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ABSTRACT. We establish conditions for aperiodicity of cocycles (in the sense
of [GH]), obtaining, via a study of perturbations of transfer operators, con-
ditional local limit theorems and exactness of skew—products. Our results
apply to a large class of Markov and non—Markov interval maps, including
beta transformations.

1. INTRODUCTION

Let (X, B, m,T) be a non-singular transformation, and ¢ : X — G be a measur-
able function taking values in a locally compact Abelian polish (LCAP) group G.
We say that ¢ is aperiodic [GH] if the only solutions for yo ¢ = Ag/go T a.e. with
v € @, Al = 1 and a measurable transfer function g : X — St are y = 1, A = 1
and g constant almost everywhere. This condition is crucial for establishing a local
limit theorem (LLT) for the m-distributions of {327"") ¢ o T},>1, and exactness
for the skew—product Ty(xz,t) = (Tx,t + ¢(z)) (see [G], [GH], [AD2]).

We focus on fibred systems. A fibred system is a quintuple (X, B, m, T, «) where
(X, B,m,T) is a non-singular transformation on a o-finite measure space and o C B
is a finite or countable partition mod m such that:

(1) Viey T ‘a generates B;

(2) every A € « has positive measure;

(3) forevery A € o, T|4 : A — T Ais bimeasurable invertible with non-singular
inverse.

The first aim of the paper is to find sufficient conditions for the aperiodicity of
a—measurable ¢ : X — G where G is a LCAP group.

The reader is invited to prove this when (X, B, m,T, «) is independent in the
sense that m((j_oT7A;) = [[[_om(4;) for all n > 1, Ay,..., A, € «, and
¢ : X — G (a—measurable) does not take values in a non-trivial, closed coset of G
(see also §2).

In case (X,B,m,T,«) is Markov, i.e. T A is a—measurable for all A € «, and if
also « is finite and m is an equilibrium measure (see [Kel]), one can use the work of
Livsic [L] to obtain periodic point conditions for aperiodicity. Simpler conditions
have been established in [AD1] for the a—measurable case, using a technique of
Kowalski [Ko1].
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The non-Markov case is not so well-understood. Morita has a condition for
aperiodicity for a certain class of non-Markov Lasota-Yorke maps ([M], proof of
theorem 5.2), but this class does not include the f-transformation (see below).
Kowalski also has a related result ([Ko2], theorem 9). We also mention Nicol and
Scott [NS] who provide rigidity results for the equation ¢ = h — h o T with T the
B-transformation and ¢ Lipschitz or Hélder on [0, 1] (see also Pollicott and Yuri
PY]).

We give a brief account of our results on aperiodicity. We consider fibred systems
which are skew-product rigid (§2, Definition 1), a property shared, for example, by
many piecewise monotonic interval maps. For such systems, we identify a collection
of sets M. (83, Definition 2) for which we prove (theorem 2): if yo¢ = Ag/goT
a.e., then g has a version which is constant on every element of M.

We then study the collection M,..., seeking conditions for it to cover X with
overlaps, so that every function which is constant on every element of M. is
necessarily constant everywhere. We call systems of this type almost onto, in anal-
ogy with the Markov case which was discussed in [AD1]. We give examples of
skew-product rigid almost onto systems in §4.

For these systems, if 7o ¢ = Ag/g o T, then g is constant, and the dynamical
aperiodicity condition reduces to aperiodicity of the distribution of ¢, i.e. the non-
existence of non-trivial vy € @, X € S' such that yo ¢ = X a.e. This is equivalent to
{d(x) — ¢(y) : x,y € X} generating a dense subgroup of G.

Our tests for aperiodicity in non-Markov situations are complemented by a cor-
responding study of perturbations of transfer operators. In §5 we prove continuity
of perturbations for a large class of expanding interval maps, which leads to suffi-
cient conditions for the exactness of skew products and to conditional local limit
theorems.

As an illustration, consider the f—transformation 7' : [0,1] — [0,1], T(z) =
Bxmod1 for B > 1, together with its absolutely continuous invariant probability
measure dP = q(x)dx (see Parry [P]). Define for z € [0,1], X, (z) := [3T" 'a].
The sequence {X,,(z)},>1 is called the (greedy) S—expansion of z, because

=01
2

We apply our results to the study of the stochastic behaviour of {X,},>1. If 8
is an integer, then X,, are i.i.d’s. We prove that the following stochastic properties,
well-known for i.i.d’s (see Feller [F], §IV.6 and §VII.4), persist for non—integer 3
(when {X,,},>1 may not be Markov):

(1) de Moivre’s approzimation: If S, := Y7 _, X}, then

2

ovnP(S, = k,) — \/%6_% as n — 0o, k, € Z, k";nix%xl) — T

uniformly as z € K for all K C R compact.

(2) Asymptotics of random walks on R driven by ”B-jumps”: Suppose that
¥ [0,1] — R satisfies E(y)) = 0 and ¢ (z) = ajg,) where {a; —a; : 0 <
i,7 < [B]} are rationally independent, then Ty is conservative, exact and
pointwise dual ergodic with a,(Ty)  \/n (as defined in e.g. [A]).
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(3) The Hewitt-Savage zero—one law: Call x,y € [0,1] -exchangeable if their
[—expansions differ by a finite permutation. If a Borel set E satisfies

xz € E, y and x are -exchangeable — y € F,

then P(E) is equal to zero or one.
De Moivre’s approximation follows from aperiodicity of ¢ : [0,1] — Z, ¢(z) := [Bz]
(see [RE]), and the Hewitt—Savage zero—one law (for non-integer [3) follows from
the aperiodicity of F# : [0,1] — ZIA, F#(z) = (Op(),15- > 0(),18]) (see [G]).
Details are given in §6.

2. FIBRED SYSTEMS, SKEW-PRODUCTS AND SKEW-PRODUCT RIGIDITY

Let (X,B,m,T,«) be a fibred system. Elements of «,, := \/?:_01 T '« are called
cylinders of length n. We agree to call X (the) cylinder of length zero. We denote
the cylinder of length n which contains = € X by a,,(z). We say that aset £ C X is
almost open mod m, if for almost every x € E, there exists an n such that a,,(z) C
E modm. Ergodic sums of ¢ : X — G are denoted by ¢,, := ¢p+¢oT+...+¢poT™ L.

Throughout my will denote Lebesgue measure. A piecewise monotonic (resp.
increasing) map of the interval is a triple (X, T, ) where X is an interval, « is
a finite or countable generating partition (modmy) of X into open intervals, and
T : X — X is a map such that T|4 is continuous and strictly monotonic (resp.
increasing) for each A € a. For piecewise monotonic maps of the interval equipped
with a non-atomic measure, all cylinders are intervals, and therefore a set is almost
open iff it is equal to an open set mod m.

Recall that the Frobenius—Perron operator or transfer operator of a non-singular
transformation (X, B,m,T) is the (unique) operator Pr : L'(m) — L'(m) which
satisfies

vgeLOO,feLl/g-Pdemz/goT-fdm.

If (X,B,m,T,«) is a fibred system, then T': A — TA has a non singular inverse
vg: TA — A for each A € o, and the Frobenius-Perron operator of T is

Prf= E lrav’y - fowva, where v/y :=
Aca

dmouvg
dm

We are interested in the collection of all skew-products of the form
Ts: X XY - X XY | 15(x,y) = (Tm,S(a(m))(y))

where (Y, F, p) is a Lebesgue probability space, Aut(Y) is the collection of its au-
tomorphisms (invertible bi-measurable measure—preserving transformations), and
S a— Aut(Y) is arbitrary. We call these transformations skew—products over a.
We note for future reference that 73 (z,y) = (T"x,S(an(x))(y)), where for every
cylinder C' = [Ag, ..., An_1], S(C) := S(A,_1) o...05(Ag), and that the transfer
operator of g is

(1) (Prof)wy) = 3 Lra(@)s(@)f (va(z), S(A) 'y).

Aca
Definition 1. A fibred system (X, B,m,T,«a) is called skew-product rigid if a.e.
x € X is included in a cylinder of finite measure, and if for every invariant density

h(z,y) (not necessarily integrable) of an arbitrary skew—product over «, [h(-,y) > 0]
is almost open for a.e. y €Y.
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The following proposition shows a stronger property for independent fibred systems.

Proposition 1 ([M1]). Let (X,B,m,T,«) be an independent fibred system and
suppose that S : o — Aut(Y). If h € L'(m x p) satisfies Prgh = Ah for some
X €S, then h is X x F-measurable.

