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Abstract We employ an elasticity based model to account
for shape changes. In general, to solve the underlying equations for the deformation, boundary conditions have to be
incorporated, e.g., in the form of correspondences between
contour points. However, exact boundary correspondences
are usually unknown. We propose a method that is able to
optimize pre-selected boundary conditions such that external
forces causing the shape change are minimized in some sense.
Thus we seek simple physical explanations of shape change
close to a pre-selected deformation. Our method decomposes the full nonlinear optimization problem into a sequence
of convex optimizations. Artificial and natural examples of
shape change are given to demonstrate the plausibility of the
algorithm.
Keywords Shape matching · Convex optimization · Force
optimization · Linear elasticity · Finite elements

1 Introduction
Given two shapes of an object, as seen for example in images
of the same or similar scenes, shape matching denotes the
process of finding point correspondences between them.
Finding correspondences between shapes yields valuable
information about their differences and is important in many
applications such as recognition, medical image registration
(where shapes represent substructures like organs) or motion
correction during surgery. In these and other imaging situations the observed shapes often depict actual non-rigid physical bodies. Hence, shape change takes place due to and can be
explained by forces that cause an elastic deformation. Elastic deformable models can be used to describe the motion of
animals, people, hands etc. and can even describe changes
in shape across instances of the same visual category (e.g.,
different faces).
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Shape matching and image registration are very active fields
of research and many different methods have been presented
in recent decades, see [12,21] for surveys. A common scheme
applied in elasticity or fluid based matching is to derive a local
(dis-)similarity measure between the transformed and the target image, e.g., based on intensity difference. Then forces are
derived from this similarity measure, which drive the registration under a certain smoothness prior on the deformation
field. Examples include [2,3,17], which employ a linear elasticity prior and [31], which employs a hyperelastic smoother.
Boundary conditions are usually set to zero on the image
boundary such that deformation only takes place inside the
image and thus possibly far away from the boundary. Also the
derived image force introduces an (additional) nonlinearity
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which may complicate the energy functional to be minimized
and hence requires careful numerical treatment.
Elastic models were used in a number of studies to model
deformation. Ilic and Fua [22] use a nonlinear Timoshenko
beam model to track large deformations of beam like structures in image sequences. There displacements and forces
are computed in an alternate manner and are derived from
image forces. Actual physical forces that are responsible for
the deformation are then derived from the obtained displacements.
A parameter-free approach to elastic registration was proposed by [29]. In this work the authors employ an elasticity
model with zero boundary conditions on the image boundary and constrain displacements in the interior by prescribing correspondences between identifiable substructures such
as object boundaries. This approach implicitly incorporates
driving forces as described above.
The authors of [27] use a linear elasticity-based approach
to reconstruct a three-dimensional surface from a single
image by minimizing the stretch energy of a template surface. Their optimization is constrained by a set of boundary
point correspondences whose objective is to limit the search
space to deformations subject to unknown external forces. As
such unknown external loads usually prevent the deformed
surface from achieving a stress free equilibrium state they
show that knowing a set of correspondences on the boundaries is necessary to obtain good results.
In [1] the authors use a linear elastic framework combined
with an extended Kalman filter to provide a method for nonrigid structure from motion. In this method boundary correspondences are not needed since these are computed within
their framework.
The authors of [19] use a linear elastic model to set up a
Riemannian structure on a manifold of shapes. After proving the existence and uniqueness of energy minimizers they
compute geodesic paths between shapes to compare shapes
that differ by possibly large deformations.
Another approach is to model the template image as a
viscous fluid such that pixels are transported by a flow
deforming the template to the desired target image. As
fluids do not carry memory about their previous state,
these methods are very flexible and therefore suitable for
large deformations. We refer the reader to [11] for one of
the first works in a non-variational framework and to [5]
for a variational setting. Smoothness of the transformation is ensured by requiring the velocity to be smooth
enough [15]. Despite impressive registration results this
approach might cause physically unreasonable transformations [36]. For a comparison measure between shapes or
images Beg et al. [5] give a geodesic distance in the
space of diffeomorphisms (which is not invariant under
rigid motions of objects observed in the scene). All these
approaches are in the spirit of Grenander’s deformable tem-
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plates, see [20], modeling shape deformations as the action of
a group of diffeomorphisms and have been well investigated.
One disadvantage of the above mentioned elasticity and
fluid methods is their computational complexity. Another
way to define a shape is by its outline. This representation
is more compact in terms of dimensionality and effectively
amounts in matching (closed) curves. In [37,38] curves are
modeled by their angle functions using their arc-length parametrization, and shape change is modeled by a group action
on the shape contours leading to an elastic energy. Correspondences and a distance measure are obtained by solving
a nonlinear variational problem derived from that energy.
A similar approach was chosen in [28], where curves are
modeled as points on an (infinite dimensional) manifold and
elastic properties are incorporated by imposing a suitable
Riemannian metric. Curves are matched by computing geodesics on this manifold, and the geodesic distance is used
as a comparison measure. The representation of shapes as
a closed curve does not a priori take into account the interior of the shape. A good survey and references to additional
literature are given in [39].
Other works focus on comparing shapes by
means of their intrinsic geometric properties [9], e.g., the
Gromov-Hausdorff distance. Also see work on statistical
dynamics shape models [13]. These models capture correlations of deforming shapes (silhouettes) over time and are
based on the principle that observations of a certain shape
at a given time may depend on previous observations of that
shape.
1.2 Our Method
In the present work we propose a method for registering
shapes around a pre-selected (possibly user supplied) deformation that is able to account for small deformations by
employing a linear elasticity model. This model is invariant under translations and under infinitesimal rotations. Once
the shape boundaries of the template and target objects are
extracted our task is to find physically reasonable boundary
correspondences. Exact boundary conditions are in general
unknown [18] but one can often give an initial guess. For
example, the authors of [18,29] employ active contour models (active surface models respectively) to obtain boundary
correspondences of objects observed in the images that are
to be compared.
To measure the complexity of shape change external
forces acting on the shape boundaries can be used. In particular, if these forces are sparse (or small), one can consider
the deformation to be small. Sparse forces, we believe, can
provide a suitable and simple comparison measure for deformations. Given two shapes and a guess of boundary correspondences we minimize the forces on the boundary (in some
norm) by simultaneously allowing the estimated correspon-
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dences to drift after paying a penalty in terms of a restoring
force. The full optimization problem is highly nonlinear but
we present a convex relaxation which is subject to a linear
PDE. Nevertheless, there are possibly many local minima
of the optimization problem. Hence, an initial guess of the
boundary displacements localizes the search for a plausible
(and simple) explanation of the observed deformation. The
initial guess can be interpreted as a pre-selected deformation. So the convex relaxation of the full optimization that
we sugguest can be interpreted as a method to provide a
simpler explanation (in terms of forces) of the pre-selected
deformation close to the initial guess.
The discretization of the PDE is done by means of a
displacement based finite element method (FEM), which is
a suitable tool for connecting boundary displacements and
external forces. This is done by a splitting of the stiffness
matrix. The decomposition of the stiffness matrix used for
our purpose was also applied in [8] in the context of surgery
simulation. This decomposition has the advantage that it
incorporates also the elastic properties of the interior of the
shape although the force optimization is effectively only performed at boundary nodes. This reduces the dimension of the
full problem significantly. The difference is that in [8] forces
are known and the displacements are computed whereas our
method assumes neither is known.
A similar idea to our force optimization problem has
been introduced in [33] in the context of motion tracking.
Unknown forces are assumed to drive the motion of an object
in a scene according to Newton’s second law. This is a dynamical approach and it is used to give a convex formulation of
the tracking problem. Their approach is very scene specific,
i.e., the optimization problem has to be adapted to the specific situation in order to incorporate as much information as
possible about known forces and other problem constraints.
Our force optimization problem, in contrast, is nonlinear, and
its relaxation consists, in contrast, of a sequence of convex
problems and does not depend on the specific deformation
observed.
Our method works on silhouette shapes in R2 and ignores
intensities. The idea can easily be generalized to shapes in
R3 . In our approach we do the actual optimization of the
correspondences on the boundary curve only but at the same
time we keep information of the interior of the shape. We
do not employ more information than the elastic properties of the shape. After the optimized boundary conditions
are computed one can solve the elasticity PDE, post-process
the solution, and obtain various valuable (comparison) measures like external forces, strain, stress or stored energy of the
deformed shape. Knowing such quantities can help to assess
how severe a given deformation is and hence enables us to
compare different deformations.
As a motivating example imagine a physician who wants
to compare different CT-scans of a patients liver. Taking a

