp [ erodp

L2(p)

< 4eMellor — ol F2(,y-

Be=PMeVar,, (¢1 — o) < PMe /X(% —o)d(vo — 1) + CPPMI2B o1 — o[,

and changing sides, we find

_ (5p—2)8
Be™2Me g — g2,y — Ce 2
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We want to choose 8 which maximizes the left hand side. If we ignore the exponential terms, the

optimal 3 is given by
2—p 1/(p—1)
. llor — ‘POHLz(#)
=\ .

Denote a := M, o/ := %Mc, and @ := ||¢1 — <p0|| (2= p)/(p Y Now, we define

£(8) = B lp1 = goll 2 — CB P o1 = Goll%a
g(e
h(e

Since the values of (g, 1 are bounded, we can assume for simplicity that [|o1 — @ol/z2(,) < 1, so

that ® < 1 as well. In that case, we have g(g) > h(e), and we also have f(8) = |1 fgaoﬂi/z(&) g(e)

if e = 8/®. Therefore

) 70¢<I>€ C«Epea"ibs’
)

= — CePe®e,

/ (1 —o)d(vo —v1) = f(B) = lle1 — <Po||i/z(1;)l)9(5) > o1 — @0“12/2(&)1 h(e).
b'e

The maximal value of h(e) is some quantity independent of ¢1, g, which finishes the proof. O

3.4 Stability of the Transport Maps for p > 1

To obtain stability of the transport maps, we recall that the transport plans can be expressed as
T(x) =z — (Vo) @70,
where ¢ is the potential associated with u,v. We will also use the following inequality:
[ = w(@]| < Cllv - w]*,

for some constant C' depending only on « and the dimension n. Using these two relations and the
reverse Gagliardo-Nirenberg inequality from theorem 20, for p > 2 we can simply write

172 = T3l = /Q (Vi) =D — (Vo) V@~V 2d

< C/Q V2 — Veou |2/ P Vay,
< C||Vgpa — Vepu 25850
< CHQOQ - SOl||L/2(I:L)1)7

where the last inequality follows from the fact that by following reasoning similar to the proof of
2
theorem 9, we see that by adding a factor of the form 7%, we can transform the functions ¢1, o

to be concave, and then apply theorem 20.
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For 1 < p < 2, the situation is again different. We will use a fractional Sobolev inequality, but
first let us define fractional Sobolev spaces. Let u : @ — R, for an open domain Q C R™. Also let
0<a<l1,1<p<oo. Define

lullwer@) = llullLe @) + [t)ap-
Define W*P(Q) to be the space of all functions u for which [|u||ye.»(q) < co. For p = oo, define
W22 (Q) to be the Holder space C*(2), with the regular norm.
For s > 1, we define the fractional Sobolev space W*?(Q) as follows. Express s = m + «, where
m € N,0 < a < 1. Then we can define

and

ullwer) = l[ullwmre) + sup [[D|we.rq),

|a]=m
and define W#P to be the space of functions for which this norm is less than oo.

Proposition 28. Let 1 <r < 2. Let u € L*(Q) N WL>(Q) N W"Y(Q). Then u € H1(Q), and we

have

el @y < Cllull o Tl 5T T -
Proof. The inequality follows from the more standard fractional Gagliardo-Nirenberg inequality,
which we cite from [3]. It states that for 0 < 51 < s9,1 < py1,p2 < 00 and 0 < 6 < 1, defining

s:=0s1+ (1 —0)sy and % =0 1 +(1- 9)— we have

lllweny < e oy el i o (52)

provided that the following does not hold: ss € N, po =1, and s1 — — > s9 — i

We can iterate on the inequality, so that if 0 < 91,02,93 <1 with 01 + 65 + 0s =1,0< s <
s9 < 83, 1 < p1,p2,p3 < 00, and we define s = 0157 + 0385 + 0353, and Il) = Hlp—l +02p—2 +93p—3, then
we have

||u||W5*p(Q) < HUHQIQ/II/SLM (Q)||u‘|?/12/52v1’2(ﬂ)||uH?/13/53~PS(Q)7
provided that in addition to the previous condition, the following does not hold: s3 € N,p3 =1
and s — % > 53 — p%. For our purposes, we set:

6,=1- 2 ,
I+
b2 =05 = 1 j—r’
P =2,
b2 = o0,
p3 =1,
51 =0,
sy =1,
S3 =T,
Then the conditions for the inequality are fulfilled, and we obtain (52). O
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We also use the following inequality.

