ERGODIC PROPERTIES OF EQUILIBRIUM MEASURES FOR
SMOOTH THREE DIMENSIONAL FLOWS

FRANCOIS LEDRAPPIER, YURI LIMA, AND OMRI SARIG

ABSTRACT. Let {T'*} be a smooth flow with positive speed and positive topo-
logical entropy on a compact smooth three dimensional manifold, and let u be
an ergodic measure of maximal entropy. We show that either {7} is Bernoulli,
or {T'} is isomorphic to the product of a Bernoulli flow and a rotational flow.
Applications are given to Reeb flows.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Introduction. In 1973, Ornstein and Weiss proved that the geodesic flow of a
compact smooth surface with constant negative curvature is Bernoulli with respect
to the Liouville measure [OW73]. Ratner extended this to variable negative curva-
ture [Rat74]. In the case of non-positive and non identically zero curvature, Pesin
showed that all ergodic components of the Liouville measure are Bernoulli [Pes77],
[BP07, Thm 12.2.13]. It follows from his work that all other ergodic components
(if they exist) have zero entropy. Katok and Burns extended Pesin’s work to Reeb
flows [Kat94]. Burns and Gerber proved that geodesic flows on certain surfaces
with some positive curvature (“Donnay’s examples”) are Bernoulli [BG89]. Hu,
Pesin and Talitskaya constructed smooth volume-preserving Bernoulli flows on ev-
ery compact manifold of dimension at least three [HPTO04].

Ratner’s work extends to general Anosov flows equipped with ergodic equilibrium
measures of Holder continuous potentials [Rat74]. In this case the flow is either
Bernoulli, or isomorphic to a Bernoulli flow times a rotational flow (this happens
in the non-mixing case). Pesin’s work extends to all C1*T¢ flows preserving an
ergodic hyperbolic measure whose conditional measures on the unstable manifolds
are absolutely continuous with respect to the induced Riemannian measure [Pes76],
[OW98], [KSLP86], [Led84], with the same modification in the non-mixing case.

The measure of maximal entropy does not have absolutely continuous conditional
measures, except in special cases [Kat82]. The purpose of this paper is to determine
the ergodic theoretic structure of this measure in the context of general smooth
three dimensional flows with positive topological entropy. Our methods also apply
to ergodic equilibrium measures of Holder potentials with positive entropy.

Basic definitions. Let (X, %, 1) be a Lebesgue probability space.

MEASURABLE FLOW: A quadruple T = (X, 8, u, {T"}) such that (¢,z) — T*(z) is
measurable, and the time-t map (X, %, u, T?) is probability preserving, Vt € R.
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FEIGENFUNCTION: A non-constant measurable function f is an eigenfunction of T
(with eigenvalue e'®) if for a.e. x € X, f(T'z) = ' f(z) for all t € R. T is called
ergodic if 1 is not an eigenvalue, and weak-mixing if it has no eigenvalues at all.

ENTROPY: The entropy of T is the entropy of the time-1 map 7.

ROTATIONAL FLOW: Given ¢ > 0, the rotational flowis T*(x) := z+t/c (mod 1) on
R/Z equipped with the Haar measure. c is called the period, and it is an invariant
of the flow since ¢ = min{t > 0: 7" = Id}.

BERNOULLI FLOW: T is called Bernoulli if T' is a Bernoulli automorphism. T is
called Bernoulli up to a period if T is Bernoulli, or if T is isomorphic to the product
of a Bernoulli flow and a rotational flow.

If T is a Bernoulli flow then 7" is a Bernoulli automorphism, V¢ # 0 [Orn70a).
Entropy is a complete set of invariants for Bernoulli flows [Orn73], and entropy and
period (if it exists) are a complete set of invariants for Bernoulli up to a period
flows since the Bernoulli term is determined by the entropy and the rotational term
is the Pinsker factor, see [Tho02, Prop. 4.4].

Main results. Let M be a three dimensional compact C'°° Riemannian manifold
without boundary, let 2 be its Borel o-algebra, let X : M — TM be a C'*¢ vector
field on M s.t. X, #0,Vp € M, let T be the flow on M generated by X, and let
1 be a T-invariant probability measure.

EQUILIBRIUM MEASURE: u is an equilibrium measure of a potential F' : M — R if
h(TY) + [y, Fdp = sup{h, (T") + [,, Fdv}, where sup ranges over all T-invariant
probability measures v. If F' = 0, then p is called a measure of mazimal entropy.

Equilibrium measures always exist if X is C* and F is continuous [New89].

Theorem 1.1. Under the above assumptions on M, X, T, every equilibrium mea-
sure of a Holder continuous potential has at most countably many ergodic compo-
nents with positive entropy. Each of them is Bernoulli up to a period.

Periods can exist (e.g. for the constant suspension of an Anosov diffeomorphism),
but sometimes they can be discounted. Let {T"} be a Reeb flow on a compact
smooth three dimensional contact manifold M (see §7 for definitions). For example,
{T"'} could be the geodesic flow of a surface, or the Hamiltonian flow of a system
with two degrees of freedom on a regular energy surface [AM78]. Katok and Burns
showed that every ergodic absolutely continuous invariant measure with positive
entropy is Bernoulli [Kat94]. The following result covers other measures of interest,
such as the measures of maximal entropy.

Theorem 1.2. If T is a three dimensional Reeb flow, then every equilibrium mea-
sure of a Hdélder continuous potential has at most countably many ergodic compo-
nents with positive entropy. Fach of them is Bernoulli.

Corollary 1.3. Let S be a compact smooth orientable surface without boundary,
with nonpositive and non-identically zero curvature. Then the geodesic flow of S is
Bernoulli with respect to its (unique) measure of mazimal entropy.

Proof. Let m be the invariant Liouville measure. By the curvature assumptions,
m has positive metric entropy, see for example [Pes78, Corollary 3]. Hence the
geodesic flow has positive topological entropy. Also by the curvature assumptions,



ERGODIC PROPERTIES OF EQUILIBRIUM MEASURES FOR 3-DIM FLOWS 3

S is a rank one manifold [BBES&5], therefore there is a unique measure of maximal
entropy [Kni98]. By uniqueness, it is ergodic. By Theorem 1.2, it is Bernoulli. O

The “geometric potential” J(z) := —-L|,_glog [|dT*|pu(y)|| and its scalar multi-
ples (see [BR75] and §8) are not directly covered by Theorems 1.1 and 1.2, because
they are not necessarily Holder continuous or even globally defined on M. But our

methods do apply to them and give the following:

Theorem 1.4. Under the assumptions of Theorem 1.1, every equilibrium measure
of tJ (t € R) has at most countably many ergodic components with positive entropy.
FEach is Bernoulli up to a period. If T is a Reeb flow, each is Bernoulli.

Corollary 1.5. [Pes77, Thm 9.7] Let S be a compact smooth orientable surface
without boundary, with nonpositive and non-identically zero curvature. Then the
geodesic flow of S is Bernoulli with respect to every positive entropy ergodic com-
ponent of the invariant Liouville measure. There are at most countably many such
components.

Proof. The invariant Liouville measure is an equilibrium measure for the geometric
potential J(x), by the Pesin Entropy Formula and the Ruelle Entropy Inequality.
It has positive metric entropy, as shown in the proof of Corollary 1.3. O

Methodology. Our approach is similar to that of [Rat74, Rat78]: First we code
the flow as a topological Markov flow (Holder suspension of a topological Markov
shift), and then we analyze equilibrium measures for the symbolic model. The first
step was done in [LS]. The second step is the subject of the present work.

The ergodic behavior of equilibrium measures on topological Markov flows de-
pends on the height function r. If r is cohomologous to a function taking values in
a discrete subgroup, then one can choose a coding with constant height function,
and deduce that the flow is isomorphic to the product of a Bernoulli flow and a
rotational flow. If r is not cohomologous to a function taking values in a discrete
subgroup, then one can exhibit a generating sequence of very weak Bernoulli parti-
tions as in [OW73, Rat74], and conclude that the flow is Bernoulli. An important
step in the proof of the very weak Bernoulli property is to prove the K property.
This is done using the method of Gurevi¢ [Gur67].

In Ratner’s case the flow is Anosov, and the symbolic flow is a suspension over
a topological Markov shift with finite alphabet [Rat73]. In our case the flow is a
general C''*¢ flow on a three dimensional manifold, and the topological Markov shift
has countable alphabet [LS]. The thermodynamic formalism for countable Markov
shifts [BS03] provides us with the local product structure we need to implement
the ideas of [Gur67, OW73, Rat74, Rat78].

The paper is divided into two parts. The first contains the analysis of topolog-
ical Markov flows. The second contains the application to smooth flows, and in
particular to Reeb flows and geodesic flows.

Part 1. Topological Markov Flows

2. TOPOLOGICAL MARKOV FLOWS

Topological Markov shifts (TMS). Let 4 be a directed graph with countable
set of vertices V. We write v — w if there is an edge from v to w. We assume
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throughout that for every v there are u,w s.t. u — v,v — w, and that ¢ is not a
cycle.

TOPOLOGICAL MARKOV SHIFT (TMS): The topological Markov shift (TMS) asso-
ciated to ¢ is the discrete-time topological dynamical system o : ¥ — ¥ where

Y =3(¥9) := {paths on 4} = {{v;}icz : vi = vi11,Vi € Z},
and o : {v; }iez — {Vit1 }iez is the left shift.

Points in ¥ will be denoted by x = {x;};cz. The topology of X is given by
the metric d(z,y) := exp[—min{|n| : x, # yn}]. The Borel o-algebra A(X) is
generated by the cylinders

mlaos .- an_1] ={x €X:xiyy,, =a; foralli=0,...,n—1}.

The index m denotes the left-most coordinate of the constraint. If it is zero, we
will simply write [a] := g[a]. n is called the length of the cylinder, also denoted by

lal. A cylinder is non-empty iff ag — -+ — an—_1 is a path on ¢. In this case we
call the word a admissible. '

For z € ¥ and i < jin Z, let z) = (@iy...,xj), 25° = (T4, Tit1,...), and
o= (@1, ).

A TMS is topologically transitive iff for every u,v € V there is a finite path on
¢ from u to v. It is topologically mizing iff for every u,v € V there is N = N (u,v)
s.t. for every n > N(u,v) there is a path of length n on ¢ from u to v.

Every ergodic o-invariant probability measure on ¥ is carried by a topologically
transitive TMS inside X. If the measure is mixing, then the TMS is topologically
mixing.

Every topologically transitive TMS has a spectral decomposition ¥ = Lﬂfz_ol >
where each ¥; is the union of cylinders of length one at the zeroth position, o :
¥; — X, is topologically conjugate to a topologically mixing TMS for every 4, and
o(3i) = Xit 1(mod p) [Kit98].

Topological Markov flows (TMF). Let r : ¥ — R be Holder continuous,
bounded away from zero and infinity, and let ¥, := {(z,t) : z € 3,0 < ¢ < r(z)}.

ToOPOLOGICAL MARKOV FLOW (TMF): The topological Markov flow (TMF) with
roof function r and basis 0 : ¥ — X is the flow {07} on X, which increases the ¢
coordinate at unit speed subject to the identifications (z,7(x)) ~ (o(z),0).

Formally, o7 is defined as o] (z,t) := (¢™(z),t +7 — ry(x)) for the unique n € Z
st. 0 <t+7—ru(x) <r(c™(xz)) where r, is the n—th Birkhoff sum. Recall that
rni=r+rooc+---+roc” ! for n > 1, and that there is a unique way to extend
the definition to n < 0 so that the cocycle identity r,4r, = 75 + 7 © 0™ holds for
all m,n € Z. It is given by ro := 0 and ry, := —7), © o~ 1"l for n < 0. The cocycle
identity guarantees that 71 7™ = ¢! 0 672 for all 7,75 € R.

A TMF is topologically transitive iff its basis is a topologically transitive TMS,
but the same is not true for topological mixing. For instance, if the roof function
is constant then the TMF is never topologically mixing. By the spectral decom-
position [Kit98], every TMF whose basis is a topologically transitive TMS can be
recoded as a TMF whose basis is a topologically mixing TMS. Just replace ¥ by
Yo and r by r,. Let p1 be a o,—invariant probability measure on X,.
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INDUCED MEASURE: The induced measure of p is the unique o—invariant probability

measure v on X s.t. = - s for(z) Oz, dtdy(z).