Proof. A calculation shows that

Pl h(z,y) = PR(h(-, S(an(-) " () (z).
To see that h is X x F-measurable, let h, be a, x F-measurable so that [|h —
Pl Lt (mxpy — 0. Evidently

Pl b (@,y) = Pp(hn (- S(an ()™ ()(2) =
= E(hn('as(an('))il(y)) = E(P%hnp( X -7:)
This allows us to bound ||k — E(h|X x F)||1 by
1A = Prohlly + [ Prh = Prohnl+

S S
T | E(Pfha| X X F) = E(P h|X X F)|li + | E(PLh|X x F) — E(h|X x F)1 <
< 2||h = Prohlly + 2[[h = hally = 2[1 = A"[ - [[A[ly + 2] = ha |1
The limit inferior of this estimate is zero, so h = E(h|X x F) almost everywhere.

Corollary 1. If (X,B,m,T,«) is independent, G is a LCAP group, ¢ : X — G is
a-measurable and does not take values in a non-trivial, closed coset of G, then ¢
is aperiodic.

Proof.  Suppose that yo ¢ = ’WTOT where v € G, A € S' and g : X — S is
measurable. Setting Y = S!, 1 = Lebesgue measure and S(a)(y) := yop(a)y we see
that P;,.h = Ah where h(x,y) := g(z)y. By the previous proposition h(z,y) = h(y),
whence yo0 ¢ = A. It follows that vy =1 = A. O

We discuss some other examples. Consider the following properties for a piece-
wise monotonic map of the interval (X, T, a):

(A) Adler’s condition: for all A € a, T|a extends to a C? map on A and
T" /(T")? is bounded on X.

(F) Finite images: {TA: A € a} is finite.

(U) Uniform expansion: inf |T'| > 1.

(N) Non-uniform expansion: there is a finite set of partition sets ¢ C « such
that every Z € (¢ has an indifferent fixed point xz € 0Z with Thaler’s

assumptions:
(a) Tt ———— zzand T'"e ———— 1.
r—ry,x€EL rT—xz,EZ

(b) xz is a one-sided regular source: T decreases on (—oo,zz) N Z and
increases on (zz,00) N Z (one of these conditions is empty).
(c) for every e > 0 there exists p(e) > 1 such that |T7| > p(e) on

X=X\ U ZN(xz —€,xz7 +€).
zZeg
Piecewise monotonic maps (X, T, «) of the interval with properties (A),(F),(U) (re-
spectively (A),(F),(N)) will be called AFU maps (respectively AFN maps). They

admit at least one finite (respectively o—finite) absolutely continuous invariant mea-
sure m, cf. [Z1]. In this context, B will always denotes the Borel o—algebra.
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Suppose that (X, T, «) is an AFU map, and let h(x,y) be some invariant density
of an arbitrary skew-product over «, then:

(1) If « is a Markov partition, then it can be shown that for almost every y,
h(-yy) : I — I has a piecewise Holder version (see [Kol] and proposition
3.6 in [AD1]).

(2) When « is not necessarily a Markov partition, it can be shown that for
almost every y, h(-,y) : I — R has a version with bounded variation (see
lemma 4 in [Ko2]).

Thus, AFU maps (with or without the Markov property) are skew-product rigid.
Actually the same is true for AFN maps, which shows that this property of fibred
systems does not depend on the existence of an absolutely continuous invariant
probability measure.

Theorem 1. AFN maps are skew-product rigid.

We begin with an account of the basic structure of AFN maps (cf. [Z1, Z2]):
Every AFN map has an absolutely continuous, invariant measure (a.c.i.m.) m <
m) with the following decomposition:

N N;—1
X = HJ @ T’ X, modm , TN X; = X; modm,
i=1 j=0
oo N N;—1
and X = U T" U H—J TiX; | modm,.
n=1 i=1 j=0

Each X; is a finite union of intervals and T: : X; — X, is conservative exact.
Moreover, m(X;) = oo iff X; contains a (possibly one-sided punctured) neighbour-
hood of zz for some Z € ¢, and in this case N; = 1.

The restriction of an AFN (resp. AFU) map to one of its ergodic components
U;.V:ial T7X;’s is called a basic AFN (resp. AFU) map.

The proof of theorem 1 is based on an inducing procedure which we now describe.
Let (X, B,m, T, ) be a conservative ergodic measure—preserving fibred system. Fix
some a—measurable set A with an a—measurable partition 7 (for interval maps this
will be the partition into connected components), and write A = |#;., A; with
A; € a. The induced system on A is the fibred system (A, Ba,ma,Ta,aa) where
Ba:={Ee€B:ECA}, ma=mlg,, Ta=T% where

o(x) =1a(z)inf{n >1:T"(z) € A}
and g = aa(n) = {[Ai,Bl,...,Bn,C’] i€ A,n>0,B; € a\{Ag}trer,C € n}.

Lemma 1. Let (X,B,m,T,a) be a conservative ergodic measure—preserving fibred
system. Suppose that

(2) Vn, kVC € ay, T"(C) is almost open mod m.
If there is some a—measurable set A such that (A, Ba,ma,Ta,ca) is skew-product

rigid, then so is (X, B,m,T, a).

Proof. Fix some skew—product over a, 7 = 75 : X XY — X x Y where (Y, F, )
is some standard probability space, and suppose h(z,y) > 0 is an invariant density
for 7. We show that [A(-,y) > 0] is almost open mod m for a.e. y.
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We check that 7 is conservative. Indeed, for every B € «

o0 o0
Z lgxy ot = Z 1poT™ =00 m X p—almost everywhere in B X Y.

n=1
so B x Y is in the conservative part of 7 for all B € «. It follows that we can induce
7 on A x Y. The result is a skew—product over a4, 75, : A XY — A XY where
Sa:as— Aut(Y) is
SA([Ai7Bl,... Bn 1,AD —S( ) OS(Bl)OS(AZ)
The set A x Y is a sweep-out set for 7, because | Jpe; 7 F(AxY) = o T "AxY
and T is conservative ergodic. We can therefore apply Kac’s formula. Writing

h=nh-1 Axy and recalling the definition of the Frobenius—Perron operator of 7,
P, we get for all f e L*°(X xY):

/Xxyfhd(mx,u) /AxYZfOThdeM)

= Z Z/ l[gozn]XYEf o Tid(m X /’[’)

PE (Ve h) flm x ).

I
]

“M

—

It follows that
h = Z P <E1[<p>n]><Y) .
n=0

If 7 = (T) axy = Ts,, then hd(m x p) is 7—invariant. By assumption, the system
(A, Ba,ma,Ta,an) is skew-product rigid, and it is easy to use this to check that
(3) [h(-,y) > 0] is almost open mod m, for p—a.e. y €Y.

Now, if HY := [h(-,y) > 0], then (1) gives, modm,

H = {seX: Z ¢ (psner ) > 0}

_ U {zeXx:Pn (ﬁlwn}xy) >0}

— U {Jc eX: Z 1rnc )h(vc(x), S(C’)_l(y))l[<p>n] (ve(x)) > O}

Ceay,

- U U @) n1(p>nnC)n{zeX: h(ve(z), S(C)Hy)) > 0}

n=1Ce€a,
= U U 1(e>nn0)n{zeX:hlvc(x),S(C) () >0}
n=1C€ay,

T”([(p > n| N C) is a union of images of cylinders, so it is almost open mod m by
(2). We claim that G(y,n,C) := {z € X : iNL(vc(x),S(C’)’l(y)) > 0} is almost
open mod m for p—almost all y € Y.
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By (3), and since a4-cylinders are a-cylinders, there exists some Y; C Y such
that
w(Y'\Y1) =0and Vy € Y1 ANJ[h(-,y) > 0] is m-almost open.

Set Y’ := N{S(C")~1(Y1) : C" is a cylinder }. Since for every C’, S(C") € Aut(Y),
p(Y \Y') =0 and Vy € Y'VC' € a, C' N [A(-,S(C")"'y) > 0] is m-almost open.

Now fix y € Y. Since m o v;' ~ m, for almost every z € [h(ve(z), S(C)~ty) > 0]
there is a cylinder B such that

ve(z) € BC CN[h(-,S(C) 'y) > 0).

Choose, using (2), a cylinder D C «,, () NT™(B) which contains z. If 2’ € D, then
ve(2') € B and so h(ve(x'),S(C)~ty) > 0. It follows that x € D C G(y,n,C).
This shows that G(y,n,C) is almost open for all y € Y3, n € N, and C € «,. Since,
again by (2), T"([¢ > n]NC) is almost open mod m, we have that HY = [h(-,y) > 0]
is almost open mod m for py—almost every y, completing the proof. [

Proof of theorem 1. We can assume without loss of generality that (X, B,m,T)
is conservative and ergodic (otherwise decompose T to its basic components as
explained in the the beginning of the section, and treat each component separately).

