
Lecture 2 Symbolic Dynamics of MME
Last Time we stated without proof that BHC can carry at
most one MME

Today we will sketch the proof

cal we'll describe the symbolic dynamics of f on a BHC

b We'll calculate the form of the MME in symbolic loordinate
e We'll deduce uniquenon and much more

Markov Shift
Setup Suppose we've given

a countable set of states S
a collection of directed edges E SxS denoted

by a_sb cable E

G directed graph with vertiles 5 edges E

Non Degeneracy Assumption We assume throughout that
Kaes 73 yes sit 5 a a y

Markov Shift I G Gili yes i xi xie

with the metric d 2,11 exp min lil x si
and the action of the left shift map 5 g G
6 ailiez inlier
Exercise The topology of g is generated by the
base of non empty cylinder sets

mlao an IE Ecg Katia i o n



Exercise

a Elgi is compact if 151 8

4 Ecg is locally compact if g is locally finite

aes degin al 5 a as

degou.cat as co

Exercise

1 The left shift map it a homeomorphism

C It's topologically transitive if a be 5 non empty

cylinder fa Je b 131
In this case we write a b

31 it's topologically mixing if it's top transitive and

for some ats god 1 a a 1

Kiliso Milico
Exercise Let Σ gl Gilite contain constant

subsequences
Prove that p E 191 1 for all inv probability
measure 4



Symbolic Dynamics of Difters
The CodingTheorem Suppose fe Diff M dimm32 Mcompact
Let H be a BHC For any X so there's a Markov shift

E G and a Holder map I M sit

Σ Σ
commuter and

M
F M

1 Exis topologically tramitive Moreover is locally finite
and every cylinder is compact

2 Σ M is finite to one

31 H mode for each
ergodic inv x hyperbolic measure on H

projection of any 5 inv measure on Ex
4 Hyperbolicity For some X so IE Ex there's a splitting

In M É 2 E e sit

lipsuf by IIDF less Xo

lineup log IDF encill c to
Its E'Cel Its Etel are Holder continuous

57 Bornological Property e o x El Pesin block 1 EH

cylinders An An Σ sit A A mod p

for any r inv measure µ on Ex
We omit the proof



We explore some of the properties of the coding

Projection Lemma Any ergodic r invariant measure f
on I projects to an f invariant measure on H given by

µ pit pot
1 If p is ergodic p is ergodic
2 µ is Xo hyperbolic
3 hp ft hp s

Sketch of Proof Part al is trivial Part z is by
the hyperbolicity property of IT Part 3 is a

consequence

of finiteness to one and the following general fact

Abramov Thm countable to one factors preserve entropy

Lifting Lemma Any ergodic finu X hyperbolic measure
on H is the projection of some 5 inv ergodic measure f
on Ex with the same entropy

Wrong Proof A pot That doesn't work because
IT is not injective so pot is not 5 additive

Correct Proof Sketch Take a e ergodic componentof

in Steffi IE f di's
H

using finitenen to one to guarantee the existence of
the integral Measurability issues are non trivial



Corollary Any X hyperbolic MME µ lifts to the MME Rima

of the symbolic model T Ex Ex of its BHC H Mma

Proof Firstly hpmfft hpmafl htop.lt
If there were another 5 inv f sit hptotshtop.fr then
its projection µ Ifl would be an f inv prob measure with

entropy hip Ifs which contradicts the variational principle

pinax is an MME of 5 Ex Ex

Next we'll show that transitive Markov shifts can

have ate MME and identify it This will

Imply that any BHC can carry at most one MME Mmax
and will complete the proof that in dim 2 the number

ofergodic MME is finite

Give us an explicit formula for fimax opening
the way for the proof that Imax whence Mmax
Bernoulli up to a period



Uniqueness and StructureofMME for Tramitive Markov Shifts

Reduction to One Sided Shifts Let G be a countable

directed graph with set of vertices states S The

one sided Markov shift associated to ly is

g Crisis kies ti ki kit

5 It 5 GilistsCrisis des g e
min io kitsi

Exercise r g I g is top transitive resp topmixing
if 5 G I g is top transitive resp top mixing