scan of the healthy liver we can compare it to other scans and
compare the different deformations to decide whether or not
a pathophysiological deformation is progressing by looking,
for example, at the external forces that are responsible for
this deformation.
However, note that assessing an observed deformation is
an (in the sense of Hadamard) ill-posed inverse problem and
observing a small deformation does not necessarily mean that
forces are sparse (or small). The situation is even worse since
the deformation can be nonlinear. In a forthcoming paper we
will investigate a generalized nonlinear elasticity setting in
order to be able to treat rotations and larger deformations not
covered by linear elasticity.
In the following we will give a short overview of the relevant elasticity model and the FEM we employed. A detailed
description of the decomposition of the optimization procedure is given in Sect. 2.3 and experimental examples are
shown in the following section. We end the paper with a
discussion of the method and of our results.

2 Description of Methods
2.1 The Physical Model of a Linear Elastic Body
This section intends to give a concise overview of the basic
principles of elasticity theory that are relevant for our model.
More material on elasticity can be found, e.g., in [4,6]
and [32]. We will follow the notation introduced in [10].
Elasticity theory regards the state of a body submitted to
forces. An elastic body is a body that reacts to applied forces
with a deformation, but returns to its original shape after
removing the forces. Furthermore, an elastic body does not
memorize previous deformations.
Strain, Stress and Equilibrium. Our starting point is the
assumption that there is a known reference configuration
B ⊂ R3 of the deformable body that will serve as a template
body in the template image. This set B shall be bounded,
and it describes the subset in R3 which is occupied by the
body when no forces are applied, i.e., the body is free of
stress. The shape of the deformed body will be described
by a vector field Φ : B → R3 , i.e., Φ(x) is a point of the
deformed body corresponding to a point x in the reference
configuration. We use the decomposition Φ = I + u, where
I denotes the identity transformation and u the displacement
field. Now, Φ is a deformation if subsets of the body are
mapped to sets of positive volume, i.e., the determinant of
the deformation gradient det(∇Φ) > 0.
A Taylor approximation of Φ shows that the quantity that is responsible for a local change of length is
the (right) Cauchy-Green strain tensor C = (∇Φ)T ∇Φ.
Its half deviation from the identity E = 1/2(C − I)
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Fig. 1 Left an illustration of a
surface force t (x, n) at some
point x in an arbitrary cross
section with normal n of a body
B. Right illustration of the three
components of the stress tensor
with respect to the canonical
coordinate planes. The normal
stress is orthogonal to the
considered plane shear stresses
lie within the plane. The figure
was created using Incscape

is the Green-Saint-Venant strain tensor or simply strain.
Intuitively, strain is a measure that locally represents a
change of distance of nearby points relative to each other.
In terms of the deformation field u Cauchy-Green
strain

reads E = 21 ∇u + (∇u)T + (∇u)T ∇u . Neglecting the
quadratic nonlinearity leads to the linear theory of elasticity
(small deformations) and E simply becomes the symmetric
part of the derivative ofthe displacement field. We denote it
as ε = 21 ∇u + (∇u)T .
The next important quantity is the stress tensor or simply
stress. A given deformation induces, as described above, a
certain strain. Stress is a measure that quantifies how difficult it is to achieve a certain strain, i.e., stress is a function
of strain (see next section). Intuitively it is clear that rigid
transforms do not change stresses in a body. One can prove
that if B is connected, a deformation Φ is a rigid transform
(rotation and translation) if the Cauchy-Green tensor satisfies
C(x) = I for all x ∈ B. More generally, one can prove that
two deformations corresponding to the same strain tensor
C can be obtained by a composition with a rigid transform,
see [10]. As a consequence we can identify two deformations
if they have the same strain tensor. Hence, the strain E can
be viewed as a measure of the deviation of a deformation Φ
from a rigid transformation. However, for the measure ε this
is not true. As ε is a linear approximation to E it is invariant
under translations and infinitesimal rotations but not under
general rotations. This causes some difficulties in comparing
shapes through forces applied to the template body. But if
the shapes that are to be compared differ from each other
with no or minimal global rotation one can still expect a reasonable comparison by strain or stress or any quantities that
are derived from them like external forces. The latter will be
explained in the following.
Forces acting on a body can either be body forces or
surface forces. Body forces are proportional to mass and
are related to an outside source (e.g., gravity or magnetic
forces). These forces are volume forces and can be described
by a force density F : B → R3 (measured per unit vol-
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ume). The surface forces will be particularly interesting in
our formulation and are described in the following. Let us
take a point x ∈ B and an arbitrary cross-section within the
body, described by its (unit) normal n ∈ R3 . A surface force
t (x, n) ∈ R3 , called traction and measured per unit area,
acts on the cross-section in x and is described by the Cauchy
stress tensor σ ∈ R3×3 . The rows of this stress tensor represent the three tractions (normal and shear stresses) within
three canonical coordinate planes, usually the three different
orthogonally intersecting cartesian coordinate planes. One
can then write the surface force at x ∈ B as t (x, n) = σ (x)n,
see Fig. 1 for an illustration and [32] for more details. In particular, if x ∈ ∂ B and if n is its corresponding outward unit
normal the surface force t (x, n) is the traction on the body’s
boundary in x.
The equations of static equilibrium (Cauchy principle) can
be formulated as a consequence of Newton’s second law: In
any closed subvolume V the body forces on its boundary and
inside V have to balance, meaning