Lemma 7. The following inequality holds, where ¢ is a potential:
(Vo(z) = Veo(y),z —y) < Az —y|". (53)

Proof. Suppose that T is the optimal transport map. By c-cyclical monotonicity, we have for all
z,y € X
|z =T(@)|P —ly = T()” < |z —T()P —|y-T(y)l" (54)

By (42), we have, for v, h,z € R™:
o4 b=l — o = 2 pl(o — 2)V, )

1
= p/ (v +th—2)P~Y — (v — 2)P~V R)dt
0
1
< p/ PR Pdt = A|hP.
0

Next, we plug (54) into (55) twice, first using v = x, 2 = T'(z), h = y — = on the left hand side, and
then using v =y, 2z = T'(y), h =  — y on the right hand side to get

—Aa = yl? —p((e = T(@) "D,y —2) < Mo —yl” +p(ly = Ty) P,z —y).
Finally, by (9) we have (z — T'(2))?~Y) = Vi(z) and changing sides, we get

(Vo(z) = Vo(y),z —y) < Az —yF.

We now prove a variant of the Gagliardo-Nierenberg type inequality.

Theorem 22. Let u,v be c-concave function for the p-cost, on some compact domain K with
rectifiable boundary. Then
[Vu = Vo g2 < Cllu o],

for each 8 < (p—1)/(p+1), and for C depending only on 6 and K.
With this theorem and the stability of potentials we proved, 18 follows.

Proof of theorem 22. Similarly to the proof of theorem 20, it is enough to prove the 1-dimensional
case, and then generalize to higher dimensions using integral geometry. For one dimension, we can
exploit (53) to get

u'(z) —w'(y)| _ |(w(z) —u'(y)(z —y)|
|z —y| (z —y)?
W (@) — W' () (@ —y) = Az — y)"| + Az —y[’
- (x—y)?
_ Wy —v@) 2
-y |z —y[>7P
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Next, pick a < p — 1. Computing:

1
' (2) — ()]
// |a+1 ddy
B otoy [ [
dxzd ——dxd
// @y wy+ o — yprra O

u'(xz+ h) —u/(x) //1 T2
- 1 dhd — =2 _dhd
// (OSeth< pe )y o e

The second integral converges, since 2 — p + o < 1. For the first integral, changing the order of
integration, we get

u'(x+ h) —u/(x)
/ / 1{0<w+h<1} G dxdh

B u(1) —u(h) —u(l — h) + u(0) |
_ /O - dh < 2L/O —dh < 0.

Similarly, the integral for h < 0 converges as well. Therefore, we have that [u],,1 is finite and
bounded by a constant C, depending only on L,« and p. Therefore, u belongs to the fractional
Sobolev space WP, where r = 1 4+ a. We can take u,v to have mean zero, and the fractional
Gagliardo-Nirenberg inequality gives us, for § =1 —2/(1+r):

1/(1—r 1/(1+r
lu= vl < Cllu = ollfa - llu = vl - = w5 < C'llu = o 3.
Since r < p, we therefore have the inequality for any 6 < (p —1)/(p — 1). O

4 Stability of Optimal Transport - The Case p =1

In this section, we prove stability of potentials in the case p = 1. This section contains novel work.
Let u, v be probability measures over R™. We recall the definition of the transport density o as

1
o= /0 m#(ly — x|m)de

We will prove the following theorems.

Theorem 23. Suppose u, v are probability measures with disjoint supports contained in X := Bg(0),
and in addition p is absolutely continuous, supported on a set €1 with rectifiable boundary, and there
exist constants 0 < m, M < oo such that m < pu < M on €. Let u be the Kantorovich potential
associated with (u,v), and v be any 1-Lipschitz function. Then

19 = Velus < Cagen ([ (w=0)dlu=0))

for every 0 < v < 1/3.