Let p I It be the projection p Gilie Caitizo
Any 5 inv prob measure pe on I projects to a r inv

measure pet pop on Σ't given by
pt a an µ Cao an

Conversely any 5 inv prob measure put on extends

uniquely to a s inv prob measure pr on Σ called
the natural extension of p and given by

µ m ao an p Ca am
Note that pop pit
Exercise h Col hpt 1st

Corollary µ is MME At is MME Than

It's enough to studyMMEs of one sided Markov shifts



Ruelle's Operator Fix some leg IR Hilder cts

e.g o Ruelle's Operator R

La f Gil Eyed fly Σ e arco fla scope
a a x

the domain depends on the context
We will see that he is intimately tied to the variational
problem of maximizing hm 5 54dm

Let Pold sup hm r Sadm the Gurevich pressure of
Variational Principle Let It be a top transitive Markov

shift with finite top entropy and let Σt R be a bounded

Hilder function Then for any aes Tae a

Pald limo 1 log Liotta a

Exercise Gurevich Variational Principle Let It be a top

transitive Markov shift such that sump hm r d Then

a bes sup hm r probin d him long tail
where tab are the entries of A and A is the transition

matrix of It i e A tails tab
9ᵗʰ
else

Exercise Remove the condition on the finiteness of saphat



Generalized Ruelle's Perron Frobenin Thm Let exp Pold
Undertheprev assump if Faes Filaela it Coital al

is recurrent then Borelmeasured and positive continuous

function h s.t.LI d XD and Lgh Xh Move over

II 0 is finite and positive on cylinder and without wanderingsets
ofpositivemeasure but perhaps 012 1 81

121 logh flight or are uniformly Holder on cylinders But perhaps
Sh do 8

3 If const h is constant on cylinders i e h x h x

Structure Thm for Equilibrium Measures Suppose

Et r is a top transitive one sided Markov shift with

finite top entropy sup 5hpm 81

d EIR is a bounded Hilder continuous function

Mg is an equilibrium measure

hm.fr 54dm sup heft 54dg p r in

Then
1 Structure my he do where h so it cts d is a Bard

measure finite and positive on cylinders and

h ih LId x0 Shdd 1 d exp Pola
121Ergodic Properties The equilibrium is ergodic and
it's natural extension is Bernoulli up to a period
In the special caseof MMES o it Markov

G Uniquenen There's at most one equilibrium measure

It MME



The proof requires some preparation

Sub Eigenfunction For any Holder continuous d th positive

continuous sit Lgh Eth exp Pg d

1 If d is recurrent É flitalfial co for some
aes at a then we can apply the generalized
Ruelle's Perron Frobenius theorem above

2 Otherwise Jaes age a sit E trapflat d

By Holder continuity xefa E x ̅ traffic

By top transitivity xe E E x ̅ traffic Cd

More over the partial sums are uniformly bounded and

equicontinuous on partition sets

h LI 1pay is positive and continuous

One checks that Lah e th



The Measure Mor Let m be a T inv prob measure on Et
Let α a aest denote the natural partition Define
a Borel measure not via

Mor E 2m
r ENA

Explanation VAEL 51A A OCA is injective
But T E Et a nut The measure mat measures

the size of 5 E withmultiplicity

Example If o.it then r i Et
but mor 13 m r D m rfa 2 m Et 2

Exercise
i We cannot define a measure by in E m GCE

because sometimes E m r E is not 5 additive

2 If f Σ It is bounded and measurable then

Sf dmor Σ Sf ax dmal ax a xo xy
aes r a

3 If more m then more m



Soft of Exercise
1 If 0,1 then rfo 5 1 Et so

in o in Ci 2 m Et 2

But Ñ o of w̅ Et m r Eth m Et 1

2 It's enough to check the identity for indicators of Bard
sets S1 dmor Mort E

a
m r En a

Is to encas 191 duty

YET Enfa Is page
ay dmyl

o j g e Enfa

aye Enfa

yer a agee

3 We are asked to show that for every Borel set E
Mort E 0 M E 0 Indeed

Cmos E 0 5m
o Enfa 0

Haes m r En as o

mar
1
m

aeS most r Enfa o

Vaes m Enfa most r Enfa 0

m E m Encas 0



The Jacobian The Jacobian of an invariant measure m is

The Radon Nikodym derivative

9m f r
mor a e

I.e the function gm sit Sf 9m dmor Sf dm

Explanation The ordinary Jacobian is the function
which appears in the change of variables formula
The Jacobian gun is the Jacobian of the substitution