t (x, n) dS +
∂V

F(x) dV = 0 .

(1)

V

The divergence theorem then yields

(div σ + F) dV = 0 ,

(2)

V

and since this shall hold for any subvolume the integrand must
vanish. Hence, the equations of equilibrium can be written
as
div σ + F = 0 .

(3)

By the same principle for the momenta one shows that σ
is symmetric. The divergence of the tensor is to be taken
row-wise. Note that the equations of equilibrium, although
we did not point that out clearly, must be formulated in
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the (unknown) deformed configuration Φ(B). Transforming
these back to the reference configuration would introduce
a nonlinearity, namely an additional factor that depends on
∇Φ. However, in the setting of small deformations this factor
is close to the identity and will be neglected, so that it does
not make a difference to formulate the equations in terms of
the reference configuration. We will deal with this nonlinearity in a separate paper that addresses the case of larger
deformations.
Constitutive Equations for Linear Elastic Materials. For
elastic materials stress will depend on strain and material
properties. Below we briefly explain the relation between
strain and stress.
Intuitively it is clear that forces that are of the same magnitude will cause different deformations when acting on different physical materials, i.e., stress depends on the physical
properties of the material. It measures how difficult a deformation is to achieve since it describes the internal force distribution in the body, i.e., it has to balance the external force
according to Newton’s second law (1). On the contrary, any
deformation field in a body induces a certain strain ε = ε(u).
The cause of the deformation is an external force, gravity for
example. Again, stress measures how much force at each
point inside the body is necessary to balance the external
cause of the deformation and this will depend on the material properties.
The relation between stress and strain is expressed by socalled constitutive laws. This is a priori just any function that
relates strain and stress. The assumption of frame invariance
states that a physical quantity observed is independent of the
observer, which is a common physical principle. Using this
one can restrict the class of suitable functions. Further restriction can be made by assuming that the material is homogenous, i.e., the material properties are the same at any point
inside the body. Another restriction can be deduced from the
assumption of isotropy. This means that the reaction of a body
to an applied external force at any point will essentially be
the same in any direction. Steel, for example, is an isotropic
material in contrast to wood. Now, one can mathematically
prove that any function relating stress and strain that satisfies
these assumptions has a first order approximation that only
involves two physical constants. The first order approximation assumes small strains (and this is what we do in linear
elasticity). This simple constitutive law is called Hooke’s law
for linear isotropic materials and can be written as
σ = λ tr(ε)I + 2με

(4)

with only two independent positive constants. Here tr(·)
denotes the trace and ε is the linearized strain tensor. The
interested reader is referred to [10]. The material constants
involved are the well-known Lamé constants λ and μ. In the

literature sometimes several other constants are used to formulate this law and they can be transformed into one another.
Often used are, for example, Young’s modulus E and Poisson’s ratio ν which relate to the Lamé constants by
E=

λ
μ(3λ + 2μ)
, ν=
.
λ+μ
λ+μ

(5)

Plane Strain. While our formulation can readily be applied
to the three-dimensional case, this paper deals with deformations of two-dimensional shapes, in which case we do not
have to take into account the full three-dimensional model.
Denote x = (x1 , x2 , x3 )T the three spatial coordinates. If we
assume that the body forces and the tractions on the body’s
boundary are independent of x3 and do not have a component pointing out of the (x1 , x2 )-plane, we can assume
u = (u 1 , u 2 , 0)T , u 1 = u 1 (x1 , x2 ) and u 2 = u 2 (x1 , x2 ).
This leads to a reduced 3-by-3 strain tensor in which the
third row and column are zero. Nevertheless, by Hooke’s
generalized law the materials response leads to a stress tensor in which the third row and column also vanish apart from
σ33 = λ(ε11 + ε22 ). Here one can see that even for twodimensional forces and displacements that stress is in general
still a three-dimensional quantity, but taking into account that
all these quantities only depend on x1 and x2 the equilibrium
equations reduce to a two-dimensional system. Combining
the stress-strain relation (4) and the equilibrium equation (3),
this system, the well-known Navier-Lamé equation, reads
μu + (λ + μ)∇ div u + F = 0 .

(6)

2.2 The Pk -FEM
As an elliptic partial differential equation (PDE) the model
for small deformations can be handled comfortably by finite
element methods (FEMs). This shall be explained briefly.
The interested reader is referred to literature on FEMs and
PDEs, [6,10,16,24].
In order to ensure unique solvability of the problem, one
has to impose boundary conditions so that the PDE can be
written as
μu + (λ + μ)∇ div u + F = 0

in B,

u = u 0 on Γ D ,
σ (u)n = g

on Γ N

(7)

where Γ D and Γ N is a decomposition of the body’s boundary
∂ B into a part Γ D on which Dirichlet boundary conditions u 0
are given and a part Γ N with Neumann boundary conditions,
i.e., a force distribution g. The outward normal on Γ N is
denoted by n. For the sake of simplicity we use zero boundary
conditions on the Dirichlet boundary, that is u 0 = 0. The
generalization to non-zero conditions is just technical. Also
note that (7)1 is equivalent to
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2μ div ε(u) + λ∇ tr(ε(u)) + F = 0 .