Above, § denotes the Dirac measure. A o,—invariant measure is ergodic iff its
induced measure is. Every ergodic o,—invariant measure on X, is carried by a TMF
whose basis is a topologically transitive TMS.

Bowen-Walters Metric [BW72]|. This is a metric which makes o, : ¥, — X,

continuous. Suppose first that 7 = 1 (constant suspension).
Let ¢ : 31 — 37 be the suspension flow, and introduce the following terminology:

o Horizontal segments: Ordered pairs [z,w], € 31 x X1 where z = (x,t) and
w = (y,t) have the same height 0 < ¢ < 1. The length of a horizontal segment
[z, w]p, is defined as £([z, w]p) := (1 — t)d(z,y) + td(o(z), o (y)).

o Vertical segments: Ordered pairs [z,w], € X1 x £ where w = ¢!(z) for some ¢.
The length of a vertical segment [z, w], is £([z,w],) := min{|t| > 0: w = !(2)}.

. to t1 tn—2 tn—1

o Basic paths from z to w: v:= (20 =2 =2 21 — ~++ — Zp_] —— Zp = W)
with ¢; € {h,v} such that [z,_1,2;]t,_, is a horizontal segment if ¢;_1 = h , and
a vertical segment if ¢;_1 = v. Define £(y) := 22:01 ([ziy zix1]t,)-

BOWEN-WALTERS METRIC ON %i: di(z,w) := inf{{(y)} where  ranges over all
basic paths from z to w.

Next we consider the general case r Z 1. The idea is to use a canonical bijection
from ¥, to 31 and declare it to be an isometry.

BOWEN-WALTERS METRIC ON X,.: d,(z,w) := d1(9,(2), . (w)), where ¢, : &, —
¥ is given by ¥,.(z,t) := (z,t/r(zx)).

Lemma 2.1 ([BW72, LS]). d, is a metric, and of : £, — 3, is continuous with
respect to d,.. Moreover, (t,x) — o'(x) is Holder continuous on [—1,1] x 3.

Roof functions independent of the past or future. r : ¥ — R is independent
of the past if r(z) = f(xo,x1,...) for some function f, and it is independent of the
future if r(xz) = g(...,x_1,x0) for some function g (note that we allow dependence
on the zeroth coordinate). The next lemma is an adaptation of [Rat74, Lemma 2].
Let 0, : X, — X, be a TMF and p be an ergodic o,—invariant probability measure.

Lemma 2.2. (2., 0., 1) is isomorphic to a TMF with roof function independent
of the past, and to a TMF with roof function independent of the future.

Proof. Let us prove the first statement (the second is proved similarly). If p is
supported on a periodic orbit, then every function is independent of the past on
the support of p. Henceforth we assume that p does not sit on a periodic orbit.

It is well-known that there is a bounded continuous function h° : ¥ — R such
that 7° := r — h® + h® o ¢ is bounded, Holder continuous and independent of the
past. Proofs for ¥ = 3(¥) with ¢ finite can be found in [Sin72, Bow75]. As
noted in [Daol3], these proofs extend without much difficulty to the case where ¢
is countable. Since the 7° produced by the proofs may take negative values, we now
explain how to change r and h® to have r° > 0.

CLAIM: [t is possible to change r,h® s.t. 0 < h® < %r. In particular r* > 0.

Proof. Since h*® is bounded, we can add a large constant to get a new h® that is
positive. The other inequality is more complicated. Let ¢ = sup(h®) < oo, and take
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no € N with ¢ < 2nginf(r). Let v be the induced measure of x. Since y is ergodic
and does not sit on a periodic orbit, v is non-atomic, hence there is a cylinder [b]
st 0 < vh] < nio Let pp(z) = inf{n > 1 : 0™(z) € [b]}. By the Kac formula
ﬁ f[g] wpdv > mg. Thus there exists an admissible word a = 5§ s.t. v[a] > 0 and
@b I1a)> n0-

Recode the flow using the Poincaré section [a] x {0} to obtain a suspension flow
with basis o%= : [a] — [a] and roof function R = r,,, where ¢,(x) = inf{n > 1:
o™(z) € [a]}. The map o= : [a] — [a] admits a countable Markov partition

S:={le.& al: pa = lal + €]} \ {2}

Coding with S, 0% : [a] — [a] becomes a TMS, therefore the suspension flow is a
TMF. Under this new coding, R® := R—h®+h®o0%= is independent of the past and
Hélder continuous. Note that ¢q > ¢y > ng = inf R > nginf(r) > 2c = h* < $R.

Henceforth we assume, without loss of generality, that 0 < h® < %r for the
original flow. Then r® is bounded, positive and wuniformly bounded away from
zero. This allows us form the TMF o,s : 3,s — ¥,s. This TMF is isomorphic to
o, 2 — 2 via the conjugacy

o) = [@E -1 @) e ()
o (™ (@), &+ r(07H(2)) = h*(07 (@) i 0 <& <h*(x),
which recodes ¥, using the Poincaré section {(z, h*(z)) : x € X}. O

Strong manifolds and the Bowen-Marcus Cocycles [BM77]. The strong sta-
ble and strong unstable manifolds of (x,t) are:

o W (1) = {(y,5) : (o7 (2,),07 (3, 8) ——> 0}.
o Wo(z,t) i= {(,5) 5 du(077(2,8),07 7 () ——> O},

These are not manifolds, but they play the same role as their smooth analogues in
hyperbolic dynamics.

To calculate W** Ws" we make the following definitions. Assume z is not pre-
periodic (i.e. there are no m,n s.t. z5° or z™_ is a periodic sequence). Let

Wws(z) == {y € ¥ : Im,nst. y = 2} and define P*(z,-) : W*%(x) - R
by P*(x,y) := klim [Ptk (Y) — "otk (x)] for some (every) m,n s.t. yo2 = x5°. Simi-
—o0

larly, let W*%(z) := {y € & :3Im,n s.t. y™, = 2™}, and set P*(x,): W*%(z) —
R by P¥(z,y) := klim [Ptk (Y) —rnik(z)] for some (every) m,n s.t. y™ = z™ .
——00

These definitions are independent of the choice of m,n, because in the non-pre-
periodic case any two possible pairs (m, n), (m’,n’) satisfy m’ = m+ko,n’ =n+ko
for some ko € Z. The limits which define P7(-,-) exist because they are the limits
of the partial sums of the series 7., (y) — 7 (z) + > peo[r(e™ *(y)) — r(c"*(2))]
(1 =8) or 1y (y) =10 (2) =D pey [r (™ F(y)) —r(c™*(x))] (T = u). Since r is Holder
continuous, the summands decay exponentially fast, and these series converge.

Lemma 2.3 ([BMT77]). Suppose x is not pre-periodic, then for T = s,u it holds:

(1) BOWEN-MARCUS CONDITION: (y,s) € W5 (z,t) iff y € W (z) and s —t =
PT(z,y).

(2) SHIFT IDENTITY: P7(ox,0y) — P"(x,y) = r(x) — r(y) wherever defined.

(3) COCYCLE EQUATION: For all y,z € W¥7(z), P"(z,y) + P (y,2) = P7(z, 2).
In particular, P™(z,x) =0 and P (z,y) = —P7 (y,x).
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(4) HOLDER PROPERTY: There are C >0, 0 < o < 1 s.t. |P7(x,y)| < Cd(x,y)®
forally e Wi (z) :={y € L :y5° = 25°}.

Ps(-,-), P“(-,-) are called the Bowen-Marcus cocycles.

3. EQUILIBRIUM MEASURES FOR TOPOLOGICAL MARKOV FLOWS

Equilibrium measures. Let o, : ¥, — Y, be a TMF, and let ® : ¥, — R be
bounded and continuous. The (variational) topological pressure of ® is

Piop(®) :=sup {h#(oi) + / ®dpy : p is o,—invariant Borel probability measure} .

EQUILIBRIUM MEASURE: p is called an equilibrium measure (for the potential &
and the flow {0, }) if h,(c}) + [ @dpu = Prop(®).

In this section, we will describe the equilibrium measures when 3 is topologically
mixing, ® is bounded and Hélder continuous, and Piop(®) < co. Instead of describ-
ing them directly, we describe the one-sided version of their induced measures. Let
1 be a o,—invariant probability measure, and let v be its induced measure. v is a
o—invariant probability measure on X.

ONE-SIDED TMS: Let 75 : ¢ € ¥ — (x0,21,...). The one-sided TMS is the
discrete-time topological dynamical system oy : ¥° — 3¢ where

Y ={ns(x):x € X}
and o, : {z; }i>0 — {Tit1}i>0 is the one-sided left shift.

ONE-SIDED VERSION OF v: The one-sided version of v is the probability measure
v¥:=vom, . v¥isa oy invariant probability measure on X*.

1

v® determines v since v oo~ = v, and v determines p. Here is the description

of v*.

Theorem 3.1. Let o, : 3, — 3, be a topologically transitive TMF and @ : ¥, — R
be bounded and Hélder continuous with Piop(®) < co. Let p be an equilibrium
measure for ®, and v its induced measure. Then the one-sided version of v has the
form v® = h%¢°, where:

(1) h® is a positive function on X°, and £° is a positive measure on X°.

(2) There is ¢° : £° — R bounded Hélder continuous with Piop(¢®) < oo s.t.
Lh® = AR® and L*¢° = X¢°, where A = exp[Piop(¢°®)] and L is the Ruelle
operator of ¢*, (Lf)(157) = 3. (yoe) —ape &XDI6" (W) F (UE°) Jor all £ : 5% — R

(3) hi(z) = nll_}n;o é%MA_"(Lnl[g])(x) for every cylinder [a] and x € X*.

(4) logh® is uniformly Hélder continuous on cylinders of length one at the zeroth
position.

(5) v* is ergodic.

Proof. Bowen and Ruelle proved the theorem in [BR75] for TMF built from finite
graphs, using Ruelle’s Perron-Frobenius Theorem [LR69, Bow75, Rue78b]. Since
Ruelle’s Perron-Frobenius Theorem is false for general infinite graphs, we sketch
the modifications needed to treat our case.

CLAIM 1. v is an equilibrium measure for ¢(x) := OT(I) O(z,t)dt — Piop(P)r(z).

¢ : ¥ — R is bounded Holder continuous with Pyop(¢) = 0.
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Proof. This is proved exactly as in [BR75]. ¢ is clearly bounded Hdélder contin-
uous. By the Abramov entropy formula [Abr59], h,(o,) = ﬁhu(a). Hence
o (0)+ [y Jg ®(x,t)dtdu(

rdv
for ®. This can be rewritten as h, (o) + [ ¢(z)dv(z) < 0, with equality iff v is an
equilibrium measure for ¢. Therefore Piop(¢) = 0, and p is an equilibrium measure
for @ iff its induced measure v is an equilibrium measure for ¢.

2) < Piop(®), with equality iff p is an equilibrium measure

CLAIM 2. v is an equilibrium measure for a bounded Hélder continuous potential
that is independent of the past and has zero pressure.

Proof. By [Sin72, Bow75, Daol3] there is a bounded Holder continuous function
v:Y = Rst. ¢+v—wvoo is independent of the past. Since [(v—voo)dm =0
for every o-invariant probability measure m, Piop(¢ +v —v 0 0) = Pyop(¢) = 0.

Now we proceed to the proof of Theorem 3.1. By claims 1-2, thereis ¢° : 3% — R
bounded Holder continuous s.t. ¢°oms = ¢ +v —voo, v is an equilibrium measure
for ¢® o s, and Pyop(¢® o ms) = 0. We want to conclude that v* is an equilibrium
measure for ¢°, and that Pyp(¢®) = 0.

If v is a o—invariant probability measure then (X, v, o) is the natural extension
of (X%,v°,04). Conversely, if v° is a os—invariant probability measure then it is the
one-sided version of some o—invariant probability measure v (its natural extension).
Since natural extensions preserve entropy, Piop(¢°) = Piop(¢® 0 ms) = 0, and v is
an equilibrium measure for ¢° o 7 iff v° is an equilibrium measure for ¢°.