Lemma 8 of [Z2] shows that every conservative ergodic AFN-map has an as—
measurable sweep out set A C X with a finite partition n into connected components
such that the induced system on A is AFU, and hence skew-product rigid. It follows
from lemma 1 that (X, B, m, T, as) also has this property . (AFN maps are piecewise
monotonic, so (2) holds, because cylinders are intervals, and images of intervals are
almost open.) It remains to observe that (X, B,m,T,«a) is skew-product rigid as
soon as (X, B,m, T, as) is. O

3. APERIODICITY
Let (X,B,m,T, «) be a fibred system. Elements of
M ={T"a,(z) :n>1,z e X} U{X}

are called image sets. We will be mainly interested in fibred systems for which
every image set is almost open. This is the case for piecewise monotonic maps of
the interval, for example.

Definition 2. A cylinder C' of length ng is called a cylinder of full returns, if for
almost all © € C there exist ny T 0o such that T™ o, 1ny(x) = C. In this case we
say that T™(C) is a recurrent image set, and write

Miee :={J : J is a recurrent image set}.

Here, we agree to call X is a cylinder of length zero.

A measurable map f : X — S (S some arbitrary set) is called a colouring of a
collection C C B, if f|¢ is almost everywhere equal to a constant for every C € C.
The constant colourings are called trivial colourings.

Definition 3. A fibred system is called almost onto if all the colourings of M ec
are trivial (in particular, X = |JMyec modm). A map for which X € M. is
called quasi—beta.
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The beta transformation is quasi-beta (see §4.2). Other examples of almost-onto
maps (quasi-beta and not quasi-beta) are given in §4.

Theorem 2 (M..-measurability of the transfer function g). Let (X, B, m,T, «) be
a skew-product rigid measure—preserving fibred system whose image sets are almost
open. Let G be a LCAP group. If yo¢ = Ag/goT a.e. where ¢ : X — G is

a-measurable, v € @, and A € S, then g is constant on every recurrent image set.

Corollary 2. If in addition (X,B,m,T,«) is almost onto, then ¢ is aperiodic iff
the group generated by {¢(x) — ¢p(y) : x,y € X} is dense in G.

Proof. Suppose yo ¢ = Ag/goT. By theorem 2, g is a colouring of M., whence
constant. It follows that v o ¢ = A and the corollary easily follows. (]

Remark 1. If a is a Markov partition and T is conservative, then M. = {TA :
A € a} and the theorem reduces to theorem 3.1 in [AD1].

Proof. In this case, every cylinder of positive measure is a cylinder of full re-
turns, and for every cylinder C = [Ay,..., An,—1], T™(C) = T(An,—1). There-
fore Myee = {T(A) : A € a}. The map is almost onto iff the only colouring of
{T(A) : A € a,m(A) > 0} is trivial, and this is equivalent to the almost onto
condition mentioned in [AD1]: VA, A’ € o, 3By, ..., B, € a such that

m(TA N TBl), m(TBl n TBQ), - ,m(TBn n TA/) > 0.
This reduces theorem 2 to theorem 3.1 in [AD1]. O

Remark 2. If (X,B,m,T,«) is Markov and skew product rigid, then it is almost
onto iff F* is aperiodic, where firing ag € a, Ft : X — ZoMao} s defined by
F¥(2)q := 64,00y (a € a\{ag}). Thus the almost onto condition in Corollary 1
cannot be omitted.

Proof. Almost onto implies F* aperiodic by Corollary 1.

To see the converse, it suffices to show that if T is not almost onto, then there
exists an « measurable ¢ : X — Z which is not aperiodic, even though {¢(z)—¢(y) :
x,y € X} generates Z.

If the system is not almost onto, then there exists some a-measurable two-set
partition & = {A_, A} of X such that each TA, A € «, is contained in A_ or in
A;. (Let au be the finest partition with the property that each T'A is contained
in some atom of a,. By assumption, «, is nontrivial. Fix any A_ € a, and let

Ay =X\ A_.) Define
b(x) = 0 ifxeXp:={z:alx)=a(Tz)}
Tl 1 ifzeX)={z:alx)#a(Tz)}
which is measurable « since the sets Xy, X7 are. By transitivity, the X; are
nonempty. Letting

1 ifze A
o(a) :={ +

-1 ifze A_

we have

goT: —1 on Xj.

This shows that ¢ : X — Z is not aperiodic, even though {¢(z) — ¢(y) : z,y € X}
generates Z. ([l

eimb _ g { 1 on XO
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Proof of theorem 2. The proof is based on the following statement:
(%) g is constant on every cylinder of full returns.

Given (x) the proof of the theorem is as follows. Fix J € M,.., and choose some
cylinder of full returns C' € a,, such that J = T"(C). Let g(C) be the value
of g on C, and define vo : J — C to be the inverse of 7" : C' — J. Then
YO Gy = A"g/goT™, whence v o ¢p, 0cve = AN"gowvc/g. Therefore, if ¢y, (C) is
the value of ¢,, on C, then
Am0g(0)
A TON (e B

which proves that g is constant on J. This proves the theorem.

We prove (x) first under the additional assumption that 7" is quasi-beta, and then
in the general case. We use the following concept, essentially due to to Kowalski
[Kol, Ko2]:

Definition 4. Let (X,B,m,T,«) be a fibred system.

(1) A skew-product over « is called simple if each of its invariant densities
h(z,y) satisfies [h > 0] € a ® F.!

(2) (X,B,m,T,«) is weak quasi-Markov (wqM), if all skew—products over «
are simple.

Remark 3. 1) These definitions can be made with Aut(Y) replaced by the col-
lections of the null-preserving transformations of (Y, F,u), or the non—singular
transformations of (Y, F, ). The corresponding properties are then called strong
quasi-Markov (sqM) and quasi-Markov (qM). Note that [Kol] states ¢M = « is
a Markov partition, but only proves sqM = « is a Markov partition.

2) It is not hard to show that a probability preserving fibred system (X, B, m, T «)
is wgqM iff for every S : @ — Aut(Y') every Ts—invariant set is @ ® F—measurable.

3) Using 2) it is not hard to show that if (X, B, m, T, «) is an almost onto, wqM
probability preserving fibred system, and S : @« — Aut(Y"), then the joint ergodicity
of {S(a) : a € a} implies the ergodicity of 7g, and indeed, A € S! is an eigenvalue
for g iff there is an h: Y — C satisfying h o S(a) = Ah for all a € a.

Returning to the proof of theorem 2, we show that if (X, B,m,T,«) is skew-
product rigid and is quasi-beta, then it is weakly quasi-Markov. We then show
that the weak quasi-Markov property implies (), thus proving the theorem in the
case of quasi-beta systems.

Step 1. A skew-product rigid fibred system which is quasi—beta is weak quasi—
Markov.

Proof. Let (X,B,m,T,a) be a skew-product rigid quasi-beta fibred system. Fix
some standard probability space (Y, F,u) and let 76 : X XY — X x Y be some
skew—product over . We must show that every non-negative measurable solution
of Proh = h satisfies [h > 0] € a ® F. Fix such an h and set FE := [h > 0].

Recall that the y—section of a set E is EY := {x € X : (z,y) € E}. For every
B € Bset Fg(B) := {y € Y : B C EYmodm}. This is F—measurable, because

Here and throughout F7 ® F2 denotes the completion of the product o—algebra, and invariant
densities are not required to be integrable.
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E € B® F.?2 We show that £ = E; modm x p, where
Ey:={(z,y) € E:as(x) x {y} CE} = | Ax Fr(4)
Acx

thereby proving the proposition.
We claim that
E = U C x Fg(C)modm x u,
C cylinder

(1) RHS C LHS: Enough to see that for every cylinder C, (m x p)([C x
Fg(C)]\ E) = 0. This is because [C x Fg(C)]\ E = Uyerpo{zeCrae
C\ EY} x {y} and every y—section of this set has measure zero.

(2) To see the other inclusion, fix y and suppose x € (LHS \ RHS)Y := {z :

(x,y) € LHS\ RHS}. Then = € [h(-,y) > 0] and there is no n such that
an(z) C [h(-,y) > 0]. The system being skew-product rigid, we find that

m((LHS\ RHS)Y) =0 for p-a.ey €Y.
It follows from Fubini’s theorem that LHS C RHS modm X pu.