(8)

The FEM relies on the variational formulation of the problem. We multiply (7)1 with a test function v in the Sobolev
space HΓ1D


HΓ1D := v ∈ H 1 (B)3 | v(x) = 0 on Γ D

(9)

and integrate by parts. Here H 1 (B) denotes the standard
Sobolev space of square integrable functions on B which
have one (weak) derivative in L 2 (B). The superscript “3”
in (9) means that each component of v is in H 1 (B). Utilizing (8) this yields



σ (u) : ε(v) dV =

ΓN

B


g · v dS −

F · v dV

(10)

B

where A : B = tr(A T B) denotes the Frobenius scalar product. If Eq. (10) is satisfied for all v ∈ HΓ1D then u is called a
weak solution of (7). Note that in order to satisfy the weak
form of the original equation we require the displacement
field to have only one weak derivative instead of two classical derivatives and any classical solution will satisfy the weak
form. The left-hand side of (10) is linear in u and v and so it
is referred to as the bilinear form of the equation. The unique
solvability of (10) in the function space HΓ1D is ensured by
means of the Lax-Milgram lemma that requires the bilinear
form to have certain properties (continuity and coercivity).
The latter one is ensured by Korn’s inequalities. The wellposedness principles in the continuous case are inherited to
our finite element model. The interested reader is referred
to [6]. In engineering the weak form is also known as the
principle of virtual work.
As Galerkin techniques FEMs approximate the solution
u of the full PDE in a (suitable) finite dimensional subspace
Vh ⊂ HΓ1D . Denote a(u, v) the associated bilinear form of
the left-hand side of (10) and b(v) − c(v) its right-hand side.
n
of Vh one can make the ansatz
Now, given a basis (ϕi )i=1
uh =

N


u i ϕi

(11)

i=1

with real coefficients u i . Plugging this into (10) and testing
only with v ∈ Vh (it is of course sufficient to test only with
the base functions) the Galerkin equation reads
N


u i a(ϕi , ϕ j ) = b(ϕ j ) − c(ϕ j ) ∀ j = 1, . . . , N .

(12)

i=1

This is a linear equation for the coefficients of u h with stiffness matrix A = (a(ϕi , ϕ j ))i j and load vector b(ϕ j )−c(ϕ j ).
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Since the bilinear form a(·, ·) is symmetric and coercive
the stiffness matrix is positive definite and symmetric and
hence the linear equation has a unique solution. In case of
pure Neumann boundary conditions, i.e., a force distribution
is prescribed on the entire boundary of the body, the stiffness
matrix will be singular and its image will have the codimension of the spatial dimension of the elasticity problem plus
one, two in our case. This is due to the invariance of the
stress tensor (and hence of the elastic force) under translations and infinitesimal rotations. Furthermore in this case a
compatibility condition between the prescribed tractions on
the boundary and the given body forces has to be satisfied. To
see this one has to integrate (7)1 and apply the divergence theorem to the left-hand side which shows that the mean value
of the boundary force distribution has to be the same as the
mean of the body force taken over the entire body.
We now have to choose Vh in a suitable manner. We do this
using triangular finite elements. For this purpose we generate
a triangulation Th of the relevant shape, preferably a Delaunay triangulation in order to avoid skinny triangles. Here h
just denotes a grid parameter indicating its coarseness.
Consider a Delaunay triangulation Th of our body B with
M on the boundary of B and L interior nodes
M nodes ( pi )i=1
N
( pi )i=M+1 , M + L = N . We choose
Vh = {v ∈ H 1 | v is continuous
and v ∈ Pk (K ) ∀K ∈ Th }

(13)

where either k = 1 or k = 2 and
Pk (K ) = {v : K → R | vis a polynomial
of degree k} .

(14)

Note that for a triangle K ∈ Th each P1 -function is uniquely
determined by its values at the triangle’s corners and each P2 function is uniquely determined by its values at the corners
and the midpoints of the edges. Hence, if we define a basis
for Vh by
ϕi : B → R
ϕi ( p j ) = δi j ∀i, j = 1, . . . , N

(15)

we get a set of N (scalar valued) base functions, where the
base function corresponding to node i is supported only in
adjacent cells (triangles). The values inside each cell are
obtained by linear interpolation in case of P1 -elements and
quadratic interpolation in case of P2 -elements. This property
leads to a stiffness matrix which is sparse. In our case of
plain strain we have to choose two linear independent base
functions at each node i, i.e., one for each component of the
displacement. We use the vectorized base functions (ϕi , 0)T
and (0, ϕi )T . To incorporate the Dirichlet boundary conditions we simply set the values at the relevant nodes to the
prescribed value of the solution at these points, which will
then contribute to the right-hand side of the equation.
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2.3 Boundary Correspondence
We are now equipped with the described deformation model,
the Navier-Lamé equation, and a suitable tool for computing its solution, the FEM. As mentioned, we will have to
supplement this model with boundary conditions. Suppose
we knew the correspondences between the boundaries of the
two relevant shapes, B and B  , i.e., we are given pure Dirichlet boundary conditions on the boundaries of the shapes Γ
and Γ  respectively. We could compute the solution of the
finite element equation and in post-processing compute various elasticity measures which will tell us how difficult it is
to achieve the observed shape change. However, exact correspondences are usually not known. In the following we will
not take into account volume forces, although these can readily be incorporated. Of course boundary displacements cause
forces on the boundary and vice versa.
Our working assumption is that even if one observes a very
complicated deformation (think of a deforming car in a crash
test or leaves of a tree exposed to blowing wind from one
direction) its physical cause will often be a (boundary) force
of remarkable simplicity. Hence, we would like to optimize
the boundary correspondences such that their cause is simple,
i.e., that boundary forces act according to a certain prior.
This can be formulated as a nonlinear optimization problem
subject to the elasticity PDE:

minimizeu Γ σ (u)n p dS
subject to μu + (λ + μ)∇ div u = 0
Φ(Γ ) = Γ  .

(16)

Recall that Φ = I + u. The notation Φ(Γ ) = Γ  simply
means that we want the boundary Γ to be mapped onto the
boundary Γ  . The norm used is a mixed norm, i.e., we take
the Euclidean magnitude of the force σ (u)n and raise it to
the power p. We will specify p later. With regard to applying
the finite element method the linear constraint can be given
in the weak form:

minimizeu Γ σ (u)n p dS
subject to B σ (u) : ε(v) dV
= Γ g · v dS ∀v ∈ H 1 (B)
Φ(Γ ) = Γ  .

(17)

This optimization problem of finding the right boundary correspondences is difficult and a priori a highly nonlinear problem but in the case of small deformations one can often give
a (more or less good) guess of correspondences and solve a
simpler problem instead of the original problem. If we were
able to relate boundary displacements to forces on the boundary directly we could optimize these forces according to our
prior. Simultaneously we can allow the boundary correspondences to drift away from the initial guess after paying some

penalty and obtain more likely boundary displacements. This
should result in a better shape match. This can be formulated
as another nonlinear optimization problem:

minimizeu Γ σ (u)n p + k2 u − u 0 2 dS
subject to B σ (u) : ε(v) dV
= Γ σ (u)n · v dS ∀v ∈ H 1 (B) .