The structure of equilibrium measures for Holder continuous potentials on one-
sided TMS was determined in [BS03]. There it is shown that if ¥* is topologically
mixing (a consequence of the topological mixing of X), then ¢* is positive recurrent
in the sense of [Sar01], and parts (1)—(3) of the theorem hold. Also, if the equilib-
rium measure exists then it is unique [BS03, Thm 1.1], and this gives part (5). Part
(4) follows from part (3) and the boundedness and Holder continuity of ¢°. O

Corollary 3.2. Suppose X, is a topologically transitive TMF, and ® is a bounded
Holder continuous potential with finite pressure. Then ® has at most one equilib-
rium measure and if this measure exists then it is ergodic.

Proof. By Theorem 3.1 v* is ergodic. Therefore its natural extension v is ergodic. If
the induced measure is ergodic, then the original measure is ergodic. It follows that
every equilibrium measure is ergodic. This implies that the equilibrium measure
is unique: if there were two equilibrium measures, then their average would have
been a non-ergodic equilibrium measure. [

Conditional measures of the induced measure. Theorem 3.1 can be used to
construct the conditional measures v(-|z3°) for all, rather than almost all, z € X*.
The basic tool is the g—function of v. This is the function g : 3° — R given by

e hs dv?®

9= Nhsoo d(vsoos)

The reader can check that g > 0 and Zas(ygo):zgo g(ys?) =1, whence 0 < g < 1.
Thus g is a g—function in the sense of [Kea72]. The function log g is bounded and
uniformly Hoélder continuous on cylinders of length two, since exp ¢®, logh® are
bounded and uniformly Hélder continuous on cylinders of length one at the zeroth

position.
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Theorem 3.3 ([Led74]). Let v, v°, L as in Theorem 3.1.
(1) If f € LY (v®) then By (f125°) = 325 (yee)=aze 9WG)F (U5°) v°-ave.

(2) v¥(zo|z1,220,...) = khj& v([zo]l1[x1,- -, zk]) = g(x3°) vi-a.e.
(3) lim v(—p[T—n,...,z-1]lo[T0,.-.,zk]) is equal v—a.e. to
k—o00
V(@ o, moa|2g”) 1= gn(2%,) i= g(2%,)9(2%, 1) - 9(z%). (3.1)

Proof. Part (1) follows from the equations v® = h®¢® Lh® = Ah®, L*£® = A{° as in
[Led74]. Part (2) follows from part (1) and the martingale convergence theorem.
Part (3) follows from part (2) and the invariance of v. O

One should view (3.1) as a consistent set of equations which determine the con-
ditional probability measure v(-|z3°) on Wy (x), by specifying the weights these
measures give to cylinders. By consistent we mean that ng (ye°) =g g(ys°) = 1.
Henceforth, we define v(-|z5°) as follows.

MEASURE v(-|z§°): v(-|z°) is the unique probability measure on W} () s.t.
v(alzg®) = gn(azy’) for admissible words a.

Lemma 3.4. Let v be as in Theorem 3.1. If X, is topologically transitive and %,
is not a union of cycles, then v(-|x3°) is non-atomic for v—a.e. x € X.

Proof. Since %, is topologically transitive and X, is not a union of cycles, the
same is true for X. In particular there is a state b with in-degree at least two.
Fix one such edge a — b. Since Zas(z 2oy —yge 9(25°) = 1, we have g(z) < 1 for
every z € X% s.t. (20,21) = (a,b). By the Holder continuity of log g, we can find
a word w := (a,b,by,...,b,) st. g [w< 1. By (3.1), v({z}|23°) = 0 whenever
zeZ:={z€X%: A=l — o for infinitely many n < 0}. The conclusion is that
v(-|z3°) is non-atomic for every z3° s.t. v(Z|zy°) = 1.

Let us show that this last condition is true v—a.e. By Theorem 3.1, v is ergodic
and positive on cylinders, hence v(Z) = 1, i.e. [v(Z|zy)dv(z) = v(Z) = 1, so
v(Z|ze) =1 for v-a.e. x € X. O

Local product structure of the induced measure. Let 0 : ¥ — X be a TMS.
The following definitions are motivated by smooth ergodic theory, see e.g. [BP07]:
o Wé(z):={yeX:d(o"(x),0"(y)) — 0} ={yeX:Inst y* =a>}.

n
o W¥(z):={yeX:d(o"(z),c"(y)) — O)={yeX:Inst. y" =a"}
o Wie(x) :={yeX: ?Jo = x5’}
o VVloc(x) - {y € X y e’} _.’1?700}

SMALE BRACKET OF POINTS: Let z,y € ¥ with xg = yo. The Smale bracket of x,y
s [x,y] := z where z; = x; for i <0 and z; = y; for i > 0.

If 2o = yo = v, then [W (), Wi (v)] = {[2", 4] : 2 € Wi (), 4" € Wy (y)} =
[v] ={z € £: 29 = v}. We can also consider the Smale products of measures. Let
a;, B, be finite measures on W2 (), Wi (y) respectively.

SMALE BRACKET OF MEASURES: The Smale bracket of a3, 3, is a finite measure
on Wit (), Wi (y)] = [v] defined by

(a5 * By ) (E / ( )/ ( )lE([x',y’])dai(m’)dﬁg(y’), (E Borel measurable).
Y loc\Z

loc
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The Smale product produces measures on ¥ out of measures on W (z), W} _(y).
We can also produce measures on W _(z), W (y) from measures on ¥. Let:

o p; : [xo] - Wlf)c(x)v pi’() = [,(E]
o py : [wo] = Wig.(2), pi () = [z,].

PROJECTION MEASURES: The projections of v on W _(x), W (y) are

¥

Note that for 7 = u, s:
o vy = vy iff W () = Wi (y).

o vy = (v;opy) [wy_(x) Whenever zg = yo.

=vo(ps)~t, ameasure on W (),

=vo ()~

8w

, a measure on W (y).

<

LOCAL PRODUCT STRUCTURE: v is said to have local product structure if for every
z,y € ¥ s.b. xg =yo = v we have vy x v ~ v [[y).

Theorem 3.5. Let p be an equilibrium measure of a bounded Hélder continuous
potential with finite pressure on a topologically transitive TMF, and let v be its
induced measure. Then v is globally supported, and v has local product structure.

Proof. Let 0 : ¥ — ¥ be the associated TMS, and let ¢ be a directed graph asso-
ciated to 3. Since the TMF is topologically transitive, o : ¥ — ¥ is topologically
transitive, hence any two vertices on ¢ can be joined by a path.

CramM: Every non-empty cylinder on X2 has positive v—measure, and for every edge

v — w there is a constant Chyypy > 1 s.t. if m < 0,n > 0 and ,[vm, ..., 0] # D,
-1 V(i [V - ,0n])
then Ciov, < S0 Tom ol o o, = Crovs -

Proof of the claim. Let v° be the one-sided version of v. Theorem 3.1 implies, as
in [Sarll, Corollary 3.2], the existence of constants K, Dy, > 0 s.t.

(a) K;! < v ([a0,::,0n—1,80,.:,bk—1]) < K,,_, for all a,bs.t. [a,b] # &,

an—1 — VS([a();“»i)an—lg)VS([bO ----- bi—1]) n=1
(b) D;:_lbo < VS(TafL[fl)’,Eb};’,ﬁ,_b:]zl]) < D, _,b, Whenever [a,,_1,b] # @.

By (a)—(b), there are constants Cy,, s.t. for all a,b with [a, b] # @ we have:

o1 v*(lag, ..., an—1,bo,...,bx_1])
an—1bo = Vs([ao, Ceey an_l])ys([an_l, bo, A ;bk—l])

Substituting @ = (v, ..., v0),b = (v1,...,v,) gives the claim.

< Can—lbo'

By the claim, if F is a cylinder contained in [v,w] and x,y € [v] then:

vw

Cok x (v % V)(E) < U(E) < Cuy x (v % 72)(E). (3.3)

The collection of cylinders E C [v,w] satisfying (3.3) is closed under increasing
unions and decreasing intersections. By the monotone class theorem, (3.3) holds

for every Borel set E C [v,w], whence vy x v, ~ v [(). a

Corollary 3.6. Let v be as in the previous theorem. If E C X is Borel and
v(E) =0, then vi(E) = v¥(E) =0 for v-a.e. .
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Proof. Let Q, := {x € ¥ : g = v and v3(E) > 0}, and assume by contradiction
that v(€,) > 0 for some v. Since v has local product structure, if z,y € [v] then:

/Wféc(y) Wi

loc

Lo, ([2",y'))dv; (z")dv, (y') > 0.
(z)

Note that [2/,y] € Q, & vf, ,(E) >0 & vy (E) > 0&y €Q, (é is because
Gy = Vyr)- Hence 1o, ([2/,y/]) = 1q,(y'). Calculating the double integral, we
find that v, [, ]v; Wi (2)] > 0 = v;/[Q,] > 0. We use this to get a contradiction.

14

Let y' € Q. Using that vy, = (3 o p3) lwy (y), We have
0 <vy(B) = (vy op) [ENWE(Y)] = vp{a’ € Wi (2) : [2',y] € E}
[ (D).
Wik ()

Since v [Q,] > 0, if we integrate this inequality we obtain

y
/ngc(y) (

thus (v;xv,/)(E) > 0. Since v has local product structure, this gives that v(E) > 0,
a contradiction. We have just proved that v[Q,] = 0 for every vertex v, whence
vi(E) =0 for v-a.e. . By symmetry, v%(E) = 0 for v-a.e. z. O

x

/ 1E([w’,y’])dvgi(w')> dvy(y') > 0,
Wise (@)

s
1

4. THE PINSKER FACTOR OF A TOPOLOGICAL MARKOV FLOW

Review of general theory. Let (X, %, u,T) be an automorphism, i.e. (X, %, u)
is a non-atomic Lebesgue probability space and T is an invertible transformation
preserving p. Given E € &, let ag = {E, X \ E}.

PINSKER FACTOR: E € Z is called a Pinsker set if h,(T,ag) = 0. The Pinsker
o-algebra is P(T) := {E € # : E is a Pinsker set}. (X, Z(T),u,T) is called the
Pinsker factor of (X, B, u,T).

P(T) is a T-invariant o-algebra [Pin60], hence (X, Z(T), u,T) is indeed a fac-
tor. (X, P (T), u,T) has zero entropy, and if & C B s.t. (X, o, u,T) is a factor of
zero entropy then o/ C Z(T) modulo . Therefore (X, Z(T), u, T) is the largest
factor of (X, %, u,T) with zero entropy.

COMPLETELY POSITIVE ENTROPY: (X, %, u,T) is said to have completely positive
entropy if it has a trivial Pinsker factor, i.e. if 2(T) = {@, X} modulo p.

Note that (X, %, u,T) has completely positive entropy iff all of its non-trivial
factors have positive entropy.

TAIL 0—ALGEBRA: Given a o—algebra &/ C % with T~'.«/ C o, the tail c—algebra
of & is Tail(#) := (1,5, T "

K PROPERTY: (X, A, u,T) has the K property if there is a o—algebra &/ C £ s.t.
(a) T7'o7 C o,
(b) V T'e/ = % modulo u,
i=0
(c) Tail(«?) = {&, X} modulo p.
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Theorem 4.1 (Rokhlin & Sinai [RS61]). (X, %, u,T) has the K property iff it has
completely positive entropy.

The K property is stronger than mixing. It implies continuous Lebesgue spec-
trum [Roh61], and the mixing property below, called K-mizing, see [CFS82, §10.8].
Write d—a.e. when a property holds for a set of atoms with total measure > 1 — 4.