The next theorems have a worse exponent, but apply to probability measures which may not
be bounded from below or have unbounded support.
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Theorem 24. Suppose u,v are probability measures with disjoint supports contained in X := Bg(0),
and in addition u has a log-concave density. Let u be the Kantorovich potential associated with
(1, V), and v be any 1-Lipschitz function. Then

Vu = VollLi) < Capa (/X(u —v)d(p — 1/)) ,

for every 0 < a < 1/4.

Theorem 25. Suppose u, v are probability measures with disjoint supports. Suppose in addition v
has support contained in X := By(0), and p is k-uniformly log-concave. Let u be the Kantorovich
potential associated with (u,v), and v be any 1-Lipschitz function. Then

19 = Velis < Cagen ([ (w=0)du=0)

for every 0 < o < 1/4.

Theorem 26. Suppose u, v are probability measures with disjoint supports contained in X := Bg(0),
and in addition u is absolutely continuous, supported on a set Q with C? boundary, and there exist
constants 0 < m, M < oo, and § > 0 such that md(z,9)° < u < M on Q. Let u be the Kantorovich
potential associated with (u,v), and v be any 1-Lipschitz function. Then

IV — Vollz ) < Cap (/X(u—v)d(,u—y)> ,

for every 0 < o < 1/4.

Our method of proof relies on an intermediate step using the transport density. The usefulness
of the transport density in the proof is demonstrated by the following lemma.

Lemma 8. Suppose u,v are probability measures with supports contained in X C R"™, and that p
is absolutely continuous. Let v be a 1-Lipschitz function. Denoting o,u to be the transport density
and potential associated with (u,v), we have

V= Vol <2 [ (= v)da—w).
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Proof. Let 7 be any optimal transport plan. Recalling that m(x,y) = ty + (1 — ¢)2, then

/X(u—v)d(u—u)=/XXX(|:¢_y|_U(gc)ﬂ(y))chT
- /m / (9l — Volm(e.) - (o — y)dtdn

:/XXX/ |z —y| (1—VU(7Tt(JZ y)) - |i:3y/|>dtdﬁ

1y, 2
/ / ] ‘VU (2, y)) Y ‘ dtdm
XxX | — |

5/0 AXX ‘.’E - y||Vv(7rt(x,y)) - VU(”t(x,y))Pdwdt

1t 1
7/ / |Vu—Vv|2d|Et\dt:f/ |Vu — Vo|?do
2 0 X 2 X

1
§||VU— Vol 22

O

Next, we aim to obtain a bound in terms of u. We use proposition 15 to obtain a relation
between the measure p and the transport density o, namely an upper bound on the Rényi divergence
D, (u||o). Recall that for arbitrary probability measures p1, p2 in R™, the Rényi divergence is given

by X
1 d T
Da(p1llpz) = Lo (/R <d£;) dPl) .

Lemma 9. Assume the same assumptions as Theorem 23, and in addition that v is discrete and
n > 2. Then
D, (ullo) < 2In(M) — In(m) + Cq q,

for every ae < 3/2.

Proof. Let T be the monotone optimal transport map between p and v, which induces an optimal
tranport plan 7, and let Ty = tT + (1 — t)id. We can write

o) = [ it

where puy = m#(ly — z|7) = Ty #(|T(x) — x|p). As a byproduct of the proof of proposition 12, the
maps T; are injective. The determinant approximate differential of detT is also easily seen to be
(1 —t)™, since T is piecewise constant. Therefore, writing the push-forward equation, we see

1

pi(Ty(x)) = WlT(x) — zfpu(r) = [T(x) = zfp(e)(1 =)™ = [T(x) — x|p(z).

If 2, T, ' (x) € Q, having T(T,; *(z)) # T(z) implies that z lies on the line passing through two
points in the support of v; since v is discrete and n > 2, it holds that T'(T, *(x)) = T(x) for almost
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all z € Q for which T, !(x) € Q. Therefore, T, ' (z) is linear in ¢ for every t < to, where ¢, is the
largest value for which T; tgl is defined. Integrating, we get

o(x) > |T(x) - z| / u(T @)t > |T(x) = ] - Zd(@,00) > Zd(x,00)%,

where here we used the fact that T'(z) is outside of €, since the supports of u,v are disjoint.