Therefore, if £ # F;modm X u, then there is a cylinder of positive measure
C =[Ay,...,Ap_1] such that u(Fg(C)\ Fg(A4o)) > 0 (otherwise C' x Fg(C) C E;
for all cylinders C, and this implies £y D E). If F := Fg(C) \ Fr(A4p), then
E\ E; 2 C x Fmodm x p. This shows that if E # F; modm X p, then there is a
cylinder C' and an F—measurable F' such that

E\E; 2C x F and (m x u)(C x F) > 0.

We show that C' D C where C = [Ag,...An_1] is a cylinder of length N such
that if S = S(C), then
(4) m(C) >0, T¥(C)= X, u(FnS(F)) > 0.

The quasi-beta property is that for a.e. x € C, T"a,(z) = X infinitely often. It
follows that C' 2 C" = [Ay, ..., Ap—1] where 4; € a, m(C”") > 0, and T™(C") = X
Set S := 854, ,0---084,. This is an automorphism of (Y,F, u), so there exists

some k > 1 such that u(F NS (F)) > 0. It C := ("2 T="™C" € g, then
Tk(C) = TR T .. TR me)
— ka ((Tm|C/)—1(C/ AT-™C'N...N T—m(k—2)01)>
D nTme' N TR0 = L =T = X
Finally, note that the local invertibility property of (X, B, m,T,a) and T C=X
imply that m(C) > 0, so (4) is satisfied with N = mk and C.

We can now derive the contradiction which proves that E # FEimodm X p is
impossible. Set F = F N S(F ), and consider C x F. By construction,

Agx F CTNC x (FNS(F)) CY(C x F) C ¥ (CxF) Cr¥(E) CE

R
2To see this define ¥(y) := g le(z,y)dm(z). Then y € Fgr(B) iff ¢¥(y) = m(B). The
measurability of Fig(B) now follows from Fubini’s theorem, which says that v is F-measurable.
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because E = [h > 0] and h is an invariant density, so 75(E) C E.?
_ It follows that Ay x F C Ey, whence C x F C E;. But this is impossible, since
CxFCCxFCE\FEimodmx pand (mx u)(C x F)>0.

Step 2. The weak quasi—-Markov property implies that g is a—measurable for
measure—preserving fibred systems.

Proof (([Kol], [AD1]). Set ¢ := vyo¢: X — S’. Let Y = S! equipped with Lebesgue
measure y, and consider S : a — Aut(Y) given by S(A)(y) = Ay -1 (A) where ¢(A)
is the value of ¥ on A. The corresponding skew—product, 76 : X XY — X X Y, is
TS(*T’ y) = (T:E, Ay - w(i’?))

A calculation shows that h(x,y) := g(x) -y satisfies ho1g = h. Thus, every level
set of h, Ay = [h < t] is Tg—invariant, and since T preserves m, 14, is an invariant
density for 75. By the weak quasi-Markov property, 4; € a ® B(S!), and it follows
that h is o ® B(S')—measurable. This can only happen if g is a—measurable.

This proves (*) and the theorem in the case when 7" is quasi—beta.

We now consider the general case. First, we note that we may assume without
loss of generality that A = 1. Indeed, suppose A = e“i, and define G := G x R,
é(x) = (¢p(z),—0), and F(x,t) = e’y(x). Then o ¢ = g/go T, and ¢ is a—
measurable, so we in the situation of the theorem but with A = 1. Henceforth,
assume that A = 1.

Next fix some cylinder C' € a,, of full returns. If ny = 0, T is quasi-beta and
we are done, so assume that ng > 0. Next define

po(z) :=1c(z)inf{n > 1:T"(x) € C}, ac = {apq(a)4n, (¥) . € X}, To 1= T¥C

and let me and B be the restrictions of m and B to C. Then (C, Bo, me, Tc, ac)
is a fibred map with almost open image sets (w.r.t (T, a¢)).

We claim that this system is quasi—beta. Indeed, C' has full returns, so for almost
every x € C there are ny, 1 oo with T™* a4, () = C. Since ny, is a time of return,
there exists some my, such that

nk = o () + po(Tex) + ... po(TE ).
By the definition of a(,
(ac)mk (.Z‘) = Qny+4ng (Ll?)
whence (Te)™ (ac)m, (€) = T™ iy yny () = C.
If we set ¢c := d+poT +...00T%"! we get for almost every z € C,
vyodo = g/goTc. Since ¢p¢ is ac—measurable and T¢ is quasi-beta, we have by
the first part of the proof that g is constant on C, whence (x). O

To conclude this section we mention another aspect of cylinders of full returns:

Remark 4 (Relation to Iterated Function Systems). We can also characterize
cylinders of full returns in terms of a suitable iterated function system (IFS). Let
(X, B,m,T,a) be afibred system, and let a4 := {4 € |J,,~, an : m(A4) > 0}. Given
C € ay welet Wo :={W € ay : T"WIW D C} and notice that [W, ..., Wi_1] €
We implies [Wy, ..., Wi_1] € We for i < k.

RR RR
R R3Pr00f: fog gvery fr g O such that fh € LY(m x ), 1gfh = lg otsf orsh <
forsh = fh= 1g fh, so that < is actually =. Since f was arbitrary, 1z o7g = 1 a.e.
on E = [h > 0] so that 75(E) C Emodm.
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Consider the TFS X¢ = {v = (T |w)~! |o: W € Wc} consisting of maps
v:C — X. Observe that if v; = (TWil |y,) 7! |c€ X¢, i € {1,2}, and vo(C)NC #
@, then v2(C) C C (since vo(C) = [Wo,C| € &§w,|4ic|) and v1 0o va € X with
V1 © ’UQ(C) = [Wl, WQ, C]

Therefore, if £ = vy 0...0v,(x,) for some z, € C and v; € X¢, then x € [W, C]
for some W € We with |W| > n. Hence if X* C X¢ and X* C X are such
that X* = (J,cx- v(C'N X™), then any x € X* belongs to infinitely many [W, C],
W € We. By lemma 2, if X* has positive measure, then C is a cylinder of full
returns.

Specifically, if we let W} := {W € W¢ : 3W; € CNWe such that W = [Wy, W]
with | W; |> 0} and define X} like X¢ with We replaced by W¢, lemma 2 also
shows necessity of X being covered (mod m) by the images of v € X§,, so that

C' is a cylinder of full returns iff X = U v(CNX) (mod m).

vEXE

4. EXAMPLES II: ALMOST ONTO SYSTEMS

4.1. Finding recurrent image sets. The following result contains the informa-
tion we need on the structure of M,...:

Theorem 3 (The family of recurrent image sets). Let T be a basic AFU map with
partition o and absolutely continuous invariant measure m. Then:
(1) J is a recurrent image set iff [T"ay(z) = J infinitely often] has positive
measure, and in this case this set is of full measure.
(2) Ifinf |(TN)'| > 2, then at least one of the elements of ay is a cylinder of
full returns.
(3) If J is a recurrent image set for T, and J O C where C is a cylinder, then
T|C|(C) 1s again a recurrent image set.
(4) X is covered (up to finitely many points) by some finite M.... C Mce.

Tec

In what follows y is called a fized point in a cylinder A if
(1) T is orientation preserving in A, y € A and T(z) — y as x — y in A, or
(2) T is orientation reversing in A, y € int(A), and T'(z) — y as z — y in A.
(This is intended to prevent ambiguity when y is a discontinuity point.)

Theorem 4 (Recurrent image sets at fixed points). Let (X, T, «) be a basic AFU-
map, and suppose y is a fized point in A € . If T(A) DO A, then each of the images
T(I1),T(I2) of the components I1,I5 of A\{y} is covered by a recurrent image set.

In particular, if 7" has a full branch, then there are two recurrent image sets
J,J' € Myee such that X = JU J’ up to end points of J,J' (and if y € OA, then
J=J).

The theorem suggests the following test for the almost onto property: Define the
full-image transition graph J = (Ta, ~) by requiring that I ~ J iff T covers some
C € a with TC = J. Then:

Corollary 3. Let T be a basic AFU-map on the interval X with | JTa connected,
and suppose that inf x |T'| > 2 or that there is an orientation preserving fized point
at 0A for some A € a. Then TaoN Myee # &, and if J is irreducible, then T is
almost onto.
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Proof. Part 2 of theorem 3 and theorem 4 show that under the assumptions of the
corollary, Tawe N My.ee # @. It is enough to show that Ta C M. (since | M ec,
too, is connected in this case). Theorem 3 says that there is some J € TaoN M,.¢c,
and that if J = Jg ~ J; ~ ...~ Ji_1, then each J; is in TaoN M. O
Example 1. Set Z; = [4,41), (i =0,...,3) and fix 0 € (0,2). Let Tp : [0,1) —
[0,1) be the map given by T|z, maps Z; affinely onto B;, where By = By = [0,1—0)
and By = B3 = [0, 1), together with o = {Zy, ..., Z3}. Then Ty is almost onto but
not quasi—beta.