(18)

This is still a nonlinear optimization problem subject to a
linear PDE but without the nonlinear constraint Φ(Γ ) = Γ  .
This constraint is localized by the second term in the objective function of (18) around a given initial guess u 0 . It should
be mentioned that this localization changes the full problem
of finding a simple explanation of an observed shape change
to finding a simple explanation of the deformation that is
close to the pre-selected initial guess. The second term in the
objective function of (18) can be interpreted as some kind of
a restoring spring force that increases the more the boundary
displacements u deviate from the initial guess u 0 , while k
can be interpreted as a spring constant. This restoring spring
force does not directly act on the physical model itself in
contrast to σ (u)n. Also, note that for p  1 the optimization
problem (18) is convex. In order to take into account curvature information of the target boundary one can replace the
Euclidean distance of in the objective with the Mahalanobis
distance as we shall describe in the sequel. Note that there
is only one linear constraint left, and that it contains only
boundary forces making it a pure Neumann problem where
the force distribution σ (u)n depends on the yet unknown
displacements on Γ .
Next, we translate this optimization problem into a discretized setting. The finite element framework will allow
us to connect displacements and boundary forces conveniently. Assume a pure Neumann boundary value problem
with unknown boundary force distribution. Let
A=

AB B AB I
AI B AI I

(19)

be the stiffness matrix of the linear system that we assemble
using the FEM (as explained in Sect. 2.2, Eq. (12)) in block
decomposition. The block A B B corresponds to the boundary
part of A, i.e., the entries of A B B are the numbers a(ϕi , ϕ j )
for all boundary nodes i, j. The load vector undergoes a similar decomposition, such that the system can be written as
AB B AB I
AI B AI I

uB
uI

=

fB
0

,

(20)

where u B and f B denote the (column-) vectors of displacements at boundary nodes and u I denotes the displacements
at inner nodes, see also Eq. (22) below. Note that f I = 0
on the right-hand side of (20) since we do not have volume
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Fig. 2 Shearing force experiment. Comparison of two deformations of
a shape into two target shapes differing only by a rotation of π/12 around
the shape center. Green dots in c–i represent the target shape and red dots
in j–m the template shape. Force vectors have been scaled and not all
displacement vectors are plotted for better visibility. a Template shape.
b Target shape 1. c Initial boundary displacements (for target shape 1).
d Target shape 2 (rotated). e Initial boundary displacements (for target
shape 2). f Optimal boundary displacements after L 1,2 -optimization

forces. We can solve for the boundary displacements u B by
taking the Schur complement of A w.r.t. A B B which gives
Su B = f B where S = A B B − A B I A−1
I I AI B .

(21)

This splitting was also done in [8] in the context of surgery
simulation. Having K grid points on the boundary the vectors
u B and f B are of the length 2K (in case of plane strain). We
arrange the displacements u i ∈ R2 and the forces f i ∈ R2
at each boundary node in u B ∈ R2K and f B ∈ R2K in the
following manner:
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(target 1). g Optimal boundary displacements after L 2,2 -optimization
(target 1). h Optimal boundary displacements after L 1,2 -optimization
(target 2). i Optimal boundary displacements after L 2,2 -optimization
(target 2). j Optimal boundary forces after L 1,2 -optimization (target 1).
k Optimal boundary forces after L 2,2 -optimization (target 1). l Optimal
boundary forces after L 1,2 -optimization (target 2). m Optimal boundary
forces after L 2,2 -optimization (target 2) (Color figure online)

⎛ (1) ⎞
(1) ⎞
u1
f1
⎜ u (2) ⎟
⎜ f (2) ⎟
⎜ 1 ⎟
⎜ 1 ⎟
⎜ . ⎟
⎜ . ⎟
⎟
⎟
⎜
uB = ⎜
⎜ .. ⎟ and f B = ⎜ .. ⎟ ,
⎜ (1) ⎟
⎜ (1) ⎟
⎝ uK ⎠
⎝ fK ⎠
(2)
(2)
uK
fK
⎛

( j)

( j)

(22)

where u i and f i denote the j-th component of the displacement (force resp.) at boundary node i. The matrix S
can then be split into blocks Si of size 2 × 2K , such that
f i = Si u B ∈ R2 . Given the initial guess u 0B for the boundary
displacements, the optimization problem can then be formulated as
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(c)

(b)

(a)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

Fig. 3 Beam bending experiment. Comparison of results under different initial boundary correspondences. Green dots in b–h represent
the target shape and red dots in i–l the template shape. Force vectors
have been scaled and not all displacement vectors are plotted for better visibility. a Template Shape. b Initial boundary displacements 1.
c Initial boundary displacements 2. d Target Shape. e Optimal boundary
displacements after L 1,2 -optimization 1. f Optimal boundary displace-

minimizeu b

K

i=1

Si u b  p +

2
k


u B − u 0B 
2
2

(23)

meaning that we allow deviation from the estimated correspondence but at the same time we want the forces to be
simpler in some norm. We will come back to this point later.
Note that the decomposition of the stiffness matrix takes into
account the behaviour of the interior of the shape, and the
PDE constraint is a priori satisfied by finding its unique solution to the corresponding Dirichlet boundary conditions. The
parameter k plays the role of a spring constant, increasing
or decreasing the penalty due to deviations from the initial
guess.
Also note that our objective contains numerical integrals
of the force distribution weighted by the elements’ (local)
base functions. Hence, optimization over it is effectively an
optimization over a smoothed version of the external force
distribution.
Focusing on the second term of the objective, the reader
can see that it allows the approximate correspondences to
drift. Unfortunately, the drift can go away from the target
shape’s boundary which is clearly not desirable. Also, the
objective does not include any kind of shape information
(it only includes the prior on the forces for the unknown
deformation). This means that our relaxed formulation is still
an inappropriate approximation of the real problem because
only drifts on or close to the boundary manifold are desired.
One way to deal with this is by incorporation of distorted

ments after L 2,2 -optimization 1. g Optimal boundary displacements
after L 1,2 -optimization 2. h Optimal boundary displacements after L 2,2 optimization 2. i Optimal boundary forces after L 1,2 -optimization 1. j
Optimal boundary forces after L 2,2 -optimization 1. k Optimal boundary forces after L 1,2 -optimization 2. l Optimal boundary forces after
L 2,2 -optimization 2 (Color figure online)

metrics, generated by positive definite forms, around each
of the target points of the initial guess u 0B on the deformed
shape. At each such point q on the target shape we take the
orthogonal coordinate system given by the unit normal n
and unit tangent t. These vectors weighted by two positive
real numbers (rn , rt ) form the principal axes of an ellipse
described by the unit level set of the (affine) quadratic form
generated by
Q=

nT
tT

rn 0
0 rt



nt



.