Theorem 4.2. Let (X, B,u,T) be an automorphism with the K property, B €
B, and B a finite measurable partition of X. Then for every § > 0 there is
No = No(B,d) s.t. for all N > N > Ny and d-a.e. A € \/ivleTkﬂ it holds
(B A) - u(B)| < o,

Now let T = (X, %, u,{T*}) be a flow. It is known that h,(T?) = |t|h,(T") and
P(TY) = P2(T'), Vt # 0 [Abr59, Gur67]. The Pinsker o—algebra of T is defined as
P(T1). T is said to have completely positive entropy if its Pinsker factor is trivial
iff 3t # 0 s.t. (X, %,u, T is an automorphism with completely positive entropy.
T is said to have the K property if (X, %,u, T') is an automorphism with the K
property iff 3t # 0 s.t. (X, %, pu,T) is an automorphism with the K property. T
has the K property iff it has completely positive entropy, and it implies K-mixing
[CFS82]. The next theorem is a tool for proving the K property. Given a oc—algebra
o with Tt/ C o, ¥Vt > 0, let Tail(«7) := (| T~'< be the tail o-algebra of < .

t>0

Theorem 4.3 (Rokhlin & Sinai [RS61]). Let T = (X, %, 1, {T*}) be a flow, and
let & C B be a o—algebra s.t.
(a) T '/ C o, ¥Vt >0,
(b) \ T'<o/ = % modulo pu.
>0

Then P(T) C Tail(«?) modulo p.

An upper bound for the Pinsker factor of a TMF. We now construct o-
algebras as in Theorem 4.3 for a topologically transitive TMF. The construction
follows [Gur67, Rat78].

Let o, : 3, — 3, be a topologically transitive TMF. By Lemma 2.2, o, : 3. —
3, is isomorphic to a TMF o5 : ¥« — 3,5 s.t. 77 is independent of the past. Let
s : X — Yy be the isomorphism, 94 o ol = ok, 0 ¥y, V& € R. Points in X, will
be decorated by over bars as in (Z, £).

Given (r,&) € B, let (7, &) 1= 4(x, &) and define

Wise(@,€) == 0.{(7,€) € B 1 73° = T5°}-

Any two such sets are either equal or disjoint, hence {W (z,£)} is a partition of
Y. Let #3% be the o—algebra generated by {W3 (x,&)}. #3% is generated by the

loc loc
countable collection of sets 97 {(7,€) € Tps : 70! = a,€ € (a, )} where N € N,
a is an admissible word of length N, and «, 8 € Q.
Using that r* is independent of the past and that 9 o ol = of. 0 9y, one shows:

(a) o 5] C WEs, Yt > 0.

loc loc»

(b) Vyoo ot 1#522] = 2 modulo s
Let #/°° := Tail(#;%%). By Theorem 4.3, #(o,) C #°° modulo pu.

loc
Next we work with an isomorphism 9, : ¥, — 3.« where r* is independent

of the future and 9, o & = ol 0¥, Vt € R. Denoting points in ¥,u also as
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(7,€) := Yy (x,€), we can define for each (z,¢) € X, the set

Wise(@,6) = 9,1{(#,8) : 7o = T2 o}
and 3% as the o—algebra generated by the partition {W%(z,&)}. Similarly,
olME C MSE, Yt > 0, and /Lo [#45Y] = % modulo p. Let #° =
Tail(#5%). Applying Theorem 4.3 to the inverse flow {0, '} and using that it
has the same Pinsker o—algebra as {c!}, we find that £ (o,.) C #** modulo u. We

just proved:

Theorem 4.4 ([Gur67, Rat78]). Let o, : £, — X, be a TMF, and let pn be an
ergodic o.—invariant probability measure, not supported on a single orbit. Then
P(oy) CHNH " modulo pu.

Corollary 4.5. Let o, : X, — X, be a TMF, and let p be an ergodic o,.—invariant
probability measure, not supported on a single orbit. If f : ¥, — R is P(o,)—
measurable, then there is a set X of full p—measure s.t. for every (x,€),(y,n) € X:

(1) If (y,m) € W**(,&) then f(x,) = f(y,n).
(2) If (y,m) € W=(,&) then f(x,&) = f(y,n).

Proof. Recall the definitions of W**(x, &) and W*"(z, ) on page 6. We prove (1),
and leave (2) to the reader. It is enough to prove this for f = 1g where E € &(0,.).
Since P (0,) C #*5 = Tail(#33), there is a sequence of sets E; € o, (#52) s.t.
w(EAE;) = 0. The set X := 3, \ [(Ui>1EAE;) U {(z,€) : z is pre-periodic}] has
full y—measure.

If (2,€), (y,n) € X with (y,n) € W*(x,£), then oy(y,n) € Wik (o (2,§)) for ¢
large enough. In particular, this holds for some ¢ = i € N. We want to show that
(z,€) € E< (y,n) € E. By symmetry, it is enough that (z,§) € F = (y,n) € E.

Let (2,€) € E. Then (z,€) ¢ EAE; = (2,) € E; = oi(z,€) € 0l(E;) €
#:55. The atom of #,55 which contains o’ (z, &) is W5 ((ol(x,€)), so ai(y,n) €

loc* loc

WEs ((oi(x,8)) C ol (E;) = (y,n) € E; =Y (y,n) € E (:'> is because (y,n) € X). O

loc

The Pinsker factor in the non-arithmetic case. Let 0 : ¥ — ¥ be a TMS.
A Hoélder continuous r : ¥ — R is called arithmetic, if there are 8 € R, 6 # 0, and
h: ¥ — S Hélder continuous s.t. € = h/h oo [GHSS].

Theorem 4.6. Let o, : ¥, — X, be a topologically transitive TMF, and let p be an
equilibrium measure of a bounded Holder continuous function with finite pressure.
The following are equivalent:

(1) r is not arithmetic.

(2) w is weak mizing.

(3) w is mizing.

(4) w has the K property, whence a trivial Pinsker factor.

In particular, if one equilibrium measure of a bounded Hélder continuous function
satisfies one of (2)—(4), then all equilibrium measures of bounded Hélder continuous
functions satisfy all of (2)—(4).

If 3 is a subshift of finite type, then the equivalences of (2)—(4) are due to Ratner
[Rat78] (a special case was done before by Gurevich [Gur67]), and (1) < (2) is due
to Parry & Pollicott [PP90, Prop. 6.2].

Proof. (4) = (3) by general theory, and (3) = (2) is obvious. (2) = (1) because
if €7 = h/h oo for some § # 0 and h : ¥ — S! continuous, then F(xz,&) :=
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e~ 0¢h(x) satisfies F o ol = e "' F, ¥Vt € R. By the weak mixing assumption, F is
constant p—a.e., whence everywhere (equilibrium measures of Holder potentials on
a topologically transitive TMF are globally supported). Thus 6 = 0.

It remains to show that (1)=-(4). We prove that if the Pinsker o—algebra is not
trivial then r is arithmetic. Assume that &?(o,.) is not trivial, and fix a bounded

Pinsker-measurable function F' that is not constant y—a.e. Let Fy := } f(f Fooldt.

1
Note that Fj (;L—+> F, thus Fjs is not constant p—a.e for any § small enough. Fix
—0

one such § and let H := Fs. H is a bounded Pinsker-measurable function that is not
constant p—a.e. for which the map t — (H o ol)(z, &) is continuous, V(z,&) € %,.
We will use H to prove that r is arithmetic. Let v be the induced measure of pu.
Recall the definition of the cocycles P?, P* (see Lemma 2.3) and the measures /2
on Wi _(z) defined in (3.2).

CLAIM 1. There is a Borel set E C X of full v—measure such that:

(1) E is o—invariant and contains no pre-periodic points.
(2) For every (x,€),(y,n) s.t. z,y € E:
(2.1) If (y,m) € W*(,€) then H(y,m) = H(x,€).
(2:2) If (y,n) € W*(z,£) then H(y,n) = H(z,§).
(3) For every x € E, v3(E°) = v¥(E°) = 0.

Proof of Claim 1. Let Ey := {x € ¥ : x is not pre-periodic}. Ej has full v—measure,
since v is ergodic and globally supported. By Corollary 4.5, there is X C X, of full
p—measure s.t. (2) holds for all (z,€), (y,n) € X. Since u is equivalent to v x d¢,

Ey:={zx € Ey: (2,§) € X for Lebesgue a.e. £ € [0,7(z))}

has full v—measure. We claim that F; satisfies (2).

We prove (2.1) and leave (2.2) to the reader. Since x,y € Ey, there is an open
neighborhood U C R of 0 s.t. (z,§ +1),(y,n +t) € X for Lebesgue a.e. t € U.
Find - 0st. (x,&+1tg), (y,n+tr) € X. By Lemma 2.3(1), (y,n+tx) €

oo

5
Wes(x, € +1y), therefore by the definition of X we have H(x,£+tx) = H(y,n+tx).
Passing to the limit, and using that ¢t — (H o o!)(z,¢) and t — (H o ol)(y,n) are
continuous, we conclude that H(z, &) = H(y,n).

Now consider Ey := (1, o5 0™(E1). Es has full v-measure and satisfies (1)—(2)
but not necessarily (3). We define E3, Ey, ... by induction as

En =A{2 € En_1: vou( (En_1) = Vi (Er_q) =0,k € Z}.

{E,} is a decreasing sequence of o—invariant sets of full v—measure each, by Corol-

lary 3.6, thus E := (__, E, is o—invariant set of full v—measure. F satisfies (1)—(2)

of the claim, since E C Ey N E;. To see that it also satisfies (3), just note that if

z € B and 7 = s,u then v (E°) = v} (U,>3 Ey,) = lim v (E}) = 0.

CONSTRUCTION OF THE HOLONOMY GROUP: Recall the weak stable and weak

unstable manifolds of x € X:

o Wws(z) :={y:Im,n st. 22 =y}

o W*¥(z) :={y:3Im,nst. 2" =y"}.

The following constructions are motivated by [Bri75]:

o su-path: A finite sequence of points v = (z°,...,2") in E s.t. a2t € W¥Ti(z~1)
for some 7; € {s,u}. If 2° = 2™ = x, then 7 is called an su—loop at x.
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o Lift of su-path: Suppose 0 < 6 < r(z°). The lift of v = (z°,...,2") at
20 := (2°,0) is (20,...,2n) C X, where z; = o9t (2%,0), and 2, € Wi (2;_1),
1 =1,...,n. The parameters t; are uniquely determined by the Bowen-Marcus
condition, see Lemma 2.3(1): to := 0, t; = t;_1 + P7i (2t~ 2?).

o Weight of su-loop: P(vy) :=t, = > 1, PTi(z' ! a%).
For x € E, let G, := {P(v) : v is an su-loop at x}. We will show that there is

a closed subgroup G C R s.t. G, := G, = G, Vz € E.

HorLoNOMY GROUP: It is the closed subgroup G C R s.t. G, = G for some (all)
x € FE.

We first show that G, = ¢Z for some ¢ # 0 independent of z € F, and then use
this to prove that exp[%r] is a multiplicative coboundary.

CrAaM 2: There exists ¢ # 0 s.t. G, = cZ, Vr € E.
Proof of Claim 2. We divide the proof into few steps. Fix z € F.
STEP 1. G/, G, are additive subgroups of R, and G;(m) =G, Gy = Gy

Proof. Tt is enough to prove the claims for G/,. G/, is an additive group:

o Gl + G, C G, because P(y1) + P(vy2) = P(m1 V 7y2) where 41 V 72 is the con-
catenation of y; and ~s.
o G, 0, because P((z,z)) = 0.
o G = -G/, because P((z",...,2%)) = —P({z%,...,z")).
Now we show that G|, = G. Let y = (x°,...,2™) be an su-loop at z, and let
a(y) == (a(2%),...,0(z™)). By Lemma 2.3(2), P7 (o (2~ 1), o(2%))— PTi (2' 71, 2%) =
r(xt=1) — r(z*). Summing this over i gives P(a(y)) — P(y) = r(2") — r(2?) = 0.

STEP 2. There is a closed subgroup G C R s.t. G, =G, Vx € E.

Proof. We claim that z — G, is constant on E N [v], for every state v. Take
x,y € EN[v], and define myy « Wiio(z) — Wi (y) by may() = [yl 7oy s
measure-preserving:

0Ty =vo (Pl omyy, =vo(mayop;)”

1 1

v =vo(p,) =v,.