x ay a 90,5 1 for Ke a

Eat Sfdm 5 flax 5 ax dm x

a Tfa

Pf Sfdm ftp.jf.at r dmor
a Σ

as t.fm r
bx dmcxl prev exercise

1pajf.fm r
Caxtdmfxt all other terms vanish

rfa

S flax ther ax dm x

Tfa



The Transfer Operator Suppose m is a r invariant probmeasure
The transferoperatorof m is Tm Csm Imt sit

I fdm Tmf dm

uh an

Lemma Tmt a Edmyth 95 ftor
Proof For each y Cml

54 If dm 54 fdm Gort if dm

txt fix dm

s g
r ax flax galaxi dm x

because 54dm can fr axt dmx
a

4M 1 flax gulax dual

4 1,9m g fly dm x

Since this holds for all yet If Examenfast in L



Properties of the TransferOperator Let me be a

5 inv prob measure then

1 ye L m fel m 54 Tmf dm fear fdm
41 Em f α Tnf or α a aes

a EYE
Proof The first part follows from the previous proof
To see the second part we recall the deftof the definition
of the conditional expectation IEm f 29 It's the unique

m element sit

cal IE f 12 is 2 measurable

1b yet 2 measurable 54 IE f 4 dm feet dm

We need the following exercise yet is α measurable

iff 4 405 where 4 is Bard

Exercise in MeasureTheory Suppose y is bounded

then 4 is α measurable if 6 405 for 4 Borel

By the exercise

cal Imf or is α measurable and

bl as i α mean 4 4 or with 4 Borel mean and

54 Fmf or dm 4 or If or dm If dm
S too f dm S e f dm

So Tuft or Em f 2 a e



Solution of Exercise The Borel r algebra B is generated

by the cylinder therefore B 29 It follows that 5 s
Than 6 is α measurable if p is F B measurable

Any 4 4 or with 4 Bard is F B1 measurable

11 6611 t n 46 1 s t 8 y 451st E B

Conversely if Q is F B measurable then Kk N 1

11 I yet a F B therefore At NeB sit

11 I yet a FAk n whence

ya him It If eye
uniform convergen

Need 11 119115 1

Hellft
him I ta it for
Ned 11 119fN 1 Hellant

for the Bord function 4 him Σ 1A
nuNeed 11 119115 1

The previous formula show that the limit exists everywhere



Entropy Formula Our aim is to show

The Suppose my is the equilibrium measure of a
bounded Holder continuous potential on a Markov shift with
finite top entropy Then

hm r f bygm dmd
Here gm dmg dm or is the Jacobian ofmg
Review of Entropy Theory Let m be a 5 inv prob measure

Natural Partition α Ca aes

Entropy of α Hmd ILM Alloy meal
Information Function Im 212 Eg.la byEmeka i
Conditional Entropy Hm 212,0 SIm 212 dm

Sinai Rolihlin Thms If Hm 2 CD then

hm lot hair al Hm1212,0 Ink 12,7 dm

the marked identities could be false when Hal D

Ledrappier Identity For any inv Borel prob measure on

a Markov shift
Im 214 loggm

Exercise Use the transfer operator to prove Ledrappier'sidentity



Station Imf212,7611
s
traglyEm 1 4 x

E's 1calyly Tmt as
ox lEm f 12 If of

Is tcaskloy E.fm's has
log Eymcg 11,591

a x 1,61 o

log gnocs because y x

Proofof Entropy Formula If Hmald D then the
Sinai Rokhlin theory tells us that

hmdr 5Imf212 dm Slogan dm

Sinai Rolihlic Ledrappier

The rest of the proof treats the case Hmg D

The main idea is to consider the inducedmap on some

partition set a and show that it's a Markov shift and
that its natural partition has finite entropy for the induced
measure My Mg o a Now