Therefore
p(x) < dM 1

o(x) = m d(z,00)%
By proposition (15), the Rényi divergence is therefore bounded by

L, / M_ 1 NN o) — tngm) + C
a—1" o \m d(x,00)2 pop = mm X

as long as 2(a — 1) < 1, or equivalently a < 3/2. O

Dq(pllo) <

Now we can prove the result which allows us to transition from a bound in terms of the transport
density to a bound in terms of the measure p.

Lemma 10. Assume the same assumptions as Theorem 23. Then

M 1/p
112160 < Can (32 ) Wlzrco

for every f € L>=(X), p > 3.

Proof. We first assume that v is discrete and n > 2. Let ¢ be such that 1/p+1/¢g = 1. By Holder’s

inequality, we see that
- 1/q
dp\*™" _ o)) /4
= [1fllo) ( / <d“> du) = 1 fllne) (80P
Li(o) Q \ 0o

M2/
< CQ,X,prHLP(U)m'

Iz gy < 1Nl ze o)

dp
do

For general v, the result is obtained by approximation by discrete measures. Finally, for n =
1, denoting m to be the Lebesgue measure on [0, 1], the lemma follows by replacing p,v with
hRm,v®m. O

Proof of theorem 23. We apply the previous result to f = |Vu — Vo|, which is bounded by 2. We
get that

2
[Vu = Vol < CxpupllVu = Vol [ree) < Cx,ulVu — VUHL/QZEU)

< ([ (=) ») "

This inequality holds for any p > 3, and hence for any exponent less than 1/3. O
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Proof of theorems 24 and 25. We will prove a similar result to lemma 10, which will imply the
theorems. For any f € L°°, we can write

Iz = 1A ey + 1A N8B ) + 122 urm B

where B, ,, = {z € B, : u(z) > m}. For theorem 24, we can ignore the third term for large enough
r. On the first term, we do a calculation similar to the one done in lemma 10:

do Brm/ \lLa(o)
_ 1/q
dp\? !
= I/l ( [ ()
1/q
d 1/p 1

d 1/p
< ol (5)

because, by [5, proposition 4.6], the last integral is bounded by ™ times some constant value
(independent of r,m for small enough m and big enough 7).

The second term is clearly bounded by C'mr™. The last term is bounded by a tail of a uniformly
log-concave distribution, and so bounded by C,r"~ 2¢=357°  All in all we see that

122 (. Br) < N llzr (o)

" P(o
112wy < Cp,pua (TJ;U/L;() +mr™ + r"‘%‘éwz) .

Optimizing for m, we get
n +1 —2 L2
102G < Cpma (P IFIAESD 4+ 77263
Now set r = (267 1og || f|| 2o (o)) /%" We get

HfHLl < Cp,m

1) n
A2 og || £ oo /2.
Because the only condition on p is that it is bigger than 3, we can ignore the log term, and get

Vu —Vollpiy < Cpua
1/(p+1)
<Cpud (/ (u—v)d(p— 1/)) .
X

|V — Vol 3588

Proof of theorem 26. By proposition 21 we conclude that the integral

/ d(xz,00) " “dz
Q¢
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stays bounded as t — 0, for a fixed 0 < o < 1. On €, p is bounded from below by mt’; outside of
Q, 1 is bounded from above by Mt°. Therefore, using similar reasoning to the previous proofs we
get that for any f € L°°, we have

1112
1£1160 = 122Gy + 1 s usnan) < Cpu (W” +10).

And optimizing for s := t° and substituting f := |Vu — V| as in the previous proofs, we get the
result. O

5 An Application of Stability

In this section, we discuss an application of the stability for potentials in the p = 1 case to what
is called the convolution inequality. Let u, v be two probability measures, and p some convolution
kernel. We define the convolution p * p as

pepd) = [ (e

where p* is defined as
1E(A) = (A - 2).