F has full v{-measure in W} (z). Since 7., is measure-preserving, m,,[ENW} ()]
has full v;-measure in Wy (y). Thus 7., [E N WS (2)] N E # @, therefore 3z €
EnWg (z) st. w:=[z,y] € ENW (y). By the definition of the Smale product,
W (z) = W (w). In summary, we found z € W _(z) N E, w € W (y) N E s.t.
Wi () = Wik, (w).

Every element of G, equals P(v) for some su—loop v at z. Consider the con-
catenation v/ := (y,w,z,2) Vv V (z,z,w,y). This is an su—loop at y with P(y') =
P({y,w, z,x, z,w,y)) + P(y) = P(v). Since v is arbitrary, this gives the inclusion
G, C Gy. By symmetry, G, = Gy,.

We see that for every v, there is a group G, s.t. G, = G,, Vo € EN[v]. Fix
some state vy. Since o : ¥ — X is topologically transitive, for any state v there is
an admissible path vg = ag — - -+ — a, = v. The measure v is globally supported,
thus we can take z € ENa]. By Step 1, Gy, = G, = Gozy) = - = Gon(z) = G,
whence G, = G, for all vertices v. This proves Step 2.

STEP 3. G equals cZ for some ¢ € R.
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Proof. G is a closed additive subgroup of R, so either G = R or G = ¢Z for some
c € R. We will show that if G = R then H is constant y—a.e., a contradiction.

We implement the classical Hopf argument. The key observation is that H is
constant on the intersection of the strong (un)stable manifolds of o, with F, thanks
to Claim 1(2). Suppose v = (2,...,2") is an su—path, fix some 0 < 0 < r(zV),
and let (29,...,2,) C %, be the lift of v at 2o := (z%,0). Since ' € E, we have
H(zy) = H(z1) = -+ = H(z,). In particular, if z € E and ~ is an su-loop at z,
then H(z,0) = (H o ot )(x,0).

If G = R then the set of weights P(v) is dense in R. Since ¢ — (H o o%)(z,0) is
continuous, H(x,0) = (H o ct)(z,0) for all t € R. This proves that H ool = H on
{(z,0) € ¥, : x € E}. Using that u is ergodic (Corollary 3.2), we conclude that H
is constant u—a.e., a contradiction. Thus G = ¢Z for some ¢ € R.

STEP 4. ¢ # 0.

Proof. Suppose by contradiction that G = {0}. We will show that r = U oo — U
for some U : ¥ — R continuous, and derive a contradiction. Recall the definitions
of W (z), W .(z) on page 6. Fix € E and define U on W**(z) N E by U(y) =
P*(y,z). By Lemma 2.3(3),

Ulo(y) — Uly) = P*(o(y), o) + P*(z,y) = P*(o(y),y) = r(y).

Our plan is to show that W™*(z) N E is dense in X, and U is uniformly continuous
on W™*(z)N E. Thus the unique continuous extension to 3 satisfies Uoo —U = r.

Proof that W**(x) N E is dense in ¥: Let C := _,[v_p,...,v,] be a non-empty
cylinder in ¥. Since o : ¥ — ¥ is topologically transitive, there is an admissible
path v, = v,41 = -+ = Uy — xg9. Now proceed as follows:

o Pick some w € C, and define y by y”, = w”, yZif = (Vntly- - Untk),

Ulkyr = 150 Then y € W*(x) N C, and there are integers £,m > n s.t.
o™ (y) € We (ot (x)) N o™(C), whence o™ (C) N [x4] # 2.

o Necessarily v7,,,(0™C) = V[(pfrf(z))_l(omC)] = v(oc™(C) N [xg]). Since v is
globally supported, V;[(I) (c™C) > 0.

o Since E is o-invariant and = € E, ¢*(z) € E and Ve (2 (ec™(C)NE) #0.

© V3i(y 1 supported on Wi (o (), thus W (o (z)) No™(C)NE # 2.

o Therefore W¥3(z) NENC 2 o~ ™[WE (of(2)) No™(C) N E] # 2.
We see that W™*(z) N E intersects every non-empty cylinder C' in X.

Proof that U is uniformly continuous on W¥*(z) N E: Fix y,z € W¥*(z) N E s.t.
y # z and yo = z9. We construct y' € W _(y) N E s.t.

(i) 2t:=[yt, 2] e W¥s(2) N E,

(i) d(z,2%) <d(y,z) and d(zt,y') < d(z,y),

(iii) d(y,y') < 3d(y, 2).
Here is how to do this. First, find z! € W _(2) N E arbitrarily close to z s.t y! :=
(2!, y] € W .(y) N E. Such points exist because v5(E®) = 0, v5(E) = 0, v$ has full
support in W (z), and v§ = v§ om,,, for m.(-) = [-,y]. Automatically z' = [y', 2],
and if z! is close enough to z, then d(z!, 2) < d(z,y) and d(z',y) = d(z,y) (the first
place where 21,y disagree is the first place where z,y disagree). Since y! = [21, ],
d(zty') < d(z',y) = d(z,y), proving (ii). Part (iii) follows from (ii) and the
triangle inequality.
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T

W’UJS (I)

Let v = (y,z',9%,y). Using y € E and G = {0}, we have
Py, z') + P (24 yh) + Po(y',y) = 0. (4.1)

By Lemma 2.3(3), [U(y) — U(z")| = |[P*(y, 2")| < |P"(z!,y")| + |P*(y",y)|. Since
yt e W (2Y), |Pu(ztyh)| < Cd(y, ), where C,a are given by Lemma 2.3(4).
Similarly, |P*(yt,y)| < 3*Cd(y, 2)*. Thus |U(y) — U(z')| < 4Cd(y,2)*. Also

by the cocycle equation, |U(z) — U(z1)| = |P3(z, 21)| < Cd(y, z)*. It follows that
|U(y)—U(z)| < 5Cd(y, z)*, proving that U is uniformly continuous on W**(z)NE.

Therefore U extends continuously to a function U : ¥ — R. Since r = Uoo—U
on WY (z)NE, r=Uooc—U on 3. This cannot happen as it implies, by the
Poincaré recurrence theorem, that liminf r, = liminf[Uco™ —U] < oo a.e., whereas
we know that infr > 0, so liminfr, = co. Thus G # {0}.

CLAIM 3: There exists h : ¥ — S Hélder continuous s.t. exp[2Z‘r] = h/hoo.

Let 0 := 22 fix z € E and let h: W¥s(z)NE — S by h(y) := exp|—ifP*(y, z)].
By Lemma 2.3(3), h/h o 0 = explifr] on W™(z) N E. The idea is to show that h
is Holder continuous on W*#(x) N E and then deduce as in the previous proof that
it extends Holder continuously to a function h : ¥ — S'. The proof is the same as
in the last step of Claim 2, except that one needs to replace (4.1) by

explif(P*(y,2') + P*(z',y") + P*(y',y))] = 1.
As before, this implies that Eﬁ((;)) = €1 with |e1] < 4C10|d(y, 2), and EE((ZZI)) = efe2
with |eq| < C|0|d(y, z)*. So % = e with |e| < 5/0|d(y, 2)®, whence the Hélder
continuity of h : W*(z) — S'.

Claim 3 completes the proof that if the Pinsker o—algebra of o, is not trivial
then r is arithmetic. Equivalently, (1)=>(4) in the statement of Theorem 4.6, and
this completes the proof of the theorem. O

The Pinsker factor in the arithmetic case. In the last section we saw that if
the roof function is arithmetic, then the Pinsker factor of every equilibrium measure
of a bounded Hoélder continuous potential is non-trivial. In this section we show
that in this case the Pinsker factor is isomorphic to a rotational flow. In fact we
will show more, that the flow is isomorphic to the direct product of a Bernoulli flow
and a rotational flow.

Theorem 4.7. Let o, : 3, — 3, be a topologically transitive TMF s.t. 9" = ﬁ

for some 0 £ 0 and h : ¥ — R continuous. There exists p € N s.t. for every
equilibrium measure p of a bounded Holder continuous potential with finite pressure,

the following hold:
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(1) (%, 0., p) is isomorphic to a topologically transitive TMF with constant roof
function equal to 27 /6.

(2) (%,,0., 1) is isomorphic to the product of a Bernoulli flow and a rotational
flow with period 2mp/8.

(3) The Pinsker factor of (X, 0, 1) is isomorphic to a rotation with period 2mp/6.

Before the proof of the theorem, let us prove that constant suspensions over
Bernoulli automorphisms are the same as the product of a Bernoulli flow and a
rotational flow.

Lemma 4.8. Let T = (X, pu, {T*}) be a measurable flow. The following are equiv-
alent:

(1) T is isomorphic to a constant suspension over a Bernoulli autornorphism.
(2) T is isomorphic to the product of a Bernoulli flow and a rotational flow.

Proof. (1) = (2). Assume that the roof function is = 1. Then we can write
T = (Z1, 1 {T}), TH(z,s) = (S5l (x),t + 5 — |t + 5]), where:

o (%,r,5) is a Bernoulli automorphism.

o Y is the suspension space over X with roof function = 1.

op=[5 fol Sdtdy(x).

By Ornstein Theory, (3, v, S) embeds into a Bernoulli flow (3, v, {S*}), see [Orn70a].
Let {R'} be the rotational flow with period 1. We claim that T is isomorphic to
(X x T,v x dt,{S* x R'}), the product of a Bernoulli flow and a rotational flow.
The conjugacy is the bijection p: 31 — X x T, p(x,s) = (S%(x), s (mod 1)). First
note that p is well-defined since p(z,1) = (S*(z),0) = (Sz,0) = p(Sz,0). Also:

(00 T)(&,8) = p(SU+*) (@), £ 45 — [t + 5) = (S™(2), + 5 (mod 1))
= (8" x R"(S*(x),s (mod 1)) = [(S* x R") o p](=, s).

For all measurable A C ¥ and interval I C T not containing zero, (uop™1)(AxI) =
u(A x I) =wv(A)-|I|, hence o p~! = v x dt, which completes the proof that p is
a conjugacy between T and {S* x R'}.

(2) = (1). With the same notation as above, assume that T = (X x T, v x dt, {S? x
R'}). Then T is isomorphic to the suspension flow (X1, u, {T*}), where the basis
dynamics is the Bernoulli automorphism (X, v, S'). The conjugacy is the same p
as above, and the proof is analogous to (1) = (2). O

Proof of Theorem 4.7. Part (1) is the content of [LS, Theorem 7.2]. Denote this
TMF by o7 : S5 — S, with 7 = 27/6.

Let p denote the period of 3. _Recall from page 4 that, using the spectral de-
composmon of ¥ [K1t98] : E~ — E; is topologically conjugate to a TMF

EA — EA where o : 5 — E is topologically mixing, and ¥ =7, = 27mp/f =: cv.

Let 1 be the measure on iA corresponding to u, and let 7 be the induced measure
of fi. U is an equilibrium measure of a bounded Holder continuous potentlal on 3
with finite pressure. Since o : & — 3 is topologically mixing and Z is not a
singleton, o : S — 3 is Bernoulli [Bow75, Sarll]. By Lemma 4.8, o7 : ZA — ZA is
isomorphic to the product of a Bernoulli flow and a rotational flow with period .

Since the Pinsker factor of a direct product is isomorphic to the direct product
of the Pinsker factors [Tho02, Prop. 4.4], and since Bernoulli flows have trivial
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Pinsker factor, it follows that the Pinsker factor of (X,,0,, ) is isomorphic to
P(RY) = Z(R') = R, a rotation with period 27p/6. O

5. THE BERNOULLI PROPERTY

We have proved so far that if o, : ¥, — X, is a topologically transitive TMF
and p is an equilibrium measure of a bounded Hélder continuous potential with
finite pressure, then (X, 0., pt) is isomorphic to a Bernoulli flow times a rotational
flow when r is arithmetic, and (2,, 0, 1) is a K flow when r is not arithmetic. The
purpose of this section is to complete the picture and prove the following result.

Theorem 5.1. Let o, : X, — X, be a topologically transitive TMF. If r is not
arithmetic, then for every equilibrium measure p of a bounded Hélder continuous
function with finite pressure (X, 0, 1) is a Bernoulli flow.