Proof. Tae = {[0,1 — 6),[0,1)} and [0,1 — ) ~ [#,1) ~» [0,1 — 0) so that the
conditions of the lemma are satisfied, whence T is almost onto. T is not quasi—beta
because there are no cylinders with image equal to the whole interval. O

The remainder of this section is dedicated to the proof of theorem 3. We need
the following lemma:

Lemma 2. Let (X,B,m,T,«) be a conservative ergodic fibred system. The follow-
ing are equivalent:

(1) C € an, is a cylinder of full returns,

(2) ¢%(x) :=min{n > 1: T a4 |c|(z) = C} is finite for m-a.e. x € C.

(3) There exists M of positive measure such that for almost every x € M, there

are ng, 1 00 with T™ a4, () = C.

(4) For almost every x € X, there are ny T 0o such that T™ o, 1n,(x) = C.
In particular, if the system is conservative ergodic and J € Myee, then for a.e.
x € X, T a,(x) = J for infinitely many n € N.

Proof. (1) = (2) is trivial.

In order to prove that (2) = (3), it is enough to prove that (2) = (1) because
(1) = (3) (take M = C). Consider the full return map TC defined a.e. on
C by TCz := T¥“ @z € C, whose natural partition o is given by aC(z) =
e ()40 (@) (mod m). Then m |¢ o(T9)~™" < m |, so that ¢ o T is defined
a.e. on C, and (by induction) so are all powers (T°)", n > 1, proving (1).

We prove (3) = (4). For this purpose define F; : X — 2%, ¢ > 1 by

Fo(z) :={C € oy : T"ap1¢(x) = C for infinitely many n € N}.

Observe that for every x, T"a,1¢(x) = T" tayye1(Tx): C is a set-theoretic
identity and this forces = because both sets are /—cylinders. It follows that

FeoT D Fy.

Our system is assumed to be conservative ergodic. It is not difficult to deduce
from this that F, is constant a.e. on X, so that if C' € Fy(x) for a.e. x € M and
m(M) > 0, then C € Fy(x) for a.e. z € X, whence (3) = (4).

The last implication (4) = (1) is trivial, so the lemma is proved. O

Proof of theorem 3. The proof uses Canonical Markov Extensions (C.M.E.),
which we now turn to describe. Let M be the collection of image sets of T', and
define for every J € M, J:=J x {J}. Let M :={J : J € M}, and define

X ::U/W’ T:X - X, T(z,J):= (Tz,T(a(z) N J)).
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We equip X with the natural Borel structure mduced by J = J. Note that 7: X —
X, 7r(x J) = z is a factor map, and that & := = MV lais a Markov partition for
T. (X,T,d) is called the Canonical Markov Extension of (X, T, ) (Hofbauer [HJ,
Keller [Ke2]).

We define the levels of the extension as follows: Level zero is X x {X }, and Level

n forn > 1, is U(./\//Yn \ /T/l\n,l), where
M, ={J:J €T oy, k<n}and My={X x {X}}.

The height A(Z) of T € X is the index of the level set which contains Z. Some basic
properties of T (see [Ke2] for proofs):
(1) The collection of image sets of 7' is M = {J:J € M}, and this collection
is pairwise disjoint.
(2) f”(m, J) = (T"z, T"(an(z) N J)). Since o, shrinks to points, for every
z € int(J) there is ng = ng(x) such that for all n > ng, T"(z,.J) =
(T, Tman(z)).
(3) Qp(x,J) = (an(z)NJ) x {J}, and for every x € int(J) there is ng = no(z)
such that for n > ng, @, (z,J) = ay(z) x {J}.
(4) Tra,(x,J) = T"(an(z) N J) x {T"(an(z) N J)}, and for every = € int(J
there is ng = ng(z) such that for every n > ng, 7", (z,J) = T"an(z) x
{T" ()}
(5) if |Ta| < oo, then 7=1{z} N[A = n] is finite for all n > 0,z € X.
We will also need the following strong lifting result for basic AFN maps [Z2]: Let

dm = hdm) be the a.c.i.m of T. There exists a T-invariant conservative ergodic
Borel measure m such that m o 7~ = m, for which the following is true:

(1) vJ € M, if m(J) > 0, then |y~ moxl;.

This is not stated explicitly in [Z2] but can be derived from results there as follows:
Define the regularzty ofati: X — R, which is differentiable on every J to be the
supremum over all J of

supp|@ /4| @>0onJ
Ryp(u) :=40 u=0onJ
() otherwise.

The proof of proposition 1 in [Z2] 1mphes that that dm = hdm,\ where m is the
sum of the Lebesgue measures on = J, and the regularity of % is finite. This
implies (f).

Let /\//Lnec be the collection of recurrent image sets for T (w.r.t. m), and denote
by M the collection of image sets of T" with positive m measure. We derive the
theorem from the following characterization of M,.q.:

(1) Myee = {T1°N(C) : C is a cylinder such that C C J € 7r(/\//\l+)} = 7(My).
We explain how this implies the theorem:

Proof of part 1. Lemma 1 says that if J is a recurrent image set, then [T"ay, (z) =
J infinitely often] has positive (in fact full) measure. We show the other direction.
Suppose m[T" oy (z) = J i0] > 0. Then m[T"a, (7(z)) = Jio.] > 0, because
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mon ! = m. But for almost every Z if n is large enough, then f"an@) =

T"ay, (r(2)) x {T"a,(n(2))}, so that in fact Mm[T"@, (r(2)) = J i.o] > 0. This
means that m[T"(z) € J i.0.] > 0, whence (trivially) m[3In such that T”( z) e J]

0. The invariance of 7 now implies that m(J) > 0, so that J = 7(J) € 7r(./\/l+)
Therefore, by (1), J is a recurrent image set.

Proof of part 2. Without loss of generality N = 1 (else work with (X, B,m, T, ay)).
The first telescope lemma of [Z1] says that for almost every x there are nj 1 oo
such that T™*q,, (z) = Ta(T™ ~1x). There are only finitely many possibilities for
Ta(T™1x), because of (F). Therefore, there is a J € T'a such that

m{z : T"a,(x) = J infinitely often} > 0.
This implies, by part one, that J is a recurrent image set.

Proof of part 3. Suppose J € M,... and C C J is a cylinder. By (1), J € W(K/l\+).

But this means that C C J € W(M\+), so (1) gives TI°I(C) € M, and part 3
follows.

Proof of part 4. By lemmaAG of [Z2] and the proof of proposition 1 there,
we know that h(z) = }_ p)_, h(Z) outside some countable set FE, and that for
e := infx h/2 > 0 there is some 1 € N such that Y . x>, (@) < € for
all z € X. Consequently, > ), )<, 2(Z) > 0 outside E, showing that each
x € X \ E is contained in some member J of the finite collection

M. ={J:JeM,.n{A<n}}

rec

y (1), M... € M;c.. But since X only has a finite number of components, we
conclude that M., covers X up to finitely many points. Part 4 follows.

Tec

This shows that the theorem follows from (i), which we now prove, using the
following steps:

(A) Miee 2 {T‘C|(C’) : C'is a cylinder such that C C J € W(M\+)}

(B) {T‘C| : C'is a cylinder such that C C J € 7r(/\//\l+)} D m(Miyee)
(C) m(M TGC) 2 W(M-&-)

(D) (M) D Mye
Proof of (A): Suppose C C J € W(M\rec)- Then C := JNnnlC € Q)¢ is a full
lift of C, i.e. wC = C, so that each x € C has a unique lift ¥ € C. For any
n € Nand x € C, apyo|(z) = W(an+‘o|(§3\)) NnJ = W(anﬂq(i)). It follows
that T" a4 (2) = n(f"anﬂq ()), showing that the full return times 77 () and
?@('f) agree for all x € C' (cf. lemma 2). It is therefore enough to prove that that
Cisa cylinder of full returns for T w.r.t. . R R

By assumption, m(J) > 0. (1) implies that m(C) > 0, because 7|p(C') = C and
m(C) > 0. It follows that C is a T-cylinder of positive fi-measure, and this means
that it is a cylinder of full returns, because T is Markov and 7 is conservative,

and in the Markov case, every cylinder with positive measure is a cylinder of full
returns.
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Proof of (B): Suppose J € W(M\Tec). Then J = J x {J} is a recurrent image set,
so by lemma 1 for m a.e. T € X, T"a,(Z)=J infinitely often. Thus

for mae 2e€X, J=n(J) = 7r(T 0n(Z)) = T" oy, (7(Z)) infinitely often.