We will define p. = p(-/¢), so that as ¢ — 0, p. turns into a Dirac mass. We define p. :=
1% pe. The convolution inequality arises from studying the Wasserstein distance between pu., .
- see, for example, [4], where the author discusses the relation between similar concepts on a
Riemannian manifold and the geometry of the Riemannian manifold. It turns out, that we have
Wy(tte,ve) < Wp(p,v). For p = 1, this is because, if u is a Kantorovich potential associated
with u,v, then v* = u(- — z) is a Kantorovich potential associated with p?*,v#, which implies
that W1 (p?, v*) = Wi(u,v). Letting u® be the Kantorovich potential associated with p., ve, using
Kantorovich duality, we get

Win) = [ Wil v)pz)d > / / wed(® — v*)pe(2)d
" "R (56)

:/ ’U,Ed(/,tg—l/g) :Wl(,u'EaVE)v

and in fact, a similar logic holds for p > 1 as well, though we will focus on the case p = 1 from
now on. There are two natural questions that arise here - first, what are the equality cases, and
second, whether we can then prove some stable version of this theorem, so that if the difference
Wi (p,v) — Wi (e, ve) is small, then p, v are close to the aforementioned equality cases. Note that
as € = 0, and p. converges do a Dirac mass, ., V. get closer to u, v, so we would expect stability
to degenerate as € — 0. The question one might ask is, how fast does it degenerate in this case?

Suppose pu, v achieve equality in (56). This means that u is a Kantorovich potential for p?, v*
for almost all z, so that u(x — z) = u(z) — C, for almost all z, z. This implies Vu(x — z) = Vu(z),
i.e. Vu is constant. In this case u can be chosen to be of the form u(z) = (z,e) for some
e € R, |le]l = 1. On the other hand, if u(z) = (x,e), then u(z — 2) = u(z) — (2, e), so that we have
Wi(p,v) = Wi(pe, ve) and (u,v) achieve equality. For an equivalent definition, define p, to be the
projection to the hyperplane orthogonal to e.
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Proposition 29. (u,v) achieve equality if and only if for some e € R™, we have n = p.#p = peF#v,
and writing the disintegration p = p, @0, v = vy ®n, Wy is stochastically dominated by v, for almosy
all y.

We note that the concept of stochastic dominance has some various applications to economics,
see for example [10].

Proof. First suppose that (u,v) are an equality-achieving pair. Let T be an optimal transport map
from u to v. By definition of potentials, we have (T'(z) — x,e) = w(T(x)) — u(z) = |T(x) — x|, i.e.
T(x) — « is a positive multiple of e. and therefore p.(T(z) — z) = pe(e) = 0, or pe(z) = p(T(x)),
which can be written as p. = p.oT.

We can pick T to be increasing on each p_!(y), in which case T'|,-1(y) is an optimal transport
map from y, to v, for almost all y. We also have T'(z) > z for all z. For any a € p~!(y):

Euy [lwga] = / 1x§ad’/y = / lT(a:)Sad,uy
P~ (y) p~(y)
< / 1o:§ad/1'y = Euy [1a:§a]a
p~1(y)

so that p, is stochastically dominated by v,.

For the other direction, let 7" be glued from monotone maps 7y form g, to v,. By stochastic
domination we have T'(x) > x, so T(x) — z is pointing in direction e. This implies that u(z) = (x, €)
is a potential, so (u, V) is a an equality-achieving pair. O

An equivalent characterization to the disintegration condition is the following: E,[¢] < E,[¢],
whenever ¢ is monotone along direction e, i.e. p(x + te) > p(x) for every z € R™, ¢ > 0. If p, is
stochastically dominated by v, for all y, then this is clear because we would have E, [¢] < E,, [¢]
for almost all y. On the other hand, if y, is not stochastically dominated by v, for almost all y, we
can pick monotone ¢, so that E, [p,] > E,, [¢,] if possible, and ¢, = 0 otherwise; then gluing the
©y-s together into ¢, we find that E,[p] > E,[¢].

Using a result by Michael Goldman’s, and the stability result proved in the previous section, we
can get the following corollary.

Corollary 4. Assume the same assumptions as theorem 23, and also assume that the convolution
kernel p satisfies p > a > 0 on B1(0). If we write 6 := Wi (u,v) — Wi(ue, ve), then there exists
e € R, |le|]| =1 such that

[ 1vu=eldn < Cxt a6,
X
for any 0 < a < 1/3.

