. : 30/6/2021
Distributed Shortest Path Leca/m 42
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Recap: Scheduling Distributed Algorithms
A, .. .,/ﬂj — algs to tun in parallel.

dilation: max run time of A;'s
'd

d
congestion: Ve C; (9 = #msgs A sends through €.
'4 4
¢ C(e) = 2:.‘4 C,', (€)
Cong = max c(e)
¢
. - I
Gaffari 2045: L8: (c+d los%gﬂn)

UB: O(c+d) —> Note that this does not depend on
the diameter |

Ioput: n-vertex weighted graph G=(V, &, w)
all weights are unigue positive integers in [ 4, Polym)]
Source Vertex s.

Output:. each u should hold d(s,u)

LB: N(p+Mm) )
> D+n " (Todays Alg)
Def:  h-hop path: path with bh-edges.
h-hop distance:  shartest h-hop u-v poth
P"(u,v) = collection of all u-v paths with <h edges.
d"w,v)= min {w (), Pepuy]
SPD = min h sit.

d’(un) = d(u,v)  Vuv



Lemma: There is an algorithm for computing SSSP in O(SPD) time.

Distributed Belman-Ford

§(W=o00, for v#s

6(9)=o0
- S sends &(9 to its neighbors
- for SPD vrounds:

Every vertex u, upon recieving &§(v), ve N(W:
If SCW> &M+ wu,v)
- S(w =8+ wu,N)

- Sends &(u) to neighbors.

Denote  §, (v): V's estimate aftec h rounds,
Claim: After h rounds, o, (V)= dh(s,\l)

= for h=SPD, &(v)=d

(s,v) = d(s,v)
Proof: By induction on h.
Assume the cloim holds upto h and show for h+i.
Fix v.
Fix wed path P ost. w(P)=d""(s,v)
By ind: &, (w=d"Gu)= w(Ps,u))

Oy (V)= &, (VI W (W) = d""(s,v).

Theorem [ Nanogkai 20142

Cor:

h-hop distances
after h-rounds

®

Given n-vertex weighted graph, seV and Ee(0,4) there is an dlg for computing

@+&) approx SSSP in 5(D+n/2’3) rounds.




Two Limitations of Dist. BF
4) runs in SPD time which might be linear.
Ladding edges to the graph to reduce SPD]

2) h-hop BF alg has large congection.

S

{\\gh_t alg for comp. @+ -approx. {
U

of h-hop distance ] ©

Key Lemma: [light) comp. of h-hop distances]

Given n-vertex graph G, seV, b hop bound, &e(0,1)
there ic a light alg that computes (4+€)-approx. h-hop sxV distances
within 0 (2) rounds.

Qutput: d"(s,w) < & (u) < 01+£)dh(s,u)

Cor: Given S¢V, compute (4+8) approx h-hop SxV distances in (N)(lSI+%) rounds .

s B8y Scheduling Lemma + Key lemma.

SSSP alg in O(D+n"2) rounds
Set h=n™
Step 4: Sample  O(n"logn) sources S
S=38"v s}
Apply key lemma to compute (1+&)-approx h-hop SxV distances.

“—= Qutput: &.(s,u) ¥seS.

Step 2: Every s'eS, broadcast | §,(s,s"), Vs"GS}

Stepd: Every vertex v locally computes o graph G, = (Solv), EV), wny=8,(1,y)
gy e SulVj
Run Dijskstra in G, and outputs  d (s,v,G,)



Round Complexity:

Step 4: h-hop SxV:

B(Is) 2y = & (n"+ 2
0(D+(81)= § (0™ +D)
Step 2: O(ISI*+D) = § (n3+D)
Correctness :
Case 1: d"(s,w)=ds,u) v

Case 2: d"(s,u) > dGs,u) S-u shortest poth P

N W Make the last segment longer to include
/3 /3 2% « the residual vertices

— Partition P into segments ~ bs? hops .
- w.h.p. each segment P intersects with <, let's call it ;.

- dh(bi:biﬁ) = d(bi)biﬂ)

After Step 1+

=S

b,,) b')_;----)bk:u S-t. dh(btlb6+1):d(bL)bL+4)

W (by,buy) <@+ d (b, by,)
CD N@th of the edge (bg,b;H) " Gu .
k
ds,u,Gu) s Zwibyby) = G0 dsw

Graph - thearetic Objective :

(h,&)-hopset of a graph G is a smal callection of edges HENVxV , s.T.:

diuv, G) < d"(u,v, GuH) < (1+6)d (u,v, G)

Observation: Every n-vertex graph admits an exact hopset H with IH|=0(m and h= O(F).

—» S sample of  O(WR) Sources. Add weighted edges SxS. S s




Proof of the K@U Lemma (Light Computation of agprox h-hop distances)

Intuition: want to compute d(s,t), and we know that W, h :
1) d"(s,t)= d(sit)
2) WsdstH<aw

p ) eWw
“Round” each w(u,v) up to some multiple of 7
. W W T T
W' = | ew | O—r 0!
u ! . ! Y]

eW
WU < WU S Wuwr T

eW
Total Errors T *h = edes.o

ds,t) 2W 2h
H nounds ¢ eWy, S €W,

N
|

Algorithm
SubalgorithMS AA, e ét, A guesses \/\lei , Le(o logn W nen )
plg Ai(s, 25 h)s

w (u,Vv)
/D w; (u,v) = ‘\5—\;'/1«:/} %M, 9 (uwv) €E

2) Run "RFS-like alg. for 0(%) rounds.

) Set 8: (u) to be the cutput distance,

Final Oufput: &, (W= min E\-Lh(u)
%



Claim:  &'Cw= d(su)
Prof s wi(w,v) = w(u,v)
//\AJ .
Fix u, let { be st. 2°< disw=2""

Show: &'(w< U+6d (s,u)

WV | W
EW, h

e : Q@

e
Total Error: " h

h
ft - o(¢)