(24)

The values rn and rt are chosen such that their product is
one and such that the number of points in a tangential direction that are within the unit circle of the metric described
by x2Q := x, Qx is maximized. This is a simple way to
introduce curvature information into the metric and can be
seen as an approximation of a metric in the tangent space of
the shape boundary (within the ambient space) at the relevant
point. The objective function then takes the form
f (u B ) =

K


Si u B  p +

i=1


k
u B − u B 0 2 .
Q
2

(25)

Note that
K 




i,0
i,0
i
i
u B − u B 0 2 =
u
−
u
,
Q
(u
−
u
)
i
B
B
B
B
Q

(26)

i=1
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Fig. 4 Sphere deformation experiment. The template in a has a radius
of 90 pixels and the sphere in b 70. Green dots in this figure represent the target shape and red dots represent the template shape. Force
vectors have been scaled and not all displacement vectors are plotted
for better visibility. a Template shape 1. b Template shape 2. c Target shape. d Initial boundary displacements (for template shape 1). e
Optimal boundary displacements after L 1,2 -optimization (template 1). f
Optimal boundary forces after L 1,2 -optimization (template 1). g Opti-

mal boundary displacements after L 2,2 -optimization (template 1). h
Optimal boundary forces after L 2,2 -optimization (template 1). i Initial
boundary displacements (for template shape 2). j Optimal boundary displacements after L 1,2 -optimization (template 2). k Optimal boundary
forces after L 1,2 -optimization (template 2). l Optimal boundary displacements after L 2,2 -optimization (template 2). m Optimal boundary
forces after L 2,2 -optimization (template 2) (Color figure online)

where Q = diag(Q 1 , . . . , Q K ). This unfortunately still
allows drifts away from the target boundary, but can be overcome now by first optimizing (25) and then projecting the
optimized correspondences back to the target boundary. Note
that the projection makes this problem nonlinear but doing
this iteratively amounts to a sequence of convex optimiza-

tion problems for which we have efficient solvers. Also note
that we reduced the full problem (16) to a problem on the
boundary which reduces the computational dimension.
So far we have not yet specified what norm we want to use
to minimize the forces (i.e., we did not specify p in (23)). As
mentioned above we are seeking simple explanations, not
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(a)
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(c)

(d)

(e)

(f)

Fig. 5 Growing sphere experiment. Matching of two spheres has low
cost due to invariance of the model under infinitesimal rotations. The
template and target sphere have radii of 135 and 150 pixels. Green dots
represent the target shape. Not all displacement vectors are plotted for
better visibility. In f the maximum of the L 2 -norm of the boundary
forces is shown in every iteration for both optimizations. The forces

are close to zero once the template sphere is matched to the target by
an infinitesimal rotation. a Template sphere. b Target sphere. c Initial
boundary displacements. d Optimized boundary displacements after
L 1,2 -optimization. e Optimized boundary displacements after L 2,2 optimization. f Maximum of the L 2 -norms of boundary forces in each
iteration (Color figure online)

only for shape change but also for the sake of comparing
different deformations to each other. A set of forces that is
sparse in some sense will be suitable for this comparison.
Now, sparsity can mean several things in this context. First,
one could seek a set of forces that only acts on a small subset
of boundary points and is isotropic, i.e., it is sparse and does
not favor any direction. With regard to the example of the tree
exposed to wind from some direction one would rather prefer
the force derivative to be sparse so as to favor a minimal
number of directions. Here, we show results with the first
prior. Taking the objective as

the L 1,2 or mixed norm optimization. In our experiments we
compare this objective to

f spar se (u B ) =

K

i=1

Si u B  +


k
u B − u B 0 2
Q
2

f small (u B ) =

Si u B 2 +

i=1


k
u B − u B 0 2 ,
Q
2

(28)

which favors uniform and small forces. This is Eq. (25) with
p=2
The optimization of (28) is a least squares problem and
has a closed form solution, but the problem involving (27)
has more structure. Introducing the slack variables f i , e,
where i = 1 . . . K , yields the problem

(27)

will satisfy these needs. This equation is identical to (25)
with p = 1. We will refer to the optimization in this norm as

K


minimize
f i ,e,u b

K

i=1 f i

+ 2k e

subject to Si u B   f i , i = 1 . . . K ,


u B − u B 0 2  e .
Q

(29)
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Fig. 6 Starfish experiment. Green dots in b–d represent the target
shape and red dots in g–h the template shape. Force vectors have been
scaled and not all displacement vectors are plotted for better visibility. a
Template shape. b Initial boundary displacements. c Optimal boundary

displacements after L 1,2 -optimization. d Optimal boundary displacements after L 2,2 -optimization. e Target shape. f Warped shape (L 1,2 deformation). g Optimal boundary forces after L 1,2 -optimization. h
Optimal boundary forces after L 2,2 -optimization (Color figure online)

This is a second order cone program (SOCP). Specifically
the second constraint can be transformed into an SOCP constraint by rewriting it as

3 Implementation and Results





u B − u B 0 2  1 (e + 1)2 − (e − 1)2
Q
4

(30)

which is equivalent to

 2R(u B − u B 0 )


e−1



 e,


(31)

2

where R = (diag(Q 1 , . . . , Q K ))1/2 . Putting everything in
one equation the optimization problem then reads
K
minimize fi ,e,u b i=1
f i + 2k e
Si u B   f i , i = 1. . . K ,
subject to

 2R(u B − u B 0 ) 
 e.



e−1
2

(32)

