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LovasZz Local Lemma [Erdds & Lovasz 1975 ] Lectureai

Scribe: Avi Cohen
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(2) Each event depends on at most d other events. é) %
LLL: e-P-(d+) <4, ten Pr(aRJ70 C{\O

LLL can be seen as generalizing a local property to a global one :
" 1€ there is positive probability that no bad event occurs in each neighborhaad , then

there is positive prob. No bad event happens globally.”

Example 4: (2-Cdloring hypergraphs)

e,,-.., 6,

K- uniform hypergraph

Every edge intersects <d other edges.

LLL: If e(d+N)<2"", 32 coloring of the vertices of the hypergraph

S.t. no edge is manochromatic.

Example 2: k-CNF

n ovars, m clauses.

- Clause has k vars .

(3

, 2
- Every var in <ie clauses.

(X, v X, VX, ) A(w) -
S~ N
C1 Cz

LLL ¢ 3 satisfying asSignment.



Constructive LLL (Moser & Tarcdos 2040)

Xz $ X, .., Xm Y indep. discrete rs

Goal: €ind a gaod
A=A, ..., A" events assignment to X;<
“rb () € X s.T. no bad event
happens.

A, and A; are dep. it vrb(A )0 vrb(A) 14 .

Dep graph G, : (A, E)
E={@,A)| vrb(@)nvrb(A) *6 ]
max-deg < d
Prlpd <P
e-Pdr1) < 1-¢

=> By LLL, we know a construction exists, but how do we find it?

MT Algorithm
1) Initialize XS with random asSignment .
2) While 3Jpad event :

Pick one bad event (arbitrarily)

and resample all its variables .

W itness tree

J
Execution: A, Ayl ey P

Witness tree T; . (j'th resampling step)

Root Ay
For every A€{Air,., Oyt
Add A as the child of its deepest neighbor in T; .
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Lemma: Yi<j T;#T;.

Pf: If +the two trees have the Same root then T; must be a (strict)
sub-tree of T;. [

Fix tree T. |T|=s.

What is the probability that T occurs in MT execution ?

Lemma : Pr [T occurs] < p°.
o A
<>

Obs: If A{ and A; are in the Same level,

then they are independent .

Pl < P a

The fact that Aj is a descendent of A; 7{
does not increase the probability of A, . ’5
{4

because we use fresh candomness.
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S PelLlt,, L=l s P -



Lemma: [ [ 4 trees occuring in MT execution) = O(n)
Pt Tsl collection of all trees of size §.

\ S(d+1)
H trees of Size-S < n-( S-1

Can represent each tree by g binary string of length S(d+1)

with exactly s-4 1 bits.

Ly
Lrootl[i\w_u COATDELT

(d+1
) < n (cdeive)’

[Efﬁ witness trees] = SZ % Py [T OccurSJ
=1 TeJ,

m
s Jon-(edene)’-p°
S=1

= n 2. (@nepr) = 0(n)
S=1

Thm: U\J.h.p. there is no tree of size S

|

C- 'OQA._ N

ePd+n

Pf: E s trees of size s) =|(TS| . pt

s A
< (eP@d+)) = ne.



Distributed LLL

Communication graph : dep. graph

J«:{A“...., An} ) %:{qu-; Xm:l’

Node v;: event H;
pT[A(] <P
LLL: P-e-(d+ns 1-¢€

Goal: Find good assignment .

Example: Defective Coloring
x Groph G=(v,E) , max-deg=4 , {260 Ins

¥ Vertex hos 28] cdors.
Goal . each vertex has at most f neighbors with the Same color.
— bad event : > £ neighbors with same color,

—= Dep. graph : vertices that share a neighbor (i.e., distance = 2 ).

Thm 12 there is a distributed LLL algorithm that runs in
O(TM,SWog«_nS counds, w.h.p.

P-e(d+N

Thm 2° [Chung,pettie,&ﬂ: LLL in O(|°9p—2;2 n) .



Distributed LLL
1) Lnitialize with random assignment.
2) While bad event :

R:= bad event
M= MIS (G[&])

Regample all vars in M.

Want to show: Step 2 repeats QO(loga 1) iterations.

Lemmas: W.h.p. Ollog +_) resampling phases.,

ePd i)

My, My, e, M,

Ve Vi

S~  —

ObS: ueM; it hdds that T, has depth = (-L.

Pf: (=1: easy.
step : N+(u)ﬂl\/l;-4*¢, why? —»
If u is bad in -4 V

T4 U is good in -4, we must have resampled a neighbor.

=> we are done by induction . @

V€M,
-2 \
(]

The obs completes the proof of the lemma (using arguments from centralized alg).



Lmproved  Distributed LLL .
LLL: ped s1-¢
1) Lnitialize with random assignment.

2) While bad event :
R:= bad event
1= {u | ue B, I0W<ID V), YveNwWNR]Y
Resample all vars in 1 .

Remark: 1 can be much smoller than MIS. (onSider the path graph.

&G @

2 - Witness  tree I, . 1,
Root P\(J'
For every F\G{AU_“...,, P\(il)'-

Connect A to its deepest node i N in the tree.

o 2- Witnegs tree of size S: p°

S(d*+1)
S-1

N
° 4 treeS of size S n-( ) X n (eld™+1)

e whp. no 2-witness tree of size $=0 (log n)

Ped?



Lemma: ue l; has 2-witness tree of depth 2 j-1
Pf: N> w0 1.,

X u S good W j-4 J

¥ U g bad in j-1

o S

ue Ty, V<u, V is bad ve N

A
\JeIJ._A\/

U is good in j but bad in j-1
=5 N FwaT, *g
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