If n is large enough ay, (7(Z)) = 7(@,(Z)), and this is contained in some element
of 7'(-(./\74_) for a.e. Z. Tt follows that J € {TI°I(C): C C J € n(M4)}.

Proof of (C): Suppose J € m(M). Then there is a C € @ such that m(é\'ﬂf’lj) >
0. For this partition element, m[J N T(C)] = m[T-*J N T-'T(C)] > 0. But for
the canonical Markov extension, Misa partition, so that if f(@) intersects J, , it is
equal to it. Thus J = f(é) where C € @ has positive measure. But T is Markov,
and for conservative Markov maps every cylinder of positive measure is a cylinder
of full returns. It follows that C is a cylinder of full returns, and consequently
J = f(@) is a recurrent image set for f, whence J € ﬂ(M\rec).

Proof of (D): Suppose J € M,... Lemma 1 says that for almost every x, T" v, (z) =

J infinitely often. Since for m-a.e. T, f”an(a) = an(7Z) x {T"an(7Z)}, we
have that w1th full m—probability, T”( z) € J. This is the same as saying that
X = Ups: T —.J so we must have mi(.J) > 0, whence J = 7 (J) € m(M). O

Proof of theorem 4. We distinguish two cases, the first one being that there
is some neighbourhood U of y in X such that U N A is contained in some J €
M ec. The cylinders A4,, := [A,..., A] € «,, are (possibly one-sided punctured)
neighbourhoods of y shrinking toward this point, so that A4, C J for n > ng. For
such n therefore TA = T"A,, = T4l A,, € M,.. by part 3 of theorem 3.

As for the second case (where necessarily y € int(A)), theorem 3 part 4 says
that there is some finite M/ . C M,.. covering X up to finitely many points, so
that y is the common end point of two adjacent members J, J" of M. .. Define
Ay as before, then A, \{y} C JUJ' for n > ny, so that A, N J, A, NnJ" lift
to cylinders An C M and A’ - J' from & a;, which have positive measure. Hence
T (A,NJ), T"(ApNJ") € Myee, but as y is a fixed point, these are just the images
T1I; of the components I of A\ {y}. O

4.2. Quasi-Beta Maps. The strongest form of the almost—onto property is the
quasi-beta property: X is a recurrent image set. This section collects examples of
such maps. (Examples of almost onto maps which are not quasi-beta are given in
the previous section.) Note that the S—transformation is a particular case.

Theorem 5 (Quasi-beta maps I). Let (X, T, ) be a basic AFU-map. Each of the
following conditions implies the quasi—beta property:

(1) There exists an A € a such that T(A) = X and such that one of the end
points of A is a fixed point in A, or
(2) There exist A1, As € a different such that T(A;) = T(42) = X

Proof. This follows from theorem 4. (Notice that A contains some fixed point y,
which is inside A if it is orientation-reversing. Apply theorem 4 to see that each
component of X\ {y} is contained in some recurrent image set. But A° is contained
in one of these components, so that by part 3 of theorem 3, TA = X is a recurrent
image set.) O
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Stronger assumptions on the image structure of the map enable a more direct
proof which does not depend on lifting results for Markov extensions (and also
allows indifferent fixed points):

Theorem 6 (Quasi-beta maps II). Let (I,B,m,T,«a) be a piecewise increasing
AFN map of the unit interval together with its a.c.i.m. m. Suppose that for every
Aca,0¢€Ta, and that TAg = I for some Ay € o with the property that 0 € Ay.
Then (I,B,m,T,«) is quasi-beta.

Proof. We need the following property:
(5) Vn € NVA € oy, Ips € A such that T"py = 0.

We use induction on n. For n = 1 this is part of our assumptions. Assume this holds
for n and choose some A € 1. Write A= BNT~1C with B € a,C € «,. Since
T is piecewise increasing, B = (pp,qp) and C = (p¢, qc) where Tpp = T"pe = 0,
and (T]a)7'C = ((T]a)*pc, (Ta)Yqc). f A= BNT7IC # @, either pp € A
or (T|4) 'pc € A. Both map to 0 under T"*! (because 0 must be a fixed point),
so0 €Tt A,

Standard arguments (compare [T], [A], [Z2]) show that AFN maps have a
Schweiger collection ([Sc], [A]), i.e. a collection of cylinders ¢ C |J,,~, on with
the following properties:

(1) for all n and every A € an, A =Upgc, pca Bmodm

(2) there exists some positive constant M such that Z% g; < M for every B € t
B
and m x m-almost all (z,y) € T'PIB x T'BIB.
(3) Aea,,Ber,ANT "B # & implies ANT "B € t.
To prove the quasi-beta property, let Ag := (0, ¢g) and define ¢, € Ag by T"¢,, = co.
Fix some A € ay and some B € t such that B C Amodm, and set B = (pg,q5)-
Let | B| denote the length of B as a cylinder (so B € ap|). T'Pl is increasing on
B, so (5) implies that T15IB = (0,T'8l(¢p)). Since ¢, | 0, there is some ng such
that c,, < T'%l(¢g) < ¢ny—1 (where c_; := 1). By the mean value theorem and
the Schweiger property, if B’ := BN T~!Bl[0, ¢,,], then

m(B) _ m(BNTPI[0,¢,]) vp(0) —vp(cny) | 1 cny
m(B) m(B) vp(0) —vp(T'Blgp)| = M TlPlgp
1 Cny 1 ¢, —0
> o 2 €

M cng-1 M T(cn,) —T(0)
where ¢p := M~ (inf{T"(z) : * € Ay})~!. Furthermore,
B :=BnT B0,¢,) ] = BNT B4 NT 4N NT " Ag) € B 1not1
and (since T'P1B = [0, T'Blqp] D [0, ¢n,])

TIp = et TP B AT 0, c,)
T FH0, eng41] = T[0, co) = T'Ag = [0, 1] mod m.

Hence, for every B € v N A there exists B’ € a|p/| with B’ C B, TP 1B = [0,1]
and m(B’) > egm(B). Since A =Jpc, pca B, this shows that

m{z € A :3n > |A] such that T" o, (z) = [0, 1] mod m} > egm(a).
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It now follows by the method of exhaustion that for almost all x € A there is
n > |A| such that T"a,(z) = [0,1]. Since A € ay and N € N were arbitrary, the
quasi-beta property follows. O

4.3. An instructive counterexample. Fix any £k € N, &k > 1, let a be the
partition (mod my) of X = [0,1] into subintervals with end points i/2k, i €
{0,1,...,2k} \ {k}, and define T to be the piecewise affinely increasing map, sym-
metric under z —— 1 — z, which maps each (i/2k, (i + 1)/2k), i < k — 1, onto
(1/2,1), while T'((k — 1)/2k, (k+ 1)/2k) = (0, 1).

Proposition 2. (X, T, «) is a basic exact AFU-map which preserves Lebesgue mea-
sure my, |T'| = k,and has a full branch. However, the system is not almost onto.

Proof. To see this it is enough to notice that its C.M.E. ()?,f, @) only has two
levels, the higher of which, Xn {A =1}, is forward invariant under T, so that the
base X N {A = 0} is dissipative and the only recurrent image sets are the intervals
(0,1/2) and (1/2,1), the upper level is made of (see (f) in the proof of theorem 3).

(Let us also remark that for every non degenerate interval I there is some j € N
such that 771 = (0,1/2) U (1/2,1), but the fixed point # = 1/2 is not contained in
any recurrent image set.) O

5. PERTURBATION THEORY AND CONDITIONAL LOCAL LIMIT THEOREMS FOR
INTERVAL MAPS

Let (X,B,m,T,a) be a fibred system on a probability space. For w : X — S!
measurable, define
P,f:=Pr(wf) (f€L'(m)),
and for ¢ : X — R% ¢ = (¢M),...,¢?D), measurable, and t € R? set P, :=
Py, (s) where x;(y) := e’t¥) In the independent case where ¢ is a-measurable and
o, T lay, ... are independent,

Pi1 = E(ef?),

which is why the P, are sometimes called characteristic function operators. The
characteristic function operators can be used to study the local and distributional
limit behaviour of ¢,, in the same way as the characteristic function is used in the
independent case. In this section we study these operators for certain piecewise
monotonic maps of the interval, and establish the properties needed for proving
local and distributional limit theorems.