The theorem above strengthens Theorem 4.6 by saying that for equilibrium mea-
sures of bounded Hélder potentials with finite pressure, weak mixing is equivalent
to the Bernoulli property.

Review of general theory. Let (X, %, u) be a non-atomic Lebesgue probability
space, and let « = (A;,...,An) and 8 = (By,...,By) be ordered partitions of
(X, B, ). Given z € X, define ax) := i if z € A;.

PARTITION DISTANCE: d(a, ) := Zf\il w(A;AB;) = 2/1[a($)¢ﬂ($)]d,u(x).

Let {a;}} be a finite sequence of ordered partitions of (X, %, ), and let {3;}} be
a finite sequence of ordered partitions of another non-atomic Lebesgue probability
space (Y, €, v). Suppose that each partition has N elements, say a; = (A%, ..., A%)
and 3; = (Bi, ..., BY).

SAME DISTRIBUTION: We say that {«;}7,{8:}7 have the same distribution, and
write {a; }T ~ {Bi}7, if

plAl NN AR =v[B n---NBM], V(ii,...,in) €{1,...,N}"

This is equivalent to the existence of a measure preserving map 0 : (X, %, u) —
(Y,%,v) such that 0[A; N---NA!] = Bl N---N B modulo v, Y(i1,...,in) €
{1,..., N}™. This notion can be weakened in the following way.

d—BAR DISTANCE: The d-bar distance between {a; }7, {5} is

Sef A fRARY . 1 - _ . {ai}7 are ordered partitions of
Atoa i A8T) = mf{n ;d(a“ﬁl) LY, %) st {@)t ~ {aidy

To understand how the d—bar distance weakens the notion of same distribution,
we first weaken the notion of measure preserving maps.
e-MEASURE PRESERVING MAP: An invertible measurable map 0 : (X, %,u) —
(Y,€,v) is called e-measure preserving if 3E € B, u(E) < €, s.t. % - 1‘ <e
for all A C X \ E measurable.
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Lemma 5.2 ([OW73]). If0: (X, B, u) — (Y, %, v) is e—measure preserving s.t.

1 n
=D lou@ioen <€

i=1
on a set of measure > 1 — ¢, then d({a;}7,{B:i}7) < 16¢.

In other words, {«;}7,{B:}} are close in d-bar distance if there exists an e—
measure preserving map 6 that matches «;(z) and 3;(0(x)) on the average, for most
points. That is why the d—bar distance weakens the notion of same distribution.

We now explain the property we will use to prove an automorphism is Bernoulli.
Let (X, %, u, T) be an automorphism. Given A € B with u(A) > 0, let (4, Ba, 11a)
be the induced non-atomic Lebesgue probability space, i.e. B4 := {BNA: B € #}
and pa(-) = p(-]A). Every partition « of (X, %, u) defines a conditional partition
alA={CNA:Ce€a}of (A ABa,pa). Write c-a.e. A € a” when refering to a
property that holds for a collection of atoms of & whose union has measure > 1 —e.

VERY WEAK BERNOULLI PROPERTY': « is called very weak Bernoulli (VWB) if
for every € > 0 there is Ny = Ny(e) s.t. for all n > 0 and N’ > N > Ny it holds
. . N’
d({T "o} {T'alA}}) <e fore-ae A€ \/ TFa.
k=N

V denotes the joining of partitions. Taking A € \/gzl NI ¥o means that we are
fixing the far past of T

Theorem 5.3 ([Orn70a, Orn70b, OW73]). Let T = (X, %, u, {T*}) be a probability
preserving measurable flow. If for some t, (X, B, u,T?) has an increasing sequence
of VWB partitions which generate B, then T is a Bernoulli flow.

Construction of VWB partitions for equilibrium measures [OW73, Rat74].
Let 0, : X, — X, be a topologically transitive TMF. Throughout this section
we assume that r is not arithmetic and independent of the past (which we can
assume because of Lemma 2.2). Fix an equilibrium measure p of a bounded Holder

continuous potential with finite pressure, and let v be the induced measure of p,
ie. p= ﬁ Js Or(w) Oz, dtdy(z).
Let m,m : X, — X be the projections on the first and second coordinates,
respectively. We now define three o—algebras:
o a = partition of ¥ into cylinders of length one at the zeroth position. \/;2, o
is the o-algebra with information on the coordinates zg° of z € 3.
o F_p =7 (V2 _, 0 a), the o-algebra with information on 2, of (z,t) € %,..

o M =1y [B(R)], where B(R) is the Borel o-algebra of R. J# is the o-algebra
with information on ¢ of (z,t) € Z,.

We will abuse notation and write E,(-|2%,,t) instead of E,(-|#_, V 5€)(z,1)

and p(E|z>,,t) instead of E,(1g|.Z_, V %_)({,Cﬂf). Since r is independent of past

—n

coordinates, it can be easily checked that for all n > 0:

p(122,,t) = Lpee)ysaq (@, t) - [v(-[22,) x &]  for p-ae. (z,1). (5.1)

IThis is the formulation in [OW73] and it implies the definition in [Orn74]. The two definitions
are equivalent for Bernoulli automorphisms, since in this case every partition is VWB.
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Actually, there is a way to make sense of the right-hand-side for every (z,t): use
(3.1) to define v(-|z°) for all z, and the identity v o c~" = v to extend to other n:

v(ElzZ,) = v(o " (E)|lo""(2)5")- (5:2)

Given an admissible word a, let p(a) := inf{r(z) : 2™, =a}. Let 0 <d <1, n > 0.
Consider the following definitions.

(n,d)—CUBE: A set C' = {(z,t) : 2™, = a,t € [1,7 + 0)}, where a is an admissible
word of length 2n +1 and 7 > 0 s.t. [1,7 4 0) C [0, p(a)).

CANONICAL PARTITION INTO (n,d)—CUBES: A finite or countable partition whose
atoms are (n, §)—cubes, with the exception of an atom of the form {(z,t) : p(z™,,) <
t < r(z)} with measure < 4.

PSEUDO-CANONICAL PARTITION INTO (7, d)—CUBES: A finite partition that can be
refined to a canonical partition into (n,d)—cubes.

Lemma 5.4 ([Rat74]). Ifng > 0 and 0 < tg < inf(r), then every pseudo-canonical
partition into (ng, dg)—cubes is very weak Bernoulli for (3., 0%, u).

Proof. This was proved (with different terminology and notation) in [OW73] for
geodesic flows, and in [Rat74] for TMF built on subshifts of finite type. What
follows is a detailed exposition of the argument in [Rat74], with some missing

details added, and one (minor) point clarified.
Let « be a pseudo-canonical partition into (ng, dg)—cubes, and take N’ > N >
72 sup(r). Every A € \/kN: ~ 0%~ is a countable union of sets of the form

{(z,t) : x € Dy, a;(x) <t < bi(x)},

where D; are cylinders in \/?:2:1)(1) ola with
[0 =m0 =1 <) < mali) < [ ] +mo 41, (5.3)

and a;, b; are independent of the past coordinates.

Fix € > 0, and let n > 0,9 € (0,1) to be determined later. Partition 3, into
finitely many (n, §)—cubes C,, s := {C1,...,Cy} plus an additional “error set” with
measure < 6.

STEP 1. 3Ny = No(n,d) > 0 s.t. for all C € Cy 5, for all N' > N > Ny, and for

b-a.e. A€y olony, it holds | LA — 1| <4,

Proof. Since r is not arithmetic, (3,,0%, 1) is a K automorphism (Theorem 4.6).

Now use Theorem 4.2 and the finiteness of C,, 5.

STEP 2. For all A,C as in step 1, there is (z,8) € ANC s.t. p(ANC|z%,,s) >0
and pu(-|22%,, ) is non-atomic. We choose one such pair for each A,C and write
(2,5) := (2(4,0), 5(4,C)).

Proof. By Lemma 3.4 and (5.2), v(+|22,) is non-atomic for v—a.e. z, so u(-|z%,,s) =
Lir(ege)>s) [V (1[225,) X 0¢] is non-atomic for p-a.e. (2,s) € ANC. Also |%—1} <
0<1=pu(ANC) > 0= u(ANC|z=,,s) > 0 for a subset (z,s) € ANC of positive
p—measure. Therefore there is (z,s) € AN C satisfying step 2.

Given 6 > 0, let us write a = e*? whenever e % < a < €.
K
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STEP 3. Given § > 0, the following holds for all n large enough. If (z,t),(z,s) €
C € Cns, then the map O7% : (C,u(|2%,,1)) — (C,u(-z%5,,5)), O (y.t) =
(9(y), s), where ¥(y) = (y:ggl, 2> ), has Radon-Nikodym derivative equal to e*°

Proof. Write C = B x I, where B =_,, [b_,,...,b,]| contains z,z and I is an
interval of length § containing ¢, s. The Radon-Nikodym derivative of ®Z‘: equals
the Radon-Nikodym derivative of ¥ : (B,v(:[z%,)) — (B,v(:|2%,)). To estimate
this latter derivative, let B' :=_(, 1 m) [b—(ntm);---,bn] C B be a cylinder, and let
= " varg(logg). By (3.1) and (5.2),
k>n

v(B'|x>=)) gm(bi(r,H,m)a xq(;o+1) te,

V(ﬁ(B/”ZS%) B gm(bT_L(n_,_m)’Zrﬁl) ’
thus v(B'|z>,) = e**nv(J9(B')|2>,) for every cylinder B’ C B. Since the cylinders
generate the o-algebra of Borel sets of B, v(E|z>,) = et v(9(F)[z>,) for all
Borel sets E C B, hence the Radon-Nikodym derivative of ¥ equals e**». Since

log g is Holder continuous, &,, — 0, thus ¢, < d for all n large enough.
n—oo

STEP 4. For all A,C,(z,s) as in steps 1-2, there is an invertible bi-measurable map
U (C, p(-|225,, S)) (ANC, u(-|z,, s)) with constant Radon-Nikodym derivative.
Call the constant D(A,C).

Proof. Any two non-atomic Lebesgue probability spaces are measure theoretically
isomorphic. (C, u(-]z%,,s)) and (ANC, u(-|22,, s)) are non-atomic Lebesgue mea-
sure spaces, so instead of an isomorphism there is an invertible bi-measurable map

U (Cu(-]2%,,s) = (ANC, u(-|225,, s)) with constant Radon-Nikodym derivative

equal to D(A,C) := %

Let Q:=J", Cy, p(Q) >1—4.
STEP 5. If § is sufficiently small, n is sufficiently large, and No = No(n,d) as in
step 1, then for all N' > N > Ny, for 6—a.e. A € \/k n 0k~ there is a map
() = (A, u(14) s
) E(z,t) = (y,)wzthyn—x for (z,t) € Q,
)
)

(1]

—_

1s invertible and bi- measumble
is bd—measure preserving.

~ A~~~
\)

[1] [1] [1]

3
Proof. For each A,C, (z,s) as in steps 1-2, define = [¢: C — AN C by
E(a,t) = (0250 Yo O77)(x,1).

Now define Z on 3, \  to take values on A\  via a bijective measure preserving
map. Thus (1) holds?.
To prove (2), first note that C € #_,, V 4, hence we can write

pic=const | pl4a, (e, )

By steps 3—4, 2 [¢: (C, pu(-|z=2,,t)) = (ANC, u(-|z%,,t)) is an absolutely continu-
ous bijection, thus = [¢: (C,u) = (AN C,u) is bijective a.e., which gives (2).

20ur construction of Z differs from [Rat74], since it is not clear to us that her construction
leads to a measurable map. Instead, we follow the construction used in [OW73].
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Let us now prove (3). By steps 34, = [¢: (C, u(-|z%,,t)) = (ANC, u(-|22,,t))
has Radon-Nikodym derivative e*2D(A, C), thus if E C C is measurable then

H(E(E)) = const /c WE(E) 2%, t)du(x, 1)

= const e D(A, C)/ (E|z>=,, t)du(z,t) = const e* 2 D(A, C)u(E).
c

Therefore = : C' — AN C is absolutely continuous with Radon-Nikodym deriv-
ative equal to e*2°K for some constant K = K (A, C). Since Z is a bijection a.e.,
K = et® “(:Eﬂ)c If § is so small that 1—8 > e~2° step 1 gives that K = e*9(A).
Since C € C, s is arbitrary, 2 [q: (2, 1) — (AN Q, u) has Radon-Nikodym deriv-
ative equal to ety (A). After normalizing the measure of A, we find that the
Radon-Nikodym derivative of Z : (3, 1) — (A, u(-|4)) equals e*4° on €. If § is so
small €% < 1 + 56, we conclude that = is 55-measure preserving.