Proof. We will provide a sketch of the proof, omitting some technical details. We begin by expanding
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the definition of §. Recalling that u* is the potential between p* and v*, we find

6= Wi(p,v) = Wi(pe,ve) = Wi (1®,v%)pe(2)dz — Wi (pte, ve)
R'Vl

/"/n dp*=v7)p ()dzf/ ued(pe — ve)
// s dz_/w/nus (1 = v*)pe(2)dz
N / / (u” —ue)d(p® = v7)pe(2)dz.

Let 0 < a < 1/3. We can use theorem 23 on the inner integral, and combining with Jensen’s
inequality, we conclude that

Cxnad” > [ (Ot [ (07 =0l =17)) (o0
> [ ] Vule - 2) - Vuew)ldu* (@)p(2)ds 657)
= [ [9uo) - Tucwlpele ~ )duta)dy

To make sense of the last integral, recall that we assumed that p(z) > a for |z| < 1. Therefore,

pe(x —y) > a when |z — y| < e. Careful analysis of the integral then the leads to the following
bound:

Cpo / Vu(z) — Ve ()lpe(z — y)du(x)dy > < / V() - Vu(y)|dp(z)du(y),
Rn xR

UG R

and combined with (57), we get

/R IVu(e) = V) ldp(@)dp(s) < Cox ™5
'L>< n

As a final step, this implies the existence of y € R™ such that

[ IVu(e) = Vu(w)ldutz) < Cox a5,
]Rn

by basic properties of the integral. Denoting e := Vu(y), we are done. O
With that, we can prove the following.

Proposition 30. Suppose the Kantorovich potential u for (u,v) satisfies |Vu—e| g1y < 6. Then
Wi (pe#it, pe#v) < Cdd, where d = diam(X) as before.

Proof. Let X’ be the union of all transport rays perpendicular to e. Then if x € X', we have
|Vu(z) — e| = v/2, and hence by Markov’s inequality p(X’) < §/+/2, and in addition

V(X') = p(T (X)) = u(X) <

Sl

56



On X\ X', we let p,(z) be the point of intersection of the line passing through « in direction Vu
with H. If 6 is the angle between Vu and e, then

2
cosf = (Vu,e) =1— w,

SO

pu(@) — pe(@)] = |pu(a) — 2|sinf < dsinf = dv/1 — cos? 6 < dr/2(1 — cos )
= d|Vu(z) — e|.

We will switch to a probabilistic interpretation. Let M, N be random variables with laws u|x\ x7, /| x\ x5
and coupled according to an optimal transport plan, so that p, (M) = p,(N). We have that

[pe(M) — pe(N)| < [pu(M) = pe(M)| + [pu(N) — pe(N)|
< d(|Vu(M) — €| + [Vu(N) —el),
and so
Wi (pe#tplx\xs pe#v|x\x7) < d([|[Vu(z) — el|p1(w + [[Vu(z) — ell1)) = 2d6.

Combining with what we saw about X’, we end up with

Wi (pe#i, pe#v) < Cdo.

We next prove the following
Proposition 31. Given the same assumption as the previous proposition, then
Eule] < Eyly] — Cdo,
whenever ¢ is 1-Lipschitz and monotone along direction e.

Proof. Letj’(x) denote the orthogonal projection of T'(z) onto the line spanned by e. If [Vu(z)—e| <
V2, then T(x) — z is a positive multiple of e, so ¢(T(z)) > ¢(x). As in the previous section, the
distance between T'(z) and T'(z) is bounded by Cd|Vu(z) — €|, so we get

p(T(x)) = () — Cd[Vu(z) — el.

The set A = {z : |[Vu(x) — e| > v/2} satisfies u(A) = v(A) < % as in the previous proposition, so

altogether we can write

E,[¢] = Elp o T] > E,lp — Cd|Vu — ] = Elp(M)] - Cds.

Combining all the we proved, we have the following corollary.

Corollary 5. Assume the same assumptions as in Corollary 4, and write 6 = Wi (p, v)—W1 (e, ve).
Then for every a < 1, there exists a constant C = Cx ;.o such that

Wi (pe#tp, pettr) < Ce 16",

and
Eulp] < E,fp] — Ce™ 16,

whenever ¢ is 1-Lipschitz and monotone along e.
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