This requires some tools in operator theory which we now explain. Recall that
a linear operator P on a Banach space L is quasi compact (on L) if for some
N >1, 6 € (0,1), Eq,...,EN projections with finite dimensional images, and
AM,.., Ay €Sti={z€C: |z| =1}

N
(QC) IP™f =Y AeBiflle < MO"|Ifllc ¥ f € L.

k=1
There are situations when the restriction of the Frobenius-Perron operator to a
suitable Banach space is quasi-compact. This can be sometime proved using the
following concept:

Definition 5. Let C, L be Banach spaces such that C D L and || - |lc < - |lz-
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(1) We call the pair (C, L) adapted if L-bounded sets are precompact in C.

(2) Let (C, L) be an adapted pair of Banach spaces. A linear operator P : C — C
is said to be a D-F operator on (C, L) if there are 6 € (0,1), M >0, n €N
such that

1P flle <Ol fllc +Mlflle ¥V feL

We will call this latter inequality a D-F inequality.

The terminologies ‘D-F inequality’ and ‘D-F operator’ are in honour of W. Doe-
blin and R. Fortet who first considered such operators (in [DF]) for the case when
C is the space continuous functions on a compact metric space X, and L is the
space of Lipschitz continuous functions on X. It was established in [DF] that a
D-F operator on (C(X), L(X)) is quasi compact on L(X) and this was generalized
in [ITM] to show that a D-F operator on an adapted pair (C, £) is quasi compact
on L. The proof of this uses inter alia a kind of rigidity of D-F operators: if P is
a D-F operator on (C, L), then

o if f €C and A € S! satisfy Pf = \f, then f € L
e if t(P) denotes the spectral radius of P : £ — L, then t(P) < 1 with
equality iff there are some f € £ and ) € S! satisfying Pf = \f.

We apply this theory in the context of piecewise monotonic maps with countably
many branches. Let X C R be an interval. For every measurable f on X taking
values in R? or C define varx (f) :==sup Y, || f(z;) — f(z;—1)| where the supremum
ranges over all ;1 < z3 < --- < x,, in X. For every f € L'(m) set

I£lBv == [flleo + \/ £, where \/ f = inf{varx(f*): f* = f mr— ae. }.
X X

Finally, let BV := {f € L'(m)) : ||f|lpv < oco}. It follows from Helly’s theorem
that the pair (L'(my), BV) is adapted.

Let (X,T,«) be a non-singular piecewise monotonic map of the unit interval.
Below v/, will always denote a version of this L;-function which minimizes variation.
We say that T satisfies Rychlik’s condition [R] if

(R) Z ||1TAU14||BV =:R < oo.

Aca
Corollary 1 of [Z1] says that every AFU map satisfies Rychlik’s condition. The
following result is due to M. Rychlik ([R]):

Proposition 3 (Ergodic properties of Rychlik maps). Suppose that (X, T, ) is a
piecewise monotonic interval map satisfying (R) and (U), then so does (X, T™, cv,).
T has a finite ergodic decomposition into products of finite rotations and mizing
maps satisfying (R) and (U). If T is weakly mixing, then its unique invariant prob-
ability density h belongs to BV, and there are constants K > 0,0 € (0,1) such
that

| P"f — (/X fdmy)h||pv < KO0"||f|Bv.

We will need the following generalization of Proposition 1 of [R].

Proposition 4 (D-F inequality for perturbed P). Suppose that (X, T, «) satisfies
(R) and (U) and that w : X — S! satisfies C = Cy o = SUpgcq V4w < 00. Then
there exist 6 € (0,1) and Kg, My > 0 such that

I1P5 fllBv < Kob"|| fllBv + Mol fl1-
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Proof. Let w, = Hz;éw oTk. We claim that C,, o, <nC,a (n>1). To see
this fix n > 2, A € ay,, then

\/Wn = \/(wwnfloT) < \/w+\/wn,1OT < \/w+\/ wp—1 < Cw,a"‘Cwn_l,an—l'
A

A A A A TA

We let ¢ := (supgeq |4 ]loc) ™! > 1 and fix n > 1, € > 0 so that 0 := %—f—?e <

1. By Rychlik’s condition, there is 8 C «, finite so that ZAE%\ﬁ I1rn Ayl BV <
1

cnh’

Now fix f € BV. Note that for every A € «,, v/, is nonnegative and also
[v4]lc < & . Thus for A € B there exists a finite partition 74 of X into intervals
whose endpoints are points of continuity for 1pn 4v’y, 1pnawn ova, lynafova, so
that supge.,, V,(Lrnavly) < + +e

3 !/
Therefore, since P f =3 4o, 1rnavywnova fouva,

VEZH) < > Vmavhwnova fova)= Y \/(PR(1afwn))

Aca, A€an,
= Y V@PrQafw))+ Y. \/(Pr(1afwn))
Aep Aca,\B

For A € (3,

V(@PEafwn) = > \/(lrnavlywnova fova)

gEYA g
< % (Il Vltrmawn o va fova)
gEYA g

+\/(Irnavy) | 1gnrna f o UA||oo)

g

T (mm\/uwm o vafova)

geEYA g

+\/<1T7LAvg>|1UA<g>f||oo).

g

Now [[Lu,4(9)flloe < st oato) fllt + Vi, () f and

\(Urrawnovafova) < 2luugfllec+ \ wnf

! va(a)
< @00l fle+ \ f
va(g)
< S L@ flh+ B +nC) \/ f

va(g)
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so V(PR(Lafw,) is

< 3 (lalloe V(a0 va £ 02) + V(L at) s )
gEYA g v
< Z(||qu||m[rrlft;7§g»||1vA(g)f||1+(3+nC \/ 7l
m va(g)
+\/<1TnAU:4)[mH1vA(g)f||l+ v f])
’ va(g)

< 3 (B + Ol + Vi) V £

gE€YA g va(g)

2+ nO)ll0 oo + \/<1TnAv:4>]m||1mg>f||1)

g

N

1
\/ Aeg, 96’7 mx(va(9)) 11aflls-
A

For A € a, \ B,
V(PELafwn)) < [ flloe \/(Arnaviy) + [[Valloo \/ (Irnawn 0 va f o va)
X X
< e ahllov (1 + /s ova f o))
X
Now
£l < 1F1 +\/ f
X
and
\/(1T"A wpovafova) < 2flleo+ \/(an)
X A
< @+nO)fle+\/ 1
A
< 24n0)|fll+ (3+nC)\/f.

I
Thus,
| flloe + \/(Irnawn 0va fova) < (3+nC)|fll + (4+nC) \/ f.

X X

Putting things together:
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Ve < SV @ERafo)) + Y VPRafon) <

X Aep Acan\B
0 1
5 + ma —— || f1 +
AZEE(Q \A/f AEB 9va m*(v“(g))nf A|1>
3 ety (G4 a0 + (4400 1)
AEan\ﬁ X
= ($+@en0) ¥ rreachlev ) V 7+ 20170
Aca,\B X
< 0\ F+ MIflh
X

The estimate for ||Pr»(wnf)|loo follows from the last statement of the previous
proposition. (Il

Proposition 5 (Continuity of the perturbation). Suppose that (X, T, «) satisfies
(U) and (R); and that ¢ : X — R? satisfies C = Cyp o :=supeq V4 ¢ < 00, then,
s+ Py is continuous (RY — Hom (BV, BV)), moreover
1Py = Pillpy <2 [ravillsy (2 + Clisll) sup [ xs(8) = x¢(9)| + ||s — ¢]C).
A€a A
If, in addition, (X, T, «) satisfies AFU, then there exists K > 0 such that

1Ps = Pl gy < 2K(2+C||SH)/ |1 = xt—s(®)|dmx + 2CK (3 + 2C||s||)||s — t|.
X

Proof. For g € BV and t € R? we have
Pg=P(e“"g) = Y xi(¢pova)lravh - gova,
Aca

whence

(Pi—Py)g =Y Traxi(¢ova)(l — xs—i(¢ova))tly - gova.
Aca

Noting that |1 — xs—t(¢ova)| < |1 — xs—t(d(xa))] + C|ls — t|| for any x4 € A, we
see that

(P = Pglle < D111 = Xe-t(d 0 va)lloolllzav’y - g0 vallso
Aca

< D (1= xse(@(@a))| + Clls = tD [Vl so Il oo
Aca

and

V(P = P)g <Y\ (xs(d0va) = xe(¢ 0 va))lrav)y - gova),

Aca
We recall the chain rule for BV functions [AM]: Let A be an interval and let
¢ : A — R be a function of bounded variation. Set p(z%) := limy s, +t—a2)>0 ©(1),
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Jo={z € A: (") # ()}, and let pu, be the R%-valued measure determined
by pe((a,b]) == @(b%) — ¢(a™). For every continuously differentiable function
F : Conv[p(A)] — C, we have

dipey = (VF o p,duy) + > [F(p(at)) — F(p(z™))]dé,.

z€J,

Passing to total variations, we see that

\/ Fop = / IVFogl dlnsl+ 3 |Fe@)-F(e@ )| <2 s [VFI\ ¢
A A z€J, COHV[SO(A)] A

Applying this for F(z) := ¢(t®) — ei:7) and ¢ := ¢ gives
(6) VIxs(8) = xe(8)] < 2C(|[t = s]| + [Is] sup IXs(0) — xe(8)))-

A
Using this, we see that for fixed A € a,

\/[(Xs(¢ ova) = xe(Pova))lravy - goval <

< lravhllee \/(ralxs(@ova) = xi(dova)gova) + \/(1ravi)llglle sup IXs () — x¢(&)]
< Trahllov (3lallsup 6) = (@) + V(0(6) - (o))
A
< Travhlon (gl sup e(6) = (@) + lall Vs (6) ~ xe(0) )
A
< 2ltracllovlollay (2 + Clslhsup () - xe@) + Clie sl

This proves the first inequality. To verify the second inequality, note first that
under AFU there exists K > 0 with

1ravillpy < Kma(A) (A€ a).
Also

sup v (6) = xe(9)] = sup [1=x0-(0)] < b [ 1@+ -0

= mkl(A)/A|1_Xt—s(¢)‘dm)\+C||S—t||.