Several fast solvers are available for this type of problem. We
used SeDuMi [35] together with the YALMIP [26] interface
for MATLAB.
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To demonstrate our method the implementation, including
our own finite element code, was done in MATLAB on a
common PC. First we extracted the boundaries of the relevant shapes and constructed a Delaunay mesh of the template
shape with a moderate number of cells (usually between 500
and 650). Initial boundary conditions were either given by
hand for a small number of boundary points of the mesh (the
remaining correspondences were interpolated on the boundary of the target shape) or we aligned the centers of mass of
the two shapes and took the nearest neighbours of the boundary nodes of the mesh and the target’s boundary. Generally,
the latter one gives a very poor estimate of correspondences
but as we shall demonstrate in the first experiments with simple shapes the optimization procedure is quite robust against
a (moderate) change of boundary conditions or a bad initial
guess. Of course there are many more ways to obtain initial correspondences, e.g., active contour models like snakes,
which have been used, for example, in [18,29].
Next we assembled the stiffness matrix with zero Neumann boundary conditions and computed its Schur comple-
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Fig. 7 Hand comparison experiment. Green dots in b–d represent the
target shape and red dots in g–h the template shape. Force vectors have
been scaled and not all displacement vectors are plotted for better visibility. a Template shape. b Initial boundary displacements. c Optimal

boundary displacements after L 1,2 -optimization. d Optimal boundary
displacements after L 2,2 -optimization. e Target shape. f Warped shape
(L 1,2 -deformation). g Optimal boundary forces after L 1,2 -optimization.
h Optimal boundary forces after L 2,2 -optimization (Color figure online)

ment with respect to the block corresponding to the inner
nodes of the mesh as described in Eq. (21). We implemented
two finite element methods: The P1 -method, i.e., the local
base functions in each element are linear, and the P2 -method
with quadratic base functions. The P2 -method was modified
to be isoparametric, i.e., the boundary edges of boundary
cells were modified to locally give a quadratic approximation of the shape boundary (by projecting the midpoint of the
edge onto the boundary) instead of a linear one as in the P1 method. This modification took minor effort and can account
for an improved approximation of the shape in regions with
high curvature.
After the optimized boundary displacements were found
we computed the solution of the corresponding Dirichlet
problem and several elasticity measures (e.g., stored energy,
von Mises stress, etc.). Such measures, based on stress and
strain, can serve as measures for comparing different deformations of a given template. If the material properties are
known, i.e., the Lamé constants are known, one can of course
incorporate these into the model. In case they are unknown
one can make a reasonable choice. Our method showed
robustness of the quality of the results under different choices
of the Lamé-constants. We will refrain from showing this

here. All experiments that we present in this paper have been
carried out with Lamé-constants λ = 0 and μ = 1, allowing
material to grow without being shrunk laterally. This choice
makes the model depend only on the optimization parameter
k since the remaining constant μ drops out in the elasticity
Eq. (6) (it can be taken into the right-hand side as a scaling
factor). This is in the spirit of [29].
A sketch of the algorithm is given in Algorithm 1. In the
algorithm we used the internal energy of the deformed shape,
given by
E = ((u B , u I )T A(u B , u I ))1/2 = (u TB Su B )1/2 ,

(33)

as a simple indicator for convergence. Of course it is possible
to use different measures such as based on forces as well. It
also turned out to be good to penalize deviations from the
initial guess less during the first iterations and then increase
the penalty, i.e., we choose a low k in the beginning and
increase it based on the convergence measure.
In all experiments shown here we will compare two optimization procedures, differing by the prior on the unknown
forces, i.e., we will solve the above mentioned mixed norm
problem formulated as a SOCP given by (32) and compare
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Fig. 8 Jumping person experiment. We took the first frame of a video
sequence and two more (non-consecutive) frames of a thirty frames
sequence. All frames contained the presegmented deforming shape of
the person. We compare the deformations of the first frame to frame
#3 (containing target shape 1) and to frame #8 (containing target shape
2). Green dots in the figures represent the target shapes and red dots
the template shape. Only the sparse L1, 2-optimization is shown. Force
vectors have been scaled and not all displacement vectors are plotted
for better visibility. a First video frame with template shape. b Video
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(b)

frame #3 with target shape 1. c Video frame #8 with target shape 2. d
Initial boundary displacements for target shape 1. e Initial boundary displacements for target shape 2. f Optimal boundary displacements after
L 1,2 -optimization for target shape 1. g Optimal boundary displacements
after L 1,2 -optimization for target shape 2. h Computed deformation
field using the optimized boundary displacements for target shape 2. i
Optimal boundary forces after L 1,2 -optimization for target shape 1. j
Optimal boundary forces after L 1,2 -optimization for target shape 2. k
Template shape warped to target shape 2 (Color figure online)
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Fig. 9 Jumping person experiment. This figure shows the (zoomed)
deformed meshes of the first video frame (Fig 8a) after L 1,2 optimization for the (consecutive) frames #8–#13 in which the defor-

Algorithm 1: Sketch of the algorithm
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Generate a Delaunay Mesh on the template shape;
Assemble the stiffness matrix (λ = 0, μ = 1);
Decompose the stiffness matrix according to Equation (21);
Give an initial guess of boundary correspondences for mesh
boundary points;
Save the stored energy E of the deformed body by using the
initial guess in Equation (33);
for i = 1 to max I ter do
For each boundary correspondence compute its Mahalanobis
metric ·, Q i (·) according to (24);
Minimize the relevant cost function, i.e., either (27) or (28) to
obtain new boundary correspondences;
Save the stored energy E of the deformed body for the new
correspondences according to (33);
Project the optimized correspondences onto the target shape
boundary to get new correspondences;
Save the stored energy E of the deformed body by using the
projected correspondences in (33);
if E is stationary then
Return boundary correspondences and forces;
end
end
Find the FEM solution and compute elasticity measures (strain,
stress, etc.);

this to the solution of the minimization problem for the objective (28).
Shear and beam bending. This experiment was done in order
to demonstrate the algorithm’s plausibility in terms of physical intuition with regard to forces. These can be hard to
describe intuitively in more complicated situations. We also
demonstrate its robustness against different poor initial correspondences. In Fig. 2 we compared the plane deformation of
a square to a sheared square and the same sheared square
rotated by π/12. Intuitively, one would expect (approximately) the same forces but since the linear elastic model used

mation starts becoming too large. The red outline represents the target
shape of the relevant frame. Read the figures row-wise from top left to
bottom right (Color figure online)

here is not invariant under rotations we obtain, as expected,
slightly different sets of forces. In both cases initial boundary
displacements have been given by aligning the shapes’ centers of mass and taking the nearest neighbours between each
boundary point of the mesh and the boundary of the target
shape. This is far from being physically reasonable but both
optimizations, the L 1,2 and the L 2,2 , reached similar minima
in terms of displacements, while the forces tend to be more
sparse in the former case.
Figure 3 shows another physically motivated experiment,
in which we estimate the deformation of a bent beam. We
assigned two different initial boundary correspondences to
show the robustness of the method presented to different
choices of initial correspondences. The first set of boundary
correspondences was given as in Fig. 2 and the second set
was assigned by hand, i.e., we chose two correspondences
by hand and interpolated the remaining ones on the target
boundary. As the reader can observe the optimized quantities obtained with both initial correspondences are nearly the
same. Note that in the case of the L 2,2 -optimization the resulting forces look slightly different. Such robustness against
changes of initial correspondences cannot be expected when
more complicated shapes or shape changes are involved or
if the template is rotationally symmetric.
Rotationally Symmetric Template Shapes. As we mentioned
above, in our linear model the recovered forces are not invariant under general rotations. Nevertheless, linear strain and
hence forces are invariant under infinitesimal rotations, i.e.,
deformation fields of the form u(x, y) = α(y, −x)T . Hence,
it is interesting to test cases of (almost) rotationally symmetric templates. Indeed, as Fig. 4 shows, the forces and displacements in both cases, mixed norm and L 2,2 -optimization,
tend to introduce a rotation during the optimization. The
rotation develops faster if the radius is reduced (compare