STEP 6. If § is sufficiently small and n is sufficiently large, then for all m > 0, for
all N' > N > Ny(n,d), and for 6-a.e. A€ \/i\;N ooy,

—#{1 <i<m:oilo(x,t), 0 (Z(x,t)) are in different y-atoms} < €

holds for a set (z,t) € &, of measure > 1 — 4.

Proof. This follows, as in [OW73, Rat74], from the fact that Z(x,t) = (y, ) with
y>, = 2%, for (z,t) € Q. Let us recall the argument.

Let 7 denote the (countable) canonical partition into (ng, dp)—cubes which refines
7, and assume that n > ng. If %0 (x,t), 0¥ (y, s) belong to different y—atoms, then
they belong to different y—atoms. At least one of these atoms is an (ng, dp)—cube
of the form C := B x [a,a + dy) with B € \/]__n o’a. Using that n > ng, that r
is independent of the past, and that >, = y>,, we get that oi°(x,¢) belongs to
0'7[«7676](0) = Ulg|<s af(C). Let ol 65]( ) be the union of all O'L 0.0} (C)7 Cerqa
(n,d)—cube.

Defining Zp,(z,t) == 2#{1 < i < m : altU (z,t), 080 (E(z,t)) are in different
y-atoms} and Y, (x,t) := >, lgks,alm( o (x,t)), the previous paragraph and
the Markov inequality imply that

1
u[Y,, > < — [ Youdu < e ' u[ol=50(7)].
el < o [ Yy < ol 503)

W[ Zm > €] <

o>

If we choose ¢ so small that ufo 3)] < €2, then u[Z,, > €] < € as required.

Completion of the proof of Lemma 5.4. Given € > 0, let § be sufficiently small
and n sufficiently large s.t. steps 1-6 hold, and 100§ < ¢. By Lemma 5.2, for
all m > 0, for all N > N > Ny(n,d), and for é—a.e. A € \/g:/N ooy it holds
d({o; oy}, {o oy A}) < 16 x 56 < e. Since € > 0 is arbitrary, v is VWB. [

Proof of Theorem 5.1. Fix ty # 0, and construct an increasing sequence of
pseudo-canonical partitions into (ng, d)—cubes, with n;, — oo and 6 — 0. This
sequence of partitions generates the full c—algebra of ¥,.. Since each of these pseudo-
canonical partitions is VWB for ¢’ (Lemma 5.4), it follows from Ornstein Theory
[Orn70a, Orn70b, OW73] that (3,, 0., 1) is a Bernoulli flow. O
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Part 2. Smooth Flows in Three Dimensions

6. PROOF OF THEOREM 1.1

Let M be a three dimensional compact C*° Riemannian manifold, let X : M —
TM be a non-vanishing C1*¢ vector field, and let {T"} be the flow on M generated
by X. Let F': M — R be a bounded Hoélder continuous function, and let v be an
equilibrium measure of F'. Our task is to show that v has at most countably many
ergodic components v; with positive entropy, and that {7} is Bernoulli up to a
possible period with respect to each v;.

That v has at most countably many ergodic components with positive entropy
was proved in [LS] in the special case F' = 0. The same proof works for general
bounded Hoélder continuous F' almost verbatim. Let us recap the idea. For a
fixed x > 0, we prove that F has at most countably many x—hyperbolic® ergodic
equilibrium measures. This happens because every ergodic equilibrium measure
on a TMS is carried by a topologically transitive TMS. If there were uncountably
many x—hyperbolic equilibrium measures for F', then their convex combination
would generate a y—hyperbolic equilibrium measure on a TMS with uncountably
many ergodic components. Taking the union over y,, = 1/n gives countability.

It remains to show that if v is ergodic with positive entropy, then v is Bernoulli
up to a possible period. Given a TMF o, : ¥, — ¥, let

Y# = {(x,t) € B, : {x;}is0, {i}ico have constant subsequences}.

By the Poincaré recurrence theorem, %7 has full measure for every o,—invariant
probability measure.

Apply [LS, Theorem 1.2] to the flow (M,v,{T*}) to get a TMF o, : ¥, — %,
and a Holder continuous map 7, : X, — M s.t.:

(1) mpoot =T om,, Vt € R.
(2) 7.[X#] has full v—measure.
(3) m : ¥# — M is finite-to-one.

Notice that ¢ := F o, is a bounded Hélder continuous function. Arguing as in
[LS, Theorem 6.2], one can prove that ® has an ergodic equilibrium measure y s.t.
pom ! =wv. By ergodicity, p is carried by a topologically transitive TMF of %,.
By Theorems 4.2 and 5.1, u is Bernoulli up to a period. Therefore (M, v, {T*}) is
a finite-to-one factor of a flow which is Bernoulli up to a period, so it is enough to
prove the lemma below.

Lemma 6.1. If a measurable flow is Bernoulli up to a period, then so are its
finite-to-one factors.

Proof. Suppose m: X — Y is a finite-to-one factor map between T = (X, u, {T"})
and S = (Y, n,{S'}). Suppose T is Bernoulli up to a period.

If T is Bernoulli, then 7' is Bernoulli. Since factors of Bernoulli automor-
phisms are Bernoulli automorphisms [Orn70c], S* is a Bernoulli automorphism.
By [Orn70al, S is a Bernoulli flow.

Assume that T is isomorphic to a Bernoulli flow times a rotational flow. By
Lemma 4.8, it is enough to prove the claim below.

CrAiM: If T is a constant suspension over a Bernoulli automorphism, then S is a
constant suspension over a Bernoulli automorphism.

3y is x—hyperbolic if v—a.e. point has one Lyapunov exponent > x and another < —yx.
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Proof. Assume without loss of generality that the roof function of Tis=1,i.e. T =
(217 s {Tt}) where Tt(xv S) = (TLH_SJ ('T)7 t+s— I_t + 3J)7 = fE fOl 6(w,t)dtdﬂ0($)a
and (X, po, 7) is a Bernoulli automorphism.

Let Yy := w(2 x {0}). We claim that Y} is a Poincaré section for S. For each
yem(Xy), let I, :={t > 0: S (y) € Yo}
oy #@:y=m(z,s)=>1—-s€l,
o I, N (0,1) is finite: if S™(y) = m(z,,0) for infinitely many t,,z,, then y has
infinitely many pre-images (7= (z,),1 — t,,).
o I, is infinite: y = m(z,t) = S" *(y) = n(7"(x),0) = n—t € I,, Yn > 0.
By symmetry, {t < 0: S*(y) € Yy} is non-empty, infinite, and has no accumulation
points. Therefore Y; is a Poincaré section for S.

r(y) == min{t > 0 : S'(y) € Yy} is well-defined and positive n-a.e. Using
that 7 commutes T and S, we have r o S = r, thus r is constant n-a.e. Let
U:Yy = Yy, Uly) = S"W(y), and let ny := (uo x do) o w1, S is a constant
suspension over (Yy,no,U). But (Yo,n0,U) is a factor of (X, g, 7), hence it is a
Bernoulli automorphism.

([

7. REEB FLOWS

Let M be a compact three dimensional smooth Riemannian manifold without
boundary, equipped with the following objects [Gei08]:

A CONTACT FORM: A smooth 1-form o on M s.t. w:= a A da is a volume form.
In this case, ker(da), := {v € T, M : da(v, ) = 0} is one-dimensional for all x € M.

THE REEB VECTOR FIELD (of ): The unique vector field X s.t. X, € ker(da),
and a(X,) =1 for all x € M. Necessarily ixw = do.

THE REEB FLOW (of a): The flow {T"} generated by the Reeb vector field of a.
This is a smooth flow with positive speed. {T%} preserves «, i.e. a(dT') = a(v)
for all v, since 4(T*)*a = (T*)*Lxa = (T*)*[dixo + ix (da)] = (T*)*[0 + 0] = 0.
This setup covers geodesic flows of surfaces, and Hamiltonian flows of a system with
two degrees of freedom restricted to regular energy surfaces [AM78].

We now add the assumption that {T'} has positive topological entropy. Let
be an ergodic equilibrium measure of a Holder continuous potential with positive
metric entropy. By Theorem 1.1, T = (M, i, {T*}) is Bernoulli up to a period. We
will show that T is Bernoulli. A similar result for absolutely continuous measures
is due to Katok [Kat94, Theorem 3.6].

In dimension three, every ergodic invariant probability measure with positive
metric entropy is non-uniformly hyperbolic [Rue78a], hence there is a T—invariant
set Moy C M of full p—measure s.t. for all z € My we have T, M = E"(z)® E*(z) ®
X (z) where E*(x), E*(x) are one-dimensional linear subspaces satisfying:

o lim 1log|ldTtv|| < 0 for all non-zero v € E*(x),
t—too

°, 1121 +log [|dT"v|| < 0 for all non-zero v € E*(z),
—+oo

o dT!E*(z) = E*(T%(x)) and dTLE"(x) = E*(T*(z)), Vt € R,
o There is an immersed smooth curve W*(z) > z s.t. T,W?*(xz) = E*(y) and
d(T*(z), T (y)) = 0, Vy € W#(x). An analogous result holds for W*(x).
o0
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See [BPO7, §8.2].

QUADRILATERAL: A quadrilateral is a closed embedded curve « : [0,1] — M s.t.

there are four distinct points zq, 1, X2, x3 € My with:

o xiy1 € WTi(x;) for some 7; € {s,u} (here x4 = x9),

o If y(t;) = x;, then 7y (4, +,,,) is smooth with v'(t) € E7(y(t)), Vt € (t;,ti41).
Quadrilaterals are the four-legged geometrical version of su-loops considered

in page 14. Call xg,...,x3 the vertices of the quadrilateral. The next lemma is

standard.

Lemma 7.1. Let T= (M, u,{T*}) be as above. Then E*(x) ® E“(z) = ker(ay),
Ve € My. In particular, if v is a quadrilateral then fv a=0.

Proof. Let v € E5(x). By the T-invariance of a, a(v) = limi—, 4o a(dTv) = 0,
hence E*(z) C ker(a,). Since contact forms are non-degenerate, dimker(ay,) = 2
whence E*(z) @ E¥(z) = ker(a,). If v is a quadrilateral then /() € E*(y(t)) @
E"(7(t)) except at the vertices, therefore [ a = fol a(y/(t))dt = 0. O

Proof of Theorem 1.2. Using the same notation of section 6, there is a topological

Markov flow o, : X, — 3, and a Holder continuous map 7, : X, — M s.t.:

(1) mpocl =Ttom,, Vt R,

(2) 7,.[2#] has full g-measure,

(3) m : ¥ — M is finite-to-one,

(4) (2., pom; 1, 0,) is Bernoulli up to a period, and it has a period iff r is arithmetic,
iff the holonomy group equals ¢Z for some ¢ > 0 (see Theorem 4.6).

Assume by way of contradiction that there is a period.

Let v be the induced measure of o7, 1, then v is globally supported on ¥ and
has local product structure (Theorem 3.5). Let v2, % be the projection measures
of v, as in (3.2). These are globally supported measures on W} _(x), Wk ().

Let E be the set constructed on page 14, then the holonomy group equals the
closure of the set of weights of su—loops with vertices in E. The assumption that
T has a period translates to the holonomy group being equal to ¢Z with ¢ > 0.