Thus
1Ps = Pillavy < QZ|1TAU’A||BV<(2+C||S)sgp|XS(¢)_Xt(¢)|+c||t_5”)
Aca
< 2k X my(A)(2-+Clslhsup (o) ~ (@) +Cli 1

Aca

26(2+ Clsl) [ 11— xia(@)dma + 20K 3+ 2C sl 1]
X
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(]

Proposition 6. Suppose that (X,T,a) a weakly mizing piecewise monotonic map
of the interval which satisfies (U), (R) with invariant density h. If ¢ : X — R4
satisfies Cy o < 00, then

(1) there are constants € > 0, K >0 and 0 € (0,1), and continuous functions
A B(0,e) — Be(0,1), g : B(0,¢) — Hom (BV,BV) such that for t €
B(0,¢€): g(t) is a projection, dim Im[g(t)] = 1, Pg(t) = A(t)g(t),A\(0) = 1,
9(0)f = ([x fdm)h and
1P f = AE)"g(@) fllsv < K0"|[flev  V[t| <e, n=1, feBV;

(2) if y(¢) = 2ff o T where vy € RY, z € S' and f : X — S' measurable, then
feBV;

(3) in case ¢ is aperiodic, then for all0 < § < M < oo there exist K >0, 0 <
p <1 such that

I} fllsy < Kp"|[flly ¥V f€ BV, n>1, § < |y| < M.

Proof. As shown above, P is a D-F operator. By the weak mixing of T and [ITM],
there exist M >0, 6 € (0,1) such that

P75 = ([ fama)hlley < MO"| flv ¥ f € BV.
The result now follows as in [N] (see also [DS], [RE] and §4 of [AD1]). O

‘We can now turn to the results mentioned in the introduction.

Theorem 7 (Exactness of skew products). Let (X, T,«) satisfy (U) and (R), and
be weakly mixing with absolutely continuous invariant measure m. Suppose that
@ : X — R satisfies Cp o <00. Let Ty : X X R — X x R be the skew product

Ty(x,y) = (T, y + ¢(x))

equipped with the product measure m X my. If ¢ is aperiodic and for every A > 1
Py

there exist ny, — oo such that 57 — 0 a.e. as k — oo, then Ty is exact.

Proof. This follows from proposition 6 as in the proof of theorem 2 of [AD2]. O

The following theorem summarizes the information we need on the characteristic
function operators in order to derive conditional LLT's.

Theorem 8 (Expansion of the eigenvalue). Let (X, T, «) be a weakly mizing AFU
map, assume ¢ : X — R satisfies Cp o < 00, and let X is as in the previous
PTOPOSILLON.

(1) If E(¢?) < 00 and tVar(¢,) — o >0, then

t202

A(t) =1+itE(p) — T(l +o(1)) ast — 0.

(2) If the distribution of ¢ is in the domain of attraction of a stable law of index
€ (0,2), then

|log A(t) — log E(e'?)| = 0(|t|pL(1/|t|)) ast — 0.
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Proof. For the first part, check that t — P, is C? (R — Hom(BV,BV)) with
aPe f = P(igei® f) and CP —P(¢?e®® f). This implies that t — A(t) is C2.

i
The Taylor expansion of A is then calculated as in [RE].
The proof of the second part is as in §5 of [AD1], with propositions 5 and 6

replacing theorems 2.4 and 4.1 there. O

‘We now obtain the advertised conditional distributional and local limit theorems.

Theorem 9 (Conditional central and local limit theorems). Let (X,T,«) be a
weakly mizing AFU map, and suppose that ¢ : X — R satisfies Cp o < 00.

(1) If E(¢*) < 0o and 1Var(¢,) — o* > 0, then

Pn,z(%a_—\/b%(@ \/—/ -5 dt

as n — oo, uniformly in v € X, where P, ;(A) := Pla(x).
(2) If in addition ¢ : X — Z is aperiodic, then
t2
— 1 5 kn—nE($)
a\/ﬁsz(¢n—kn)—>\/2—e 2 asn — oo, ky, €7, sm -t
uniformly in x € X andt € K for all K C R compact.
(3) If in addition ¢ : X — R is aperiodic and I C R is a finite interval, then

1 -5 kn—nE()
onPy (¢ € ki + 1) — Tvas® 2 asn— oo, k, €7, Ry

—
uniformly in x € X andt € K for all K C R compact.

Theorem 9 follows from (1) of theorem 8 as in [RE] (see also [AD1]). From (2) of
theorem 8, we obtain the analogous stable distributional and local limit theorems.
Indeed, it is now routine to check that all the the results in §6 and §7 of [AD1] are
valid for (X, B, m, T, a) a mixing, probability preserving AFU map and ¢ : X — R?
satisfying Cy o < 00.

6. APPLICATION TO 3—EXPANSIONS

Fix 8 > 1 and consider T : [0,1] — [0,1] defined by Tz := Sz modl. Let
q,dP := q(x)dx, and X, be as in the introduction.

Proof of De Moivre’s theorem for (-expansions

By theorem 1, T is skew-product rigid and almost onto by theorem 5. Since
1€ {[Bz] — [By] : =,y € [0,1]}, by theorem 2, ¢ : X — Z given by ¢(z) = [Bz] is
aperiodic. De Moivre’s theorem now follows from (2) of theorem 9. O

Asymptotics of random walks on R driven by ”3-jumps”: Suppose that
¥ 1 [0,1] — R satisfies (/) = 0 and ¢(z) = agy) where {a; —a; : 0 < 4,<
[0]} are rationally independent, then by the anologue of theorem 7.1 in [AD1] for
(X,B,m,T,a) a mixing, probability preserving AFU map v satisfying Cy o < 00,
T, is conservative, exact and pointwise dual ergodic with a,(Ty) o /n.

Proof of the Hewitt—Savage zero—one law for (-expansions. Let R €
B(X x X) be an equivalence relation with countable equivalence classes. A Borel
isomorphism 1 defined on some A € B with image B € B is a holonomy for R if
(z,9¥(x)) € R for any = € A.
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A measure p is invariant (non-singular) for R, if it is invariant (non-singular)
under all holonomies of R. A set A € B is R-saturatedif x € A, (z,y) € R = y €
R. The measure  is ergodic for R if every R- saturated set is trivial mod pu.

Now consider X = [0,1] and the Borel equivalence relations

T(Tp) = {(z,y)€[0,1*>: I N >1 such that Tz =Ty}
& = {(z,y) €[0,1]*: z and y are B-exchangeable}.
We are asked to show the £g-ergodicity of Lebesgue’s measure.

Lebesgue’s measure is T(T)-invariant as T(Tj3) is generated by holonomies of

form z — x + 5. Since T(T) D €5, Lebesgue measure is also Eg-invariant.

To see that £s- saturated sets are trivial (mod Lebesgue measure), recall from
[ANSS], F# :[0,1] — Z] defined by F#(z); = 6, and that

Es = T((Tp)r#) N (X x {0})?
where
g((T/@)F#) = {((CL‘,TL)7 (x’7n’)) € ([0, I]Z[ﬁ])2 s AN =1, Tév#(x,n) = T;;'V#(x/,n/)}.

The group generated by {F#(x) — F#(y) : a,y € [0,1]} is ZI”l whence by the
aperiodicity theorem, F# is aperiodic. By theorem 7, Tp# is exact (with respect

to m X mye ). This implies the ergodicity of &g. O
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