Rothlin's formula Abramov's

for the inducedmap formula
fimula FÉmÉafor

mg
For details see

Buzzi Sarig Uniqueness of equilibrium measures for countable
Markov shift and multidimensional piecewise expandingmaps
Ergodic Theory Dynamical Syst 23,1383 1400 2003



Proofof the Structure Theorem 1 Suppose EIR
is a bounded Holder function on a top transitive Markov

shift Et with finite top entropy Necessarily

Poldi sup hurt 54dm co

Let exp Pold Recall that h so continuous sit Lgh Eth let

gail
hex

Ahlox

Exercise For each 11

5 851 en

2 o g x 1

137 log gel mail for any equilibrium measure mg
4 logh log horel mg therefore ffogh loyhortd.mg 0

Softof 131 See Buzzi Sarig ETDS 2003 p 1391

Eerie Suppose m is an inv prob measure with finite entropy
Let 9m log far Then

1 E 9mg 1 m a e Hint Prove that Tm1 1

2 0 9m67 1 m a e

If m satisfies Rolatlin's Entropy formula then gnet m



Now suppose my is an equilibrium measure off Ten

0 hm kl fadma Pold

hm o 54 logh log hor Pola dm
etxerit

hm.co

floggdmepa.aenfla8m dmd floggdm flog 9gm dm
formula

Tm log9g dmg Team flor adm
edm

SE.imlo8ttadmawFightedarg
since Eymy

F t.gl maiigfy dmt
flogggydmg

o

Jensen's

Inequality for
the concave log Necessarily the red ineq.is an

loslaut equality If
strict concavity

s of log

For my a e 8

4 are equal
for all yet'sx sit Small to



Equivalently ccxls.t.ge gl cextglgttyeo fxs.t.gmg
to

Substituting this above we obtain log II ym.fi dmg o

So Slog ch dm 0 Tae

Also 13 951 can Amytal
sext ma

a e so tag
Necessarily cat 1 a e and so

For mq a.e.in 5 so angst get

This Rmaf x 2 99 flyl h the theft

and we have identified the transfer operator of mg
We are now nearly done Let 0 h dmd Then
11 dmg hdd Trivial

2 Id D feL d Id fl Shaft do h LachEdm
X STm flat dm X fth dm X fdd OCH

LÉd w

Exercise Show that supp10 Et Hint Use tramitivity

to show that cylinders a b 3 NS.t.L 2ce so on 13

31 Laheth Since my is r inv Tmg 1 whence

I hi Chill That 1 Lgh th mgae

Ldh th everywhere because both sides of the equation
are continuum function and supp mid Scppful Et



Proof that my is Bernoulli up to a Period We

do this in the special care of MMEs 4 0

The general case can be found in 3 of
0 Sarig Bernoulli equilibrium states fordiffeomorphism
J Modern Dynamics 20111

Recall that if o then h is constant on sartitionsets

i e h h xp Therefore

mgCao an Ma 1cal an Ma Titan ans

Mg Wh L1 hIpa an
check

mg x ̅ h I e hey Isa am
8g x

ma ith head

mail.mil 4an
o no mean.IE It s

maant1i macas.i maaa I
hixthly

Pao Pana Panian where

Pa Mpfa and pay
a b

else



Exercise pa is a probvector pail is a stoth matrix and

a Pato If a b then Pa b to

Sof pa is a prob vector because my is a prob measure

Next by the previous formula pay Paff mff

Ears
The exercise proven
Gurevich's Thm The MME of a top transitive Markov shift
is a globally supported Markov measure

It's well known that globally supported Markov measures
on transitive Markov shifts are Bernoulli up to a period

Uniqueness of the Equilibrium Measure Supposeby way
of contradiction there were two different equilibrium measures

Mj Mj Then Mp m tm is a non ergodic

equilibrium measure But we just saw that eq measures are

Bernoulli up to a period and this implies ergodicity
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