The Bowen-Marcus cocycle P7(-,-) is Holder continuous (Lemma 2.3(4)), there-
fore 30 > 0 s.t. d(z,y) < 6 = P7(x,y) < ¢/5 wherever defined. We claim
there exist four distinct points wo,...,w3 € E s.t. d(w;,w;) < 0 for all 4,j and
Yo = (wo, w1y, wa, w3, wp) is a su—loop with P(vy) = 0. This can be done as follows:
o Fixz,y € Es.t. d(z,y) <éand y ¢ We_(z).

o By Claim 1 of Theorem 4.6, v;(E°) = v, (E¢) = 0, hence {w € EN W () :

[w,y] € E} has full v2-measure.

o v} is globally supported on W} _(z), thus there exist wo, w1 € {w € ENW (z) :

[w,y] € E} with d(wo,w;1) < d. Take we = [w1,y], ws = [wo, y].

o 740 = (wo, wy, w2, w3, wo) is a su-loop with [P(vg)| < 3 < ¢ = P(y9) =0.
Let o be the lifted su-path of 7o, and v := 7,.(7g). Since 7, : ¥# — M is finite-
to-one and v2, V¥ have global support, we can choose wg, w; so that diam(y) < 4.

We claim that if §,e are small enough, then for every [t| < ¢, the quadrilateral

T'~ is the boundary of a piecewise smooth immersed surface T'U s.t.:

o T*U is the union of compact smooth embedded surfaces T'U;, i = 0,1, 2, 3.

o T*U; are uniformly transverse to the Reeb vector field.

o T'U; have piecewise smooth boundaries and thv = th(aU) = Z?:o th(an).
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Had v been an euclidean rectangle, we could take U to be its interior, and U; the
four triangles described by the principal diagonals. The general case is similar. It is
enough to treat ¢t = 0, since the case of small ¢ follows from uniform transversality.

Let wp,...,ws € _nla—n,...,an], where N is large to be chosen later. Let
ug, - .., uz be the vertices of 74y. If § is small enough, then v is covered by a chart
of M and we can think of @; := u;, (t) := v(t) as vectors in R3. If N is sufficiently
large, then 7'(t) is nearly parallel to E*(ug) or E®(ug) at all points. Therefore 7 is
made of four curves which are C! close to the sides of a parallelogram s.t. i — o,
iy — U are nearly parallel to E®(ug) and iy — Uy, Uz — Uy are nearly parallel to
E*(ug). There is no loss of generality in assuming that these vectors have norm in
(%, 2). Let &g := C* distance between v and a parallelogram with sides i; — iy and
i3 — Ug. Then eg — 0 as N — oo.

Let 7 := i(ﬁo + -+ 174), then 2 — %(’Z_J:l + ﬁi+1) = %(gi—l - ﬁz) + 0(50), where
; 1= Uj(mod 4) (the approximation is an identity for real parallelograms). We define
U; to be the cone with vertex z and base ¥;, where ¥; : [0,1] — R? is the “leg” of
’? from ﬂ,‘ to ’IIZ‘_HZ

U, :={Z(s,t) == s7;(t) + (1 —s8)Z:s,t €[0,1]}, i=0,...,3.
U; are embedded, and [ = [, = S Jou,- At Zi(s,t), U; is perpendicular to

- - - R Uy + i1 - U+ Uiy -
1= i) = ) x2ie) = (70 - ZE ) o) + (B - 2) i,

The first summand is O(go|7,(t)]), being the product of vectors at angle O(eg). The
second summand is of size ~ |¥/(t)| and egp—parallel to €"(ug) x €°(ug). By Lemma
7.1, U; is almost parallel to ker(a), whence uniformly transverse to the Reeb flow.

Fix to > 0 so small that D, := Ute[O,to] TtU; is a flow box. So 0 # E?:o Jp w=

Yiso otO (Jpup, ixw)dt = Yo SO(thUi do)dt = JO(thU da)dt. But by the

Stokes Theorem, this equals fg °( th,y a)dt = 0, since the inner integral is zero by
Lemma 7.1. We obtain a contradiction. O

8. EQUILIBRIUM STATES FOR THE GEOMETRIC POTENTIAL

Let M be a three dimensional compact C*° Riemannian manifold, let X : M —
TM be a non-vanishing C'*¢ vector field, and let T be the flow on M generated
by X. Throughout this section we assume T has positive topological entropy.

THE SUBSET Myy, C M: p € My, if there are unit vectors e, e, € T, M s.t.

1 t s . 1
o log ||[dT,ep]| <0 and t_l}m —

. t u
ST gy o ldTpe |l > 0.

If 5, ¢, exist, then they are unique up to a sign, hence Myy, is T-invariant.
By the Oseledets theorem and the Ruelle entropy inequality, any T—invariant and
ergodic measure with positive metric entropy is carried by Myyp.

THE GEOMETRIC POTENTIAL OF T [BR75]: J : My, — R given by

J(p) =~ |, _ JoglldTyep|l = — lim { log [dTpep]-

J is bounded, since {T*} is C1*=.
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Some facts from [LS]. We recall some facts from [LS, §2]. There exists a Poincaré
section A C M with return map f: A — A and roof function R: A — R s.t.:

(1) A is the union of disjoint discs transverse to X.

(2) inf R > 0 and sup R < oc.

(3) Let & C A denote the singular set of f : A — A, consisting of points p which do
not have a (relative) neighborhood V' C A\ 9A which is diffeomorphic to a disc,
such that f|y, f~!|y are diffeomorphisms onto their images. There is a constant
€ st. R, f, f~! are differentiable on A’ := A\& with sup,c [[dR,| < €,
suppens [ldfpll < € suppens [[(dfp) 7 < € and |[flullore < & [IfHullerrs <
¢ for all open and connected U C A’. See [LS, Lemma 2.5].

(4) For all p € Apyp := (A\ U, ez f"(S)) N Myy,, there are 0, v € T),A unitary s.t.

. 1 — . 1
ngrfoo 7 log ldf; v,|l <0 and nggloo 7 log lldf Tyl > 0.

See [LS, Lemma 2.6] and its proof.

Suppose p is a hyperbolic T-invariant probability measure on M, and pa, the

“induced measure”, is the measure on A s.t. p = W fA UOR(Z)) 5Ttpdti| dua(p).
A

Then A can be chosen with the additional properties below.

(5) The induced measure pp on A satisfies:
(5.1) pa(6) =0.
(5.2) limy, 00 %dist,\(f”(p), S) =0 pp-—a.e.
See [LS, Thm 2.8].
(6) There are a TMF o, : ¥, — X, and Holder continuous maps 7 : ¥ — A and
T 2 — M s.t.:
(6.1) oo = fom, m[¥#] has full uy—measure, and every x € 7[£#] has finitely
many pre-images in X%.
(6.2) m.(z,t) = T'n(z), 700, = Tom,, m.[X#] has full yg-—measure, and every
p € 7,[X,] has finitely many pre-images in $7.
See [LS, Thm 5.6]. X#, ¥# denote the regular parts of ¥, 3,, see [LS, §1].

Finally, if p is ergodic with positive entropy then h,, (f) > 0 and pa(Anyp) = 1.
GEOMETRIC POTENTIAL OF f: A — A: JP: Apy, — R, J/ (p) = —log ||df, 7.

J/ is bounded, since suppea [ldfpll < € sup,en [(dfp) 71| < €. Even though J, J!
are not globally defined, we can define their equilibrium measures.

EQUILIBRIUM MEASURES OF J AND J/: p is called an equilibrium measure of J if
hy(Th) + [ Jdp = Priop(J), where

Prop(J) = sup {hu(Tl) + / Jdy: VS T—invariant Borel probability } .
M

measure with v(Mpyp) =1

Pyop(J) is called the topological pressure of J. Similar definitions hold for J f with
T, Myyp replaced by f, Apyp.

Piop(J), Piop(J7) < o0, since J,J/ are bounded. Similar definitions can also be
given for functions of the form aJ,bf, a,b € R.

Lemma 8.1. Assume that A, f, R and p satisfy conditions (1)—(6) above. Then u
is an equilibrium measure of J iff pa is an equilibrium measure of Jf — Piop(JI) f.
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Proof. Let J : Apyp, — R, J(p fOR(p) J(T®p)ds. As in claim 1 of the proof of
Theorem 3.1, p is an equ1hbr1um measure of J iff y, is an equilibrium measure
of J — PtOp(J)f. We will show that [, Jdv = [, J'dv for every f-invariant v
with v(Anyp) = 1, and deduce that p is an equilibrium measure of J iff s is an
equilibrium measure of J — P, (J) f.

A simple calculation® shows that

- R(p)
T(p) = _/0 ﬁ‘t:o log |dT" e, || ds = — log TP e]].

Since f(p) = TP (p), we have df,v = de(p)v—i— (VR(p),v) X (), Yv € TpA. Write
vy = a(p)ey + B(p) X, (necessarily a(p) # 0). Then

v
p
df 7t = dTPP 58 + (VR(p), 72) X 5y
= a(p)dTR®)e" + B(p)dT P X, + (VR(p), 7%) X ;(p)
= +a(p)[dT P et} ) + [B(p) + (VR(D), 7)1 X 4(p)-

Similarly dfa% = +|dfT 7%, = £l )Tl ) + BUE) AT X 0).

Comparing the €%, components, we get |a(p)|||dTR<”)Q“H = la(f()Illdfvy |-
Hence U : Anyp = R, U(p) := log |a(p)| is a measurable function with

J=J+Uof-U.

We use this to show that p is an equilibrium measure for J iff pp is an equilibrium
measure for J/ — Pop(J)f. By (4) and (5), u(Mpyp) = pia(Anyp). Let v be
an ergodic f-invariant probabﬂlty measure with V(Ahyp) = 1. By the Birkhoff
ergodic theorem, lim,, oo +Jn = [y Jdv and limy, o0 & =J, f = /i Jfdv v-a.e. By
the Poincaré recurrence theorem, liminf, o |[U(f"(p)) — U(p)| < oo v—a.e., hence
for v-a.e. p € A we have [, Jdv = liminf, o 1J(p) = liminf, %Jf(p) =
Ji J?dv. By the ergodic decomposition, [, Jdv = [, J/dv for every f-invariant v

s.t. V(Anyp) = 1. The lemma follows from the discussion at the beginning of the
proof. O

Lemma 8.2. [J/ — P, (J) flom is a Hélder continuous potential on X with respect
to the symbolic metric.

Proof. fomw : ¥ — R is Holder by construction: f oxw = r and roof functions
of TMF are Hoélder. J/ o 7 is Hélder, because df is uniformly Holder on A’ and
x € X — U}y, is Hélder by [LS, Lemma 5.7]. O

Proof of Theorem 1.4. Fix y > 0, and let u be a x—hyperbolic® equilibrium measure
of J with h,(T"') > 0. Take A, f, R satisfying (1)—(6) above. Since y is carried by
Myyp, Lemma 8.1 implies that us is an equilibrium measure of J/ — Pyop(J) f.
Arguing as in [LS, Theorem 6.2], the function [J¥ — Piop(J)f] o7 : ¥ — R has an
equilibrium measure jiy s.t. fiy o7~ = ps. The potential [J — Pyop(J)f] o is
Holder continuous. Since ergodic equilibrium measures of Holder potentials on a

4Let h(t) := —log [dT*eg||, then h(0) = 0 and —log \\thg%sp|| = h(t + s) — h(s), therefore
7%‘ 0 log ||thg%Sp|| = % O[h(tJrs) —h(s)] = h'(s). By the fundamental theorem of calculus,
t= t=
T(p) =[5 1(s)ds = h(R(p)) = ~ log [dTR®)ey].
5,u is x—hyperbolic if py—a.e. point has one Lyapunov exponent > x and another < —x.
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TMS are carried by topologically transitive TMS, jz5 has at most countably many
ergodic components. This shows that J has at most countably many y—hyperbolic
ergodic equilibrium measures: if there were uncountably many, then their convex
combination would generate a xy—hyperbolic equilibrium measure with uncountably
many ergodic components.

Assume now that p is also ergodic. We can choose [ix to be ergodic. The measure
fia is the induced measure of some i on X, hence fi o 7t = . By Theorems 4.2
and 5.1 (X, i, 0,) is Bernoulli up to a period. Since fi projects to u, (M, u, {T*})
is also Bernoulli up to a period.

If additionally T is a Reeb flow, then o, is Bernoulli and so is T. O
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