123

J Math Imaging Vis

(a)

(j)

(b)

(c)

(f)

(g)

(h)

(i)

(k)

(l)

(m)

(n)

(q)

(r)

(o)

(p)

(d)

(e)

Fig. 10 Additional experiments. For each experiment we compare of
two deformations into two different target shapes. Green dots in the figures represent the target shape and red dots the template shapes. Only
the sparse L1, 2-optimization is shown. Force vectors have been scaled
and not all displacement vectors are plotted for better visibility. a Target
heart 1. b Target heart 1. c Initial boundary displacements (for target
heart 1). d Target heart 2. e Initial boundary displacements (for target heart 2). f Optimal boundary displacements after L 1,2 -optimization
(target heart 1). g Optimal boundary forces after L 1,2 -optimization (tar-

get heart 1). h Optimal boundary displacements after L 1,2 -optimization
(target heart 2). i Optimal boundary forces after L 1,2 -optimization (target heart 2). j Template glass. k Target glass 1. l Initial boundary displacements (for target glass 1). m Target glass 2. n Initial boundary
displacements (for target glass 2). o Optimal boundary displacements
after L 1,2 -optimization (target glass 1). p Optimal boundary forces after
L 1,2 -optimization (target glass 1). q Optimal boundary displacements
after L 1,2 -optimization (target glass 2). r Optimal boundary forces after
L 1,2 -optimization (target glass 2) (Color figure online)

the template shapes in Fig. 4a, b). The reason is that the
aforementioned invariance allows growth of spheres, since
the infinitesimal rotation fields are not isometries, with zero
cost. This will produce a kind of trade-off between zero cost
sphere growth, interpreted as infinitesimal rotation, and the
desired deformation. As the reader can observe in Fig. 5
infinitesimal rotations did not affect the forces. We also
tested translations of the target shape and these also had no
effect on the forces. This is due to the three-dimensional

kernel of the stiffness matrix that contains translations and
infinitesimal rotations that have one degree of freedom in
two dimensions. It is possible to avoid this additional rotation by choosing for example a minimal Euclidean norm
prior on the deformation field. As we shall show in a forthcoming paper, a nonlinear elasticity model will not have
this drawback since it penalizes non-isometric deformations.
The force optimization in this case, however, will be more
challenging.
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Starfish and Hand Shapes. For these two experiments we
chose a starfish matching experiment (Fig. 6) and an example in which we matched hand shapes of two different persons
(Fig. 7). These examples are less robust to poor initial conditions. Nonetheless, even here taking the nearest neighbour of
each boundary point resulted in a good matching. One could
argue that any cyclic permutation of the starfish arms would
be reasonable. But as we are using a linear model and as we
prefer small forces this is a reasonable choice. The results of
warping the first shape (and texture) to the target are shown
in both figures.
Jumping Person and More Shapes. We took a video sequence
of a jumping person with presegmented silhouettes of that
person in each frame, see Fig. 8. The first frame served as
a reference frame and we compared it to two other nonconsecutive frames. Here, we only show the sparse L 1,2 optimization. The algorithm gave reasonable correspondences until a certain frame after which the deformation
became too large, see Fig. 9. The video was taken from [7].
The last experiment, see Fig. 10, was done on shapes taken
from a database that was used in [34] in the context of shock
graph matching. It shows two experiments in which we compared two deformations of two different shapes, heart shapes
and a glass. Also here the algorithm gave reasonable results.

dures perform well and that the results are reasonable and
intuitive. Both methods can be used to asses the amount of
deformation applied to a given shape, but we believe that a
sparse solution for the forces often better accounts for reallife scenarios. The deformations found by our model are natural due to the physical model, provided the deformation is
not too large.
Our model is limited to small deformations and small rotations due to the use of a linear elasticity model. A nonlinear model using nonlinear strain and perhaps also nonlinear
material laws may resolve this issue. Also it would make
the comparison forces invariant to rotations. Such a model
is currently in preparation. Another difficulty was observed
near corners and high curvature sections of the silhouette in
which case the projection was sometimes unable to bring a
displacement back to a reasonable point of the target contour.
Furthermore, the algorithm is often sensitive to initial conditions. Indeed, since the method solves a nonlinear problem
the algorithm might converge to a local minimum, depending on the initial conditions. Finally, the method does not
handle topological changes, i.e., material is not allowed to
be divided or to develop holes.
Acknowledgments This research was supported in part by the U.S.Israel Binational Science Foundation, Grant No. 2010331, by the Israel
Science Foundation, Grant No. 764/10, by the Israel Ministry of Science, by the National Science Foundation, Grant No. 0915977, and by
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4 Discussion
In this work we propose a physically motivated method for
obtaining shape correspondences and comparison measures
using a linear elastic model. Our approach is based on the
assumption that many deformations that are observed in
images can be described as deformations of actual physical
bodies and that the external force responsible for a change of
shape is often of a very simple nature. To solve the underlying Navier-Lamé equation, boundary correspondences need
to be given. These are usually unknown. We find the optimal
correspondences by choosing them such that the external
forces are minimal in some norm. The optimization problem
is highly nonlinear but we show how to relax it by employing
a displacement based FEM. This enables us, after an initial
guess of boundary correspondence is given, to approximate
the full problem by a sequence of convex steps. The initial
guess localizes the search space so that we ultimately find
a plausible explanation of the observed shape change close
to the pre-selected deformation. Each step is optimized by
simultaneously minimizing the forces and allowing the estimated correspondences to drift after paying a penalty in terms
of a restoring force. We compare the optimization of two different norms, an L 2 -norm preferring small, uniform forces,
and an L 1,2 -norm that seeks sparse and isotropic forces. In
several experiments we show that both optimization proce-
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